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ABSTRACT

In this thesis, q-Szasz-Durrmeyer (0<q<1) and g-Phillips (g > 0) operators are

defined and some properties of these operators are studied. More precisely, local

approximation results for continuous functions in terms of modulus of continuity are

proved and Voronovskaja type asymptotic results are investigated.

Keywords: g-Szasz-Durrmeyer operators, k-functional, modulus of continuity, g-

calculus, g-Phillips operators, g-integers, g-gamma functions, rate of convergence, g-

integral.
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0z

Bu tezde, Q-Szasz-Durrmeyer (0<q<1) ve g-Phillips (q>0) operatorleri
tanimlanmis ve bu operatorlerin bazi 6zellikleri incelenmistir. Daha agik olarak,
stireklilik modiilii cinsinden, siirekli fonksiyonlar i¢in yerel yaklasim sonuglar

ispatlanmis ve VVoronovskaja tipli asimtotik sonuglar incelenmistir.

Anahtar kelimeler: -Szazs-Durrmeyer operatorleri, k-fonksiyonel, siireklilik
modiili, g-hesap, g-Phillips operatorleri, g-tamsayilar, g-gamma fonksiyonlari,

yakinsama hizi, g-integral.



ACKNOWLEDGMENTS

First of all, I would like to thank my supervisor, Prof. Dr. Nazim I.
Mahmudov, for his supervision, suggestions, help, patience and encouragement
during my Ph.D. period.

Then, | am thankful to Assoc. Prof. Dr. Mustafa Riza for his assistance on
editing my thesis writing and his support throughout the study. Also, |1 would like to
thank Prof. Dr. Agamirza Bashirov, Head of the Department of Mathematics, for his
support in the department.

Finally, I would like to give my special thanks to my husband Hasan Karagil and

my family for their endless love, care, support and patience .



TABLE OF CONTENTS

ABSTRACT e ii
OZ oot iv
ACKNOWLEDGEMENTS ... v
NOTATIONS AND SYMBOLS ... Vil
L INTRODUCTION ..ottt 1
2 PRELIMINARY and AUXILIARY RESULTS ..o 7
2.1 P0OSItive LiNear OPEratOrS.........ccucvveieeiieiieieerieeee e este st e et sre e 7
2.2 SZASZ OPETALOTS ...ttt ettt ne s 12
2.3 PillipS OPEIALOrS .....c.viiiitiiiieiieiieiee et 12
2.4 TNE G-INTEYETS. ...ttt 13
2.5 g-Parametric SZASZ OPErators ..........coveiirieiriieiinieesee s 18
3 ON g-SZASZ-DURRMEYER OPERATORS.......coiiereeeieeeseeseees s, 21
3.1 MIOMBNES ..t 21
3.2 Local APPrOXIMALION ......cc.oiiiiiiiiieieie ettt 26
3.3 VVoronovskaja TYPe TNEOIEM .......cuiiiiiiiiieiie st 32
4 ON CERTAIN g-PHILLIPS OPERATORS. ... 43
4.1 IMOMEBNTS ...t et 43
4.2 APProxXimation PrOPEITIES .........ccuiieieiiieiie et 47
4.3 Voronovskaja TYPe TNEOIEM .......cueiiiieiiie et 53
5 APPROXIMATION by g-PHILLIPS OPERATORS FOR g>1.....ccceovvvvveieiienene 59
5.1 Moments for B, ; (f7X) «ovoe 59
5.2 Local APProXIMALION .....cveeivieiiieiie ettt 64



5.3 ASYMUOUIC FOMMUIA.......cceeiiiie e

REFERENCES

vii



No

NOTATIONS AND SYMBOLS

In this thesis we shall often make use of the following symbols:

iIs the sign indicating equal by definition . “a:=b” indicates that a is the
quantity to be defined or explained, and b provides the definition or
explanation. “b = a” has the same meaning,
the set of natural numbers,
the set of natural numbers including zero,
the set of all integers numbers,
the set of real numbers,

the set of positive real numbers,

the set of positive real numbers,
an open interval,

a closed interval,

closure of E,

all real functions on the interval [0,00),

all real functions on the interval [0, 1].

Let X [Jbe an interval of the real axis.

the set of all real-valued functions defined on X.

the set of all real-valued and bounded functions defined on X.
the set of all real-valued and continuous functions defined on X.
the set of all real-valued and continuous functions defined on the

compact interval [a, b].

viii



For f € B(X) or f € C(X)

Il is the sup-norm, namely || ||, = supﬂ f(x)|:xeX }
Af (x,) is the forward difference defined as
Af (%)= f(x.,)— fF(x)=f(x +h)—f(x), with step size h,
AF(x)=F(x), A F(x)=AAF(x)),
A*(X) is the finite diference of order k € N, with step size h e N\{0} and
Starting point x € X . It’s formula is given by
k : k—j k .
AL (%) =Z(—1) ‘(Jf(x+ jh).
j=0
C'[a, b] the set of all real-valued, r -times continuously differentiable function,
where r € N.
Cg[0,0) the space of all real-valued continuous bounded functions f on [0,0)
endowed with the norm ”f”: Sp |f(x)|.
Xe [O, oo)
o(f;0)

the first modulus of continuity . It is defined as

o(f;8)= sup sup | f(x+h)— f(x)|
0<h<sxel0,o) '

a)z(f ;\/3) the second modulus of continuity. It is defined as

o,(f:/5)= s sup

| f(x+2h) =2 (x+h) + f(X)
0<h<sxel0,)

where f e CB[O,oo) and & >0,

d(x,E) the distance between xand E . It is defined as

d(x,E) =infft—x:tcE}.

K, (f;0) the Peetre’s K-functional. It is defined as



K,(f;0)= inf {“f—g||+5| }
g €Cy’[0,0)
where C,*[0,00) = {g € C,[0,0): g’,g" € C[0,0)}.

g”

denotes the n-th monomial with, e, :[a,b] > R
X — X", neNo.

Let me N,

C,[0,0):={f €C[0,00):IM, > 0s.t. [F(X)| < M (L+X")

. f
and”f”m': Sup [reg) (Xr)n|
Xe[O,oo)1+X
* im [T
C, [O,oo):{f eCm[O,oo):X_>ool+xm <ot

Q. (f;5); the weighted modulus of continuity. It is defined as

Q. (f;8)= sup | f(x+h)— f(x)

, Where f e C_"[0,x0).
x>0,0<h<d 1+(x+h)"

1 if n=0
" n-1
(X_a)q{ (x—q'a) if n>1.



Chapter 1

INTRODUCTION

Positive linear operators play a fundamental role in Approximation Theory. In the last
few decades, the theory of positive linear operators has been an intensively investi-
gated area of research. Especially, Computer-aided geometric design is effected by the
theory of linear operators. In 1885, the first proof of Karl Weierstrass’s Theorem on
approximation by algebraic or trigonometric polynomials was presented as the key
moment in the development of Approximation Theory. Since its’ proof was compli-
cated , many famous mathematicians was attemted to find simpler proofs. Sergej N.

Bernstein constructed well-known Bernstein polynomials as follows:

B (f;x) = kzn;f (S) (Z) 2 (1 — z)k

forany f € C'[0,1],2 € [0,1] and n € N.

Due to the importance of the Bernstein polynomials, a variety of their generalizations
and related topics have been studied (see, e.g [2]-[7], [9], [11], [12], [15], [19], [23],
[27]-[29], [33], [35], [37], [38], [40], [44]-[49]). Recently, an intensive research has
been conducted on operators based on g-integers, see [2]-[4], [9], [27], [33], [35], [37],

[38], [40], [45]- [49]. In [29], N. I. Mahmudov introduced ¢-Szadsz-Mirakjan operators

as follows:

Snal£)(@) = Snglfi0) = = 1 Zf (qk_[];][N]) q@ [n[]k]f ’
[10+0 a0 n)r)=*
B (1.0.1)

where z € [0,00),0 < ¢ < 1,n € N, f € C[0,00) and investigated approxima-
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tion properties of ¢-Szdsz-Mirakjan operators. Moreover, in [30], N. I. Mahmudov

introduced Szdasz operators based on the g-integers

nq f l’ = Zf ( i) k(k 1) [n[]k]jﬂ €q (_ [n] q_kfﬁ) . (102)

- N e Y (N TN

whereq > 1,n €N, f:[0,00) = Rande, (— [n]g"z) =, * = Z%
=0

In this thesis, we use these two operators to obtain new operators. This thesis consist

of five chapters and is organized as follows:

In Chapter 2, we give some basic definitions and elementary properties about linear
and positive operators. We give the definition of Szasz operator and Phillips operator.
Moreover, we give some basic definitions and some elementary properties related to
g-integers. At the end of this chapter, definitions of two ¢-Szdsz operators and their

some basic properties are given.

In Chapter 3, we introduce the following g-Szasz-Durrmeyer operator

° 0o/ (1-q)
Dualfia) = )Y dsualaic) [ suratF0de (103)
k=0 0
[0,00) 1 k(k=1) ]k
where z € [0,00), f € RY* 0 < ¢ < 1,n € Nands,x(¢;z) = Fo =

eq(— [n] x)qik(kz_l) [”[]:]fk by using ¢-Szédsz-Mirakjan operators which was introduced by

N. I. Mahmudov in (1.0.1). Here, we can say that operator (1.0.3) generalize the se-
quence of classical Szdsz-Durrmeyer operators. As we mention before, the approxi-
mation of functions by using linear positive operators introduced via g-Calculus is cur-
rently under intensive research. The g-Bernstein polynomials B,, , (f;z), n = 1,2, ..,
0 < g < oo, were introduced by G. M. Phillips in [40]. While for ¢ = 1 these polyno-
mials coincide with the classical ones, for ¢ # 1 we obtain new polynomials possessing
interesting properties, see [9], [35], [36]. In [45], T. Trif introduced the g-Meyer-Konig
and Zeller operators for each positive integer n, and f € C|0, 1]. Like the classical op-

erators, the g-Bernstein operators and the g-Meyer-Konig and Zeller operators share
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some good properties such as the shape-preserving properties and monotonicity for
convex function. In [23], H. Karsli and V. Gupta introduced and studied approxima-
tion properties of g-Chlodowsky operators. In [38], M. A. Ozarslan and H. Aktuglu
studied Local approximation properties of certain class of linear positive operators
via I-convergence. Very recently, V. Gupta [12] introduced and studied approxima-
tion properties of g-Durrmeyer operators. V. Gupta and H. Wang [15] introduce the
g-Durrmeyer type operators and studied estimation of the rate of convergence for con-
tinuous functions in terms of modulus of continuity. In [11] authors studied some
direct local and global approximation theorems for the g-Durrmeyer operators M,, ,
for 0 < ¢ < 1. Some other analogues of the Bernstein-Durrmeyer operators related to
the Bernstein basis functions p, x(q; z) have been studied by M. M. Derriennic [6]. In
[2], [3] ¢-Sz4sz-Mirakjan operators were defined and their approximation properties

were investigated. In [2], g-Szdsz-Mirakjan operator were defined as follows

= k)b \ [n]* 2*
Snq (f) () == E, (— [7”;]$> Y s <[ [L] ) [EQ]'; , (1.0.4)
n k=0 n
bn nlz\ . _ (7%) _ - G- —% ’
where 0 < z < m, Eq <—%) = Eq — ;q( 1)/2( [j]!) ’f c

C'[0,00), and {b, } is a sequence of positive numbers such that lim,, ., b, = co. Al-
though, from the structural point of view the ¢-Szasz-Mirakjan operators have some
similarity to the classical Szasz-Mirakjan operators, they have convergence properties
similar to the Bernstein-Chlodowsky operators. That is, the interval of convergence
of the series grows as n — oo as in Bernstein—-Chlodowsky operators. In this con-
text, N. I. Mahmudov in [29] introduced ¢-Szasz-Mirakjan operator S, ,(f)(x) and

investigated their approximation properties.

In this chapter,

e we introduce the ¢-Szasz-Durrmeyer operators D,, , and evaluate the moments

of D, g,



e we prove local approximation result for continuous functions in terms of modu-

lus of continuity,

e we study Voronovskaja type result for the ¢-Szasz-Durrmeyer operators.

In Chapter 4, we introduce the following g-Phillips operators

oo/(1-q)

nq f 33' qu 15nk q qx / Sn,kfl(QS t)f(t)dqt + eq <_ [n] qx) f(0)7
k=1 0
(1.0.5)
where 7 € [0,00), f € R>®) 0 < ¢ < 1,n € Nand s, (q;7) = mqw%)% =

eq(— [n] x)qu{l) ["[]:]Tk by using ¢-Széasz-Mirakjan operators which was introduced by

N. I. Mahmudov in (1.0.1). Here we can say that the operator (1.0.5) generalizes the

sequence of classical Phillips operators.

R. S. Phillips [39] defined the well-known positive linear operators

[e.9]

nk ok k11
P,(f;x) = nZe —nx) /e(—nt)(—f(t)dt + e (—nz) £(0),

k—1)!

where = € [0, 00) . Some approximation properties of these operators were studied by
Gupta and Srivastava [17] and by May [34]. Bézier variant of these Phillips operators
were proposed and studied by Gupta [16], where the rate of convergence for the Bézier
variant of the Phillips operators for bounded variation functions was discussed. As we
mention before, N. I. Mahmudov in [29] introduced the ¢-Szdsz-Mirakjan operators
and investigated their approximation properties. Very recently Gupta [13] proposed
another sequence of g-Phillips operators based on ¢-Szész basis functions considered

in [2] as

bn

P (f(t);w)=[%gs / st OF a4 By (=10l -) £0),

n

where i
q [] ) o
Sn,k(x):mEq —[n]qb— :
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In this chapter,

e we introduce g-parametric Phillips operators,

e we study the approximation properties of the ¢-Phillips operators,

e we establish some local approximation results for continuous functions in terms

of modulus of continuity ,

e we obtain inequalities for the weighted approximation error of g-Phillips opera-

tors,

e we study Voronovskaja type asymptotic formula for the ¢-Phillips operators.

We have recently considered the g-analogue of well known Phillips operators [39] for
the case when 0 < ¢ < 1. In chapter 5, we consider the other case i.e. ¢ > 1 and
here we discuss the approximation properties of g-Phillips operators, for this case.

