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We introduce new black hole solutions to the Einstein-Yang-Mills-Born-Infeld (EYMBI), Einstein-

Yang-Mills-Born-Infeld-Gauss-Bonnet (EYMBIGB), and Einstein-Yang-Mills-Born-Infeld-Gauss-

Bonnet-Lovelock (EYMBIGBL) gravities in higher dimensions N � 5 to investigate the roles of Born-

Infeld parameter �. It is shown that these solutions in the limits of � ! 0 and � ! 1 represent pure

gravity and gravity coupled with Yang-Mills fields, respectively. For 0<�<1 it yields a variety of

black holes, supporting even regular ones at r ¼ 0.

DOI: 10.1103/PhysRevD.78.064050 PACS numbers: 04.20.Jb, 04.70.Bw

I. INTRODUCTION

Historically, the Born-Infeld (BI) nonlinear electrody-
namics model was formulated in 1934 [1]. Since it has
been proposed as a viable model in low energy string
theory, BI electrodynamics has attracted much attention
from the fronts of both string theory and cosmology [2].
While classical electrodynamics due to Maxwell is a linear
theory obeying the principle of superposition, in the latter
these properties are not valid anymore. In this respect the
BI electrodynamics is comparable with the other nonlinear
theories of physics such as Yang-Mills (YM) and gravita-
tion. Finding plane wave solutions in such a theory, for
instance, in the presence of boundaries and/or background
effects becomes a difficult task. Coupling of BI electro-
dynamics to gravity has given birth to a new theory known
as the Einstein-Born-Infeld (EBI) gravity which found
applications in string theory. The BI version of electro-
magnetism is already in the form of a string Lagrangian,
i.e. square root of a determinant, living inside higher
dimensional worlds of branes. The addition of a Higgs
field and investigating its monopole solutions become
equally attractive for the field theorists in the realm of
confinement related problems [3]. We recall that the origi-
nal BI electrodynamics was introduced in order to resolve
the self-energy divergence in the Coulomb problem. With
the advent of quantum electrodynamics this feature of the
BI theory was almost forgotten. Coincidentally, besides
other things, string theory was also introduced to eliminate
divergences due to pointlike structures. The combination
of these two theories (i.e. BI and string theory) is expected
naturally to yield finite physical results. BI action in su-
pergravity admits solitonic solutions known as D-branes
which form the end points for open strings. In this paper,
however, we shall not address ourselves to D-branes or
dilatons, postponing these to a future study. A different
theory, which will establish our strategy in this paper, is to

consider the EBI action in which instead of the electro-
magnetic field we employ the non-Abelian YM field [4].
For this purpose we make use of a YM ansatz in the
spherically symmetric space-time. Recently we have ob-
tained such EYM black hole solutions and extended it to
the higher dimensional Gauss-Bonnet (GB) and Lovelock
theories [5]. Our method of solving the YM equations was
to generalize the original Wu-Yang ansatz in N ¼ 4 to
higher dimensions (N � 5). In this ansatz the YM field is

of magnetic type so that the invariant FðaÞ
��

?FðaÞ�� ¼ 0 in

the action, leaving behind the term FðaÞ
��F

ðaÞ�� � 0. As
expected, employing YM instead of the Maxwell field
accumulates different types of nonlinearities to yield, alto-
gether a highly nonlinear model of gravity à la BI formal-
ism. In the proper limit � ! 1, where � is called the BI
parameter, we recover the Einstein-Hilbert action coupled
with YM field in the standard way. The Einstein-Hilbert
action constitutes the simplest geometrical theory which
involves mass as its parameter. Its geometrical/topological
extensions employ higher order invariants with more pa-
rameters that provide extra degrees of freedom in the
theory. The Lovelock Lagrangian is the most general
Lagrangian that admits second order equations without
invoking ghost structures. By taking appropriate limits
we recover all interesting cases obtained so far. It is re-
markable that three highly nonlinear theories, such as BI,
YM, and Lovelock gravity are brought together in a com-
mon Lagrangian which admits exact solutions.
In this paper we address the issue of black hole solutions

in the EBI action by incorporating YM fields in higher
dimensions. Naturally the BI parameter � modifies the
black holes and their thermodynamics properties. Next,
we consider the GB extension and search for new features
brought in by the topological properties of the GB theory.
The latter has the property that in the absence of a true
cosmological constant �, asymptotically it produces an
effective one, �eff , to imitate the real one. In other words,
the de Sitter (dS) and anti-de Sitter (AdS) spacetimes
which are of utmost importance in the conformal field
theory correspondence arise simply as boundary conditions
of the space-time. Inclusion of the � parameter adds
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further degrees of freedom to the theory. We find, for
example, that � can be employed to construct/regulate
black hole horizons at wish. The extension to the third
order Lovelock gravity, however, restricts our exact solu-
tion such that in the absence of a real cosmological con-
stant it does not admit an effective one.

