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ABSTRACT 

When an indeterminate frame is acted on by external loads and couples internal 

stresses in the members and displacements at the joints will be produced. Calculation 

of the stresses in the members and joint displacements are needed in structural 

design. The two main methods for the analysis of frames are the classical force 

method and the displacement method. A third method called the Integrated Force 

Method (IFM) has been developed for analysis of structural mechanics problems. 

This method treats all independent internal forces as unknown variables that can be 

calculated by simultaneously coupling both equilibrium equations and compatibility 

conditions. The advantage of the Integrated Force Method is that compatibility 

conditions are generated by algebraic operations on the nodal equilibrium equations. 

These algebraic operations are Null Space of the equilibrium matrix and the Singular 

Value Decomposition of the equilibrium matrix. These algebraic operations are 

easily carried out by computer algebra systems like Mathematica7. An extension of 

the Integrated Force Method is the Dual Integrated Force Method (IFMD). The 

primary unknowns in the Dual Integrated Force Method are the joint displacements. 

To obtain the joint displacements the structure global stiffness matrix is generated by 

using the equilibrium matrix and the unconnected stiffness matrix of the structure. 

The advantage of the Dual Integrated Force Method is that the global stiffness matrix 

is generated easily by computer algebra systems like Mathematica7 by simple matrix 

multiplication commands. 
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In this thesis two analysis packages for analysis of indeterminate rigid frames by 

Integrated Force Method (IFM) have been developed. These packages are: Integrated 

Force Method via Null Space, Integrated Force Method via Singular Value 

Decomposition. One additional analysis package using Dual Integrated Force 

Method have been developed. All three analysis packages have been coded using 

Mathematica7. 

In all three analysis packages all the calculation steps are presented, explained and 

they can be edited according to the needs of the user. The user can see the program 

code and its corresponding output at each calculation step. All of these specific 

characteristics make the analysis packages useful and practical.  

Many problems have been analyzed by these packages and all the results have been 

compared with the results obtained from Mastan2 v3.2. All the results fully agree.  

 Keywords: Frame Analysis, Integrated Force Method (IFM), Dual Integrated Force 

Method (IFMD), Compatibility conditions. 
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ÖZ 

Hiperstatik çerçeveler, yükler ve momentlere maruz kalınca elemanlarda iç kesit 

zorlamaları ve düğüm noktalarında deplasmanlar oluşur. Çerçeve tasarımı için 

elemanlardaki iç kesit zorlamaları ve düğüm noktalarındaki deplasmanlara 

gereksinim vardır. Çerçeve analizinde iki ana yöntem klasik kuvvet ve deplasman 

yöntemleridir. Üçüncü bir metod olarak Bileşik Kuvvet Metodu (IFM) 

geliştirilmiştir. Bu yöntemde serbest iç kuvvetler ana bilinmeyenler olarak kabul 

edilir ve denge denklemlerini uygunluk şartları ile birleştirerek hesaplanır. Bileşik 

Kuvvet Metodunun avantajı uygunluk şartlarının denge denklemlerine cebirsel 

operasyonlar yapılarak elde edilmesidir. Bu cebirsel operasyonlar denge matrisine 

Null Space veya Singular Value Decomposition yöntemleri uygulanmasıdır. Bu 

cebirsel yöntemler bilgisayar cebirsel sistemlerince, Mathematica7 gibi, kolayca 

yapılabilir. Çift Bileşik Kuvvet Metodu (IFMD), Bileşik Kuvvet Metodunun bir 

uzantısı olarak geliştirilmiştir. Çift Bileşik Kuvvet Metodunda ana bilinmeyenler 

düğüm noktalarındaki deplasmanlardır. Düğüm noktalarındaki deplasmanları 

hesaplamak için çerçevenin global rijitlik matrisi bulunmalıdır. Global rijitlik matrisi 

ise yalnızca denge matrisi ve çerçevenin bileşmemiş global rijitlik matrisi 

kullanılarak elde edilir. Çift Bileşik Kuvvet Metodunun avantajı çerçevenin global 

rijitlik matrisi bilgisayar cebirsel sistemlerince, Mathematica7 gibi, basit matris 

çarpımları kullanılarak elde edilmesidir.  

Bu tezde Bileşik Kuvvet Metodunu kullanarak iki analiz paketi geliştirilmiştir. Bu iki 

analiz paketi sırası ile Null Space ve Singular Value Decomposition yöntemlerini 
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kullanarak uygunluk matrislerini elde eder. Bir ilave analiz paketi de Çift Bileşik 

Kuvvet Metodunu kullanarak geliştirilmiştir. Her üç analiz paketi de Mathematica7 

proglamlama dilini kullanarak yazılmıştır. Üç analiz paketinde hesaplama adımları 

takdim edilmiş ve anlatılmıştır. Hesaplamalar kullanıcının ihtiyaçlarına göre 

değiştirilebir. Kullanıcılar programların tüm yazılımlarını görebilir ve her hesaplama 

basamağında cevaplar ekrana yansıtılır. Tüm bu özellikler bu üç analiz paketlenin 

kullanışlı ve pratik olduğunu gösterir. 

Üç analiz paketinde hesaplama adımları takdim edilmiş ve anlatılmıştır. 

Hesaplamalar kullanıcının ihtiyaçlarına göre değiştirilebir. Kullanıcılar programların 

tüm yazılımlarını görebilir ve her hesaplama basamağında cevaplar ekrana yansıtılır. 

Tüm bu özellikler bu üç analiz paketlenin kullanışlı ve pratik olduğunu gösterir. 

Bu üç analiz paketini kullanarak birçok problem analiz edilmiş ve sonuçlar Mastan2 

v3.2 analiz programının sonuçları ile karşlaştırılmıştır. Tüm sonuçlar birbirleri ile 

tamamen uyuşma içerisidedir. 

Anahtar kelimeler: Çerçeve analizi, Bileşik Kuvvet Metodu, Çift Bileşik Kuvvet 

Metodu, Ugunluk şartları. 
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Chapter 1 

                  1 INTRODUCTION 

1.1 Introduction 

When a structure is built, it should be in equilibrium. According to Newton’s law all 

the particles (elements and joints) must be in equilibrium. For making sure of 

equilibrium the external loads and internal must be in balance. The equations of 

equilibrium of structure establish the relation between independent element forces 

and applied forces at the global degrees of freedom.  Finding these equations in small 

structures is very easy but in large scale structures is manually very difficult and time 

consuming [1]. 

On type of structure is frame. A frame is made of straight or linear members.  

Indeterminate frame is obtained by extra restraints at the support of determinate 

frame or by increasing the number of frame members. A frame member carries the 

three independent internal forces: Axial Forces, Shear Force and a Bending Moment. 

Nodes of a frame have three displacements: translation, transverse displacement and 

rotation. A frame can be formulated by combining the action of the bar and beam 

members. The analysis of frame structure is considerably more difficult than that of 

beam or truss. The complexity is greater because of more algebraic equations 

required [2].  
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Two main methods for structural analysis of frame are: 

• Stiffness method 

• Force method 

Stiffness method uses displacements as primary unknowns and force method uses 

forces as primary unknowns. An alternative formulation, termed the Integrated Force 

Method has been developed to analyze problems in structural mechanics [4]. 

In the Integrated Force Method (IFM) all independent forces, not just the redundants, 

are treated as unknown quantities that can be calculated by simultaneously coupling 

both equilibrium equations and compatibility conditions together [4]. The usage of 

all independent forces provides in the solution process provides a great advantage 

over the classical force method where only the redundant are solved for by using the 

compatibility equations. Selection of redundants and hence the generation of the 

compatibility equations in the classical force method require lengthy calculation 

processes using matrix algebra techniques. In the Integrated Force Method, on the 

other hand, the process of selection of redundants is not required and independent 

internal forces for the structural design process is determined for all the members is 

obtained in only one solution process. Thus the Integrated Force Method provides 

considerable advantage in the design of large scale structures like in the aeronautical 

industry and in the design of steel structures. IFM’s advantages [3] over the Stiffness 

Method (SM) have been documented, including accurate stress results, a well-

conditional system for finite element discrete analysis, fast convergence to correct 

solutions, and elegancy initial deformation problems. The Integrated Force Method 

has also been extended to nonlinear structural analysis [19] and optimization [21]. 
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Generation of the compatibility conditions for the Integrated Force Method has been 

made easier by making use of the algebraic methods of Null Space and Singular 

Value Decomposition [12], [14], [15]. When applied to the equilibrium matrix the 

Null Space and Singular Value Decomposition yield directly the compatibility 

matrix. After generating the unconnected flexibility matrix the Null Space or 

Singular Value Decomposition is multiplied with the unconnected flexibility matrix 

to yield the compatibility conditions of the Integrated Force Method. The Null Space 

and Singular Value Decomposition are obtained by simple programming using 

computer algebra system Mathematica7. Therefore in the analysis of skeletal 

structures it is very advantageous to use the Integrated Force Method and generate 

the compatibility matrix via Null Space or via Singular Value Decomposition. 

