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ABSTRACT

In this thesis we studied fractional order derivative and integral. In Chapterl, a brief
history on the foundation of fractional derivative and integration has been given. In the
second chapter, some definitions and theorems have been provided. Also some needed
special functions such as Gamma, Beta, Mittag-Leffler and Wright function have taken

place in this chapter.

Properties of fractional derivative and integral are discussed in Chapter 3. We started
to this chapter by the discussion of the Abel integral equation and it’s application. In
the first section of Chapter 3, fractional integral in the space of integrable functions and
related properties has been given. The second section is devoted to basic definitions
and properties of fractional derivative and integral. Definition of fractional integral and
derivative of complex order take place in the third section together with some related
theorems. Fourth section contains fractional integrals of some elementary functions. In
the last section of Chapter 3, we discussed fractional differentiation and integration as

reciprocal operations.

Keywords: Fractional Equation, Fractional Derivative, Fractional Integral.
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0z

Bu tez ii¢ boliimden olugmaktadir. Birinci boliim girig kismina ayrilmistir. Kesirli tiirev

ve integralin nasil meydana getirildiginden bahsedilmistir.

Ikinci boliimde bazi fonksiyon tanimlarma yer verilmistir. Ayrica tezde kullanilacak
olan bazi 6zel fonksiyonlar verilmistir. Bu 0zel fonksiyonlar Gama fonksiyonu, Beta

fonksiyonu, Mittang Leffler fonksiyonu ve Wright Fonksiyonu’dur.

Uciincii boliimde genel olarak kesirli tiirev ve integrale giris yapilmistir , baz1 ozel
fonksiyonlarla iligkilendirildi ve bunlarin 6zelliklerine yer verildi. Bu béliimii inceliye-
lim. Oncelikle Abel integral denklemi aciklanmis , 6zel fonksiyonlarla islemler yapilmistir.
Birinci kisimda integrallenebilir fonksiyonlar uzayinda kesirli integeralin ¢oziilebilirligi
baz1 teoremlerle ispatlanarak aciklanmistir. Ikinci kisimda kesirli tiirev ve integralin
tanimlar1 verilmis ayrica kesirli tiirev ve inegralin bazi basit 6zelliklerinden bahsedilmistir.
Uciincii kistmda kompleks mertebeden, kesirli tiirev ve integral alindi ve bunlarla il-
gili teoremler ispatlanarak agiklanmistir. Dordiincii kisimda bazi temel fonksiyonlarin
kesirli integrali alinmis ve bunlarla ilgili islemler yapilip istenilen temel fonksiyonlara
ulagilmigtir. Besinci kisimda, kesirli tiirev ve integral karsilikli operator alinarak bir
takim tanimlara yer verilmis ve teoremlerle ispatlanarak aciklanmistir. Son olarak ise,
yarigrup tanimlari verilmis, operatorlerin yar1 gruplarla iligkisi incelenmis ve bazi uzay-

larla da iligkilendirilip ispatlar yapilmistir.

Anahtar Kelimeler:Kesirli Denklemler, Kesirli Turev, Kesirli 1ntegral.
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Chapter 1

PRELIMINARIES

In this thesis we focus on fractional integrals and derivatives. We begin with a brief

historical development of the theory of fractional integral and derivative.

In 1965, L’hopital wrote a letter to Leibnitz and asked the solution of the following

equation when n = %;

1

D
f) = xo—

Leibnitz’s response was "An apperent paradox, from which one day useful consequences
will be drown". So the story of fractional calculus has started with the question of

L’hopital.

After, L’hopital and Leibnitz and many other mathematicans like Fourier, Euler, Laplace,
etc. have studied to answer L’hopital’s questions. Each used their own notation and

methotology and they found many concepts of a non-integer order integral or derivative.

The main part of mathematical theory of fractional calculus was developed in 20" cen-
tury. But engineers and scientists started using these theories 100 years later. Recently,

the theory of fractional differential equation gain popularity among researchers and dif-



ferent studies involving solutions of linear or non-linear fractional differential equations,

solutions of boundary value problems etc. been published.



Chapter 2

NOTATION AND BACKGROUND MATERIAL

2.1 Spaces of Integrable, Absolutely Continuous and Continuous
Function

In this section we give some required definitions and properties that will be needed to

study fractional integrals and derivatives.

Definition 1 Let a and b be two real numbers then

a) a,b] :={x€R: a< x<b}is called the closed interval.

b) (a,b) :={xeR: a < x < b} is called the open interval.

c) (a,b]:={xeR: a<x<b}and [a,b):={xeR: a< x<b}are called half open in-
tervals.

d) [a,0) :={xeR: a<x<b}(—c0,b] :={xeR : a<x<b} are called closed infinite
intervals.

e)(a,00):={xeR: a<x<b}(—00,b):={xeR: a<x<b}are called open infinite in-

tervals.

Definition 2 Let A be a subset of real numbers then C (M) is the set of all continuous

functions on A.

Definition 3 Letr A be a finite interval and h(x) be a function defined on A. We say that

the function h(x) satisfies Holder condition of order A if

I (x1) = h(x)| < Alx — x| (2.1)



for all pairs of points x1,x2 of A where A is a constant. In this case the number A is

called the Holder exponent.

Definition 4 For a finite interval A, the space of all complex valued functions, which

satisfy the Holder condition of order A is denoted by H* = H*(A) i.e
HY(A) ={h: 1h(x) = h ()l S Alx = xol!, x1,x0 € A}

For A =1, H' is known as Lipschitz space.

Remark 5 [t is clear that HY(A) c C(A).

Remark 6 For H%, we are only interested in the case 0 < A < 1, because otherwise only

constant functions will be contained in H*,

Definition 7 The space h' := h* (A) is defined by

R =h(x)

ht ::hﬂ(A)::{h. —>Oasx—>x1}

|x — x1]

forall x| € A.

Remark 8 It is easy to see that h* ¢ HA.

In the following we will provide a space wider than H', which is known as the space of
absolutely continuous functions.

Definition 9 A function h is called absolutely continuous on an interval A, if for all
€ >0, 39 > 0 such that for any finite set of pairwise disjoint subintervals [ay,bx] C A,

(k=1,2,...,n), such that,



n
D bi—a<s
k=1

n
the following inequality holds: Z |h(b) — h(ap)| < €.
k=1

The space of all absolutely continuous functions is denoted by AC (A). In other words

AC (A) :=1{h: his absolutely continuous}.

Remark 10 ([3],[4]) It is easy to see that the space of primitives of Lebesgue summable

functions is equivalent to AC (A), that is;

b
h(x) e AC(A) © h(x)=c+ fw (r)dt, (2.2)

b
where f|l/’(l)|dl < 00,
a

Remark 11 The space H Y(A) is included in AC ().

The following example shows that the inverse implication does not hold in general.
Example 12 Let ¢ be a point in A then consider the function h(x) = (x—c)” € AC(A).

The equation (2.1) does not hold at x = c, therefore (x —a)” ¢ HY(A) forO<vy<1.

Definition 13 Ler A be an interval then for each n € N, one can define the following

space,

AC"(A) = {f o f (n=1) ¢ AC(A) and it has continuous derivatives of order n—1 on A}.

Remark 14 It is obvious that AC’ (A) = AC (A).

For the case A is R or half line. Then to define H'(A) for A = R or A is half line we

need to explain the Holder property at infinity. This explanation is given below.



