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ABSTRACT

The tunneling time problem was a very popular problem at the end of the 20th century.
In Quantum Mechanics only observables can be measured, i.e. these observables are
real quantities. From mathematics it is well known that only hermitian operators have
real eigenvalues, therefore we associate observables as eigenvalues of Hermitian oper-
ators. Until now no Hermitian operator for the time was not found. Therefore many
approaches in order to determine the time a particle spends in a region or needs to travel
across a region are developed. Based on this the Bohmian Dwell Time, the Biittiker
Landauer Time, the Larmor Clock, and the minimal tunneling time are presented and

discussed in this thesis.

Keywords: Quantum Mechanics, Traversal Time, Tunneling Time, Larmor Clock,

Dwell Time
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Oz

Tiinelleme zaman1 problemi yirminci yiizyilin sonunda ¢ok popiiler arastirma alaniydi.
Kuantum mekanikte sadece goriinebilirler Ol¢iilebilir, yani bu goriinebilirler reel bir
degerdir. Matematikten bilinir ki Hermityan opertorlerin 6zdegerleri reel sayidir, ve
bundan dolay1 goriinebilirleri Hermityan operatorlerin 6zdegerleri ile iligkilendirilir.
Simdiye kadar kuantum fiziksel zaman kavrami i¢in Hermityan operatér bulununa-
madi. Dolayisi ile kuantum mekanite zaman kavramini, yani bir par¢acigin bir bolgede
gecirdigi veya bir bolgeyi gecmek icin harcadi§i zamani, tanimlamak amaci ile
farkli yaklagimlar gelistirildi. Buna bagli olarak Bohm kalma zamani, Biittiker Lan-
dauer zamani, Larmor saati, ve minimal tiinelleme zaman1 yaklasimlar1 bu tezde ver-

iliyor ve tartisiliyor.

Anahtar Kelimeler: Kuantum Mekanik, Gegme Zamani, Tiinelleme Zamani, Larmor

Saati, Kalma Siireci
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Chapter 1

INTRODUCTION

In Quantum Mechanics the time plays a mystic role. This can be easily seen when the
interested reader follows the discussion on superluminal tunneling experiments carried
out by Giinter Nimtz [14] in Germany or by Raymond Chiao [8] at Berkley. As we
know from the standard quantum mechanics lecture all observables are the eigenvalues
of Hermitian operators. If time is an observable, then there must be a Hermitian time
operator. Unfortunately until now there is no hermitian time operator. Therefore physi-
cists tried to invent different approaches to the tunneling time problem. Starting from
a semiclassical approaches to variational approaches. As the hot discussions on the
superluminal tunneling shows that the community of physicists still is very sensitive to

the time problem in quantum mechanics.

Many different approaches for the definition of the tunneling time or traversal time
respectively have been given. A review of various tunneling times was given by Hauge
[10]. One of the first fruitful approaches to the time problem was given by Baz’ and
Rybachenko [2, 15] by proposing the Lamor clock as a measure of traversal time. This
method is reviewed in chapter 4. Biittiker defined first the Dwell time, which can be
seen as a semiclassical approach. Leavens developed the idea of the Dwell time using
Bohmian trajectories as shown in chapter 2.1. The Dwell times for rectangular barrier
as well as for two §-spike potentials is calculated. In chapter 3 the Biittiker Landauer
time is presented. The tunneling time is calculated for a constant localized barrier
with a small time varying periodic perturbation. Finally the concept of the minimal

tunneling time is put forward. The minimal tunneling time is based on a variational



principle approach [4]. Exemplarily the minimal tunneling time for the symmetric
constant barrier is calculated and compared to the corresponding Dwell time calculated
in chapter 2.2.2. Furthermore the minimal tunneling time is used to determine the level

splitting in the symmetric quadratic double well potential.



Chapter 2

DWELL TIME

2.1 Bohmian Dwell Time

Following C. Richard Leavens Bohmian trajectory approach to timing electrons in

[13], we will now develop the idea of the Bohmian Dwell time.

Lets consider the one dimensional stationary quantum motion. We consider a contin-
uous double degenerate spectrum of eigenstates ¢z () of the stationary Schrodinger

equation.

(ﬁi@—; N U(x)) bi(x) = Bou(z) .1

With the solution of the Schrodinger equation (2.1) we can determine the probability

current in one dimension j(z), as following:

(@) = 2t (Vo) (o) 22

As we are interested in determining the time of a quantum particle spent in the interval

a < x < b we may come up with the following definition of the traversal time:

1 b
D = m/a g (x)|*dx (2.3)

Where does this come from? In the Bohmian ontological interpretation of quantum

theory, the characteristic times for quantum particles will be discussed in terms of real
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trajectories, rather than virtual paths like in the Feynman’s path integral formalism [9].
Let’s consider a single quantum point-like particle propagating in the potential V' (z, t)
accompanied by the wave function ¢z (z,t), examining the potential at each point in
space-time and guides the particle’s motion accordingly, such that the particle has a
deterministically well defined position z(¢) and velocity v(t) at each instant of time ¢.

Bohm postulates in [3] that the particles equation of motion is given as:
v(t) =dxz(t)/dt, and p(z,t)v(z,t) = j(z,t) (2.4)

where
p([L‘, t) = dJE(xv t>*,¢)E(xa t)

is the single particle probability density and

i) = tm (it t) 5o )

denotes the probability current density. Here we have to note that the velocity v(z, t)

can never exceed the vacuum speed of light c.

In analogy to classical statical mechanics we have to to define first the probability

distribution for a particle property f, which is defined for all trajectories as following:

() = / pa,008( = S ) 2.5)
a spaces

where f(x(?)) is the value of the property of a particle following the trajectory z(z*), t)

and z(%) denotes the initial position of the particle.

We now consider the complete set of trajectories that start at 2(*) for the trajectory
z(2®,t) and reaches the final destination X at least once at the time ¢ > 0. As in

the Bohmian trajectory theory the trajectories do not cross or touch each other, this

set must consist of a continuous interval [x&o), xl()o)]. Because of the nonintersection

property of the trajectories there is only one z(*) in the interval [x,(lo), xl(,o)] for which

the trajectory x(2(?), t) reaches the final point X at a particular time 7. So if we want



to calculate the arrival time distribution we get
(0)

II(T) = / :’) p(z9.0)0(T — T(z))dz®. (2.6)

As one can see easily T'(z(?)) depends on the starting position 2(°). The relation be-

tween §(T — T(z(?) and §(x (2, ) — X) is given by:

0 Ot =TE) | s =T@E) | T =T ("))
oe(@®,0)-X)|_, = de(z@, 0 /dt]|  ~ Jole@O,0, 0] [o(X,T)]
t t=T 27

Inserting now (2.7) into (2.6) the probability distribution for the arrival time yields to:

(0)
I(T; X) = [v(X,T)| / o §(2(z©,T) — X)daz® (2.8)

This integral is just the probability density p(X,T"). So (2.8) reduces to:
(T X) = [o(X, T)|p(X,T) = [§(X,T)| (2.9)

Normalizing this probability distribution gives:

Ij(X 7)|

(T X) = IS

(2.10)

(2.10) is the probability distribution of all arrival times for all particles reaching X at
any time ¢ > 0. II(7"; X) is not defined in the case if the integral in the denominator
becomes 0. This actually is the case if no particle arrives X at a time ¢ > 0. Also it
is not defined is the numerator becomes infinite, i.e. if there is a periodic motion of

particles described by the set of trajectories passing forever periodically x = X.