The paper is organized as follows: In Sec. II we intro-
duce the Einstein-Yang-Mills-Born-Infeld (EYMBI) ac-
tion, metric, YM ansätze, and the resulting field
equations. In the same section we find exact solutions of
the field equations in N � 5. Section III follows by intro-
ducing the action, field equations, and solutions for the
N � 5 dimensional Einstein-Yang-Mills-Born-Infeld-
Gauss-Bonnet (EYMBIGB) theory. In Sec. IV we follow
the same patterns for the Einstein-Yang-Mills-Born-Infeld-
Gauss-Bonnet-Lovelock (EYMBIGBL), in which the ab-
breviation L refers to the third order Lovelock gravity. The
paper ends with concluding remarks in Sec. V.

II. FIELD EQUATIONSANDTHEMETRIC ANSATZ
FOR EYMBI GRAVITY

The Nð¼ nþ 1Þ-dimensional action for Einstein-Yang-
Mills-Born-Infeld gravity with a cosmological constant �
is given by

S ¼ 1

16�

Z
M

dnþ1x
ffiffiffiffiffiffiffi�g

p �
R� nðn� 1Þ

3
�þ LðFÞ

�

þ 1

8�

Z
@M

dnx
ffiffiffiffiffiffiffiffi��

p
Kð�Þ; (1)

in which the YMBI Lagrangian LðFÞ is given by

LðFÞ¼4�2

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þTrðFðaÞ

��F
ðaÞ��Þ

2�2
þTrðFðaÞ

��
?FðaÞ��Þ2

16�4

vuut 1
A;
(2)

where

Tr ð:Þ ¼ Xnðn�1Þ=2

a¼1

ð:Þ: (3)

Herein we are interested in the magnetically charged YM

ansatz in which TrðFðaÞ
��

?FðaÞ��Þ ¼ 0 and therefore LðFÞ
reduces to the form

LðFÞ ¼ 4�2

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ TrðFðaÞ

��F
ðaÞ��Þ

2�2

vuut 1
A: (4)

In Eqs. (1) and (2) R is the Ricci scalar, � is the cosmo-
logical constant, K is the trace of the extrinsic curvature
K�� of boundary @M of the manifold M, with induced
metric �ij, and� is the BI parameter with the dimension of

mass. Here the YM field is defined as

F ðaÞ ¼ dAðaÞ þ 1

2�
CðaÞ
ðbÞðcÞA

ðbÞ ^AðcÞ (5)

in which CðaÞ
ðbÞðcÞ stands for the structure constants of

nðn�1Þ
2 -parameter Lie groupG and � is a coupling constant.

AðaÞ are the SOðnÞ gauge group YM potentials. We note
that the internal indices fa; b; c; . . .g do not differ whether
in covariant or contravariant form. Variation of the action
with respect to the space-time metric g�� yields the field

equations

G�
� þ nðn� 1Þ

6
�g�� ¼ T�

�; (6)

T�
� ¼ 1

2
g��LðFÞ þ g�� 2TrðFðaÞ

��F
ðaÞ
�

�Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ TrðFðaÞ

��
FðaÞ��Þ

2�2

r ; (7)

where G�� is the Einstein tensor. Variation with respect to

the gauge potentials AðaÞ yields the YM equations

d

0
BB@ ?FðaÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ TrðFðaÞ
��

FðaÞ��Þ
2�2

r
1
CCA

þ 1

�
CðaÞ
ðbÞðcÞ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ TrðFðaÞ

��
FðaÞ��Þ

2�2

r AðbÞ ^ ?FðcÞ ¼ 0; (8)

where ?means duality. Our metric ansatz forN ¼ nþ 1 is
chosen as

ds2 ¼ �fðrÞdt2 þ dr2

fðrÞ þ r2d�2
n�1; (9)

in which fðrÞ is our metric function and

d�2
n�1 ¼ d	21 þ

Xn�1

i¼2

Yi�1

j¼1

sin2	jd	
2
i ; (10)

where

0 � 	n�1 � 2�; 0 � 	i � �; 1 � i � n� 2:

