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ABSTRACT

Engineering and physics demand a through knowledge of applied mathematics and a
good understanding of special functions. These functions commonly arise in such
areas of applications as heat conduction, communication systems, electro-optics,
approximation theory, probability theory, and electric circuit theory, among others.
The subject of special functions is quite rich and expanding continuously with the
emergence of new problems in the areas of applications in engineering and applied
sciences. We investigate generalized gamma function, digamma function, the
generalized incomplete gamma function, extended beta function. Also, some

properties of these functions are taken into hand.

Keywords: Approximation, Circuit, Gamma, Beta, Digamma



0z

Miihendislik ve fizik, uygulamali matematigin derinlemesine bilinmesini ve 6zel
fonksiyonlarin iyi anlasilmasini istemektedir. Bu fonksiyonlar genellikle 1s1 iletimi,
iletisim sistemleri, elektro-optik, yaklasiklik teorisi, olasiklik teorisi, elektrik aksam
teorisi ve digerleri alanlarinda uygulama bulur. Ozel fonksiyonlar konusu olduk¢a
zengin ve genislemeye acik bir alan bunun sebebi ise miihendislik ve uygulamali
bilimler alanlarindaki yeni problem doguslaridir. Biz genellestirilmis gama
fonksiyonu, digamma fonksiyonu, genisletilmis beta fonksiyonu ve bu

fonksiyonlarin bazi 6zelliklerini inceledik.

Anahtar Kelimeler: Yaklasiklik, Aksam, Gamma, Beta, Digamma
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Chapter 1

INTRODUCTION

Between 1927 and 1930, Euler introduced an analytic function which has the property
to interparticle the fuctorial whenever the argument of the function is an integer. But,

in 1930, Euler introduced the following functions.
! 1
I'(x) = / (—log())*"'dt (x> 0)
0
After some easy process this definitions take more used forms as
[(x)= / e dr
0

In [5] L. S. Gradshteyn and L. M. Ryzhink, introduced the generalized gamma function

as the following.
L. (s) :/ £ le 4t (Re(c) > 0;c = 0,Re(s) > 0)
0

First derivative of logI"(s) is called digamma f and denoted by

In [1] M. Aslam Chaudhry and Syed M. Zubair gave the definition of the digamma

function as the following

Vo (s) = <A (T (5))}



In [1] M. Aslam Chaudhry and Syed M. Zubair, introduced the generalized incomplete

gamma function as the following

Y(s,x) = /ts_]e_’dt (s=o0+ir;0 >0, |arg(s)| <),
0

[(s,x) = /xwt“_le_’dt (larg (s)| < )

Also, [1] M. Aslam Chaudhry, Syed M. Zubair and [15] Asghar Qadir, M. Rafique

introduced the integral representation of the extended beta function

1 c
B(x,y;¢) = / 1=y e T dy
0
My thesis contains seven chapters. The name of this chapters are listed below.

* Introduction

* Preliminary

* The Gamma and Beta Functions

* Generalized Gamma Function

* The Digamma Function

* The Generalized Incomplete Gamma Functions

¢ Extented Beta function

Chapter 2, contains some important definitions and theorems (The Euler Mascheroni
Constant, Fubini’s, Laplace Transform, Mellin Transform, Macdonald Function, Wit-

taker Function, Holder’s 1nequality, Fundamental).



In Chapter 3, the following studied

¢ Definition of Beta and Gamma Functions

* Reccurence relation of gamma function

* the infinitive-product expression of euler and beta function

Essentially, Chapter 4, 5, 6 and 7 contains definitions and properties of

¢ Generalized Gamma Function

* The Digamma Function

The Generalized Incomplete Gamma Function

e Extended Beta Function



Chapter 2

PRELIMINARIES

Theorem 2.0.1 [I8] (The Euler Mascheroni Constant) Euler Mascheroni constant,

defined by

71
— i ~
y=m (n; " Ogn>

which is approximately equal to 0.5772...

Theorem 2.0.2 [4](Fubini’s Theorem) Let L be a measure on T and V a measure on
Z.

i. Then U X v is regular measure on T X Z, even if L and v are not regular.

ii. IfACT is u—measurable and B C Z is V — measurable, then A X B is (1L X V) —

measurable and (U x V) (A x B) = u(A) v (B)

iii. If SCT xZisa-— finite with respect to L X V, then S, = {t | (t,z) € S} is
U — measurable for v a.e.y, S; = {z | (t,z) € S} is  — measurable for L — integrable.

Moreover,

(1x0)()= [ u(s)dv) = [ v(s)du )

iv. If fis (U X V) —integrable and f is a — finite with respect to L X U (in particular,



if fis (U x V) — summable), then the mapping z — [ (t,z)d (t) is U — integrable
77— /Tf(t,z)dv (t) is v —integrable

the mapping
r— /Zf(t,z)dv (z) is u — integrable.

and

szfd(uxv) B /z
J

[ reaano]ave)
s o

Theorem 2.0.3 [10] (Laplace Transform) Suppose that f(a) is a piecewise continuous
on [0,00) and it is of exponential order . Then the £ — transform of the function

f(a) exists for all s > o and real numbers t > 0, which is given by :
L(f() = F(s) = / = £(1)dt (2.0.1)
0

Definition 2.0.4 [10] (Mellin Transform) The Mellin transform of a function f (t) de-

fined by
sy = ()= [ @0 202)
and the inverse of the Mellin Transform defined as the following

Mol (t)=f(1) ! /ouriwt_S(p(s)ds (2.0.3)



Theorem 2.0.5 [5] (Macdonald Function) Modified Bessel functions of the third kind

or Macdonald functions defined by

where I, (z) is modified Bessel function of first kind [6] given by

P (g)y+2n

b (@) :;{)F(yj—nnt 1)n!