If the particle arrives at x = X at the time ¢ = 7' from the left the velocity field

v(X,T) > 0is positive, and therefore according to (2.4) the probability current density
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J(X,T) > 0is also positive. We will denote this case with (+). In the case where the
particle arrives from the left obviously the velocity field v(X,T") < 0 is negative and
analogously according to (2.4) j(X,T) < 0 is also negative. This case is denoted by

(—). So finally we will write (2.10) as following:

IT; X)=1,(T;X) + 11.(T; X) (2.11)
with
ji<X7T>
[ (7T;X) = t—— ; 2.12
HEX) =S ) ) 12
where

j:l:(x’t) :j(x,t)G(j:j(x,t)). (2.13)

From (2.4) it is obvious that [T (7"; X)) > 0 for all X and 7.

2.1.1 Transmission and reflection times

For the discussion of the transmission and reflection times we have to set up a gedanken
experiment in order to model the system mathematically. We consider the one dimen-
sional scattering experiment of a particle coming from the left of the localized barrier
V(x,t) = O(x(x — d))V(x,t). In the following we will only consider positive valued
potentials. If we assume that the wave function ¢z (x, t) is normalized and located far
to the left at the time ¢ = 0. If we now integrate the probability density p(z,0) from
zero to infinity:

PO:/ p(x,0)dx
0

and compare this with the transmission probability Pr

PT:/ p(x,te)dr, (2.14)
d

where ., denotes the time when the scattering process is completed, we see that the

relation between P and Pr is given as

Pr> F.

This relation is important, in order not to get any significant contribution to the trans-

mission probability from the wave function at the starting point. As already denoted
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above the Hermitian time operator operator has not been found yet and therefore time
can not be considered as an observable. Now we are extending our experimental set
up to carry out many experiments with the same setup and the same intrinsic wave

functions ¢g(z, 0), and average the corresponding reflection and transmission times.

In the following we are going to consider many identically setup experiments of the
type described above and determine the average transmission and reflection times cor-
respondingly. We will denote this times as 77(a, b) and 7x(a, b) respectively, indicating
the average time the particle is spending in the region a < x < b after the time ¢ = 0.
These particles are either transmitted or reflected. Recalling that the barrier V' (z, ) is
not vanishing in the region [0, d], the average transmission time 77(0, d) is obviously

identified as the so-called tunneling time.

In order to determine the average transmission and reflection times for a point-like
particle, with the initial position 2 = x(%) at the time ¢ = 0, the particle spends in the

region [a, b] we can use the classical stopwatch expression:

(a, b, z(© / / r —x( 0),25)) dx dt (2.15)

The mathematical modeling of a classical stopwatch is very straightforward. As we are
considering a point-like particle the probability density of this particle is trivially given
as §(x — z(z(©),1)). Integrating this probability density over the interval [a, b] gives us
the time dependent probability. After integrating the time from zero to infinity we get
the time that the particle started at the point z(*) at the time ¢t = 0 spend in average in

the interval [a, b].

By averaging (2.15) over all starting points we get the so-called mean dwell-time:

o (a, b):/ t(a, b,z p(z, 0) dz® (2.16)

(e 9]

As all these integrals are considered to be Lebesgue integrable and the order of inte-

gration can be changed according the theorem of Fubini. Therefore we get for mean
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dwell-time

00 b poo
Tp(a,b) = / / / p(z(©, 0)6(z — z(z©, t)) dz® daz dt. (2.17)
0 a J—o00

J/

p(x,t)

The integral
/ p(z9, 0)0(z — 2(2©,1)) dz© = p(z,1)

is the distribution of particles p(z, t) at the time ¢. So the dwell-time simplifies to:

oo b
Tp(a,b) = / / p(x,t) dxdt. (2.18)
0 a

In order to write 7 (a, b) also in terms of the probability current density we are going

to use the equation of continuity
Op(x,t) + Opj(x,t) = 0. (2.19)

If we multiply the equation of continuity (2.19) by ¢ and integrate the equation of

continuity over the time from zero to infinity and the location from a to b we get:

b poo b poo
/ / top(x,t)dtde = —/ / t0j(x,t) dt dx
a JO a JO
b 00 00 00 b
/ {tp(x,t)’o —/0 p(x,t) dt} de = —/0 t/ Opj(z,t)dxdt (2.20)

The expression

tp(x,t)‘zo =0

becomes zero because at the time ¢ = 0 the probability density is finite, at the time ¢ =
oo the probability density becomes zero at every point of the interval [a, b], because the
probability of the particle at the time ¢ = oo, i.e. at a time after the scattering process
is completed, to be in the scattering region is also zero. Applying the fundamental

theorem of calculus on the right hand side of the equation (2.20) we get:



—/ab/ooop(x,t)dtdx _ —/Ooot(j(b,t)—j(a,t)) dt

00 b 0
/0 /p($,t)da:dt _ /0 t(i(b,t) — j(a,t)) dt 2.21)

Inserting now (2.21) into (2.18) we get for the dwell time:

o, b) = /0 THGO) — jla,t) dt (2.22)

Up to now we have not differentiated between transmitted and reflected particles. As
we are dealing here with Bohmian trajectories, we want to recall that the trajectories
do not cross each other. So there is a trajectory zp(t) = x(x(lg), t) that divides the
trajectories into trajectories associated with transmitted particles (z(*) > :1:55?)) and
trajectories associated with reflected particles (z(*) < xg)) . In the following we will

use xfgt) to separate the contributions of the transmitted and reflected particles.

The probability for a transmitted particle is then:

Pr = / p(x,t) (2.23)
zp(t)

with

p(l’,t) = IOT(Ivt> + pR(l’,t)

and

pr(z,t) = p(z,t)O(x — xp(t)) (2.24)

pR(Z‘,t> = p(x,t)@(xB(t)—x). (225)

Inserting this into equation (2.18) we get:

7p(a,b) = Prrr(a,b) + Pr7r(a,b) (2.26)



with

00 b
Prrr(a,b) = /0 / p(x,)0(z — xp(t))drdt =
= /Ooo t (b, 1)0(b —2p(t) — jla,t)O(a — 25(t))) dt (2.27)

and

Pr7r(a,b) = /000 /ab p(z,t)0(xp(t) — z) dedt =

= /Ooot(j(by )0 (zp(t) = b) = ja, 1)O(zp(t) — a)) dt (2.28)

The dwell, transmission, and reflection times are all positive, real valued, and additive,
i.e.

Tp(a,c) = 1p(a,b) + 7p(b,c), witha <b < c. (2.29)

Analogously this expression is also true for 7, and 75.

Because the reflection and transmission times 77 (a, b) and Tz(a, b) depend explicitly
on the boundary trajectory x (), the integrands are not anymore bilinear in ¢ g(z, t)
as in (2.18), and are rather implicit functionals of 15 (x, t) themselves. Therefore if we
consider the transmission and reflection times for wave packets, we can not determine
them as easily as using a Fourier transform. So there is no simple relationship between
the 7r(a,b) and 7r(a,b) respectively and its stationary counterparts 7r(a, b; k) and
Tr(a, b; k) respectively. So the general properties of the transmission and reflection

times can not be transferred to the stationary case.