An extension of the Integrated Force Method is the Dual Integrated Force Method, 

IFMD, which is essentially a displacement method. In IFMD, only the equilibrium 

matrix and the unconnected stiffness matrix of the structure are used to generate the 

global stiffness matrix of the structure. Thus there is no need to write lengthy and 

complex computer programs to generate global stiffness matrix of the structure. The 

global stiffness matrix of the structure in IFMD is obtained by simple programming 

using computer algebra system Mathematica7. Therefore in the analysis of skeletal 

structures it is very advantageous to use the Dual Integrated Force Method 

1.2 The Research Problem 

The main purpose of this thesis is to write structural analysis packages to analyze 

coplanar rigid frames with Integrated Force Method via null space, Integrated Force 

Method via singular value decomposition and Dual Integrated Force Method. These 

programs are easy to use and useful for students, instructors, engineers and 
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researchers to analyze the frame and better understand the procedure of above 

methods. The three packages are generated by computer codes automatically with 

Mathematica7 software. Various problems have been analyzed by these three 

methods and the results have been compared by Mastan2 v3.2. The results obtained 

by using the IFM and IFMD in full agreement with results obtained from Mastan2 

v3.2. 

This thesis also explains the theory for these three methods step by step. These 

explanations include the generation of the:  

• equilibrium equations  

• unconnected flexibility matrix  

• compatibility conditions  

• main IFM matrix 

• nodal displacements 

• member end forces 

• support reactions 

Also the axial force diagram, shear force diagram and bending moment diagram for 

each element are drawn.  

1.3 Thesis Limitations 

These programs do not include thermal, triangular, trapezoidal loading and support 

settlements.  

1.4 Thesis organization 

Chapter 2 presents background information about equilibrium equations, integrated 

force method via null space, integrated force method via singular value 
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decomposition, and dual integrated force. This chapter also discusses theory of these 

three methods and explain their usage for the analysis of rigid frames. 

Chapter 3 presents about the research problem, reason of research, desired 

characteristic of the program and show the solution approaches for each method. 

Chapter 4 presents the way to assemble the equilibrium equations automatically. It 

gives algorithm to generate the equilibrium equations automatically.  

Chapter 5 introduces the algorithms for following methods:  

• Integrated force method via null space. 

• Integrated force method via singular value decomposition. 

• Dual integrated force method. 

The aims of this chapter are:  

Use algorithms to write computer codes, to be able to compare these methods and to 

be able to compare the matrix plot of the matrices obtained in these methods. 

In Chapter 6 three illustrative examples are solved to present more details of the 

three methods and the results obtained by using the three packages are compared 

with results obtained by using Mastan2 v3.2. 

Chapter 7 gives conclusions. 
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Chapter 2 

                    2 BACKGROUND INFORMATION 

2.1 Introduction  

A novel formulation termed the "integrated force method" (IFM) has been developed 

for analyzing structures. In this method all the internal forces are taken as 

independent variables, and the system equilibrium equations (EE's) are integrated 

with the global compatibility conditions (CC's) to form the governing set of 

equations. In IFM no choices of redundant load systems have to be made, in contrast 

to the standard force method (SFM). This property of IFM allows the generation of 

the governing equation to be automated straightforwardly, as it is in the popular 

stiffness method (SM). Overall this new version of the force method produces more 

exact results than the stiffness method for comparable computational cost. 

2.2 A Brief Review of Integrated Force Method 

A discrete or discredited structure for analysis can be designated as structure (n,m) 

where "structure" denotes type of structure (truss, frame, plate, shell, or their 

combination discredited by finite elements) and n, m are force and displacement 

degrees of freedoms (fof, dof), respectively. The structure (n, m) has m equilibrium 

equations and r = (n-m) compatibility conditions. The m equilibrium equations 

[B] {F} = {P} 

 

and the r compatibility conditions 

2.1 



 

7 

[C][G]{F} = {δR} 

are coupled to obtain the governing equations of the IFM as 

The basic equation of the integrated force method is: 

� �B��CC�� �F	 
 � P
δR� 

Or  

[S]{F} = [P*] 

Where, matrix [B] is equilibrium equations matrix, [C][G] is compatibility 

conditions, vector {F} is internal forces, vector {P} is external mechanical loads and 

vector {δR} is initial deformation. The matrix [S] is the governing equations of the 

IFM. The column matrix {P*} contains applied loads as well as initial deformations, 

zeros will be added if there are no initial deformations [6].  

According to reference [3], the procedure of analysis of a structure with Integrated 

Force Method is as follows: 

1. Generate the Equilibrium Equations [B]. 

2. Generate the unconnected flexibility matrix [G]. 

3. Generate the Compatibility Matrix [C]. 

4. Generate the Compatibility Conditions [CC] = [C] [G]. 

5. Generate the IFM load vector {P}*of dimension n. 

6. Couple compatibility conditions with equilibrium equations and find [S]. 

7. Solve for unknown internal forces {F}.  

 In the integrated force method, the forces are primary unknowns, and displacements 

{X} do not appear in this system of equation, but if it is needed it can be back 

calculated. In the integrated force method the displacements are calculated as:  

{X} = [J][G][F] 

2.3 

2.4 

2.5 

2.2 



 

8 

Where, {X} is n component nodal displacement vector and [J] is n rows of [[S]-1] T (n 

is number of equations or number of unrestrained degree of freedom). 

According to Reference [3, 5].the compatibility conditions are obtained by 

eliminating displacements from deformations displacements (DDR) of the structure, 

therefore the compatibility conditions can be derived in two steps: 

• Derive deformation displacements relation (DDR). 

• Eliminating the displacement from the deformation displacement 

relationships. 

The deformations displacements relations are derived on an energy bases. The 

internal energy IE which is sorted in structure is: 

IE = 
�� {F} T {β} 

The deformations (β1, β2,… βm)  are elongation in frame analysis correspond to the 

internal element forces (F1, F1, …,Fm), respectively. 

Moreover, the work done W, by the external loads in structure is: 

W =  
�� {P} T {X} 

The n displacements of unrestrained joints (X1, X2… , Xn) correspond to n external 

loads (P1, P2, …, Pn),  respectively. 

According to the work-energy theorem: 

IE = W 

Therefore, using Equations 2.6, and 2.7 

��  {F}T {β} =  ��  {P} T {X} 

2.6 

2.9 

2.8 

2.7 
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In Equation 2.9, there are m internal forces and deformation with n external forces 

and displacements, and by substituting governing equilibrium Equation 2.3 into 

Equation 2.9. 

{F}T ({β} – [B] T {X}) = 0 

And since the internal forces {F}, is not null vector, therefore, deformation 

displacement relation will be obtain as: 

{β} = [B]T {X} 

Equation 2.11 expresses m deformations in terms of n displacements and according 

to References [3, 5], by eliminating the displacements from the deformation 

displacement relation (Equation 2.10), to obtain r = m – n compatibility condition as: 

[C] {β} = {0} 

The compatibility condition has r = m – n rows with m columns and it is full row 

rank. 

2.3 A Brief Review of Dual Integrated Force Method 

Like the IFM, the dual method also has two sets of equations. The first set is used to 

calculate displacement, while the second set back calculates forces. The primal and 

dual methods produce identical solutions for force, and displacement, Patnaik [3, 4 

and 9]. The IFMD governing equations are: 

[K] {X} = {P} 

{F} = [G]−1[B]T {X} − [G]−1{β}0 

Where 

[K] = [B] [G]-1 [B] T 

According to Reference [9] the procedure of analysis of a structure with Dual 

Integrated Force Method is as follows: 

1. Generate the Equilibrium Equations [B]. 

2.11 

2.10 

2.12 

2.14 

2.15 

2.13 
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2. Generate the unconnected flexibility matrix [G]. 

3. Generate the [G]-1. 

4. Generate the Stiffness Matrix [K]. 

5. Generate the load vector {P}of dimension n. 

6. Solve for unknown displacements {X}. 

7. Solve for unknown internal forces {F}. 

2.4 State of the Art in the Integrated Force Method 

• The main approaches to the integrated force method are: 

Nonlinear analysis using the integrated force method [19] IFM method is 

used for analyzing nonlinear structures. General formulation of nonlinear 

structural analysis is given. Typically highly nonlinear bench-mark problems 

are considered. The characteristic matrices of the elements used in these 

problems are developed and later these structures are analyzed. 

• Generation of the equilibrium matrix and the compatibility matrix 

automatically [18], [14], [15]. The compatibility matrix is obtained by using 

algebraic methods. In both of the References [14] and [15] the Nullspace and 

the Singular Value Decomposition of the equilibrium matrix is carried out to 

determine the compatibility matrix [CC]. 

2.4.1 Using Null Space to Obtain Compatibility Conditions 

According to Reference [3], the null space of equilibrium equations is used to obtain 

compatibility condition. According to reference [5] for generating the compatibility 

conditions null space of the equilibrium equations should be coupled with 

unconnected flexibility matrix. Unconnected flexibility matrix [G] is a symmetric 
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matrix which is a block diagonal matrix. For generating the unconnected flexibility 

matrix first the member flexibility matrix [g] should be obtained. 

g 

��
��
� LAE 0 0
0 L�

�EI L�
�EI0 L�

�EI LEI ��
��
 
 

Where, L is the length of member, I moment of inertia of member, A is area of 

member and E is modulus of elasticity. Then, placed each member flexibility matrix 

in the diagonal blocks of unconnected flexibility matrix [G]. 

�G� 


��
��
��
��
��
��
��
��
��
��
��
� LAE 0 0
0 L�

�EI L�
�EI0 L�

�EI LEI ��
��
 0

��
��
� LAE 0 0
0 L�

�EI L�
�EI0 L�

�EI LEI ��
��
 

"
0

��
��
� LAE 0 0
0 L�

�EI L�
�EI0 L�

�EI LEI ��
��
 

��
��
��
��
��
��
��
��
� 

 

 

Or 

 

 

G 

��
��g1 00 g2 0"0 gn��

�  

2.17 

2.18 

2.16 
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According to reference [2, 3, 4, 5] compatibility conditions obtained with combining 

the  unconnected flexibility matrix (G) with null space of the equilibrium equations. 