Theorem 2.0.6 [17] (Whittaker Function)
/ 260Ky (2B/E) dt. (2.0.4)
0

The inverse Laplace Trans form of the product

C(u+y+3)C(m—y+3) 2 _, B’
2 T VAT (2.0.5)

Theorem 2.0.7 [17](Holder’s inequality)

Let % + % =1 with n,m > 1. Then Holder’s inequality for integrals states that
b b R m
[rwewlars | [rora|| [lewra] 2.06)
a a a

Theorem 2.0.8 [21] (The Fundamental Theorem of Calculus) Suppose that the func-

tion f is a continuous on an interval I containing the point a,



Partl: Let the function F be defined on I by

Then F is differentiable on I and F’(x) = f(x) there. Thus, F is an antiderivative of on

I:

& ([ rwar) = s

Part2: If G(x) is any antiderivative of f(x) on I, so that G’(x) = f(x) on I, then any b

in I we have

[ 1t = 60) - 6ta)



Chapter 3

THE GAMMA AND BETA FUNCTIONS

This chapter contains basic definitions and properties of the Gamma and Beta func-

tions.
3.1 Definition of the Gamma Function

For complex numbers with positive real part defined as the following

I'(s) = /OthIe’dt (3.1.1)

The equation below is stated by using Mellin transform in gamma function

T(s)= (1" e ") = /0 e ldr (3.1.2)

3.2 Reccurence Relation of Gamma Function

We have obviously I'(1) = f;" e 'dr = 1 and for x > 0, an integration by parts yields.

tx o o tx o
I'(x)= [e_l—} +/ —e 'dt :x‘1/ el dt
Xy 0 X 0

=x T (x+1).



Hence,
F'(x+1)=xI(x).
For Vn € Z™", we have

I'(n+1) = nI'(n)
= nn—1)I'(n—-1)
= nn—1)(n-2)T'(n-2)

= n(n—1)....2.1T(1)

where by convention, 0! =1

3.3 The Infinite-Product Expression of Euler
Lemma 3.3.1 [9]If 0<z< 1, then

1
l+z<e <—
1—z

Proof. From the series expression of e?and (1—z)~', we have
1
l+z<e and &< —.
-z

Since,

o _k

z 1
1+Z§€1:1+Z+ZF' and et T:ZZk
k=2%" 2

This concludes the proof. m

(3.2.1)



Lemma 3.3.2 [9]If 0<z<landn€Z™, then

(1-2)">1-nz

Proof. Using the mathematical induction method
i.Forn=1— 1—-z=1-¢
ii. Assume that (1 —2)" > (1 —kz) is true, (k € Z7)

iii. For n=k+1

(1-2" = (1-9%(1-2)
> (1—kz)(1—2)
= 1—(k+1)z+kZ

> 1—(k+1)z, (keZ").

Hence, the results holds for all n € Z* by mathematical induction. m

Lemma 3.33 [9]If 0<t<nandncZ™", then

10



and

so that
t n
e — (1 _ —) >0 (3.3.1)

on the other hand

- (2)]

and by (3.3.3) , we have

n 2 2
= (1-1) <o {1 — 14 t—z} S (3.3.2)
n n

The result follows from (3.3.1) and (3.3.2) =

Lemma 3.3.4 [9] Ifn € Z and Re (z) > 0, then

n—->o0

. n AN
I(z)= lim (1—-) .
0 n

11



Proof. Let

Pi(2) = /On (1 — %)ntZIdt.

We need to prove that, P, (z) — I'(z) whenn — oo,

] e8] n n
/ettZIdt—Pn(Z) = [/ ettzldt—/ (1—£> tZldt]
0 0 0 n
n t n oo
= /{e_t—<1——> }tz‘ldt+/ e 't L.
0 n 0

Obviously, the limit of the second term is zero, when n — oo and the limit of the first

term is also zero, since

n t n 1 I’ll 1
/ e — (1——> “ldt g/ —e ' ar
0 n on
N——————

Hence P, (z) = T'(z). m

Lemma 3.3.5 [9] Ifn € Z and Re (z) > 0, then

n'n®

() :r}i—r}oloz(z—i—l)...(z—i—n)'

12



Proof. For Re (z) > 0, substitute t = nt and dt = ndt in Lemma 3.3.4
! 1
P, (z) :/ (1—17)"(n7)*" " ndr. (3.3.3)
0

If we choose u = (1 —1)" and dv = 7°~! in 3.3.3, then apply, integration by parts

n-times, we get

P,(z) = nz{[(l—f)"%z};—kn/ol;(l—f)n1d1’}

_ n‘n(n—1)..2.1 /1TZ+”1d”L'
z2(z+1)...(z+n—1) Jo

1.2..n .
nt.
z2(z+1)...(z+n)

So,

) 1.2...n .
% :r}gl;z(zjtl)...(zjtn)n ' (3:34)

Since P, (z) = I'(z) whenn — oo, m

Lemma 3.3.6 [9] Ifn € Z and Re(z) > 0, then

1 o
I'(z)=-11
(@)=_1I

(1 +§>_1 (1 +%)_1

Proof. Using Lemma 3.3.5 and nh_l;rolo 5 =1, we get

Z

e 1.2...(n—1)
I'(z) —nlgll,z(H_ 1)..(z+n— 1>n

13



n*and (z+1)...(z+n— 1) can be written as

and

1 n—1 z\ 1
(z4+1)..(z+n=-1)=-1I <l+—> :
Zm=1 m

Hence, we get

This gives the desired result. m

Theorem 3.3.7 [9] (Weierstrass In finitive Product) If Re(z) > 0, then
1 b I\ _:z

=z I (142) i) (3.3.5)
z n

F( ) n=1

where
i (1
Y= L e

k=1

=0.57721566490153286060651...

and denotes Euler constant.

14



Proof. In equation 3.3.4 n® can be as

m=1

n*=expx z|lnn— Z—

mzlm

} I en (3.3.6)

if equation 3.3.6 is substituted by 3.3.4 then, we get

1.2...n 1
lim exp< z |Inn— —
ez (Z 1) (2 ) p{ [ Zlm

I'(z) 1.2...n —
Hence
= 7\ _:
g~ {(5) e
where

is known. m

3.4 Definition of the Beta Function
Definition 3.4.1 [2] (Beta Function) Euler integral of the first kind or Beta integral is

a function of two complex variables defined by

B(s,q) = /Olts_l (1—0)%'dr  (Re(s)>0; Re(g) >0) (3.4.1)

15



Theorem 3.4.2 [1] Fors,q ¢ Zo={0,—1,-2,...},

[(s)T(q)

PTG

(s,q¢ Zy ={0,—1,-2,..}). (3.4.2)

Proof. Putting t = sin” 0 and dr = 2sin 0 cos 0d6 in (3.4.1), we get

B(s,q) = 2/Ozsin2519(1—sin29)q_lcosed9

= 2 /2 sin® 1 0cos®'df  (Re(s) >0; Re(q) >0).
0
On the other hand

F(S)F(q):/o e_tts_la’t/o e v dy (3.4.3)

2, v=p? dt =2wdw and dO = 2pdp in (3.4.3)

_4/ / (w2 +p?) 2s—1p2q—1dsdp'

