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ABSTRACT

Boundary value problems with nonlocal boundary conditions have been considered

in numerous investigations.

In this thesis different approaches are analyzed by considering nonlocal boundary
conditions of the solution of second order ordinary differential equations. For the
existences and uniqueness of the solution the method of contraction mapping of the
multipoint nonlocal problems is applied. The finite-difference analogue of the

method is also discussed.

Keywords: Boundary Value Problems , Second order ordinary differential equations,

multipoint nonlocal condition.



Oz

Yerel olmayan sinir kosullar1 ile Sinir de§er problemleri sayisiz arastirmalarda

dikkate alinmistir.

Bu tez c¢alismasinda farkli yaklasimlar ikinci mertebeden adi diferansiyel
denklemlerin ¢6zlimiiniin yerel olmayan sinir kosullarimi dikkate alinarak analiz
edilmektedir. Coziimiin varolusunun ve teklik ¢oklu yerel olmayan problemlerin
daralma haritalama yontemi uygulanir. Yontemin sonlu farklar analogu da

tartisilmastr.

Anahtar Kelimeler: Smir Deger Problemleri, ikinci mertebeden adi diferansiyel

denklemler, coklu yerel olmayan Sinir Problemleri.
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Chapter 1

INTRODUCTION

Linear second-order ordinary differential equations, with multipoint boundary value
problems were establish by V. A. Il'in and E. A. Moiseev in [1], induced by the
proceedings of (Bitsadze and Samarskii) on nonlocal linear elliptic boundary
problems [2]. Some of the latest results for nonlinear multipoint boundary value

problems have been considered [3 — 6].

Furthermore, various partial differential equations involving boundary value
problems, in which the boundary conditions are represented as the ratio between the
values of the desired functions calculated at different points on the boundary or
within the area under consideration, are investigated by many authors. A
considerable amount of work has been devoted to the issue of finding effective
features for the boundary value problem uniquely solvable with nonlocal conditions,
for different classes of differential operator equations and partial differential

equations .

In this thesis investigations of nonlocal problems of second-order ordinary

differential equations, with boundary conditions of the first kind are reviewed.



In Chapter 2, a nonlocal boundary value problem was studied for unique the solution
belonging to the class C*[0,1] (That is u(x) has a continuous fourth derivative on the

interval [0, 1]).

In Chapter 3, we describe the difference approximation of the differential operator
and its boundary value condition in a uniform grid with a mesh -step h, where only
one solution of the difference problem exists for each h, when h — 0. The solution

approaches to the solution of differential problems with second-order accuracy.

In Chapter 4, we demonstrate some numerical examples as an application of the

theoretical results given above.



Chapter 2

ON SOME BOUNDARY VALUE PROBLEMS WITH
NONLOCAL CONDITION

2.1 Introduction

Boundary value problems of differential equations (ordinary and partial) with
nonlocal conditions arise in many applications. In the paper [2] Boundary value
problem was formulated and investigated in which nonlocal condition is connected to
the values of a solution on some part of the boundary and on some interior curve
(Bitsadze - Samarskii problem). Numerical solution of such problems is considered
in [3]. Problems with the integral nonlocal condition in the heat problems are
investigated, and its generalizations were studied for various equations of

mathematical physics.

In this Chapter an extensive class of nonlocal problems is considered, the necessary
and sufficient conditions about the existence and uniqueness of solution of the

continuous problem and difference problem are provided.



2.2 Formulation of the boundary value problems
We suppose that the problem:
— (P %)+ atu) = F(x) (2.1)
P1Z2p(X)2p, >0, q1=2q(x)=q, 20,
u(0) =pu (2.2)
u(1l) = cu(a) +d, 0<ac<1 (2.3)
where c, d are real numbers and condition (2.3) is a simplest nonlocal condition of
type Bitsadze-Samarskii.
Assume that the functionsp(x),q(x),f(x), are such that solution of the
corresponding first boundary value problem exists and belongs to some class of

function, for example W (Sobolev Space).