[CC] = [G] [C] 

Where, matrix [C] is Compatibility Matrix obtained form null of equilibrium 

equations. 

According to reference [2, 3, 4, 5] the compatibility conditions be coupled with 

equilibrium equations to solve for unknown internal forces.  

2.4.2 Using Singular Value Decomposition to Obtain Compatibility Conditions  

According to references [7, 8], there is another alternative to find the compatibility 

condition by using the singular value decomposition of the matrix [M] which is: 

[M] = [I] – [B] T ([B] T) pinv 

Where, [I] is the identify matrix and the number of its rows and its columns are equal 

to the number of elements. The matrix [B] T is transpose of equilibrium equations, 

and    ([B] T) pinv is the Moore-Penrose pseudo inverse of [B] T as: 

([B] T) pinv    = ([B] [B] T)-1 [B] 

Singular value decomposition is applied to matrix [M] to obtain: 

[M] = [Mu] [Mб] [Mv]
 T 

Where, [Mu] and [Mv] matrices are orthogonal matrix and number of its rows and its 

column are equal to number of frame elements, and the matrix [Mб] is 

[Mб]  =  &Λ 00 0( 
Where, it is square and number of its rows and columns are equal to the number of 

frame elements and: 

2.19 

2.20 

2.21 

2.22 

2.23 
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) = diag ()1, )2… )ρ) 
And ρ   is degree of indeterminacy and  

 )1 ≥ )2 ≥ … ≥ )ρ > 0 
According to Reference �7� it follows that: 

�M� 
 �Mu�  ��C��0�� 
 �CC� 
 �C� �G� 

Where, [CC] is compatibility condition matrix and will be computed by Equations 

2.26 and 2.27. 

The compatibility condition [CC] which is obtained by using singular value 

decomposition of  ([B] T) pinv  matrix, and also obtained from null space of 

equilibrium equation may not be banded whilst for small structure it will not cause 

any problems for large structure it may be numerical expensive. 

2.5 Equilibrium Equations 

2.5.1 Basic System 

This chapter started discussion with a two dimensional frame, it has 2 elements and 3 

nodes, as shown in Figure 2.1 this frame is describes in global reference system X-Y-

Z. This example is taken from reference [1].  

  

2.24 

2.25 

2.26 

2.27 
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Figure 1: Two dimensional frame, definition of local reference axes 

 

To obtain the equilibrium equations should be isolated joints from this model by 

imaginary cuts at the member ends and obtain 5 free bodies: 3 joints free bodies and 

2 elements free bodies. So, three pair forces revealed at every cuts.  A pair of forces 

parallels two to the element axis, a pair of forces normal to the element axis and pair 

of moments. It is important to decide on a consistent sign-conventional at the starting 

of this analysis. For this reason selecting a local X-Y-Z coordinate system for each 

element is necessary. To do this, should be started, numbering the two nodes of each 

element with (i) and (j).for start node of element put (i) and for end node of element 

put (j). start from node (i) and end with node (j) and decide to the x-axis in the 

positive local system for each element is oriented from node (i) to node (j). In local 

coordinate system node (i) for element 1 is node 1 and node (i) for element 2 is 3 and 

the forces at the element side of each cut is positive and the moment is positive when 

acting counterclockwise [1]. 

12 

X 

Y x 

y 

x 

15 
Local reference 

axes 

20 8 

1 
2 

3 3 

2 
1 

a 

b 
b 

a 

y 



 

15 

2.5.2 Formulation of Equilibrium Equations 

The nodes and element free bodies as well as the forces at the cuts are shown in 

figure 2. The element end forces at this figure are denoted by q, this Figure is the 

complete set of element end forces in the local reference system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Element and joints free bodies 

The components of the q vector are numbered as follow: Start from element node (i), 

the first degree of freedom in local X (first component), then the degree of freedom 

in local Y (second component), then the degree of freedom about local Z (third 

component) and then move with the same order to node (j) of the element. 

From the equilibrium of the element free body should be concluded that the 

components of the complete end force vector q are not independent. Their 
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dependence is provided by the equations of equilibrium of the element free body [1]. 

It can write the following three equations of equilibrium: 

1. Sum of the forces in the local X-axis. 

2. Sum of the forces in the local Y-axis. 

3. Sum of the moments about end node (i) of the element. 

In the absence of element loads these three equations yield: 

q 1 = -q4 

q 2 = -q5 

q 3 = -q6-q5L 

Where, L is the element length. These dependence relations suggest that the end 

forces q4, q5, q 6 can be selected as basic forces Q 1, Q 2, Q 3.This choice is illustrated in 

Figure 3. 

 

 

 

 

 

 

 

 

Figure 3: Element and joints free bodies 

The relation between complete end force vector q and basic force vector Q can be 

derived directly from figure 3. 
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.q1 = -Q1 

q2 = -Q2 

q3 = -Q3-Q2 L 

q4 = Q1 

q5 = Q2 

q6 = Q3 

or, in matrix form 

q 


EF
FF
G
FFF
Hq1q2q3q4q5q6q7q8q9OF

FF
P
FFF
Q



��
��
��
R1 0 00 R1 00 RL R11 0 00 1. 00 0 1 ��

��
� 
 

 

this relation can reduced the complete set of element end forces to the basic set. The 

equilibrium equations that are remain to be satisfied at the joint free bodies [1]. 

To this end first all free dofs and then restrained dofs are numbered. To each global 

dof corresponds an equilibrium equation of generalized forces in global reference 

system. This example has three equations of equilibrium at the free global degrees of 

freedom: 

P1= q4
(a) – q5

(b) 

P2= q5
(a) + q4

(b) 

P3= q6
(a) +q6

(b) 

2.34 
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Where, a superscript in parentheses denotes the element, a subscript denotes the 

member end force and Pf is applied force at the free global dofs. 

 This example has three equilibrium equations and six unknown forces. It is 

therefore, the equilibrium equations matrix is not square so it is impossible to solve 

this system of equations for given applied forces Pf at the free degree of freedom, 

namely [1]. 

 This system is called statically indeterminate. The degree of static indeterminacy is 

the difference between the number of columns and number of rows of the 

equilibrium matrix of the structure at the free dofs.  .This implies that the degree of 

static indeterminacy is the difference between number of basic element forces and 

available equations of equilibrium at the free dofs [1]. 

2.6 Previous Work Done 

Schottler R. has developed Java applets for analysis of trusses, beams and frames in 

reference [10]. The java programs known as applets are embedded in HTML 

document. They provide good examples of application of objected- oriented 

programming and development of software for graphical user interface. 

Moh’d M. D. has developed a computer program in order to analyze two dimensional 

frame in Reference [11]. The nodal equilibrium equations, the force displacement 

relations and geometric compatibility relations are automatically generated by a 

FORTRAN computer program. In this work the mixed formulation and stiffness 

formulation are used. The computer program developed is capable of handling 

temperature and imperfections effects, support settlements and flexible support 

effects.  
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Sensoy S. has developed a computer program for two dimensional structural analysis 

by applying the Gauss-Jordan elimination procedure on the equilibrium equations, 

according to various pivot selection strategies. In this work, Integrated Force Method 

and Conventional Flexibility Method formulations are revised so that support 

reactions are also included among the unknowns. These formulations are further 

revised by including all the member end forces among the unknowns. 

Under M. has developed a computer program for two dimensional frame analysis in 

Reference [13]. In this work rigid-joined frames are analyzed by neglecting the axial 

Deformations. This analysis is done by using Modified Mixed formulation, Modified 

Stiffness Formulations and Modified Flexibility Formulation. 

Esmaeili R. has developed a computer program for indeterminate beam in Reference 

[15]. This work analyzed indeterminate beam problems with four different methods. 

These methods are included as Displacement Method, Integrated Force Method, LU 

Decomposition Method and Live Load Pattern Method. These methods can help 

users to understand better the theories and compared the methods with together. 

Khosravi M. S. has developed a computer program for usage of equilibrium 

equations in truss analysis. This work has done by six deferent methods. These 

methods are sorted as three parts displacements method, classical force method and 

integrated force method. Each part has two approaches these approaches are: 

Two approaches in Displacement Method are: 

• Stiffness method 

• Dual integrated force method 
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Two approaches in Classical Force Method are: 

• Classical force method via QR decomposition 

• Classical force method via LU decomposition 

Two approaches in Integrated Force Method are: 

• Integrated force method via null space. 

• Integrated force method via singular value decomposition. 
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Chapter 3 

3 PROBLEM STATEMENT AND SOLUTION 

APPROACH 

3.1 Introduction 

In this chapter the research problem and its characteristics are presented. 

 

3.2 The Problem 

This thesis intends to develop an algorithm that will enable the analysis of a planar 

rigid frame using the Integrated Force Method (IFM) and the Dual Integrated Force 

Method. The resulting computer code will yield,  

� The independent member forces 

� Member end forces 

� Reactions at the supports 

� Nodal displacements 

� The Axial Force, Shear Force, and Bending Moment Diagrams 

Programming will be done by using the computer algebra system Mathematica 7. 

