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ABSTRACT 

Engineering and physics demand a through knowledge of applied mathematics and a 

good understanding of special functions. These functions commonly arise in such 

areas of applications as heat conduction, communication systems, electro-optics, 

approximation theory, probability theory, and electric circuit theory, among others. 

The subject of special functions is quite rich and expanding continuously with the 

emergence of new problems in the areas of applications in engineering and applied 

sciences. We investigate generalized gamma function, digamma function, the 

generalized incomplete gamma function, extended beta function. Also, some 

properties of these functions are taken into hand. 

Keywords: Approximation, Circuit, Gamma, Beta, Digamma 
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ÖZ 

Mühendislik ve fizik, uygulamalı matematiğin derinlemesine bilinmesini ve özel 

fonksiyonların iyi anlaşılmasını istemektedir. Bu fonksiyonlar genellikle ısı iletimi, 

iletişim sistemleri, elektro-optik, yaklaşıklık teorisi, olasıklık teorisi, elektrik aksam 

teorisi ve diğerleri alanlarında uygulama bulur. Özel fonksiyonlar konusu oldukça 

zengin ve genişlemeye açık bir alan bunun sebebi ise mühendislik ve uygulamalı 

bilimler alanlarındaki yeni problem doğuşlarıdır. Biz genelleştirilmiş gama 

fonksiyonu, digamma fonksiyonu, genişletilmiş beta fonksiyonu ve bu 

fonksiyonların bazı özelliklerini inceledik. 

Anahtar Kelimeler: Yaklaşıklık, Aksam, Gamma, Beta, Digamma 
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Chapter 1

INTRODUCTION

Between 1927 and 1930, Euler introduced an analytic function which has the property

to interparticle the fuctorial whenever the argument of the function is an integer. But,

in 1930, Euler introduced the following functions.

Γ(x) =
∫ 1

0
(− log(t))x−1 dt (x > 0)

After some easy process this definitions take more used forms as

Γ(x) =
∫

∞

0
tx−1e−tdt

In [5] L. S. Gradshteyn and L. M. Ryzhink, introduced the generalized gamma function

as the following.

Γc (s) =
∫

∞

0
ts−1e−t−ct−1

dt (Re(c)> 0;c = 0,Re(s)> 0)

First derivative of logΓ(s) is called digamma f and denoted by

ψ(s) =
Γ′(s)
Γ(s)

In [1] M. Aslam Chaudhry and Syed M. Zubair gave the definition of the digamma

function as the following

ψc (s) =
d
ds
{ln(Γc (s))}

1



In [1] M. Aslam Chaudhry and Syed M. Zubair, introduced the generalized incomplete

gamma function as the following

γ (s,x) =
∫ x

0
ts−1e−tdt (s = σ + ir;σ > 0, |arg(s)|< π) ,

Γ(s,x) =
∫

∞

x
ts−1e−tdt (|arg(s)|< π)

Also, [1] M. Aslam Chaudhry, Syed M. Zubair and [15] Asghar Qadir, M. Rafique

introduced the integral representation of the extended beta function

B(x,y;c) =
∫ 1

0
tx−1 (1− t)y−1 e−

c
t(1−t) dt

My thesis contains seven chapters. The name of this chapters are listed below.

• Introduction

• Preliminary

• The Gamma and Beta Functions

• Generalized Gamma Function

• The Digamma Function

• The Generalized Incomplete Gamma Functions

• Extented Beta function

Chapter 2, contains some important definitions and theorems (The Euler Mascheroni

Constant, Fubini’s, Laplace Transform, Mellin Transform, Macdonald Function, Wit-

taker Function, Hölder’s İnequality, Fundamental).
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In Chapter 3, the following studied

• Definition of Beta and Gamma Functions

• Reccurence relation of gamma function

• the infinitive-product expression of euler and beta function

Essentially, Chapter 4, 5, 6 and 7 contains definitions and properties of

• Generalized Gamma Function

• The Digamma Function

• The Generalized Incomplete Gamma Function

• Extended Beta Function

3



Chapter 2

PRELIMINARIES

Theorem 2.0.1 [18] (The Euler Mascheroni Constant) Euler Mascheroni constant,

defined by

γ = lim
n→∞

(
n

∑
m=1

1
m
− logn

)

which is approximately equal to 0.5772...

Theorem 2.0.2 [4](Fubini’s Theorem) Let µ be a measure on T and υ a measure on

Z.

i. Then µ× υ is regular measure on T ×Z, even if µ and υ are not regular.

ii. If A⊂ T is µ−measurable and B⊂ Z is υ−measurable, then A×B is (µ×υ)−

measurable and (µ×υ)(A×B) = µ (A)υ (B)

iii. If S ⊂ T × Z is a− f inite with respect to µ × υ , then Sz ≡ {t | (t,z) ∈ S} is

µ−measurable for υ a.e.y, St ≡ {z | (t,z) ∈ S} is υ−measurable for µ− integrable.

Moreover,

(µ×υ)(s) =
∫

Z
µ (Sz)dυ (z) =

∫
T

υ (St)dµ (t)

iv. If f is (µ×υ)− integrable and f is a− f inite with respect to µ×υ (in particular,

4



if f is (µ×υ)− summable), then the mapping z 7−→
∫

T (t,z)dµ (t) is υ− integrable

z 7−→
∫

T
f (t,z)dυ (t) is υ− integrable

the mapping

t 7−→
∫

Z
f (t,z)dυ (z) is µ− integrable.

and

∫
T×Z

f d (µ×υ) =
∫

Z

[∫
T

f (t,z)dµ (t)
]

dυ (z)

=
∫

T

[∫
Z

f (t,z)dυ (z)
]

dµ (t)

Theorem 2.0.3 [10] (Laplace Transform) Suppose that f (a) is a piecewise continuous

on [0,∞) and it is of exponential order α . Then the L − trans f orm of the function

f (a) exists for all s > α and real numbers t > 0, which is given by :

L ( f (t)) = F(s) =
∫

∞

0
e−st f (t)dt (2.0.1)

Definition 2.0.4 [10] (Mellin Transform) The Mellin transform of a function f (t) de-

fined by

{M f}(s) = ϕ (s) =
∫

∞

0
ts−1 f (t)dt (2.0.2)

and the inverse of the Mellin Transform defined as the following

{
M−1

ϕ
}
(t) = f (t) =

1
2πi

∫ u+i∞

u−i∞
t−s

ϕ (s)ds (2.0.3)
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Theorem 2.0.5 [5] (Macdonald Function) Modified Bessel functions of the third kind

or Macdonald functions defined by

Ky(z) =
π

2
I−y (z)− Iy (z)

sinyπ

where Iy (z) is modified Bessel function of first kind [6] given by

Iy (z) =
∞

∑
n=0

( z
2

)y+2n

Γ(y+n+1)n!

Theorem 2.0.6 [17] (Whittaker Function)

∫
∞

0
tµ− 1

2 e−αxK2y
(
2β
√

t
)

dt. (2.0.4)

The inverse Laplace Trans f orm of the product

Γ
(
µ + y+ 1

2

)
Γ
(
µ− y+ 1

2

)
2β

e
β2
2α α

−µW−µ,v

(
β

2

α

)
(2.0.5)

Theorem 2.0.7 [17](Hölder’s inequality)

Let 1
n +

1
m = 1 with n,m > 1. Then Hölder’s inequality for integrals states that

∫ b

a
| f (x)g(x)|dx≤

[∫ b

a
| f (x)|n dx

] 1
n
[∫ b

a
|g(x)|m dx

] 1
m

(2.0.6)

Theorem 2.0.8 [21] (The Fundamental Theorem of Calculus) Suppose that the func-

tion f is a continuous on an interval I containing the point a,

6



Part1: Let the function F be defined on I by

F(x) =
∫ x

a
f (t)dt.

Then F is differentiable on I and F ′(x) = f (x) there. Thus, F is an antiderivative of on

I :

d
dx

(∫ x

a
f (t)dt

)
= f (x).

Part2: If G(x) is any antiderivative of f (x) on I, so that G′(x) = f (x) on I, then any b

in I we have

∫ b

a
f (t)dt = G(b)−G(a)

7



Chapter 3

THE GAMMA AND BETA FUNCTIONS

This chapter contains basic definitions and properties of the Gamma and Beta func-

tions.

3.1 Definition of the Gamma Function
For complex numbers with positive real part defined as the following

Γ(s) =
∫

∞

0
ts−1e−tdt (3.1.1)

The equation below is stated by using Mellin transform in gamma function

Γ(s) =
〈
ts−1
+ ,e−t〉= ∫ ∞

0
ts−1e−tdt (3.1.2)

3.2 Reccurence Relation of Gamma Function
We have obviously Γ(1) =

∫
∞

0 e−tdt = 1 and for x > 0, an integration by parts yields.

Γ(x) =
[

e−t tx

x

]∞

0
+
∫

∞

0

tx

x
e−tdt = x−1

∫
∞

0
txe−tdt

= x−1
Γ(x+1) .

