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ABSTRACT

The main aim of super-resolution is reconstructing a higher resolution image by
combining a set of lower resolution images (classical approach) or from a single
image. In this thesis a framework on Single Image Super-Resolution (SISR) based on
sparse coding over structurally directional dictionaries has been presented. The
motivation behind structurally directional dictionaries is the fact that images contain
directional structures such as edges. A dictionary assigned to a specific direction
promises to offer a better representation for directional features. The approach that
leads to directional dictionaries is classifying the training data into directional

classes.

The design of the directional dictionaries is done in the wavelet domain; by reason of
the fundamental theory about the wavelet which it categorizes the data into
directional subbands. Here the training set is formed by the patches of the first and
second level Discrete Wavelet Transform (DWT) subbands of natural images which
are prepared for training process, in two levels of resolution (high and low resolution

respectively).

To categorize the training set into directions, several predetermined categories of
patches called templates respect to the desired directions as a criterion of comparison
are generated. Several classification techniques are studied and the best one which is
based on templates matching is chosen. After classifying every high and low

resolution training patches into their corresponding categories, K-SVD algorithm is



used to learn several pairs of high and low resolution dictionaries over the

categorized data.

On the other hand for reconstructing the high resolution patch given the low
resolution one, in order to find sparse coefficients Orthogonal Matching Pursuit
(OMP) algorithm is applied to low resolution dictionaries. After choosing the most
proper low resolution dictionary among all the presented dictionaries based on the
least square error between the main LR patch and reconstructed LR patches, the
corresponding high resolution dictionary and same sparse coefficient is used to

reconstruct the high resolution patch and finally acquire the super-resolved image.

Quantitative results obtained from simulations has showed that the proposed
algorithm indicates an average PSNR raise of 0.2 dB over the Kodak set compared
with the images yield by other state of the art methods. Also the qualitative result is
shown that the proposed algorithm plays a greater role in reconstructing images with

more directional structures, or directional parts of natural images.

Keywords: Single Image Super Resolution; Sparse Representation; dictionary

learning; directional dictionaries; classifying patches
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Gortintii  sliper ¢Oziiniirligliniin asil amaci, daha diisiik kalitede elde edilmis
goriintiileri klasik yontem kullanilarak ya da daha yaygin olarak kullanilan tek bir
gorlintiiyli kendisiyle birlestirme yontemi kullanilarak daha iyi ¢Oziiniiliige sahip
olan goriintiiler olusturmaktir. Bu tezde, yapisal yonlii sozliiklerin daginik kodlamasi
temeline dayanan tek goriintli siiper ¢oziiniirlilk metodu ¢alisilmistir. Yapisal yonli
sozliiklerin kullanilmasindaki motivasyon, goriintiilerin kenarlarda oldugu gibi yonlii
yapilar icermesine dayanmaktadir. Belirli bir yone atanmis olan bir sozliik, yonli
ozellikler i¢in daha 1yi bir gosterim saglamaktadir. Yonlii sozliikler kullanilmasmin

amac1 egitme verilerinin yonlii siniflara ayrilmasidir.

Yonli sozliiklerin tasarimi, verileri yonlii altbantlara ayiran temel dalga teorisi goz
oniinde bulundurularak dalga alaninda yapilmistir. Bu ¢alismada, egitme verileri iki
cOziinlirliik seviyesinde (yiiksek ve diisiik ¢oziiniirliikler sirasinda) olmak iizere
egitme siireci i¢in hazirlanan dogal goriintiilerin birinci ve ikinci seviye DWT

altbantlar1 yamalariyla diizenlenmistir.

Egitme verilerini yonlere ayirmak icin, istenilen yonlerin bir karsilagtirma kriteri
olarak kullanildig1 sablon diye adlandirilan yamalarin 6nceden tanimlanmis bir¢ok
kategorisi olusturulmustur. Bilim diinyasinda ¢esitli smiflandirma teknikleri
calisilmaktadir ancak bu tezde siniflandirma i¢in en iyi metod olan sablon eslestirme

yontemi kullanilmistir. Her bir algak ve yiiksek ¢oziiniirliikli egitme yamalari ilgili



kategorilere ayrildiktan sonra, smiflandirilmig veriler arasindan yiiksek ve algak

coziinlirlikli sozliik ¢iftlerini 6grenmek i¢in K-SVD algoritmasi kullanilmigtir.

Ote yandan, verilen algak ¢oziiniirliikli yamadan yiiksek c¢oziiniirliikli olani
olusturabilmek ve dagmiklik katsayilarini hesaplayabilmek icin, diisiik ¢ozlintirlikli
sOzluklere OMP algoritmast uygulanmistir. Asil ve olusturulmus LR yamalari
arasindaki en kii¢lik kareler hatasina dayanan mevcut sozliiklerin arasindan en uygun
alcak c¢Oziinilirliikkli olanlarin1 sectikten sonra, yiiksek c¢oziiniirlikli yamay1
olusturmak ve nihayetinde siiper ¢oziiniimli goriintiiyli elde etmek icin ilgili yiiksek

coziiniirliikklii s6zlik ve ayn1 dagmiklik katsayis1 kullanilmistir.

Benzetim sonunda elde edilen sayisal sonuclar, Kodak setiyle diger bilinen
metodlarin verdigi gorintii sonuglar1 karsilastirildiginda, onerilen algoritmanin
Kodak setinde ortalama PSNR’de 0.2 dB’lik bir iyilisme yarattigin1 géstermektedir.
Ayrica, nitel sonuglar da Onerilen algoritmanin cok yonlii yapilarla veya dogal
goriintiilerin yonlii kisimlariyla goriintii olusturmada onemli bir rol oynadigini

gostermektedir.

Anahtar Kelimeler: Tek Goriintii Super Coziniirligii, Daginik Gosterim, Sozlik

Ogrenimi, Yonlii Sozliikler, Yama Siniflandirmasi
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Chapter 1

INTRODUCTION

1.1 Sparse Representation

Sparse representation refers to representing the signal using linear combination of
small parts of primary signal named atoms. Atoms are chosen from a matrix which
has more columns than rows. Such a representation system is called an over
complete dictionary D € R™*™ (m < n). If X is formed by signal vectors x; as
X = [x1, %3, ..., x;] then representation of the signal X is achieved as a linear
combination of atoms from the dictionary.