3.3 The Reason of Research 

There are many computer programs about analysis of frame with stiffness method 

and classical force method but there are no computer programs about analysis of 

frame with integrated force method. On the other hand, most of these programs only 

show the results of frame analysis like: nodal displacements, member end forces, 
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support reactions and axial force, shear force, bending moment diagrams and 

neglected to show all procedure of methods. 

3.4 The Desired Characteristics of the Programs for IFM and IFMD 

3.4.1 The Desired Characteristics of the Programs for IFM  

In the survey of the state of the art, it is found that in the existing documents by 

Patnaik [2, 3, 4 and 9] the compatibility conditions are obtained by the following 

procedure: 

• Generating the deformation displacement relations.  

• and then eliminating the displacements.  

• obtain the compatibility conditions.  

In this thesis an alternative algebraic approach will be followed. After generating the 

equilibrium equations the following two algebraic techniques will be used. 

• Nullspace of the equilibrium matrix combined with the unconnected 

flexibility matrix. 

• Singular Value Decomposition of the equilibrium matrix combined with the 

unconnected flexibility matrix. 

3.4.2 The Desired Characteristics of the Programs for IFMD 

In the existing documents and computer software the main emphasis is to generate 

the global stiffness matrix, however in the Dual Integrated Force Method the global 

stiffness matrix is generated by using the easily generated equilibrium matrix and the 

matrix manipulation capabilities of the computer algebra system Mathematica 7. 

Using these programming capabilities the global stiffness matrix is generated in only 

one programming line. Therefore the usage of Mathematica 7 gives us programming 

advantage and computer usage time. 
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3.4.3 Other Attributes of the Proposed Analysis Packages for IFM and IFMD   

a) Easy to Use:  

There is no need to read any manual or documentation for first time users. The 

programs are easy to operate and learn. 

 b) Simple: 

Compared to existing commercial structural analysis packages, the programs 

developed have few option and parameters which makes running of programs easy. 

c) Transparent Theory: 

The theory in the methods is displayed within the programs therefore it is easy to 

understand them and easy follow their procedures. 

d) Chasing Variables: 

 If the user is suspicious of any results, he or she can pursue the value of any variable 

during the calculation procedure to find the source of probable mistake.  

e) Flexible: 

At each step of calculations the program code, which is doing process, is shown. For 

beginners this helps to learn more about programming techniques. Advanced users 

can change, or add parts to program code to change its utility.   

f) Educational: 

The programs are like tutorials. The theories, Integrated Force Method via Null 

Space, Integrated Force Method via Singular Value Decomposition and Dual 

Integrated Force Method, are introduced to the user working with the packages. At 

each step sufficient are presented. 
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g) Accessible: 

There is no need to spend long hours searching the internet to find packages that 

have these desired characteristics. The packages are unrestricted and available for 

students, instructors and engineers.   

3.5 An Overview of Solution Approach for IFM and SVD 

In this section the solution approach for IFM is outlined in Figure 4: 

• Generate the equilibrium equations [B]. 

• Assemble the unconnected flexibility matrix [G]. 

• Find compatibility conditions, [CC], by using the algebraic techniques 

Nullspace and Singular Value Decomposition.  

• Solve for independent member forces. 

• Find nodal displacements. 

• Find the member end forces. 

• Find support reaction. 

• Plot Axial Force, Shear Force and Bending Moment Diagrams.  
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Figure 4: Overview of Integrated Force Method 
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3.6 An Overview of Solution Approach for IFMD 

In this section the solution approach for IFM is outlined in Figure 5: 

• Generate the equilibrium equations [B]. 

• Assemble the unconnected flexibility matrix [G]. 

• Find the inverse of unconnected flexibility matrix [G] to obtain the global 

stiffness matrix.  

• Generate the Global Stiffness Matrix [K]. 

• Solve for nodal displacements [X]. 

• Find independent member forces. 

• Find the member end forces. 

• Find support reaction. 

• Plot Axial Force, Shear Force and Bending Moment Diagrams. 
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Figure 5: Overview of Dual Integrated Force Method 

3.7 Mathematica Software as a Tool 

To achieve the desired characteristics of the structural analysis package, the 

computer algebra system, Mathematica [16], is used. 
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The main reason for selecting Mathematica software is the following properties of it: 

� User can do interactive calculation using notebooks. 

� User can get started just like using calculator. 

� User can chose from over a thousand built-in functions. 

� User can do numerical calculation to any precision  

� User can do symbolic calculation to get formulas. 

� User can lists to present collections of things. 

� User can create 2D and 3D graphics. 

� User can solve equation symbolically or numerically. 

� User can do integrals and derivatives. 

� User can manipulate vectors and matrices. 

� User can define his or her own functions. 
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Chapter 4 

4 AUTOMATICALL ASSEMBELY OF EQUILIBRIUM                                      

EQUATIONS 

4.1 Formulation of Equilibrium Equations 

This section discusses a systematic way to setting up the equilibrium equations at the 

free degrees of freedom of the frame model. This way will help to write computer 

code to assemble the equilibrium equations automatically. To illustrate the technique, 

consider inclined plane frame with two elements and three nodes as shown in Figure 

6. This example is from chapter two of (CE 220/ Filip C. Filippou), Reference [1].  

 

 

 

 

 

 

 

Figure 6: frame example with inclined members 
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According to section 2.5 the numbering of global degrees of freedom (dof) is done. 

Only free degrees of freedom (dof) exist at node number 3. 

 

 

 

 

 

 

Figure 7: Numbering of global dofs 

 

In order to write the equilibrium equations (B), free body diagram of node 3 is 

separated, as depicted in Figure 8. 

Figure 8: Node and element free bodies 
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reference system and denoted by q1. The number of element forces corresponds to 

the global degrees of freedom numbering. 

Therefore the length and direction cosines of elements are calculated with equations 

4.1. 

L 
 U  Vxj R xi)� Y Vyj R yi)�    
Z[\] 
 ^_`^ab  

\cd] 
 e_`eab  

According to section two, member equilibrium matrix calculated for each element. 

This matrix transformed the basic frame force to element equilibrium equations in 

local coordinate system.   

f 

��
��
��
R1 0 00 R1 00 RL R11 0 00 1. 00 0 1 ��

��
� 
 

Where, L is length of member. 

According to reference [1], to convert internal forces from local coordinate system to 

global coordinate system in each element, a transforming matrix t, is used: 

g 

��
��
��
cosα Rsinα 0 0 0 0sinα cosα 0 0 0 00 0 1 0 0 00 0 0 cosα Rsinα 00 0 0 sinα cosα 00 0 0 0 0 1��

��
� 
 

4.1 (a) 

4.1 (b) 

4.1 (c) 

4.2 

4.3 
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In additions, to form element equilibrium equations in global system, bg are required 

which:  

fh 
 f. g 

bg 

��
��
��
cosα Rsinα 0 0 0 0sinα cosα 0 0 0 00 0 1 0 0 00 0 0 cosα Rsinα 00 0 0 sinα cosα 00 0 0 0 0 1��

��
� 

��
��
��
R1 0 00 R1 00 RL R11 0 00 1 00 0 1 ��

��
� 


��
��
��
Rcosα sinα 0Rsinα Rcosα 00 RL R1cosα Rsinα 0sinα cosα 00 0 1 ��

��
� 
 

Note that the global numbering of degrees of freedom which is depicted in figure 6 is 

used in the row numbers of bg .therefore equilibrium equations can be assembled 

directly by transferring each entry form bg to overall equilibrium equations. This is 

carried out according to global degree of freedom as. 

According to section 2.5.1, equilibrium equations only written for free degrees of 

freedom, it means the equilibrium matrix is not square and reaction forces are 

omitted. Therefore, two elements and 3 free degrees of freedom, the above system of 

equations is: 

ksinα Rcosα 0 Rcosβ Rsinβ 0cosα sinα 0 sinβ Rcosβ 00 0 1 0 RL2 R1m  

��
��
��
��
�f1f2f3f4f5f6f7f8f9��

��
��
��
 

 np00p 

Now the equilibrium equations are generated.  

 

4.4 
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4.2 Algorithm for Automatic Assembly of Equilibrium Equations 

This section explains how to computer codes to generated equilibrium equations 

automatically. 

In order to generate equilibrium equations following procedure is used:  

Step1: Get x and y coordinate to start node and end node according to member 

incidence. 

Step2: Use equation 4.1 to find the length and cosine direction of members. 

Step3: Use equations 4.2 to find member equilibrium matrix (b) for each element. 

Step4: Use equation 4.3   to convert internal member end forces from local 

coordinate to global coordinate.  

Step5: use equation 4.4 to create member equilibrium matrix in global                    

coordinate system (bg) for each element. 

Step6: Find the number of free degrees of freedom. 

Step7: Establish (3m) × (3j-restrained degrees of freedom) zero matrix.  (m: number 

of elements, j: number of nodes). 

k0 q 0r " r0 q 0m 
Step8: Place each member equilibrium matrix in global coordinate (bg) in to the 

columns of the zero matrix. 

Example: 
 
The following steps are done for the frame which is shown in Figure 4. 