Definition 15 Let A be R or half line then HY(A) is the space of functions;
(i) satisfying equation (2.1) for any finite subinterval of A.
(ii) satisfying the functions h(x) Holder property in the neighborhood of infinite

A

1 1
|h(x1)—h(x)| <A|——-—
X1 X2

(2.3)

(i.e. for all x1,x> € A, with sufficiently large absolute values)

Definition 16 The set of all Lebesgue measurable functions h(x) satisfying,

flh(x)lpdx<oo, I<p<ow
A

is denoted by L, = L, ([a,b]).
We shall consider the space L, as a norm space with its usual norm which is given below.

Definition 17 ([4])The following definition gives a norm on L, (M),

1AL, a) = f h(oPdxp . (2.4)
A

Remark 18 ([3]) In the case p = oo, the space Lo, (A) is defined as the set of all mea-

surable functions with a finite norm,

Al Lo a) = esssup | (x)] (2.5)
XEA

For the following parts we will assume 1 < p < co. Two equivalent functions in Ly (A)

(functions which are same except on a set with measure zero) will be considered the



same element in Lj, (A). Therefore,

12l = 11AllL, = lI7ll,A) - (2.6)

Now we shall introduce some properties of the space L,(A), which will be used in the

rest of the thesis. Such properties can be found in any functional analysis text book.

Definition 19 ([1])(Minkowski Inequality) Let h and g be any two elements of L, (M)

then,
1h+8llL,a) S Wallz,a) + 11811z, a) - (2.7)

Definition 20 ([1])( Hélder inequality) Let h and g be any two elements of L,(A) and

L, (A) respectively then,

flh(x)g(X)ldxs (1 TRTNY IF4 I TN (2.8)
A
where
1 1
—+—-=1. (2.9)
P 4

Remark 21 Holder inequality can be generalized as follows:

f|h1 (X) ol (Ol dx < 1Al Ay - I1PlL,, ) » (2.10)
A

where

o 1
i (x) € Ly (A), k=1,2,..m, and )" —=1.



Remark 22 Let A be a finite interval, then using Holder inequality one can write the
following,

Ly, (M) C Ly, (A), 2.11)

and 1Al o) < Il (A)

where p1 > py > 1.

Theorem 23 ([4])(Fubini’s Theorem) Assume that A1 = [a,b], Ay = [c,d] where —co <
a<b< oo, —00<c<d< oo, for a measurable function h(x,y) defined on A1 X Ay, and

at least one of the following integrals

fdxfh(x,y)dy,

Aq Ao
fdyfh(x,y)dx,
Ao Aq

and

ffh(x,y)dxdy

A1XAp

are absolutely convergent, then they are all equal.

Remark 24 The following particular case of the Fubini’s Theorem is known as the



Dirichlet formula,

b X b b
fdxfh(x,y)dy: fdyfh(x,y)dx (2.12)
a a a y

where one of the integrals is absolutely convergent.

Remark 25 We also have the following inequality,

<=

1
PYp

fdx fh(x,y)dy Sfdy f|h(x,y)|pdx (2.13)
Ay

A Ay Ay

which is known as the generalized Minkowski inequality.

Lemma 26 ([4]) Let h(x) € L,(A), 1 < p < oo then we have:

flh(x+t)—h(x)|pdx—> 0 (2.14)
A

as t — 0. We say that the function h(x) is continued by zero for x+t ¢ A.

Theorem 27 ([4])(Lebesgue dominated convergence) Assume h(x,t) and H(x) satisfies

condition

|h(x,0)| < H(x)

where H (x) does not depend on the parameter t and H (x) € L1 (A). If

limh (x,1)
t—0

exists for almost all x, then



Iim | h(x,0)dx = f limh(x,t)dx.
t—0 t—0
A A

2.2 Some Special Function In Fractional Calculus

In this section, we introduce and discuss Gamma and Beta functions and their properties.

Those functions plays an important role in the theory of fractional derivative and integral.

One of the basic special functions in analysis is n!. For non-integer values, or even
complex numbers, which is called Euler’s Gamma function and denoted by I'(z). Gamma

function is simply said to be the extension of factorial for real numbers.

Definition 28 ([3]) The gamma function I'(2) is defined as,

(o)

[(7)= f e s lds,zeR (2.15)
0

and is convergent on the plane Re(z) > 0.

Lemma 29 For any z € C with Re(z) > 0,

F(z+1)=2(2). (2.16)

Proof. This property can be easily proved by integration by parts.

(o)

I'z+1)= fe_sszds = [—e_ssz];o + sfe_ssz_lds = (2).
0

0

It’s clear that I'(1) = 1 and using (2.16) for z =1,2,3,..., we have;

10



re)y = 1.ra)=1=1!
o) = 2r@)=2.1!=2!
4 = 3I@3)=32!=3!

I'h+1) = nI'n)=n.(n-1)=n!

]
An other important special function which plays basic role in the theory of fractional
calculus is the the Beta function which is defined as follows:

1
B(p,q) = f 1 (1-07'dt, Rep>0,Req>0 2.17)
0

It is well known that, Gamma and Beta functions are related to each other. In order to
show the relation between Beta and Gamma fuction we will use Laplace transformation:

X

Ry g(x) = f (-0t ar. (2.18)

0

If we take x = 1 in (2.18) gives h,, ,(1) = B(p,q).

Since the laplace transform of convolution of two functions is equal to the multiplication

of their Laplace transformation, we get:

C'(p)T'(g _ L'(p)I'(g)

Hpy(s) = —— e (2.19)

where H), ;(s) is laplace transform of 4, 4(x). Since I'(p)I' (¢) is constant, taking inverse

Laplace transformation of the right-hand side of (2.19) we can get the original function

11



hp.q(x). From the uniqueness of the Laplace transformations, we have:

LT prg1

hy o(x) = (2.20)
P T(p+q)
If x =1, we will get one of the most important properties of Beta function:
I'(p)I'(g)
B(p,q) = ——= (2.21)
PP Tp+g
By the above definition it is obvious that,
B(p.q) = B(q.p). (2.22)
The Mittag-Leffler function is defined by,
E =) —— (u>0). 2.23
() ;mkm (1> 0) (2.23)

The more general form which is given by Prabhakar ([2]) of Mittag-Lefller function is

given by,

& k
Z
E., (2)= § —  (u>0, v>0). (2.24)
K AT (ke +v)

Taking u =1 and v = 1 in (2.24) gives,

© k ©  k

Z Z
E = = — =L
112 Zkzor(k+1) Zkzok! ¢

12



which is the well known exponential function. Similarly for u =1 and v =2 in (2.24) we

have,

Zk+1 ez—l

I k o0 k “
Z < 1
Ei2(2)= : == PR
12(2) kZ:(:)F(k+2) ;(k+1)! ZkZO:(k+1)! z

©  k © k
Z Z
Ry
k:Ok! k:lk!
0 k 00 k © k42 z
z z 1 4 e—1-z
E1,3(Z)=Z =Z =—2Z = —
k:or(k+3)! kzo(k+2)! zkzo(k+1)! Z
More generally,
1 n_sz
Eyn(2) = - ) = (2.25)
’ 71 k—Ok!

where n is a natural number.