Using the plane polar coordinates r,0 given by w = rcos8, p = rsin and dwdp =

substitution t = w

rdrd0. It becames

C(s)T(q) = 4/ / - (rcos0)* ! (rsin0)*7! rdrd6
= 4/ / e_’2r25+2q_](cosG)zs*l(sinQ)zqfldrdG
0o Jo

= 2 / e AT gy / * (cos9)> ! (sin0)% ' a0,
0 0

16



Putting t = 72 and df = 2rdr in the first integral,

= 2/we_(\ﬂ)2té(2s+2¢ll)i 2/2 (COS@)zS_l (sin9)2q—1d9
0 2Vt Jo

o0 i dt 7
_ 2/ T 2/2(cose)zs_l(sine)zq_lde
0 0

_ / e g 2 / * (cos8)> ! (sin0)% ' do
0 0
On the other hand second integral gives B (s,q) . So,

I'(s)T'(¢) =T (s+q)B(s,q)
Hence

['(s)T(q)

[(s+q) =Bls.q)

gives the relation between beta and gamma function. =

3.5 The Infinite Product Expression of Beta Function
Theorem 3.5.1 [I]Fors, q ¢ Zy={0,—1,-2,...},

(3.5.1)

17



Proof. Firstly, putting Euler infinitive product expression of I"(s) in to formula (3.4.2)

then, we get

rer 0D ) )T s

F(S+C]) B P f—.il |:(1+l)s+q(1+s+_q)—li|

n

Hence

oo st+q
B<s,q):s+qn (l+ )
e () (149)

The next two theorems give the reccurence relation for beta function (3.4.2). m

Theorem 3.5.2 [1] For Re(s) > 0 and Re(q) > 0,

S N
B(s+1,9) = —B(s,q) = —-B(s,q+1
( q) P (s,9) p (s,q+1)

Proof. Using Theorem 3.4.2, we get

[(s+1)T(g)
I'(s+g+1)
s (s)I(q)

s+ql(s+q)

= B (s,
P (s,9)

B(s+1,q9) =

18



and

_ s I'(s)T'(q)
s+q s+q I'(s+q)
['(s+1)T(q)
['(s+(g+1))
sT(s)T(g+1)
qU(s+(g+1))

S
= —B(S,C]+1)
q

which is exactly same in Theorem 3.5.2 m

Theorem 3.5.3 [1] For Re(s) > 0 and Re(q) > 0,

B(s+1,9)+B(s,q+1)=B(s,q)

Proof. Using Theorem 3.4.2, we find

C(s+1)T(q) T(s)T(g+1)

B(s+1.q)+B ) =
(s+1,9)+B(s,q+1) T(stqgt1)  T(stqtl)

Cs+1)T(q)+T(s)T(g+1)
I'(s+qg+1)
sU(s)I(q) + T (s)gl (g +1)
(s+B)(s+4q)
I'(s)T'(B)(s+qg)
(s+B)T(s+q)

I'(s)I'(q)
T(s+q)

Hence

B(s+1,9)+B(s,q+1)=B(s,q)

which is exactly same in Theorem 3.5.2 m

19



Chapter 4

GENERALIZED GAMMA FUNCTION

In this chapter, we give definition and properties the generalized gamma function.
4.1 Definition of the Generalized Gamma Function

Definition 4.1.1 []]The generalized gamma function can be defined by
T, (s) = / #le=5dr (Re(c) > 0;c = 0,Re(s) > 0). @4.1.1)
0

Notice that in the case ¢ = 0 the function conclude with the classical gamma function.

Definition 4.1.2 [1] For Re(c) > 0 and |arg (\/c)| < =,
T, (s) = 22K, (21/) . (4.1.2)

where K (Theorem 2.0.5) [5] is a Macdonald function.

Theorem 4.1.3 IfRe(c) > 0 or c =0 and Re (s) > 0 then, we have

(o)

Fac (S) = as/ lsilef‘”*%dt
0

Proof. The substitution = x> and dt = 2xdx in (4.1.1), we obtain another expression

T.(s)=2 /0 g me gy (4.1.3)

20



The substitution ¢/+/c = u and dt = \/cdu in (4.1.1) gives that

e s_ 1 — Jou——L
Fc(S)Z/ Wled 1oV Vady
0

= 2 / e Veltu™h) gy (Re(c) >0)
0
After putting u = ¢” and du = €”dy in (4.1.4), we obtain following;

[.(s) = c? /oo ex(s_l)e*\ﬁ(ehre_y)exdy

= ¢2 /oo eyse_\ﬁ(e““eiy)dy

!
—~
)
—
I

cé/ es=2vecoshy) gy (Re(c) > 0)

e B
where coshy = *—

For |a| +|c| # 0 or c =0, Re(a) > 0, Re (s) > 0, then

(o)

Coc(s) = as/ e dt
0

which is the desired result. m

4.2 Properties of the Generalized Gamma Function

(4.1.4)

(4.1.5)

In this section, we studied some reccurrence relations of the generalized Gamma func-

tion.

Theorem 4.2.1 [1] (The diffirence formula)

Te(s+1)=sTe(s)+cle(s—1)

21

4.2.1)



Proof. If we choose f (x) = e~ in Mellin transform (2.0.4) operator, we find

M{e—x—cxfljs} _ <xs+—l7e—x—cx*1>

= M{f(x):s} (4.2.2)

and

M{f'(x);s} = /wxy_lf(x)dx:—(s—l)Fc(s—l)

0

= —(s—1)M{f(x);s—1}.

In above the integrals, if we apply integration by parts (u =x"!and dv=Ff (x)),

we find

/wxs—lf(x)dx = X —/wf(x) (s— 1)x*2ds
° 0
= _(S_l)rc(s—l)

=M { (—1 +cx*2) e ;s}
which simplifies to give

—(s—=DCe(s=1)=—=T¢(s)+clc(s—2)

Le(s)=(s—DTc(s—1)+cT(s—2). (4.2.3)

22



Finally, replacing s = s+ 1 in (4.2.3), we get the proof of (4.2.1). =
Theorem 4.2.2 [1] (Log-convex property ) Let 1 < n < oo and (%) + (%) =1, then

n(ﬁ+ﬁ)<wxmﬁazm»$ (c>0,0>0,6>0) (42.4)

n m

— (o B
Proof. For s = <p + q>,

o °° B c
T, <— +E> = / tntm el dt
n m 0

o 1
= / (fa*le*”?)" (rﬁ”e*f*?) dt.
0

Using Holder inequality (2.0.6)

=

=

Fc(g+ﬁ)< /t“‘le"‘f /tﬁ‘le"‘f dt.
n m 0 0
—— —
(o) .(B)

which is exactly same in (4.2.4) . m

Remark 4.2.3 [1] The inequality (4.2.4), has several useful special cases. For exam-

ple, setting n = m = 2,we find

r, (#) <T@ (B), (@>0,8>0,c>0).