The stationary case will be elucidated in the next section where the Dwell time will be

discussed in the framework of Biittikers [5]idea.
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2.2 Dwell Time

If we consider now the scattering process in the stationary case where a particle will

be described by the wave function

1/}($’ Zf) _ wk(x)efiEt/h

and with E = h2k?/2m.

mo(1, 203 k) = ﬁ/ 2 [W(z; k)| da (2.30)

where v(k) is the incoming flux (which is in parallel to Smith’s idea). So the dwell
time can be seen as the ratio of the probability of a particle being found in the region

between x; and x5 over the incoming flux.

Analogously to of the straight forward approaches to the tunneling time problem was
given by Smith in [16], where he introduced the lifetime for a one dimensional elastic

collision, which is resembles the basic idea of Biittiker’s definition of the dwell time

D [5]
2.2.1 Dwell Time for a localized barrier

If we consider the simple example of a one dimensional barrier V'(z) that is localized

on the interval (b, a):

V(z) = (2.31)

0 else

The solution of the time independent Schrodinger equation

11



(gt + V(o)) wlash) = Bu(aik) 2.3)

2m dx?

of the localized potential V' (z) as given in (2.31) is then:

(i k) = X(x; k) b<zr<a (2.33)

\/T gle gtk T >a

Figure 2.1: One dimensional potential barrier

Returning to Biittikers definition of the dwell time (2.30) we can see that in this defini-
tion there is no distinction between the reflected and transmitted components. There-
fore it is obvious that this definition of the tunneling time averages over all scattering

channels as already noted by Smith [16].

2.2.2 Dwell Time for the localized constant potential

Now let us calculate the dwell time for the potential barrier

12



Vo if0<z<d
V(z) =VyO(z(d — x)) = (2.34)

0 else

Vo >

Figure 2.2: One dimensional rectangular potential barrier

The Solution of the Schrodinger equation in the regions I, /1, I 1] are given as follow-

ing:
Yr(zy k) = % 4 Re 'k (2.35)
Yr(z; k) = Ae™ + Be "™ (2.36)
Vi k) = Tek® (2.37)

where k = \/2mE/h? and k = \/2m(Vy — E)/h2.

The wave function v (z) has to be continuous and continuous differentiable at all
points, therefore the wave function has to be continuous differentiable especially at

the z = 0 and x = d. Therefore we have to fulfill the following continuity relations:

er(0:k) = r(0; ) (2.38)
Vrld;k) = Yr(d; k) (2.39)
Ur(0sk) = 7,(0;K) (2.40)
ildik) = ¥y (dik) (2.41)

13



Using (2.35), (2.36), (2.37) results:

1+R = B
Ae”d+Be”d — Teikd
ik(1-R) = Ar

(Ake™ — Bre ™) = ikTe*

Solving (2.42)-(2.45) with respect to A, B, R, T gives:

o ik redtn=ik)
e?d(k 4+ ik)? — (k — ik)?
R — (k* + k%) sinh(dk)
(k — k)(k + k) sinh(dk) + 2ikk cosh(dk)
4= 2k(k — ir)
e (k 4+ ik)? — (k — ik)?
B - keds(k + i)

(k — k)(k + k) sinh(dk) + 2ikk cosh(dk)

Simplifying these equations for kd > 1 we get:

4k , k? — K2
T = W’;e’(’k“)d exp {arctan Qk: }
R = exp {—22’ arctan %}
4 - 2k(k — ik)
e2dr(k +ik)? — (k —ik)?
B b { , arct H}
= ————expJiarctan —
R g

For

Vi1 = Asinh kx + B cosh kx

14

(2.42)
(2.43)
(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
(2.51)

(2.52)

(2.53)



we can now calculate the Dwell time for the rectangular barrier as following. First we

have to determine the absolute square of the wave function ¢;;(x).

[vrr(z)|? = (A*sinhkx 4+ B* cosh kx) (Asinh sz + B cosh k)

= |A|?sinh® kz + (A*B + AB*)sinh kx cosh kx + | B|? cosh? ka

For the Dwell time we have to calculate now the integral fod [ (z)|? da:

d d
d
/ |7 (z)* doe = |A|2/sinh2 kx dr + |B|2/cosh2 kx dr+
0
0

0

d
+ (AB* + B*A) / sinh kx cosh kx dz =
0

—rd + cosh(kd)
2K

9 kd + cosh kd sin kd
2K

sinh? (kd)
2K
(2.54)

= A + |B| + (AB* + B*A)

Inserting now the coefficients A and B from (2.48) and (2.49) into (2.54) gives:

2 k* [2kd (k* — k?) + k2 sinh (2kd)]
DT gk cosh (2rd) — (—K2 — 26k + ¢2) (—k2 + 2wk + £2)]
2 k% 2kd (k* — k?) + k2 sinh (2kd)
vk kicosh(2kd) — kit + 8k2k2

After simplification we get:

_ k?2rd (k* — k) + kg sinh (2xd)

= 2.55
vg  kisinh?® (2kd) + 4K2k2 (2-5)

With the flux

U:jin:_

15



we can now calculate the Dwell time for the rectangular barrier for 0 < £ < V| by

inserting v into (2.55) and get finally:

_ mk 2xd (k* — k*) + k{ sinh (2xd)
~ hk kbsinh® (2kd) + 4K2k2

(2.56)

D

Now we need to calculate the Dwell time for the case &/ > V{. We can directly get the

result from (2.56) by substituting x by ix and exploiting the identity
sinh(iz) = isinz

we get for th Dwell time for £/ > V/;:

mhk 2ikd (=k* — k?) + kg sinh (2ixd)
hik — kisinh?® (2ikd) — 4k2k>
mk 2ikd (—K* — k?) + ki sin (2kd)

™D =

hik — —kisin® (2kd) — 4k2k2
_ mk (=) (2kd (8 + k) — kg sin (2kd))
 hik — (kg sin® (2kd) + 4k2k?)

mk 2kd (k? 4+ k?) — k2 sin (2kd)
he ki sin® (2kd) + 4k2k2

Finally we have to determine the Dwell time for the case £ = Vj. This case can be

dealt by taking the limit as k — 0. So we get:

mk 2kd (k* + k%) — kg sin (2kd) _ mb 1 + kib*/3

lim = — 2.57
k—0 hK k’g sin? (2Iid) 4 4K2k2 hko 1+ k’gb2/4 ( )
Summarizing the results for the Dwell time in all three cases we get:
(
ik 26d(52—k?)+k3 sinh(2xd)
T ki sinh?(2rd)+AR2k2 for £ <V
= { mb 1+kgb*/3 B 5 58
N R for E = Vj (258)
mk 2I{d(l€2+k2)*k3 sin(2kd)
h kg sin? (2kd)+4rk2k2 for £ > Vb

16



2.2.3 Solution of the Schrodinger Equation for the Double Spike Potential

We want to solve the Schrodinger Equation for the double spike potiential, i.e.
V(z)=Vo[d(x —b/2) 4+ 6(x +b/2)]. (2.59)

Shown in the figure below.

Region I Regi¢n 11 Region 111

Y
8

—b/2 b/2

Figure 2.3: Double Spike potential.