8



Hence,

Γ(x+1) = xΓ(x) . (3.2.1)

For ∀n ∈ Z+, we have

Γ(n+1) = nΓ(n)

= n(n−1)Γ(n−1)

= n(n−1)(n−2)Γ(n−2)

= n(n−1) ......2.1Γ(1)

= n!

where by convention, 0! = 1

3.3 The Infinite-Product Expression of Euler
Lemma 3.3.1 [9] If 0≤ z < 1, then

1+ z≤ ez ≤ 1
1− z

Proof. From the series expression of ez and (1− z)−1 , we have

1+ z≤ ez and ez ≤ 1
1− z

.

Since,

1+ z≤ ez = 1+ z+
∞

∑
k=2

zk

k!
. and ez ≤ 1

1− z
=

∞

∑
k=0

zk

This concludes the proof.

9



Lemma 3.3.2 [9] If 0≤ z < 1 and n ∈ Z+, then

(1− z)n > 1−nz

Proof. Using the mathematical induction method

i. For n = 1 =⇒ 1− z = 1− z

ii. Assume that (1− z)k > (1− kz) is true , (k ∈ Z+)

iii. For n = k+1

(1− z)k+1 = (1− z)k (1− z)

> (1− kz)(1− z)

= 1− (k+1)z+ kz2

> 1− (k+1)z ,
(
k ∈ Z+

)
.

Hence, the results holds for all n ∈ Z+ by mathematical induction.

Lemma 3.3.3 [9] If 0 6 t < n and n ∈ Z+, then

0 6 e−t−
(

1− t
n

)n
6

t2

n
e−t

Proof. Using Lemma 3.3.1 with z = t
n (0 6 z < 1) we get

1+
t
n
6 exp

( t
n

)
6
(

1− t
n

)−1

10



(
1+

t
n

)n
6 et 6

(
1− t

n

)−n

and

(
1+

t
n

)−n
> e−t >

(
1− t

n

)n

so that

e−t−
(

1− t
n

)n
> 0 (3.3.1)

on the other hand

e−t−
(

1− t
n

)n
= e−t

[
1− et

(
1− t

n

)n
]

6 e−t
[

1−
(

1− t2

n

)n]
.

Apply Lemma 3.3.2 with z = t2

n2

(
1− t2

n2

)n

> 1− t2

n

and by (3.3.3) , we have

e−t−
(

1− t
n

)n
6 e−t

[
1−1+

t2

n2

]
=

t2

n
e−t (3.3.2)

The result follows from (3.3.1) and (3.3.2)

Lemma 3.3.4 [9] If n ∈ Z and Re(z)> 0, then

Γ(z) = lim
n−→∞

∫ n

0

(
1− t

n

)n
tz−1dt.

11



Proof. Let

Pn (z) =
∫ n

0

(
1− t

n

)n
tz−1dt.

We need to prove that, Pn (z)→ Γ(z) when n−→ ∞ ,

∫
∞

0
e−ttz−1dt−Pn (z) =

[∫
∞

0
e−ttz−1dt−

∫ n

0

(
1− t

n

)n
tz−1dt

]
=

∫ n

0

{
e−t−

(
1− t

n

)n
}

tz−1dt +
∫

∞

0
e−ttz−1dt.

Obviously, the limit of the second term is zero, when n−→ ∞ and the limit of the first

term is also zero, since

∣∣∣∣∣∣∣∣∣∣
∫ n

0

e−t−
(

1− t
n

)n

︸ ︷︷ ︸
6 t2e−t

n

 tz−1dt

∣∣∣∣∣∣∣∣∣∣
6
∫ n

0

1
n

e−ttz+1dt

<
∫ n

0

1
n

e−ttx+1dt −→ 0

Hence Pn (z)→ Γ(z) .

Lemma 3.3.5 [9] If n ∈ Z and Re(z)> 0, then

Γ(z) = lim
n→∞

n!nz

z(z+1) ...(z+n)
.

12



Proof. For Re(z)> 0, substitute t = nτ and dt = ndτ in Lemma 3.3.4

Pn (z) =
∫ 1

0
(1− τ)n (nτ)z−1 ndτ. (3.3.3)

If we choose u = (1− τ)n and dv = τz−1 in 3.3.3, then apply, integration by parts

n-times, we get

Pn (z) = nz

{[
(1− τ)n τz

z

]1

0
+n

∫ 1

0

τz

z
(1− τ)n−1 dτ

}

=
nzn(n−1) ...2.1

z(z+1) ...(z+n−1)

∫ 1

0
τ

z+n−1dτ

=
1.2...n

z(z+1) ...(z+n)
nz.

So,

Γ(z) = lim
n→∞

1.2...n
z(z+1) ...(z+n)

nz. (3.3.4)

Since Pn (z)→ Γ(z) when n→ ∞.

Lemma 3.3.6 [9] If n ∈ Z and Re(z)> 0, then

Γ(z) =
1
z

∞

Π
n=1

[(
1+

z
n

)−1
(

1+
1
n

)−z
]

Proof. Using Lemma 3.3.5 and lim
n→∞

n
z+n = 1, we get

Γ(z) = lim
n→∞

1.2...(n−1)
z(z+1) ...(z+n−1)

nz

13



nz and (z+1) ...(z+n−1) can be written as

nz =
n−1
Π

m=1

(
1+

1
m

)z

and

(z+1) ...(z+n−1) =
1
z

n−1
Π

m=1

(
1+

z
m

)−1
.

Hence, we get

Γ(z) =
1
z

∞

Π
n=1

[(
1+

z
n

)−1
(

1+
1
n

)−z
]

This gives the desired result.

Theorem 3.3.7 [9] (Weierstrass In f initive Product) If Re(z)> 0, then

1
Γ(z)

= zeγz
∞

Π
n=1

{(
1+

z
n

)
e−

z
n

}
(3.3.5)

where

γ = lim
n→∞

(
n

∑
k=1

1
k
− logn

)

= 0.57721566490153286060651...

and denotes Euler constant.
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Proof. In equation 3.3.4 nz can be as

nz = exp

{
z

[
lnn−

n

∑
m=1

1
m

]}
n
Π

m=1
e

z
m (3.3.6)

if equation 3.3.6 is substituted by 3.3.4 then, we get

lim
n→∞

1.2...n
z(z+1) ...(z+n)

exp

{
z

[
lnn−

n

∑
m=1

1
m

]}
n
Π

m=1
e

z
m

1
Γ(z)

=
z(z+1) ...(z+n)

1.2...n
exp

{
z

[
n

∑
m=1

1
m
− lnn

]}
n
Π

m=1
e−

z
m .

Hence

1
Γ(z)

= zeγz
∞

Π
n=1

{(
1+

z
n

)
e−

z
n

}

where

γ = lim
n→∞

(
n

∑
m=1

1
m
− lnn

)

is known.

3.4 Definition of the Beta Function
Definition 3.4.1 [2] (Beta Function) Euler integral of the first kind or Beta integral is

a function of two complex variables defined by

B(s,q) =
∫ 1

0
ts−1 (1− t)q−1 dt (Re(s)> 0 ; Re(q)> 0) (3.4.1)

15



Theorem 3.4.2 [1] For s, q /∈ Z0 = {0,−1,−2, ...} ,

B(s,q) =
Γ(s)Γ(q)
Γ(s+q)

(
s,q /∈ Z−0 = {0,−1,−2, ...}

)
. (3.4.2)

Proof. Putting t = sin2
θ and dt = 2sinθ cosθdθ in (3.4.1), we get

B(s,q) = 2
∫ π

2

0
sin2s−1

θ
(
1− sin2

θ
)q−1

cosθdθ

= 2
∫ π

2

0
sin2s−1

θ cos2q−1 dθ (Re(s)> 0 ; Re(q)> 0) .

On the other hand

Γ(s)Γ(q) =
∫

∞

0
e−tts−1dt

∫
∞

0
e−tvq−1dv (3.4.3)

substitution t = w2, v = p2, dt = 2wdw and dθ = 2pd p in (3.4.3)

= 4
∫

∞

0

∫
∞

0
e−(w2+p2)w2s−1 p2q−1dsd p.

Using the plane polar coordinates r,θ given by w = r cosθ , p = r sinθ and dwd p =

rdrdθ . It becames

Γ(s)Γ(q) = 4
∫

∞

0

∫ π

2

0
e−r2

(r cosθ)2s−1 (r sinθ)2q−1 rdrdθ

= 4
∫

∞

0

∫ π

2

0
e−r2

r2s+2q−1 (cosθ)2s−1 (sinθ)2q−1 drdθ

= 2
∫

∞

0
e−r2

r2s+2q−1dr2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 dθ .