But, as the geometric mean of two positive numbers is less than or equal to their

aritmetic mean, we find

r(“58) @yt < ©OTER) asopsoczo

23



Corollary 4.2.4 []]For 1 <n < o« and (%) + (Wll) =1,

Kspx (1) < (Ke ()7 (Ky ()7 (x>0, >0,6>0). (4.2.5)

Proof. In this proof, its necessary the use the inequality(4.2.4) and Macdonald Func-

tion representation of Generalized Gamma Functions (4.1.2) as the following.

T, (s) =2c2K, (2v/¢), (4.2.6)
and
Fe (542 ) < [T ()7 [T () 42.7)

Substitution s = % + = and 7 = 2+/c in Macdonald Function representation of Gamma

Functions, we find

Using the log-convex property (4.2.4) then

X

Lo (Y4 2) 223Gk, s (2v2) < L ] [T ()]

n m n m

Take x = 24/c and y = 24/c in the Macdonald function representation in I'; (x) and

[.(y), then

2634, s (2v06) < 263K, (2v0) | 263K, (2v) | (4.2.8)

Nk

n m

24



Hence,

=

K K, (2v/€)]”

(2v2) < [K: (2v2)]

S[=

gives the result. m

Corollary 4.2.5 [1] For x,y,t >0

Theorem 4.2.6 [1] (The reflection formula) For Re (c) > 0,

0o u u?
=) CS —c_
I.(s) = /0 e “du

25
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Hence

gives the result. m

Corollary 4.2.7 [1] For Re(b) > 0,

[o(l—s)=c*[Te(s+1)—sCc(s)] (4.2.11)

Proof. Replacing s by —s in the difference formula (4.2.1) and s by s+ 1 the reflection

formula (4.2.10), we get

¢ Te(s)=T¢(—s) (4.2.12)

and

Le(l—5)=—sc(—s)+cle(—s—1) (4.2.13)

SO

Le(1—s)=—s[cTc(=s)] +cTc(—s—1).

According to (4.2.12), we find

Ic(1—s) = —s[cTe(s)] +c 6. (s 4+ 1)

= —sc¢ 'Te(s)+c Te(s+1).
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Hence

To(l—s)=c ¥[=sTc(s)+ T (s+1)]

Theorem 4.2.8 [1] (Product Formula) For ¢ > 0;¢c = 0,Re (s) > 0 and Re (q)

2/ 2(s+9) <s q; 2>d1:

where

1 C
B(xay;C)Z/O 1=ty e 0 dr

is the Extended Beta Function.

Proof. According to definition of Generalized Gamma Function, we find

I, (s)FC(q):/ ts_le_’_fdt/ 197 e V.
0 0

The transformation ¢ = k% and v = ¢? in (4.2.15) yields

>0,

(4.2.14)

(4.2.15)

T (s)Te(q) — / ()" exp [ — ] 2kak / (1) exp [~ - AZW

- 4/ / K2 a1 (02) (4 E) gra
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The substitution k = 7cos 0, ¢ = tsin 0 and dkd! = tdtd0O, we find

4 ——

o0 ks
= 4/ /2 (tcos G)ZS_I(Tsine)zq_le[_rzcosze_fzsmze]e[ffzcosﬂfﬂscin@}Td’ch
0 JO

— 4/00/2 ,L.Z(s+q)71 (COS@)ZS_] (Sine)Zq—l e[_TZ(COSZ9+Sin29)]€[7mim]d’t’d@
0 Jo

x |:< <T2 sin? 9+00526)>):|
oo n —c| = —nr—++~2
— 2 / 2+ -1,2 g0 ] / > (cos0)% 1 (sin@)2 e HeZoito )]
0 0

T

= 2/°° 12(“+Q)_1e_72dr{2/2 (cos@)>~! (sine)Zqle[(‘r‘icosze'm)]de}
0 0

oo n ;7 - 2
=2 / 2t 1T gl o / 2(cos9)23_1(sin6)2q_le{ (35n20) Lze
0 0

— 2/°° 26+0)-1-7 g {2/2 (cos )% (sin )24~ e[<‘r3m429>]d9}
0 0

= 2/°° P2t —1o=T g {2/2 (cos 0)* ! (sin@)*~! e(‘iECSCZG)de}
0 0
But, the inner integral in the above equation gives B (s, q; %) . Hence

= c
[.(5)Te(q) = 2/0 7265+ exp (—TZ)B <s,q;p> dr.

Theorem 4.2.9 For Re(b) > 0,
2 s *° —(T2+2—§> 2C dT
I'2(s) =4c / e K| = | — (4.2.16)

0 2 ) 7

Proof. The substitution ¢ = —s in (4.2.14) yields

) — = 2(s—s)—1 —72 . i
T, (s)Te(—s) =2 /O T e B<s, s,T2>d1’ (4.2.17)
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But, the Extended Beta Function for ¢ = —s is expressible in terms of the Macdonald
function to give [15]. In [15], M. Chaudhry and S. Zubair gives the Macdonald function

expression of B (s, -5 %)
_X 2
B(S,_S;%) :28( T2>KS (—C> (Re(c>0))

SO

® 2 2c 2c
FC (S)FC<—S) = 2/0 e 't 126Xp (-;) K; (;) dart.

According to reflection formula (4.2.10) , we get

Hence

Theorem 4.2.10 /1] For Re(c) > 0,

11 1o e 2c 4c

where W), ,, is one of the Whittaker Functions [5]
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Proof. Putting ¢ = s in (4.2.14) we find

* ST5)— . c
l“c(s)l“c(s):2/0 72(s+9) lexp(—fz)B(s,s,§>dr

g c
2 (s) = 2/0 t*exp (—72) B (s,s;?) dt 4.2.18)

On the other hand, Ryzhink’s and Gradshteyn ([5]) was obtained the following results,

c 1o 11y —2 4c
B(S,s;?> = 2D Ew (p) (4.2.19)
Hence,
B N e «
I2(a) =2"n2c20 1)/0 exp [—12—26} X W_s s (4c)dT.
n

4.3 Mellin and Laplace Transforms

Theorem 4.3.1 [16] (Mellin transform representation) For Re (o) >0 and Re (s + o) >

0,

MA{T.(s);a}=T(a)T'(s+a) (Re(a)>0,Re(s+a)>0) (4.3.1)

Proof. According to the definition of the Mellin transform of I'. (o) (4.1.1), we get

MA{T(s);a}t = {c¥ " Tc(s)). (4.3.2)
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Using the formula (4.2.2), we find

M{Te(s);a} = (%' Te(s)) = <cf1, <f;1,e+%‘>>.