Therefore, we introduce the following ¢-Phillips operators

oo/lf%
Pug(fi2) =[] ) *sur(a;q2) / snp-1(g: 1) (B)drt + Es (= [n]x) f(0),
k=1
" (1.0.6)
where 2 € [0,00), f € RI%®) ¢ > 1 n € Nand
1 bk 1 bk
5n,k<Q§x) = TrG-D [n[]k]‘x eq(_ 1] q_kx) = TrG-D [n[]k]f Eé(_ 1] q_kx>

qg 2 q 2

by using g-parametric Szdsz operators which was introduced by N. I. Mahmudov in
(1.0.2). As we mention above, in [30], N. I. Mahmudov introduced a ¢-generalization
of the Szdsz operators in the case ¢ > 1. Notice that different g-generalizations of
Szasz-Mirakjan operators were introduced and studied by A. Aral and V. Gupta [2],
[3], by C. Radu [43] and by N. I. Mahmudov [29] in the case 0 < ¢ < 1. Notice that

the rate of approximation by the ¢-Szdsz operators for ¢ > 1 is of order ¢~ 2, which is

better than \/% (rate of approximation for the classical Szdsz-Mirakjan operators).
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In this chapter,

e we construct g-parametric Phillips operators in the case ¢ > 1 and evaluate the

moments of P, 4,

e we establish the local approximation result for continuous functions in terms of

modulus of continuity,

e we obtain a Voronovskaja type asymptotic result for the ¢-Phillips operators.



Chapter 2

PRELIMINARY AND AUXILIARY RESULTS

2.1 Positive Linear Operators

In this part, we mention about some basic definitions and some elementary properties

including positive and linear operators. For more detail on this topic see [8].

Definition 2.1.1. (/8]) Suppose that X and Y be two linear spaces of real functions.

We say that, L : X — Y is linear operator if

L(af + Bg) = aL(f) + BL(g),

forall f,g € X and for all o, 5 € R. Furthermore, ifV f > 0, f € X implies that

Lf >0, then L is a positive operator.

Throughout this section, we employ the notation L( f; x) but in some case (L f)(z), to

highlight the argument of the function Lf € Y.
Proposition 2.1.2. [8]Suppose that L : X — Y be a linear positive operator. Then
(i) L is said to be monotonic, If f,g € X with f < g then Lf < Lg.
(17) forall f € X we have |Lf| < L|f].

Definition 2.1.3. (/8]) Let X, Y be two linear normed spaces of real functions such

that X C Y andlet L : X — Y. To each operator L we can assign a non-negative

number ||L|| defined by

IL == sup [[Lf][= sup [Lf].
FeX, lifl=1 fex, |Ifl<1



It is clear that,

|| satisfies all the properties of a norm and therefore is called the

operator norm.

If we consider X =Y = C [a, b] the following can be stated regarding the continuity

and the operator norm:

Corollary 2.14. ([8]) If L : C'la,b] — C'[a,b] is positive linear operator then L is

also continuous and || L|| = || Leo|| where ey = 1°.

The following result provides a neccesary and sufficient condition for the convergence
of a positive linear operator towards the identity operator. This classical result of ap-

proximation theory is mostly known as Bohman-Korovkin Theorem.

Theorem 2.1.5. ([8]) Assume that L,, : C'[a,b] — C'|a,b] be a sequence of positive
linear operators and let e; = t'. If lim L,(e;) = e; i = 0,1,2, uniformly on [a,b],
n—oo

then lim L, (f) = f uniformly on [a,b] for every f € C'[a,b].

Because of the above theorem the monomials e; = t', i = 0,1, 2, play an important
role in the approximation theory of linear and positive operators on spaces of continu-

ous function. They are often called Korovkin test-functions.

Many mathematicians have been inspired from this elegant and simple result to extend
the last theorem in different directions, generalizing the notion of sequence and con-
sidering different spaces. In this direction Korovkin-type approximation theory arose
such as a special branch of approximation theory. The complete and comprehensive

exposure on this topic can be found in [1].

The following inequality which is called Cauchy-Schwarz inequality is used in many

estimates
(L(f9)* <L(f%) L(9%), f.g€Clab].

8



The following theorem gives the Holder-type inequality for positive linear operators

which reduces to the inequality of Cauchy-Schwarz in case p = ¢ = 2.

Theorem 2.1.6. ([8]) Assume that L : C'|a,b] — C'[a, b] be a positive linear operator

and L(eg) = eg. For p,q > 1, % + % =1, f € C|a,b] one has

Q=

L(\fgl;2) < L(fI";2)7 L(|g|"; )

The following quantities play an important role for positive linear operators L : C' [a, b] —

C'la,b] . For n > 0, the moments of order n is denoted by
L((eg—x)";2):=L((ey —x)")(x), = € [a,b

and for n > 1, the absolute moments of odd order n is denoted by
L(ley —z|";2):=L(ley —x|") (z), = € [a,b].

The first absolute moments L (|e; — x| ; z) and the second order moments L ((e; — z)?; )
are very important moments. In general, it is difficult to compute the first absolute mo-

ments, hence the Cauchy-Schwarz inequality is used to estimate as follows:

L(jer — ] :2) < \/L((e);0)/L ((e1 — 2)%; ). @.1.1)

But sometimes this approximation is too harsh. Therefore, we give some alternative

ways as follows:

Proposition 2.1.7. [8] Suppose that L, p, q, f and x are given as in Theorem 2.1.6, and
let 0 < n = ny+ney be a decomposition of the non-negative number n with ny,ny > 0.

Then

Q=

L(ley—a|";2) < L(ley — 2| 2)7 L(|ey — x|"*7 ;)
For the casen =1,n=n1+ny =0+ 1, p = q = 2, this reduces to (2.1.1).
Proposition 2.1.8. [8]If L : C'|a,b] — C'[a,b] is a positive linear operator such that

Leg=egand1 < s < r.Then

1
T

L(ler —z*;2)* < L(ler — 2| :2)7, = € [a,b].

9



Example 2.1.9. ([8]) (i) Let L : C [a,b] — C'[a, b] be a positive linear operator with

Leg = eg. Then we obtain

N

L(lex —2|; ) SL((el—x)zsﬁﬁ)% SL(\el—x\?’;w)% < L((ex—2)";2)

(ii) An alternative way to bound the third term via Cauchy-Schwarz is

D=
o=

L (e —IL‘|3;JZ)% < L((ex —x)z;x) L ((ex —x)4;x)

A recurrence formula for moments of higher order is given .

Proposition 2.1.10. [8]If L is a linear operator and k € Ny, then

k—1

L ((61 - x)k;x> Lley;x Z ( ) k=lp ( er — )’ ;x) . 2.1.2)

=

Proof. Write

~ L ((e1 _a); :1:) + S (’;) 2L ((61 - ;x) ,

=0

which implises the representation of the k-th moment. 0

Remark 2.1.11. (/8])

(i) The equality (2.1.2) holds without the assumption Le; = e;, fori = 0, 1.

(i1) To compute L <(61 — x)k ;x) we can use Proposition 2.1.10 if we know L(ey; x)

andL((el—x)l;x>,0§l§k—1.

10



Corollary 2.1.12. (/8]) If L is a linear operator with Le; = e; , i = 0,1, then we

obtain the following moments

L((en— )% x) = L(es;z) — 2° — 3zL ((eg — z)? ;)

L((ex — z)t z) = L(eg;z) — 2* — (4zL ((e1 — ) ;x) + 62°L ((er — )% z)) .

The degree of convergence of positive linear operators towards the identity operator
are measured by using the main tools the first modulus of smoothness and the second
modulus of smoothness. For f € C'[a,b] and § > 0, first modulus of smoothness is

defined as

w (f;0) := w1 (f;0)
=sup{|f(x+h)— f(z)|:z, x+h €la,b], 0 <h<d}; (2.1.3)

and the second modulus of smoothness is defined as

wy (f;0) = sup {[f(x + h) = 2f(x) + f(z = h)| :

z,x £ h€la,b], 0<h <45}, (2.1.4)

Definition 2.1.13. (/8]) For k € N, § € R, and f € C'|a,b] the modulus of smooth-
ness of order k is defined by

wi (f;0) = sup{‘Aﬁf(xﬂO < h<é,z, x+kh € la,b } (2.1.5)

Proposition 2.1.14. (see [8])

1) wi (f;0) = 0.

2) wy, (f;.) is a positive, continuous and non-decreasing function on R .

3) wg (f;.) is sub-additive, i.e., wy (f;01 4+ d2) < wy (f;01) +wi (f;02),0; > 0,1 =

1,2.

11



Y5 >0, werr (f;0) < 2w (f;9).
5)If f € C'[a,b] then wyy 1 (f;0) < dwy (f;6),6 > 0.

6) If f € C" [a,b] then w, (f;6) < 6" sup |f(5)].
d€[a,b]

)V >0andn € N, wy, (f;nd) < nfwy (f;0).

8)Vd>0and r>0,wy (f;rd) < (1+ [r])*wy (f;0), where [r] is the integer part of

T.
9) If § > 0 is fixed, then wy, (f;.) is a seminorm on C [a, b] .
2.2 Szasz Operator

In this section, we give the definition of Szdsz operators which was defined by Otto

Szasz in 1950.

Definition 2.2.1. The positive linear operators

Sulfir) = e kiof (&)t

where © € [0,00) C Rand n € N are called Szdsz operators.

These operators are a generalization of the Bernstain polinomials to infinite intervals.

2.3 Phillips Operator

In this part, we give the definition of Phillips operators which was defined by R. S.

Phillips [39].

Definition 2.3.1. Let Cp [0, 00) be the space of real valued continuous bounded func-

12



tions f on [0, 00) endowed with the norm || f|| = sup | f(z)| . The positive linear oper-
>0

ators

% nkok k—lpk—1
Pa(fi) = 3 el=ne) i [ el=nt) T f (0 + (=) 0)

where x € [0, 00) . These operators are called Phillips operators.

2.4 q-Integers

Definition 2.4.1. Consider an arbitrary function f(z) and g € R*\ {1} . The following

expression

_ dof(x) _ flgx) — [f(x)

Dy f(x) = e (q=1)s 2.4.1)

is called q-derivative of the function f(x).

For any constants a and b, D, has the following property

D,(af(x) +bg(z)) = aD,f(z) + bD,g(z).
Therefore, we can say that ), is a linear operator on the space of polynomials.

Definition 2.4.2. For any n € N and q € R*, the q-analogue of n (q-integer) is defined

1-¢" _ 24+t 1
{1_ Fat+ P+ T i g # and [0]:=0 . (2.4.2)

q
n if g=1

By using Definition 2.4.2, we define
N, ={[n], withn € N}. (2.4.3)

It is clear that, the set of g-integers N, generalizes the set of nonnegative integers N,

which we recover by putting ¢ = 1.

13



Definition 2.4.3. For any n € N and q € R*, the q-analogue of n! (q-factorial) is

defined by
1]2]...[n] if n=1,2,...
| = | =
[n]! = [n],! { Lif =0 . (2.4.4)
Definition 2.4.4. We define q-analogue of (x — a)™ as
w  [l@—a)(x—qa).(r—q¢"'a) if n>1
(x —a); = { ) ifn=0 (2.4.5)
Definition 2.4.5. For integers 0 < k < n, g-binomial coefficient is defined by
n n][n—1]...[n —k+1] [n]!
= = . 2.4.
i Gl [l fn— 1 (240

Here, we can say that the g-binomial coefficients reduce to the ordinary binomial co-

efficients (}) = k,(%k), as ¢ — 1.

Lemma 2.4.6. Let n be a nonnegative integer and a be a number. Then we have

(@ +a)y:=>_ m PUV2g gn= (2.4.7)

Jj=0 J

which is called the Gauss’s binomial formula.

Lemma 2.4.7. For a given nonnegative integer n, we have the following formula

1 :1+i[n][n+1]..l.[n+j—1]xj

—(1 =T i (2.4.8)

j=1

which is called Heine’s binomial formula.

Now, we consider Lemma 2.4.6 with « and a replaced by 1 and x respectively to obtain
the following Gauss’s binomial formula
(L+a)) =) m G20, (2.4.9)
— ]
J
At this position, someone may wonder, what happen if the limit of formula (2.4.9)

and (2.4.8) are taken as n — oo. In the ordinary calculus, i.e., ¢ = 1, the answer is

14



either infinitely large or infinitely small, it depends on the value of x. But, in quantum

calculus it is different. For example, when |¢| < 1, the infinite product
(I+2)°=(1+z)(1+qz)(1+¢’x)...

converges to finite limit. Another one, if we suppose |¢| < 1, we have

1—¢" 1
lim [n] = lim — L = (2.4.10)

n—oo n—oo 1—q 1—q

and

i, u = Jm, G — ]!
~ lim n)n—1]...[n—j+1]
n—so0 [7]!
oy =@ =g (1 =g
nsoo (1 —q)(1—¢?)..(1—¢)
1
C(1=q)(1—=¢?)..(0 = ¢)

Therfore, the ¢-integers and g-binomial coefficients behave in a very different way

(2.4.11)

when n is large as compared to their ordinary counterparts. Assume that |¢| < 1.
We obtain two important identities of formal power series in x by using (2.4.10) and

(2.4.11) to Gauss’s and Heine’s binomial formulas as n — oo :

J
(1+ iG-1/ v . 2.4.12
) Zq T—o0-d=0) (2412

(2.4.13)

Moreover, we have

= J
_ i <T‘1> , (2.4.14)

Since each term in the sums of (2.4.12) and (2.4.13) has no meaning when ¢ = 1,
they have no classical analogues. Interestingly, the two identities were discovered by

Euler, who lived before Gauss and Heine. In this respect, the formula (2.4.12) is called

15



Euler’s first identities or F; and the formula (2.4.13) is called Euler’s second identities

or EQ.

There are two g-analogues of the exponential function e”.These are given from the

following definitions:

Definition 2.4.8. (/19]) A q-analogue of the classical exponential function €” is

= ["E— (2.4.15)
j=0
Since we have (2.4.14), we can say that
/170 = L (2.4.16)
(1-— x)go
or
- ! 2] < gl <1 2.4.17)
el = , |l < ——, g ) 4.
T A- (- =

Definition 2.4.9. ([19]) Another q-analogue of the classical exponential function is

=> v =1+ -q),, lad <1. (2.4.18)
J=0 :

According to (2.4.17) and (2.4.18), we can say that two exponential functions are

closely related. These relations are given as follows
e b =1 (2.4.19)

and by using (2.4.12) and (2.4.13), we obtain

. (1—1/q)a
1/ = ; (1-1/¢)(1 —1/¢?)...(1 — 1/¢)

— N j(i—1)/2 (1 —q)ia?
]Z:;q (1-q)(1—¢?)..(1 - ¢)

o0

and so

et), = E°. (2.4.20)

Definition 2.4.10. The q-Jackson integral of f(x) is defined as

[ 1@ = —apS @ s @421

16



Here we use Jackson formula (2.4.21) to define the definite g-integral.