Therefore we make the Ansatz:

,

Yr(z) = e 4 Re~ for co < o < —b/2

Y(z) = Yri(r) = Ae*® + Be=**  for —b/2 < x < b/2

Yrrr(z) = Ter” forb/2 <z < oo
\

For the solution of the Schrodinger equation we have to comply with the following

boundary conditions:

1. The wave function has to be continuous at x = —b/2 and x = b/2.

2. The derivative of the wave function has a jump at z = —b/2 and x = b/2.

Continuity conditions at x = —b/2 and x = b/2:
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Yr(=b/2) = Yi(—b/2) (2.60)

Yi(b/2) = r(b/2) (2.61)

in detail this means:
e~ 20k + Re's = Ae 3ibk + Be's (2.62)
Be 3™ 4 Ae's = Te's (2.63)

First we have to motivate the jump condition in case of J-potentials. Therefore we will
integrate the Schrodinger Equation from —e — b/2 to € — b/2 and calculate the limit as

e — 0.

e—b/2
= Flim U(x)dx

e—0 —6—b/2

lim [_h—Z /_ T ) de s / () de

2m e—b/2 —e—b/2

(2.64)

considering the first term of the Schrodinger Equation:

2 pe-b/2 2
lim —h—/ Y"(x)dx| = lim _ )’ e—é —q —6—9
e—0 2m —eb)2 e—0 2m 2 2
(2.65)
As —e — b/2is in region [ and € — b/2 is in region /[ equation (2.65) gets

i [ (v (= 2) v (= 2)] =2 [ (-5) s (5)

As the potential is given by equation (2.59), the second term in equation (2.70) can be
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written as

e—b/2
lim [ /_ V(a)(x)de| =

e—0 6—b/2

lim [ / N (5 — bJ2) + (e — b)) () de| =

e—0 —E—b/2

Vot (—b/2) = Vatbr(—b/2) = Vowrr(=b/2)  (2.67)

Finally we can verify easily that the right hand side of equation (2.70) vanishes. Using
U(z) as antiderivative of ¢(x) we get

e—b/2

Blim [ d(z)de = Elim [\If (e—g>_\p<_€_gﬂ _
—e—b/2
b b
= {\If (—§> _v <—§)] —0 (268

Using equations (2.67), (2.66), and (2.68) the condition of equation (2.70) can be sum-

e (2) (Yo e

marized as

2m

Analogously the same calculation can be carried out for

B2 [eth/2 e+b/2 e+b/2
lim ——/ ' (z) dx+/ V(z)Y(z)dr| = Flim Y(z) dr,
e—0 2m —e+b/2 —e+b/2 e=0 —e+b/2
(2.70)
resulting in the boundary condition
I, b , (b
o Vi 5]~ Ui 2|t Vorbrrr(b/2) =0 (2.71)

Introducing the abbreviation:

2mVy
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the equations (2.69) and (2.71) yield to
—Ake R 4 Brre®*/? 4k (—e‘ibl"’/2 + Reibk/2) =0 (2.72)

—ik (Ae™/? — BeR?) — Te™ 2 = (2.73)

(k —ir)(ik* + (2k + i) cos(bk) + rsin(bk))

. . 2.74
R e2kf(k —ik) + (k +ik)? — ik (k — ik)k* (2.74)
B 2k(k +ik)
A= ek (k —ir) + (k + k)% — ie®F(k — ik)k*’ 2.75)
2k(k —ik)

B = 2.7

(—ik — k)k* + (2k% + tkr — K2) cos(bk) + (3k + ir )k sin(bk)’ (2.76)
2

T = Ak (2.77)

2k (k — ik) + (k + k)2 — iek(k — ir)r*

For the calculation of the Dwell Time we are only interested in the Reflection coeffi-
cient R and the Transmission Coefficient 7" (2.30). Therefore according to (2.30) we
have to calculate first the integral of the absolute square of the wave function in region
II, then we have to calculate the current density of the incident wave and get For the
calculation of the Dwell Time we have to calculate first the integral of the absolute

square of the wavefunction, i.e. for 1;;(z) = Ae?*® + Be™** we get:

by L2 b . . . .
/ ’Aezkx 4 Befzkx dx :/ <Aezkﬂc + Befzkz) (A*efzkm + B*ezkx> dx
-b

—b

b
. . 1 .
/ (|A|2 + |B|2 + AB*e?*r 4 BA*e_M”) dr = (|A|2 + |B\2) 2a+Re (ﬁAB*emm
—b 1
2sin 2ka

=2a (|A]* + |B]*) + -

Im(AB*) (2.78)

The current density of the incident wave ¢;(z) = e** + Re~™** is given as:

Jj= %Im (V" (2)0,(x)) = %Im ((e7™* + R ™) ik (7 — R*e™™)) =

Chk po Tk
= Elm(z(l +|R|%)) =

m

(1+|R?) .79
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So we get for the dwell time between the double spikes

2a (|A|? + |B)?) + %Im(AB*)
T =
w(l+|RP)
with A, B, R, T from the equations (2.74)- (2.77).

(2.80)
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Chapter 3

BUTTIKER-LANDAUER-TIME

Landauer and Biittiker analyzed in [6] the behavior of a particle tunneling through a
time modulated barrier. In this work they verified that the particle interacts with the
barrier and showed that the tunneling time depends on the modulation frequency. For
low modulation frequencies the tunneling barrier looks static to the particle, whereas
for high modulation frequencies the particle tunnels through the time-averaged barrier.

This tunneling can also be inelastic loosing or gaining modulation quanta.

The time dependent barrier

V(z,t) = Vo(x) + Vi(x) coswt, (3.1)

where V() denotes the static part of the barrier, and V; () is the amplitude of a small
modulation of the barrier. Incoming particles with the Energy £ will interact with the
perturbation V;(x) coswt and will therefore inelastically absorb or emit modulation
quanta hw. If the modulation frequency w is low, i.e. that the interaction time 1/w
much greater than the traversal time through the static barrier the barrier appears to the
particle to be static. If the reciprocal of the modulation frequency is much smaller than
the traversal time for the static barrier then the particle sees many cycles of oscillations.
So the particle tunnels through a time averaged barrier. The effective barrier will not
be larger or smaller than the static barrier. The only thing that changes is the Energy

of the particles differ either because the particle absorbs or emits modulation quanta.
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Particles with higher energy tunnel much easier through a barrier than particles with

lower energy.

The interaction time of the transmitted particle can be given in semiclassical approxi-
mation using the following arguments. Let us start with the relation between momen-
tum and velocity:

p(x) = mu(z),
where p denotes the momentum of the particle, m the mass of the particle, and v the
velocity of the particle. Considering the units we can solve this equation with respect

to 1/v and get

the unit of 1/v is s/m. If we now integrate both sided with respect to = we get:

2 T2
T:/xl U(Jj)dm:/xl mdl’ (32)

from the correspondence principle for a free particle we know that p(x) = hk(z) =

V2m(Vo(z) — E)/h2 we get for the interaction time, with z; and z» denoting the

classical turning points.

" / () / ) B / 2(Vo(w) — B) 22)

T is the semiclassical interaction time of a particle traveling in a one dimensional po-

tential from x; to z5. The Energy is below the barrier. The interaction time for energies

above the barrier is given as 7 = fff .2(E—T‘n/o(2?)) dz.

Coming back to the Biittiker-Landauer problem. For simplicity we will consider the
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spatially uniform Hamiltonian

2
H=2 4V, +Vcoswt (3.4)

2m

describing the potential inside the barrier. Here Vj and V) are considered constant.
If we solve the time independent Schrodinger equation within the barrier for the time

independent Hamiltonian H= % + Vp for B < Vj we get

Hop(z) = E¢p(r) = ép(x) = Ae"™ + Be ™.