Applying of the Fubini’s Theorem [4] we find

M{Te(s); 0} = <tf;1, t<c‘j‘_ l,e*?>>.

But, according to (3.1.2)

<c3‘__1,e_f>:/ cﬁ‘__le_?dc. (4.3.3)
0

The substitution u = ¢ and du = 1dt in (4.3.3) yields

<c$_1,e_%> :/ u® e "du = 1T (o)
0
Hence, for Re(a) > 0 and Re(s+ o) > 0,

M{T(s);a} =T (a) (¢ * e ") =T ()T (s+ ).

Corollary 4.3.2 [1] For Re(s) > —1,

/ T, ( T(s+1) (4.3.4)
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Proof. Setting o = 11in (4.3.1) , we find
M{Fc(s);l}:/ ¢ (s)de =T (DT (s + 1)
0

Hence,

/Och(s)dc:F(s—Fl)

Theorem 4.3.3 [10] (Laplace transform representation) Let L be the Laplace trans-

form operator, for Re(y) > 0,Re(y+s) > 0 and Re(p) > 0,

€1 1
L{P'T (s);p} =T ()T (y+5) p 2@ Vemw o (1_9) (433

Proof. Using the definition of the Laplace transform (2.0.1) and Macdonald represen-

tation of I'; (s) in (4.1.2), we find

LT n @i = [T 436

-2 T ple Pk, (24)
0

The The integral in (4.3.6) is a special case of ([5], p.741(6.643)) when we take u —

=y+5-1Ly=35s5=p,B=1S0

-~ s 1 s 1 Sy 1 o s.1 1
L{ty ll“z(s);p}:F<§+§+y+§—§)l“(§>e 2 p Y 2+2Wy+%—%,% (;)
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Hence,

L{r"'Ti(s);p} =T(y)T (y+5) p 2@ e

33
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Chapter 5

THE DIGAMMA FUNCTION

5.1 Definition of the Digamma Function

First derivative of InT"(s) is called Digamma Function and is denoted by v (s).

v (s) :%{lnr(s)}: SOk (5.1.1)

5.2 Properties of the Digamma Function
Definition 5.2.1 [3] For s € C,

1 & /1 1 ) LS|
ll/(s)z—}’——-l-n;1 (—— ):,1152, <logn—zk—+s> (5.2.1)

s n n+s =0

where Y= 0,5772156... and s #0,—1,—-2, -3, ...

Proof. Take the logarithm of Weierstrass expression ([5], p.97) of I'(s), we find
log'(s) = logs ™' +loge ” + Y log—— + ¥ loger 522
gl'(s) = log g n; g n; g (52.2)

By differentiating the series (5.2.2), we find
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Thus, proof of the first part is completed. For the second part, substitution limit ex-

pression of ¥ ([5]) in (5.2.1), then

. | > 1 >
W(S)=—,}gl;(2;—logn>+n =

k=1 =1 n

Hence

. LS|
v (s) :nh_r& <10gn— Zk+s> .

k=0

Next, we give representation of Y (s) for the series. m

Theorem 5.2.2 []] For s € C away froms =0,—1,-2, ...

v = rt-1Yy

Proof. Using the first part of theorem 5.2.1, we find

[N A
y(s) = —y—-+) -~

s =S n:1s+n

(o) (o) 1

— _y_|_21_2

nzln n:0S+n

> 1 > 1
- _Y+r;)n+l_n:0s—|—n
B d (s—1)
(A My perury
Hence
‘I/(S):—YJF(S—l)im-
n
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The following theorems gives integral representation of Digamma Function .

Proposition 5.2.3 [12] Let p, g € R, then

1 tp—l _tq—l
| —di=v@-v)
0 —1

Theorem 5.2.4 [12] For Res > —1

1

1] @
1//(s+1):—y+/ dt
o 1—1t

Proof. For p = 1 in Proposition 5.2.4, we find

| S d=wia) - w().
0 —1

Using the particular value of y (1) = —v

Lp—pal
/ 7 dt =y (q)+7v.
0 —1

Lets replace ¢ — 1 with s in above relation, then we find

e
1_tdt:w(s—|—1)+)/
Hence
e
l//(s+1):—y+/ dt.
o 11—t
|
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Theorem 5.2.5 [1] Assume s > 0, then

oo n oo
/ / e Ydads = / {—
0 1 0

and

(o)

n oo n 1 n d
/ e Ydsda = / [——e"“] dx = / @ _ Inn—Inl=Inn.
1 JO 1 X 0 1 X

This means that,

0 ,—§ __ ,—Ns
/ ¢ 7°¢ ds=1nn. (5.2.5)
0

S

o a—1

Secondly, take the logarithmic derivative of I (a) = [;"n~ e "dn and use the defini-

tion of digamma function (5.1.1), we find

Use (5.2.6), then

o) o ,—85 __ ,—Nns
['(a) = / n"le"/ € "€ dsdn
0 0




:/oo |:es/°°nalendn_/oonalen(l+s)dn:| @
0 0 0 S

The transformation n (1 +s) = x in (5.2.7) gives

Hence

Theorem 5.2.6 [1] For Re(s) > 0,

v = [ (- )ar Re(s)>0)
In )

X l]—e*

Proof. If Re (p) > 0, we have

1 o
—= / e Pdx
p 0

(5.2.6)

(5.2.7)

(5.2.8)

integrating both sides,with respect to p from p = 1 to p = m and use Fubini’s theorem

[4], we find

o prm
Inm :/ / e Pdpdx
0o Ji
* 1
lnm:/ {——e_px
0 X

m
]dx
1
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Inm = / [i} dx. (5.2.9)
0 X

Substitution (5.2.9) and (5.2.10) in (5.2.1), we find

Using equation (3) of section (3.4) in [3] then, we get

- we (1 — efx(mqtl)
Y (s) = lim / (e —e™™) dx —/ ( ) dx (5.2.10)
0 0

m—soo X 1l—e*

In (5.2.11), e and e *"*1) approaches zero when m goes to co.Thus

] e*.x efs.x
l,tl(s)—/o {7—1_e_x}dx.