The Wright function which is an extension of both Bessel and exponential functions, is

denoted by W and defined as;

b k
<
Wiz uv) = E PRV
LAKIT (uk +v)

Using (2.24) for some valus ¢ and v we can get that,

W(z;0;1) = €,
and
1 1 1 2 (2.26)
Wl-z,—=,—=|= —=exp|——|. .
© 27 2 \r P 4

13



Chapter 3

FRACTIONAL INTEGRALS AND DERIVATIVES

This chapter is devoted to the theory of fractional integral and fractional derivatives. We
shall start from Abel’s integral equation which plays an important role in the definition of
fractional integral and derivatives. After giving the idea and mathematical background of
the theory of fractional integral and derivatives, we also consider some basic properties
of fractional integral and derivatives. Recall that, Abel’s equation is the integral equation

given below for 0 <y < 1.

T
r()’)[(x—t)l_ydt_h(X), x>0. 3.1)

Now apply the following process on (3.1) which is also used in ([4]). Firstly, changing

x—tandt— pin (3.1) we get:

1 v (p)
I'(y) ) (t—-p)~7

dp = h(t).

Then multiplying both sides of the equation by I'(y) (x —f)~” and integrating we get that,

£ v o
fu—m Tl ()f( s (3.2)
Using Dirichlet formula in (3.2), we have:
1 1 dt  h)
d =T dr . 3.3
[l//(p) p[(x_t)y(t_p)l_y (7)[()(_07 t (3.3)

14



Taking t = p+v(x—p) in

X

f dt
(x=17 (t—p)'™7

p

and using the fact that,

1 1

(x=0"@t-p)' (x=p-v(x-p) (p+v(x—p)-p)'™

1

[x(1-v)=p(-v)] [u(x-p)]'™
1

[(x=p)A=0)] [v(x-p)]'™
1

(x=p) (1 =)’ @) (x=p)'
1

(x—p)1-v)’ @)

we get that,

1

| — -1 _ dv
[(x—t) V(l_p)’)’ dl’—fm.

0

Using the definition of Beta function on the right-hand side of (3.4) gives,

1
f(l —u) v v
0

B(y,1-7v)

f (x—1)7 (t—p)’~ ' dt
p

IMra-y).

Substitute (3.5) and (3.4) into (3.3), we get:

X X | X h(t)

d dt=T d
fw(p) pf(x—t)y(t—p)l_y t (Y)f(x—t)y t
a P a

15
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(3.5)



or

X 1 X
f w(p)dp = f (x=0)"h(t)dt.

I'(1-7y)

Now if we differentiate both sides, we can get that,

X

1 i h(t) )
F(l-y)dx) (x—1)?

W(x) =

(3.6)

(3.7)

This means that if the equation given in (3.1) has a solution then it has the form given

in (3.7). Moreover this solution is unique. In (3.1) we have assumed that 0 <y < 1.

The case y = 1, is clear and the case y > 1 can be reduced to the case 0 <y < 1 by

differentiating both sides of (3.1).

It should be mentioned that if we use the Abel equation,

(t—x)17

b
r(ly)f YO o ney.  x<b

and apply the same steps then we obtain the solution,

b
1 d h(t)
=— — dt.
R e ke
X
Example 30 Solve the equation
X
1 Y (1)

rtyJd x-n'

Let by (3.7)

16

dt =1, where 0 <y < 1.

(3.8)

(3.9)



Taking x—t = u,

X

W(x) = ! dfl(x 077 dt.

I'l-y)d

a

1 ixl'y
I'a-y)dx1-vy

Y(x) =

= ! x7.

I'(1-7y)

Example 31 Solve the equation

Let from (3.7)

Taking u = £

¥ (x)

X

1 W (1)
ryd x-nt

¥ (x)

1 1 d .,
——x
I'a-y)1-vydx

= tﬁ, where 8> 0.

1 d .
r(1—y)af’ﬁ(x_t) Y dt

1 d _ ( Y
= r(l_fy)Zxx yflﬂ(l—;) dt.

F(l— v)d

1
r'a-y) dx

—7+1fuﬂ(1 u)™ du

1 d
I'd-y)dx

1 T@+DI-y)d
T(l-y) L(B-y+2) dx

—XPIBEB+1, —y+1)

17

—x_yf(xu)ﬂ(l—u) Y xdu

—-y+1 _

F@B+1) ,
_F(ﬁ—y+1)xg



3.1 Fractional Integral in The Space Of Integrable Functions
In this section we shall investigate conditions on h(t) € Li(a,b) under which the Abel

equation given in (3.1) has a solution.

Definition 32 For 0 <y <1, the function hi_,(x) is defined by,

Y0

T G

(3.10)

Lemma 33 h(t) € Li(a,b) implies that hi_,(x) € Li(a,b).

Proof. Assume that i (7) is any element of Li(a,b) we have to show that hj_,(x) €

Li(a,b). Now consider the integral

b ! b

f'hl‘y(x”dx - r(l—y)f
b x

ml_y) f f WOl (x— 1) didx

b b
= F(ll_y)fldf(t)ldt[(x—t)“”dx (3.11)

dx

f Y () (x—1)77dt

IA

On the other hand, the second integral on right hand side is

b
f(x -0 Vdx=
t

Substituting (3.12) in (3.11) we have,

(x_ t)_y+l
(=y+1)

b
-7

— (3.12)

t

b

b
1 I
flhl_yoc)ldx < r<1_y>(1_y)f"“’)'(”") Y di

a

18



We have;

b b
1
f iyl dx < g7 f WOl b-0'"dr . (3.13)

Since (b—1)'"7 is bounded on [a, b] we have hi—y€Li(a.b). m

Theorem 34 ([4],[3])The equation (3.1) defined on y € (0,1) is solvable in L (a,b) if

and only if
hi—y(x) € AC([a,b]) and hy—y(a) =0 (3.14)

In this case, the equation (3.14) has a unique solution in the form of (3.7).

Proof. Assume that the equation (3.1) is solvable in L; (a,b). Applying the same steps

as in previous section we can obtained that
X
f!//(p)dp =h1—y (x). (3.15)
As a consequence of (3.7) and (2.2), we have,
hi—y(x) € AC([a,b]) and h_, (a) = 0.

Conversely assume that 11_, (x) € AC ([a,b]). Then

/ d
hy_y (%) = ——hi—(x) € Ly (a.b)

19



Therefore (3.7) exists a.e and belongs to L1 (a,b). We must show that (3.7) is a solution

of (3.1). By substituting (3.7) in (3.1) we get,

1
r(?’)f(x— £H)l=r =g,

or

F(y)f(x R dt = g(x). (3.16)

Now, it suffices to show that g(x) = h(x). Since (3.16) is an equation similar to (3.1) with

respect to h'l_y (x), using (3.7) we have,

1 | g(x) o
_F(l—y)dx (x—1)

My, (x)

81 y(x)

or equivalently,
hy_y (1) = g1, (x).
Functions /1_y (x) and g1, (x) are elements of AC ([a,b]). The first one by hypothesis
and the second one by virtue of (3.6) with g(¢) on the right hand side. Hence,
hi—y (x) — g1y (x)
is a constant function. On the other hand, /-, (0) = 0 and g, (0) = 0, since (3.16) is

solvable. Hence,

hl—y(x)_gl—y(x) =0

20



So

Ch-g(
fwdl’ =0.