Therefore, we define the unknown boundary condition by

u(l) = A (2.4)

For arbitrary constant real number A, the solution of equations (2.1), (2.2), (2.4),

exists and is unique.

We denote this solution by u(x, 1). Consequently, by the maximum principle for a
boundary value problem it follows that u(x,A1), is a continuously differentiable

function of the argument with respect to A.

Let us denote

¢1) =1 —cu(a,A) —d. (2.5)



It’s clear that u(x, 1), will be a solution of problem (2.1) — (2.3), if and only if there
exists A,, such that ¢p(1,) = 0. The main element of solvability is to establish
equality ¢'; (1) # 0, that is:

¢'(1) =1—-cu'y(a, 1) #0. (2.6)

Let us consider in addition, on ordinary differential equation with Dirichlet

boundary condition on the interval [0,1]

d dw
- |+ awe =0 @.7)

w(0)=0, w(l)=1. (2.8)


http://en.wikipedia.org/wiki/Ordinary_differential_equation

Theorem 2.1: In order to solve problem (2.1) — (2.3) uniquely for any value of
f(x),u, u itis necessary and sufficient condition that
cw(a) =1, (2.9)

where w(x), is a solution of problem (2.7), (2.8).

Proof: We explore differential equation (2.1), with boundary value conditions
(2.2),(2.4). The functionv(x, 1) = u(x,A) — Ax — u(1 — x), satisfies a boundary
value problem
d dv
- o]+ aew =@ + 2w, (2:10)
v(0) =0, v(1)=0,

where

d
filo) =f@) —u (ﬁ —q(0x + q(x)),
and

d
fo(0) = Z£—q()x.

By using Green's function G (x, s), of problem (2.10), we will write a solution

1
v(x, 1) = f G(x,9)[fi(s) + Afz(s)]ds. (2.11)
0

Since v(x, 1), is the solution of equation (2.10) and satisfies the boundary value
conditions

v(0,4) = u(0,4) —A(0) —u(1—-0)=u(0) —u =0,
where from condition (2.2) u(0) = u

v(LAD) =u(,A)-21) —u(@1 -1 =u1)—1=0,
6



and also from condition (2.4), u(1) = A.

Consequently, u(x,1) = v(x, A1) + Ax + u(1 — x), substituting equation for u(x, 1),

in equation (2.5), and considering equation (2.11), we obtain

1
o1 =1 — c(f G(a,s)[fi(s) + Afy(s)]lds + Aa + u(1 — a) )— d.

Taking the derivative of ¢(1), with respect to A we obtain

1
p'ND=1- c(f G(a,s)[f,(s)]lds + a )
0

From this equality, we derive the condition

1—c<j G(a,s)fz(s)ds+a> # 0. (2.12)
0

It’s clear that condition ¢'(1) # 0 is equivalent to the condition 1 — cw(a) # 0.
this provides the existence of the unique root of the equation ¢(1) = 0, which does

not depend on values of u and f(x).

Hence  w(x) = fol G(x,s) (d’;?) — q(s)s) ds+x is a solution  of

problem (2.7), (2.8). From equation (2.12), ¢(4) has a zero A,, which implies
thatu(1,1,) = cu(a,1,) +d.
Consequently, u(1,4,), is a solution of problem (2.1) —(2.3), and we obtain

condition (2.9) .

Therefore,the theorem is proved.



Corollary 2.1: Sufficient solvability condition of problem (2.1) — (2.3) is the
inequality

1

ola) (2.13)

—o<c<

which follows from condition (2.9).

Since for the solution of problem (2.7),(2.8), and 0 < w(a) < 1, where 0 < a < 1,
we may establish the following assessment 0 < w(x) < 1, in particular, follows
another more limiting sufficient solvability condition (2.1) — (2.3), from inequality

(2.13).

Thatismaxw(x) =1
—<c<1, (2.14)

with which coincides with the results of [2].