X =DA (1.1)

Where A = [al, a,, ...,aj] denotes the matrix of representation coefficients vectors
of the signal X which can be either accurate or approximate, X = DA. Under the
above condition the number of equations is more than the number of unknowns so it
has infinitely many solutions. In other words this system is an underdetermined
system. The approximation ||x; — Da;||,, < e should satisfy with typical £P —
norms = 1,2 and co.

il = (2P + - + |xn|p)% (1.1)
.11, 1. 112 will be used for I* norm and I2norm respectively. The I* norm refers to

sum of the absolute values of the entries in columns and [ norm is Euclidean length

or energy of the vector.



The assumption of D is a full rank matrix in 1.1 guarantees to have at least one

solution, which means columns of D should be linearly independent. If X be in the

span of matrix D this equation has many solutions.

Researchers in this field concentrate on two main problems:

1)

2)

Dictionary integration methods which refers to designing or learning
dictionary atoms. This problem specifies convenient dictionaries.

Several algorithms have been proposed in this field such as: K-SVD [1],
Recursive Least Squares [2] and Online Dictionary learning [3] [4].
Performing sparse disintegration and obtaining sparse coefficients (o).

The most important aim of solving this equation is finding a proper solution
among all the possible answers which is the sparsest one, in other words the
solution with least number of nonzero entries. The desired sparsest solution
has fewest nonzero entries in the vector o which || . ||, refers to that.

lallo K L  for a€R" (1.3)

When the equation 1.3 be established « is sparse.
For obtaining the sparsest solution one may require to solve the optimization
problem presented in 1.4.

min ||a|l, s.t.(subjectto) ||X —Dall, <e€ (1.4)
This issue deals with the pursuit problems. Given a signal X and dictionary D,
finding the best linear combination of D to reconstruct X is desired. To reach
to this aim several algorithms has been proposed such as: FOCUSS [5] [6] [7]
[8] [9] [10] (Focal Underdetermined System Solver), the basis pursuit (BP)
[11], matching pursuit (MP) [12], orthogonal matching pursuit (OMP) [13]

[14].



In this thesis K-SVD algorithm is used for learning dictionaries from part 1 and
OMP for obtaining sparse coefficients from the second part and it has discussed

more in detail next sections.
1.2 K-SVD: Dictionary Learning Algorithm

The objective of the K-SVD algorithm is to train a dictionary D to sparsely represent
the data {x;}I_, which means solving a given sparsity problem

- _ 2
rlr)l‘lanllX DA|zZ s.t. |lallp <L (1.5)

||A|| refers to Frobenius norm (or Euclidean norm) of matrix A € R™*™, which is

defined by

m n

lalle = ) at)v? (16)

i=1 j=1

K-SVD algorithm minimizes 1.5 iteratively. To start this algorithm, first stage is
sparse coding. Dictionary D has to be fixed then initialized coefficients matrices can
be found by using any one of the pursuit algorithms mentioned in previous section.
The second stage is to search for a better dictionary. In this process all columns are
updated one by one in each iteration. To summarize K-SVD algorithm, it fixes every
columns of D except one of them, v; , then finds a new column and the
corresponding coefficient which reduces the mean square error.

We shall now perform the following steps for K-SVD:

e Leta =[6,..,6,]" where §;" (i =1, ..., k) are the rows of o

e We can write (1.7) in the following manner:
. T2
C— 1S <
I})lgl”E] ;8 ||F s.t. |lallo <L w7)

In this description, 8jT stands for the j¢"* row from a. The target is to update

v; and SjT referring to the term



] J— . .T
k=X Z vi0; (1.8)

i%j
as a known pre-computed error matrix. After this part every condition are
ready to updating the dictionary.

o Define the group of examples that use the atom v; (those where 6;(i) is
nonzero) :
w={pll<p<P§ (p)#0},1<j<k

o Let Q; be a P x |w;| matrix with ones on the (w;(i),i) entries and zero
elsewhere then (1.9) can be written as: minp o || E;Q; — ijjTQj”i.

e Let UAVT be the SVD (singular value decomposition) of EjR = E;Q; and

deflne Sj’RT = SJT.Q.]
To obtain the largest singular value o, of EjR and the corresponding left and

right singular vectors u, , v,

. T 2
rg,gl”UAVT —D;d;r ”F (1.9)

e Solutions are: v; = u; and §;r = oy v;.
1.3 Orthogonal Matching Pursuit (OMP)
OMP s a repetitious greedy algorithm [14] [15] [16] [17] [18] like MP algorithm.
This algorithm selects an atom of the known dictionary which has the best
correlation with the residual signal in each stage. For the following problem :

: _ 2
gé}zI}IIIX Dall5 s.t. llallp <L (1.10)

where dictionary D € R™*™ have normalized atoms{v;}%,. Initialized parameters
are a = 0, r = X, then we perform the following steps:

e Select the dictionary atom with the maximum correlation with the residual.



l=arg irznlc}fglviTrl
e Update active set Q = Q Ul
o MP «all] =«a[l]+vr
OMP afl] = (wTv)*vTr
o r=r—Wrv=r—-<v,r>v;
The above routine will continue for L iterations where L is a predetermined value so

the process will stop after selecting fixed number of atoms.

To understand the content better, it has provided a figure about updating the residual
in MP [19].

y y

d2

di

d1
" R=r-<r,d3>d3

o az>dae—> 93

R=r-<r,d1>d1 d3
® /

X

(2) (b) ' ©
Figure 1.1: How to update residual in MP algorithm

In Figure 1.1 (a) vector r and d3 have the maximum correlation among other vectors
with each other. So r — < r,d; > d5 — r and this routine is continued in Figure 1.1
(b) and (c) for updating r. But unlike MP, an atom can be selected only once with

OMP.
1.4 Sparsity Based Applications

Sparsity-based algorithm, recently have been proven to be a successful method in
many states of the art signal processing, machine learning as well as computer vision

tasks. In image processing we can refer to super resolution [20] [21] [22], inpainting



[23] [24] and denoising [25] [26] [27] issues. Sparse representation also plays a main
role in object recognition such as face recognition [28] and text recognition [29].