A. Energy momentum tensor

In this subsection we calculate the energy momentum
tensor defined by Eq. (7) inNð¼ nþ 1Þ dimensions. As we
have recently introduced and used the higher dimensional
version of the Wu-Yang ansatz in EYM theory of gravity
[5] we write the gauge potential one-forms as

AðaÞ ¼Q

r2
ðxidxj� xjdxiÞ; Q¼ charge; r2 ¼Xn

i¼1

x2i ;

2� jþ 1� i� n; and 1� a� nðn� 1Þ=2; (11)

in which, by using (5), one gets the YM field two-forms
satisfying the YM equations [5]. Nevertheless the energy
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momentum tensor defined by (7) is found after using

Tr ðFðaÞ
��F

ðaÞ��Þ ¼ ðn� 1Þðn� 2ÞQ2

r4
; (12)

LðFÞ ¼ 4�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðn� 1Þðn� 2ÞQ2

2�2r4

s �
(13)

as

Tt
t ¼ Tr

r ¼ 2�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðn� 1Þðn� 2ÞQ2

2�2r4

s �
; (14)

T	i
	i
¼ 2�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðn� 1Þðn� 2ÞQ2

2�2r4

s �

þ 2ðn� 2ÞQ2

r4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðn�1Þðn�2ÞQ2

2�2r4

q ; (15)

where 1 � i � n� 1. One may easily show that, in the
limit of � ! 0, the energy momentum tensor reduces to
the pure gravity

Tt
t ¼ Tr

r ¼ T	i
	i
¼ 0 (16)

and once � ! 1, it becomes the EYM case [5]

Ta
b ¼ �ðn� 1Þðn� 2ÞQ2

2r4
diag½1; 1; 
; 
; . . . ; 
� and


 ¼ n� 5

n� 1
: (17)

In the sequel we shall use this energy momentum tensor to
find black hole solutions to the EYMBI, EYMBIGB, and
EYMBIGBL field equations with/without cosmological
constant �.

B. EYMBI black hole solution in 5 dimensions

In five dimensions, the EYMBI field equations (6) after
some calculation, can be written as

3rf0 þ 6ðf� 1Þ þ 4ð�� �2Þr2 þ 4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

q
¼ 0;

(18)

½r2f00 þ 4rf0 þ 2ðf� 1Þ þ 4ð�� �2Þr2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

q
þ 4�ð�2r4 þQ2Þ ¼ 0; (19)

which admits the following solution:

fðrÞ ¼ 1� 2Mþ �ð�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ �2

p Þ
r2

� ð�� �2Þ
3

r2

� �

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

q

�Q2

r2
ln

�ð�r2 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�2 þ 3Q2

p �
: (20)

This is a black hole solution and M is an integration
constant to be identified as the mass of the black hole.
One can show that in the limit of � ! 1, LðFÞ and fðrÞ
reduce to the case of EYM as we mentioned above, i.e.,

lim
�!1

LðFÞ ¼ TrðFðaÞ
��F

ðaÞ��Þ ¼ 6Q2

r4
;

lim
�!1

fðrÞ ¼ 1� 2M

r2
��

3
r2 � 2Q2 lnðrÞ

r2
;

(21)

while in the limit of � ! 0 they reduce to the pure gravity
with the cosmological constant

lim
�!0

LðFÞ ¼ TrðFðaÞ
��F

ðaÞ��Þ ¼ 0;

lim
�!0

fðrÞ ¼ 1� 2M

r2
��

3
r2:

(22)

The black hole solution (20) asymptotically behaves like a
de Sitter space-time (anti-de Sitter) such that

lim
r!1fðrÞ ¼ 1��

3
r2

and for � ¼ 0, it is asymptotically flat. The Born-Infeld
parameter � modifies the radius of the horizon, as we plot
in Fig. 1. In fact, for � ¼ 0 the solution matches with the
pure gravity while for � ¼ 1 it gives the horizon of the
EYM black hole. We notice that the BI parameter inter-
polates the horizon of the corresponding black hole, be-
tween the two extremal values of the radii of the horizons
for � ¼ 0 and � ¼ 1.