Definition 2.4.11. Let a > 0. The definite q-integral is defined as

[ f@de=att- 03" a'fa'a) 2422)
0 3=0
Definition 2.4.12. ([19]) The q-improper integral of f(z) on [0, 00) is defined to be
/ fla)dgr = Y / fl@)dgr =(1-q) Y ¢f(d) (2.4.23)
0 j=—0 g+l j=—00
if0<qg<1,or
@7 +1
/f = 3 /f e =(a-1) S ¢ (@) (2.4.24)
j=—o0 * . j=—00

ifg>1.

Definition 2.4.13. ([18], [25]) For A > 0, the q-improper integral is defined as

oco/A

/f(x)dqx =(1-q) _i qzjf (%) . (2.4.25)

In this thesis, the following two gq-gamma function are used.

Definition 2.4.14. ([7]) If x > 0, the q-Gamma function is defined as follows

/ t" LB, (—qt)d,t. (2.4.26)

0
Definition 2.4.15. ([7]) For every A, x > 0, the q-gamma function is defined to be
00/A(1—q)

(@) = / t* e (—t)d,t. (2.4.27)

0

Theorem 2.4.16. ([7]) For every A, x > 0 one has
Ly(r) = K(A;2)7) (x), (2.4.28)

where K (A;z) = - A" (1 + )Z (1+ A);_JC :

1+A

17



In particular for any positive integer n

n(n—1)

K(Ain)=q (2.4.29)

and

n(n—1)

Ly(n)=q > vf(n) see [7]. (2.4.30)

2.5 ¢-Parametric Szasz Operators
In this section, we would like to draw attention to the g-parametric Sz4sz operators.
In [2], A. Aral and V. Gupta introduced ¢-Szdsz-Mirakjan operators as follows

)2 () i

n

[n]x
bn

Sa( 1)) 1= E, -

whereO§x<(

#}{n], 0<g<1l,neN,feC]0,00)and {b,} is a sequence of

positive numbers such that lim b, = oco. Moreover, they investigated the approxima-
n—oo

tion properties of the defined operator.

In [29], N. I. Mahmudov introduced ¢-Szasz-Mirakjan operators as follows

k
.’L’k

Snal @) = Snalfi2) = : > 1 (q’“[lz][n]) o [n[]k]! ’
[Ja+0-q¢ n]z)+=°

Jj=0

where x € [0,00),0 < ¢ < 1,n € N, f € C'[0,00) and investigated approximation
properties of g-Szédsz-Mirakjan operators. Here S, 4 is linear and positive operator as a
classical Szasz-Mirakjan operator 5, In the theory of approximation by positive oper-
ators, moments .S, ,(¢"; x) have very important role. In this respect, we will only men-
tion the following recurrence formula and explicit formulas for moments S, ,(t™; ),

m=0,1,2,3,4.

Lemma 2.5.1. ([29]) Let 0 < q < 1. The following recurrence formula holds

Sy (" x) = Z <m) . i T Spq(t; 7). (2.5.1)

= \J 2j-m-11p,

18



Lemma 2.5.2. [29] Let 0 < g < 1. We have

q2

STL’q(l’ x) - 17 Sn’q(t’ x) - qx7 Sﬁ‘vQ(t2’ 'r) - q‘r2 + mx7
3 2
Sn.q(t’; ) = q—ﬁ +(2¢* + Q)x— + 2%,
[n] [n]

IS
8

Spq(thz) = : +(3q3+3q2+q)x—2+ <3q+2+1> x—5+x—4
n,q ) [n}S [n]Q q [n] q '

In [30], N. I. Mahmudov introduced a g-generalization of the Szdsz operators in the

case ¢ > 1 as follows:

Definition 2.5.3. (/30]) Let ¢ > 1 and n € N. For f : [0,00) — R we define the Szdsz

operators based on the q-integers

M, (f;z) = kz:; f <%) k(il) [”[]k]'x eq (— [n] q—kx) .

q 2

Before as we mentioned that different g-generalizations of Szdsz-Mirakjan operators
were introduced and studied by A. Aral and V. Gupta [2], [3], by C. Radu [43] and by
N. I. Mahmudov [29] in the case 0 < ¢ < 1. When N. I. Mahmudov defined ¢-Szasz
operators for ¢ > 1, he noticed that the rate of approximation by the ¢-Szdsz operators
for ¢ > 11is of order ¢~ 2, which is better than \/% (rate of approximation for the clas-
sical Szasz-Mirakjan operators). Therefore he found that the approximation properties
of his ¢g-Szasz operators are better than the classical Szasz-Mirakjan operators and the

other ¢-Szédsz-Mirakjan operators.

The operator M,, , is linear and positive operator as classical Szdsz operator .S, Also
in the theory of approximation by positive operators, moments M,, , (t"*; z) have very
important role. In this respect, we will only mention the following recurrence formula

and explicit formulas for moments M, , (t™;z), m =0, 1,2, 3, 4.

Lemma 2.5.4. ([30]) Let ¢ > 1. The following recurrence formula holds

" /m\ xg’ _
Mn,q(thrl;x) - Z ( ) ]?n_j M"’q(tj;q 113)

= \J [n

19



Lemma 2.5.5. [30] Let ¢ > 1. We have

1
My (i) =1, M, (t;x) =z, M, ,(t*;2) = 2° + ]
n
(2+4q) 2 1
M, (t3;x) =2’ + "+ —zx
' [n] [n]?
4 4 o T 5 T2 1
My q(th o) =a* + (3+2¢+¢°) == + 3+ 3¢+ ¢*)—5 + —32.
g ) ]
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Chapter 3

ON ¢-SZASZ-DURRMEYER OPERATORS

In this chapter, we introduce the g-Szdsz-Durrmeyer operators D, , and evaluate the
moments of D, ,. We prove local approximation result for continuous functions in
terms of modulus of continuity. Furthermore, we study Voronovskaja type result for

the ¢g-Széasz-Durrmeyer operators. (see [32])

3.1 Moments

In this section firstly, we introduce the following so called g-Szasz-Durrmeyer opera-

tors which generalize the sequence of classical Szasz-Durrmeyer operators.

Definition 3.1.1. For f € R>® 0 < ¢ < 1 and n € N, we define the following
q-Szdsz-Durrmeyer operator

oo/(1-q)

Dyg(fi2) = [n] > " snnlg; z) / S (q; 1) f(t)dgt. 3.1.1)
k=0 0
k(k=1) [1F b k(k=1) [1F 5k
where x € [0,00) and s, (q; ) = mq 2 [[]k—], — e (—[n]a)g = | []k}! .

Itis clear that s,, ;(¢; z) > Oforallq € (0,1) and x € [0, 00) . Moreover » s, x(q; ) =
k=0
1 k(k—1) [n]kmk (by 2._4.18) 1
EEP2 T W B

E,([n]z) = 1.

Secondly, we calculate D, ,(t';z) for i = 0,1,2. By the definition (2.4.15) of ¢-
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Gamma function v,, we have

o0o/(1—q) oo/(1-q)
t° Sn,k Q7 / ts
0
oo/(1—q)

o1
= [TL]S+1 (]!

1 1

- [n]5+1 [k]]q

__ 1

o [n]sﬂ [k]!q
1 1

k(k—1)

N
k(k—
2

k(k—

v (k+s+1)

v Ly(k+s541)
q(k+s+1)(k+s)/2

1) [k + S]!

s+ (ets)/2” s € NU{0}.

Lemma 3.1.2. We have

1 . 1
¢ [n]q
1+q 1

¢ [n]*

D, (1;z) =1, D, (t;x) =

(1+q)
¢ [n]

1
—r?+

Dn,q(t23 T) = q°

Proof. We know that, (see [29])

q2
— .

o g

(17'17) = 17 qu(t;.l’) =4qx, Sn,q(t2;x> - qx2 +

Using the above formulas we get
. oo/(1-q)
Dn,q(h il?) = [TL] qusn,k(Q7 .73) / Sn,k(Q; t)dqt

Zq Sn,k Q7

1 gkt=1)/2
q(k+1)k/2
k(k+1)/2

_ : )q
=D snr(@ gk Dk/2
k=0

o0
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= TL] qusnyk<q,
k=0

oo/(1-q)

/ tsn k Q7
0
+

. k )
= [n] ZCI Sn,k(qa x) [n]2 qUk+2)(k+1)/2
+1] 1
= ank Qa ] q_+
- ZS k(g (K] qk)i
n, ) k+1
— [n] ¢t
= [K] 1
snk(q, .T) + Sn k<Q7 LC)
2 2 il
Lg (t; z) + L g (L;z)
= Pn 3 L T 1em, » L
@ ™ q[n] ™
1 n 1
- ql' —_—
¢ [n]q
T . 1
¢ [n]q
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and

. o/ (1-q)
D, (t*;7) = [n] qusn,k(q; x) / 25, x(q; ) d,t
k=0 0
R k2 [k+1] g2
- [n] kz_oq 3n,k(Q7 .CIL') [n]3 q(k+3)(k+2)/2
_ is (G e D ORI
p ) ’ [n]2 q2k+3

— an,k(CI; I)ﬂ]zqm}ﬂg + an,k(Q; IE)Qk(z[Z]E) L q2i+3

- gsm(q,@%qzég + gsnm,m 2? E i qk1+3

+ gsn,k(% x) (1[;]261)%

- qioo q%[—kﬁ ponalde) f;[n?)iw[kl 7o (32)
o kif"’“(q’ "

- %an(tQ;x) + (62];[7,3) Snq(t;z) + (2;53) Sng(1; )

~ (o fe) + S (R

- q51[n]x * ol q31[n] ! %ﬁ ;)

3 e (e d)

Lemma 3.1.3. Forall 0 < q < 1 the following identity holds:

m 1 . o
Dy q(t ;l')z[n]mq(mzc&m Z [n]° ¢ mksnk ¢; ).
s=0 k=0
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Proof. Indeed, we have

1 k-1 [k + m]‘
_ k ) P
= [n] Zq Sn (45 ) [n]m+1 [k]!q ? g(k+m+1)(ktm)/2

k4 m] ... [k+1] 1 |
- Z q(m2+2mk+m)/2 sn,k((b 55)

Snk(q; )

1 i[k+m];;€[k+1]

[n]m q(m2+m)/2 q

1
- [n]™ q(m*+m) /22 mkzosm K] sn k(g 7)

] q(m2+m/2zzcsm S”’f(q’ z)

k=0

k=0 s=0
% 5°° s ,
[n] q(m2+m/280 sm kon ik Sn.k q,
where C ,,,(q) is defined by the following formula
k+1][k+2) ... [k+m]=]] (s] = Comlq) [K]°.
s=1 s=0
Here Cs ,(q) > 0, s = 0, ..., m are constants independent of . ]

3.2 Local Approximation

Let Cp[0,00) be the space of all real-valued continuous bounded functions f on

[0,00), endowed with the norm ||f|| = sup |f(z)|. The Peetre’s K-functional is
z€[0,00)

introduced by

Ky(f;0) = it A[lf =gl +dllg"ll},

geC%0,00)

where C%[0,00) := {g € C5[0,0) : ¢',¢" € Cp[0,00)} .

By [[8],p.177, Theorem 2.4] there exists an absolute constant A/ > 0 such that

Ko(f,8) < Muws(f;V6), (3.2.1)
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where § > 0 and the second order modulus of smoothness is defined as
wy(f;V6) = sup sup |f(x+2h) = 2f(x+h)+ f(z)|,
0<h<dze[0,00)
where f € Cp [0,00) and 0 > 0. Also we let
w(f;0) = sup sup |[f(z+h)— f(z)]
0<h<d z€[0,00)
Lemma 3.2.1. Let f € Cp [0, 00) . Consider the operators
1 1
D; (fix) =Dy, (f;z)+ f(z —f(—x+—>.
,q( ) lI( ) ( ) C]2 [n] q

Then, for all g € C%[0,00) , we have
(1 —¢)(+2¢* +2¢")

N%Jm@—g@MS{ y :

1 4 2q + 3¢? 142
+(——ﬁ——1)x+f—ﬁ}ww.

q°[n] ¢ [n]’

Proof. From (3.2.3), we have

1 1
D; (t—x;x) =D, (t —x;2) — —I—i———:z:)
= 2i2) = Duylt — i) (ot o

1 1
= Dng(t;2) = 2D g(152) — (—2x + —) +2=0.

¢ [nlq
Letz € [0,00) and g € C% [0, c0) . Using the Taylor’s formula
t
o(t) = o) = (t = 0)g () + [ (¢ = g ),

T

we can write by (3.2.5) that

D;, (g;z) — g(x)

t

= D, ((t = ) (2)i) + Dy [ (¢ = i (w)dus)

[ \a [n]q
~ D, q(t/(t —w)g" (w)du; ) — 7] (% + [nﬁ - u) §"(w)du

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)



On the other hand, since

t

[t - g wa < / 1t — ul|g" ()| du

t
<1lg"l / 1t ul du

< (t—2) "l

and

we conclude that

D2, (g:2) — g(2)| = | Do / (t — u)g"(u)du;

n?q

‘ =

S
+

(% + ﬁ - u) ¢ (u)du

< Dn,q((t - x)Z Hg”H )

xT

1 2 1 1 1
+ xz(——l) +2(——1) T+
¢ ¢ nlq” " [n)? ¢ I

//H

< Dog((t —2)*2) [lg"|

1 2 1 1 1
T (—2—1) x2+2(—2—1) it —||g
q q n]q  [n]° ¢

//H
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Thus, from the fact that

Dn,q((t - x)2§75)
= D, ,(t* = 2t + 2%, )
= qu(tQ; x) — 2z D, ,(t; z) + xQDnyq(l; x) + 22—z

< ‘qu(tz;x) — a:2| + 22 |D, 4t x) — x|

w

R

2

1 2 1 2 2 1
—6+—2—3)ZL’2—|—<( +Q) + >$+(—3

¢>[n]  [nlq

|D; (g:2) — g(2)]

- [n?q”(%—l)ﬁ)x

: {(%%‘3) o <<1q5+[§])2 " [n2]q> o <q_
1 1

(@) (E )= (o

)#

-1z + —=x
[n]q
1 1.1

rT+(—=+—=)—=
<q3 qQ)[n]Q

1 1

q? [n]27

1+ 2¢q

(1—q 1+2q + 2q ))962_i_(1—|—2q—|—3q2
¢° [n]

Lemma 3.2.2. For f € Cp[0,00), we have

[Dn g fll < (I
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Proof. Since s, ;(q;x) > 0forall g € (0,1) and z € [0, 00) , we get the following

. %0/(1-q)
wwmm:mQ)mmm>/8m@www
k=0

0
. wo/(1-q)
<> sl [ Isnalast)] 700yt
k=0 0

oo/(1-q)

=M§y%mwu/%mwmmw

gmm&)%mm>/sm@wﬂ
k=0

= [1F1l Dng(1; 2)

= [IfII-

O

Lemma 3.2.3. Let the operators D}, , be defined by (3.2.3) and let f € Cp |0, 00).