This is an equation of the form (3.1). Since the solution is unique from (3.7), we get

h(x) — g(x) = 0 or equivalently A(x) = g(x). m

Lemma 35 ([4]) If h(x) is an absolutely continuous function on [a,b], then hy_,(x) is

also an absolutely continuous function on [a,b] and

hi—y (x) =

r(zl_y) lh(a)(x—a)lufh’ ) (x—0'dr|.

a

Proof. From (2.2) we have:

t

h(t) = h(a) + f i (p)dp. (3.17)

a

Now substitute (3.17) into (3.10) to get,

L h(a)+ [H (p)

r{-y) (x—1)”

I @ f f a0y
(x—t)y (x—t)y

hl_y dt

1
I'(1-y)

(3.18)
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For the first integral apply the change variable, we get;

0
1 1 1 w1
r(l-—y)h( ){ ‘[‘uy ! TT(- 7)h( )[_ 1-7]x_a

~ 1 (x-a)'™
= r(l—y)'“(“)[ I~y ]
_ 1 -
= Topra—pr@w-a™’

_ 1 EPNE
= F(2—y)h(a)(x a) 7.

Substiting this in (3.18) gives,

t

dth’ (p)dp. (3.19)

a

h(a)(x—a)1_7+f

1
-y () = o

re-y

Then first term is absolutely continuous function because
X
(x-a)'7=( —y)f(t—a)‘ydt,

then we change the variable u =t — a, to obtain,

The second term is also a primitive of summable function and it is absolutely continuous,

ro1r Ko
f(x—t)ydtfh (p)dp = f[ =y ] (3.20)

a a

Abel’s solution is unique. m
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Corollary 36 ([4]): If h(x) € AC([a,b]), the Abel’s equation (3.1) with 0 <7y <1 is

solvable in Ly (a,b) and its solution (3.7) may be written in the form

F(ll— " lh(O)x7+fh'(s) (x—s)"ds|.

a

Y (x) = (3.21)

Proof. Using Lemma (3.0.34), (3.19) and (3.20), the solvability conditions (3.14) are

satisfied. Using the fact that,
d
Y () = ——hi—y (%)

and differentiating (3.35) we can obtain (3.21). m
Corollary 37 Similar to Theorem 3.0.33, we can show that (3.8) is solvable in L (a,b)
if and only ifizl_y (x) € AC (Ja, b)) and 711_7,(19) =0, where,

h(1)
hi- y(x) = Fa- y)f(t—x)7 t, O<y<l.

Proof. The proof can be done in a way paralle to the proof of above corollary. The

solution (3.9) of (3.8) where A (x) is absolutely continuous on [a,b], may be written as,

(3.22)

b
1 - / -
Y= -y lh(b)(b—t) 7+fh (s)(s—1)77ds|.

t
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3.2 Basic Definitions and Properties of Fractional Integral and
Derivatives

Lemma 38 We shall start with the formula for n-fold integrals ;

f f f W (x,) dxy...dxodx) = T f W (1) (x—1)"Ldr. (3.23)

Proof. We shall prove by induction, for n = 1, obviously

ftﬁ()q)dxl = fw(X)a’x.

Assume that (3.23) is true for n— 1, that is

fff...fg[/(xn)dxn...dx3dx2 2)'f(x1—t)" 2y (1) dt.

Integrating both sides from a to x, to get:

X X1 X2 Xn—1

fff...f{//(xn)dxn...dxzdxl = o 2)'f{f(xl_t)n zw(t)dt}
= 2),f¢f(t){f(x1—t)" 2dx1}

= (n_l)|fw(t)(x—t)"_ldt.

(3.23) may be written as,

n—1
(I = e )fl//(t)(x 0" .
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On the other hand using I'(n) = (n—1)!, we get the desired result. m

Now, we are ready to give Riemann-Liouville fractional integral see also ([4],[3]).

Definition 39 ([2],[3],[4]) Let ¥ (x) € Ly (a,b) then the left-sided and right-sided Rie-

mann Liouville fractional integrals of order 'y are defined respectively as follows,

I ) () = — AU (3.24)

royd (x-n'

Y (1)

b
b 3.25
F(v)i(r—x)l-y rs (525)

) () =
where y > 0.

Lemma 40 Let Q be the reflection operator with (Qy)(x) =¥ (a+ b — x) then

QI =1, 0 and O] =1.0. (3.26)

Proof. Take any y € L; (a,b). We want to show that Q(Ig . )(x) =1) (QY)(x).

a+b—x

1 Y ()
L) (x) = f d
Q( ¢ w)(X) 'y ) (t—a-b+x)'™" t
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Now take t = a+ b —u, we get,
a+b—x l//()
I = kf t
O(w)0) = F(y) (t—a—b+x)' dat

B gb(a+b u)d
- F(V) (—u+x)'7

b
1 QW) (u)
rmJd x-w'”

= I_(0W)(®).

In a parallel way, one can prove that

b
(1)
/

drt.
LY prt—a—-b+x)'

o(1_y)x =

Taking t = a+ b —u we have,

-1 Sy (a+b—u)
d
F()’)f (x—u)'~ !

o(n v =

1 jw(a+b—u)
Ty (x—uw)'™
= 1,0 ().
Therefore
o =17,0.
[

Lemma 41 ([4]) For any pair of functions ,¢ € Ly (a,b), we have,

b

f v (x) (1, ) (x)dx = f o) (I_) (x)dx . (3.27)

a
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Proof. Let ¢ € L (a,b) then,

(%)
fwx) Q) = )fw )f(x_

By using Dirichlet formula we get;

¥ (x)
flﬂ(x) (x)dx l"(y)f ( BpYE ydx o(b)dt

f () (I)_y)@)dt.

a

Changing variable 7 by x we get the result which satisfies (3.27). m

Remark 42 The equation (3.27) is valid for any pair of functions y(x) € Ly, ¢(x) € Ly,
where,

Lt

i) 5ty S 1+,

zz) + = —y+1 ifp+1landq#+1.

Lemma 43 ([3],[4]) Let y (t) € C(a,b), then

LLy=0 0 y=1""y, wherey>0,5>0. (3.28)

at+-a+

Proof. Now let ¢ (¢) € C (a,b) then,

T PR | TR I
arlart = I'( )r(ﬁ) { (x—v)l P (x—n'7
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Using the Dirichlet formula we have,

1 \} L (W
IMre)J «x-n'=r J @¢-v)'?

dv (3.29)

X

1 y 1
= d dt.
F(V)F(ﬁ)fw(v) Uf(t_v)l—ﬁ(x_t)l—v !

v

In the the second integral, take t = v + p (x — v), we have:

| 1 | 1
di = “v)d
xfa—vﬂﬁ%x—n“yt l1U+PU—U%ﬂOPﬂu—U—p@—UDF7u Vb

X

f (x-v) J
S ol a—o 7 a-p "

f (x—v) J
) (x—v)? P plE (- p)' P

e
(=) P pIB (= py

v

X

1 f 1 J
-0 P peBa—py

v

1
= LT 5B(.B). (3.30)

Writing (3.30) in (3.29) we have,

1 .
' pop
roorwxf¢@°@_vyﬂﬂ;(yﬁ>u

rore 1 (e
Fy+B) TMILPB)J (x-—v)!=7#

LIy

X

1 o
TG+AJ ) 7B

proving (3.28).
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The equations in (3.28) are called "a semigroup property of fractional integration". It is
natural to show that fractional differentiation is an operation inverse to fractional inte-

gration. For this consider the definition below: m

Remark 44 Equation (3.28) holds almost all Y (t) € Ly (a,b) when y+ > 1.

Definition 45 ([3],[4],[2]) The left and right-handed Riemann-Liouville fractional deriva-
tives of order vy, for a functions h(x) on interval [a,b] are defined as follows:

X

1 d [ h@
(DZ+h)(x):r(1_7)E o (3.31)

Lod o

¥ _ a !
(D)) =2 Ty s o (3.32)

X

In the next lemma, we will provide a sufficient condition for the existence of fractional

derivatives.