C. EYMBI black hole solution for N � 5 dimensions

In higher dimensions Nð¼ nþ 1Þ, the EYMBI field
equations become

ðn� 1Þrg0 þ ðn� 1Þðn� 2Þgþ 4r2
�
nðn� 1Þ

12
�� �2

�
þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4�4 þ ðn� 1Þðn� 2Þ�2Q2

2

s
¼ 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ ðn� 1Þðn� 2Þ

2
Q2

s �
r2g00 þ 2ðn� 2Þrg0 þ ðn� 3Þðn� 2Þgþ

4

�ðn� 1Þðn� 2Þ
12

�� �2

�
r2
�
þ 4�

�
�2r4 þ ðn� 2Þðn� 3Þ

2
Q2

�
¼ 0; (23)
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where g ¼ fðrÞ � 1. By defining a new radial coordinate
� ¼ �r and introducing ~Q2 ¼ ðn�1Þðn�2Þ

2 �2Q2 and ~� ¼
4ððn�1Þðn�2Þ

12�2 �� 1Þ, these equations can be rewritten in
more convenient forms as

ðn� 1Þ�g0 þ ðn� 1Þðn� 2Þgþ �2 ~�þ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
¼ 0;

(24)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
ð�2g00 þ 2ðn� 2Þ�g0 þ ðn� 3Þðn� 2Þg

þ ~��2Þ þ 4

�
�4 þ n� 3

n� 1
~Q2

�
¼ 0: (25)

These admit the general solution

fð�Þ ¼ 1þ gð�Þ

¼ 1� ~M

�n�2
�

~�

ðn� 1Þn�
2 � 4Að�Þ

ðn� 1Þ�n�2
; (26)

Að�Þ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�4 þ ~Q2
q

�n�3d�

¼ j ~Qj
n� 2

�n�2
2F1

�
n� 2

4
;
�1

2
;
nþ 2

4
;� �4

~Q2

�
; (27)

where ~M is an integration constant related to the mass of
the black hole and 2F1 stands for the hypergeometric
function.

III. FIELD EQUATIONS AND THE METRIC
ANSATZ FOR EYMBIGB GRAVITY

The EYMBIGB action in Nð¼ nþ 1Þ dimensions may
be written as

S¼ 1

16�

Z
M

dnþ1x
ffiffiffiffiffiffiffi�g

p �
R�nðn�1Þ

3
�þ�LGBþLðFÞ

�

þ 1

8�

Z
@M

dnx
ffiffiffiffiffiffiffiffi��

p
Kð�Þ; (28)

where the terms are as before; � is the GB parameter (or
the second order Lovelock gravity term) and LGB is given
by

L GB ¼ R����R
���� � 4R��R

�� þ R2: (29)

Variation of the new action with respect to the space-time
metric g�� yields the field equations

GE
�� þ �GGB

�� þ nðn� 1Þ
6

�g�� ¼ T��; (30)

where

GGB
�� ¼ 2ð�R��
R


�
� � 2R����R

�� � 2R��R
�
�

þ RR��Þ � 1
2LGBg��; (31)

in which T�� is given in Eq. (7) and the YM field equations

were presented in Eq. (8).

A. EYMBIGB black hole solution in N ¼ 5 dimensions

In five dimensions, Eq. (30) leads to a set of two equa-
tions as follows:

FIG. 1. Plots of fðrÞ versus r, forM ¼ 1, Q ¼ 1, � ¼ 0 and � ¼ 0, 0.1, 0.5, 1.0, 10, 1000, and1. The role of � may be interpreted
as an adjustment key to get any value for the radius of the horizon, between the extremal horizons of the corresponding pure gravity (E)
(� ¼ 0) and EYM (� ¼ 1) black holes.
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ð12�g� 3r2Þg0 � 6rg� 4r3ð�� �2Þ
� 4�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

q
¼ 0; (32)

½ð4�g� r2Þg00 þ 4ð�g0 � rÞg0 � 2g� 4r2ð�� �2Þ�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

q
� 4�ð�2r4 þQ2Þ ¼ 0; (33)

and these equations admit an exact solution in the form of

f�ðrÞ ¼ 1þ g

¼ 1þ r2

4�

�
1�

�
1þ 8�

3

�
�þ�2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3Q2

�2r4

s
� 1

��

þ 16�

r4

�
�þMþ 1

2
�ð��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ�2

q
Þ

þQ2

2
ln

�ð�r2 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2r4 þ 3Q2

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�2 þ 3Q2

p ���
1=2

�
(34)

in whichM is an integration constant and will be identified
as the mass of the black hole.