 

(3m) × (3j-restrained degrees of freedom) 
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Step1:  

x and y coordinate for element 1 are: 

Z[\] 
 s3 R s1t1 
 8 R 010 
 0.6 
\cd] 
 u3 R u1t1 
 6 R 010 
 0.8 

x and y coordinate for element 2 are: 

Z[\v 
 s2 R s3t2 
 14 R 612.8 
 0.62 

\cdv 
 u2 R u3t1 
 R2 R 812.8 
 R0.78 
Step2:  

Length of member 1 is: 

L1 
 U  Vx3 R x1)� Y Vy3 R y1)�   
 U  V6 R 0)� Y V8 R 0)�   
 10 
Length of member 2 is: 

L1 
 U  Vx2 R x3)� Y Vy2 R y3)�   
 U  V14 R 6)� Y VR2 R 8)�   
 12.8 
Step3:  

Member equilibrium matrix for element 1 is: 

f1 

��
��
��
R1 0 00 R1 00 R10 R11 0 00 1. 00 0 1 ��

��
� 
 

Member equilibrium matrix for element 2 is: 

f2 

��
��
��
R1 0 00 R1 00 R12.8 R11 0 00 1. 00 0 1 ��

��
� 
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Step4:  

Transformation matrix for element 1 is: 

 

g1 

��
��
��
0.6 R0.8 0 0 0 00.8 0.6 0 0 0 00 0 1 0 0 00 0 0 0.6 R0.8 00 0 0 0.8 0.6 00 0 0 0 0 1��

��
� 
 

 

Transformation matrix for element 2 is: 

 

g2 

��
��
��

0.62 0.78 0 0 0 0R0.78 0.62 0 0 0 00 0 1 0 0 00 0 0 0.62 0.78 00 0 0 R0.78 0.62 00 0 0 0 0 1��
��
� 
 

 

Step5: 

Member equilibrium matrix in global coordinate for element 1 is: 

fh1 

��
��
��
R0.6 0.8 0R0.8 R0.6 00 R10 R10.6 R0.8 00.8 0.6 00 0 1 ��

��
� 
 

Member equilibrium matrix in global coordinate for element 2 is: 

fh2 

��
��
��
R0.62 R0.78 00.78 R0.62 00 R12.8 R10.62 0.78 0R0.78 0.62 00 0 1 ��

��
� 
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Step6: 

This example has totally nine degrees of freedom, six of them are restraint and of 

three of them are free. 

Number of free degrees of freedom = {0, 0, 0, 1, 2, 3, 0, 0, 0} 

Step7: 

Zero matrix for this structure 

k0 0 0 0 0 00 0 0 0 0 00 0 0 0 0 0m 
Step8:  

in final step equilibrium equations matrix is ready 

k0.8 R0.6 0 R0.62 R0.78 00.6 0.8 0 0.78 R0.62 00 0 1 0 R12.8 R1m 
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Chapter 5 

5 RIGID FRAME ANALYSIS PACKAGES 

5.1 Introduction 

Three packages are developed for the analysis of coplanar indeterminate rigid 

frames. Each package uses different theory which has been introduced using 

chapter2. 

These frame analysis packages are:  

Package1: Integrated Force Method via Null space. 

Package2: Integrated Force Method via singular value decomposition. 

Package3: Dual integrated force method. 

Solving the same problem with Packages 1 and 2 will present different approaches 

for finding the compatibility conditions, and using Package 3 will present students 

and practicing engineers an efficient analysis for rigid frames. In academic 

environment students may learn more about advantages or disadvantages of the force 

and displacement methods. 

 For each method the frame of Figure 9 will be used as illustrative example. The 

frame has 28 elements and 20 nodes. The moment of inertia for each element is 

0.0005 m4,the area for each element is 0.002 m2 and the modulus of elasticity is 

2×108 kN/m2. This frame has four horizontal applied joint loads at node 5,9,13 and 
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17. The value of these applied joint loads are same and they are equal to 150 kN. The 

members 17, 18,19,20,21,22,23,24,25,26,27,28 under the action of uniform 

distributed loads. Nine of these members (17, 18, 19, 20, 21, 22, 23, 24, 25) have 20 

kN/m load and three of them (26, 27, 28) have 15kN/m load. This example will be 

solved with Packages1, 2 and 3. Researchers can learn more about advantages and 

disadvantages of these three methods. 

The structures of the matrices generated for this frame will be demonstrated by using 

their matrix plot. Each matrix plot displays the nonzero entries of matrices in color, 

according to the values of the nonzero entries the matrix plot colors change. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9: 28 Elements Frame 
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The packages consist of three main common phases: 

• Data Input Phase 

• Calculation Phase 

• Reporting Phase 

5.2 Data Input Phase 

The phase defines the problem. Data input phase is designed to assist in the 

illustration of general input of frame (number of node and elements), geometry of 

frame (member incidence, coordinate of joints and freedom of joints), properties of 

elements and material (moment of inertia, area and modulus of elasticity) and 

loading case (joint load and fixed end load). A diagram of input phase skeleton is 

shown in Figure 10.  
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Figure 10: Input Phase Skeleton Diagram 

5.2.1 User Interface of the Data Input Phase 

The user interface of data input phase consists of four sections: 

• General Data Input 

• Geometry Data Input 

• Properties and Material Data Input 

• Loads Data Input 

Once the user complete these four sections, data input phase is completed and the 

program can be run and user may go directly to last phase to see the results 

immediately. 
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 5.2.1.1 General Data Input Phase 

In this step of procedure the user can give the number of elements and number of 

nodes as shown in Figure 11. Different colors are used to assist in finding these 

variables. The user can change white color text. 

 

                              
Figure 11: General Input Phase 

 
 

5.2.1.2 Geometry Data Input Phase 

In this step of procedure the user can give information to specify geometry of the 

frame and support conditions. This step has three parts (member incidence, 

coordinate of joints and freedom of joints). Part one is member incidence, this part 

includes m×3 matrix (m is equal to number of members). This matrix has three 

columns, first column shows the number of each member which are starting from 1 

up to number of members. Second and third columns show the number of starting 

node and end node for each element respectively (Figure 12).  
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Figure 12: Geometry Input Phase (member incidence) 

 

Part 2 is coordinate of joints, which includes n×3 matrix. The first column of this 

matrix shows the number of each join. Second and third columns show the 

coordinate of each joint according to x and y direction respectively (Figure 13).  
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Figure 13: Geometry Input Phase (coordinate of joints) 

 

 

Part 3 is freedom of joints, which includes n×4 matrix. First column of this matrix 

shows the number of joints, second, third and fourth columns show the condition of 

supports and degrees of freedom to be free or restrained in each node (Figure 14). 

According to section two each node of frame has three degrees of freedom. For 

recognizing the degree of at the supports user can use either 1 or 0 numbers to 

demonstrate (0 for free and 1 is for restrained). 
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Figure 14: Geometry Input Phase (freedom of joints) 

 

5.2.1.3 Properties Data Input Phase 

In this step user can give necessary properties and material to program. These 

properties are included as: Moment of Inertia and Area. User should give these two 

properties for each element. Material is included as: Modulus of Elasticity. Figure 15 

shows the properties and materials which are necessary for frame analysis.                
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Figure 15: shows all necessary properties input. 

 

 

5.2.1.4 Loading Data Input Phase 

In this step user can define fixed end force, point horizontal load, point vertical load 

and external moments applied to the frame, by changing the value of four loading 

variables. Point horizontal load, point vertical load and external moment are applied 

at joint and fixed end force applied at member. 

This step has two parts. Part one includes n×4 matrix (n is number of nodes) with 

four columns.  Column one shows the number of joints, column two shows applied 

point horizontal load at each node, column three shows applied point vertical load at 

each joint and column four shows applied external moment at each node (Figure 16).  

Part two is a vector applied fixed end force for each element (Figure 17). 
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Figure 16: Loading Input Phase (Joint Load) 

 

 

Figure 17: Loading Input Phase (Fixed End Force) 
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5.2.1.5 Subroutine For shape of Frame 

The subroutines for graphical shape of frame are included as: 

Frame Figure: creates a graphic of the frame.  

Fixed Support: creates a graphic of affixed support. 

Simple Support: creates a graphic of simple support. 

Roller Support: creates a graphic roller support. 

Element Numbering: create the number of each element. 

Node Numbering: create the number of each node. 

 

 

Figure 18: Shape of Frame 
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5.3 Calculation Phase 

In this phase it was tried to make calculations similar to hand calculation procedures 

as far as possible. In this way, user can see each step of calculations like the way 

students do in exam papers, moreover, user can see its corresponding program code 

together with calculation phase consist of several steps depending on theory applied. 

5.3.1 Integrated Force Method via Null Space 

In integrated force method, according to Reference [3, 4] the null space of the 

equilibrium equations and the unconnected flexibility matrix is used to find the 

compatibility condition. Then the equilibrium equations are coupled with 

compatibility conditions to obtain a square matrix [4]. Finally the square matrix is 

used to solve independent forces. 

Applying this method to the frame shown in Figure 9 and the procedure of integrated 

force method is demonstrated in Figure 19. In addition Matrix Plot of the 

Equilibrium Equations, Unconnected Flexibility Matrix, Compatibility Conditions, 

Coupled the Equilibrium Equations and Compatibility Conditions are shown in 

Figure 20. 
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Figure 19: Algorithm of integrated force method via null space 
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Figure 20: The matrix plot of the matrices generated with integrated force method 
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5.3.2 Integrated Force Method via Singular Value Decomposition 

An alternative procedure for finding the compatibility conditions in the integrated 

force method is outlined in chapter two. After generating the equilibrium equations, 

Matrix ([B] T) pinv is calculated by Equation 2.21. Then the matrix [M] is obtained by 

equation 2.20. Later, the singular value decomposition (SVD) of the matrix [M] 

carried out to obtain matrices [Mu], [Mv] and [Mб]. The compatibility conditions are 

obtained by using Equations 2.24 and 2.26. The procedure of Integrated Force 

Method via Singular Value Decomposition and applying this method to the frame are 

shown in Figures 21 and 9 respectively, The Matrix Plots of the Equilibrium 

Equations, Unconnected Flexibility Matrix are same as Figure 20.The [CC] matrix 

displayed in Figure 19 and 20 look almost similar but the numerical values of the 

compatibility conditions are different. 
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Figure 21: Algorithm of Integrated Force Method via Singular Value Decomposition 
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5.3.3 Dual Integrated Force Method 

The procedure and equations of this method is shown in Figure 22. Equilibrium 

equations and unconnected flexibility matrix are generated. 