Lemma 46 ([4]) Let h(x) be an absolutely continuous function on [a,b] then DZ +hand
Dz_h exist almost everywhere for y € (0,1). Moreover D}, h, DZ_h € L,(a,b) for 1 <

1
v< =, and
»y’

1

D’ h=
T T(-vy)

Goa) + Gty (3.33)

x ’
h(a) a2 dt}
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Y
D_h

o
T T(-vy)

b ) =07 (3.34)

X

b
h(b WO
®) dt}

Proof. Using conditions given in the statement of the Lemma and the definition of

fractional derivative we get,

(.

h) (%)

I d [ hO t
rd-y)dxJ) (x—-1?”

a

F(ll_ )jf[h(a)+fh,(u)du](x—t)_ydt
(m
Fa_yﬁj[ W{ka ﬁydmlfjk —ﬂy }
1 h(a) d h (w)
F(I—Y)[(x—a)7+chf(x_t)yd”dt)
1—‘(11_ ):f[h(a)+fh,(u)du](x—t)de
h(a)f(x 1~ 7dt+ff W dudt
F(l_ )d (X— )y

1 h(a) d h (u)
r(l—y)[(x—a)y+Eff(x—md”‘”}
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We use the Dirichlet formula in second term and we get:

» h(a)

[ X

1 alr.

(Dh.h) () = T |G ax fh (u)duf(x—t)-mt

0 e s e

T Ty |Goay " dx fh wdu—"H

1 | h@ 7 d et

T T—y) (x—a)7+fh R }

1 e TR .

T Ta-p|e-ay ) G-uy

Example 47 ([4]) Consider the function h(x) = (x—a)™,0<n< 1, then

(DY) ()

1

d

r(1-v)dx

1

d

r(1-v)dx

1

rd

d X
= — Y
) f(x 1) dt.

X

h(t)
(x=1)

a
X

/

a

(x=1)7"
(x—1)

(3.35)

Changing the variable t by a+ p(x—a) in (3.35) we have,

X 1
f (x—0)"Vdt=(x—a)! 7T f (1-p)~ pdp.
a 0
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Substitute into (3.35) we have,

(D&

1) (x)

L d (e
F-ydx) (-7 (=py P

1
- raspalea” Mf(l pripdp
1 ey FA =T (1 -n)
— 1—p— _ A\l-n-y-1
T SRR T2y
T(—p 1

C(l-y-n)(x-a™"

Example 48 ([4]) Consider the function

where O <y < 1, then

We have

(01,

1) (x)

1

(x—a)l™

h(x) =

X
1 d

—_— — _1 — -
1) dx f(x a) T (x—-0)7"dt

= o y)d_( —a)’” lf(x H77dt

- L A gy M
- y)dx a

-y+1

0.

1

(DY) (x) = 0 where h(x) = -~

32
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Now let us assume that y > 1. In such cases we will use the notation [y] to represent the
integer part of a number y and {y} to represent the fractional part of y. It is obvious that

for any real number y, 0 < {y} < 1 and

y=[y]+{r}. (3.38)

Definition 49 Ify is an integer then

d Y
DZ+ = (a) (3.39)
and
d Y
D! =|-—
)

DY, h DM (3.40)

_ Ay _
- T ) (a’x) f(x—t)”_”“dt’ where n =[y]+1.

a
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and

d [7] i)
Dl h = (_E) D'h (3.41)
1
= _i [7]+ Il_{y}h
dx b-

b
_ D (g)f h(z) dr.
['(n—y)\dx (1 —x)7 "]

X

where n = [y] + 1.

Remark 51 Using definitions we see that,
- -1
Dy h=1lh= ()" h
and

Y b — 7Y, — (7Y VL
Dl h=1"h=()"h.

Remark 52 The fractional derivatives formula (3.31) an (3.32), are exist if

X

h ,
f(x%:))m e AC” ({a. b))

a

or equivalently

h(x) e AC™ ([a.b]).

Lemma 53 Ifh(x)=(x—a)’ X k=1,2,.., [y]+1 then (DZJz) (x)=0.
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Proof. It is not difficult to verify that (3.36) is true for any y > 0 and similarly for (3.37).

Recall that,
DY, (x—ay = — (4 [t =[y]+1
@Y T Taop\dx) J ot T
a
Changing ¢t by a + p(x —a) we have:
1
Dot - (4] [ Pt e ay !
a+ - _ —n+1 —n+1
I'(n—y)\dx ) (x—a)’ (1-pyr—n+
1 d\ 1
— r(n_y) (Zx) (x_a)n—kfp)’—k(l_p)'}’—n+ldp
0
= 0.

n=[yl+l,n-k<nk=12,... m

3.3 Fractional Integrals and Derivatives of Complex Order

In this section we focus on fractional integral and derivatives of complex order. Recall
that, for a complex number y =y, +i6, If y, =0 then y =i6 is called purely imaginary

complex number.

Definition 54 ([3],[4]) Let y = i6 then the formula

1 d [ o t
Frd-y)dxJ (x=1?

a

(DY) (x) =

below make sense. Thus, replace y by i we have,

X

i0 _ 1 i f PN
(Da+h)(x)—r T ax ) hoe-0"dr. (3.42)

a
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The formula given in (3.24) does not work for the fractional integral of purely imaginary

order since the integral is divergent for y = i. Therefore, in this case we need a different

definition which is given below.

Definition 55 ([3],[4]) Let y = i6, then

d

b = I
X
= ;ifh(t)(x—t)igdt x>a (3.43)
 T(1+i0)dx ’ '
a
and
b
oy — d f (1= x)" h(r)dt. (3.44)
=" T T(1+i6) dx '

X

In order to extend above definition to all complex number we need to define the identity

operator, DY .

Definition 56 The identity operation, Da +» acts on Y as follows;

Dyy=I10=y (3.45)

and in (3.42), take y =0

(D +w<)—ﬁd—fw<> m)d fwmdr—
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Lemma 57 ([4]) Let h(x) be an absolutely continuous function on [a, b] then Déﬂh exists

for all x and it may be represented in the form

D} h= F(ll— > lh(a) (x—a)_7+fhl () (X—f)ydf}

a

(3.33) with y = i6.

Proof. Assume, h(x) € AC|a,b] then h|_, (x) € AC([a,b]) where

t

h(t) = h(a) + f i (p)dp (3.46)
and
1 .
hi—y (x) = T f h(®) (x— 07" dt. (3.47)
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Now use (3.46) in (3.47) we have,

M@= g —19)

1
F(l—i@)

1
I'(1-i0)

1

t

ha)+ f i (p)dp

h(a) f (x—1)"dt+ f f I (p)(x—1)"" dpdt
h(a)f(x 1)~ ’@dz+f(x 1~ ’edtfh (p)dp

a

(x—0)""dr

F(l—i@)

1

[ _ \1-i6 y )
P Gt M f K (p)dp f (x—1)"" dr

(1-1i6)

F(l—i@)

1

But,

Ko, = ¢
1

I'2-i0)

(x a)l ~i6 (x—p)=*
f (p) 1_9)

h@) (x— )~ fh () =) dp).

a

X

- = | @1 =if) =)™+ f B (@01 =i6) (x=p)™dp

I'2-i0)

1

= — | h(a)(x—a)™ + f (@ x-0""dp

I'(1-i0)

which is (3.33) where y = i6. m

Lemma 58 ([4]) The space AC" [a,b] consists of those and only those functions h(x),

a
X

a

which are represented in the form:

h(x) =

- 1!

f (x—1)" lw(t)dt+ch(x a)k
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where Y (t) € Ly (a,b) and cy is constant.