We notice that this solution has the following limits:

lim
�!1

f�ðrÞ ¼ 1þ r2

4�

�
1�

�
1þ 8��

3
þ 16�ð�þMÞ

r4

þ 16�Q2 lnr

r4

�
1=2

�
(35)

which is the solution of EYMGB gravity [5] and
lim�!0fðrÞ exists if and only if Q ¼ 0, and one can

show that

lim
�!0

f�ðrÞ ¼ 1þ r2

4�

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8��

3
þ 16�ð�þMÞ

r4

s �
;

(36)

which is the case of EGB gravity. We comment that one
may check that lim�!0f�ðrÞ will produce the solution of
EYMBI gravity which was given by Eq. (20). In Fig. 2 we
plot Eq. (34) for different values of � and fixed values for
the mass, charge, and cosmological constant. We comment
on this figure that again � provides such a flexibility to the
black hole to have any value for the radius of the horizon
between the two extremal values [i.e. the minimum value is
the radius of the horizon of the pure gravity black hole
(� ¼ 0) and the maximum value corresponds with the
horizon of the EYMGB black hole (� ¼ 1)].
The positive branch of the solution is defined once � �

0, and for the positive value for �, the metric function
fþðrÞ is positive. One may find the asymptotic behavior of
the metric function at large r to show that

lim
r!1fþðrÞ ¼ 1��eff

3
r2; (37)

where

�eff ¼ �
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8�

3 �
q
4�

; � � 0; � � � 3

8�
:

(38)

This implies that fþðrÞ is an asymptotically anti-de Sitter
(A-AdS)-non-black hole solution with an effective cosmo-
logical constant�eff . Finally we comment that the positive

FIG. 2. Plots of f�ðrÞ versus r, forM ¼ 1,Q ¼ 1,� ¼ 0 and � ¼ 0, 0.1, 0.5, 1.0, 10, 50, and1. The role of �may be interpreted as
a regulator to get any value for the radius of the horizon, between the horizons corresponding to pure gravity with a GB term (EGB)
(� ¼ 0) and EYMGB (� ¼ 1) black holes. The smaller figure shows that by the choice of � it is possible to obtain black holes which
are regular at r ¼ 0.
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branch of the solution with a negative value for � is a black
hole solution which asymptotically behaves like dS, i.e.

lim
r!1fþðrÞ ¼ 1��eff

3
r2; (39)

where

�eff ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 8j�j

3 �
q
4j�j ; � � 0; � � 3

8j�j :
(40)

Such an analysis for the negative branch of the solution

also gives the same results but �eff ¼ � 1�
ffiffiffiffiffiffiffiffiffiffiffi
1þ8�

3 �
p
4� . In this

case for � ¼ 0, one gets �eff ¼ 0, which is visible from
Fig. 2.

B. EYMBIGB black hole solution forN � 5 dimensions

In the previous chapter we presented a black hole solu-
tion for EYMBIGB in 5 dimensions. Our attempt in this
chapter is to give a general black hole solution to Eq. (30).
One can show that the general EYMBIGB equation inNð¼
nþ 1Þ dimensions can be written as

1

2r4
½ðr3 � 2�ðn� 3Þðn� 2ÞrgÞg0 þ ðn� 2Þr2g

� ðn� 2Þðn� 3Þðn� 4Þ�g2�ðn� 1Þ þ nðn� 1Þ
6

�

¼ 2�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðn� 1Þðn� 2ÞQ2

2�2r4

s �
; (41)

where g ¼ gðrÞ ¼ fðrÞ � 1. Again we set � ¼ �r, ~� ¼
ðn� 3Þðn� 2Þ�2�, ~Q2 ¼ ðn�1Þðn�2Þ

2 �2Q2, and ~� ¼
4ðnðn�1Þ

12�2 �� 1Þ to get the above equation in a more conve-

nient form as

4�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
þ ð�2 � 2~�gÞ�ðn� 1Þg0

� ~�ðn� 1Þðn� 4Þg2 þ�2ðn� 1Þðn� 2Þgþ ~�r4 ¼ 0:

(42)

This equation admits the following solution:

f�ð�Þ ¼ 1þ gð�Þ

¼ 1þ �2

2 ~�

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4~� ~�

nðn� 1Þ þ
4~�ð ~Mþ 4Að�ÞÞ

ðn� 1Þ�n

vuut �
;