Therefore the solution of the time-dependent Schrodinger equation for (3.4)
Hi(z,t; E) = ihow)(x, t; F)

is
U(x,t) = pp(x)exp (—%) exp (—% Sinwt> . (3.5)

using the identity 9.1.41 in [1], 1.e.

exp (z : % (t — %)) — i th T, (2), (3.6)

n=—oo

where J,(z) denotes the Bessel function of first kind for integer order n. We can

wt and z = Y in terms of Bessel

now expand (3.5) using (3.6) by identifying ¢t = e~ L

functions of the first kind as following:

$(,1) = d(a) exp (—%) S, (%) 3.7)

This mathematical expansion can be interpreted also physically. The time modulation
of the potential causes so-called sidebands, which can be interpreted as particles which
absorbed (n > 0) or emitted (n < 0) modulation quanta. This becomes obvious if we

take the time derivative of (3.7)
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10y (x, t) Z op(x)exp ( th?t) In (%) e "N E + nhw). (3.8)

n=—oo

At the beginning of our discussion we considered the amplitude of the modulation of

the potential as small. In this case we can observe that for V; /fiw < 1 according to [1]

Jn(Vi/Pw) ~ (2‘;}) r(n1+ - (%) L (%)

9.1.7,

So the order of V; /hw corresponds to the order of the sidebands.

In order to find the the solution for the oscillating potential we have to solve the time

independent Schrodinger equation for the energies F and F =+ hw like in section 2.2.2.

The transmission coefficient 7' for the static barrier is according to (2.50) as:

4k ’ k? — k2
=3 +’12 e~ (tk+r)d exp {z arctan Qk: }

As we consider the V; coswt as small perturbation, we will assume for the following

that hw < F and hw < V;j — E. Then the wave vectors for the sidebands

ki = /2m(FE £ hw)/h? = \/2mE k24 /1 i — omE | h2( 1i —
with k = /2mFE /h? k. simplifies to

kiNk‘iﬁ.

Analogously x4 simplifies to :

mw
N I{: .
it T 2hK

then we get for the transmission coefficients multiplying the transmitted waves at the

frequencies £'/h 4+ w for multiplying exp [ike — i(F £ hw)t/h] as:
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Vi

Ty =T— (e —1 .
'y 2hw( ) (3.9)
with
;o md
- hk

7 can be directly calculated from (3.3) for k(z) = k = const. and can be identified as
traversal time through the constant barrier Vj. This traversal time is the time a particle

needs to travel over a distance d with the velocity v = hk/m.

The transmission probability gets then:

1Ty |? = ]T]Q(;;:w) (e*m — 1) (3.10)

where |T'|? is given as:

16k%K>
2 —9kd
IT|* = —(k2 m nQ)Qe (3.11)

For w < 1/7, i. e. the frequency of the barrier is small compared to the traversal time,

the barrier looks static and the transmission probability for the two sidebands gets:

Vi

2hw

T.|” =|TJ?
= 77 (s i

) (1 +wr + O((+wr)?) — 1)° = |T|2(V17) (3.12)

In the high frequency limit, i. e. wT > 1 we can analyze the behavior of the transmis-
sion probability. In the case where the particle absorbs a quantum of Aw and therefore
has the energy F + hw. This particle traverses the barrier which looks as an averaged
barrier of the height V; more easily compared to the energies £ and £ — hw. The

transmission probability in this case becomes then

V wT
T, = TP (m) &

This is the transmission probability of a particle that traverses the barrier at the higher
energy, where the quanta Aw can be absorbed everywhere along the traveling path of

the particle.
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Considering now |T"_|*> we can see that in the high frequency limit, because of the

exponential decay of the transmission probability gets:

Vi\®, 2 i\’
T,2:T2 L wT_l %TQ L
=17 (g ) (e =) =17 (5 )

In this case we can see that the transmission probability strongly depends on the width
of the barrier, decays according to (3.11) exponentially with respect to the barrier

width.

Using the WKB approximation we can extend the discussion to more general barrier

shapes. According to [11] the wave function
1) = Ae™/"
is determined by the solution of the time-dependent Hamilton-Jacobi equation

2
0,S(x,t) = % (%) —V(x,t). (3.13)

S denotes the classical action. The solution of (3.13) is given as S(z,t) = Sp(x,t) +
o(x,t), where

So(z,t) = —Et + z’ﬁ/m(m)dm

is the solution for the static barrier V' (z) = Vj(z), whereas o(z,t) arises from the

modulation w and is given as:

(o [ Bl

ot [ ) i f [ 1)
+ /zo Fm(ﬁ)ep /57:0/{(06“ d¢| (3.14)

x is the classical turning point at the left, where o(x, t) is assumed to be 0. If V;(z)

is small, we have again only two sidebands. We can see from the first term in equation

(3.14), that the damping for the higher sideband is lower compared to the damping of
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the lower sideband. This fact complies with our previous observations. Furthermore

with v(x) = hx(z)/m we can rewrite equation (3.14) as following:

e o [ (- [ )

oo [ B [ ] o

In case of the lower side band the particle looses energy, so we can interpret this as

dissipative tunneling. The traversal time in this case gives an estimate of the impact of
friction effects on tunneling. The energy loss of a particle with velocity v and friction

coefficient + is then given by:

d
AE = ”y/ v(x) de (3.16)
0

As we don’t have an exact idea what happens to the velocity inside the barrier, we can
not calculate the energy loss based on (3.17) exactly. But for small dissipation, i.e. for
AE < 1 we can use the velocity of the unperturbed system vg(x). In this case the

energy loss can be evaluated to:

d
AE — 7/ Melz) 4 (3.17)
0

m

In order to find the transmission probability for small dissipation we assume that the

effective decay rate k = /2m(V (z) — E(z))/h with E(z) = F — AE(x) is the
energy corrected decay rate for the damped system. In this case according to [6] th toe

first order in v we find

ot —— [
hﬁ—hlﬁo+v0<x)/0 Uo(f)df

Resulting in the phase integral for the exponential damping of the wave function:

_ _ Tdg [
5—/hlid$—50+7/0 Uo(f)/o vo(€)dC (3.18)
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For a smooth v,(x) we can find that the contribution in (3.18) is of the order vd?, where
d is the length of the barrier. So dissipation causes as expected decreased transmission.

This property was predicted by Caldeira and Legget in [7].
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Chapter 4

LARMOR CLOCK

One of the first approaches to the tunneling time problem was proposed by Baz’ [2].
Rybachenko applied Baz’s work to a one dimensional localized potential barrier [15].
This approach is based on the idea to use Larmor precession to measure the time a
particle spends within the barrier. In order to employ Larmor precission we have to add
a small magnetic field in z-direction as perturbation to the one dimensional localized

barrier V' (x) as shown in figure 4.1.

Figure 4.1: One dimensional localized potential barrier with small magnetic field B =

e, By in the region [x1, x]as perturbation.

The “infinitesimally small magnetic field” as Rybachenko [15] denoted this field is
localized in the region [z, x2], which includes also the region of the localized potential
V(z). For z < x; and z > x5 the magnetic field B = 0. In order to have an interaction
of the quantum particle with the magnetic field, we consider a quantum particle with
spin s = 1/2 and therefore a magnetic moment of g = 2us, where the spin is polarized

along the z-axis. This is the same setup of the gedanken experiment employed by Baz
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[2] to determine the average collision time. Now we will employ the same idea to
determine the average transmission and reflection times of the particles spent in the
region [z1, xa).

ere o r
Trefl = ﬂ’ and Ty = _t7 (41)
w w

where 6,4 and 6, denote the angle of the rotation of the spin for the particles reflected
and transmitted respectively by the barrier V' (z). Furthermore w = 2uB/h denotes the
Larmor frequency. As the magnetic field is infinitesimally small the times 7.5 and 7,
are basically independent of the strength of the magnetic field. Now we have to solve

the stationary Schrodinger equation including the magnetic field.