We note that condition (2.9) provides existence to the unique solution of a boundary

value problem (2.1) — (2.3), with a nonlocal condition (2.3).

Remark 2. 1: Condition (2.13) might be obtained from the Theorem 2.1, but it also
might be obtained from inequality (2.6), directly. Indeed, by using a representation
of the solution through a Green's function, we can show that u’,(x, 2)(which is the
derivative of a function u(x, 1)), is a solution of problem (2.7), (2.8), thatis w(x) =
u'y(x, 2).

Consequently, from condition (2.9), we obtain —o < cw(a) < 1, from which

condition (2.13), follows.



Let us generalize the result of Theorem 2.1 for different differential equations,

boundary value and nonlocal conditions.

Let us consider more general conditions instead of a nonlocal condition (2.3)

n
u(1) = Z cu(a) +d,  0<a <1 (2.15)
i=1

As we proved Theorem 2.1 we analogically obtain the following condition:
In order to obtain the unique solution of problem (2.1), (2.2), (2.15), for any f(x), u

it is a necessary and sufficient condition so that it satisfies

Zn cw(a) # 1, (2.16)
i=1

where w(x), is a solution of problem (2.7),(2.8). Sufficient condition, that as

analogical as inequality (2.14), might be formulated by the following way:

k
—o0 < Z cw(a) <1, (2.17)
i=1

where the summation performs to particular indexes I, for which ¢; > 0.



Remark 2.2: If in differential problem (2.1) — (2.3), instead of boundary value
condition (2.2), we substitute a condition

w'(0) = p, (2.18)
then in Theorem 2.1, in which w(x) is a solution of equation (2.7), we consider
value conditions

w'(0) =0, w(1) = 1. (2.19)
We analogically consider a boundary value problem (2.1), (2.15), (2.18).

Let us consider a nonlinear differential equation.

d duy d
o [.U (x %) % +g(xw) = f(x), (2.20)

with conditions (2.2), (2.3), suppose that for each finite value x,u,u’ already

satisfies

%8 0, ou(p)p
ou dp

> ¢, > 0. (2.21)

We shall consider an equivalent problem (2.20), (2.2), (2.4), with unknown value 1

of the problem (2.20), (2.2), (2.3), as well as in a linear case.

Let us denote #(x) = u(x,1;) —u(x,1,), where u(x, 4;),i = 1,2, is a solution of
problem (2.20), (2.2), (2.4), where A = A;. We obtain a boundary value problem for

a function u(x)

d di
—a(p(x) d—z) +q(x)u=0, (2.22)
1(0) =0, u(l) =21, —2,, (2.23)

10



where

Lok 1og
p(x) = fo Gyl a0 = fo Lt (2.24)

k = k(x,p) = u(x,p)p,

g=g(x up),

ug =0u; + (1 —0)u,, 0<6<1.

Considering inequality (2.21), we have

p(x) =p, > 0,q(x) = 0.

Further researches of a problem coincide with the research in the linear case.

In conclustion, we obtain that Theorem 2.1 might be applied to a nonlinear problem
(2.20),(2.2),(2.3), where w(x) is a solution of problem (2.7),(2.8), of which
functions p(x), q(x), are defined in equation (2.24).

In this case we have the sufficient solvability conditions (2.13), (2.14), as well as in

the linear case.

11



Remark 2.3: Let us consider the more general nonlinear equation instead of the

equation (2.20)

—ik1 (x, u, d—;) + k, (x, u, Z—Z) = f(x). (2.25)

We assume that inequalities (2.26) satisfy for every finite &;,&,, and for any real

values x, p,, p1

1 1 0k;(x,p0,01) 1
Clz. ESZ ——— 3 O - fifjﬁczz:, &, (2.26)
=0 1,j=0 p i=0

J

where ¢; > 0.