Then

1D; ,(Fi ) <311

Proof. By Lemma 3.2.2 and (3.2.3)

D70 (f5 )] < 1 Dag(f5 )1+ 21LF1 < 31

O]

Theorem 3.2.4. Let f € Cp[0,00). Then, for every x € [0,00), there exists a con-

stant L > 0 such that

|Drng(fi2) = f(2)] < Lws(f; v on(q; x)) + w(f;an(q; x)),

where

on(q; ) =

(1—¢*)(1+ 2¢* +2q4)$2 N (1 ~l—2q+3q2) ) 1+ 2q
g ¢ [n] 3 [n)?
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and

Proof. From (3.2.3) and for all g € C% [0, c0) , we can write that

Dl fi) — F(a)
Dhumo—ﬂmmwﬂ@_fcﬁ+ﬁﬁ)

= |D; (f;x) — f(z) + D} ,(9;2) — D} (g; %) + g(z) — g(z)|
-4ﬂ@—f(%+ﬁi)
D@ﬁ—gm%ﬂf—muﬂ+p@g_f(3+__M

<

<

+|D; (g:2) — g(2)]

Dy (f = go)| +|(f = 9) ()| + ’f(*’”’) -/ <£ * L)'

<

+

D; (g;2) — g(z)].

Now, taking into account boundedness of D,  and the inequality (3.2.4), we get

| Dng(f; ) = f(2)]

r 1

<aly—at+ |0 -1 (5 ;)|
(1-¢*)(1+2¢> +2¢") ,  1+2¢+3¢ 1+2q} !

+{ ¢ SO Y o1

1 1
SMV—w+w(ﬁ(?—&)w+WE)+%MMM¢W

Now, taking infimum on the right-hand side over all ¢ € C% [0, o) and using (3.2.1),

we get the following result

| D (f52) = f(2)] < 4K5(f;00(q; 7)) + w(f; an(g; )
< 4Aw (f5 Von(q; ) + w(f; oam(g; )
= Lwy(f; Von(q; 7)) + w(f; an(q; 7))

where L = 4A > 0. O]
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Theorem 3.2.5. Let 0 < o < 1 and E be any bounded subset of the interval [0, o0) .

Then, if f € C|0,00) is locally Lip(«), i.e. the condition

fy) = f@)| <My —=z

“y€ Fandzx € [0,00) (3.2.6)

holds, then, for each x € [0, 00) , we have

Dug(fi2) = f(@)] < M {63 (g0) +2(d (3, B))" )

where 6,(q; x) is the same as in Theorem 3.2.4, M is a constant depending on o and

fyand d (z, E) is the distance between x and F defined as

d(z,E) =inf{ly —z|:y € E}.

Proof. Let E denote the closure of E in [0, 00) . Then, there exists a point 7y € E

such that |x — zg| = d (z, F) . Using the triangle inequality

1f () = f @) <[f (y) = f ()| + |f (x) = f (o)

we get, by (3.2.6)

[ Dng(f32) = f(2)] = [Dng(f;2) = Dng(f(2); 2)]
< Dug(lf (y) = f (2)]52)
< Dug(If () = [ (20)]52) + D g(|f (x) = f (20)|; %)
= Dng(f (y) = f (xo)[52) + | (2) = f (o)
< MA{Dng(ly — ol”;2) + |z — 20|}
< MA{Dng(ly — 2|” + [z — 20" 5 2) + |2 — 20|}

= MA{Dng(ly — x| 2) + 2|z — x|}
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Using the Holder inequality with p = 2, ¢ = 72~ we find that
[ Dy g(fi2) — f(2)]
< M{[Daglly — 2| ;)

= M{ [Dag(ly — al*;)]

D=

(D15 2))7 +2(d (2, E))"}

[N]1)

+2(d(x, E))*}

s{|[(G-0) 2] e )
1 1 1

3.3 Voronovskaja Type Theorem

In this section, we prove Voronovskaja type result for the q-Szdsz-Durrmeyer opera-

tors.

32



Lemma 3.3.1. Let 0 < g < 1. We have

1 241 1 2 41)° 2 41)°
Dog(thiay =Dt v 1) g+ Dlg e+l (944 i ) 2
[n]”¢° [n]” ¢° [l ¢
1 3
+qﬁ$ )
Dy (i) = @+ D@+ +1) g+ (@+@+ D@+ ) @+’
Y [n]" g0 [n]” ¢4
@+ D@+ g+ @+ @+ D)@+ 5 1,
2 17 19 20 :
[n]"q [n] ¢ q

Proof. In order to prove Lemma 3.3.1, we have to use Lemma 2.5.2. For f(t) = 3,

we get
Dn,q(t:s;x)
1 =[k+3][k+2][k+1]
- Sn L
[n]® q6§ q3* w45 2)
1 i K + ¢" (3 + 2 + ¢) [K]* + ¢** (3 + 4q + 3¢ + ¢°) [K]
[n]® ¢ <= g
Fl4+q)(1+q+¢
1 (k) (34 2g + ¢%) [k]?
T Z—Smk(% ) + Z Sk (¢; @)
)" ¢° {ko ¢ k=0 ¢
~(B+49+32+ ) [k x
+Z( ! Z 7)| ]Smk(q;xHZ(lJrQ) (14+q+¢°) sn,k(q;x)}
k=0 4 k=0
1 [P (B+2¢+ ) [k
=) 3 - SnklG:2) + Sni(q; )
qﬁ;[n]g’q% * [n] ¢° ;[n]Qq% .
3440 +3¢% + ¢*) [k 1+2¢+2¢° + ¢
(3+4q 2q6 7°) Hksnk(q;xH( q 3(16 7°) 50 1(0:2)
[n]"q ~[nlq ) ¢ e
Lo~ W B+20+ ) [k
= 5273 g SnklT) + Sn.k(q; T
B LB s R

(B+4¢+3¢% +¢*) = [K]

Snk(q; ) (420 20"+ 4') 5
[n)* ¢® [n]gs=2 "

3
[n]” ¢ pr

Sn,k(Q; $)
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k=0 q

(B34+4¢+32+ )= [k (1420 +2¢%* 4 ¢*) =
2 g k_QSn,k(Q;x>+ 3 6 Sn,k(Q;x)
[n]"q “—~[n]q n]”q —
1 [ 9 z” 3> (3+2q+q2)( s
= |-+ 2¢ +q) =+2 |+ ——— | qx"+ =7
- (W 2+ a) 55 g ]
+(3+4q+3q2+q3)qx+(1+2q+2q2+q3)
n)? ¢ [n)” ¢°
1 2¢*+q) o, 1 4 (B3+2¢+¢%) 5, (3+2¢+4¢%
= STttt 7+ 5+ 9 x 2 o
q° [n] q** [n] q [n]q [n]"q
(3+4q+3¢*+ ¢3) (1+2q +2¢* + ¢3)
7 r+ 3 6
[n]"q [n]"q
(14204 2¢*+¢*) 1 (34+2¢+¢*) (B+4q+3¢*+¢°)
o 3 6 + 9 ]2 2 g 2 7 L
[n]”q q° [n] [n]"q (n]"q
(28 td  BH2t) b 1o,
q'? [n] [n] ¢° q*?
_ (L+2¢+2¢°+¢°) | (1+43¢+5¢° +5¢° +3¢* +¢°
3 6 2 9 z
[n]”q n]"q
142 2 1
L (LE q+3q -2 +q>x2+3x3
q
+1)(q+ +1 +1)(g+ ¢ +1)7° +q2+1)° 1
_ (g (q e+l arVletad+l) (e qn)x%ﬁﬁ
[n)® ¢ [n]” ¢° [n] q q

and for f(t) = t*, we have

Z [k + 4] [k + ?)q]4[kk + 2] [k + 1] o 2(g: )

1 3 [K]* 4+ ¢* (4 + 3¢ + 26 + ¢*) [K]°
[n]4 qlo e q4k
(6 + 99 +9¢° + 7¢° + 3¢* + ¢°) [K]
q4k
N ¢F (44 9q + 12¢% + 123 + 8¢* + 4¢° + ¢°) [K]
q4k

4k(1+3q+5q2+6q3+5q4+3q5+q6)} (¢:2)
e ;

2
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1 [k q" 4+3q+2q +¢°) [k]° :
= WZW‘SW(Q’ 102 Sk (¢; )

q* 6+9q+9q +7q + 3¢* +Q)[k']2
10 Z q‘““ 3n,k(Q§ x)

¢ (44 9q + 12¢* + 12¢° + 8¢* + 4¢° + ¢°) [K]
Z q4k Sn,k(Q;x)

1 q* (14 3q + 5¢* + 6¢° + 5¢* + 3¢° + ¢°)
10 Z g Sn.k (q; x)

> (A+3¢+232 +@F) = [k
- ISZ 4 4k 88”k )+ [n] g6 [n]3q3k—6

+(6+9q+9q TP 3¢ + )= [k
[n]? g4 £ [n]? g2k~
(44 9q+12¢* + 12¢° + 8¢* + 4¢° + )~ [K]
+ — Sn,k(q;x>
[n)* 2 kzzo [n] ¢F—2
(14 3q + 5¢* + 6¢° 4+ 5¢* + 3¢° + ¢°) _
+ [n]‘l g0 ZS” K\

%i ( ] E 2)4Sn,k(q;$)

(4+ 3q +2¢° + ¢%)
[n] q16 Sn.k Q7

(6 +9q +9¢* + T¢> +3q +q¢°) ( k] )2
+ Snklq;x
[n]Qq kz: k ,k(q )
(4 +9qg + 12¢* + 12¢® + 8¢* + 4¢° + ¢°)
’ (] ¢2 kz k )
+(1+3q+5q2~|—6q3+5q4~|—3q5+q6)zs o(q: )

J* g0 par

Sn,k(Q; LE)
k=0

Sn,k(q; iC)

[n
1 q* 1\ 23 4
= — =2+ (3¢ + 3¢ +q— (3q+2—|——)—+—
(4+3¢+2¢*+¢%) [ ¢ 2 x? g
9 r
W\ O
(6 +9qg +9¢*> + 7¢> + 3¢* + ¢°) qxz—l—q—Qx
[n)? g4 [n]
(44 9q +12¢% + 12¢° + 8¢* + 4¢° + qG)x
[n]” gt
N (1+3q + 5¢% + 6¢° + 5¢* + 3¢° + ¢°)
[* gt

[n
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_ 1 x+(3q2—|—3q—|—1)x2 (3q2—|—2q—|—1)x3
g' [n)? ¢\ [n)? q" [n]
1, (A+3¢+2¢+¢)
+t 5T + 3 13 T
q n]”q
(4439428 +¢*) (2¢* + q) 22
[n)? ¢
(44+3¢+2¢*+¢*) 4
[n] ¢'6 !
(6 +9q +9¢* + 7¢> + 3¢* + q5)x2
[n)? ¢'3
(6 +9q +9¢> + 7¢> + 3¢* + ¢°)
(]’ ¢12
(44 9q + 12¢% + 12¢° + 8¢* + 4¢° + ¢°)
[n)? g1
N (1+ 3¢+ 5¢* + 6¢° + 5¢* + 3¢° + ¢°)
[n]* g1

X

T

~ (1+3q+5¢* + 6¢* + 5¢* + 3¢° + ¢°) ( 1
N [n)* ' g* [n]?
(4+3¢+2¢2+¢*)  (6+9g+9¢*+7¢> + 3¢* + ¢°)
pPar o g12
+(4+9q+ 124 + 12¢° + 8¢* + 4¢° —I—q6)> .
[n]® ¢
N ((3(12 +3¢+1)  (4+3¢+2¢*+¢%) (2¢° + q)
q'" [n)? [n]® ¢'6
(6+9¢+9¢* +7¢3 +3¢* + ¢°)\
[n]* '3 ) )
+((3q2+2q+1)+(4+3q+2q2+q3)) 1,

3
x° + —x
q* [n] [n] ' q%®

(1+3q +5¢> + 6¢° + 5¢* + 3¢° + ¢°)
[n]* g1
N <1+4q+3q2—|—2q3—I—q4+6q2+9q3+9q4+7q5+3q6
q' [n]’
¢ +4¢% +9¢* + 12¢° + 12¢5 + 8¢ + 4¢® + qg)
-+ 3 x
q* [n]
N <3q2 +3¢+1+4¢%+ 11¢% + 8¢* + 5¢° + 2¢°
17 1,12
¢ [n]
6" +9¢° +9¢° + 7¢" + 3¢® + ¢°\
+ 3 x
q'" [n]
N 3P +2¢+1+4¢ +3¢" +2¢° + ¢\
q*? [n] !
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(14 3q+ 5¢* + 6¢* + 5¢* + 3¢° + ¢°)

[n]" g0
(1 +4g +9¢° +15¢° +19¢* +19¢° + 15¢° + 9¢" + 4¢° + ¢*)
+ x
[n]’ ¢4
N (14 3q+ 7¢% + 11¢% + 14¢* + 14¢° + 11¢° + 7q" + 3¢ + q9)$2
[n]” ¢'7
(14+2¢+3¢+4¢+3¢* +2¢° +¢°) 5 1 ,

[n] q19 x° + Fﬂc
_@+D+E+ D)+’ g+ D@+ D) g+ 1)
[n]* g0 [n]” g4

@+ D(P+D) (g+P+1)" , g+’ @@+D° 5 1,
! nP g AT e e

]

Lemma 3.3.2. Assume that q,, € (0,1), ¢, — 1 and ¢ — a as n — oo. For every

x € [0, 00) there hold

lim [n], Dy, (t—2i2) = (1 —a)2z + 1, (3.3.1)
n—o00 m
lim [n], Dy, ((t — 2)*;2) = 2(1 — a)a® + 2z, (3.3.2)
n—00 i

lim [n]? Dy, ((t—2)"7) = 1227 + 24(1 — a)2® + 12(1 — a)%2".  (3.3.3)

n—oo - 94

Proof. First of all we write explicit formula for D, , (t — x;x)

Dnv‘Zn (t - T 1‘) = D”v‘]n <t7 x) - x‘Dnﬂn(]‘? x)

( 1 1) N 1
= _—

Then we get
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| | _ (1 —gu)(1+qn) 1
Tim [n], Dy, (t = 2;2) = lim [n], (f’f 2 - 7], an
1—q")(1 1
:hm<< vl +%%+—J
=(l1—a)2z+1.