In this thesis we will consider super resolution problem and the assumption through
this job is natural image patches can represented well using a sparse linear

combination of a proper dictionary atoms.
1.5 Super Resolution

Enhancing the resolution of images is an active area in recent years. Different kind of
methods such as frequency domain [30] [31] [32], Bayesian [33], example-based
[34] [35] [36], set theoretic [37] [38], and interpolation, have been applied to super
resolution techniques. Also in this field there has been a growing interest in the study
of image resolution enhancement in the wavelet domain and many new algorithms
have been proposed in this area [39]. The most considerable aspects of wavelet based
super resolving is the capability in modeling the regularity of natural images [40].

Another category of super resolution is machine learning based, which intent to learn

the occurrence of LR and HR image patches simultaneously.

A significant achievement in this area is the patch based algorithm presented to
reduce the computational cost [20] [21]. According to equation 1.1, patches of
images can be represented by sparse coding over a dictionary. In [20] and [21] this
method is applied into HR and LR image patches, and LR sparse coefficients are
used to generate the HR patches with respect to their own dictionary. R. Zeyde.et.al.
[22] modified the mentioned method by changing some parts such as using a
different training procedure for learning pair of dictionaries and changing the scale-

up phase.



In this thesis a strategy similar to R. Zeyde.et.al [22] is followed. However instead of
learning one single condensed and big dictionary for the whole training set, we
propose to learn structurally directional dictionaries over clustered training datasets
in the wavelet domain. The motivation behind learning several structurally
directional dictionaries is based on two ideas: 1) A plurality of sparse representation
is better than the sparsest one alone [41] and 2) The signal can be represented better
after clustering. So by learning several dictionaries over clustered data, it will have

the potential for better representation of structurally directional features.

Instead of the spatial domain the SISR problem is formulated in wavelet domain. By
incorporating wavelet domain benefits such as compactness and directionality with
advantages of sparse coding, a progress in super resolution enhancement is predicted.
All patches of 2 level wavelet subbands are classified into several categories
according to their directions. K-SVD algorithm is applied to low resolution
categorized patches to obtain low resolution dictionaries and sparse coefficients, then
with regard to the assumption that the LR and HR sparse coefficients are
approximately equal [21], obtained sparse coefficients are used for learning the
corresponding high resolution dictionaries. Low resolution dictionaries are used to
reconstruct LR patches. By observing least square error between reconstructed LR
patches and the main LR patch, the most proper LR dictionary is chosen then the
corresponding HR dictionary and sparse coefficient are used for reconstructing the

super resolved patch.

By the increase of 1.36 dB and 0.28 dB PSNR than bicubic interpolation and the

state of the art algorithms respectively over benchmark images, the effectiveness of



the proposed algorithm which is mainly based on sparsely representing patches by

structurally directional dictionaries is proved.
1.6 Thesis Description

In this thesis we mainly focus on structurally directional dictionaries. Due to this, it
is necessary to classify the training dataset into several directional categories. To
reach to this aim, several pre-determined directional templates are generated to
recognize the direction of the patches according to the similarity of patches and

templates.

The contents of this thesis have been organized as follows. We will talk about image
super resolution from sparsity and two fundamental approaches in this area,
Yima.Et.al [21] and R.Zeyde.Et.al [22] more in details in chapter 2. Chapter 3 is
included the proposed method mainly about how to classify training set into
directions and learning directional dictionaries. Chapter 4 provides details about
simulation and comparing results with state of the art algorithms and chapter 5

appertains to conclusion of the thesis and future work.



Chapter 2

SUPER RESOLUTION FROM SPARSITY

We mentioned about various super resolution algorithms from the literature in part
1.5. We shall talk about one of the modified patch based algorithms suggested by R.
Zeyde.et al [22], which the main idea had been proposed by J.Yang.et.al [21] .

2.1 Relationship Between High and Low Resolution Images

The patch based single image super resolution inspired from new approaches in
compressive sensing (CS), which suggests that HR signals can be reconstructed from
their low-dimensional projections. Although the super-resolution problem is an ill-
posed problem, and for a HR image so many LR images can be formed, sparse

coding is effective in adjusting the problem.

We start by explaining about the problem and relation between high and low
resolution images. The given low resolution image Y, can be established from high
resolution image X. to avoid complexity of mismatching sizes of LR and HR images
and boundary issues the low resolution image is scaled —up by factor Q which is an
interpolation factor (bicubic interpolation is chosen in [22]) .
Y~Q.S.B.X~yY.X (2.1)

where § € R™™ s the down sampling factor as a projection matrix, B represents a
known blurring filter and to simplify, ¥ characterizing the multiplication of Q, S

and H. The aim of this algorithm is estimating high resolution patches of X, and to



reach to this aim operating on the corresponding low resolution image patches which
they are extracted from low resolution image is needed. Let x;, = Ry X, k refers to the
location of central pixel of high resolution image patch, x, in high resolution image
X and Ry, is an operator for extracting x.
2.2 Equality of Sparse Coefficients in HR and LR Patches
As we explained in chapter 1 each patch in an image can be represented sparsely by
a proper dictionary:
x, ~ DHak (2.2)
Yi ~ Daf (2.3)
X, and y; are the corresponding HR and LR patches which we call them patches and
features briefly in this thesis and their central pixels are located in k. equation 2.1 can
be written for HR and LR patches of the image:
y ~ Px ~ PDH « (2.4)
It has assumed in [42], operator ¥ not only relates patches and features but also can
relate HR and LR dictionaries. So the equation 2.4 can be written as:
y = D¥ oy (2.5)
From 2.3 and 2.5 the assumption of sparse coefficients equality of features and
patches is obvious.
o ROy (2.6)
It means each super resolved image patch is reconstructed by multiplying the
corresponding LR sparse coefficient and HR dictionary. This is the main idea behind
the single image super resolution algorithm proposed by J. Yang.et.al in [20] [21].