Theorem 2.1 might be applied for the solution of the differential equation
(2.25),(2.2), (2.3), as well as for the case above, however w(x) is a solution of the

following equation:

d

d d
— (p(x) % + rl(x)a)) + ro(x)ﬁ +qg(x)w =0, (2.27)

with boundary value condition (2.8), where functions p(x), g(x), are defined as in

equation (2.24), and

Lok, (x,u) Lok, (x,u)
Tl(X)—JO Tdt, TO(X)—JO Tdt

Since we have no maximum principle in the general case of an equation (2.27) , then

sufficient condition (2.14) is incorrect (condition (2.13), is applicable).

In conclusion of the section (2.2) , let us consider a linear equation (2.1), with

boundary condition (2.2), and nonlocal condition

12



cu(l) = f;lzp(x) u(x)dx+d, 0<x; <x,<1. (2.28)

By applying the same method of research as problem (2.1) — (2.3), we obtain that a

necessary and sufficient condition for solvability is a condition (2.1), (2.2), (2.28)

X2

f p(x) w(x)dx # c, (2.29)

X1
where w(x) is a solution of problem (2.7), (2.8).
In particular, we obtain that the problem is still solvable when ¢ = 0, and p(x) > 0,

a special case of a nonlinear differential equation.

13



Chapter 3

A NONLOCAL BOUNDARY VALUE PROBLEM IN
DIFFERENCE INTERPRETATIONS

In this Chapter we want to study a nonlocal boundary value problem in a difference
interpretation.
Assume that u(x) is the exact solution of problem
kU] —qg)u=—-f(x) when0<x<1 (3.1)
u(0) =0, u(l)=XZ;aqu(s;) (3.2)
where 0 < é; <&, < -+ <&, <1 and constants a;, a,, -, a,,, and real numbers
satisfying the inequalities —o < a; + @, + az + -+ a,, < 1. The purpose of
this research is to prove that the conditions k(x) € C3[0,1],q(x) and f(x) €
C?[0,1], k(x) >=m, >0, q(x) = 0 are satisfied everywhere on the interval [0,1].

(These conditions we will call conditions A).

Theorem 3.1: If k(x),q(x) and f(x) satisfy conditions A, then classical solution of
problem (3.1),(3.2), belongs to C*[0,1]. (That is u(x) has a continuous fourth

derivative on the interval [0, 1]).

Let us consider the difference interpretations of problem (3.1), (3.2), where y(x) is
the solution of finite difference, for any equidistant grid function y(x), defined on a
uniform grid

wh={xi =ihi=12--,N—1, Xo =0,xy = 1}

14



By following A.A.Samarskii ([8]page 148), we approximate the differential

operator by the difference operator in equation (3.1).

Ay = (@yg)y — diyi = —¢;

1 (a- 1yi+1 - Yi — Yi-1
h 1+

a; = ki—1/2 = k(x; — h/2).

di=q; =qx), ¢; = fi = f(x).

PR T)—di)’i=—<ﬂi-

(3.3)

We will consider h as a mesh-step, where h is less than a half of the smallest

segments [0, & ], [&1, &1+, [&n, 1], let i; be defined by the condition such

as(iph <& < (i;+ Dh.

We will suppose that normally &; is not a grid point and the uniform grid with

increment h = 1/N is as shown in Figure 3.1

yil yil+1
[ @ @ @ @ @ @
X0=0 X1 Xi &1 Xi+1 Xy-1 xy =1

Figure 3.1: One-dimensional desctete grid with mesh-step h on the interval [0,1].

where
x; = (iDh, x41 =0 +1Dh

15




Sinceu(1) = X%, qqu(é;), we apply Lagrange (Linear) interpolation of the

points (i;)h, (i; + 1)h, as shown in Table 3.1 then

Table 3.1: Table of two grid points on grid set wy,

X f(x)
1 (inh Yi,
2 (ll + 1)h yil+1

oL = x— (i +Dh x — (iDh
ub) = L=y l(il)h G, + 1)hl Yurt [ ¥ Dh— (i)h
=G+ DA [x — (i)h]
=y, — Yy
G+ Dh—x] [x — (ih]
=y - Vi

where x = ¢

u($) = vy <t 1}2}1 mil + YVig+1 w

In order to find the solution of the difference equation, we will approximate the
boundary condition (3.2), by the following:

m
Yo=0,  Ly=) ~au(§)=yy=0

[(+1) h=&)] [§i—(iD) h]
i 1 1—(i }_ Yy

Yo =0, LWy =Xt a {yl'l — Y Vv, = 0. (3.4)