5.3 Generalization of the Psi (Digamma) Function

In [1], M. Aslam Chaudhry and Syed M. Zubair was defined generalization of the Psi

function as the following,

d 1 d
Vels) =S AIn(Te(s))} = T.(5) ds {Te(s)} (5.3.1)
= FL@ /0 S Inte ' dr (5.3.2)
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5.4 Integral Representation of v (s)
Theorem 5.4.1 [1]For Re(c) > 0 or ¢ =0 and Re(s) > 0,

Proof. Let us consider the following integral
1= / £ nte "7 dr
0
substitution integral representation of Inz in (5.4.2) yields

() (o) ¢ —t—a _ *t(l#*a)
I = / / et {e ¢ }dtda.
0 JO a

If we integrate the double integral with respect to t we find

° ° c ® 1 . da
_ / e—a/ S5 le =5 4t _/ 51 t(1+a)—ct dr V22
0 0 0 a

From, (4.1.5) and I'. (s) (4.1.1), we find

_ /Ow {e“rc (s) — ﬁrc(wa) (S)} %a

Now, if we the integrate double integral (5.4.3) with respect to a, we find

) N o ,—d __ ,—la
- / t{ / ida}dt.
0 0 a
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Use the integral representation of Inz (5.2.10), we find

I = /tSIefflntdt
0

d ° c
= — e dt
el

From (5.4.4) and (5.4.5), we get

46D = [ (e Tels) - (140 i (9) 2

If we multiply the both sides in (5.4.6) by 1";(5)’ we find

ds L. (s) L. (s) a’
Hence,
I’ (5)) da
_ —a __ —s ~c(l+a) -~
vl ={et - (gL
n

Corollary 5.4.2 [1] (Dirichlet) For Re(s) > 0,

o [ (e gty )
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Proof. The case ¢ =0, (5.4.1) produces

wols)= [ {eremrra T} do

Using (5.4.1), we find

Theorem 5.4.3 [1] For Re(c) > 0 or ¢ = 0 and Re(s) > 0,

v, (s) = /0 B (ﬂ _Leer(s) e X) dx. (5.4.7)

Proof. From (5.4.1), we find

oo ,—d oo T
V. (s) = lim { /O ° da- /5 ( ! Cii+a)(s)da]. (5.4.8)

50 a 1+a)'a

The change of variable e* = a + 1 in the second integral yields

%) —S 1—‘ 0 —Xs X
/ (1 +a) c¢(1+a) (S) da — / { e e }dt
5 a T.(s) m@+1) e (ef—1) T (s)

%) e*XS Fcex
- dt. 5.4.9
/1n<6+1> { l—e*T¢(s) } 649
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From (5.4.8) and (5.4.9), we find

In(d+1) p—a oo e X XS
_ / da + li ¢ ¢
vels) 5030+ l s a T 50 In(8+1) { x  1—e*T.(s)

— /m et Teerls) ™ dx,
0 X [o(s) 1—e™*

Since
In(8+1) p—x s
/ e—dx S/ ldx
s x In(8+1) X
S
= Int| 540
= Inéd—In(In(6+1))
|9
B In(6+1)
[ ]

Corollary 5.4.4 [1] (Gauss) For Re(s) > 0,

Proof. The special case ¢ = 0 in (5.4.7) produces

Ve(s) =vols) = /Om {; - rroo(e;) 1 e—:s‘x } "

oo —X —XS
= / {e_ _¢ } dx.
0 X 1—e*
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Theorem 5.4.5 [1] For Re(c) > 0 and Re(s) >0

© (1 1 T )
=1 - — dx. 4.11
V. (s) ns+/0 {x = (S)}e dx (5 )

Proof. Adding and substractlon Yx in the first part of the integral in (5.4.7), we find

B o (=X  pTSX  ,TSX e Topr
Vels) = /o {x a * x  l—e XF()}dx

:/0 dx+/ {x l_e_xrrc(e")}e”dx.

First integral is a integral representation of Ins. Hence,

“ (1 1 [eex _
=1 - — Xdt.
ns+ 0 {x 1—e—ch(s)}e

Corollary 5.4.6 [1] For Re(s) > 0,

(1 1
=Ins+ / {— — } e tdx. (5.4.12)
0o x 1—e*

Proof. The above expression is a special case of (5.4.11) when, we put ¢ =0

Loex —
1 g
HH/ {x 1—exr0()}e *
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Hence

<1 1
:l - fsxd
ns—l—/o {x 1_e_x}e X

*[1 1 —5x
Vo (s) =y, (s) =Ins+ A {__l—ex}e dx

X

Proposition 5.4.7 [12] For Re(s) > 0,

Proof. The change of variable r = ¢ in (5.2.8) yields ,

1 1 tsfl
—y(s) :/0 (E* 1_t>dr

Theorem 5.4.8 [1] For Re(c) >0 orc=0and Re(s) > 0,
1 C,a(s)) dt
_ 1— ct s—1 ) 4.1
v =re [ L= it 6e

Proof. The substitution r = e * in (5.4.7) yields,

1 t | P & —1
Ve (s) _/0 (—lnt +Fc(s) 1 —t) Tdt

Ly T, et
=— — 4+ =L ——— ) ds. 5.4.14
/o <lnt+rc(s) 1—t> ( )
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Adding and subtracting 1%; in the integrand (5.4.14) , we find

O 1 T, ! 1
| = ~a
Ve (s) Uo i 1= T.(s)1—1 1—z]

1 1 1 1 ) dt
=— — +—d | — =< p1) 2 5.4.15
/0 <lnt+l—t) x+/0 ( T, (s) )l—t (54.15)

Hence, using proposition 5.4.7, we find

- (-G

Corollary 5.4.9 ForRe (o) >0

v rf ()

Proof. The ¢ =0 in (5.4.13) produces

Wo(s) =, ——Y+/ {1- “}1_t

|
5.5 Properties of the Generalized psi Function

Theorem 5.5.1 [1] (Reflection formula) For Re (c) > 0,

V. (—s)=lnc—y,(s). (5.5.1)
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Proof. Replace s and —s in (5.3.2), we find

R 1 P —t—9
v ( s)_—rc(—s)/o =5 (Int) e di

The change of variable t = cx~! and df = —cx2dx in (5.5.2) yields

_ . 1 o0 1\ —s—1 E 7cx_17”“_ =)
y.(—s) = Fc(—s)/o (ex7) ln<x)e Tex™ “dx

1 o xOH ey
_ 1 (_) X=X g
I'c (_S) /O ¢ x2 n X ¢ .