16



Putting t = r2 and dt = 2rdr in the first integral,

= 2
∫

∞

0
e−(
√

t)
2

t
1
2 (2s+2q−1) dt

2
√

t
2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 dθ

= 2
∫

∞

0
e−tts+q− 1

2 t
−1
2

dt
2

2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 dθ

=
∫

∞

0
e−tts+q−1dt 2

∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 dθ

On the other hand second integral gives B(s,q) . So,

Γ(s)Γ(q) = Γ(s+q)B(s,q)

Hence

Γ(s)Γ(q)
Γ(s+q)

= B(s,q)

gives the relation between beta and gamma function.

3.5 The Infinite Product Expression of Beta Function
Theorem 3.5.1 [1]For s, q /∈ Z0 = {0,−1,−2, ...} ,

B(s,q) =
s+q

sq

∞

Π
n=1

(
1+ s+q

n

)(
1+ s

n

)(
1+ q

n

) . (3.5.1)

17



Proof. Firstly, putting Euler infinitive product expression of Γ(s) in to formula (3.4.2)

then, we get

Γ(s)Γ(q)
Γ(s+q)

=

1
s

1
q

1
s+q

∞

Π
n=1

[(
1+ 1

n

)s (
1+ 1

n

)q (
1+ s

n

)−1 (1+ q
n

)−1
]

∞

Π
n=1

[(
1+ 1

n

)s+q (
1+ s+q

n

)−1
] .

Hence

B(s,q) =
s+q

sq

∞

Π
n=1

(
1+ s+q

n

)(
1+ s

n

)(
1+ q

n

)
The next two theorems give the reccurence relation for beta function (3.4.2) .

Theorem 3.5.2 [1] For Re(s)> 0 and Re(q)> 0,

B(s+1,q) =
s

s+q
B(s,q) =

s
q

B(s,q+1)

Proof. Using Theorem 3.4.2, we get

B(s+1,q) =
Γ(s+1)Γ(q)
Γ(s+q+1)

=
sΓ(s)Γ(q)

s+qΓ(s+q)

=
s

s+q
B(s,q)
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and

s
s+q

B(s,q) =
s

s+q
Γ(s)Γ(q)
Γ(s+q)

=
Γ(s+1)Γ(q)
Γ(s+(q+1))

=
s
q

Γ(s)Γ(q+1)
Γ(s+(q+1))

=
s
q

B(s,q+1)

which is exactly same in Theorem 3.5.2

Theorem 3.5.3 [1] For Re(s)> 0 and Re(q)> 0,

B(s+1,q)+B(s,q+1) = B(s,q)

Proof. Using Theorem 3.4.2, we find

B(s+1,q)+B(s,q+1) =
Γ(s+1)Γ(q)
Γ(s+q+1)

+
Γ(s)Γ(q+1)
Γ(s+q+1)

=
Γ(s+1)Γ(q)+Γ(s)Γ(q+1)

Γ(s+q+1)

=
sΓ(s)Γ(q)+Γ(s)qΓ(q+1)

(s+β )Γ(s+q)

=
Γ(s)Γ(β )(s+q)
(s+β )Γ(s+q)

=
Γ(s)Γ(q)
Γ(s+q)

Hence

B(s+1,q)+B(s,q+1) = B(s,q)

which is exactly same in Theorem 3.5.2
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Chapter 4

GENERALIZED GAMMA FUNCTION

In this chapter, we give definition and properties the generalized gamma function.

4.1 Definition of the Generalized Gamma Function
Definition 4.1.1 [1]The generalized gamma function can be defined by

Γc (s) =
∫

∞

0
ts−1e−t− c

t dt (Re(c)> 0;c = 0,Re(s)> 0) . (4.1.1)

Notice that in the case c = 0 the function conclude with the classical gamma function.

Definition 4.1.2 [1] For Re(c)> 0 and |arg(
√

c)|< π,

Γc (s) = 2cs/2Ks
(
2
√

c
)

. (4.1.2)

where Ks (T heorem 2.0.5) [5] is a Macdonald function.

Theorem 4.1.3 If Re(c)> 0 or c = 0 and Re(s)> 0 then, we have

Γac (s) = as
∫

∞

0
ts−1e−at− c

t dt

Proof. The substitution t = x2 and dt = 2xdx in (4.1.1) , we obtain another expression

Γc (s) = 2
∫

∞

0
x2s−1e−x2−cx−2

dx. (4.1.3)
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The substitution t/
√

c = u and dt =
√

cdu in (4.1.1) gives that

Γc (s) =
∫

∞

0
us−1c

s
2−

1
2 e−
√

cu− 1√
cu du

= c
s
2

∫
∞

0
us−1e−

√
c(u+u−1)du (Re(c)> 0) (4.1.4)

After putting u = ey and du = eydy in (4.1.4), we obtain following;

Γc (s) = c
α

2

∫
∞

−∞

ex(s−1)e−
√

c(ey+e−y)exdy

= c
s
2

∫
∞

−∞

eyse−
√

c(ey+e−y)dy

Γc (s) = c
s
2

∫
∞

−∞

e(ys−2
√

ccoshy)dy (Re(c)> 0)

where coshy = (ey+e−y)
2 .

For |a|+ |c| 6= 0 or c = 0, Re(a)> 0, Re(s)> 0, then

Γac (s) = as
∫

∞

0
ts−1e−at− c

t dt (4.1.5)

which is the desired result.

4.2 Properties of the Generalized Gamma Function
In this section, we studied some reccurrence relations of the generalized Gamma func-

tion.

Theorem 4.2.1 [1] (The diffirence formula)

Γc (s+1) = sΓc (s)+ cΓc (s−1) (4.2.1)
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Proof. If we choose f (x) = e−x−cx−1
in Mellin transform (2.0.4) operator, we find

M
{

e−x−cx−1
,s
}

=
〈

xs−1
+ ,e−x−cx−1

〉
=

∫
∞

0
xs−1 f (x)dx = Γc (s)

= M { f (x);s} (4.2.2)

and

M
{

f ′ (x) ;s
}

=
∫

∞

0
xs−1 f (x)dx =−(s−1)Γc (s−1)

= −(s−1)M { f (x);s−1} .

In above the integrals, if we apply integration by parts
(
u = xs−1 and dv = f ′ (x)

)
,

we find

∫
∞

0
xs−1 f (x)dx = xs−1 f (x) |∞0 −

∫
∞

0
f (x)(s−1)xs−2dt

= −(s−1)
∫

∞

0
xs−2e−x−cx−1

dt

= −(s−1)Γc (s−1)

= M
{(
−1+ cx−2)e−x−cx−1

;s
}

which simplifies to give

−(s−1)Γc (s−1) =−Γc (s)+ cΓc (s−2)

Γc (s) = (s−1)Γc (s−1)+ cΓc (s−2) . (4.2.3)
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Finally, replacing s = s+1 in (4.2.3), we get the proof of (4.2.1) .

Theorem 4.2.2 [1] (Log-convex property ) Let 1 < n < ∞ and
(1

n

)
+
( 1

m

)
= 1, then

Γc

(
α

n
+

β

m

)
6 (Γc (α))

1
n (Γc (β ))

1
m (c > 0,α > 0,β > 0) (4.2.4)

Proof. For s =
(

α

p +
β

q

)
,

Γc

(
α

n
+

β

m

)
=

∫
∞

0
t

α

n +
β

m−1e−t− c
t dt

=
∫

∞

0

(
tα−1e−t− c

t

) 1
n
(

tβ−1e−t− c
t

) 1
m

dt.

Using Hölder inequality (2.0.6)

Γc

(
α

n
+

β

m

)
6


∫

∞

0
tα−1e−t− c

t︸ ︷︷ ︸
Γc(α)


1
n

∫

∞

0
tβ−1e−t− c

t︸ ︷︷ ︸
Γc(β )


1
m

dt.

which is exactly same in (4.2.4) .

Remark 4.2.3 [1] The inequality (4.2.4) , has several useful special cases. For exam-

ple, setting n = m = 2,we find

Γc

(
α +β

2

)
6
√

Γc (α)Γc (β ) , (α > 0,β > 0,c > 0) .

But, as the geometric mean of two positive numbers is less than or equal to their

aritmetic mean, we find

Γc

(
α +β

2

)
6 (Γc (α)Γc (β ))

1
2 6

(Γc (α)+Γc (β ))

2
, (α > 0,β > 0,c > 0)
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Corollary 4.2.4 [1]For 1 < n < ∞ and
(1

n

)
+
( 1

m

)
= 1,

K x
n+

y
m
(t)6 (Kx (t))

1
n (Ky (t))

1
m (x > 0,y > 0, t > 0) . (4.2.5)

Proof. In this proof, its necessary the use the inequality(4.2.4) and Macdonald Func-

tion representation of Generalized Gamma Functions (4.1.2) as the following.

Γc (s) = 2c
s
2 Ks
(
2
√

c
)
, (4.2.6)

and

Γc

(x
n
+

y
m

)
6 [Γc (x)]

1
n [Γc (y)]

1
m (4.2.7)

Substitution s = x
n +

y
m and t = 2

√
c in Macdonald Function representation of Gamma

Functions, we find

Γc

(x
n
+

y
m

)
= 2c

1
2(

x
n+

y
m)K x

n+
y
m

(
2
√

c
)
.