Equivalently

m i, +1)h — — (iDh
Yo=0, yn= 21—1 a {)’il i 2 il + Vi1 W}

16



Theorem 3.2: If conditions A are satisfied, then only one solution y(x) of
difference problem (3.3), (3.4), exists for each h > 0, h — 0, and approaches to the
solution u(x), of the differential problem (3.1),(3.2), with the second order

accuracy in h.

Proof: In order to prove Theorem 3.2 by following A.A. Samarskii ([8] Chapter 3),
we assume that z; = y; — u;, besides, we note that a grid function z(x), is the

solution of the difference problem (3.5):

From equation (3.3)
Az; = —(@ + Au;) , is the error approximation, u(x) € C*[0,1]

Az; = =, (3.5)
z, =0, L(h)(z; +u;) =0, sowe can get L(h)(z;) = —L(h)(u;), consequently by

using boundary value condition (3.4), we obtain

[(+1) h—=&i] [§1—iin]
2o = 0,L(0)z = = Sy &y futy, 0wy P (36)

We have the condition that (for example [8] page 151) when u(x) € C*[0,1], the
differential equation operator approximates to second order of accuracy in step h,

that is:

|| = maxggien ;] = 0(h?).
which may be easily verified by Taylor's formula.

|L(h)z] = 0(h?)

17



Before our substitution of z; = Z; — Ai, where i = % , and we note that

(1 - Z:” aifi) 21— (a1$140282 + -+ apén) =

=1

1= (@1$ms@2ém + -+ amépm) =
1—-(a+az++ay)éy =
1-¢&,>0,

In order to find the value of A, firstly we need to calculate

-2 (F) = - T (3), = (), S5+ (),

l

.y [G+Dh=&] . [§1—iih]
= -3 e f() B gy B

-3 )

1
h

And from the boundary condition (3.6)

L(W)(z) = —L(h)(u;)
L(h)(Z; — Ai) = —L(h)(w;)
£()(z) = —(L(R) () — AL(R) () , where x; = ih
L(W)(Z) = —[£h) ) — AL(R) ()],
so when L(h)(Z;) = 0, we obtain

1

A= (1 - Zzlaifi)_ hL(h)z = O(h?).

We approach problem (3.5), (3.6), by using the next difference problem with the

homogeneous nonlocal boundary value problem:

18



Az, = —1; . (3.7)

Z,=0, L(h)Z =0, (3.8)

where ; = ¢; — AA(x;/h) , [P| = 0(h?).

The central part of the current proof is that we must obtain a priori estimation of Zy,
value which is a solution Z, of problem (3.7), (3.8) by using the discrete form for L,-

Z —_ lp ]

where we denote @ = a; + a, + -+ a,, , M, IS a constant satisfying the condition

k(x) = m, > 0, and the norm ||4}|| is determined by the equality:

9l =[r > "]

1/2

In order to prove estimation (3.9), we suppose that 7 = min {Z;,Z,, -+, Zy_1}, and
M = max {Z,,7,,-+,Zy_1}. Since we chose h forany | = 1,2,...,m, then i < Z;, <
M,and At < 7,4 < M.

Moreover, when a; = 0

mzl 1“1 Zl 1a12(§1)<le )
Dh— —i;h _ m
’"Zl 1“1<211 { <n+}>l el]ﬂww}wzl:lah

hence, from the second condition of equation (3.8), and the equality @ = a; + a, +

-+ a,, , we obtain:

2
S
IA
2 b
IA
0
S

(3.10)



If each of a; < 0 then we similarly obtain:

a > Zy = Ma. (3.11)

We exclude the trivial cases @ = 0 and Zy = 0, which leads to a homogeneous

boundary value problem of the first kind of estimation (3.9), of which is apparent.