Proof. Assume that ¢ (1) = h(f) and ¢ = h(lz!(“) then
X
KD = c+ f v (1) dt
a

c+ f W™ (£)dt

a

which implies that

X

f KD (xdx = c(x—a)+ f f K™ (£)dt
c(x—a)+ffw(t)dt.

On the other hand,
X X
W2 @) =h" (@) = c(x-a)+ f W),
a a

Continuing in this way we obtain that,

(x— Z‘)n—l

n—1 X
h(x):kz_(:)(x—a)kck+ f S TRAL

a

Theorem 59 ([4]) Let Rey > 0 and h(x) € AC"[a,b], n = [Rey]+ 1. Then D} h exists

almost everywhere and may be represented in the form.
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n-l1 h(k)(a) D )

k—
Y oh= 2 Fari— 9 s y)f(x T (3.48)

Lemma 60 ([4]) Let y(¢) € L (a,b). The homogenous Abel integral equation IZ+;[/ =0

has only trivial solution ¥ (x) = 0 for any y with Rey > 0.

Proof. Let m = [Rey], and let Rey # 1,2,... . Differentiating m times the equality

I’ . =0, we have,
"y =0.

It is obvious that, 0 < Re(y —m) < 1, so ¢ in view of Theorem3.0.33, which is valid for

complex exponent. If y = m —if, differentiating (m — 1) times, the result I,y = 0 and

f () (x—0)"dr=0.

If6=0,clearly y(x) =0, a.e.

If 6 # 0, then replace x to ¢, t to s multiply both sides by (x_t]w and integrate both

sides over [a, x —&], to get

flf(t )"y (s)

( )1+19

flﬁ(S)lf(t—S)ie(x—t)liedt ds =
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1 _ 1=s
Change the variable, £ = ==,

f W (s) f g?(1-g) """ deds = 0. (3.49)

Since ¥ (s) € L1, the passage to the limit is possible under the first integral sign if the inner
integral converges as € — 0. To show this, we need some facts, for the imaginary order
Beta function. It is known that the Beta function is defined by (2.17).(2.17) make sense
when Rep =0orReqg=0(p #0,q # 0). In this case, it is understood to be conditionally
convergent.In particular, there exists the limit

1-¢

B(p,ie):i%ftp-l(l—r)ie-ldt, Rep>0,0+0 (3.50)
0

which coincides with the analytic continuation of B(p,q) with respect to the values
Reg = 0,9 # 0. The inner integral in (3.49) converges as € — 0. So letting € — 0 in

(3.49), we have by (3.50) that
N
B(1- i@,i@)fw(s)ds =0
a

¥ (s) = 0 a.e which completes the proof. m

3.4 Fractional Integrals of Some Elementary Functions

In this section we shall evaluate fractional integral of some well known functions.

Lemma 61 Consider the power function

Y (x) = (x—af!
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and assume that Re > 0, then

o T()
ray=x-af 3.51
¥ =(x—a) TG+ (3.51)
where aeC.
Proof. Let we use (3.24) and taking t = a+ (x—a) p,
(x—a)
D yx) = f
ar¥ rmJ (x-nl- 7
pry-1 1
(x—a) fﬁ—l 1
1 Y
To) p (I-p)
0
= (x-— )ﬁ”_l L@ ae
LB+y)
]
Lemma 62 Consider the power function
() =b-xf"
and assume that Ref3 > 0, then
-1 T'(B)
ry=m-x" . 3.52
u=0-0" s (3.52)
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Proof. Let we use (3.25) and taking t = a+ (b — x) p,

3 (b—x)
o) = F()’)f(t—x)l -

g 1
b-x""

_ 1 »
=~ 7 1=p)
T(y) [ p (I-p)

3 g e
= 0 ey

Lemma 63 Consider the function

a<x<b.

Iy[u—af*]: I TE @-a!
Nl bh-xF| b-a)TB+y) (h-xP

Proof. We use, (3.24) we get:

1 o o-x"
I'(y) (x—0)'

121/+¢ =

Changing to variable; t = a + p(x — a), we have:

1

R = pema™ [ a1 (E2))

0

(x— cz)ﬁ+y_1 Xx-a
WB(B,Y)z Fi (1 =758,y +5; m)

y oy LB g _ x—a
R=0-0" sl TR (1 py g ). G
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Useful particular:

y[G=af ] 1 TE) G-aF!
“*[(b—xw T (0-a)TB+Y) (b-xp a<x<b. (3.4

3.5 Fractional Integration and Differentiation as Reciprocal
Operations

As we know differentiation and integration has the following property

d X
(a)fl//(t)dtm//(@

but in general

f Y’ (1) dt # ¢ (x)

because of the constant value ¢ (a). Similarly

) 705
d.x a+w_ lp’

but
y" £y
Therefore we can state

D)L=y, (3.55)
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but in general I, D? 4 is not equal to ¥ (x).

Definition 64 ([4]) Let I, (Lp), Rey > 0, denote the space of functions h(x), which can

be represented by the left-sided fractional integral of order y of a summable function i.e.
hell,(Ly)
means

h=1I 4, forsomey € L,(a,b),1 <p < oo.

Theorem 65 ([4])In order to have, h(x) € IZ+ (L1), Rey >0, it is neccessary and suffi-

cient that

By (x) = I,."h € AC" ([a,b]) (3.56)
where n = [Rey] + 1 and that
WY (a)=0, k=12,..,n-1. (3.57)

Proof. Let h=1), (¥) and ¢ € Ly (a,b). Because of the semigroup property we have
I[."h =10, (), where € Ly (a,b) and I,,"h € AC"([a,b]). Therefore we get (3.56)

and then (3.57) is satisfied. Conversly, let (3.56) and (3.57) be satisfied, we can write

hu—y (x) = I, h where € Ly (a,b). Consequently, by semigroup property;

I7h =1y ="y,
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Hence
1 -] =0

Since Re(n—7) > 0, by Lemma 3.0.59 we have that h— I,y = 0 a.e therefore the proof

is completed. m

Definition 66 Ler Rey > 0, a function h(x) € Ly (a,b) is said to have a summable frac-

tional derivative D}, h, if I,,”h € AC" ([a,b]), n = [Rey] + 1.

Remark 67 If .7 h is n times differentiable at every point i.e D) . h = (%)n 1.7 h exist
then h(x) has a summable fractional derivatives.
Theorem 68 ([4]) Let Rey > 0. Then the equality

Dy I = (x) (3.58)
is valid for any summable function W (x) while

I'.D) . h=h(x) (3.59)
is satisfied for

h(x)ell, (Ly). (3.60)

If we assume that instead of (3.60) a function h(x) € Ly (a,b) has a summable derivative
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D!, h then (3.59) is not true in general and is to be replaced by the result
Y Y (x a))’ (n k 1)
P D h=h(x)- Z h (@), (3.61)

where n = [Rey]+1 and h,—, (x) = 1.7 h. In particular we have:

hi—y (x) _
I'.D! h=h(x)- r(’y) (x—ay !, (3.62)
forO<Rey< 1.
Proof. By the definitions we have,
I i __ in] ¥ (p) dt
arlart C(yT(n-y)\dx t-p)tr T (x—py
a a

Interchanging the order of integration and evaluating the inner integral we get:

d\' [
DIy = —)(a) fmp)(x—p)"'l.

