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ABSTRACT

In this thesis, Matroid and T-T Graph methods are compared. These are graphical
methods which are used in kinematic analysis of mechanisms including gear trains.
Both methods are based on Graph Theory. T-T graph method is developed by
combining non-oriented graphs and oriented graphs. Whereas, incident matrix
derived from oriented graph is used in Matroid. In order to perform kinematic
analysis by using these two methods, a conventional Geared Robotic Mechanism

(GRM) is considered as a sample mechanism.

In Matroid, depending on the numbering links and joints, the digraph attached to
kinematic chains is generated. Reduced incidence node-edge, spanning tree, path and
cycle basis matrices are developed for this digraph. Equations for relative angular
velocities of all turning and gear pairs are defined. Screw theory and plicker
coordinates are defined to find the offset angles betwen z-axes of joints and z-axis of
base. Twist intensities matrix is produced for turning and meshing pairs.
Orthogonality condition for relative angular velocities is defined to acquire
independent equations for relative velocities of turning pairs. Speed (teeth) ratio is
used to express relative velocities of turning pairs as a function of input velocities.
Finally, by using path and twist intensities matrices, link absolute angular velocities

are determined in vectorial forms.

In T-T, on the other hand, the graph associated to the mechanism is presented in
terms of labeling of links, joints and axes of rotation. According to the graph, paths

are stated. By investigating the level of axes of rotation, transfer vertices (carrier



arms) are determined. By considering each link as a rigid body, terminal equations of
turning and gear pairs are stated and for each terminal equation, gear ratio is
obtained. Fundamental circuit equations are directly written from the graph and
coaxial conditions are used for further kinematic analysis. Equations of output
angular velocities in terms of input ones are developed in terms of gear ratios. Final

results are obtained in vectorial forms by using Denavit-Hartenberg Convention.

Finally, results of the relative and absolute angular velocities in both methods are
identical. Differences are just related to how kinematic analysis is performed, how
the final results are obtained and which definitions and techniques are used in both

methods. Benefits and drawbacks of both methods are also specified.

Keywords: Matroid Method, T-T Graph Method, Geared Robotic Mechanisms

(GRMs), Kinematic analysis



Oz

Bu tez ¢calismas1 Matroid ve T-T Grafik metodlarinin karsilastirilmasini icermektedir.
Grafik Metodu’na dayandirilmis yukarida adi gegen grafik metodlart disli takimlarini
de iceren mekanizmalarin kinematik analizinde kullanilmaktadir. T-T grafik metodu
yonsuz ve yonlii grafiklerin birlestirilmesiyle gelistirilmistir. Buna zit olarak,
Matroid metodunda yonli  grafiklerden elde edilen c¢akisiklik  matrisi
kullanilmaktadir. Bu iki yontemi kullanarak kinematik analiz uygulama amaciyla

Disli Robot Mekanizmasi (DRM) 6rnek bir mekanizma olarak nitelendirilmistir.

Matroid metodunda, baglanti ve birlesme nokta sayisina bagli olarak kinematik
zincirlere bagl olan yonlii grafik iiretilmektedir. Bu yonlii grafik i¢in azaltilmis etkili
devre uglu, kapsayan agag, yol ve dongii kaynaklt matriksler iiretilmistir. Tim
dontisli ve disli ciftler igin goreceli agisal hiz denklemleri tanimlanmistir. Baglanti
noktalarinin ve tabanin z-eksenlerinin arasindaki uzaklik agilarini bulmak amaciyla
vidalama teorisi ve plicker kordinatlar1 tamimlanmistir. DOniislii ve birbiri i¢ine
geemis ciftler icin ‘Yogun Dontigli Matriks’ iiretilmistir. Goreceli agisal hiz igin
dikgenlik kosulu tanimlanmis ve doniislii ¢iftlerin goreceli hizlart i¢in bagimsiz
denklemler elde edilmistir. Doniislii ¢iftlerin goreceli hizlarimi giris hiz1 fonksiyonu
olarak ifade etmek amaciyla hiz (dis) oran1 kullanilmistir. Son olarak, yol ve dongii

yogunluklu matriksler ve baglanti kosullu hiz vektorel formlarda belirlenmistir.