Using the log-convex property (4.2.4) then

Γc

(x
n
+

y
m

)
= 2c

1
2(

x
n+

y
m)K x

n+
y
m

(
2
√

c
)
6 [Γc (x)]

1
n [Γc (y)]

1
m

Take x = 2
√

c and y = 2
√

c in the Macdonald function representation in Γc (x) and

Γc (y), then

2c
1
2(

x
n+

y
m)K x

n+
y
m

(
2
√

c
)
6
[
2c

x
2 Kx
(
2
√

c
)] 1

n
[
2c

y
2 Ky
(
2
√

c
)] 1

m
. (4.2.8)
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Hence,

K x
n+

y
m

(
2
√

c
)
6
[
Kx
(
2
√

c
)] 1

n
[
Ky
(
2
√

c
)] 1

m

gives the result.

Corollary 4.2.5 [1] For x,y, t > 0

K1
2 (x+y) (t)6

√
Kx (t)Ky (t) (4.2.9)

Proof. The substitution n = m = 2 in (4.2.5), we obtain

K x
2+

y
2
(t)6 [Kx (t)]

1
2 [Ky (t)]

1
2 =

√
Kx (t)Ky (t) .

Theorem 4.2.6 [1] (The reflection formula) For Re(c)> 0,

cs
Γc (−s) = Γc (s) . (4.2.10)

Proof. The substitutions t = c
u and dt = −c

u2 du in Γc (s) , we find

Γc (s) =
∫

∞

0

cs−1

us−1 e
−c
u −u c

u2 du

Γc (s) =
∫

∞

0

cs

us+1 e
−c
u −udu

Γc (s) = cs
∫

∞

0
u−s−1e

−c
u −udu
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Hence

Γc (s) = cs
Γc (−s)

gives the result.

Corollary 4.2.7 [1] For Re(b)> 0,

Γc (1− s) = c−s [Γc (s+1)− sΓc (s)] (4.2.11)

Proof. Replacing s by−s in the difference formula (4.2.1) and s by s+1 the reflection

formula (4.2.10), we get

c−s
Γc (s) = Γc (−s) (4.2.12)

and

Γc (1− s) =−sΓc (−s)+ cΓc (−s−1) (4.2.13)

so

Γc (1− s) =−s
[
c−s

Γc (−s)
]
+ cΓc (−s−1) .

According to (4.2.12) , we find

Γc (1− s) = −s
[
c−s

Γc (s)
]
+ c−(s+1)

Γc (s+1)

= −sc−s
Γc (s)+ c

−s
Γc (s+1) .
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Hence

Γc (1− s) = c−s [−sΓc (s)+Γc (s+1)]

Theorem 4.2.8 [1] (Product Formula) For c > 0;c = 0,Re(s)> 0 and Re(q)> 0,

Γc (s)Γc (q) = 2
∫

∞

0
τ

2(s+q)e−τ2
B
(

s,q;
c
τ2

)
dτ , (4.2.14)

where

B(x,y;c) =
∫ 1

0
tx−1 (1− t)y−1 e−

c
t(1−t) dt

is the Extended Beta Function.

Proof. According to definition of Generalized Gamma Function, we find

Γc (s)Γc (q) =
∫

∞

0
ts−1e−t− c

t dt
∫

∞

0
tq−1e−v− c

v dv. (4.2.15)

The transformation t = k2 and v = `2 in (4.2.15) yields

Γc (s)Γc (q) =
∫

∞

0

(
k2)s−1

exp
[
−k2− c

k2

]
2kdk

∫
∞

0

(
`2)q−1

exp
[
−`2− c

`2

]
2`d`

= 4
∫

∞

0

∫
∞

0
k2s−1

`2q−1e−(k2+`2)e−c
(

1
k2 +

1
`2

)
dkd`.
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The substitution k = τ cosθ , `= τ sinθ and dkd`= τdτdθ , we find

= 4
∫

∞

0

∫ π

2

0
(τ cosθ)2s−1 (τ sinθ)2q−1 e[−r2 cos2 θ−τ2 sin2

θ ]e
[
− c

τ2 cosθ
− c

τ2 sinθ

]
τdτdθ

= 4
∫

∞

0

∫ π

2

0
τ

2(s+q)−1 (cosθ)2s−1 (sinθ)2q−1 e[−τ2(cos2 θ+sin2
θ)]e

[
− c

τ2 cos2 θ
− c

τ2 sin2 θ

]
dτdθ

= 2
∫

∞

0
τ

2(s+q)−1e−τ2
dτ

2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 e

[(
−c

(
τ2(sin2 θ+cos2 θ)

τ4 cos2 θ sin2 θ

))]
dθ


= 2

∫
∞

0
τ

2(s+q)−1e−τ2
dτ

{
2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 e

[(
− c

τ2
1

cos2 θ sin2 θ

)]
dθ

}

= 2
∫

∞

0
τ

2(s+q)−1e−τ2
dτ

2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 e

[
− c

τ2
1

( 1
2 sin2θ)

2

]
dθ


= 2

∫
∞

0
τ

2(s+q)−1e−τ2
dτ

{
2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 e

[(
− c

τ2
4

sin2θ

)]
dθ

}
= 2

∫
∞

0
τ

2(s+q)−1e−τ2
dτ

{
2
∫ π

2

0
(cosθ)2s−1 (sinθ)2q−1 e

(
− 4c

τ2 csc2θ

)
dθ

}

But, the inner integral in the above equation gives B
(

s,q; c
τ2

)
. Hence

Γc (s)Γc (q) = 2
∫

∞

0
τ

2(s+q)−1 exp
(
−τ

2)B
(

s,q;
c
τ2

)
dτ.

Theorem 4.2.9 For Re(b)> 0,

Γ
2
c (s) = 4cs

∫
∞

0
e−
(

τ2+ 2c
τ2

)
Ks

(
2c
τ2

)
dτ

τ
(4.2.16)

Proof. The substitution q =−s in (4.2.14) yields

Γc (s)Γc (−s) = 2
∫

∞

0
τ

2(s−s)−1e−τ2
B
(

s,−s;
c
τ2

)
dτ (4.2.17)
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But, the Extended Beta Function for q =−s is expressible in terms of the Macdonald

function to give [15]. In [15], M. Chaudhry and S. Zubair gives the Macdonald function

expression of B
(

s,−s; c
τ2

)

B
(

s,−s;
c
τ2

)
= 2e

(
− 2c

τ2

)
Ks

(
2c
τ2

)
(Re(c > 0))

so

Γc (s)Γc (−s) = 2
∫

∞

0
e−τ2

τ
−12exp

(
−2c

τ2

)
Ks

(
2c
τ2

)
dτ.

According to reflection formula (4.2.10) , we get

Γc (s)c−s
Γc (s) = 4

∫
∞

0
e−τ2

exp
(
−2c

τ2

)
Ks

(
2c
τ2

)
dτ

τ

Γ
2
c (s)c−s = 4

∫
∞

0
exp
(
−τ

2− 2c
τ2

)
Ks

(
2c
τ2

)
dτ

τ
.

Hence

Γ
2
c (s) = 4cα

∫
∞

0

(
−τ

2− 2c
τ2

)
Ks

(
2c
τ2

)
dτ

τ
.

Theorem 4.2.10 [1] For Re(c)> 0,

Γ
2
c (s) = π

1
2 21−sc

1
2 (s−1)

∫
∞

0
exp
[
−
(

τ
2 +

2c
τ2

)]
×W− s

2 ,
s
2

(
4c
τ2

)
dτ

where Wλ ,µ is one of the Whittaker Functions [5]
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Proof. Putting q = s in (4.2.14) we find

Γc (s)Γc (s) = 2
∫

∞

0
τ

2(s+s)−1 exp
(
−τ

2)B
(

s,s;
c
τ2

)
dτ

Γ
2
c (s) = 2

∫
∞

0
τ

4s−1 exp
(
−τ

2)B
(

s,s;
c
τ2

)
dτ (4.2.18)

On the other hand, Ryzhink’s and Gradshteyn ([5]) was obtained the following results,

B
(

s,s;
c
τ2

)
= π

1
2 2−sc

1
2 (s−1)e−

2c
τ2 W− s

2 ,
s
2

(
4c
τ2

)
(4.2.19)

Hence,

Γ
2
c (α) = 21−s

π
1
2 c

1
2 (s−1)

∫
∞

0
exp
[
−τ

2−2c
]
×W− s

2 ,
s
2
(4c)dτ.

4.3 Mellin and Laplace Transforms
Theorem 4.3.1 [16] (Mellin transform representation) For Re(α)> 0 and Re(s+α)>

0,

M {Γc (s) ;α}= Γ(α)Γ(s+α) (Re(α)> 0,Re(s+α)> 0) (4.3.1)

Proof. According to the definition of the Mellin transform of Γc (α) (4.1.1), we get

M {Γc (s) ;α}=
〈
cα−1
+ ,Γc (s)

〉
. (4.3.2)
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Using the formula (4.2.2), we find

M {Γc (s) ;α}=
〈
cα−1
+ ,Γc (s)

〉
=
〈

cα−1
+ ,

〈
ts−1
+ ,e−t− c

t

〉〉
.