2.3 State of The Art Sparse Representation

Here in this part the proposed algorithm by R. Zeyde.et.al [22] is studied. For

10



representing image textures rather than absolute intensity, for each patch the mean
value of pixels is subtracted. The mean value of each Patch is predicted from its LR
version which is the feature. This algorithm consists of two main phases: training
phase and reconstruction phase.

2.3.1 Training Phase

Before extracting patches and features there need to apply the high-pass filter to low
and high resolution images in order to remove low frequencies and extract local
features respectively. After the steps mentioned above patches and features are
extracted according to the corresponding location in HR and LR images to form high
and low resolution dataset {x; , vy, }. However features fit in the data set after
interpolating by factor Q. Consider that the location of an intended Patch in a high

resolution image is the same as the location of its feature in the low resolution image.

Next step is learning dictionaries. The starting point is features. In order to learn
dictionaries K-SVD algorithm is used. A dictionary D, is learned for features

according to solve this optimization problem:
L k Lk 2 k
D", {a }=argDrLr;{nar;c}Z||yk—D ol s.t.llakl < L 27)

where a* refers to vectors of sparse representation coefficients.

As we mentioned before, sparse representation coefficients can be equal for HR and
LR patches so to learn high resolution dictionaries the corresponding low resolution
sparse coefficient is used in each patch, with respect to the optimization problem
below:

2 2.8
DH = argminZIka — Dokl @8)
DH
K

The training phase is finished by learning high and low resolution dictionaries.

11



2.3.2 Reconstruction Phase

First step of reconstruction part is almost the same as training part. This phase has
tested for the images which they have down sampled and blurred by the same factors
used in training phase. Then before extracting patches, the same high pass filter is
applied to extract features. According to the location of k, patches are extracted.
Using OMP algorithm sparse coefficient for each low resolution patch is found and
then the corresponding high resolution patch is reconstructed by multiplying HR
dictionary and the corresponding sparse coefficient which obtained in low resolution
part by OMP. The super resolved patches {,}%_, (T shows the number of patches)
concatenated to form the high resolution image X by solving an optimization

problem:
X =arg minZ”Rk()? -Y) - fk”i (2.9)
k
This optimization problem means the patch extracted by R, from the difference

image X — Y should be close enough to approximated patches. This problem has a

closed-form Least-Squares solution, given by

D RRy
k

Solving this equation is equivalent to putting Xj, in their proper locations, averaging

-1 (2.10)

DRI,

k

X=Y+

in overlap regions and adding Y to get the final super resolved image X° . In this
thesis the approach of R. Zeyde.et.al [22] is adopted, however there are fundamental
differences. First difference is the fact that we work in the wavelet domain instead of
the spatial domain. The most important motivation for this is the fact that wavelet

transform itself sparsifies the signal of interest, furthermore it limits directionality.
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Due to the fact that wavelet subbands are high-passed filtered version of input signal,

the need for feature extraction is eliminated.

Instead of learning single big dictionary, several directional dictionaries all learned
by classifying data in wavelet subbands into directional clusters and employing K-

SVD algorithm for learning.

In the testing side for each feature the most proper dictionary is found and the sparse
coefficient is obtained by OMP algorithm. The representation coefficient is
multiplied by the corresponding high resolution dictionary. We will talk about it

precisely in next chapter.
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Chapter 3

PROPOSED SINGLE IMAGE SUPER-RESOLUTION
ALGORITHM VIA STRACTURALLY DIRECTIONAL

DICTIONARIES

The proposed algorithm has two main parts: training part and testing part. Both
training and testing parts are done in the wavelet domain. Every operation in training
phase leads to learn several HR and LR pairs of structurally directional dictionaries.
Patches in training set are classified into several categories according to their
directions to form a training set for learning the dictionaries. Then these dictionaries
are used to reconstruct HR patches from LR patches of a test image to form the super
resolved image at the end. This chapter starts with a short preface about wavelet
decompositions of an image.

3.1 Wavelet Decomposition

In this thesis two level wavelet decomposition stages constitute HR and LR sets.
Figure 3.1 shows two level wavelet decomposition for a 2D signal. g and h denote
wavelet and scaling filters. | 2 shows the down sampling factor by 2. The outcomes
of first level wavelet decomposition are LH1,HL1 and HH1 namely Low-High,
High-Low and High-High which refer to horizontal, vertical and diagonal details of
the input image respectively. Sizes of the subbands after one level wavelet
decomposition are half of the size of the input image while Sizes of LH2, L2 and

HH?2 after two level wavelet decompositions are one-fourth of the input image.
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Figure 3.1: Block diagram of two-level forward wavelet transform

Input image —

The subbands yielded from first level wavelet decomposition is formed the HR
dataset. To avoid complexity created by mismatching the sizes of first and second
level subbands, LH2, HL2 and HH2 organize the required set of low resolution
patches after one level wavelet interpolation which we will talk about it in the
following sections. Also Figure 3.2 shows a block diagram of one-level inverse

wavelet transform.

LL1 —»(@—» hT |

LH1 —»(@—» g7

—

H1 —>( 12— pT

HH1 —>\@—> g’ |

Figure 3.2: Block diagrams of one-level inverse wavelet transform

Output
image

gT and hT denote the transpose of wavelet and scaling filters which had been used in

forward wavelet transform in Figure 3.1.
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3.2 Training Phase

We shall start this phase by preparing HR and LR patches in the wavelet domain as
we mentioned in Figure 3.1.

3.2.1 Preparing LR and HR Patches for Training

To form HR and LR data sets we used two level wavelet decomposition. First level
subband images form HR dataset and the second level is used to form LR data set. In
order to avoid mismatch in dimensions between LR and HR datasets, due to
difference between sizes in first and second wavelet subbands images, an inverse
wavelet transform is taken from each of the second level subbands by appropriately
padding corresponding subband with zeroes as shown in Figure 3.3. After one level
wavelet decomposition, the wavelet subbands w/’, w}, w! are used to extract the
high resolution patches. After the 2™ level wavelet transform wavelet subbands
wi, wk,wk are interpolated via zero padded inverse wavelet transform to obtain
wh, wM, wl from which LR patches (features) are extracted. The superscript M in
wh, wh, wl refers to the medium level of resolution, which we call them mid-

resolution.