Therefore (3.58) follows by (3.1) and (2.17). To prove (3.59); with the assumption (3.60)

immediately follows from (3.58). m

Corollary 69 ([4]) Assume that h(x) have a summable derivative DZ:["h in the sense of

the above definition. Then,

n—1 ( 7+Jh) (@)

I“( + +1)(x_a)7 '+ Ry (x), (Rey>0) (3.63)

is valid for where R, (x) = (IZ:"DZInh) (x).

47



Corollary 70 ([4]) Assume that h(x) € I} (Ly), g(x) € I}, (L,) ; L+Ll<1+y, then
b b
f h(x) (D}, g)(x)dx = f g(x)(D]_h)(x)dx (0<Rey<1). (3.64)

Simple sufficiency conditions for functionsh(x), g(x) to satisfy (3.64) is that h(x),g(x)
should be continuous and (D7 + g) (x) and (Dy )(x) exists at every point x € [a,b] and

they are also continuous.

In the following part section we will use the notations of (??) to represent fractional

integral and fractional derivatives. Consedering I, = D’ for Rey < 0.

Theorem 71 ([4]) Assume that RefS >0, Re(y+8) > 0 and ¥ (x) € Ly (a,b) then,

rry=r%y. (3.65)

Proof. In the case Re(y) > 0 and Re(B) > 0, the semigroup property (3.65) is already

established in (3.28). Let’s consider the case Re(y) = 0, Res > 0, letting y = if. Then,

i0 18 _ 1 i] ] PN RN
i = ¢ BT+8 s Y(s)ds | (x=0" (- s dt

BU+i8B) d [ s
r(ﬁ)r(1+i9)dxf¢'(s)(t sy" " ds

_ 6+
= F(1+19+,8)dxfl//(s)(t $)7Tds
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_d [0+
- E a+

v. (3.66)

Since Re(1 +i0+p) =Re(B)+1 > 1, and (3.65) is already proved in the case Re(y) > 0,

Re(B) > 0, we have;

X

1y = 1 (1%0) = [ (1 0) war

a

so by (3.66) we get,

X

°Fy = - f (2Py) @ ar

a
1i9+,3

a+

which is (3.65), when y = i6. It remains to consider the case Re(y) < 0, then use (3.65)

PPy = DYy (3.67)

at+-a+

= DIy
from (3.65), because Re(—y) > 0, Re(y + ) > 0. By (3.58), since
Doty =0 y
which is (3.65). m

Theorem 72 ([4]) Assume that Rey <0, Re(y+8) <0and y(x) el ;Z_ﬁ (Ly), then,

IZJﬂM = IZ:ﬁ'J’-

a
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Proof. Now consider the case Re(8) <0, Re(y) > 0. Since ¢ (x) € I ;f (Ly), we have

v =1ro,

where ¢ € L (a,b). Thus

0Py =071700.

a

Since Re (y +8—-p) > 0, by the casel that

Py = e

a
= 124/+D;f‘/’

= IZ+I§+‘//-

Theorem 73 Assume that Rey <0, Re(y+8) <0 and ¢ (x) €l ;Z_ﬁ (L) then,

IZ+15+W = Igiﬁ‘/’-

Proof. Let Re(y) <0, Re(y+,) <0. By the assumption ¢ (x) € [ ;Z_ﬂ (Ly), then

w(x)=L""Pp, oeLi(ab)
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By casel,

121/+I£+ 121/+Ig+1a_3-/_ﬁ90

— IV Iﬂ -y

atlar” ¢

— 17 1_7(p

at+-a+

= DlL]e.

a

So, by (3.58),

I Iﬁ+’ﬁ =¢= IZ:ﬁ‘//-

at+'a

Finally, note that the cases y = 0, 8 = 0 are trivial, while the case v+ = 0 coincides with

(3.58) and (3.59), which completes the proof. m

Remark 74 The cases y =0, =0 and y+ 3 =0 being also admissible for real y and f5.

Remark 75 Theorem does not incluede the fallowing cases
i) Reg=0,Rey >0,
ii)Re(y +p) =0,Refs >0,

iii\Rey = 0,Re < 0.

Theorem 76 Assume that
i) Re = 0,Rey > 0 and there exists a summable derivative D;ftﬁ of purely imaginary
order.

ii) Re(y+p) =0,ReB > 0 and there exists a summable derivative D;f_yt// of purely imag-
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inary order.
iit) Rey = 0,Re < 0,and there exists a summable derivative D, w and D Yy,

then
7+15+lﬁ =¢= IZ:ﬁlﬁ

holds.

Theorem 77 Assume that Rey <0, Re(y+) < 0 and y(x) has a summable fractional

derivative then

(n k—1)
17 Ig_’_w Iy+ﬁ¢, Zrn+ﬁ ’y k— l’ (368)

where n = [~Rep|+1 and ,,,5(x) = I"+'B:,b

Definition 78 ([4]) Let X be a Banach space and T,, be a linear bounded operator in X

fory >0, a one parameter family of T, is called a semigroup if

T;,Tﬂ = T7+'3, vy>0,>0 (3.69)
and

Toy =y, YeX
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Definition 79 A semigroup is called strongly continuous if for any ¥ € X,
lim [Ty =Ty, =0, 0<yy< oo (3.70)
—%0

Definition 80 A semigroup is called continuous in uniform topology if the limit above

(3.70) exists in the operator topology in other words if
lim |7, = 7y,| = 0

when y = y,.

Lemma 81 [fthe semigroup mentioned in (3.69) is strongly continuous for y = 0 then it

is strongly continuous for all y > 0.
Lemma 82 The operator I, and IZ_ are bounded in L, (a,b).

Proof. By using simple operations and the generalized Minkowski inequality one can

show that

(L7 wutpn Rey >0 (3.71)
a+7Ly(a,b) — ReyIF (,y)l Ly(a,b)> Y s .
(b _ a)Rey
Y
12 _y| L@h = Rey T O] Iz, ap)» Rey > 0. (3.72)
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Indeed,

| x
||IZ+w(x)||Lp(a,b) ‘ l//(t)

rmd x-n'7

Ly(a,b)

P\ 7»
dt}

-l
[

we use generalized Minkowski inequality in (2.13),

» P
. ww»f f‘ dx di

1

, 1
_ _A0-D
- lr(y)lfw(m{f(x i de} dt

t

(b- )(7 Dp+1 pd
= w<njm“)%<y Dp +1} t

= 1 kfwamb 0"~ dr

TWMI[(y-Dp+1]»

f W (1)
royd (x- t)”

X

(1)
(x-p

(1)

(x— 017

and use Holder’s inequality in (2.8) and (2.9) gives

b 5 (b
1 lkfwmwm .fw—ﬁfwﬁdz
COI[(y=Dp+1]7 |+, f

1
q

IA

“‘/’”Lp(a,b) (b—a)(y_l)qJ’%+1

T [y-1p+1]r
(b—a) Wl ap)

womny Dp+ 117 (vg)7
Rey L (7)) Yz (ab) -

(y-Dg+L+1
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Theorem 83 ([4]) Operators of fractional integration form a semigroup in L, (a,b), p >

1, which is continuous in uniform topology for v > 0 and strongly continuous for all

v >0.

Proof. It is obvious that
T,Tg=Tyip, v=20,8>0.