Next, we calculate D, ,, ((t — ) ; z), as follows

Dy, (t*;2) = 22D, . (t;2) + 2* Dy g (1 2) + 2 — 27
1 1+ (24 gn)gn 1 1 1
—1)$2+ (M)x+(_3+_2)_2

a ¢, [nl,, G G [0l

()uﬁm

(1—q)(1+ qn 1 14 (24 ¢,)q,
¢n) (L +qn + ¢2)( +qn)x2+ +(2+qn)g .

Dig, ((t =) 2)

qs a [”]qn
1 1.1 1—¢,)(1+qn 2
+(_3+_2> : _2( Q)g Q)lﬂ_ T
G dn [0l I [nl,, @n
and we obtain
. 2.
nh~>I20 [n]qn Dy g, ((t — )75 2)
1—q)(1+q,+¢)(1+¢ 14 (24 ¢,)q,
— lim [n], (1 — ga)( +q6+qn)( +qn)x2+ +(5 +n)dn
n—oo " 4n an [n]qn
1 1.1 1—¢,)(1+qn 2
INERE Y Q)g ) 2 .
G a4 [nl,, G [n],, @n
1—q¢*)(1 n 1 1 2 n)dn
 lim (( )+ 0 +0) A+ dn) o 1+ ( J;Q)qx
n—o00 qn qn
1 1 1 1—¢")(14q, 2
an 4n [n]qn an dn

=(1—a)6x® +4r — (1 — a)da® — 22

=2(1—a)2*+2z.
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Finally, we give an explicit formula for D, , ((t — z)*; z)

D”ﬂn((t - $)4 ;)

=D, g4, (t4; x) —4xDy, . (t3; x) + 6x2Dn,qn(t2; x) — 43:3Dn7qn (t;z) + 2t
(1 + 3¢, + 5¢2 + 6¢2 + 5qt + 3¢2 + %)
(]} qlo
qn 1IN
(1 +4q, + 9¢2 + 15¢3 + 19¢2 + 19¢> + 15¢° + 9¢7 + 4¢5 + ¢°)
N (]2 g1
N (14 3¢, + 7¢% + 11¢2 + 14¢* +14¢5 +11¢5 + 7¢7 + 3¢5 +¢°)
) g7 '
(1 + 2n + 34, + 44, + 3¢y + 263 + 4i) 3 L L
], @’ g2
L (142 +2¢2 + ¢2) N (14 3q, + 5¢2 + 5¢2 + 3¢ + ¢)
[l 45 [n];, 4§

(1+ 2¢n + 3% + 263 + ¢*) 1 )

T

T

2 3
. ab vt

x? 14+ (24 ¢, 1 1 1
+6$2(—6+<# l‘+(—3+—2) 5
qn qn [n] qn qn qn [n] qn
1
— 4a2° (% + ) + z*
Qn [n]qn Qn

lim [n]> Dy ((t—2)*;x)

nosoo - 1dn
_ m { (1+ 3¢n + 5, + 645 + 54, + 34, + 4)
n—oo ], gl
N (1 +4q, + 9¢2 + 15¢3 + 19¢2 + 19¢> + 15¢° + 9¢7 + 4¢5 + ¢°)
], a*
N (14 3q, +7¢% + 11¢3 + 14¢2 +14¢2 + 11¢5 + 7¢7 + 3¢5 + ¢°)

x
17
qn

1+ 20 + 3¢2 + 4¢3 + 3¢ +2¢° + ¢¢ [n],
4 [n]qn( q Qn qql'r; Qn qn qn) 56'3 + qzl(l)n ZL'4
n n

e ((1+2qn+2q,3+QZ) N (1 + 3¢y + 5q5 + 5, + 34, + q5)

T

xXr
nl,, 45 a9

(1+2q, +3¢2 +2¢2 + ¢*) 5 1
+ [n]qn o 2+ [n]qn F:v?’

2
9 9 T L4+ (24 qn)gn 1 1
o <[n]q" & ( a e e

iy ([n]jn 2 ), i) 2 x4}

qn Qn
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= 722% — 722% 4+ 1222
{[n]q (142, 4+ 3¢2 + 4¢3 4+ 3qn +2¢0 + q) 4

* r}g{}o ql? o
2
n 1+ 2q, +3¢% + 2¢> 4
an " 4y 4y

1 1+ 2+ qgn)qn
POl oot + o, (TN o

1 1
—4 [n]zn q—2x4 —4 [n]qn q—a:3 + [n]zn 1:4}

20 an 12 an 6 an 2 q
n—oo qn " dn "y "4y "

[n]2 o 1 2 1 2 1 2
=122% + lim { 24 I 4[n]. — +61n] —4n], — +[n]
w28 () (14 2gn + 3¢2 +4¢ + 34 + 24 + ¢°)

z” | |nl,, 419

(1+2g, + 32 +2¢0 + ¢3)
—4 [n]Qn gl

rol, (SO g, L

a In
1 4 6 4
_ 2 . 47 12
= 122 —{—nhj{.lo{fﬂ [n]qn(q_,%o_q_}fdl_ﬁ_gdl—l)
) ((1 + 2qn + 3¢5 4+ 4¢3 + 3qp + 245 + ¢5)
qn q%/g

4(1+2¢,+3¢2 +2¢3 +q2) 6(1+12+q.)g.) 4

B o - a T

=122 + lim {564 [y, 42 (g0 +1)" (g0 — 1)* (1 + 245 + 34,
+gp + ¢ — 24" — 5q,” — 200" + ¢,°) + 2 [n], ;" (1 — ¢n) (14 3¢a
+ 642 + 10g2 + 13q1 + 15¢> + 16¢° + 164" + 12¢° + 44
—8¢,) — 16q," — 20¢)> — 20¢)° — 14" — 24)° + 4¢)° +4¢,7) }
=12 + lim {2, (1~ ¢ (g +1)° (1+ 242 + 3¢
+4q5 + g — 2¢)° — 5q,7 — 203" + ¢,)
+2°q, " (1= gp) (1 + 3¢, + 62 + 10g;, + 13¢,,
+15¢7 + 16¢° 4+ 1647 + 12¢° + 4¢° — 8¢2° — 16¢*
—20q,” — 20g,” — 14¢," — 2q)° + 44,° + 4¢,7) }
= 1222 4+24(1 —a)2® +12(1 — a)’2*
and we prove (3.3.3).
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Theorem 3.3.3. Let ¢, € (0,1). Then the sequence {D,,,, (f)} converges to f uni-
formly on [0, A] for each f € C5 [0, 00) if and only if lim ¢, = 1.
n—oo

Proof. The proof is similar to that of Theorem 2 [12]. L]

Theorem 3.3.4. Assume that q,, € (0,1), ¢, — 1 and ¢} — a as n — oo. For any

f € C3[0,00) such that f', f" € C3 [0, 00) the following equality holds

lim [n],, (Dng, (f;2) = f(2)) = (1 = a) 2z +1) f'(2) + ["(z) (1 - a)2* + @)

n—o0

for every x > 0.

Proof. Let f, f', f" € C5[0,00) and z € [0, 00) be fixed. By the Taylor formula we

may write

1
f(O) = f@) + [@)(t = 2) + 5" @)(t = 2)° +r(G2)(t — ), (3.3.4)
where r(t; z) is the Peano form of the remainder, r(.; ) € C; [0, o) and %ilnr(t; x) =
0. Applying D, .. to (3.3.4) we obtain
[n],, (D, (fi2) — f(z))
= f'(x) [nl,, Dng, (t = z;2)

4 5 7"@) ]y, D, (= 2 52) + [l D (r (1) (= ) 1),

By the Cauchy-Schwarz inequality, we have

D, . (r (t;z) (t — x)Q : x) < \/Dn,qn (r2 (t; z) ;x)\/qun ((t - x)4 : x) . (3.3.5)

Observe that 7? (z;2) = 0 and 72 (.;z) € C;[0,00) . Then it follows from Theorem

3.3.3 that
lim D, ,, (7’2 (t; ) ;x) =r?(z;2) =0 (3.3.6)

n—o0
uniformly with respect to = € [0, A] . Now from (3.3.5), (3.3.6) and Lemma 3.3.2 we
get immediately

Do, (r(t;2) (t — z)? ;x) = 0.

28, 1,
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Then we get the following

lim [n], (Dng,(f;7) = f(2))

n—o0

= lim (/@) [, Do, (¢ = 252) + 31(2) ], Doy, (¢ = 2)?50)

n—00 n

+[nl,, Dn.g. (r(t;z) (¢t — z)% x))
=((1—a)2z+1) f'(z) + %f”(az) (2(1 — a)z® + 2z)

=((1—a)2z+1) f'(z) + f'(x) (1 — a)a® + ).

42



Chapter 4

ON CERTAIN ¢-PHILLIPS OPERATORS

In this chapter, we introduce g-parametric Phillips operators P, , and evaluate the mo-
ments of P, ,. We study the approximation properties of the g-Phillips operators, estab-
lish some local approximation result for continuous functions in terms of modulus of
continuity and obtain inequalities for the weighted approximation error of g-Phillips
operators. Furthermore, we study Voronovskaja type asymptotic formula for the ¢-

Phillips operators.(see [31])

4.1 Moments

In this section firstly, we introduce the following so called ¢-Phillips operators which

generalize the sequence of classical Phillips operators.

Definition 4.1.1. For f € R>®) 0 < ¢ < 1 and n € N we define the following
q-parametric Phillips operators

oo/(1-q)

Pog(f;2) =[n] ) q" 'snilg qz) / Sno—1(q: ) f(t)dgt + €4 (— [n] qz) £(0),
k=1 0
4.1.1)
k(k=1) (1 gk k(k=1) [,1F 5k
where x € [0,00) and s, 1(q; ) = mq 2 [[]k—], —ey(—[n]z)g = L Hk]! .

Itis clearthat s, ;(¢; ) > Oforallq € (0,1)andz € [0, 00) . Moreover > _ s, x(q; ) =
k=0
| BED) [k (by2418) N
Eq([n]z) kzoq 2T - Eq([n}x)Eq([n} z) = 1.
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Secondly, we calculate P, ,(t';x) for i = 0,1,2. By the definition (2.4.15) of g-
Gamma function ,, we have

oo/(1-q) oo/(1—q)

1 k- [n)" £
t°spr(q;t)d,t = / t* q 2 d,t
(@), B! | R
0 0
oo/(1—q)
. k- [n)*
_ / Ve~ ) )" s
0
. ) oo/(1—q)
k(k—1) ks
= / (0] 8 eg(— [n] ) [n] dt
0
| . oo/(1—g)[n] ™"
k(k—1) k+s
= qu 2 / (u)"" eq(—u)du

1 | I TURS)) -
=g T A (ks + 1)

()" [K]!
_ 1T keen Ly(k+s+1)
= ]! Wq s+ (k+s)/2

_ 11 e [kAs)
= _[n]s+_1 W‘J s (k+s)/2
1 [k+ s3] 1

= [n]s-H (k]! qkts)(s+1)/2” s € NU{0}.

Lemma 4.1.2. We have

P (t:2) %;ﬂ 4 (;jﬁ) ,
P, ((t— x)2 x) = (% — 1) 2+ (;Q_I[_n(‘]])x

Proof. We know that, see [29],

2
Sug(Liz) =1, Suy(tix) = qu, Spg(th2) = g2 + o

[n]

Using the above formulas we obtain the following for f(t) = 1, f(t) = ¢, f(t) = 2,
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respectively

. 00/(1-q)
Pog(Li) = [0) S ¢ 50 a(g: 0) / St (@ gt + g (— [n] q2)
k=1

= 1] > sl q@ﬁq% +eq(~ [1] g2)

k=
:Z (Q7qx>+eq ank Qaqx —1

k=1
o0/(1=q)
nq t 27 qu lsnk q q.fC / tsn,kfl(Q;t)dqt
0
S k] 1
= [n] qusn k(q7qx) 2 9ok—1
pa 7]
= k] 1
- an,k(Qa q )%_k
k=0 q
1 & k] 1 1
= Qan,k(q; qx)[ } qk 2 ?q2$ =T
k=0

and
oo/ (1—q)

7] d" " sun(q; gz) / P snpe1(g; t)dgt
k=1 0

= an’k(q; qr) —i[_n]lz] (4] q2’1+1 = Z%,k(% qx) - Tn]ll A QQi‘H
k=1 k=0

- Z%,k(q; qx) ([k] ?;Z]qz ) Li q2’1+1 - ZS” £(4; %) Ejg q211+1
k=0 k=0
> k) 1

+ %Sn,k((ﬁ ql‘)q[n—ggw
5anqua¢ Fﬁ o+ 3anqu k] !

[n] ¢"=2

15, ¢ 1 1, 1 1
==\ ¢+ =T |+ T = ST et
[nl¢ g ¢[n] [nlq
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Since P, , are the positive linear operators

Pog((t —2)%;2) = Pog(t® — 2t + 2% 2)

P
=P, ,(t*;7) — 22P, ,(t;x) + 2° P, 4(1; 7)

1 1
== 2+<2+q>x—2x2+x2
g ¢ [n]
1 1
— x2+( +q>x
¢ q* [n]

which complete the proof.