Applying of the Fubini’s Theorem [4] we find

M {Γc (s) ;α}=
〈

ts−1
+ ,e−t

〈
cα−1
+ ,e−

c
t

〉〉
.

But, according to (3.1.2)

〈
cα−1
+ ,e−

c
t

〉
=
∫

∞

0
cα−1
+ e−

c
t dc. (4.3.3)

The substitution u = c
t and du = 1

t dt in (4.3.3) yields

〈
cα−1
+ ,e−

c
t

〉
=
∫

∞

0
tαuα−1e−udu = tα

Γ(α)

Hence, for Re(α)> 0 and Re(s+α)> 0,

M {Γc (s) ;α}= Γ(α)
〈
ts+α−1
+ ,e−t〉= Γ(α)Γ(s+α) .

Corollary 4.3.2 [1] For Re(s)>−1,

∫
∞

0
Γc (s)dc = Γ(s+1) (4.3.4)
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Proof. Setting α = 1 in (4.3.1) , we find

M {Γc (s) ;1}=
∫

∞

0
c1−1
+ Γc (s)dc = Γ(1)Γ(s+1)

Hence,

∫
∞

0
Γc (s)dc = Γ(s+1)

Theorem 4.3.3 [10] (Laplace transform representation) Let L be the Laplace trans-

form operator, for Re(y)> 0,Re(y+ s)> 0 and Re(p)> 0,

L
{

ty−1
Γt (s) ; p

}
= Γ(y)Γ(y+ s) p−

1
2 (2y+s−1)e

1
2pW− 1

2 (2y+s−1), s
2

(
1
p

)
(4.3.5)

Proof. Using the definition of the Laplace transform (2.0.1) and Macdonald represen-

tation of Γt (s) in (4.1.2) , we find

L
{

ty−1
Γt (s) ; p

}
=

∫
∞

0
e−ptty−1

Γt (s)dt (4.3.6)

= 2
∫

∞

0
ty+ s

2−1e−ptKs
(
2
√

t
)

The The integral in (4.3.6) is a special case of ([5], p.741(6.643)) when we take µ−

1
2 = y+ s

2 −1, y = s
2 , s = p, β = 1.So

L
{

ty−1
Γt (s) ; p

}
= Γ

(
s
2
+

1
2
+ y+

s
2
− 1

2

)
Γ

( s
2

)
e−

1
2p p−y− s

2+
1
2Wy+ s

2−
1
2 ,

s
2

(
1
p

)
.
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Hence,

L
{

ty−1
Γt (s) ; p

}
= Γ(y)Γ(y+ s) p−

1
2 (2y+s−1)e

1
2pW− 1

2 (2y+s−1), s
2

(
1
p

)
.
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Chapter 5

THE DIGAMMA FUNCTION

5.1 Definition of the Digamma Function

First derivative of lnΓ(s) is called Digamma Function and is denoted by ψ (s).

ψ (s) =
d
ds
{lnΓ(s)}= Γ

′
(s)

Γ(s)
. (5.1.1)

5.2 Properties of the Digamma Function
Definition 5.2.1 [3] For s ∈ C ,

ψ (s) =−γ− 1
s
+

∞

∑
n=1

(
1
n
− 1

n+ s

)
= lim

n→∞

(
logn−

n

∑
k=0

1
k+ s

)
(5.2.1)

where γ = 0,5772156... and s 6= 0,−1,−2,−3, ...

Proof. Take the logarithm of Weierstrass expression ([5], p.97) of Γ(s), we find

logΓ(s) = logs−1 + loge−γs +
∞

∑
n=1

log
n

n+ s
+

∞

∑
n=1

loge
s
n (5.2.2)

By differentiating the series (5.2.2) , we find

ψ (s) =
Γ
′
(s)

Γ(s)
=
−s−2

s−1
−γe−γs

e−γs +
∞

∑
n=1

n

(n+ s)2

(
n+ s
−n

)
+

∞

∑
n=1

1/nes/n

es/n

ψ (s) =−γ− 1
s
+

∞

∑
n=1

(
1
n
− 1

n+ s

)
.
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Thus, proof of the first part is completed. For the second part, substitution limit ex-

pression of γ ([5]) in (5.2.1) , then

ψ (s) =− lim
n→∞

(
n

∑
k=1

1
k
− logn

)
+

∞

∑
n=1

1
n
−

∞

∑
n=0

1
n+ s

Hence

ψ (s) = lim
n→∞

(
logn−

n

∑
k=0

1
k+ s

)
.

Next, we give representation of ψ (s) for the series.

Theorem 5.2.2 [1] For s ∈ C away from s = 0,−1,−2, ...

ψ (s) =−γ +(s−1)
∞

∑
n=o

1
(n+1)(s+n)

(5.2.3)

Proof. Using the first part of theorem 5.2.1, we find

ψ (s) = −γ− 1
s
+

∞

∑
n=1

1
s
−

∞

∑
n=1

1
s+n

= −γ +
∞

∑
n=1

1
n
−

∞

∑
n=0

1
s+n

= −γ +
∞

∑
n=0

1
n+1

−
∞

∑
n=0

1
s+n

= −γ +
∞

∑
n=o

(s−1)
(n+1)(s+n)

Hence

ψ (s) =−γ +(s−1)
∞

∑
n=o

1
(n+1)(s+n)

.
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The following theorems gives integral representation of Digamma Function .

Proposition 5.2.3 [12] Let p, q ∈ R, then

∫ 1

0

t p−1− tq−1

1− t
dt = ψ (q)−ψ (p)

Theorem 5.2.4 [12] For Res >−1

ψ (s+1) =−γ +
∫ 1

0

1− tα

1− t
dt (5.2.4)

Proof. For p = 1 in Proposition 5.2.4, we find

∫ 1

0

t0− tq−1

1− t
dt = ψ (q)−ψ (1) .

Using the particular value of ψ (1) =−γ

∫ 1

0

t− tq−1

1− t
dt = ψ (q)+ γ.

Lets replace q−1 with s in above relation, then we find

∫ 1

0

1− ts

1− t
dt = ψ (s+1)+ γ

Hence

ψ (s+1) =−γ +
∫ 1

0

1− ts

1− t
dt.
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Theorem 5.2.5 [1] Assume s > 0, then

∫
∞

0

(
e−x− (1+ x)−s) dx

x
= ψ (s)

Proof. Firstly, we use the following integral representations,

∫
∞

0

∫ n

1
e−xsdads =

∫
∞

0

[
−1

s
e−xs

]n

1
ds

=
∫

∞

0

[
−1

s
e−ns +

1
s

e−s
]

ds

=
∫

∞

0

es− e−ns

s
ds

and

∫ n

1

∫
∞

0
e−xsdsda =

∫ n

1

[
−1

x
e−xs

]∞

0
dx =

∫ n

1

dx
x

= lnn− ln1 = lnn.

This means that,

∫
∞

0

e−s− e−ns

s
ds = lnn. (5.2.5)

Secondly, take the logarithmic derivative of Γ(a) =
∫

∞

0 na−1e−ndn and use the defini-

tion of digamma function (5.1.1) , we find

Γ́ (a) =
∫

∞

0
na−1e−n (lnn)dn.

Use (5.2.6) , then

Γ́ (a) =
∫

∞

0
na−1e−n

∫
∞

0

e−s− e−ns

s
dsdn

=
∫

∞

0
na−1e−n

(∫
∞

0

e−s

s
ds−

∫
∞

0

e−ns

s
ds
)

dn
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=
∫

∞

0

[
e−s

∫
∞

0
na−1e−ndn−

∫
∞

0
na−1e−n(1+s)dn

]
ds
s

(5.2.6)

The transformation n(1+ s) = x in (5.2.7) gives

Γ́ (a) = Γ(a)
∫

∞

0

[
e−x− (1+ x)−a] dx

x
.

Hence

ψ (a) =
Γ́ (a)
Γ(a)

=
∫

∞

0

(
e−x− (1+ x)−a) dx

x
.

Theorem 5.2.6 [1] For Re(s)> 0,

ψ (s) =
∫

∞

0

(
e−x

x
− e−xs

1− e−x

)
dx (Re(s)> 0) (5.2.7)

Proof. If Re(p)> 0, we have

1
p
=
∫

∞

0
e−pxdx (5.2.8)

integrating both sides,with respect to p from p = 1 to p = m and use Fubini’s theorem

[4], we find

lnm =
∫

∞

0

∫ m

1
e−pxd pdx

lnm =
∫

∞

0

[
−1

x
e−px

∣∣∣∣m
1

]
dx
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lnm =
∫

∞

0

[
e−x− e−mx

x

]
dx. (5.2.9)

Substitution (5.2.9) and (5.2.10) in (5.2.1), we find

ψ (s) = lim
m→∞

{∫
∞

0

(
e−x− e−mx) dx

x
−

m

∑
n=0

∫
∞

0
e−(s+n)xdx

}
.