 According to Equation 2.15, the global stiffness matrix [K] is calculated. The 

inverse of the flexibility matrix is used to obtain the global stiffness matrix. In the 

next step the displacements vector is obtained by Equation 2.13.In the final step the 

independent forces are calculated from Equations 2.14. 

In this method since the node and element numbering is the same, the Matrix Plots of 

the equilibrium equations, unconnected flexibility matrix, will remain unchanged. 

The Matrix Plot of the global stiffness matrix [K] is shown in Figure 23.  
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Figure 22: Algorithm of Dual Integrated Force Method 

 

 

                                                                      
Figure 23: The matrix plot of the Global Stiffness Matrix [K] 48×48, generated with 

Dual Integrated Force Method 
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5.4 Reporting Phase 

In the reporting results phase the aim is to give the necessary information briefly and 

partially. 

Reporting Phase Skeleton diagram shows in Figure 24. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 24: Reporting Results Phase, Skeleton Diagram 
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5.4.1 User Interface of the Reporting Input Phase. 

The user interface of reporting phase consists of nine sections: 

• Display the Nodal Displacements for each node. 

• Display the Member End Forces for each element in local and global 

coordinate. 

• Display Support Reactions results. 

• Display Axial Force Function for each element. 

• Display Shear Force Function for each element. 

• Display Bending Moment Function for each element. 

• Plot Axial Force Diagram for each element 

• Plot Shear Force Diagram for each element 

• Plot Bending Moment Diagram for each element 

5.4.1.1 Display the Nodal Displacements for each node. 

In this section, nodal displacements will be shown for each node. The three 

displacements for each node are reported as: 

1) Displacement in the global X-direction. 

2) Displacement in the global Y-direction. 

3) Rotation in the global Z-direction. 

The nodal displacements for the first six nodes of the example frame of Figure 

5.1 are displayed in Figure 25. 
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Figure 25: Reporting Results Phase, section 1, nodal displacements of node 1, 2, 3, 4, 

5 and 6 

  

5.4.1.2 Display the Member End Forces for each element in Local and  

Global coordinate. 

In this section, Member End Forces for each element in local and global coordinate 

will be presented (Figure 26). The member end forces in local coordinate for the first 

three elements of the example frame of Figure 9 is displayed in Figure 26. 
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Figure 26: Reporting Results Phase, section 2, member end forces of member 1,2,3 

in local coordinate 

 

5.4.1.3 Display Support Reactions results. 

In this section support reaction will be presented. The support reaction in global 

coordinate system for the supports of the example frame of Figure 9 is displayed in 

Figure 27. 
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Figure 27: Reporting Results Phase, section 3, support reactions 

 

 

5.4.1.4 Plot the Resulting Diagram for each element. 

In this section the Axial Force, Shear Force and Bending Moment diagrams will be 

showed for users. Also the Axial Force, Shear Force and Bending Moment functions 

will be presented for user (Figure 28). 

  



 

60 

 

Figure 28: Reporting Results Phase, section 4, axial force, shear force and bending 

moment diagrams of member 1 and member 17 respectively. 
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5.5 Summary 

In this chapter three analysis packages for indeterminate rigid frame has been 

introduced and in chapter 6 four illustrative examples are solved to help 

understanding more. The frame analysis packages were programmed by using 

Mathematica version 7. 

The three packages and version 7 of Mathematica are provided on a CD which is 

placed at the back cover of this thesis. 
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Chapter 6 

                         6 ILUSTRATIVE EXAMPLES 

6.1 Introduction 

In this chapter four examples are presented in order to illustrative the usage of 

analysis packages and the results are compared with Mastan2 V3.2. 

6.2 Example for Integrated Force Method via Null Space (IFM) 

Example 1: a frame is subjected for this example has 30 elements and 25 nodes. 

Nodes (6, 10, 13, 17, 20 and 24) are subjected to 100 kN shear joint load and nodes 

(8, 15, 22) are subjected to 20 kN/m moment. The example is analyzed by integrated 

force method via null space. The problem is solved for nodal displacements, member 

end forces in local coordinate, support reactions, the axial force diagram, shear force 

diagram and the bending moment diagram. 

The moment of inertia and area of each member is: 

 I = 5×10-4   m4  

A = 2×10-3   m2 

The modulus of elasticity is: 

E = 2×108   kN/m2 
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Figure 29: Example 1 

 

  

100 kN 

100 kN 

100 kN 100 kN 

100 kN 

20 kN/m 

20 kN/m 

20 kN/m 

4m 4m 4m 

3m 

3m 

3m 

2m 2m 2m 

1 2 3 4 

5 6 7 8 9 11 

15 

10 

12 13 14 16 18 17 

19 21 20 22 23 24 25 

1 
2 3 

4 

5 
6 

7 8 

9 
11 

12 
10 

13 14 15 16 17 18 

19 20 21 22 23 24 

25 26 27 28 20 30 

100 kN 



 

64 

To solve this problem first the Integrated Force Method Analysis Packages has been 

run and also the result from Mastan2 v3.2 is presented to compare the results. 

The analysis procedure consists of the following phases: 

a) Input Phase  

1. General Input 

2. Geometry Input 

3. Properties and Materials Input 

4. Load Data input 

b) Calculation Phase   

1. Generating Equilibrium Equations and showing Matrix Plot of this matrix 

2. Generating Unconnected Flexibility Matrix and showing Matrix Plot of 

this Matrix 

3.  Obtaining Compatibility Matrix from Null Space. 

4. Computing the Compatibility Conditions and showing Matrix Plot of this 

Matrix. 

5. Coupling the Compatibility Conditions with the Equilibrium Equations 

and showing Matrix Plot of this Matrix 

6. Forming Joint Load Vector 

7. Forming the Fixed End Forces Vector 

8. Combining Joint Load Vector with Fixed End Forces Vector 

9. Solving Independent Forces 

c) Reporting Results Phase  

1. Displaying Nodal Displacements 

2. Displaying Member End Forces in Local Coordinate 

3. Displaying Support Reactions 
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4. Showing Diagrams of Axial Force, Shear Force and Bending Moment 

Diagrams. 

                              
Figure 30: Input Phase, Step 1, General Data Input 

      

             
Figure 31: Input Phase, Step 2, Geometry Data Input (Member Incidence) 
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Figure 32: Input Phase, Step 2, Geometry Data Input (Coordinate of Joints) 

 

Figure 33: Input Phase, Step 2, Geometry Data Input (Freedom of Joints)
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Figure 34: Input Phase, Step 3, Properties and Materials Input 

 

Figure 35: Input Phase, Step 4, Load Data Input (Joint Load) 
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Figure 36: Input Phase, Step 4, Load Data Input (Fixed End Forces) 

 

 

Figure 37: Shape of Frame 
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Figure 38: Element and Node Numbering 
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Figure 39: Calculation Phase, Step1, Matrix Plot of Equilibrium Equations [B] 63×90 

 

 

 

                                                                                   
Figure 40: Calculation Phase, Step2, Matrix Plot of Unconnected Flexibility Matrix              

[G] 90×90 
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Figure 41 : Calculation Phase, Step4, Matrix Plot of Compatibility Conditions [C] 

90×27 

 

 

                                                                          
Figure 42: Calculation Phase, Step5, Matrix Plot of Coupled Equilibrium Equations 

with Compatibility Conditions [S] 90×90 
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Figure 43 : Reporting Results Phase, step1, Nodal Displacements of each node 
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Figure 44: Reporting Results Phase, step1, Nodal Displacements of each node 

(continued) 
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Figure 45: Reporting Results Phase, step2, Member End Forces in Local Coordinate 
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Figure 46: Reporting Results Phase, step2, Member End Forces in Local Coordinate 

(continued) 

  



 

76 

               
Figure 47: Reporting Results Phase, step2, Member End Forces in Local Coordinate 

(continued) 
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Figure 48: Reporting Results Phase, step2, Member End Forces in Local Coordinate 

(continued) 
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Figure 49: Reporting Results Phase, step2, Member End Forces in Local Coordinate 

(continued) 
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Figure 50: Reporting Results Phase, step3, Support Reactions 
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Figure 51: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 1, 2 
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Figure 52: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 3, 4 
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Figure 53: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 5, 6 
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Figure 54: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 7, 8 



 

84 

Figure 55: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 9, 10 
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Figure 56: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member11, 12 



 

86 

 
Figure 57: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member13, 14 
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Figure 58: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member15, 16 
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Figure 59: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member17, 18 
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Figure 60: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member19, 20 
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Figure 61: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member21, 22 
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Figure 62: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member23, 24 



 

92 

                                 
Figure 63: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member25, 26 
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Figure 64: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member27, 28 
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Figure 65: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member29, 30 
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Figure 66: Final results of Example 1 from Mastan2 v 3.2 
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Figure 67:  Final results of Example 1 from Mastan2 v 3.2 (continued) 
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Figure 68: Final results of Example 1 from Mastan2 v 3.2 (continued) 
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Figure 69: Final results of Example 1 from Mastan2 v 3.2 (continued) 
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Figure 70: Final results of Example 1 from Mastan2 v 3.2 (continued) 

 

6.2.1 Comparison Results: 

The results obtained from Integrated Force Method Analysis Package and Mastan2 v 

3.2 [17] are compared and all the diagrams and the numerical results are agree fully 

as shown in Figures ( 66, 67, 68, 69, 70). 
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6.3 Example for Dual Integrated Force Method (IFMD) 

Example 2: This Example is from the book, Structural Analysis, Reference [20]. A 

rigid frame as shown in Figure71 is analyzed with Dual Integrated Force Method. 