After extracting HR and LR patches from the mentioned subbands, each of the
patches and features should place into a category according to their direction. Eight
directions are intended and several templates are generated for all the eight
directions. Each patch will place into a category according to the best match of

correlation with the corresponding template.
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Figure 3.3: Preparing LR and HR training images using two-level wavelet
decomposition.

3.2.2 Pre-Determined Templates
Eight categories of patches which are compatible with the corresponding template
for each direction have intended and for better comparing, Size of each template is

chosen equal to the selected patch size.

Figure 3.4 is showing directions of templates {d,,d,,...,dg} . Directions
{iy, iy, ..., i} are assumed as intermediate directions. The area between each two
intermediate directions belongs to the corresponding main direction. For example if a
patch is directional and its direction is in the area between il and i2 it will place in

the category of d1. Every directional patches of HR and LR dataset is categorized
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into these eight directions and will put into ninth category which is non-directional if

there is no recognizable direction in it.

i 4 (9m/16) i5(7n/16)
1, (11n/16) \ /

\ | d; s | LAEH)

N desme), e dieye

Ig (13n/16)

N

i4(15m/16)

T hilnae)
Figure 3.4: Directions of pre-determined templates

But how the templates are defined to cover every positions of a directional line in a
patch? It has used Gabor filter to create Gabor patches.

3.2.2.1 Gabor Filter

Gabor filter has been used in many applications such as line and edge detection [43],
enhancement [44], segmentation [45] and object detection [46]. In order to define
directional templates we propose to use the Gabor filter as well. For 2D signal, it
named complex Gabor function and it is calculated by multiplying sinusoidal wave
and Gaussian kernel which is the case in our method. The real part of a Gabor filter
is defined as a multiplication of complex sinusoidal plane and Gaussian kernel and

can be written as [47] :

x'? +y2y’? x'
g(x,y) = exp BT — cos(ZnT + w) (3.2)

where
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x'=(x—x9)cosa+ (y—y)sina (3.2)

y'=—(x—xq)sina + (y — y,) cosa (3.3)

(x0,¥0) shows the center of the filter, y, o, A refer to spatial aspect ratio, sigma of
the Gaussian envelope and wavelength of sinusoidal factor respectively and w is the

phase offset [48].

By 2D Gabor function Gabor patches are generated as the pre-determined templates

for each desired directions as shown in Figure 3.5.

Figure 3.5: Pre-determined Gabor templates of size 6x6 for zero degree direction
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It has prepared samples of templates for zero degree, 45 degree and 135 degree in
Figure 3.5, Figure 3.6 and Figure 3.7 respectively. First and third row is covering
intermediate directions with two level shifts from set {i,}, where p refers to the
number of direction, and it is obvious second row is shown exact zero degree from
the set of main directions {d,} with two levels of shifts. For each category of
directions nine sample patches are formed. It is clear that by increasing the selective
size of high resolution patch the number of samples for each category will increase,
because it needs more number of samples to cover all the shifts for each direction in

a patch with bigger size.

Figure 3.6: Pre-determined Gabor templates of size 6x6 for 45 degree direction
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Figure 3.7: Pre-determined Gabor templates of size 6x6 for 135 degree direction

3.2.3 Classification

Next step is classifying HR and LR patches extracted from w/, wl, wk and
wh, wh, wl respectively into several directional categories. If the direction of the
patch is compatible with one of the pre-determined templates, the patch places into
that category, but if the patch has no specific direction, it places into non-directional

category.

The criterion of compatibility between the patch and templates is correlation match.
To find the best match of correlation, the shape of patches and templates matrices are
changed from 2D dimension to vector shape. For each high resolution patch the
correlation coefficients of the desired patch with all the templates are computed and

the maximum correlation coefficient is chosen. If the maximum correlation is greater
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than a threshold (e.g. 0.4) the HR patch goes into the founded category. In addition
to putting the HR patch in the best category, the corresponding LR patch will place
in the corresponding LR category too. But if it is less than the threshold which means
the system could not found a specific direction, both Patch and feature place into
non-directional category. So, two sets of categorized data are formed for both levels
of resolution. {X¥, x¥ ..., X!} contain HR patches and {Y}, Yy, ..., Y&} is formed by

LR patches.

3.2.4 Learning LR and HR Dictionaries

To learn all the dictionaries, K-SVD algorithm is used. In order to promote the
learning of the directional dictionaries the K-SVD algorithm is initialized with
dummy directional dictionaries. To generate dummy dictionaries, the templates of
the corresponding category are changed into vector shape and these vectors form the
atoms of the dictionary for the corresponding category. But since the number of
generated templates is not enough to generate the dictionary, linear combination of
vector shaped templates are constituted the rest of atoms. Defining dictionaries based

on the templates guarantees the desired directions for dictionaries.

It is clear that ninth dictionary witch is non directional dictionary has no initialization
factor except defining the number of its atoms. Sizes of all dictionaries are chosen
the same. Figure 3.8 shows the atoms of eight dummy dictionaries {d},d?, ..., d8}
which are perfectly directional. Dummy dictionaries are the starting point for

learning the low resolution dictionaries.
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Figure 3.8: Dummy dictionaries for eight directions
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arg minlvi— DiaH? st el <1 (34

Dtk
where Y; and its subscript i refer to the categorized LR patches and the number of
category respectively and a* is the matrix of sparse coefficients.

At = abyaly ] (35)

Nine low resolution dictionaries{D¥, D%, ..., D&} are learned over LR dataset using

K-SVD by initializing with the corresponding dummy dictionary.

After learning process for LR dictionaries, to learn HR dictionaries{D¥, D¥, ..., D{},
the corresponding low resolution coefficients are used. Therefore to obtain high
resolution dictionaries, Pseudo-inverse solution using the corresponding low
resolution patch and the coefficient is needed. High resolution dictionaries are
computable by multiplying a5 and HR patches.