Using equation (3) of section (3.4) in [3] then, we get

ψ (s) = lim
m→∞


∫

∞

0

(
e−x− e−mx) dx

x
−
∫

∞

0

e−sx
(

1− e−x(m+1)
)

1− e−x dx

 (5.2.10)

In (5.2.11), e−mt and e−x(m+1) approaches zero when m goes to ∞.Thus

ψ (s) =
∫

∞

0

{
e−x

x
− e−sx

1− e−x

}
dx.

5.3 Generalization of the Psi (Digamma) Function
In [1], M. Aslam Chaudhry and Syed M. Zubair was defined generalization of the Psi

function as the following,

ψc (s) =
d
ds
{ln(Γc (s))}=

1
Γc (s)

d
ds
{Γc (s)} (5.3.1)

=
1

Γc (s)

∫
∞

0
ts−1 ln te−t− c

t dt (5.3.2)
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5.4 Integral Representation of ψc (s)

Theorem 5.4.1 [1]For Re(c)≥ 0 or c = 0 and Re(s)> 0,

ψc (s) =
∫

∞

0

{
e−a− (1+a)−s Γc(1+a) (s)

Γc (s)

}
da
a
. (5.4.1)

Proof. Let us consider the following integral

I =
∫

∞

0
ts−1 ln te−t− c

t dt (5.4.2)

substitution integral representation of ln t in (5.4.2) yields

I =
∫

∞

0

∫
∞

0
ts−1e−

c
t

{
e−t−a− e−t(1+a)

a

}
dtda. (5.4.3)

If we integrate the double integral with respect to t we find

I =
∫

∞

0

{
e−a

∫
∞

0
ts−1e−t− c

t dt−
∫

∞

0
ts−1e−t(1+a)−ct−1

dt
}

da
a
.

From, (4.1.5) and Γc (s)(4.1.1) , we find

I =
∫

∞

0

{
e−a

Γc (s)−
1

(1+a)s Γc(1+a) (s)
}

da
a

(5.4.4)

Now, if we the integrate double integral (5.4.3) with respect to a, we find

I =
∫

∞

0
ts−1e−t− c

t

{∫
∞

0

e−a− e−ta

a
da
}

dt.
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Use the integral representation of ln t (5.2.10) , we find

I =
∫

∞

0
ts−1e−t− c

t ln tdt

=
d
ds

{∫
∞

0
ts−1e−t− c

t dt
}

=
d
ds

(Γc (s)) . (5.4.5)

From (5.4.4) and (5.4.5), we get

d
ds

(Γc (s)) =
∫

∞

0

{
e−a

Γc (s)− (1+a)Γc(1+a) (s)
} da

a
(5.4.6)

If we multiply the both sides in (5.4.6) by 1
Γc(s)

, we find

d
ds

(Γc (s)) =
∫

∞

0

{
e−a Γc (s)

Γc (s)
− (1+a)s Γc(1+a) (s)

Γc (s)

}
da
a
.

Hence,

ψc (s) =
{

e−a− (1+a)−s Γc(1+a) (s)
Γc (s)

}
da
a
.

Corollary 5.4.2 [1] (Dirichlet) For Re(s)> 0,

ψ (s) =
∫

∞

0

(
e−a− 1

(1+a)s

)
da
a
.
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Proof. The case c = 0, (5.4.1) produces

ψ0 (s) =
∫

∞

0

{
e−a− (1+a)−s Γ0(1+a) (s)

Γ0 (s)

}
da
a

Using (5.4.1) , we find

ψ (s) =
∫

∞

0

(
e−a− (1+a)−s

a

)
da.

Theorem 5.4.3 [1] For Re(c)≥ 0 or c = 0 and Re(s)> 0,

ψc (s) =
∫

∞

0

(
e−x

x
− Γcex (s)

Γc (s)
e−sx

1− e−x

)
dx. (5.4.7)

Proof. From (5.4.1) , we find

ψc (s) = lim
δ→0

[∫
∞

0

e−a

a
da−

∫
∞

δ

1
(1+a)s a

Γc(1+a) (s)
Γc (s)

da
]
. (5.4.8)

The change of variable ex = a+1 in the second integral yields

∫
∞

δ

(1+a)−s

a
Γc(1+a) (s)

Γc (s)
da =

∫
∞

ln(δ+1)

{
e−xs

e−x (ex−1)
Γcex

Γc (s)

}
dt

=
∫

∞

ln(δ+1)

{
e−xs

1− e−x
Γcex

Γc (s)

}
dt. (5.4.9)
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From (5.4.8) and (5.4.9), we find

ψc (s) = lim
δ→0+

[∫ ln(δ+1)

δ

e−a

a
da+ lim

δ→0

∫
∞

ln(δ+1)

{
e−x

x
− e−xs

1− e−x
Γcex

Γc (s)

}
dx
]

=
∫

∞

0

(
e−x

x
− Γcex (s)

Γc (s)
e−xs

1− e−x

)
dx,

Since

∣∣∣∣∫ ln(δ+1)

δ

e−x

x
dx
∣∣∣∣≤ ∫ δ

ln(δ+1)

1
x

dx

= ln t
∣∣∣δln(δ+1)

= lnδ − ln(ln(δ +1))

= ln
[

δ

ln(δ +1)

]
→ 0 ,

(
as δ → 0+

)
.

Corollary 5.4.4 [1] (Gauss) For Re(s)> 0,

ψ (s) =
∫

∞

0

{
e−x

x
− e−xs

1− e−x

}
dx. (5.4.10)

Proof. The special case c = 0 in (5.4.7) produces

ψc (s) = ψ0 (s) =
∫

∞

0

{
e−x

x
− Γ0ex

Γ0 (s)
e−xs

1− e−x

}
dx

=
∫

∞

0

{
e−x

x
− e−xs

1− e−x

}
dx.
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Theorem 5.4.5 [1] For Re(c)≥ 0 and Re(s)> 0

ψc (s) = lns+
∫

∞

0

{
1
x
− 1

1− e−x
Γcex

Γc (s)

}
e−sxdx. (5.4.11)

Proof. Adding and substraction 1
xesx in the first part of the integral in (5.4.7), we find

ψc (s) =
∫

∞

0

{
e−x

x
− e−sx

x
+

e−sx

x
− e−sx

1− e−x
Γcex

Γc (s)

}
dx

=
∫

∞

0

e−x− e−sx

x
dx+

∫
∞

0

{
1
x
− 1

1− e−x
Γcex

Γc (s)

}
e−sxdx.

First integral is a integral representation of lns. Hence,

ψc (s) = lns+
∫

∞

0

{
1
x
− 1

1− e−x
Γcex

Γc (s)

}
e−sxdt.

Corollary 5.4.6 [1] For Re(s)> 0,

ψ (s) = lns+
∫

∞

0

{
1
x
− 1

1− e−x

}
e−sxdx. (5.4.12)

Proof. The above expression is a special case of (5.4.11) when, we put c = 0

ψ0 (s) = lns+
∫

∞

0

{
1
x
− 1

1− e−x
Γ0ex

Γ0 (s)

}
e−sxdx
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Hence

= lns+
∫

∞

0

{
1
x
− 1

1− e−x

}
e−sxdx

ψ0 (s) = ψc (s) = lns+
∫

∞

0

{
1
x
− 1

1− e−x

}
e−sxdx

Proposition 5.4.7 [12] For Re(s)> 0,

Proof. The change of variable t = e−x in (5.2.8) yields ,

−ψ (s) =
∫ 1

0

(
1

ln t
+

ts−1

1− t

)
dt

Theorem 5.4.8 [1] For Re(c)> 0 or c = 0 and Re(s)> 0,

ψc (s) =−γ +
∫ 1

0

{
1−
(

Γct−1 (s)
Γc (s)

)
ts−1

}
dt

1− t
. (5.4.13)

Proof. The substitution t = e−x in (5.4.7) yields,

ψc (s) =
∫ 1

0

(
t
− ln t

+
Γct−1

Γc (s)
ts

1− t

)
−1
t

dt

=−
∫ 1

0

(
1

ln t
+

Γct−1

Γc (s)
ts−1

1− t

)
dt. (5.4.14)
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Adding and subtracting 1
1−t in the integrand (5.4.14) , we find

ψc (s) =−
[∫ 1

0

1
ln t

+
1

1− t
+

Γct−1

Γc (s)
ts−1

1− t
− 1

1− t

]
dt

=−
∫ 1

0

(
1

ln t
+

1
1− t

)
dx+

∫ 1

0

(
1− Γct−1

Γc (s)
ts−1

)
dt

1− t
(5.4.15)

Hence, using proposition 5.4.7, we find

ψc (s) =−γ +
∫ 1

0

{
1−
(

Γct−1 (t)
Γc (s)

)
ts−1

}
dt

1− t
.