The problem is solved for nodal displacements, member end forces in local 

coordinate, support reactions, axial force, shear force and bending moment diagrams. 

 I = 1   m4                                  A = 1.5×10-4   m2                             E = 2×108   kN/m 

 

Figure 71: Example 2 

 

To solve this problem first the Dual Integrated Force Method Analysis Package has 

been run and also the result from Mastan2 v3.2 is presented to compare the results. 

The analysis procedure consists of the following phases: 

a) Input Phase   

1. General Input 

2. Geometry Input 

3. Properties and Materials Input 

4. Load Data input 

20  kN/m 

12 m 

4 m 

12 m 

1 2 

3 4 

1 2 

3 4 
5 
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b) Calculation Phase  

1. Generating Equilibrium Equations and showing Matrix Plot of this 

matrix 

2. Generating Unconnected Flexibility Matrix and showing Matrix Plot 

of this matrix 

3. Inverting Unconnected Flexibility Matrix 

4. Generating Global Stiffness Matrix and Showing Matrix Plot of this 

matrix 

5. Forming Joint Load Vector 

6. Forming the Fixed End Forces Vector 

7. Combining Joint Load Vector with Fixed End Forces Vector 

8. Solving Displacements  

c) Reporting Results Phase  

1. Displaying Nodal Displacements 

2. Displaying Member End Forces in Local Coordinate 

3. Displaying Support Reactions 

4. Showing Diagrams of Axial Force, Shear Force and Bending Moment 

Diagrams. 
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Figure 72: Input Phase, Step 1, General Input 

 

 

Figure 73: Input Phase, Step 2, Geometry Input 
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Figure 74: Input Phase, Step 3, Properties and Materials Input 

 

 

Figure 75: Input Phase, Step 4, Load Data Input 
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Figure 76: Shape of Frame 

 

 

 

 

Figure 77: Element and Node Numbering 
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Figure 78:  Calculation Phase, Step1, Generate Equilibrium Equations 

 

 

 

                                            

                           
Figure 79: Calculation Phase, Step1, Matrix Plot of Equilibrium Equations [B] 15×10 
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Figure 80: Calculation Phase, Step2, Generate Unconnected Flexibility Matrix 

 

                                                 

                                                   
Figure 81: Calculation Phase, Step2,  Matrix Plot of Unconnected Flexibility Matrix    

[G] 15×15 
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Figure 82: Calculation Phase, Step3, 4, Invert Unconnected Flexibility Matrix and 

Generate Global Stiffness Matrix 

 

                                                        

                                                    
Figure 83: Calculation Phase, Step4, Matrix Plot of Global Stiffness Matrix [K] 10×10 
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Figure 84: Calculation Phase, Step5, Form Joint Load Vector 

 

Figure 85: Calculation Phase, Step6, Form Fixed End Forces 
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Figure 86: Calculation Phase, Step 7,Combined Joint Load Vector with Fixed End 

Forces 

 

 

Figure 87: Calculation Phase, Step8, Solve for Displacements 
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Figure 88: Reporting Results Phase, step1, Nodal Displacements of each node 
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Figure 89: Reporting Results Phase, step2, Member End Forces in Local Coordinate 
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Figure 90: Reporting Results Phase, step3, Support Reactions 
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Figure 91: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member1, 2 
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Figure 92: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member3, 4 

 

 

6.3.1 Comparison Results: 

The results obtained from Dual Integrated Force Method Package Analysis and 

Mastan2 v 3.2 [17] are compared and all the diagrams and numerical results are 

agree fully as shown in Figures (93 and 94)   
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Figure 93: Final results of Example 2 from Mastan2 v 3.2 (Displacements) 

 

Figure 94: Final results of Example 2 from Mastan2 v 3.2 (Element Results and 

Reactions) 
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6.4 Example for Integrated Force Method via Singular Value 

Decompositions (SVD) 

Example 3: A rigid frame is subjected for this example has 7 elements and 7 nodes. 

Nodes 4 and 6 have subjected to 50 kN and 75 kN axial point load respectively. 

Node 5 is subjected to 6 kN/m bending moment and element 7 has subjected to 12 

kN/m fixed end force. This example is analyzed by Integrated Force Method via 

Singular Value Decomposition. This problem is solved for nodal displacements, 

member end forces in local coordinate, support reactions, axial force, shear force and 

bending moment diagrams. 

I = 4×10-4   m4                            

A = 2×10-3   m2                             

E = 2×108   kN/m 
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Figure 95: Example 3 

The analysis procedure consists of the following phases: 

a) Input Phase  

1. General Input 

2. Geometry Input 

3. Properties and Materials Input 

4. Load Data input 

b) Calculation Phase  

1. Generating Equilibrium Equations and showing Matrix Plot of this matrix. 

2. Generating Unconnected Flexibility Matrix and showing Matrix Plot of this 

matrix. 

3. Creating Singular Value Decomposition. 

4m 4m 

4m 

3m 

6 kN/m 

12 kN/m 

75 kN 

50 kN 

1 2 3 

4 

5 6 

7 

1 2 3 

4 5 

6 7 
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4. Obtaining Compatibility Matrix form Singular Value Decomposition. 

5. Computing the Compatibility Conditions and showing Matrix Plot of this 

matrix. 

6. Coupling the Compatibility Conditions with the Equilibrium Equations and 

showing Matrix Plot of this matrix. 

7. Forming Joint Load Vector.  

8. Forming the Fixed End Forces Vector. 

9. Combining Joint Load Vector with Fixed End Forces Vector. 

10. Solving Independent Forces. 

c) Reporting Results Phase  

1. Displaying Nodal Displacements 

2. Displaying Member End Forces in Local Coordinate 

3. Displaying Support Reactions 

4. Showing Axial Force, Shear Force and Bending Moment Diagrams. 

 

Figure 96: Input Phase, Step 1, General Data Input 
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Figure 97: Input Phase, Step 2, Geometry Data Input 

 

Figure 98: Input Phase, Step 3, Properties and Materials Input 
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Figure 99:  Input Phase, Step 4, Load Data Input 
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Figure 100: Shape of Frame 

 

                         
Figure 101: Element and Node Numbering 
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Figure 102: Calculation Phase, Step1, Matrix Plot of Equilibrium Equations [B] 21×14 

 

 

 

                                                    
Figure 103: Calculation Phase, Step2, Matrix Plot of Unconnected Flexibility Matrix  

[G] 21×21 
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Figure 104: Calculation Phase, Step5, Matrix Plot of Compatibility Conditions [C] 

21×7 

 

                                      
Figure 105: Calculation Phase, Step6, Matrix Plot of Coupled Equilibrium Equations 

with Compatibility Conditions [S] 21×21 
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Figure 106: Reporting Results Phase, step1, Nodal Displacements of each node 
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Figure 107: Reporting Results Phase, step2, Member End Forces in Local Coordinate 
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Figure 108:  Reporting Results Phase, step3, Support Reactions 
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Figure 109: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 1, 2 
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Figure 110: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 3, 4 
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Figure 111: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 5, 6 
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Figure 112: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 7 
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6.4.1 Comparison of Results 

The results obtained from Integrated Force Method via Singular Value 

Decomposition Analysis Package and Mastan2 v 3.2 [17] are compared and all the 

diagrams agree fully and the numerical results agree up (Figures 114, 115, 116). 

                                       

                                       

Figure 113: Final results of Example 3 from Mastan2 v 3.2 (Displacements) 
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Figure 114: Final results of Example 3 from Mastan2 v 3.2 (Element Results) 

 

                                                                 
Figure 115: Final results of Example 3 from Mastan2 v 3.2 (Reactions) 
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6.5 Example for Integrated Force Method via Null Space (IFM) 

Example 4: A frame is subjected for this example has taken form a master thesis of 

completed at EMU (reference [12]). This example has 3 elements and 4 nodes. Node 

3 is subjected to 1 kN shear joint load and node 4 are subjected to 0.5 kN/m axial 

joint load. The example is analyzed by integrated force method via null space. The 

problem is solved for nodal displacements, member end forces in local coordinate, 

support reactions, the axial force diagram, shear force diagram and the bending 

moment diagram. 

I = 1   m4                              A = 1000 m2                                 E = 1 kN/m2 

 

 

 

 

 

 

 

 

 

 

 

Figure 116: Example 4 

 

To solve this problem first the Integrated Force Method Analysis Packages has been 

run and also the result from Mastan2 v3.2 is presented to compare the results. 