(43)

where ~M is an integration constant to be identified as the
mass of the black hole and Að�Þ is defined in Eq. (27). We
comment that lim�!0f�ð�Þ gives the EYMBI black hole
solution given by (20) while in the case of fþð�Þ, � cannot
be zero. In the latter case one gets

lim
r!1fþð�Þ ¼ 1�

~�eff

3
�2; lim

r!1fþðrÞ ¼ 1��eff

3
r2;

(44)

where

�eff ¼ �2 ~�eff ¼
8><
>:

3�2

2 ~� ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4~�ð~�þ4Þ

nðn�1Þ
q

Þ; ~�> 0; ð~�þ 4Þ � � nðn�1Þ
4~�

� 3�2

2j~�j ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4j~�jð~�þ4Þ

nðn�1Þ
q

Þ; ~�< 0; ð~�þ 4Þ � nðn�1Þ
4j~�j

(45)

which implies for ~�> 0ð~�< 0Þ, the solution is AdS (A-
AdS) with a �-independent effective cosmological con-
stant�eff . Similar to the five-dimensional case the negative

branch of the solution admits a �eff ¼ 3�2

2~� �
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4~�ð~�þ4Þ

nðn�1Þ
q

Þ, with proper values for ~� and ~�. In
this case it is also easy to show that �eff is �-independent
and for � ¼ 0 (~� ¼ �4, therefore) the effective cosmo-
logical constant vanishes.

IV. FIELD EQUATIONS AND THE METRIC
ANSATZ FOR EYMBIGB-LOVELOCK GRAVITY

In this section we consider a more general action which
involves, besides the GB term, the third order Lovelock
term. The EYMBIGBL action in Nð¼ nþ 2Þ dimensions
(we notice that in the case of EYMBIGBL n ¼ N � 2 and
therefore it differs from before which was chosen as n ¼
N � 1), is given by

S ¼ 1

16�

Z
M

dnþ2x
ffiffiffiffiffiffiffi�g

p �
R� nðnþ 1Þ

3
�þ �2LGB

þ �3Lð3Þ þ LðFÞ
�
þ 1

8�

Z
@M

dnþ1x
ffiffiffiffiffiffiffiffi��

p
Kð�Þ;

(46)

where �2 and �3 are the second and third order Lovelock
parameters, and [6]

L ð3Þ ¼ 2R���
R�
�R
�

�� þ 8R��
��R

�

�R

�
�


þ 24R���
R�
��R
�
� þ 3RR���
R�
��

þ 24R���
R��R
� þ 16R��R��R
�
�

� 12RR��R�� þ R3; (47)

is the third order Lovelock Lagrangian. Variation of the
new action with respect to the space-time metric g�� yields

the field equations
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G�� þ �2G
GB
�� þ �3G

ð3Þ
�� þ nðnþ 1Þ

6
�g�� ¼ T��; (48)

where

Gð3Þ
�� ¼�3ð4R��
R�
��R

�
���8R�

��R
�


�R
�
��


þ2R�
�
R�
��R

��
��R��
R�
�R��

þ8R
���R

�

�R

�

þ8R�

�
R
�

��R


�

þ4R�
�
R�
��R

�
�4R�

�
R�
�R
�
�

þ4R��
R�
�R��þ2RR�

�R�
�

þ8R
���R

�
�R

�
�8R�

��R

�R

�
�

�8R�
��R

�
R���4RR

���R
�
þ4R�R�R��

�8R
�R�R

�
�þ4RR��R

�
��R2R��Þ� 1

2Lð3Þg��:

(49)

Equation (48), after making substitutions, reads

12�4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
þ 3n�ð�4 � 2�2 ~�2gþ 3~�3g

2Þg0
þ 3n~�3ðn� 5Þg3 � 3n�2 ~�2ðn� 3Þg2
þ 3n�4ðn� 1Þgþ ~��6 ¼ 0; (50)

where g ¼ gð�Þ ¼ fð�Þ � 1, � ¼ �r, ~�2 ¼ �2ðn� 1Þ�
ðn� 2Þ�2, ~�3 ¼ �4ðn� 1Þðn� 2Þðn� 3Þðn� 4Þ�3,
~Q2 ¼ nðn� 1Þ�2Q2=2, and ~� ¼ nðnþ1Þ

�2 �� 12.