~

(s~ B3 + V(@) i) = Eil) “2)

2m Ox?

Here &(az) is an operator with respect to the to the spin variables. In absence of the

magnetic field, i.e. B = 0 the solution of equation (4.2) is given as:

7

etkr 1 Re~ike for x < x4

U(x) = 1 Tetk® for z > , (4.3)

kozgzﬁl(x) + Ba(x) forx; <z < a9

where ¢, (z) and ¢o(x) are the linearly independent solutions of (4.2) in absence of
the magnetic field, and I denotes the identity matrix. We can identify R and 7' as the

reflection and transmission amplitudes respectively.

As we have mentioned above the magnetic field in the region [x1, 5] is infinitesimally
small so we will take the infinitesimally small magnetic field into account by the energy

shift —Ba. This changes the wave functions ¢, (x) and ¢o(x) in the region [z, 2] as

following:
: . dy (2, E
br(o+ iB) — fo(2, ) = —yBo 0 E) .4
) . deo(z, E
bo(z + uB&) — I¢o(z, E) = —MB&—@O(;; ) (4.5)
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Obviously the coefficients R, T, o, 5 change when the magnetic field is switched on.
Actually our main interest is the effect of the perturbation by the magnetic field on the

reflection and transmission amplitudes, which are given according to [15] as:

. PO . a oa 0R
R(E7 ¢17 ¢2) = IR(E7 (bla ¢2) + MB&(S_E (46)
. P . Ao oT
T<E7 ¢17 ¢2) = IT(Ea (blv ¢2) + ,UBa-E 4.7)

The differential operator § /§ F is a differential operator where only the functions ¢ ()
and ¢,(x) are varied, i.e.
) d 0
5E dE (a@) (48)
é1,02
Applying now the operatores Rand T on the spin wave function Xg’ms of the incident

particle the spin wave function of the reflected and transmitted particles become:

10R

xf,f'n o= (1 + ,UBE@O'Z) Xom. (4.9)
16T

Xom, = (1 + MB?(S—E@) Xom. (4.10)

These spin wave function we can identify as the rotation angles .4 and 6, for the

rotation with respect to the z-axis.

B LoRY\ dIn|R|
Ot = 2uBlm <E(5_E) = 2uBIm ( SE ) “4.11)
B 16T dIn|T|

Inserting (4.13) and (4.14) into (4.1) and exploiting the Larmor frequency w = 2uB/h

we get:
_ouB. (16R\ .. [6W|R|
Trefl — W_Im (EE) = hlm ( SE ) 4.13)
_ 2uB 10Ty dIn|T|

In order to determine the reflection and transmission times we have to express the re-

flection amplitude R and the transmission amplitude 7" in terms of ¢ (1), p2(z1), ¢ (1), Ph(x1)
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and ¢1(22), P2(22), ¢ (x2), P5(x2) explicitly to determine the partial derivatives (OR/OFE) 4, o,
and (0T /OF)y, 4, respectively. The constants « and 5 can be chosen arbitrarily # 0

to ensure the linear a proper linear combination of the solution ¢; and ¢,.

Based on this we can now see that the Larmor clock gives us in general complex reflec-
tion and transmission times depending on the logarithmic derivatives of the reflection
and transmission amplitudes R(FE, B) and T'(E, B) at B = 0. This linear response

theory gives us 2 complex or 4 real time scales.
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Chapter 5

MINIMAL TUNNELING TIME

In the following we want to define the minimal tunneling time 7, (£) using a varia-
tional approach as discussed in [4]. As motivation we refer to chapter 2.1 where we
ellucidated the Bohmian Dwell time approach. There we defined the Bohmian Dwell
time 7p in (2.3) as a functional of the wave function ¥g(z) (2.1). It is preferable to
deal with a tunneling time that solely depends on the potential structure V'(z) and the
energy of the particle then on the actual wave function. It seems to be advantageous
to use the functional 7p (¢ g (z)) as a time scale independent functional from the wave
function ¢g(x). Therefore a simple variational principle is employed. The properties

of this functional 7p(¢p(z)) are

e positive definite
e has a lower bound

e varies in the 2D space of the eigenfunctions ¢ (z)

Consequently the dwell time 7p(1g(x)) becomes minimal for some special solution
of the Schrddinger equation (2.1) denoted by 1'1i"(x). The Dwell time for this wave
function is then 7p ()" (z)), which can be interpreted as the minimal tunneling time
Tmin(£). This minimal tunneling time is the minimal tunneling time in the potential

V() for the interval a < = < b.

. 1 f° >
Tmin = Hfzzl:lelw (m/d |VE(x) ) 5.1
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The eigenstate ¢2"(x) minimizes equation (5.7), and can therefore be seen as the
minimal wave function of the barrier V' (z) in the region a < x < b. From equation
(5.7) we can see that there is no maximum for the Dwell time functional 7 (¢ g(z)),
because the Dwell time diverges for solutions 1(x) that carry no current, i.e. the
current density j(v)g) = 0. The current density becomes zero e.g. in the case when
the solutions of the Schrédinger equation (2.1) are are real. If we take a closer look at
the variational principle we can see that the minimal solution refers to the origin of the
time scale in a variational procedure. The tunneling time (5.7) is not universally the
minimal tunneling time that can be found by all different tunneling time approaches.
But this is another valid approach to define a tunneling time. The additivity of Dwell

times as depicted in (2.29) can obviously not be resembled in (5.7). So we can deduce

from equation (5.7) the inequality:
Tmin(au b) E) Z Tmin(a7 C; E) + Tmin(c7 b7 E) (52)

In the limit of the classical motion the equality should hold. Another interesting prop-
erty of the minimal tunneling time is that 7,;,(F) is determined as a local quantity,
whereas most other approaches depend on global quantities, as we can see directly e.g.

in the case of the Smith Dwell time.

5.1 Explicit Expressions

In the following based on the the variational principle (5.7) we want to determine
Tmin(E) and the corresponding wave function /2™ (z). Let us consider the two real
linearly independent solutions of the Schrodinger equation (2.1) ¢(z) and s(z) for the
energy . In this general treatment we only require the Wronskian of the solutions to

be normalized, i.e.

W(s(x),c(x)) = §'(x)c(z) — s(x)d () =1 (5.3)

By scaling of s(z) we can always satisfy this property. Also note that the normalization
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using the wronskian is independent of the boundaries a and b. Now in order to find the
minimal tunneling time and the minimal wave function we have to insert the general

solution of (2.1)

Vp(r) = ac(r) + Bs(z) (5.4)

into (2.3) and perform the variation of the complex parameters o and 5 and we get

() = %m ( / ’ (o)ds / ' o(@)d — / bs(m)c(x)d:z:) T s

Tmin (E) is according to the Cauchy-Schwartz inequality for integrals [1] positive defi-
nite and independent of the of the basis functions ¢(z) and s(x). The only requirement
is the satisfaction of equation (5.3). [4] proposes one possible pair of conjugate com-

plex wave functions {2 ()

b2 1/2 ,
() o () — (M) 0 SO G COL:
fa c(&)?dx \/fab c(&)2de fab s(€)2d¢
(5.6)
For the special case of a symmetric potential barrier, i.e. V(—z) = V() and a = —b

the expressions for the minimal tunneling time and the minimal wave function sim-
plifies. Selecting one eigenstate as even parity, i.e. ¢(—z) = ¢(x) and one eigenstate
as odd parity, i.e. s(—z) = —s(z) we get for the minimal tunneling time and the

corresponding wave function:

Tonin (F) = 4%\//01) c(x)?dx /Obs(a:)de (5.7)

min 1) o /0 S(€)2de clx) £ i /0 o(€)2d¢ () (5.8)
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5.2 Minimal Tunneling Time for the Square Barrier

Let us calculate the minimal tunneling time for the symmetric rectangular barrier

V(z) = VpO(a — b/2)0O(b/2 — z) (5.9)

Then the wave number « in the barrier is given as

1
k= 5/2m|E — Vil (5.10)

Taking into account the condition (5.3) then we find the fundamental solutions ¢(z)

and s(x) in the barrier region as:

c(x) = cos(kz), s(z)= = sin(kx) (5.11)

These are the fundamental solutions for £ < V. For E < V| the trigonometric

functions will be replaced by its hyperbolic counterparts, then we obtain for 7, (E):

For £ > Vj:

4 b b1
Tmin () = _m\// Cos(/ix)de/ —28in(/€$)2d$
h 0 0 K

= i—n;\/%/o (1 —|—cos(2/<aq:))da:%/0 (1 — cos(2kx))dx

m

- n (b+ism(zmb)) (b—%sin(%;b))

=™ e~ L Gngern)y
pr (b 1 sin(2kb) )

= 277;/77/ V/(2kb)? — sin(2kb)?
K
= %_L (kb)? — sin(kb)?

Analogously we can calculate the minimal tunneling time for £ < V4. In this case as

mentioned above we have to take the corresponding hyperbolic functions for ¢(x) =
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cosh(kz) and s(x) = sinh(kz)/k in order to calculate the minimal tunneling time for

E < V. Analogously we get for £/ < Vj:

4 b b1
Tmin(E) = ?m\//o cosh(/{x)%lx/o Esinh(/-m)?dx

dm | (*1 11
= — - h(2 2 —- h(2 -2
- \//0 4(Cos (2kx) + )d:E/O 524((308 (2kx) — 2)dx

= %\/Sinh(lﬁby — (kb)?

In the case £/ = Vj, i.e. kK = 0 we can determine the minimal tunneling time by the

limiting process

mb?

V3h

. m
Tmin(E = Vo) = Ll_ff(l)%

\/sinh(kb)2 — (kb)2 =

Finally putting all results together we get for the minimal tunneling time 7, (E):

”

. /sinh? kb — k202 for E <V,

Tmin(E) = %; for B =V} (5.12)

m /K202 —sin? kb for E >V
L hk

The corresponding Dwell time was already calculated in chapter 2.2.2, which is defined

only for &/ > 0.

25d(/~c2—k2)+kz2 sinh(2xd)
mk 0
hk ki sinh?(2kd)+4k2k2 for & < Vp
272

Tp = { mb 1tksb"/3 — (5.13)

hko 14262 /4 for 2= Vp

2rd (K2 +k? ) — kg sin(2kd)
mk 0
Bk ki sin?(2rd)+4k2k2 for &>V,
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The minimal tunneling time is compared to the dwell time in the following figure 5.1

5.0

4.0 |

3.0}

20 |

Traversal Time [fs]

1.0 |

——
-—
-—
-
i

0.0 : : :
0.0 1.0 2.0 3.0 4.0 5.0

Particle Energy [eV]

Figure 5.1: Traversal times for a rectangular barrier of width d = 6A and height

Vo = 2eV. The solid line denotes the minimal tunneling time 7,,;,, whereas the dashed

line denotes the Dwell time.

5.3 Energy Splitting in Symmetric Double Well Potential

5.3.1 Solution for the parabolic symmetric double well potential

We are considering now the symmetric double well potential.

me (4 b)? w<—c=-t
Ulz) = m;’Z (%—ﬁ) —c<zr<c (5.14)
m;’Q (z—b)? )= b
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Figure 5.2: The symmetric double well potential U(z).

First we have to solve the Schrodinger equation (2.1) for this symmetric potential, i.e.

we have to solve the following two differential equations:

2 2
[Eﬂ_ag_ﬂ

2m 2 (“Eb)z} Urz(z) = 0 (5.15)
2b2

{E+ e - (m“; - m;”Q:czﬂ i (1)

I
o

(5.16)

In order to transform the Schrodinger equations to a known equation, we change the

variables:

£ - 2mw N 3_ Qmng
N h or  \V h O
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using the abbreviations
2mw mw?b?  hw?
= —b = pu—
=\t ="y 8

the Schrodinger equations (5.15) and (5.16) transform to:

2
(5—52 (x84 %) brs(€) = 0 (5.17)
2 2 2
(88—52+%+ (%—%))%(5) = 0 (5.18)

Let us compare the resulting differential equations with the parabolic cylinder function
in [1] 19.1.2 and 19.1.3.
82 £2

For the oscillator: (8_52 — I a) Y.(§) =0

2 2
For the inverse oscillator: (88—52 + % - a) Y.(6)=0

%. For the regular solution in the third region we have to

fulfill the requirement of the wave function to vanish in the limit as £ — co. Then we

get for 13(&) according to [1] 19.8.1:

(€)= U (— B e /3) (5.19)

U(a,x) is the parabolic cylindrical function. Now we have to take the logarithmic
derivatives at © = ¢, i.e. £ = (/2. Before we do this, we will exploit the recurrence

relation for the parabolic cylinder function [1] 19.6.2.

U'la,z) = %xU(a,x) —U(a—1,x) (5.20)
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we get for the derivative Jg13(§):

E
oun(€)| | = O (—5,5 - B)) .=

g2
— 56— (=) - (-1-me-9)|, -

B E P E B
- -ZU (_ﬂ’ 5) U (—1 - —5) (5.21)

So we get for the logarithmic derivative

et (€) B U(-1-£ -3

T4 (5.22)
V3(§) le=s/2 4 U <_%7 _g)
. o 62
witha = & — hﬁ
The even solution in region II is given as:
€2 1 dia 1 i€
= M- 55 5.23
¢2<§) € <4 2 ) 27 2 ) ( )

Note that M (a, b, z) is the Kummer Hypergeometric function. The derivative of ¢ (§)
is then:

. ) /
L ta3 i ) (5.24)

) = —5en©) +ige i (- 5.5 %

Using the identity [1] 13.4.12

1 da 3 i€\ 1 da 3 i€ 1 1 da 3 i€
M- 2B ) (-2 ) o ( M(--2 25
(4 2’2’2) (4 2722 g T 1222

(5.25)

In the next step we will determine the even and odd solutions in the region 2. The
even solution can be determined easily by substitution of a with 7a and x with iz in
the equations for the parabolic cylinder functions: So we get for the even solution in

region 2:
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w© = (-1 1) (5.26)

2 F
with a = 3 Calculating the derivative of the even solution in region 2:

hiw
1 a1 2'52)/

—, =, = 5.27
1 92 (5.27)

@”@=§w?@+%¥%M(

using the identity (5.25) we get:

7,/)26)/(5) _ %5@_i£2/4M (l . g 1 ﬁ) —ife_i52/4 (% n ia) M (% B ia 3 262)

42722 2722
(5.28)
The odd solution in the region 2 is given as:
©) (e} = coiE /AN §_ z'_a § 3 2 5.29