0.5 kN 

1 kN 

1m 1m 

1m 

1m 

1 

2 

3 

4 

3 

1 2 
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The analysis procedure consists of the following phases: 

a) Input Phase  

1. General Input 

2. Geometry Input 

3. Properties and Materials Input 

4. Load Data input 

b) Calculation Phase   

1. Generating Equilibrium Equations and showing Matrix Plot of this matrix 

2. Generating Unconnected Flexibility Matrix and showing Matrix Plot of this 

Matrix 

3. Obtaining Compatibility Matrix from Null Space. 

4. Computing the Compatibility Conditions and showing Matrix Plot of this 

Matrix. 

5. Coupling the Compatibility Conditions with the Equilibrium Equations and 

showing Matrix Plot of this Matrix 

6. Forming Joint Load Vector 

7. Forming the Fixed End Forces Vector 

8. Combining Joint Load Vector with Fixed End Forces Vector 

9. Solving Independent Forces 

c) Reporting Results Phase  

1. Displaying Nodal Displacements 

2. Displaying Member End Forces in Local Coordinate 

3. Displaying Support Reactions 

4. Showing Diagrams of Axial Force, Shear Force and Bending Moment 

Diagrams. 
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Figure 117: Input Phase, Step 1, General Input Phase 

 

Figure 118: Input Phase, Step 2, Geometry Data Input 
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Figure 119: Input Phase, Step 3, Properties and Materials Input 

 

 

Figure 120: Input Phase, Step 4, Load Data Input 
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Figure 121: Shape of Frame 

 

 

Figure 122: Calculation Phase, Step1, Equilibrium Equations 
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Figure 123: Calculation Phase, Step1, Matrix Plot of Equilibrium Equations [B] 6×9 

 

 

Figure 124: Calculation Phase, Step2, Unconnected Flexibility Matrix 
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Figure 125: Calculation Phase, Step2, Matrix Plot of Unconnected Flexibility Matrix  
[G] 9×9 

 

 

Figure 126: Calculation Phase, Step3, Compatibility Matrix 
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Figure 127: Calculation Phase, Step4, Compatibility Matrix 

 

 

 

Figure 128: Calculation Phase, Step4, Matrix Plot of Compatibility Conditions [CC] 

3×9  
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Figure 129: Calculation Phase, Step5, Coupled Equilibrium Equations with 

Compatibility Conditions 

 

 

Figure 130: Calculation Phase, Step5, Matrix Plot of Coupled Equilibrium Equations 

with Compatibility Conditions [S] 9×9 
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Figure 131: Calculation Phase, Step6, Form Joint Load Vector 

 

 

Figure 132: Calculation Phase, Step7, Form Fixed End Forces 
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Figure 133: Calculation Phase, Step 8, Combined Joint Load Vector with Fixed End 

Forces 

 

 

Figure 134: Calculation Phase, Step 9, Solve for Independent Forces 
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Figure 135: Reporting Results Phase, step1, Nodal Displacements of each node 

 

 

 
Figure 136: Reporting Results Phase, step2, Member End Forces in Local Coordinate 
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Figure 137: Reporting Results Phase, step3, Support Reactions 
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Figure 138: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 1, 2 
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Figure 139: Reporting Results Phase, step4, Axial Force, Shear Force and Bending 

Moment Diagrams of member 3 
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Figure 140: Final results of Example 4 from Mastan2 v 3.2 (Displacements) 

 

 

                            

Figure 141: Final results of Example 4 from Mastan2 v 3.2 (Element Results and 

Reactions) 
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6.5.1 Comparison Results: 

The results obtained from Integrated Force Method Analysis Package and Mastan2 v 

3.2 [17] and the result obtained from reference [12] are compared and all the 

diagrams and the numerical results are agree fully. 

6.6 Summary 

In this chapter four examples have been presented in order to illustrate the usage of 

Analysis Packages and the results are compared with Mastan2 v 3.2 [17] results. 
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Chapter 7 

                                     7 CONCLUSION 

7.1 Conclusion 

Coplanar rigid frames have been analyzed using the Integrated Force Method, where, 

the process of selection of redundants is not required and independent internal forces 

for the structural design process is determined for all the members in only one 

solution process. Thus the Integrated Force Method provides considerable advantage 

in the design of large scale structures like in the aeronautical industry and in the 

design of steel structures. IFM’s advantages [3] over the Stiffness Method (SM) have 

been documented, including accurate stress results, a well-conditional system for 

finite element discrete analysis, fast convergence to correct solutions The Integrated 

Force Method can also be extended to nonlinear structural analysis [19] and 

optimization problems [21]. 

The second method used to analyze coplanar rigid frames is the Dual Integrated 

Force Method, IFMD, which is essentially a displacement method. In IFMD, only 

the equilibrium matrix and the unconnected stiffness matrix of the structure are used 

to generate the global stiffness matrix of the structure. Thus there is no need to write 

lengthy and complex computer programs to generate global stiffness matrix of the 

structure. The global stiffness matrix of the structure in IFMD is obtained by simple 

programming using computer algebra system Mathematica7. Therefore in the 
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analysis of skeletal structures it is very advantageous to use the Dual Integrated 

Force Method. 

In this thesis three analysis packages for indeterminate rigid frame have been 

developed. The two main methods used are 

1) Integrated Force Method 

2) Dual Integrated Force Method 

Two of the packages use the IFM and the compatibility matrices were obtained by 

using the Null space of the equilibrium matrix, and Singular Value Decomposition of 

the equilibrium matrix. The third package employed the Dual Integrated Force 

Method. Various problems have been analyzed by these three packages and the 

results have been compared with the results form Mastan2 v3.2. [17] .all the results 

are fully agree. 

7.2 Summary of Contributions 

Three analysis packages have been developed and strategy of this development 

produced the following specific characteristics: 

1) Easy to use: there is no need to read any manual. 

2) Simple: analysis packages are easy to run. 

3) Transparent Theory: the theory is explained at each step. 

4) Chasing Variables: Step by Step calculations make it easy to follow the 

values of variables. 

5) Flexible: It is possible to change its utility. 

6) Educational: It is an opportunity for students to learn at their own pace. 

7) Accessible: It is available for students, instructors, researchers and engineers  
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without any restriction.    

 

7.4 Future Research 

For future work the following items are recommended: 

a. Develop analysis for space frames and space trusses. 

b. Develop analysis considering nonlinear theories. 

c. Make programs running on the web pages and make more accessible. 

d. Include support settlements, initial deformations and temperature 

differentials. 

e. Incorporate different types of distributed loading into the analysis 

packages. 

f. Investigation of the conditioning of the main IFM matrix. As the 

number of members gets larger the condition number of the IFM 

matrix may worsen leading to inaccurate results. 
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Computer Codes 

This chapter presents the Mathematica Computer Codes to generated the methods 

which  

were explained in chapter 2. 

 

a) Computer Codes for Integrated Force Method are included as follows: 

 

Figure 142: Computer Codes for Graphical Shape of Frame 
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Figure 143: Computer Codes for Graphical Shape of Frame (continued) 
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Figure 144: Computer Codes for Graphical Shape of Frame (continued) 
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Figure 145: Computer Codes for Graphical Shape of Frame (continued) 
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Figure 146: Computer Codes for Graphical Shape of Frame (continued) 
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Figure 147: Computer Codes for generating Equilibrium Equations [B] 
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Figure 148: Computer Codes for generating Equilibrium Equations (continued) 
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Figure 149: Computer Codes for generating Equilibrium Equations (continued) 
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Figure 150: Computer Codes for generating Equilibrium Equations (continued) 

 
Figure 151: Computer Codes for generating Equilibrium Equations (continued) 
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Figure 152: Computer Codes for generating Unconnected Flexibility Matrix [G] 
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Figure 153: Computer Codes for generating Unconnected Flexibility Matrix 

(continued) 

 

                                                         
Figure 154: Computer Codes for generating Compatibility Matrix [C] 

 

 
Figure 155: Computer Codes for generating Compatibility Conditions [CC] 

 

Figure 156: Computer Codes for Coupling [B] and [CC] 
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Figure 157: Computer Codes for Forming the Fixed End Forces 
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Figure 158: Computer Codes for Forming the Point Joint Load 

 

                                                                                  
Figure 159: Computer Codes for finding Degree of Indeterminacy 

 

 

                                                                 
Figure 160: Computer Codes for combining Point Joint Load and Fixed End Forces 

 

 

                                               
Figure 161: Computer Codes for Solving Internal Forces [F] 
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Figure 162: Computer Codes for Solving Nodal Displacements 
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Figure 163: Computer Codes for finding Member End Forces  
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Figure 164: Computer Codes for finding Reactions 

 

 

                                  
Figure 165: Computer Codes for finding Reactions (continued) 
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Figure 166: Computer Codes for Plotting Diagrams 

 

Figure 167: Computer Codes for Plotting Diagrams (continued) 
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b)  Computer Codes for Singular Value Decomposition Method: 

 

 

                                                       
Figure 168: Computer Codes for finding Singular Value Decomposition 

 

 

                                                                                 
Figure 169: Computer Codes for finding Compatibility Conditions [CC] 

 

 

The computer codes for other steps are similar as Integrated Force Method via Null  

Space. 
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c) Computer Codes for Dual Integrated Force Method: 

 

 

 
Figure 170: Computer Codes for finding Global Stiffness Matrix [K] 

 

 

                                      
Figure 171: Computer Codes for finding Displacements 

 

The computer codes for other steps are similar as Integrated Force Method via Null 

Space and Integrated Force Method via Singular Value Decomposition. 

 

 

 

 

 

 