A. 7-dimensional EYMBIGBL black hole solution

The latter equation (50) in 7 dimensions which is the
minimum dimensionality of space-time to see the effect of
the third order Lovelock gravity, by setting n ¼ 5, reads

12�3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
þ 15ð�4 � 2�2 ~�2gþ 3~�3g

2Þg0
� 30�~�2g

2 þ 60�3gþ ~��5 ¼ 0: (51)

This admits a solution

fð�Þ ¼ 1þ gð�Þ

¼ 1þ ~�2

3 ~�3

�2 þ
ffiffiffi
�3

p
30~�3

� 10ð3~�3 � ~�2
2Þ�4

3~�3

ffiffiffi
�3

p ; (52)

where we have used the following abbreviations:

� ¼ �4500~�2�
6

�
~�3 � 2

9
~�2
2

�
� 150

�
~�~�3�

6 � 2
ffiffiffiffi
�

p

þ 72

�
Aþ m

12

�
~�3

�
~�3;

� ¼ 300

�
~�3 � 1

4
~�2
2

�
�12 þ 15ð~��6 þ 6mþ 72AÞ~�2�

6

�
�
~�3 � 2

9
~�2
2

�
þ 1

4
~�2
3ð~��6 þ 6mþ 72AÞ2;

A ¼
Z

�3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
d� ¼ 1

6
ð�4 þ ~Q2Þ3=2: (53)

The metric function (52) at large values for � (and r
therefore) reads

fð�Þ ¼ 1�
~�eff

3
�2; fðrÞ ¼ 1��eff

3
r2; (54)

where

�eff ¼ �2 ~�eff ¼ �2

�
10ð3~�3 � ~�2

2Þ
~�3�

1=3
� 10~�2 þ �1=3

10~�3

�
(55)

in which

� ¼ 200ð5~�3
2 � ~�2

3Þ � 150~�3ð30~�2 þ ~�~�3 � ffiffiffiffi
�

p Þ;
� ¼ ð~�þ 12Þ2 ~�2

3 þ 20~�2ð~�þ 12Þ
�
3~�3 � 2

3
~�2
2

�
þ 300ð4~�3 � ~�2

2Þ: (56)

One can show that �eff is �-independent and for the case

of zero cosmological constant (i.e. � ¼ 0 or ~� ¼ �12),
�eff vanishes.
As a specific choice, for technical reasons, we set 3~�3 �

~�2
2 ¼ 0 (i.e. ~�3 ¼ ~�2

2=3), then this solution reduces to the
simpler form

fð�Þ ¼ 1þ�2

~�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

~�~�2

30
þ ~�2ð2ð�4þ ~Q2Þ3=2þ ~MÞ

5�6

3

vuut �
;

(57)

which is an asymptotically flat black hole solution. This
solution may be expressed as an explicit function of �

fðrÞ ¼ 1þ r2

�̂2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
�� 2

5
�2

�
�̂2 þ 3�̂2M

r6
þ 2�̂2�

2

5

�
1þ 10Q2

�2r4

�
3=2 � 4�̂2Q

3
ffiffiffiffiffiffi
10

p
�r6

3

vuut �
(58)

where �̂2 ¼ 12�2. This expression, clearly in the two extremal limits, gives

lim
�!0

fðrÞ ¼ 1þ r2

�̂2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ��̂2 þ 3�2M

r6
3

s �
; (59)
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lim
�!1

fðrÞ ¼ 1þ r2

�̂2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ��̂2 þ 3�̂2M

r6
þ 6�̂2Q

2

r4
3

s �
:

(60)

From (58) it is observed that asymptotically (r ! 1) we
obtain an effective cosmological constant given by �eff ¼
3
�̂2
½ð1þ��̂2Þ1=3 � 1� which vanishes for � ¼ 0.

Equation (58) and its extremal limits are plotted in
Figs. 3 and 4 for different values for �. It is clear that for
� ¼ 0, fðrÞ is an asymptotically flat black hole while for
� � 0, fðrÞ would be either AdS or A-AdS depending on
the values of �̂2 and �.