Lemma 4.1.3. For all 0 < q < 1 the following identity holds:

m 1 m 8 S
Proof. Indeed, we have
o0 00/(1—q)
P X qu lsnk q Q«T / tmsnk 1 q’ )d t
0
N 1 1 eve2 [k—1+m]
= [n] qk_lsn’k(q7 qgj) ™ —q P -
; [n] k-1 qktm)(k—1+m)/2
o0

[k —1+m]..[K] 1 ‘

N Z [n]m q(m2+2mk—m)/2 Sn,k(QJ QSU)

:i k—1+4+m]...[K]

(] g+ 2mi—m) /2 $n.k (5 4).

k
Using [k + s] = [s] + ¢° [k] , we obtain

m—1

K] k1] [k +m = 1] = T ([s] +¢° [k]) = Y _Cuun (q) [K]

s=

where Cs ,,, (¢) > 0, s = 1,2, ..., m are the constants independent of k. Hence

. 1 1 & .
Pyt x) = o (m2_m)/22 kaCs,m(q) (k)" spni(q: q)

[TL q(mz m)/2 ZZCS m Emon k(q q:c)

k=0 s=1
P — [K]*
[n q(m2 /QZCSWL kzo ns km q’ qx)
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4.2 Approximation Properties

Lemma 4.2.1. Let f € C%[0,00). Then, forall f € C%[0,00), we have

Pt =gl < { (0 ) o SOy

Proof. Letx € [0,00) and f € C% [0, 00) . Using the Taylor’s formula

t

f@)—flx)y=@t—2a)f(z)+ /(t —u) f"(u)du,

xT

we can write

Pn,q(f? x) - f(x) = Pn,q((t - x)f’(x), x) + P (/(t — u)f"(u)du; x)

= f'(2) Py ((t — 2);2) + Poy (/(t —u) f"(u)du; x)

~P,, (](t — ) " (w)du; :v) .

xT
On the other hand, since
t

- s

T

< / =l |f"(w)] du <[] / £l du < (t — 2)° | /"]

we conclude that

t

Po / (t — ) f"(u)du; 2)

(t—2)* [1f"]l;2)

q¢*[n]

| Prg(f52) = fl2)] =

S PTL,q

Il
—N
7N

-
|
o
)
o
N———
8

Lemma 4.2.2. For f € Cp[0,00), we have

[Pra Il < IIFII-
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Proof. Let f € Cp[0,00). By Definition 4.1.1, we get the following result

0 oo/(1~q)
’Pn,q<f7x)| = [n] qu lsnk q ql‘ Snk—1 q7 t)dqt

k=0 0
. so/(1-

< [0 30" fsnalas a2) / snacs (0] 17 0)] it
k=0 0
. 00/ (1-q)

()3 salgian) [ saealant) (0] dt
k=0 0

oo/(1~q)

<) Yo suslaia) [ sl it
k=0 0

= [I/1] Pag(1; )

= [I/II-

]

Theorem 4.2.3. Let f € Cp[0,00). Then, for every x € [0,00), there exists a con-

stant M > 0 such that

| Pog(f32) = ()] < Mws(f; v/ 0n(2))

where

Proof. Now, taking into account boundedness of P, , , we get

|Pn,q(f§x) — f(@)] = ‘Pn,q(fﬂ’) - Pn,q(g,x) — f(@) +g(z) + Pn7q(g,$) —g()]
< |Pag(f —g32) = (f = 9)(@)] + [Paglg; ) — g(2)]
< Puo(f —g32) + (f = 9)(@)] + |Prg(g; ) — g(2)]
1 _q2 2 (1+Q) "
<alf—gl+ { (F55) 2+ S b

<2(|1f — gl + dn(2) llg"11)
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where ¢ € C%[0,00). Now, taking infimum on the right-hand side over all g €

C% [0, 00) and using (3.2.1), we get the following result

| Pag(fix) = f(2)| < 2K5(f; 6n())
< 2Aws(f5 v/ 0n())
= MW?(fQ V 5n(x))

where M =2A > 0. OJ

Theorem 4.2.4. Let 0 < o < 1 and E be any bounded subset of the interval [0, o) .

Then, if f € Cg [0, 00) is locally Lip(«), i.e. the condition

[fy) = f@)| < Lly—x

“yeFEandz € [0,0) (4.2.2)
holds, then, for each x € [0,00) , we have
Pl f5) = (@) < {3 (g;2) + 2(d (x, E))"}

where 0,,(q; x) is the same as in Theorem 4.2.3, L is a constant depending on « and f;

and d (x, E) is the distance between x and E defined as

d(z,E)=inf{|t —xz|:t € E}.

Proof. Let E denote the closure of E in [0, 00) . Then, there exists a point g € E

such that |x — xzo| = d (z, E) . Using the triangle inequality

[f (@) = F (@) < [f @) = f (o) + [f (z) = f (o)

49



we get, by (4.2.2)

|Eng(fi2) = f(2)] = |Pog(fi2) = Prg(f(2);7)
< Pogllf (t) = f (#)]; 7)
< Pogllf (8) = f (@)l s 2) + Pag(lf (x) = f (wo)]; 2)
= Poglf (t) = f (@)l ;2) + | f (x) — f (20)]
< LA{Pug(lt = 2ol®;2) + |2 — 20|}
< LAP, (|t — z|" + |z — xo|" ;2) + | — 20|}

= L{P (It — 2| ;2) + 2|z — 20|} .

Using the Holder inequality with p = 2, ¢ = 52~ we find that

B =

Puglfi2) = F@)| € L{[Pag(t = |5 0)]7 [Py (1% 2)]7 + 2(d (2, E))" }

= L{[Pult - o)) +2(d (@ B))" )

We consider the following classes of functions:

Crn[0,00) :={f € C[0,00): IM;>0s.t |f(x)] < Mp(1l+2™) and

11, = sup M}

z€[0,00) L+am

Cr10,00) 1= {feC’m[O,oo): lim /(@) <oo}, m € N.

Next, we obtain a direct approximation theorem in Cfj [0,00) and an estimation in

terms of the weighted modulus of continuity. It is known that, if f is not uniformly
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continuous on the interval [0, c0) , then the usual first modulus of continuity w(f, J)
does not tend to zero, as  — 0. For every f € C, [0,00), the weighted modulus of

continuity is defined as follows

_ [f(x+h) — f()]
Qm(f> 5) - xZO,Sl(l)EhSCS 14 (512' + h)m '

(see [26])

Lemma 4.2.5. ([26]) Let f € C},[0,00), m € N. Then

(1) Q,,(f,9) is a monotone increasing function of ¢,
2) Tim Q. (f,8) =0,
(2) lim ©,,(f,0)

(3) forany a € [0,00), Q. (f, @) < (14 a)Qun(f,0).

In the next theorem, we give an expression of the approximation error with the opera-

tors P, 4, by means of ;.

Theorem 4.2.6. If f € C; [0,00), then the inequality

[1Png(f) = fll; < k(g)$2 (f; ﬁ)

holds, where k(q) is a constant independent of [ and n.

Proof. In order to prove this theorem , first of all we calculate |f(¢) — f(x)| by using

the definition of 2, (f, J) and Lemma 4.2.5 as follows

10~ @< @rasle—a) (52w 1) ouiro

< (1+2z+1) (H%;ﬂ—f—l) Qi (f,0).
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Then

| Prg(f57) — f(2)]
< Byl f(t) = f(z)]:2)
< P, ((1 + 22 +t) (“%x’ + 1) 2 (f, 5);x)
(. 5)( (1420 +1);2) + Po, ((1—|—2:1:+t)‘t;x‘ :17))

Applying the Cauchy-Schwarz inequality to the second term, we get

. 2 3
Prg ((1 +2$+t)|t_5x|;x> < (Pog (M+2z+1)%2))2 (qu (%,x)) :

Consequently

| Pag(f52) = f(@)] < Qu(f,0) (Payg (1 + 22 + 1); 7) (4.2.3)

(529))

On the other hand, there is a positive constant K (¢q) such that

N

+ (Pog (A 422+ )% 2))

Pog (1422 +t);0) =1+ 32 < 3(1 + ), (4.2.4)

N

(Pn’q (1+2z+1t)%2))

=

1+22)°P,, (1;2) + 2(1 + 22) P, (t;2) + P, , (tz; ac))

1
1 1 2
:<1+2x +21+2x)x+—2+¢x>
¢ q*[n]
1, 1 :
< 4 1+a:)(1+x)+q—2x +2q—2x—|—1
< K(¢)(1+ )

dq [n] [n]
24+ 2 x). 2.
=54 [n]\/ﬁ <5Q\/W<1+ ) (42



Now from (4.2.3), (4.2.4) and (4.2.5) we have

|Pog(f52) = f(2)]
< Q(f,9) {Pn,q (1+2x+1t);2)+ Py, ((1 + 2z + t)'t%;x';x) }

< QU(f,0) { Py (1 + 22 + 1) 2)

+ (Pog (14 20+ )%2)) (P"’q (H_gzx'?;“”)) }

< Q\(f,0) {3(1 + o)+ K (@)1 +2)— (1 + :(:)}

dq+/In]
2(1 + z)?
= (f,0 x —
O (f ){3(1+ )+ K(q) 5(1\/W}
< (14 2% (f,0) {3K1 +K(q)6qi\/m} ;
where
SR

If we take 6 = \/1[_], then from the above inequality we obtain the following

|Pog(fi2) — [(2)]
1+ a2

||Pn7q(f) - f||2 < k(@) (f;9).

< Qu(1,) <3Kl ¥ K<q>§)

4.3 Voronovskaja Type Theorem

In this section, we proceed to state and prove a Voronovkaja type theorem for the

q-Phillips operators. We first prove the following lemma:

Lemma 4.3.1. Let 0 < g < 1. We have

Paalta) = 5o+ [[i]][j o [[j]][? ,
Pty = Lty PIBIATE) o RIBTA+) ,, RPBIO+e)
n,g\® q'2 [n] ¢12 [n]2 1 ] 5 r
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Proof. Simple calculations show that

Poo(th;2) = — > b2k + 1] (4 Sn k(¢ 4)

[n]3q s q3*
- Z[k] +qk(2+qﬂ/z]k+q2k(1+q)[k]sn7k(q;qx)
[ q3k=0 q
- — 3 k]3s N 2+q s x
- [n]3q3{k0 o +; nk(; q)
+Z(1 +qz) k] 5o ula: qx)}
1y L s T 2+a)o~ K s T
_qgkzzg[n]i’»q:yc ”k(q q )+ [ ](]3 kz:;[nf 2 nk(q q )
Qtos~ K
" 2l )
oy o)+ QRO W
C]9k_0 [n]3q3k 6 ”k(Qaq )+ [n] q7 kz:%[n]Z k4 nk(q,q )
Qtos~ W
e g
L~ (Y CraS( WOV,
?% <[n] qk‘_2> Snk(q QI)+ [n] 7 % ([n] ¢ 2) nk(q q )

_ 1 q—491: 4, 3 x_2 3,3 (2+4q) 3,2 Q_B:C
‘w(m2+@“”)w+q>+VM7@ +m>
L a +;1)q2x

[n]” ¢®
_ 1 T (2¢+1) , 1 3+(2+Q)x2+<2+9)

g° [n)? q° [n] q° [n] ¢* n)® ¢
N (1J2FQ)$

[n]” ¢ o o
_ ix3+ (1+29+2¢°+¢q )x2+ (1+2q—|—2c§ +¢%)

q° ¢° [n] ¢ [n]
Ll 0400 +a+d) , O+9(tate),

q° [n] ¢° n]”¢®
_ 1l +sz [2]2[3]

¢ [l [
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and

] — [k + 3] [k + 2] [k + 1] [K]
[n]4 q@kz:% 7"
1 SR (3420 + )[R
= [n]4 qﬁkzzo { q4k

ok (3+ 4q + 3¢2 + q3) [k]2 + q3k (14+2¢+ 2¢% + q3) k] } sni(q: qz)

Sn k(45 )

q4k:

- i; (e )4sn,k<q; )

g — [n] ¢*—2

3420+ ¢*) K\ .
(T g

[n]q"? &=
(3+49+3¢* + ¢*) (] 23 o
AT (H = ) (% 47)
(1+2q+2q +¢%) ]

[’ ol

1 (¢ ¢ N\ ¢ 5 54
I m+(3q + 3¢* +q)—x+ 3q+2+ - =" +q°x
~ "\ [n]” q) [n]

(3 —TnQ]CJq;Z 7?) ([:1;2x+ (2q +q) [2]33 + ¢’ )
BH+49+3C+¢") (52, @\, (1+20+2¢°+¢)¢"
7 ( T )* ]

1, 1+42¢+3¢+B+2¢+¢*)¢ 4
121’ 12 x
[n]q
L 1+3g+ 3¢° + (34 2q +¢*) (20 + )g* + 3+ 49 +3¢° + ¢*)q"
n]” ¢
N 1+B+2¢+¢)q+ B+4¢+3+ )P+ (1 +2q+2¢° + ¢)¢®
(n]’ ¢°

_ 1,4 049 +A)0+a+e) 5 A+ (A+P)A+a+0) ,
q12 [n] q12 [TL]2 q11
1+ (L +)(I+q+d%)

n]’ ¢°

_ Ly 2B+ 5, [2 3] (1 + ) » N 2] [3] (1 + ).

q" [n] ¢*2 [n)? g1 [n]’ ¢°

55



Theorem 4.3.2. Let g, € (0,1). Then the sequence {P,,,(f)} converges to f uni-
formly on [0, A] for each f € C5 [0, 00) if and only if lim ¢, = 1.
n—oo

Proof. The proof is similar to that of Theorem 2 [12]. [

Lemma 4.3.3. Assume that ¢, € (0,1), ¢, — 1 and q} — a as n — oo. For every

x € [0, 00) there hold

lim [n], P, ((t—2)%;2) =2(1 - a)z? + 2z,

n—00 qn

lim [n]? P, ((t—2)";2) = 1227 + 24(1 — a)2® + 12(1 — a)*2*.

n
n—oo = dn "

Proof. First, we have

lim [n]Qn Pn7qn((t — :L‘)2;l') = lim [n]Qn { (% _ 1) 22 4 (1 + Qn)x}

n—00 n— 00 qn q% [n]Qn
1—q")(1+q, 1+q,
— lim <( qn)g tan) 2 +2q)x)

=2(1—a)2*+ 22

In order to calculate the second limit we need expression for P, ((t — z)* ;) :

1 2] 13 2] 3 1 2
— 41; _61.3 + [ ]Qn [ ]gn 12 + [ ]Qn2[ ]Qna,; + 6.’[’2 _21,2 + 2[ ]Qn T _ 31_4
qs nl,, 4 n], qz gz [nl,,

(1 —4¢5 + 6¢,,° — 3¢,,2) 2
a2
2 6 10
N { 2], [3],, (L+q2) — 412, (3], 4 +6¢;° 2], } 3

a2 [n],

N { 2l,, 81, (1+ &) — 445 2], 3], } o { 21, 81,, (1+ 2 } )

n

gt 2.
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_ (14260436, —30) 1 — ) (g +1)° o4 { (qp = D(gn + 1)

2
ay* [nl,, 1
(241 — 45 — 5d, — 64, — 65 — 2¢, — 25 + 65 + 6, — 1) | 5
g [n]?,
N 2], 13, (1 +q) —4q (2], (3], En 212 13],, (1+q2) N
qll [n]2 qg [n]3
n dn n qn

lim [n]zn Py o (t — x)4 ;)

n—oo
(1—qp)? { (1+2q7 +3q, —3q5) (1 —q)? (gn + 1)23:4

= lim

n=o0(1 = gn)” a2 [nlg,
Ll =D+ 1)
1
. (24 = 4q5 — 545 — 64 — 645 — 245 — 24, + 645 +6g, — 1) 4
g2 [n],,
2
2], 8, A +a) —4q; 2], 3], , (2], 3], (1+a7)
+ 11 [,]2 "+ 91,13
qn [n]Qn qn [n]qn
o ) (200 + 300 — 3a3) (1= ) (0. + 1),
n—oo (1 — q,)? ql? [n]zn
Ll =D+ 1)
1
. (24 — 4q; — 5q; — 64, — 6q; — 245 — 2g, + 6q, +6g5 — 1) 4
@2 ]2
L0t D) (@t 200+ Gy — A+ ) (Gt ga D) o
ait [nl,,
L0t @) A+ a) (At ta) |
g [n];,

=12(1—a)’2* +24(1 — a) 2® + 1222

O

Theorem 4.3.4. Assume that q,, € (0,1), ¢, — 1 and ¢} — a as n — . For any

f € C510,00) such that f', f" € C5 [0, 00) the following equality holds

lim [, (P, (f;2) = f(2)) = (1 — a)2® +z) f"(2)

n—0o0
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uniformly on any [0, A], A > 0.