Dff = X,(AIN? (3.6)
where X; refers to categorized HR patches, A? is the matrix contains sparse
coefficient vectors [ af!, aft,, ...] and ay* is defined by:

(@)t~ (ab) (@b aty )7 (37)
Where the superscript *f” ant ‘T’ denote the pseudo-inverse and transpose symbol

respectively. We used the fact that a” = a’.

We finish the training phase by learning 9 pairs of high resolution and low resolution
directional dictionaries. Figure 3.9 shows example patches of the designed
dictionaries which are learned over horizontal (d1) and vertical (d5) training sets. As

it was expectable the direction of each dictionary is visible in Figure 3.9.
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Figure 3.9: Directional HR dictionaries. (a) 90 degree (b) zero degree

(xf xi,.., X8 and {YM,YM,...,Y]} are the categorized high and low resolution
patches respectively and {dj, dg, ..., d§} refer to the dummy dictionaries to define
the start point in K-SVD. The obtained nine pairs of LR and HR dictionaries are used

to reconstruct features and patches respectively in the test phase.

At the end of this part a summary of the training phase is presented in Figure 3.10.
3.3 Reconstruction Phase

In this phase given the low resolution image which is assumed to be the LL1
subband of the wavelet transform, what we want to do is estimating the
corresponding wavelet subbands and get an inverse wavelet transform to reach to the
super resolved image. For this purpose we follow a strategy similar to the one

followed in the training phase.
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By one level wavelet decomposition from the given low resolution image (LL1), a
lower resolution image (LL2) and subband images (LH2, HL2 and HH2) are
obtained. Similar to training phase to reach to the desired size, wavelet interpolation
has taken from each subband using zero padding. The obtained bands are wj, w
and w). For each patch in these bands (y*) OMP algorithm is applied nine times
and each time for one of the learned low resolution dictionaries to obtain sparse
coefficients. The multiplication of each dictionary by the corresponding sparse
coefficient is used to reconstruct the patch, so for the patch in position k a set of
reconstructed patches is formed {¥¥, 9%, ..., &} via nine dictionaries

Vi~ Diajy (3.8)
where i shows the number of dictionary which is used (from 1 to 9) and 9} is the
reconstructed feature in location k with i** dictionary. Among all the reconstructed
features choosing the most similar one to the main feature is needed. For this purpose
the least square errors between the main feature and all nine reconstructed features

are computed.
minfly* — 3¢ (39)

The best answer shows the most proper dictionary by specifying i to estimating the
corresponding high resolution patch in the same location but in w/', w} and wf
which is unlnown. Then nth dictionary from the set of high resolution dictionaries
can be used for multiplying with the corresponding o to reconstruct the high
resolution patch. According to the experimental results obtained from simulation,
least square error for choosing the best low resolution dictionary is not a perfect

criterion. As it has not found a better model selection yet, so the least square error

27



between the estimated features and the main feature is used to recognize which high
resolution dictionary should be chosen for reconstructing HR patch.

x* =~ DHa, (3.10)
Figure 3.11 shows a brief overview of the steps has done in the testing phase. By
reconstructing every high resolution patches, the HR subbands are made possible. As
it has shown in this figure the last step is one-level inverse wavelet transform to

reach to the super resolved image.
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Figure 3.11: Reconstruction phase
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Chapter 4

SIMULATION AND RESULTS

In this chapter, we demonstrate the proposed method results over the Kodak set and
benchmark set using matlab platform, on Intel core i5cpu 2.66 GHz with 4GB of
RAM. The comparison has done with bicubic interpolation and Zeyde.et.al algorithm
[22] both qualitatively and quantitatively. To show the quantitative performance

peak signal-to-noise ratio (PSNR) measurement is used.

Given the main image X and the reconstructed image X with dimension m x n, the
PSNR is:
255 (4.2)

/MSE(X,)?)

Where, MSE refers to the mean-square error between the main image and the

PSNR(X,X) = 20log,,

reconstructed image.

(4.2)

Besides PSNR, the Structural Similarity Index Measurement (SSIM) [49] is used,
which is compatible with human visual perception.

First the SISR results based on PSNR and SSIM obtained by the proposed algorithm,
bicubic interpolation and the algorithm proposed in [22]. Then the results are
compared both visually and quantitatively. We then move on and examined the

results in the situation if the high resolution patches be available to choose the most
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correct high resolution dictionary among all the exist dictionaries. This test has done

to understand the qualification of the model selection in the testing phase.

For extracting patches and features of the training images it has allowed in
consecutive patches, one pixel overlap [1 1] in both directions. This amount of
overlap has been chosen to increase the speed of training process and overlap [3 3]
which is full overlap is selected in the testing phase to reconstruct the supper
resolved image better. To compare fairly every simulation parameters such as images
in training set, patch sizes, overlap factors, even the number of atoms of learned
dictionaries (number of all atoms in proposed algorithm for 9 dictionaries is 990 and
in [22] one dictionary with 1000 atoms ) are chosen equal both in the proposed

algorithm and [22].

The learning process of nine pairs of dictionaries each having 110 atoms has been
performed using a total of 145,000 patches in proposed algorithm and 138,000
patches for R.Zeyde.et.al algorithm [22] for learning 1,000 dictionary atoms. The
calculated time process for learning 9 dictionaries using K-SVD with 20 iterations
and sparsity 3 is around 40 seconds while learning process for the dictionary in [22]

with the same number of iteration and sparsity takes around 350 seconds.

Table 4.1 shows the number of patches which has been chosen by similarity with
predetermined templates to place in the corresponding eight directional categories
and the non-directional category if the similarity match be less than the pre-specified

threshold. From the proposed results in Table 4.1 it can be seen around 40% of all
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patches of natural images recognized as directional patches (with threshold 0.4 for

similarity between patches and templates).