T-T metodunda ise mekanizmayla baglantili olan grafik baglantilari, baglanti
noktalar1 ve devir eksenleri kapsaminda sunulmustur. Grafige gore yonler

belirtilmistir. Devir eksenlerinin diizeyini incelemekle, iletken kose noktalari



(tastyict kollar) belirlenmistir. Her bir baglantiy1 sabit bir kisim olarak kabul etmekle,
donisli ve disli ¢iftlerin nihai denklemleri belirtilmis ve her nihai denklem i¢in bir
disli oram1 elde edilmistir. Temel devre denklemleri dogrudan grafik araciligiyla
yazilmis ve eksendes kosullar ek kinematik analiz i¢in kullanulmistir. Girislerle ilgili
acisal hiz cikist denklemleri digli oranlar1 dogrultusunda iiretilmistir. Sonuglar

Denavit-Hartenberg kurali kullanilarak vektorel form olarak elde edilmistir.

Sonug olarak, goreceli ve kosullu agisal hiz sonuglari her iki yontemde de ayni
sonuclar1 vermistir. Farkliliklar sadece kinematik analiz uygulama seklinde, en son
bulgularin elde edilme yonteminde ve her iki yontemde kullanilan tanimlamalar ve
tekniklerde ortaya c¢ikmistir. Her iki yOntemin yararlar1 ve eksiklikleri ayrica

belirtilmistir.

Anahtar Kelimeler: Matroid Metodu, T-T Grafik Methodu, Disli Robot

Mekanizmalar1 (DRM), Kinematik analiz

Vi



DEDICATION

This dissertation is dedicated to my lovely parents, SeyedAli & Vajiheh, and to my
sister, Shokouh, for their love, devoting their time to support me. Further, I would like

to dedicate this work to my beloved wife, Marzieh Rahmani Moghadam, for her

encouragement and endless support.

vii



ACKNOWLEDGMENTS

I would like to express my sincere thanks to Assoc. Prof. Dr. Mustafa Kemal
Uyguroglu for his continuous support and guidance in the preparation of this study.

Without his invaluable supervision, all my efforts could have been short-sighted.

| owe a great debt of thanks to my parents, sister and specially my wife who
supported me all throughout my studies. 1 would like to dedicate this study to them

as an indication of their significance in this study as well as in my life.

Finally, a number of friends had always been around to support me morally. | would

like to thank them as well.

viii



TABLE OF CONTENTS

ABSTRACT e i
OZ et bbbt v
DEDICATION ...ttt ne e vii
ACKNOWLEDGMENTS ...ttt viil
LIST OF TABLES ...ttt Xii
LIST OF FIGURES ..ottt Xiil
LIST OF SYMBOLS/ABBREVIATIONS ......coooiiiiieiiceseee s Xiv
L INTRODUCTION ..ottt 1
1.2 INEFOAUCTION .ottt 1
1.2 TNESIS OVEIVIBW ...ttt bttt bbbt 3
1.3 THESIS OBJECTIVES .....c.viiiiiieiicse e 4

2 GRAPH AND METHODS ..ottt 5)
2.1 INEFOAUCTION ..ttt et 5
2.2 Matroid MELNOG. ..o 6
2.2.1 Labeling Links and JOINtS.........ccceciiieieeieiic e 6
2.2.2 Path, Spanning Tree and Fundamental Cycles ............cccovrinniniicicnnn, 7
2.2.3 Incidence Node-Edge MatriX.........cccoeieriereiiniiinieieiese e 8
2.2.4 Reduced Incidence Node-Edge MatriX.........ccceevveiviveiieiieeiie i cie e 8
2.2.5 Path MAIIX ..o 9
2.2.6 Spanning Tree Matrix and Cycle Basis MatriX .........c.cccoocvevviviiieiiieiinennens 9



2.3 T-T Graph Method .......cccvviieiiee e 10

2.3.1 Labeling Links, Joints, and Axes of Rotation...........c.cccccevevveeiieiiecvineenne, 10
2.3.2 Fundamental Circuits and Transfer VErtiCes .........cccooverereneniniennniieiennn 11
2.3.3 Terminal Equations and Coaxial Conditions...........cccoecevveereiiieneenieniinnnnn 12

3 MECHANISM AND KINEMATIC ANALYSIS ..o 14
3.1 The MECNANISIM ...t 14
3.2 Kinematic Analysis using Matroid Method ............c.ccccoev e, 15
3.2.1 Matroid Digraph and Corresponding MatriCes..........cccoererererenenieeneennnn 15