Corollary 5.4.9 For Re(α)> 0

ψ (s) =−γ

∫ 1

0

(
1− ts−1

1− t

)
dt.

Proof. The c = 0 in (5.4.13) produces

ψ0 (s) = ψc (s) =−γ +
∫ 1

0

{
1− ts−1} dt

1− t

5.5 Properties of the Generalized psi Function
Theorem 5.5.1 [1] (Reflection formula) For Re(c)> 0,

ψc (−s) = lnc−ψc (s) . (5.5.1)
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Proof. Replace s and −s in (5.3.2) , we find

ψc (−s) =
1

Γc (−s)

∫
∞

0
t−s−1 (ln t)e−t− c

t dt (5.5.2)

The change of variable t = cx−1 and dt =−cx−2dx in (5.5.2) yields

ψc (−s) =
1

Γc (−s)

∫
∞

0

(
cx−1)−s−1

ln
(c

x

)
e−cx−1− c

cx−1 cx−2dx

=
1

Γc (−s)

∫
∞

0
c−α xα+1

x2 ln
(c

x

)
e−cx−1−xdx

=
c−s

Γc (−s)

∫
∞

0
xs−1 (lnc− lnx)e−cx−1−xdx

Using the formula (5.4.12) , we find

ψc (−s) =
1

Γc (s)

∫
∞

0
xs−1 (lnc− lnx)e−cx−1−xdx

=
1

Γc (s)

∫
∞

0
xs−1 (lnc)e−cx−1−xdx− 1

Γc (s)

∫
∞

0
xs−1 (lnx)e−cx−1−xdx

= lnc
1

Γc (s)

∫
∞

0
xs−1 (lnc)e−cx−1−xdx−ψc (s)

ψc (−s) = lnc−ψc (s)

Corollary 5.5.2 [1] For Re(c)> 0,

ψc (0) = ln
√

c
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Proof. The special value s = 0 in Reflection Formula (5.5.1) produces

−ψc (0) = lnc−ψc (0)

lnc = 2ψc (0)

1
2

lnc = ψc (0)

Hence

ln
√

c = ψc (0) .

Corollary 5.5.3 [1] For Re(c)> 0

∫
∞

0
(ln t)

[
ts−

(c
t

)s]
e−t− c

t
dt
t
= 2c

s
2 (lnc)Ks2

√
c. (5.5.3)

Proof. Replace s by −s in (5.5.1) , we find

ψc (s) = lnc−ψc (−s) (5.5.4)

Substitution integral representation of ψc (s) in (5.5.2), we get

1
Γc (s)

∫
∞

0
ts−1 (ln t)e−t− c

t dt = lnc− 1
Γc (−s)

∫
∞

0
t−s−1 ln(t)e−t− c

t dt.
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Using the formula (4.2.10)

1
Γc (s)

∫
∞

0
ts−1 (ln t)e−t− c

t dt = lnc− cs

Γc (s)

∫
∞

0
t−s−1 ln(t)e−t− c

t dt

∫
∞

0
ts−1 (ln t)e−t− c

t dt + t−s−1cs ln(t)e−t− c
t dt = Γc (s) lnc

lncΓc (s) =
∫

∞

0
(ln t)e−t−ct−1

[(c
t

)s
+ ts
] dt

t
. (5.5.5)

∫
∞

0
(ln t)e−t− c

t
{

ts−1 + cst−s−1} dt
t
= Γc (s) lnc (5.5.6)

Substitution Macdonald representation of Γc (s) in (5.5.3) , we find

∫
∞

0
(ln t) ts +

(c
t

)s
e−t− c

t
dt
t
= 2c

s
2 (lnc)Ks

(
2
√

c
)
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Chapter 6

THE GENERALIZED INCOMPLETE GAMMA FUNCTIONS

The definition of the acculamated curve of the gamma distribution one of the many

application of the incomplete gamma function.

6.1 The Incomplete Gamma Functions
The (lower) incomplete gamma function defined as the following,

γ (s,x) =
∫ x

0
ts−1e−tdt (s = σ + ir;σ > 0, |arg(s)|< π) , (6.1.1)

and the upper Incomplete Gamma Function is defined as

Γ(s,x) =
∫

∞

x
ts−1e−tdt (|arg(s)|< π) . (6.1.2)

The lower and upper Incomplete Gamma Functions were first invastigated for x ∈ R

by Legendre [19].

6.2 Definition of the Generalized Incomplete Gamma Functions
In[19], Chaudhry and Zubair introduced the definition of Generalized Incomplete Gamma

functions as

Γ(s,x;c) =
∫

∞

x
ts−1e−t− c

t dt, (6.2.1)
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γ (s,x;c) =
∫ x

0
ts−1e−t− c

t dt, (6.2.2)

where s, x are complex parameters and c is a complex variable. For c = 0, we get

γ (s,x;0) = γ (s,x) (6.2.3)

Γ(s,x;0) = Γ(s,x) (6.2.4)

6.3 Properties of the Incomplete Generalized Gamma Functions
Theorem 6.3.1 [1] (Decomposition theorem) For Re(c)> 0,

γ (s,x;c)+Γ(s,x;c) = Γc (s) (6.3.1)

Proof. When we add lower and upper incomplete gamma functions, we get

γ (s,x;c)+Γ(s,x;c) =
∫ x

0
ts−1e−t−ct−1

dt +
∫

∞

x
ts−1e−t−ct−1

dt

Hence

∫
∞

0
ts−1e−t−ct−1

dt = Γc (s)
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Theorem 6.3.2 [1] (Mellin transform representation) For Re(c)> 0 and 0 < u < 1

Γ(s,x;c) =
1

2πi

∫ u+i∞

u−i∞
Γ(α)Γ(s+α,x)c−αds (6.3.2)

Proof. Multiplying (6.2.1) by cα−1 gives

∫
∞

0
cα−1

Γ(s,x;c)dc = cα−1
∫

∞

x
ts−1e−t− c

t dt.

Integrating both sides with respect to c from c = 0 to c = ∞, we find

∫
∞

0
cα−1

Γ(s,x;c)dc =
∫

∞

0
cα−1

∫
∞

x
ts−1e−t− c

t dtdc

Using the Fubini Theorem [4], then

∫
∞

0
cα−1

Γ(s,x;c)dc =
∫

∞

x
ts−1e−t

(∫
∞

0
cα−1e−

c
t dc
)

dt. (6.3.3)

Let c = tu, then we get

=
∫

∞

x
ts−1e−t

(∫
∞

0
(tu)α−1 eutdu

)
dt

=
∫

∞

x
ts−1e−t

(∫
∞

0
(u)α−1 tseudu

)
dt

=
∫

∞

x
ts+α−1e−t

∫
∞

0
uα−1eudu

Second integral is a standart form of the Gamma Function

∫
∞

0
cα−1

Γ(s,x;c)dc = Γ(α)
∫

∞

x
ts+α−1e−tdt.
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So

∫
∞

0
cα−1

Γ(s,x;c)dc = Γ(α)Γ(s+α,x)

Use the inverse Mellin Transform defined as (2.0.4), we find

Γ(s,x;c) =
1

2πi

∫ u+i∞

u−i∞
c−α

Γ(α)Γ(s+α,x)ds

Theorem 6.3.3 [19]For a > 0,

∫
∞

x
ts−1e−at−ct−1

dt = a−s
Γ(s,ax;ac) (6.3.4)

Proof. Substitution t = µ

a in
∫

∞

x ts−1e−at−ct−1
dt and use (6.2.1) , we get

a−s
∫

∞

ax
(µ)s−1 e−µ−acµ−1

dµ = a−s
Γ(s,ax;ab)

Theorem 6.3.4 [19] (Reccurence Relation)

Γ(s+1,x;c) = sΓ(s,x;c)+ cΓ(s−1,x;c)+ xse−x−cx−1
(6.3.5)

Proof.

d
dx

(
xse−x−cx−1

)
=
(
sxs−1 + cxα−2− xs)e−x−cx−1

. (6.3.6)
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By the definition of Generalized Incomplete Gamma Function as (6.2.1) and use the

Fundamental Theorem [21] to integrate both sides in (6.3.6) , we find

d
dx

(∫
∞

x
tse−t−ct−1

dt
)

=

[
∞

s 1

e∞+c 1
∞

− xse−x−cx−1
]

= −xse−x−cx−1

−xse−x−cx−1
= sΓ(s,x;c)+ cΓ(s−1,x;c)−Γ(s+1,x;c)

which is exactly (6.3.5) .

Corollary 6.3.5 [19]

Γ(s+1,x) = sΓ(s,x)+ xse−x (6.3.7)

Proof. For c = 0 in (6.3.5) , produces

Γ(α +1,x;0) = sΓ(s,x;0)+ cΓ(s−1,x;0)+ e−x−cx−1

Use (6.2.4) , then

Γ(s+1,x) = sΓ(s,x)+ xse−x

which is exactly (6.3.7) .