Let us consider the cases:
1. Zy >0,

2. %y < 0.

In the first case from the right inequality (3.10), and from the left inequality (3.11)
we derive that M > 0, # < 0 when a > 0, a < 0 respectively.

From the left inequality (3.10) and from the right inequality (3.11), we derive that
i <0, M>0whena >0, a < 0, respectively.

So, if any of Zy # 0, and none of «;, are equal 0, then M > 0,and fi < 0.

Moreover, in case a; = 0, from inequalities (3.10), and condition a = a; + a, +
«+ a, <1, we derive that Zy < M, < Zy, when Zy > 0,Zy < 0 respectively,
that is, M > 0 is a maximum (for Zy > 0) and 7 < 0 is a minimum (for Zy < 0) of
value Z;, on a whole grid 0 < i < N, besides these maximum and minimum approach

in inner nodes, thatiswhen 1 <i < N — 1.

In the case a; < 0. To positive values of Zy > 0 correspond negative minimum m <

0, to negative values Zy < 0 correspond positive maximum M > 0, that is: in this

20



case when Zy < 0,M > 0 is as maximum as we mentioned before; when Zy > 0,

m < 0 is a minimum of values Z;, on awhole grid 0 < i < N similarly.

Besides these maximum and minimum approaches we have the inner nodes, that is

whenl1<i<N-—1.

In order to obtain the estimation of inequality (3.9), due to inequality (3.10), and

(3.11), we should set:

1. Anestimation /1 < mi |||, incase zy >0
(o]

2. An estimation —mi ||| < i, incase zy <0
o

we solely have to obtain the first estimation, as the second estimation is proved

similarly.

Let M = Z;, on condition j < N — 1.(see [8] page 99) We should apply difference

Green's Formula to a grid function Z;, onthegrid 0 < i <j + 1.

From analog of the First Green Formula for grid function:
(z,(ayz)x) = —(ayz, ¥zl + azyz v — a1Yx0 20
we obtain

((aZg)y, 2) = —(aZg, Zz ) + (aZg) j412; — (aZx)1 Z,. (3.12)

Since the boundary value
ZOZO, Z]:M>O,

Zj+1 = %

h

IA

(aZz)j+1 = Q41 0,

21



due to equation (3.12), we derive an inequality
((aZg)x, 2) < —(aZg, Zz)
mo(zfrzf ) S (aZJ? PZX_ ) S - ( (azf)x !Z )' (312’)

mo(Zz,2:) < — ((aZp)x,2) < ((—ap)y,2) < (¥, 2).

Using right side of the inequality above, differential equation and Cauchy- Schwarz

inequality as well we obtain

1, 1, -
(Zg 27) < — (¥,2) < — 2| 1121l (3.13)

We take into consideration that the grid function Z; satisfies the condition Z, = 0,
therefore we may say the difference analogue of Poincare inequality is valid:

1ZIl < llzgll. (3.14)

From inequality (3.13), (3.14), we obtain that

12112 < mi 2] 121l < mi||zﬁ|| l|Zl, therefore we can get ||Z¢|| < mi||1/~)|| In order
o o o

to set an estimation of M Smi”tﬁ” we have to use the Whitney Embedding

Theorem and then:

, sl =[n Y (AR
Z; = Max zZ; < ||Zg£|| = e —
T =gyt * i=1 h

1/2

Hence M < mio |||, and similarly —mio ||| < 7.