Table 4.1: Number and percentage of placed patches in each category

direction Number of patches percentage

di 7292 5.0%

d2 7742 5.3%

d3 7307 5.0%

d4 7196 4.9%

d5 7875 5.4%

dé 7288 4.9%

d7 7136 4.8%

ds 6785 4.6%
directional 58621 40.2%
Non-direction 87188 59.7%

It is expected by improving the representing directional parts of an image using
highly directional dictionaries the better performance be achievable compare to

representing with one dictionary for all types of data.

As we mentioned before the reconstruction phase has been performed over 24
images of the kodak set and 10 well-known images of the benchmark set. For a
better understanding of test images it has shown all 24 images of kodak set in Figure

4.1.

In reconstruction phase the most important problem is the model selection which
should apply on the LR patch to choose the compatible direction, its worth
mentioning that the picked direction in LR patch and the corresponding direction in
HR patch are not always the same. In fact a better model selection algorithm can be

developed, so that the performance can be improved. The selection of proper
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dictionary should be done based on low resolution patches. This is because the LR
patches are available in the reconstruction phase. In order to test and verify that the
desihned dictionaries are proper a test is designed. For this purpuse we assume
knowledge of HR patches in the reconstruction phase. Each HR patch is
reconstructed with all the HR dictionaries and the dictionary that gives minimum
mean square error is picked for reconstruction. this test is refered to correct model
selection and performance results are given in 4™ column of Table 4.2 and Table
4.3. The results indicate that with the correct model selection (selecting the most
appropriate HR dictionary) the PSNR performance of the algorithm is on the
average 0.41 dB better than R. Zeyde [22]. However the HR patches are not
available in the reconstruction phase, therefor the model selection adopted here is

minimizing the squared error in the representation of LR patches.

The super resolving process has done by factor 2, for instance size of input low
resolution images of Kodak set is 384x256 so the super resolved images have size
768%x512. Most of the input low resolution bench mark images have size 256x256

and the super-resolved images have size 512x512.

The summerize of the results are observable in Table 4.2 and Table 4.3. In these
tables the proposed algorithm results are compared to bicubic interpolation and R.
Zeyde.et. al algorithm. From the provided results in Table 4.1and Table 4.2 it is clear
that the proposed algorithm is operating better than bicubic interpolation and R.
Zeyde.et.al [22] algorithm with average PSNR increase of 0.17dB over Kodak set

and 0.28dB over benchmark set, Which means it is better to divide one condense
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dictionary into several directional and non-directional dictionaries and reconstruct

each patch according to its direction.

(13) (14) (15) (16)

(21) (22) (23) (24)
Figure 4.1: Original high resolution images of Kodak set [50].
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Table 4.2: Kodak set PSNR and SSIM comparison with bicubic, R. Zeyde algorithm

[22], (i) proposed algorithm (ii)if the best HR dictionary be chosen

Image Bicubic R. Zeyde.et.al Proposed method Correct model

[22] selection

1 26.69 27.76 27.91 28.21
0.9597 0.9791 0.9755 0.9770

2 34.03 34.91 35.09 35.29
0.9697 0.9751 0.9806 0.9815

3 35.03 36.46 36.51 36.72
0.9842 0.9849 0.9908 0.9912

4 34.57 35.86 36.13 36.33
0.9813 0.9835 0.9902 0.9906

5 27.13 28.66 28.70 28.96
0.9775 0.9839 0.9895 0.9900

6 28.27 29.19 29.46 29.66
0.9628 0.9793 0.9771 0.9781

7 34.27 36.10 36.2 36.46
0.9923 0.9903 0.9963 0.9965

8 24.31 25.32 25.41 25.67
0.9668 0.9819 0.9768 0.9778

9 33.13 34.79 34.75 35.01
0.9856 0.9869 0.9908 0.9856

10 32.94 34.36 344 34.61
0.9848 0.9869 0.9908 0.9912

11 29.93 30.98 31.03 31.25
0.9717 0.9819 0.9821 0.9912

12 33.56 35.13 35.32 35.59
0.9773 0.9866 0.9855 0.9830

13 24.71 25.42 25.75 25.92
0.9576 0.9754 0.9762 0.9861

14 29.89 31.06 3131 31.53
0.9773 0.9797 0.9883 0.9771

15 32.88 34.36 34.94 35.18
0.9824 0.9860 0.9905 0.9888

16 32.05 32.77 32.97 33.16
0.9705 0.9760 0.9808 0.9906

17 32.86 34.18 34.32 34.51
0.9880 0.9819 0.9940 0.9815

18 28.78 29.72 30.15 30.35
0.9755 0.9827 0.9870 0.9942

19 28.79 29.97 30.06 30.30
0.9719 0.9770 0.9818 0.9824

20 32.36 33.79 33.74 33.96
0.9765 0.9857 0.9914 0.9918

21 29.26 30.21 30.47 30.68
0.9816 0.9832 0.9890 0.9895

22 31.36 32.39 32.58 32.82
0.9753 0.9809 0.9867 0.9873

23 35.92 37.63 37.88 38.15
0.9926 0.9876 0.9961 0.9963

24 27.62 28.5 28.81 28.99
0.9764 0.9806 0.9869 0.9876

average 31.09 32.06 32.23 32.47
0.9766 0.9823 0.9864 0.9869
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Table 4.3: Benchmark set PSNR and SSIM comparison with bicubic, R. Zeyde
algorithm [22], proposed algorithm and the last column if the best HR dictionary be

chosen
Image Bicubic R. Zeyde.et.al | Proposed method Correct model
[22] selection