C_S ) 1 o1
= X '(Inc—Inx)e " Fdx
[ (—s) /o ( )

Using the formula (5.4.12), we find

1 o _
y.(—s) = T (S)/o X 1(Inc—Inx)e " dx
1

bl _ 1 il —1
= » (nc)e 1_xdx— / » ! lnx)e
I'c(s) /0 (Inc) Lo (s) Jo (Inx)

- lnc%@) /Omxs_1 (Inc) e TXdx — v, (s)

V. (_S) =lInc— V. (S)

Corollary 5.5.2 [1] ForRe(c) > 0,

v (0) = Inve
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Proof. The special value s = 0 in Reflection Formula (5.5.1) produces

—Y. (O) =Inc— V. (0)

Inc =2y, (0)

Jine =1y, (0)

Hence

Invec=y,.(0).

Corollary 5.5.3 [1] ForRe(c) >0

/ow (In7) [ts N (;)] et 263 (Inc) K,2ve. (5.5.3)

t

Proof. Replace s by —s in (5.5.1), we find

y.(s)=Inc—y,.(—s) (5.5.4)

Substitution integral representation of Y, (s) in (5.5.2), we get

1
L. (s)

oo . 1 - )
5 (Int)e " idt =Inc — / 5 (et~ S s
Jo 7t ok 0
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Using the formula (4.2.10)

\

1 c
L. (s)

L (s)

/ # (Int) e Tdr =Inc— / =5 n(r)e i ds
0 0

/ £ (Int) e Tdr +17 7' In(t) e Tdt =T, (s)Inc
0
= —t—ct™! C\* Ky dt
lncFC(s):/ (Int)e [(;) +t]7. (5.5.5)
0

i c dt
/ (Int)e "t {1+t — =T (s)Inc (5.5.6)
0
Substitution Macdonald representation of I'c (s) in (5.5.3), we find

/0oo (Inz) 2’ + <§>sezfﬂ =22 (Inc) Ky (21/c)

t
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Chapter 6

THE GENERALIZED INCOMPLETE GAMMA FUNCTIONS

The definition of the acculamated curve of the gamma distribution one of the many

application of the incomplete gamma function.
6.1 The Incomplete Gamma Functions

The (lower) incomplete gamma function defined as the following,
X
7 (s,x) :/ rleldt (s=o0+ir;6 >0, |arg(s)| <), (6.1.1)
0
and the upper Incomplete Gamma Function is defined as
T (s,x) = / $ e dr (Jarg (s)] < 7). 6.12)
X

The lower and upper Incomplete Gamma Functions were first invastigated for x € R
by Legendre [19].

6.2 Definition of the Generalized Incomplete Gamma Functions

In[19], Chaudhry and Zubair introduced the definition of Generalized Incomplete Gamma

functions as

F(s,x;c):/ e 1dt, (6.2.1)
X
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X (4
¥ (s,x;¢) = / e i dt, (6.2.2)
0

where s, x are complex parameters and c is a complex variable. For ¢ = 0, we get

Y(s,x,0) = v(s,x) (6.2.3)

["(s,x;0) =T (s,x) (6.2.4)

6.3 Properties of the Incomplete Generalized Gamma Functions

Theorem 6.3.1 [1] (Decomposition theorem) For Re(c) > 0,

Y(s,x;¢) + T (s,x;¢) =T (s) (6.3.1)

Proof. When we add lower and upper incomplete gamma functions, we get
Tl e * sl !
y(s,x;c)+F(s,x;c):/ e dt+/ e dt
0 X
Hence

/ £ le e g = T (s)
0
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Theorem 6.3.2 [1] (Mellin transform representation) For Re (¢) >0 and 0 < u < 1

1 u—+ioo e
F(s,x;c):ﬁ/u ()T (s+ a,x)c%ds

Proof. Multiplying (6.2.1) by ¢*~! gives

/calr(s,x;c)dc:cal/ e i dr.
0 X

Integrating both sides with respect to ¢ from ¢ = 0 to ¢ = oo, we find

/c“lr(s,x;c)dc:/ c“l/ e "l dtde
0 0 x

Using the Fubini Theorem [4], then

/ca_lr(s,x;c)dc:/ 1ot (/ c“_le_?dc)dt.
0 X 0

Let ¢ = tu, then we get

= / rle! (/ (tu)ale“tdu> dt
X 0

= / r~le ! (/ (u)altse”du) dt
X 0

— /ooterOtlet /oo uafle”du
X 0

Second integral is a standart form of the Gamma Function

/c“lr(s,x;c)dc:r(oc)/ rrele gy,
0 x

52

(6.3.2)

(6.3.3)



So
/ O 1T (5,x:¢)de = T (o) T (s + %)
0
Use the inverse Mellin Transform defined as (2.0.4), we find

1 U+-ioo
D(s.xic) =5 / T (o) T (s+ o1, x) ds
u

Theorem 6.3.3 [19]Fora > 0,

/ pSlp—at—a™! g _ s (s,ax;ac) (6.3.4)
X

o . poo sl —at—ct!
Proof. Substitution 7 = £ in [~ 1e™~“"""dr and use (6.2.1) , we get

a_s/ (u)sile_“_a"“fldu =a T (s,ax;ab)
ax

Theorem 6.3.4 [19] (Reccurence Relation)

['(s+1,x¢) =sT(s,x;c)+cl (s—1,x;¢) e (6.3.5)
Proof.
d B B
T (xse_x_cx 1) = (ng_l +cx%2 —x') e T g (6.3.6)
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By the definition of Generalized Incomplete Gamma Function as (6.2.1) and use the

Fundamental Theorem [21] to integrate both sides in (6.3.6), we find

di (/oolse—t—ctldt) — |:oos i 1 _xse,—x—C)F1
X X e°° (G~

1

—xX'e Y =5 (s,x;¢) +cl(s—1,x;¢) —T(s+1,x:¢)

which is exactly (6.3.5). m

Corollary 6.3.5 [19]

[(s+1,x) =sT(s,x) +x’e* (6.3.7)

Proof. For ¢ =0 in (6.3.5), produces

—1

I'(a+1,x0)=s(s,x;0)+cT(s—1,x0)+e

Use (6.2.4), then

['(s+1,x)=sT(s,x)+x’e”

which is exactly (6.3.7). m

Theorem 6.3.6 [19] (Differentiation formula)

4 (T (s,x;¢)) = e (6.3.8)
x
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Proof. Integrating both sides with respect to x from (6.2.1) and use fundamental The-

orem [21], then

%(F(s,x;c)) = %(/x tS—le—z—ctldt>

This concludes the proof. m
Corollary 6.3.7 [19]

4 (T(s+1,xc)=—x"le™*

Proof. For ¢ =0 in (6.3.8), produces

d d o -1
- F . — - ts_l —t—ct dt
G Texma) = o ([Teera)

1 _
i(F(S,X;O)) — |:°os—l _xs—le—x—Ox 1:|

dx

This concludes the proof. m
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Chapter 7

EXTENDED BETA FUNCTION

This chapter contains basic definitions and properties of the extended beta functions.
7.1 Definition of the Extended Beta Function
Definition 7.1.1 [1]For Re(c) > 0, y and x arbitary complex number the Extended

Beta Function is defined as

1 4

For ¢ =0, Re(x) > 0 and Re(y) > 0, we get Ordinary Beta Function.