After that, we use the following cases for an estimation of inequality (3.9):
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Casel: @ >0,ifzy >0and M < mio||l/~)|| then Ma < mio||l/~)||

. . a - N a ~
Zy < Ma < m—O”l/)” = Zy = m_O”l/’”

And similarly, if Zy < 0 and ——||{p| < 7%, then — = ||i|| < e

ol < fia < 2 2ol < 2
—m—0||¢|| Sma<Zy = _m_olll/’” S 2y

From inequality (3.15) and (3.16) , we get |Zy| < 4 I2]|-

m

Case 2:a < 0,if Zy > 0and M < mio”l/?” then Ma > mio||1/7||

. _ a | - . a | -
Zy = Ma > m—o||zp|| = Zy > m—o||1/;||.

And similarly, if Zy < 0 and —— ||| < %, then — = |i|| = Ficr

ol = A > 2 ol >z
~ = e 2 = 7] 2 7

From equations (3.17) and (3.18), we get |zy| < 12 ||i5]|-

mo

(3.15)

(3.16)

(3.17)

(3.18)

Therefore setting inequality (3.9), the difference problem, and the boundary value

problem of the first kind: and from problem (3.7), (3.8)
AZ; = =,
ZNO = O, ZNN = Q(h),

for 8(h), due to inequality (3.9), we may say 8(h) = 0(h?).
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As we know, for such sort of a problem we can say ||Z;|| = 0(h?). Due to a Whitney
Embedding Theorem, we have an estimation
51 — 2
Max |z;] = 0(h%).
Since z; = Z; — Ai, the same estimation may be said about|zg]|, and,

max;<i<y-11%;l.

Eventually, the standard technique allows us to obtain an estimation of second order

along h and for the second difference derivative

/2

N1z —2zi+ 2\ |

||(zf)x||=[h Z 1 (‘“ = ”) ] = 0(h?).
1=

Therefor the order of convergence is 0(h?)

(It means that when h — 0 approximate solution convergences to the exact solution).

The reason that difference problem (3.3), (3.4), for each h > 0 has only one trivial
solution when ¢; = 0, is that problem (3.3), (3.4) is a linear system and due to set

estimation inequality (3.9), as well.
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Chapter 4

NUMERICAL EXPRIMENTS

In this Chapter, we will show numerical experiments, and use the central-difference
scheme, which provides second-order accuracy, for the approximation of the

solution.

We apply a procedure of modified Gauss Seidel methods to a specific problem, and

carry out the calculations using the MATLAB programming Language.

The following results of numerical experiments are for the nonlocal boundary value

problems of a second-order ordinary differential equation.

Example 1: In this problem

w’(x) = (% + Dulo) = —f(x) (4.1)
with boundary conditions

1

u(0) =0, u(l) =—-u (—) - u(%),

4

1

3
where u(x)ze”(4 x)(Tx).sin(an), is the exact solution on the

interval [0,1]. Since a; = a, = —1land &, = %,52 = -, both are grid point. Let us
defined a uniform grid

wh = {xi = lh,l = 1,2,'°~,N— 1, xO = O,XN = 1}

By equation (4.1), for f(x), we obtain
25



f(x) =[4n? — =? (%—2x+3x2)2+n(—2+6x)+
(x*+1)] em* (%) (G-%) .sin(2mx) —

212 (% —2x + 3x2) o™ (G) (G) cos(2m x).

Discretizing equation (4.1), and using the central-difference scheme on an
equidistant grid, we obtain the finite-difference equation
V)x— 2+ 1Dy, =—f(x), i=1,..,n—1, (4.2)

Vi1 — 2Yi + Yi-1)

2 -2+ Dy, =—f(x), i=1,.,n—1

Hence, rearranging

— it +yic)+R2 ()
Vi 2+(x2+1)h?2 ’

where h =

S|

,n=2
with boundary conditions

Yo=0, yp= V(@) T Y(3n)

Table 4.1, represents the results obtained, where ¢, = |lu —yull, h=2""" , m =
3,4, 5, 6 is the difference between the exact solution and approximate solution, in the

[u=y,-m|

, Is the order of convergence of the solution.
[

maximum norm, and R, =
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Table 4.1: Maximum Error between exact and approximate solution and the order of
convergence of the solution of Example 1.