Proof. Let f, f', f" € C5[0,00) and x € [0, 00) be fixed. By the Taylor formula we

may write
f@t) = f(x) + f/(o)(t — ) + %f”(x)(t — 22 +r(t;2)(t — x)?, (4.3.1)

where r(t; z) is the Peano form of the remainder, r(.; ) € C; [0, 00) and %imr(t; x) =
—z

0. Applying P, ;. to (4.3.1) we obtain

= f’({B) [n]q P gn (t — I m) + %fﬂ(‘r) [n]qn Prgn ((t - x)Z ; $)

+ [n],, Pug, (r(t;2) (t —2)*;2)
= 3P @) [, Pag, (t—2)32)

+ [n] Prgn (T (t;x) (t — I)z ;5(7) .

By the Cauchy-Schwarz inequality, we have

P (7" (t; ) (t — x) Zox \/an 2 (t;x) ;x)\/qun ((t — x)4 : :U) . 432
Observe that 7? (z;2) = 0 and 72 (.;z) € C;[0,00) . Then it follows from Theorem
4.3.2 that

lim P, . (r* (t;z);2) =1 (z;2) =0 (4.3.3)
n—oo

uniformly with respect to = € [0, A] . Now from (4.3.2), (4.3.3) and Lemma 4.3.3 we

get immediately

lim [n], Png, (r(t;z) (t — z)? ;x) = 0.

n—o0

Then we get the following

n—o0

i 1], (Pog,(f2) — £(2) = lim (;f )1y, o (¢~ 2 12)
P
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Chapter 5

APPROXIMATION BY ¢-PHILLIPS OPERATORS
FORQ > 1

In this chapter, we construct g-parametric Phillips operators in the case ¢ > 1 and eval-
uate the moments of P, ;. We establish the local approximation result for continuous
functions in terms of modulus of continuity. Furthermore, we obtain a Voronovskaja

type asymptotic result for the ¢-Phillips operators.

5.1 Moments for P, ,(f;x)

In this section firstly, we introduce the following so called ¢-Phillips operators.

Definition 5.1.1. Let ¢ > 1 andn € N. For f : [0,00) — R we define the Phillips

operator based on the g-integers

oo/lf%
Pog(fix) =[] Y ¢* Fsnr(a; gx) / Snk-1(¢: ) f(D)d 1t + Er (= [n]x) f(0),
k=1
’ (5.1.1)
where x € [0, 00) and
1 [n]"a? . 1 [n)"a"
Sn,k((ﬁx) = qk(k;l) [n[]kﬁ: eq(_ [n] q km) = qk(k;l) [n[]k]‘? E%(_ [TL] q kx)

Itis obvious that s,, ;(¢; ) > Oforall¢ > land z € [0, 00) . Moreover  _ s, 1(¢; ) (see [30)

k=0
M, ,(1;z) = 1.
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Secondly, we calculate P, ,(t;x) for i« = 0,1,2 by using the Definition 2.4.14 of

q-Gamma function I',. Now, we write explicitly

oo/l—%
/ s (g t)dat
q
0
so/1_1
A n]* ¢+
N /ts K1) TEl(—[n]q_kt)d;t
0 q 2z [] q q
oo/lf% i
51k )" [n]® (g FH1)kts B ) )
B / K1) s 1 : ) Ex(—q~ " [n] ¢ ") [n] ¢+ dat
q = [K]'[n]"T g Rt gk )kEs 9 .
0
oo/1-1
k=1 (k—1)(k+s)
v 4 - (k+s+1)—1 _ _ -
= [ e By(=q [ a M) o] ¢t
[n] [k]'q 2 a q

(5.1.2)

Here, we substitute u = [n], ¢ "'t and diu = [n], ¢ *ld1t in (5.1.2), we get the
q q

following
oo/l—%
/ t°sn(q;t)dat
q
0
oo/l—%
k=1, (k—1)(k+s)
a9 q k+s+1)—1 _
sy EED / () By (g7 ) [n] do
] (kg™ ; ;
q(kfl)(kJrsH) q(kfl)(k+s+1)
= gLk +s+1) = o b+ sl (5.1.3)
2 2

[ [K]lq [n]"" [K]lq

From g-calculus (see [19]), we know that

k+s
e, o)
i



and because of this result, we have

[k—FS];' = [k:—l—s]l [k’—|—8— 1]1 . [2]1 [1]1
1 1
= 8] ey b s = 1] g 2 1)
1
Finally, if we substitute (5.1.4) in (5.1.3), we get
oo/l—%
( ) q(k—l)(k-i-s-i-l) 1 [ ]
t°sp k(g t)dit = P k(k—1)  (kts—1)(kts) k+ s)!
o E () R 11
1 1
= k l.
qs(52+1) qlfk‘ [n]s—i-l [k:]' [ + S]
Moreover, we have
oo/1-1
/ e (g )t ! L e
Sn - ’ 1t = s(s+1 s - .
e e T 1)

Lemma 5.1.2. (/30]) Let ¢ > 1. We have

1
M, (1;2) =1, M, (t;z) =z, M, ,(t*;2) = 2* + —=,

]

2 1
Mn,q(t?’; x) = 2+ i q:v2 +

[n] [n]Qx’
Mn,q(t4; ]J) =2t + (3 + 2q + q%% + (3 + 3¢+ QQ)% X #x

Lemma 5.1.3. Suppose that ¢ > 1. Then, we have

P,,Liz)=1, P,,(t;x)=x, P,

n7q

(tz;(L') 2 (1+Q>

Proof. In order to prove Lemma 5.1.3, we shall use Lemma 5.1.2. First for f(t) = 1,
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(= [n]x) £(0)

we have
7] Y " Fsun(q; gz) / Snp-1(q;1)d1t + E1
P q q
- 1
= [n] )_a*"suila; qz) [E]' + E1 (= [n] z)
,; gq** [n] [k — 1]! ’
= snnlgqr) + E1 (=[n]x)
k=1
k=0
=1 (by Lemma 5.1.2)
Next for f(t) =t and f(t) we get proceess as follows
T
Z “Fs0x(q; q) /tsmk_l(q; t)d%t+E% (—[n]z) £(0)
= 0
1
; [£]!

> @* " s0(q; )
k=1 99

1= [K]
i Sni(¢; q)

=0

[

(by Lemma 5.1.2) 1 Lo
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=[] Y ¢* Fsnilai qz)

Pn,q<t2? )
— ok . 1
= [n] ;q Sn k(G qx)qsq%k AT [k +1]!
- [k + 1] [K]
) [n]?

=
l N [ ]28 . qx 1 N S T E
= qka:;[ P w44 )+q3[n]’; (05 00)
ioo [kQS L qx L OOS mﬂ
q2§[n]2 nk((Lq )+q3 [n]g nk(Qaq >[TL]
(byLemmas.12) 1 )2 1 . 1 .
= (o + ) + e
:x2+<1+Q)w
¢* [n]

Our next lemma gives the explicit formula for the moments P, ,(t™; x)
Lemma 5.1.4. For all ¢ > 1 the following identity holds:
1 — ] .
> Comlq) n)° My o(t%; q).
s=1

Pogt™;x) = [n]" gm(m+1)/2

Proof. Firstly, we use definition 5.1.1 for f(¢) = ¢™ where m € N to write the follow-
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1
1—2

Pog(t™;2) = [n] Y a* Fsunla; g2) / " s -1(g; 1) dut
k=1 0 !
G 1
=(n i@ k+m—1]!
[ ];q k(44 >qm(m+1)/2q2fk )™ [k — 1] | ]
k+m—1]..[k] 1
= ™ Sn,k\q;5 4T
[k +m—1]..[k]
= ™ Sn,k\q;4T).
; [n]™ g +D/2 k( )
From now on, we need to find [k] [k + 1] ... [k + m — 1] . To do this, we employ [k + ]
[s] + ¢° [k] and then we get
m—1 m
= ch,m(q) (k]

k+m—1]= ] (is] + ¢ [R)

(k] [k +1]...
m are the constants independent of k. Hence

[n]"

where Cs ,,,(q) >0, s =1,2
Ppg(t™;z) = T /QZZCsm k) sni(q; q)
k=0 s=1
1 k = [k]*
- ] (m+1)/2 Zo&m Z [n] 550,045 42)
=1 k=0
1 - ) s
where M, , is the ¢g-Szasz operator (see [30]) L]

5.2 Local Approximation

Lemma 5.2.1. Let f € C%[0,00). Then, forall f € C%[0,00), we have

1+
LED . 521)

‘PH7Q(f;x>_f< )’< q []

t

ﬂw—f@%=@—@f@%+/@—uﬁ(wmu

Proof. Letx € [0,00) and f € C% [0, 00) . Here, if we use Taylor’s formula

T
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we obtain the following

Pog(fiz) = f(x) = Pog((t —2)f'(2);2) + Py (/(t —u) f" (u)du; 1’)

f@ﬂ%ﬂ@xﬁﬂ+f%q</GUH%umwx>

— P, (](t — ) f"(w)du x) .

T

On the other hand, since

t

/(t —u) f"(u)du

T

t t
< / 1t — ] [£()| du < |17] / 1t —uldu < (¢ — 2|1
we conclude that

| Prg(fim) = f2)] =

P., (](t — ) " (w)du; x)

T

< Pog((t =) [ 1] ;).
Thus, from the fact that

Pg((t— x)Q; r) = Pn,q<t2 — 2tz + x*%; x)

=P, ,(t%z) — 22P, ,(t;7) + 2°P, ,(1;2)
1 1
=22 4 ( 2+Q)$_2$2+x2: ( 2+Q)x’
q° [n] q* [n]
we get
A+q)
Pog(fix) — f(o)] < z || .
H
Lemma 5.2.2. For f € Cp[0,00), we have
[ Pog fIl < NI (5.2.2)

65



Proof. Since

—
|
Q|

Pag(fi0) = |[n] D *sun(g:q2) [ sap-a(a:t)f(t)dst

o —

»Q\»—l

g ]snqumlf\snk 1(q; )Hf()‘dlt

IN
Fqg

—
\ ‘g
Q|

=[] ¢ Fsnnlaqr) | sna—i(g:t) |F(2)] dst

o —u

o]

1—

<) Yo sunlaiao) [ a1yt
k=0 0

Q-

=Ifll Pn,q(1593) =|fl-

]

Theorem 5.2.3. Let f € Cp[0,00). Then, for every x € [0,00), there exists a con-

stant M > 0 such that
|Prg(f32) = fz)] < Mws(f; v/ 0n(2))

where

Proof. Since P, , is a positive linear operator and moreover we have inequalities

(5.2.1) and (5.2.2), we can write

|Pog(f52) = f(2)] = [Pog(f; ) = Puglg, ) — f(2) + g(x) + Puglg, ) — g(z)|
< |NPug(f = g32) = (f — 9)(@)] + [Poglg; ) — g(2)]|
<|Poo(f —gi2) + (f — 9)(@)| + |Prglg; 2) — g(w)]

<olf—gl+ LT D0
¢? [n]

I/H

=2|f = gll + dulg;2) "]
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where ¢ € C%[0,00). Now, taking infimum on the right-hand side over all g €

C% [0, 00) and using (3.2.1), we get the following result

|Prg(f;2) = f(2)| < 2Ka(f;0n(q; 7))
< 2Aws(f5 V/on(q; )
= Mws(f;v/0n(q; x))

where M =2A > 0. OJ

Theorem 5.2.4. Let 0 < o < 1 and E be any bounded subset of the interval [0, o) .

Then, if f € Cg [0, 00) is locally Lip(«), i.e. the condition

[fy) = f@)| < Lly—x

“yeFEandz € [0,0) (5.2.3)
holds, then, for each x € [0,00) , we have
Pl f5) = (@) < {3 (g;2) + 2(d (x, E))"}

where 0,,(q; x) is the same as in Theorem 5.2.3, L is a constant depending on o and f;

and d (x, E) is the distance between x and E defined as

d(z,E)=inf{|t —xz|:t € E}.

Proof. Let E denote the closure of E in [0, 00) . Then, there exists a point g € E

such that |x — xzo| = d (z, E) . Using the triangle inequality

[f (@) = F (@) < [f @) = f (o) + [f (z) = f (o)
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we get, by (5.2.3),

|Eng(fi2) = f(2)] = |Pog(fi2) = Prg(f(2);7)
< Pogllf (t) = f (#)]; 7)
< Pogllf (8) = f (@)l s 2) + Pag(lf (x) = f (wo)]; 2)
= Poglf (t) = f (@)l ;2) + | f (x) — f (20)]
< LA{Pug(lt = 2ol®;2) + |2 — 20|}
< LAP, (|t — z|" + |z — xo|" ;2) + | — 20|}

= L{Pq(|t —z|";2) + 2|z — 2o|"}.
Using the Holder’s inequality with p = 2, ¢ = 2, we find that

Puglfi2) = F@)] € L{[Pag(t = | 0)] [Py (1% 2)]7 +2(d (2, E))" }

= L] [Pug(lt — 2P 52))% +2(d(x, B)°}

{
<L { {(1 +q>xf +2(d(x,E))a}
{

q* [n]

We consider the following classes of functions:

Crn[0,00) :={f € C[0,00): IM;>0s.t |f(x)] < Mp(1l+2™) and
170, = sup M}

z€[0,00) L+am

Cr10,00) = {feC’m[O,oo): lim /(@) <oo}, m € N.