Theorem 6.3.6 [19] (Differentiation formula)

d
dx

(Γ(s,x;c)) =−xs−1e−x−cx−1
(6.3.8)
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Proof. Integrating both sides with respect to x from (6.2.1) and use fundamental The-

orem [21], then

d
dx

(Γ(s,x;c)) =
d
dx

(∫
∞

x
ts−1e−t−ct−1

dt
)

=

[
∞

s−1 1

e∞+c 1
∞

− xs−1e−x−cx−1
]

= −xs−1e−x−cx−1

This concludes the proof.

Corollary 6.3.7 [19]

d
dx

(Γ(s+1,x;c)) =−xs−1e−x (6.3.9)

Proof. For c = 0 in (6.3.8) , produces

d
dx

(Γ(s,x;c)) =
d
dx

(∫
∞

x
ts−1e−t−ct−1

dt
)

d
dx

(Γ(s,x;0)) =

[
∞

s−1 1

e∞+0 1
∞

− xs−1e−x−0x−1
]

= −xs−1e−x

This concludes the proof.
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Chapter 7

EXTENDED BETA FUNCTION

This chapter contains basic definitions and properties of the extended beta functions.

7.1 Definition of the Extended Beta Function
Definition 7.1.1 [1]For Re(c) > 0, y and x arbitary complex number the Extended

Beta Function is defined as

B(x,y;c) =
∫ 1

0
tx−1 (1− t)y−1 e−

c
t(1−t) dt, (7.1.1)

For c = 0, Re(x)> 0 and Re(y)> 0, we get Ordinary Beta Function.

7.2 Properties of the Extended Beta Functions
Theorem 7.2.1 [1]For Re(c)≥ 0,

B(x,y;c) = B(y,x;c) . (7.2.1)

Proof. Replace t by 1− t in (7.2.1), we find

∫ 1

0
(1− t)x−1 ty−1e−

c
t(1−t) dt = B(y,x;c)

Theorem 7.2.2 [1] (Functional relation)

B(x,y+1;c)+B(x+1,y;c) = B(x,y;c) (7.2.2)
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Proof. Using the integral representations of the Extended Beta function [13], we find

B(x,y+1;c)+B(x+1,y;c) =
∫ 1

0
tx−1 (1− t)y e−

c
t(1−t) dt +

∫ 1

0
tx (1− t)y−1 e−

c
t(1−t) dt,

=
∫ 1

0
tx (1− t)y e−

c
t(1−t)

[
1

t (1− t)

]
dt

=
∫ 1

0
tx−1 (1− t)y−1 e−

c
t(1−t) dt

which is exactly same in (7.2.2) .

Theorem 7.2.3 [1] (In f inite sum) For Re(c)> 0,

B(x,y;c) =
∞

∑
n=0

B(x+n,y+1;c) (Re(c)> 0) (7.2.3)

Proof. The factor (1− t)y−1 has the series representations as the following

(1− t)y−1 = (1− t)y
∞

∑
n=0

tn (7.2.4)

So,

B(x,y;c) =
∫ 1

0
tx−1 (1− t)y

∞

∑
n=0

tne−
c

t(1−t) dt

=
∞

∑
n=0

∫ 1

0
(1− t)y tx+n−1e−

c
t(1−t) dt

= B(x+n,y+1;c)

This concludes the proof.
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Theorem 7.2.4 [1] (In f inite sum) For Re(c)> 0,

B(x,1− y;c) =
∞

∑
n=0

(y)n
n!

B(x+n,1;c) (7.2.5)

Proof. Using the definition of extended beta function [15], we get

B(x,1− y;c) =
∫ 1

0
tx−1 (1− t)−y e−

c
t(1−t) dt (7.2.6)

The factor (1− t)−y has the series representations as the following

(1− t)−y =
∞

∑
n=0

(y)n
tn

n!
(7.2.7)

using (7.2.7) in (7.1.1), we obtain

B(x,1− y;c) =
∫ 1

0

∞

∑
n=0

(y)n
n!

tx+n−1e−
c

t(1−t) dt.

For Re(b)> 0, the order of integration and summation is change

B(x,1− y;c) =
∞

∑
n=0

(y)n
n!

∫ 1

0
tx+n−1e−

c
t(1−t) dt

=
∞

∑
n=0

(y)n
n!

B(x+n,1;c)

This concludes the proof.

Theorem 7.2.5 [1] (An inequality) For p > 0, q > 0 and c > 0, then

B(p,q;c)≤ exp(−4c)B(p,q) (7.2.8)
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Proof. The transformation t = u
1+u and dt = 1

1+u−
u

(1+u)2 du in the integral representa-

tion of the Extented Beta Function (7.1.1) , yields

B(p,q;c) =
∫

∞

0

[(
u

1+u

)p−1( 1
1+u

)q−1

exp

(
−c

(1+u)2

u

)(
1

1+u
− u

(1+u)2

)]
du

=
∫

∞

0
up−1 (1+u)1−p (1+u)1−q 1

(1+u)2 exp

[
−c

(
1+2u+u2)

u

]
du

=
∫

∞

0
up−1 (1+u)−p (1+u)−q exp

[
−c
(
1+2u+u2)u−1]du

=
∫

∞

0
up−1 1

(1+u)p+q exp
[
−c
(
u−1 +2+u

)]
du

so,

B(p,q;c) = exp(−2c)
∫

∞

0

up−1

(1+u)p+q exp
[
−c
(
u−1 +u

)]
du.

For u = 1, exp
[
−c
(
u−1 +u

)]
takes the mean value. Hence

B(p,q;c)≤ exp(−4c)
up−1

(1+u)p+q du

which is exactly (7.2.8) .

Next section contain same integral representations of extended beta function.

7.3 Integral Representations of the Extended Beta Function
Theorem 7.3.1 [1]

B(x,y;c) = 2
∫ π

2

0
(cosθ)2x−1 (sinθ)2y−1 e−csec2 θ csc2 θ dθ (7.3.1)
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Proof. The transformation t = sin2
θ in the definition of the Extended Beta Function

yields

B(x,y;c) = 2
∫ π

2

0

[(
sin2

θ
)x−1 (

1− sin2
θ
)y−1

e
−c

sin2 θ(1−sin2 θ) cosθ sinθ

]
dθ

= 2
∫ π

2

0
(sinθ)2x−2 (cosθ)2y−2 e

−c
sin2 θ cos2 θ cosθ sinθ dθ

= 2
∫ π

2

0
(sinθ)2x−1 (cosθ)2y−1 e−c 1

sin2 θ

1
cos2 θ dθ

= 2
∫ π

2

0
(sinθ)2x−1 (cosθ)2y−1 e−ccsc2 θ sec2 θ dθ

which is exactly same in (7.3.1) .

Theorem 7.3.2 [1]

B(x,y;c) = e−2c
∫

∞

0

ux−1

(1+u)x+y exp
[
−c
(
u−1 +u

)]
du

Proof. The trasformation t = u
1+u and dt = 1

1+u −
u

(1+u)2 du in the integral representa-

tion of the Extented Beta Function (7.1.1) , yield

B(x,y;c) =
∫

∞

0

[(
u

1+u

)x−1( 1
1+u

)y−1

exp

(
−c

(1+u)2

u

)(
1

1+u
− u

(1+u)2

)]
du

=
∫

∞

0

ux−1

(1+u)x−1
1

(1+u)y−1 exp

(
−c

(1+u)2

u

)
1

(1+u)2 du

=
∫

∞

0

ux−1

(1+u)x
1

(1+u)y exp
[
−c
(

1+2u+u2

u

)]
du

= e−2c
∫

∞

0

ux−1

(1+u)x+y exp
[
−c
(
u−1 +u

)]
du.
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Theorem 7.3.3 [1]

B(x,y;c) = 21−x−y
∫ 1

−1
(1+ t)x−1 (1− t)y−1 exp

[
−4c

1− t2

]
du (7.3.2)

Proof. The trasformation t = u−a
d−a in the integral representation of the Extended Beta

Function (7.1.1), yield

B(x,y;c) =
∫ c

a

(u−a
d−a

)x−1(
1− u−a

d−a

)y−1

e

[
−c

u−a
d−a(1− u−a

d−a)

]
1

d−a

du

=
∫ c

a
(u−a)x−1 (d−a)1−x (d−u)y−1 (d−a)1−y (d−a)−1 e

[
−c(d−a)2

(u−a)(d−u)

]
du

= (d−a)1−x−y
∫ c

a
(u−a)x−1 (d−u)y−1 e

[
−c(d−a)2

(u−a)(d−u)

]
du (7.3.3)

This is a special case of (7.3.3) when we take a =−1 and d = 1,

B(x,y;c) = 21−x−y
∫ 1

−1
(1+u)x−1 (1−u)y−1 e

[
−4c

1−u2

]
du

which is exactly (7.3.4) .
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