Baboon 24.86 25.40 25.67 25.81
0.9651 0.9808 0.9750 0.9759

Barbara 28.00 28.64 28.58 28.69
0.9577 0.9734 0.9712 0.9716

Boat 32.36 33.70 33.76 34.01
0.9863 0.9812 0.9913 09918

Cameraman 35.71 38.70 40.13 40.44
0.9937 0.9849 0.9984 0.9985

Elaine 31.06 31.30 31.42 31.48
0.9767 0.9706 0.9793 0.9796

Face 34.83 35.49 35.80 35.96
0.8463 0.8463 0.8767 0.8810

Fingerprint 31.95 33.87 34.85 35.15
0.9942 0.9706 0.9983 0.9984

Lena 34.70 36.10 36.28 36.49
0.9893 0.9815 0.9936 0.9938

Man 29.25 30.28 30.31 30.49
0.9820 0.9812 0.9889 0.9894

Zone-plate 11.40 11.96 12.31 12.36
0.7040 0.8686 0.7281 0.7289

average 26.77 27.85 28.13 28.41
0.8656 0.9568 0.9540 0.9548

Although the performance in the proposed algorithm is obvious but the results

achieved from the correct selection (choosing the most proper dictionary)in fourth

column of the tables shows that a better model selection can be created, and the

proposed algorithm is improvable. Qualitative comparison is also further illustrated

in Figure 4.2 to Figure 4.6 and the superiority of reconstructing directional parts of

images by proposed algorithm over other methods is observable. to show the

preference of the proposed algorithm toward state of the art it has chosen three

images from the Kodak set (number 1, number 22 and number 24) and two well-

known images from benchmark set(Barbara and Lena). In all figures below (a) is the

original image (b) shows bicubic interpolation (c) is the result yields by [22] and (d)

shows the proposed algorithm results
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(c) (d)
Figure 4.2: Visual comparison of image number 1 from Kodak set (a) original image
(b) bicubic interpolation (c) R. Zeyde algorithm [22] (d) proposed algorithm
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(a) (b)

(c) (d)

Figure 4.3: Visual comparison of image number 22 from Kodak set (a) original
image (b) bicubic interpolation (c) R. Zeyde algorithm [22] (d) proposed algorithm
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(c) | (d)
Figure 4.4: Visual comparison of image number 24 from Kodak set (a) original
image (b) bicubic interpolation (c) R. Zeyde algorithm [22] (d) proposed algorithm
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(c) (d)
Figure 4.5: Visual comparison of Barbara image (a) original image (b) bicubic
interpolation (c) R. Zeyde algorithm [22] (d) proposed algorithm
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Figure 4.6: Visual comparison of Lena image (a) original image (b) bicubic
interpolation (c) R. Zeyde algorithm [22] (d) proposed algorithm
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Figure 4.2 shows the tests performed on image number 1of the Kodak set with PSNR
increases of 1.22 than bicubic. As it is observable the shutters behind the window is
sharper and the directions of them are recognizable in (d) which is the result yield by
proposed algorithm compared to (b) bicubic and (c) [22]. In (b) and (c) the shutters

are smooth and interconnected with no space from each other.

Figure 4.3 is number 22 of the Kodak set. In (d) wooden fence are straighter and

sharper with less curvature than (b) and (c).

In Figure 4.4 which is the 24™ image of the Kodak set the gable roof in left has both
horizontal and vertical lines where in (b) and (c) just vertical lines are observable and

(d) shows both.

Figure 4.5 and Figure 4.6are two of the well-known bench mark images, Barbara and
Lena. The directions of the scarf of Barbara is sharper in (d) while in (b) and (c) are
smother. In Lena image the directions and the contrast of the shadow on the top of

the hat in (d) is sharper and clearer.

These comparisons prove that learning directional dictionaries in addition to
performing the process in wavelet domain gives a better reconstruction in high

frequency details and directional patches.
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Chapter 5

CONCLUSION AND FUTURE WORK

5.1 Conclusion

This thesis investigated the ill-posed super-resolution problem using sparse
representation by structurally directional dictionaries. To this end HR and LR
patches classified into several directional categories using similarity level between
pre-determined directional templates and patches. Categorized patches and features
formed the training sets for learning the dictionary pairs. Both pairs of HR and LR
dictionaries obey the character of their training set and maintain the corresponding
category’s direction. In the reconstruction part given the low resolution image (LL1)
the main aim is estimating high resolution wavelet subbands which are unknown. To
reach to this aim OMP algorithm is applied to each feature of low resolution
subbands each time with one of the low resolution dictionaries. In order to choose
the most proper dictionary the feature is reconstructed nine times by nine low
resolution dictionaries and the sparse coefficients obtained from OMP. The proper
dictionary is used according to the least square error between the main feature and
the reconstructed features. By the assumption that the sparse coefficients for sparsely
representing the HR and LR patches can be equal, patches of the HR subbands are
reconstructed by the corresponding proper high resolution dictionary and same
sparse coefficient. After reconstructing all patches and high resolution subbands, the

super resolved image obtained by an inverse wavelet transform.
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By learning several dictionaries instead of one big dictionary the complexity arises
from the learning part is decreased. Visual and experimental results have been shown
reconstructing directional patches by directional dictionaries returns better results
than reconstructing patches by a dictionary with no special feature, also there was
around 0.2 dB increase in PSNR than the state of the art method which had been

reconstructed patches by one dictionary.
5.2 Future Work

In the future, the most important piece of work which needs more investigation
would be the model selection for choosing the most proper dictionary in
reconstruction phase. The presented result shows that if the best high resolution
dictionary be chosen regardless LR dictionaries, the performance will increase. This
case represents the fact that the best LR dictionary for reconstructing a feature and
the best HR dictionary for reconstructing the patch in the same location are not
always correspond to each other, so the model selection according to least square
error between the exist feature and the reconstructed features is not a perfect model.
By using directional dictionaries better performance is achievable but with

generating a better model selection.

One other important issue that can be worked on it in the future is deliberation of
sparse coefficients equality. To estimate the HR subbands it has assumed that the
sparse coefficients in LR and HR patches can be equal, but the validity of this

assumption can be studied later.

As there is a direct link between the learned dictionaries and classifying patches to

form the training set, other models for classifying patches in training phase can be
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surveyed. After classifying features and patches into directional categories, objective
tests show that the generated categories are not perfectly directional and some
patches with correlation more than the pre-determined threshold but without any
visual direction places in that category. So other methods such as comparing singular
value decomposition for templates and patches can be tested for recognizing the

directions better.

Also the classification can be done not only based on directions but also based on
other cases. The fact is representation by learned dictionary over clustered data,

gives supreme results. So the different kind of clustering can be performed.
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