Now we have to show the continutiy of the semigroup . For y, > 0, we have:

IZR&//—IZW

R B 10 Ul o
|:F(’)/O) F(’y):| ) (X—t)l_yodt+r(y)[[(x t))’ (X l—)7 ]w(t)dt

Ay + By.

On the other hand we have:

_T(o)
I'(y)

(b—a)”
. 3.73
o0 Wi, (3.73)

Ay, < |1

Let s (x) to be zero outside [a,b). Then,

|BY/|

%y) f =007 = =07 |y (e

f (=0 ==y (yar

a

IA

)
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taking t = x —t,

IA

0
—jﬁu—u—m%*—u—u—m%ﬂwu—nm

1
- _fﬂol . 1] (x—1)dt

0
1_(y)f|t70‘1 7y (x—1)dt

— f fro-1
['(y)

- m[ﬂo—1|1—ﬂ—yo|¢(x—t)dz

b-a
1 |1_t7—70| 4
= —1)dt|.
wa o W=
0

Applying Minkowski’s inequality

1 b—a |1 B t7_70| b o
I1BYlL, < I pr— dr| | W (x—0l"dx
0 a

IA

1
p

b-a
Lol 3.74
<
_ij‘ﬂﬁo vl - (3.74)
0
Combining the inequalities (3.73) and (3.74), we have;

(.- 128)o c|i-Tt
] B L'y

b-a
(b- a))’o 1 |1 — ﬁ’—)’ol
F(yo+1) T =%
0
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Taking limit as y — 7y in the integral in right hand side of above inequality and also

having in mind that for y > 0, I'(y) is continuous and nonzero, we have the following

result
Yol| —
lim [|77, - 152 = 0
If yo =0 then
tim |15, -], = 0.
Consider,

&w—r(hfu—m‘wmm

and replacing t by x —t, gives

X—a

=t ) Yy (x—1)dt.
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On the other hand,

Ly-y = %y)[ﬂ‘lw(x—r)dr—lp(x)

1 x_alﬁ(x—t)—w(x) 1 x_aw(x) B
NN Al o O = ()

1 x_al//(x—t)—l//(x) 1 21
LI'(y) ) -y dt+r(y)w(x)[;]0 - (x)

_o x_alﬂ(x—t)—w(x) 1 o
B F(y)[ Ay d”yr(y)l//(X)(x a)’ = (x)

| x_al//(x_t)_l//(X)dt+ ¥ (x)(x—a)’

T T -y T(y+1) —¢ ()
0
v (vemn—yw) (—ay
- T(y+1 =y dt+y (x) Ty+1) 1]
0
= Uy+Vy.

So

22w =vll, <1U¥lL, +IVully, -

It is clear that,

(x_a)7 p

T(y+1)

b
o, < [weor

Appliying Lebesgue Dominated Convergence Theorem,we have

li ~0.
Tim Vyl,, =0
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Furthermore, we approximate y/(x) by a polynomial P(x) in L,-space, then
WO, <IIU@ =P, +IIUPIL, - (3.75)

Using Minkowski’s inequality on the first term  (x) = 0 outside [a,b], we get;

v feeen-vw
T T(y+1) =
0

Uy

v (W-Pa-n-w-P®
I'(y+1) t=v
0

UW-P) =

-y

oy T(‘”‘P)(x)‘(‘”‘P)(’)‘(‘”‘P)(’“)d;
- T+
0

a

_ 7 _ -1
= F()/+1)f(w PO dt
0

y x_aw—P)(x—r)—(w—P)(x)dt

Ww=Pli, = 7075 e
0

Y
r'iy+1)

CW-P) (-1 ) Cw-P)()
t_
t=v =y
0 0

IA

dt

IA

+

Lx_a _ _ -1 Lx_a _ -1
F(y)[(w P)(x—0)t"dt F(y)[(l// P)(x)t"'dt

Ly Ly

2 =P, +

f(z//—P)(x—t)ﬂ’_ldt
0

b
'(y)
L[’

Iz =P, |15 =P,

(b—a) (b—a)
-P
< Ty I =PI, + Ty

I =Py,
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U@ —-Pll, < 21_((]97%1); I = P)ll,, < conste.

The second term in (3.75),;

x—a b—a
|y P(x—1)—P(x) 4 P(x—1)—-P(x)
e B e B o K
0 0

and we have;

b—a
’y ’
P| < tr P (v)|dt 0.
v l_F(y+1)f max [P (0| =0
0

Therefore proof is complete. m

Definition 84 ([4]) A Lebesgue point xqy of a function ¥ (x) € Ly (a,b) is a point which
satisfies the following equation

t

}iHOI% [ (x0 = $) = (x0)]ds = 0. (3.76)
0

Remark 85 For the function ¥ (x) € Ly (a,b) almost all points xq € [a,b] are Lebesgue

point.

Theorem 86 ([4]) Let ¥ (x) € L1 (a,b) then for any Lebesgue point of a function  (x),

lim (17,4) (0) = ¥ (). (3.77)

Proof. For a Lebesgue point xy of a function ¢ (x) we will have the following notation
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Y1) = fl//(s)ds:fd/(xo—s)ds. (3.78)
xXo—t 0

Taking s = xo — s, we have

X0 t
Y= ftﬁ(S)ds:ftﬁ(xo—S)ds
xo—t 0

and use the second inequality in (3.78), we have:

t
p 1
g_(p(xo) = ;fw(xo—s)ds—w(m)
0
| ]
_ ;fw(xo—s)ds—;f!!/(xo)ds
0 0
1 t
= ;f[l/’(xo—s)_l//(xo)]ds-
0
We get:
¥ L
Q_w(m):;f[wuo—s)—w(xo)]dwo
0

Thus we can write ¥ (¢) as

Y (@) = 1]y (x0)+b(@)]
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where b (¢) 1s a bounded function such that 0 < ¢ < 7 = 7(€). Therefore;

L.y = %y)fty‘lw(xo—r)dt
0
xXo—a
Lfﬂ’_ld\ll
I'(y) )

taking u = "1, v = ¥ (¢) and using integration by parts,

Py = %y) [ o)) f (y =)W (t)dt
= %y) (xo—ay ™" ¥ (xo—a) - [P (D] - f (y—l)ﬂz\y(t)dr]
¥ (x0—a) 1 W) I—y W)

T T xo-a) T =0+ ) 7

Y(xo—a)

— ﬂxfay—lb d
ro J ' ® Hl"(“y)()m—a)l‘y

F( )zp(xo) fﬂ ldt+ T )fﬂ b (t)dt.

So;

Y(xo—a)
T'(y)(xo-a)'™ e )[ T'(y)

T Xo—a

- |
2 o @di+—2 | 2 b(ryar.

F()’) L'y )

(1) (x0) = (xo) = (xo—a) - 1]
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By interchanging the limit and integral sign we get:

.
(7)o -wo)| < WGl tim | T o -ay -1

F(y+1)

B f 1
+lim —=| | 77 b(t)dt
'y—>0+r(’)/) ! ()

lim
y—0+

li —_Ye=ce
yooi T+ 1) €7 €

The equation (3.77) is obtained since € is arbitrary. m
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Chapter 4

CONCLUSION

As a result, we can take derivative and integral easily with integer but if we try to take
fractional we will have some problem. Furthermore I tired some methods and operations
for solving this problem. I solved some equation, theorem etc. with some special func-

tions and properties.

The main problem is 0 < 7 < 1 and it may main purpose for making this research.
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