7.2 Properties of the Extended Beta Functions
Theorem 7.2.1 [I]ForRe(c) >0,

B(x,y;c) = B(y,x;c). (7.2.1)

Proof. Replace 7 by 1 —¢ in (7.2.1), we find

1 c
/(l—t)xlty_le_’(l—’)dt:B(y,x;c)
0

Theorem 7.2.2 [1] (Functional relation)

B(x,y+1;¢)+B(x+ 1,y;c) = B(x,y;¢) (7.2.2)
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Proof. Using the integral representations of the Extended Beta function [13], we find

c

1 c 1 __c
B(xr,y+1ic)+B(x+1,y;0) = /tx1(1—t)ye‘rwdt+/ (=) e T dr,
0 0

_ /Olfx(l _t)yefﬁ L(ll—t)l dt

1 c
= [T e
0

which is exactly same in (7.2.2). =

Theorem 7.2.3 [1] (Infinite sum) For Re(c) > 0,

o>}

B (x,y;c) = ZB(x—f—n,y—i— l;¢) (Re(c)>0) (7.2.3)
n=0

Proof. The factor (1 —1)” ~! has the series representations as the following
(1—t) ' =11y Y (7.2.4)
So,

1 [ ¢
B(x,y;c) = /OtX1(l—t)th”e’(1f)dt
n=0

oo 1 ¢
_ Z/ (1 =) Pl T dy
n=0 0

= B(x+n,y+1;c)

This concludes the proof. m
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Theorem 7.2.4 [1] (Infinite sum) For Re(c) > 0,

B(x,1—yic)=Y Z)'nB (x+n,1;c) (7.2.5)
n=0

Proof. Using the definition of extended beta function [15], we get
1 __c
B(x,1—y;c) = / ! (1—t) e M-0ds (7.2.6)
0

The factor (1 —¢) " has the series representations as the following
(=07= Y 0y (7.2.7)
using (7.2.7) in (7.1.1), we obtain
= /1 i%t””‘lef(lcﬂdt.
0 p=0 ™

For Re(b) > 0, the order of integration and summation is change

. _ - (y)n ! x+n—1 —ﬁ
B(x,1—y;c) = Z— t e "1-0dt
0

|
=0

= Y Unpieinie
n=0 n!

This concludes the proof. m

Theorem 7.2.5 [1] (An inequality) For p >0, q > 0 and ¢ > 0, then

B(p,q:c) < exp(—4c)B(p,q) (7.2.8)
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Proof. The transformation t = ﬁ and df = - =

THu (1+4u)?

du in the integral representa-

tion of the Extented Beta Function (7.1.1), yields

() () oo () ()|

(1 +2u+ uz)
-
u

Blpagio) = |

— /()up_1(1+u)1p(1+u)1q 5 €Xp u

(14u)
= /Oooup_l (T+u) P (1+u) Texp[—c(1 +2u+u2) u_l} du

o 1 B
= /0 l/lp lmexp[—c(u 1+2+u>}du

SO,

ub—1

B(p,q;c) =exp(—2c) /Ooo R exp [—c (u ™' +u)] du.

+ u)p+q
Foru =1, exp [—c (u_l + u)] takes the mean value. Hence

ub=1

B(p,q;c) < exp(—4c) md“

which is exactly (7.2.8). m

Next section contain same integral representations of extended beta function.

7.3 Integral Representations of the Extended Beta Function
Theorem 7.3.1 [1]

iR

(cos )% (sin@)2 1 gmesec’Oesc? 0 yg (7.3.1)

B(x,y;c) = 2/0
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Proof. The transformation ¢ = sin® @ in the definition of the Extended Beta Function

yields

—C

B(x,y;c) = 2/02 [(sinze)x1 (1 —sin? G)yfl e 0(1=70) 0059 sin 6§ | d6

= 2/2 (sin6)> 2 (cos 0)> 2 esnoco?s cos 0sinO dO
0
3 1 1

= 2 /  (5in0)2 1 (cos )21 ¢ e’ d0
0

_ 2/2 (Sine)Zx—l (COSQ)zy_l efccsczeseCZGde
0

which is exactly same in (7.3.1). m

Theorem 7.3.2 [1]

oo 71
B(x,y;c) = 6_26/0 (ux—xﬂexp [—C(u‘l +u)]| du

1+u)

Proof. The trasformation t = ﬁ and dt = 1 =

1 . . . _
- (1+u)2du in the integral representa

tion of the Extented Beta Function (7.1.1), yield

x—1 -1 2
(H—u) <ﬁ>y P <_C(1t¢ ) ) <1jltu_(1+u)2>]du
. el )2
- /0 (1) (1+1¢)y—1e"p <_C(H;t ) )(1+1u)2d”
o uxfl u uZ
— /0 (1+u)x(1_:u)yexp{—c(1+2u+ )}du

—2c = ux—l -1
= e /) mexp [—C (I/t +M)] du.

B(x,y;¢c) = /Om
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Theorem 7.3.3 [1]

! —4
B(x,y;¢) = 21”/ (1+0) " (1—=1)" exp {1 ICZ} du (7.3.2)
—1 —
Proof. The trasformation t = ;=2 in the integral representation of the Extended Beta

Function (7.1.1), yield

¢ u—a w1 u—a y=1 [wa(lcuu)} 1
. — — —a d—a
Bxyc) /a (d—a> (1 d—a) ¢ d—a du

7c(dfa)2

- /:w_a)x—l<d_a>1—X<d—u>y—1<d—a>1—y<d—a>—1e{“‘“W‘”]du

—c(d—a)2

=(d—a) ™ /C (u—a) " (d—uy"e [w*“)(d*”)} du (7.3.3)

This is a special case of (7.3.3) when we take a = —1 and d = 1,
—4c

1
B(x,y;c) = 21‘x‘y/ (1+u) (1 —u)! o722 gu
-1

which is exactly (7.3.4). m
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