h &En Ry,
s 0.0698 ~ 4,05813953
- 0.0172 ~ 3.90909091
= 0.0044 ~ 3.38461538
1
o 0.0013
1:5
L5 - /9‘\\
£ =
. ‘%&
051 4 %
7 e
7 feN
o ® ‘
e
A
F
-05 3
&
T ¢
L O(red coluor) is exact solution e
*(blue coluor) is approximate solution
-15 ;
1 2 3 4 5 7 8 9

Figure 4.1: Exact solution and approximate solution of Example 1, when h = %
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Figure 4.2: Exact solution and approximate solution of Example 1, when h = %
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0.5 /@/g’ \ﬁ‘?\

O(red coluor) is exact solution
*(blue coluor) is approximate solution

0 5 10 15 20 25 30 35

Figure 4.3: Exact solution and approximate solution of Example 1, when h = %
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1

5
Example 2: We consider equation (4.1), with u(x) = e™* G-*)G-) sin(mx) ,
as the exact solution on the interval [0,1], with the boundary conditions u(0) =0
5 5
and u(1) =u G) —2u (g) hence a; = 1,a, = —2 and &; = g,fz = where, &,
iIs grid point and &,, is not grid point.
By equation (4.1), for f(x), we obtain

f(x) =[n?— w?((5/12) — (8/3)x + 3x*)* + = (g - 6x) +

5

(x2+1)]e™” (3-%) (=) sin(mx) —

2m2((5/12) — (8/3)x + 3x2) ™" (5-%) (5%, cos (t x)

The following finite difference analogue of problem (4.1), is used for the
approximation of the solution.
e — G+ Dy =—f(x), i=1.,n-1,

Yit1 — 2yi +yi-1)

2 -2+ Dy, =—f(x), i=1,..,n—1.

Hence, rearranging

— Vis1+Yi—1)+h2f(x)
2+(x%2+1)h2

Vi

where h =

3Ie

n = 2, with the boundary conditions

i—1)h— —(@h
Yo=0, yn=y(g)—2{yi[(l )h EZ]Hmw}

Results are demonstrated in Table (4.2).
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Table (4.2), represents the results obtained, where &, = |[u — y,|l and h = 27™ |
m = 3,4,5, 6 is the difference between the exact solution and approximate solution,

[u-y,-m]|

in the maximum norm, and R;, = | is the order of convergence of the

[u=sp-men ]

solution.

Table 4.2: Maximum Error between exact solution and approximate solution and the
order of convergence of the solution of Example 2.

h &n Rh
5 0.0215 ~ 3.90909091
= 0.0055 ~ 423076923
% 0.0013 =~ 3.8927980
1
o 3.3395e-04

1.2

e Y
/ R
08| ® By
£ 1
06 /f \'\
£ -
# E
04rF 2
£ 5
; 5
§ kY
02 ; g
; kS
£ kY
o : : : : : : : ¥ 1
Figure 4.4: Exact%solution®and appfoximaté solutiof of Example 2, hen h £ S
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Figure 4.5: Exact solution and approximate solution of Example 2, when h = %
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Figure 4.6: Exact solution and approximate solution of Example 2, when h = %
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Chapter 5

CONCLUSION

In this work a wide class of nonlocal problems have been studied, and the necessary
and sufficient conditions for the existence and uniqueness of the solution of both the

continuous and the difference problems have been provided.

Chapter 2 was concerned with the analysis of a second-order ordinary differential
equations with (Bitsadze-Samarskii) type nonlocal boundary conditions. These

results were also proved to be true for the difference analogue of the equation.

The investigation of a nonlocal boundary value problem of the first kind was given in
detail and specifics in Chapter 3. Again, both the analytical and difference analogue

of the equation have been considered.

Finally, numerical experiments have been provided in order to illustrate the
theoretical results in Chapter 4. The examples have been calculated using the
MATLAB programming Language and the results are consistent with the theoretical

results discussed.
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