The derivative in of ¢/{” (¢) is then

g'@%")(f) = (1 — ﬁ) e_if2/4M (§ _ i_a7 g’ 552) +i52€_i£2/4M (§ _ a3 252)

o€ 2 42 4 222
(5.30)
Using the identity [1] 13.4.13:
(b—a)M(a,b—1,2) =bM(a,b,z) + 2zM'(a, b, ) (5.31)
we get for the derivative of of 1/}§O) &) :
0 (0) —ig2/4 3 a1 ’if2 Zg 2 3 a3 if2
z —ema (2o 2 ) By (2 2 ) (53
a£¢2 (5) € 4 27272 26 4 27272 (53)

Finally we have to determine the solutions in region 3 for &/ = %hw:
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The regular solution in this case is given as:
P57 (§) = e @ (5.33)

The irregular solution in this case is given as:

P(©) = (= me o (5.3 56 - 07) (5.34

which can also be written in the form:

(1) 2/4 ¢ /4
vy (&) = e (E=8)%/ / e~ (@=B)/4 1 (5.35)
B

5.3.2 Connection between the minimum tunneling time and level splitting

If we consider the potential illustrated in figure 5.2, showing a symmetric potential
U(z) composed of two potential wells separated by a potential barrier. If we consider
the wells individually, each well has a discrete energy spectrum with the energies F,,.
As we have here a symmetric structure the states on the left, as well as on the right
are in resonance and the double degeneracy will disappear by the effect of electrons
tunneling from region 1 to region 2, i.e. the potential wells can not be treated inde-
pendently. The tunneling of electrons will cause a small energy shift AE,,, splitting
the eigen energies into doublets E, + AE, /2. Now let us consider a single well, e.g.
the potential well on the right. The hamiltonian of this single potential well is denoted
by Hyen- Then the eigenstates of this potential well are given by the solutions of the

stationary Schrodinger equation:

Hwell¢n(x) = Enwn(x) (536)
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As a consequence of the existence of the second well, the eigenstates split into two

states with definite parity, i.e. even and odd parity of the complete system:

W(z) ~ o @Wn(z) + Yu(—2)) (5.37)
WO (z) ~ B (Ya(z) — Yu(—2)) (5.38)

The pre-factors can be determined by the symmetry requirements,

G =0) =1

Y@ =0) = 1

The wronskian of both functions will be normalized at x = 1. Then we get for the

eigenstates of the complete system, i.e. for the potential U (x) including both wells:

HiPw) = (Bt 55 ) o

Hy (@) = (En— ATE) v (@)

So the existence of the second potential well leads to a change in the eigen energies by
E, — E,,, which is exponentially small in the WKB approximation. The question of
interest is now how the energy splitting is connected to the tunneling time through the
potential barrier in the center of the potential. At the time ¢t = 0 the system will be in

the superposition of the states (5.37) and (5.38):

9 (2,0) = B (x) + ap® (x) (5.39)

Now if we consider the time evolution of the complete system using (5.39) and (5.39)
we get:

V9 (@) = 2a8e T E (1, (x) cos Qut + b, (—) sin Qut) (5.40)

with ,, = AFE,, /h. We can see that the electrons are oscillating between the two wells
with a period T,, = 27 /€2, i.e. that an electron travels through the central barrier in

the time 7,,/2. So we can assume that 7}, /2 is the characteristic tunneling time for this
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setup. In the next step we have to show the relation of the characteristic tunneling time

T, /2 with the minimal tunneling time 7py.

The wave functions w,(f)(:z:) and ¥ (x) are orthogonal functions in the symmetric
interval —d < z < d, therefore the number of particles N(d) will be constant with

respect to time in this interval,i.e.

/\w ]dx—/ VO (x dx+/ Y (x) (5.41)

The current density at the center of the barrier is then

h T * a T
=00 = Lo (o @ o). 5.4

Inserting equation (5.40) into (5.42) we get:

=00 = — s (W) L0 - o)) | 64
=0
h
- EsithW(z/)fle)(x),wflo)(x)) x:o (5.44)

is the Wronskian of the odd and even function at the

where W <¢£LE) (), by (z ))
=0

point z = 0. As we mentioned before that the normalization of the wave functions

will be done using the wronskian of the even and odd wave functions, equation (5.44)
simplifies to:

h
jlx =0,t) = ——sin Q. (5.45)
So now let us have a look at the following integral from [12] at page 99:

o

2 W( @), 6 ()
/ i () ( (z)de = -5 2O _ o

As 1/11(10)(:17) and ") (x) are both bound states, the Wronskian of these two functions

=0 (5.46)

vanishes as x approaches co. On the other hand as mentioned above the Wronskian
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at x = 0 is used for the normalization and is therefore 1. Since we know that T,, =

27Q,, = 2wh/AE,, equation (5.46) becomes:

| @ R 1 iy (5.47)
o T o O EE T A" '

rewriting this equation we get for the characteristic tunneling time in this system:

T, = 4”7’” / "0 (@) (x) d (5.48)
0

Although the functions in the integrand depend implicitly on the tunneling time 7,
equation (5.48) is an exact statement. In order to get rid of the implicit dependency of
the integrand on the tunneling time we will substitute the exact wave functions by the
wave functions c¢(x) and s(z) of the unperturbed system, as in (5.4). This is justified by
the fact that the deviation of the eigenenergy of the real system from the unperturbed

system is exponentially small. Wo we obtain finally the approximation for 7, as:

d
T, ~ MTm/ c(x)s(z) dx (5.49)
0

Now we can express the the characteristic time 7;, in terms of the minimal tunneling

time T, from (5.7) and get:

T, = 7/ Tain(—d, d, E,,)? — 47in (0, d, E, )2 (5.50)

Tmin (0, d, E,) is exponentially small compared to the minimum tunneling time 7,,;,(—d, d, E,,)

for opaque tunneling barriers and may therefore be omitted, so 7}, becomes:

T, = TTmin(—d, d, E,,) (5.51)

Numerical results for the energy splitting in the exact case and the energy splitting of

the ground state using the minimal tunneling time were determined according to [4]
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using the the dimensionless measure v = +/2mw/hbard for the separation of both

wells. We get from the exact solutions in section 5.3.1 and the solutions using the

minimal tunneling time the following numerical results in the following table:

v Uo

AFE, (exact)

AFEq (using Tpin)

relative error

3 1.125

5 3.125

7 6.125

8 8.000

4.86088 x 1072
6.46587 x 107°
1.97591 x 10~*

2.78036 x 10712

5.32624 x 1072
6.49829 x 1077
1.97615 x 10~*

2.78040 x 10712
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Chapter 6

CONCLUSION

In this thesis various tunneling time approaches were discussed. First the Dwell time
was discussed using Bohmian trajectories, then the Dwell time was also defined in the
sense of Biittiker and Smith. Based on this the Dwell time was calculated for two ex-
amples explicitly, i.e. for a rectangular barrier and for symmetric double d- Potential.
Then the Biittiker Landauer time was discussed. In this framework the calculations
showed the inelastic nature of this tunneling process, because of the interaction of the
particle with the perturbing time varying barrier. The Larmor Clock was reviewed as
one of the first approaches to establish a traversal time concept in Quantum theory. Fi-
nally the variational approach of the tunneling time, the Minimal Tunneling time, was
presented. First the Minimal Tunneling Time for the rectangular barrier was calculated
and compared with the the Dwell time, then the connection of the minimal tunneling
time with the energy splitting in a harmonic double well potential was determined and

the results were compared to the exact solutions of the Schrodinger equation.
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