B. EYMBIGBL black hole solution forNð¼ nþ 2Þ � 7
dimensions

In higher dimensions Nð¼ nþ 2Þ � 7, in general, the
master equation given by (50) admits a solution as

fð�Þ ¼ 1þ ~�2

3 ~�3

�2 þ
ffiffiffi
�3

p
6n~�3�

n�5
� 2ð3~�3 � ~�2

2Þn�n�5

3~�3

ffiffiffi
�3

p ;

(61)

where

� ¼ � 36n2�2ðn�5Þ

nþ 1

�
~�2nðnþ 1Þ�nþ1

�
~�3 � 2

9
~�2
2

�

þ
�
~�~�3�

nþ1 þ 12ðnþ 1Þ

�
�
�

ffiffiffiffi
�

p
36

þ
�
Aþ m

12

�
~�3

��
~�3

�
; (62)

� ¼ 1

ðnþ 1Þ2
�
ð�3~�2

2 þ 12~�3Þn2ðnþ 1Þ2�2ðnþ1Þ

þ 216nðnþ 1Þ~�2

�
~�3 � 2

9
~�2
2

�

�
� ~�

12
�ðnþ1Þ þ

�
Aþ m

12

�
ðnþ 1Þ

�
�ðnþ1Þ

þ 1296~�2
3

� ~�

12
�ðnþ1Þ þ

�
Aþ m

12

�
ðnþ 1Þ

�
2
�
; (63)

A ¼
Z

�n�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�4 þ ~Q2

q
d�

¼ j ~Qj
n� 1

�n�1
2F1

�
n� 1

4
;
�1

2
;
nþ 3

4
;� �4

~Q2

�
: (64)

The case of ~�3 ¼ ~�2
2=3 may be considered in this solution

and this leads us to

fð�Þ ¼ 1þ �2

~�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

~�~�2

nðnþ 1Þ þ
~�2ð12Aþ ~MÞ

n�nþ1

3

vuut �
;

(65)

where A is given in Eq. (27). One may use the asymptotic
form of Að�Þ ¼ �nþ1=ðnþ 1Þ to write

lim
r!1fð�Þ ¼ 1�

~�eff

3
�2; lim

r!1fðrÞ ¼ 1��eff

3
r2;

(66)

FIG. 3. Plots of fðrÞ versus r, for fixed values of M ¼ 1, Q ¼ 1, � ¼ 0, �2 ¼ 1=12, �3 ¼ 1=72, and � ¼ 0, 0.01, 0.1, 1, 10, 100,
1000, and1. Different values of � from 0 to1, correspond to different black hole solutions between EGBL gravity and EYMBIGBL.
By setting � ¼ 0, the metric function represents an A-F black hole and therefore independent of �, all cases converge to a constant
ð¼ 1Þ.
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�eff ¼ �2 ~�eff ¼ � 3�2

~�2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð~�þ 12Þ~�2

nðnþ 1Þ
3

s �
; (67)

herein �eff is independent of � and vanishes for � ¼ 0

(i.e. ~� ¼ �12). Finally we comment that for arbitrary
Lovelock parameters and� � 0,�eff is also defined which
is �-independent and vanishes for � ¼ 0.

V. CONCLUSION

In this work we have found black hole solutions to the
field equations of EYMBI, EYMBIGB, and EYMBIGBL
theories of gravity. We have explicitly shown that these
black hole solutions are the interpolated solutions between
pure gravity and gravity coupled with the YM non-Abelian
gauge potentials. It is the first time that a higher dimen-
sional non-Abelian gauge field is considered exactly within
such a context in higher dimensions. The BI parameter
plays the role of an adjustment key from the pure gravity
toward EYM solutions. We exploit this property of � as an
interpolating parameter between the two different sets to
show by numerical calculations that the construction of

regular black holes becomes possible. Our results have
been supported by some figures. Although our treatment
of the third order Lovelock parameter �3 is constrained by
the GB parameter �2, this seemed to be the only way to
compactify our expressions. Asymptotically (r ! 1) once
� ¼ 0, in the most general case �2 � 0 � �3, by analyti-
cal calculation, it can be proved that it gives a flat space-
time, while for �3 ¼ 0 we have dS/AdS, depending on the
sign of �2. (We notice that in the case of the EYMBIGB
black hole the positive branch of the general solution
provided us to have AdS and A-AdS solutions depending
on the relevant parameters.) In the most general version
(i.e. EYMBIGBL) of the theory we have constructed 5
parametric black hole solutions consisting of (M, Q, �2,
�3, and �). It is our belief that with the dilatonic extension
these additional parameters will enrich string theory
significantly.
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