Next, we obtain a direct approximation theorem in Cfj [0,00) and an estimation in

terms of the weighted modulus of continuity. It is known that, if f is not uniformly
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continuous on the interval [0, c0) , then the usual first modulus of continuity w(f, J)
does not tend to zero, as  — 0. For every f € C, [0,00), the weighted modulus of

continuity is defined as follows

B |f(z+h)— f(z)]
nlf,0) = zEO,S%Ehgé L+ (z+h)m

(see [26])

In the next theorem we give an expression of the approximation error with the operators

P, ,, by means of ).
Theorem 5.2.5. If f € C} [0,00), then the inequality

1
Poglf) = fly <k | f; —
IPt) - 1 <0 51

holds, where k is a constant independent of f and n.

Proof. In order to prove this theorem, first of all we calculate |f(¢) — f(x)| by using

the definition of Q;(f,d) and Lemma 4.2.5 as follows

10~ @l < @ ot =) (55 4 1) 0uiro

<(1+2z+1) (%ﬂ + 1) D (f,9).
Then
| Prg(fi2) — f(2)]
< Pog(f @) = f(z)];2)
< P, ((1 + 2z + 1) (’t%;w’ + 1) Qu(f,9); :c)

— Ou(f,0) (Pn,q((l + 22 +1);2) + Py ((1—|—2:B+t)‘t;x‘;:£)) .

Applying the Cauchy-Schwarz inequality to the second term, we get

|t—CU|2 2
(Pn,q< 5 T .

D=

|t — 2]
5

P, ((1 o) ;x) < (Pug (14204 0% 2))
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Consequently

| Pug(f32) = f(@)| < u(f,0) { P (1 4 22 + 1) 2)

On the other hand, we get the following

P,(1+2x+1t);2) =143z <3(1+2),

(Puy (1422 + )% 7))

N|=

(1 +22)°Pog (Li2) +2(1 + 22) Pog (t;2) + Pog (15 2))

1
1 2
<1+2x Lol 4 20)p 4 2?4+ +q)x)

q* [n]

<(40+2)+4Q+2)(1+2) + 2>+ 22+ 1)

N|=

A

<2(1+x)

1
= V2
ok
1 5 1+
g(s _[n]\/l—l—Qx—i—x ——5 [n]
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Now from (5.2.4), (5.2.5) and (5.2.6) we have

|Pog(fi2) = f(2)] < Qu(f,0) {Pog (1 + 22+ 1);2)
4P, ((1+2 Lplt=al ;x’,x)}

N (f,0){Png (1 +22+1);2)

<
N N (I ) }

Ql(f,5)< (1+2)+2(1 +2) Hm)

i)
)

=0 (f,9) (3(1 + z)

< (14 2)N(f,0) (

where
1 + T
Kq; =su
! x>13 1 +z
If we take 0 = ﬁ,then from the above inequality we obtain the following
2 < (f,0) BKy+4
T2 < (f,6) BK1+4)

1Pna(f) = flly < k0 (f50).

5.3 Asymptotic Formula

In this section, we prove the Voronovskaja type asymptotic result for the g-Phillips

operators.
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Lemma 5.3.1. Let ¢ > 1. We have

1 1 2 1 1 2
Pn,q(t3;x):x3+( totete) » (A+g(A+g+q)

[n] ¢3 [n]2 7 )
(1+0P(Q+ A0 gta)
[n]° ¢°

Proof. In order to prove Lemma 5.3.1, we shall use Lemma 5.1.2. For f(t) = 3, we
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have

qu(tg; )

t*snp—1(q;t)dit + E1 (= [n] x) f(0)

1 1
q q

Zcf # S (0; q7)

o\Q‘H‘g

2~k , 1
= [n] ;q Sn k(¢ q:c)qﬁqQ_k T [k +2]!

B 1i[k+2] [k + 1] [k]

= Ek: i $nk(q; qT)
_ %Z(l +q) [F] + (g ;]23(12) [k]” + ¢ [K] -
= %{ o [kg] sn,k(q;qx)+§:—(q+2qz) il Snk(q; )

q k=0 [n] k=0 [n]
+> u J[Fn? 1+ Sk (4 qw)}

I~ (4422 =K

q3;[n]3 nk (€5 q) + e 2 nk (0 q)

(L+9) [k N
+ [n]2q6 kz:;[ ] nk(q q )
_ V(e 2 ta e LN (a4 200) 2 1
= & (6 + e + ]”) i (7 + ppor)
n (1;rq)

[n]” ¢°

3, 214 1 (Q+2Q)x2 (q+2(1)3j (1+a),

T T e e e e
_ S 2+q q+2q q+2q) (1+9q) .
- < ) < 2 n] [n]” ¢° i [n]2q5)
_ 3 (2+C]) (Q+QQ) + (g + )+1+q
- 7] ¢* [n]2q5
A 1+q) (1+q+q* )x2+ (1+Q)(12+q+q )x
[n] ¢3 (n)? ¢°
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and for f(t) = t*, we have

Pn,q(t4; x)

‘8

1—

Q[

t'snp-1(q;t)dst + Ea (= [n] z) £(0)

1 1
q q

= [n] ZqQ_ksn,k(q; qz)

o —

1
:n]Zq Sk (q; q) / q2*k[n]5[k—1]![kj+3]!
:_Zk‘+3][k‘+2][kz+1][k‘]

[n]’

1 {(1+q+q)(1+q)[/f]+(1+Q+q)(Q+2q2)[/f]2
[

Sne(q; qx)

g0 £ &
+(1 +a+ )¢ k] +*(1+ q[zlgfz] +¢*(q +2¢%) [k + ¢° [k]" } 54 47)
A (N, Ut AP Plat 2~ (R
= () st + " 3 () eostren
(1+q+¢)(q+2¢%) + @1+ ) ) ;
+ T g0 ;( ) ne(@: )
NETEIE q>z%sn,k<q;qx>
L (1t 2y (g2)° (gz)* 1
= ((q) + (34294 ¢°) m (3+3q—|—q)[n]2 —I—[n]Sq)
(Itag+a)+(@+2¢") (5 24a. o 1
(1+q+q2)(q%—22q2)+q3(1+q) << x)2+iqx) N (1+Q+§2)(1+q)qx
[n]" ¢ [n] [n)? ¢10
o4, B2+ 5, 3+3¢+4%) ,
x x° + 3
q[n] q* [n]
TR 3x+<1+q+q2>+(Q+292)x3
¢ [n] (] ¢*
((1+q+q2)+(61+2q2))(Q+Q)szr (1+Q+Q2)+(Q+2Q2)I
[n]” ¢° [n]” ¢
(1+61+(12)(Q+2(12)Jr(f’(lJrq)szr (1+Q+q2)(Q+2q2)+q3(1+Q)x
n]” ¢8 (n]’ ¢°
N (1+q+;12)(1+q)3j
[n]” ¢°
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3+2+¢%) (1 2 2¢°
:x4+{( +20+¢°) | +CI+Q)‘Z(Q+ q)}xg

q[n] [n]q
[(3+3q+q2) (1+q+¢°)+(g+2¢°)(2+q)
¢ [n)? n]” ¢
(14+q+¢*)(q+2¢°) +¢*(1 + q)} 2
[n]” ¢8
+{ 13 (1+Q+q2)3+(Q+2q2)
¢* [n] [n]” ¢
(1+q+q2)(Q+2q2)+q3<1+Q)+(1+q+q2)(1+Q) .
n]® ¢ n)® ¢

4+q3(3+2Q+q2)+(1+q+q2)+(q+2q2) 5

- [n] ¢* !
N [q6(3 +3¢+ )+ (1 +q+ %)+ (a+2¢*)(2+q)
[n)? ¢®
(14+q+¢*)(q+2¢°) +q3(1+q)] 22
[n)? ¢
N {q6+q3((1+q+q2)+ (q+2¢%) + (1 4+ g+ ¢*)(q + 2¢°)
[n]” ¢°
+q‘°’(1+@1) + (1-§q4rq2)(1 +Q>} .
[n]” ¢°

o D@D+ 5 @)@+ D g+ + 1)
[n] ¢* [n]* "
(¢ +D @+ +1) (g +1)°
) ¢°
09+t ete) 5 A+A+P)A+a+¢) o
[n] ¢* n)* "
1+’ A+ +g+¢)
[n)* ¢°

+

X.

]

Lemma 5.3.2. Assume that q, > 1 and q,, — 1 asn — oo . Then, for every x € [0, c0)

there holds,
lim [n], P, (t —z;2) =0, (5.3.1)
n—+00 n
lim [n], P, ((t—2)°;2) = 2z, (5.3.2)
n—00 n
lim [n]z Pog. ((t —2)*;2) = 1222 (5.3.3)
n—00 n
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Proof. First of all, we write explicit formula for P, , (t — z; x)
P”#]n (t - x) = P”#]n (t7 'r) - xp'ann (17 x)
=z —x=0.

Then we get

lim [n], P, (t—2;2) =0.

n—00 qn

Next, we calculate P, ,, ((t — ) ; z), as follows

Py (t— x)z ;) = P, (t2; z) —2xP,, (t;z) + xQPn,qn(l; x)+ % — 1?
1+qy
:x2+( ;I—q )x—2x2+x2
qz [n]
1+qy
_ ;rq ).
qz [n]

and we obtain

lim [n], Pog.((t—2)*;2) = lim [n],_ {%x}

n—oo n—oo qTL
1+4qn
= lim ( —i—2q )
n—oo q
= 2z

4

Finally, we give an explicit formula for P, , ((t — )" ; x)

Pn,qn((t - x>4 ;)

=P, (t4; x) —4xP,,, (t3; x) + 6x2Pn,qn (tQ; x) — 43:3Pn,qn (t;z) + zt
_ gty U Fa)( +qn)(4+q ) s (L) +q;)(7+q +n)”
(14+¢.) (1 + @)1+ gn + ¢2)
3 X
[n]” ¢°
14+q,)(1+q, + ¢ T+q,) (1+q,+ ¢
e x3+( + ) ( +§1 +qn)xz+( +q )(2+q + )
], a3 ], @
14+ qn
+ 622 :L'Z—l—%x — 324
g [n],,
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iy (1+¢) 1+¢)1+ g, + qi)xa N (14+¢.) (1+¢2)(1+ g, + CJ?L)sz
(nl,, an ()2 4l

2 2 2 2
(1+qn) (1+qn)(1+qn+qn)$ 4(1+qn)(1+qn+qn)x3

4
o @ R
_ 4(1+4n) (21 t Tt q’%)x2 + 62t + —6 (1+ qn)x?’ — 3zt
[n] o 0o ar [n]qn
|0 +e) A+ g)d+antan) 40+)A+etan) 6(0+a)| 4
], @ ], @ qz [nl,,
S A+g)(I+g+a)* 40+¢)A+g+a)| o
[n]: 4l [n]2 ¢}
L0+ a) O+ a)( g +a)
], 42
_ (U4 60) (A4 gu) (1 + Gn + ) = 4dn (14 dn) (1 + G + ) + 60,(1 + ) 3
(], a4
L) 4 ¢a) (1 + gt 4)” = 40, (14 dn) (1400 +00) o
)2 4l
L4 (a1 + gt an)
[n]; 42
I PN (T AR VR
], @
Lt D) (@t an+ ) (00 =245+ T dn+ D)
()2 4l
L) A+ a)0+ata)
[n]; 42
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and we prove (5.3.3)

lim [n]zn P ((t— x)4 ;x)

n—oo
I e (A e VIO V(T Vi
n—oo (1 — gy)? ], 4
0t D@t G A D (=205t tat D) o
[n]2 o
+<1+qn>2<1+qz><1+qn+q,%>m}
3
], a5
2
. (], (@2 = an+1) (gn + 1) (gn — 1) r
T n—oo gt
n 1 n 2 1 n_2 2 3 4 1
+,}E{;<q +1) (gn + 2 + )(qg q +q, +q, + )xz
1+¢,)° (1+¢2)(1+q, + ¢
leim( + qn)” ( +qn)(9 + ¢ +qn)x‘
oo [, 40
_n 2 2
n—oo qﬁ
+(qn+1)<qn+Qi+1)<qn—2qZ+Q2+Qi+1) 2
qr !
1—¢)1+¢.)* 1+ ¢+ q, + ¢2
leim( @) (14 qn)” ( +q;)( +q +qn)$
n—00 (1 —q)a
= 1222

O

Theorem 5.3.3. Let g, > 1. Then the sequence {F, ,, (f)} converges to f uniformly
on [0, A] for each f € C3 [0,00) if and only if lim ¢, = 1.
n—o0

Proof. The proof is similar to that of Theorem 2 [12]. OJ

Theorem 5.3.4. Assume that ¢, > 1 and q, — 1 as n — oo. For any f € C} [0, 00)

such that f', f" € C3 [0, 00) the following equality holds

lim [n], (P, (f;2) = f(z)) = 2f"(2),

n—oo
forevery x € [0,00) .
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Proof. Let f, f', " € C;[0,00) and = € [0, 00) be fixed. By the Taylor’s formula, we

may write

f@t) = f(x) + f(@)(t —2) + %f”(:v)(t —2)? +r(tx)(t —2)?, (5.3.4)

where r(t; z) is the Peano form of the remainder, r(.; ) € C5 [0, 0c0) and %imr(t; x) =
-z

0. Applying P, . (f, x) to (5.3.4), we obtain

[n]qn (Prg. (f32) = f(2))
= F@) [l Paa (0= 232) + () I, P, (6= )% 2)

+[n], Pug, (r(tz)(t— z)? ;).

By the Cauchy-Schwarz inequality, we have

Prg, (1 (6:2) (t = 2)%32) < \/Pog, (2 (652) ;003 Pug, (= 2)" ). (539)

Observe that 7 (z;2) = 0 and 7% (.;2) € C5 [0, 00) . Then, it follows from Theorem
5.3.3 that
lim P, (r* (t;2);2) =1 (z;2) =0 (5.3.6)

n—00

uniformly with respect to = € [0, A] . Now from (5.3.5), (5.3.6) and Lemma 5.3.2, we
get
lim [n]qn P (r (t; ) (t — x)Q ; x) = 0.

n—o0

Then, we have

lim [n]qn (Prg. (f32) = f(2))

n—oo

=t { )i, Pa, ¢ = 252) + 570 )

n—oo

" Pn,qn ((t - x)Q ;x)

+ [l Puaa (7 (2) (= 2)" 1) }

=0+ %f”(x)Q:c—l—O =zf"(z).
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