3.2.2 Screw Theory and Equations for Relative Angular Velocities of Turning

PAITS ...t 20

3.2.3 Independent Equations for Relative Velocities of Turning Pairs .............. 32
3.2.4 Solution of Relative Velocities of Turning Pairs........c.ccccceevveieeneinennen, 34
3.2.5 Links Absolute Angular VEelOCIties...........cccvveiiiieii i 36
3.3 Kinematic Analysis UsSiNg T-T Graph........ccccocveiiiiiiiieie e 39
3.3.1 T-T Graph and Unkown Angular VEIOCILIES ..........cccceriiiieniiiiiiieeen 39
3.3.2 Denavit-Hartenberg (D-H) CONVENLION .........cooviiiieiiieic e 44
3.3.3 Equivalent Open-Loop Chain and Joint Coordinates ..........cc.cceeevervreenen. 45
3.3.4 Applying D-H CONVENLION........ccoueiieieiic e 46
3.3.5 Different Case of LiNK 7 ..o 51

4 CONCLUSIONS ... oot e e sreeeneee e 54
4.1 CONCIUSIONS ...ttt bbbttt 54
4.2 FUTUTE WOTKS ...t 55



REFERENCES

Xi



LIST OF TABLES

Table 1: Coordinates of turning and gear PairS..........ccccvevverieerieeieseere e ese e

Table 2: D-H parameters used for end-effector ...........ccccovevieviiie i,

Table 3: D-H parameters used for link 7

Xii



Figure 2.1:
Figure 3.1:
Figure 3.2:
Figure 3.3:
Figure 3.4:
Figure 3.5:
Figure 3.6:
Figure 3.7:

Figure 3.8:

LIST OF FIGURES

The representation of turning and gear Pairs. .........c.cceeeveveveerieereeseennnnn, 11
The GRM MECNANISM. ......coviiiiiiiie e 15
Mechanism associated digraph. .........ccccovvveviiieiieeie e 16
Spanning tree of the digraph.........cccooveviiie i 17
Fundamental CYCIES .........coveiiiieiiee e 18
T-T graph of the mechanisSm. ...........cccccocviieiieii e, 40
Equivalent open-loop chain of sample mechanism..............ccccceevinennen. 45
Joint coordinates used for end-effector ..., 46
Joint coordinates used for HNK 7.........ccocooeiiiineiieee e, 51

Xiii



Oc 1

3D

ct

LIST OF SYMBOLS/ABBREVIATIONS

Zero-column matrix

Three dimensional

Position matrix in terms of tooth ratio

Joint offset length

Co-tree

Cycle basis matrix

Cycle space

Number of gear (meshing) pairs/number of dash edges/number of
chords/number of fundamental cycles

Matroid digraph

Orthogonal direction-cosine matrix
Translational displacement

Pitch diameter of gear i

Pitch diameter of gear j

Set of edges/degree of freedom (input velocities)
A chord from co-tree

Matrix associated with arcs

Matrix associated with chords

Distance vector between ¢ and k

Skew symmetric of I,

Input link (vertex)

Tooth ratio

Xiv



(i,5)k)
Lk
M1, M2,

and M3
M k

Output link (vertex)
Number of joints/number of directed edges/carrier arm (transfer
vertex)

The gear pair and its carrier arm
x-component of u?
Input actuators
y-component of U}
Set of nodes

Number of teeth of gear i

Number of teeth of gear j
z-component of U}

Gear ratio
Number of links and number of nodes
Starting node of a directed edge

End node of a directed edge

x-component of r?,

Position matrix

General homogenous position sub-matrix
y-component of r.,
z-component of r?,

General homogenous orientation sub-matrix

Rank of cucle-basis matrix/number of outputs (unknown variables)

position vector ofZ,

Twist matrix

XV



Spanning tree matrix

General homogenous transformation matrix
Spanning tree

transpose operation

Number of turning pairs and number of continuous edges
Identity matrix

Unit vector w.r.t. local z-axis

Unit vector w.r.t. base z-axis

Screw matrix (dual vector)

x-axis of relative motion (local frame)
y-axis of relative motion (local frame)

Path matrix

z-axis of relative motion (local frame)
Entry of path matrix

Joint twist angle

Reduced incidence node-edge matrix

Joint angle

Angular velocity variable

Twist intensities matrix

offset angles between z-axis of base and z-axes of turning axes

Vectorial form of angular velocity of link jw.r.t. link i
Angular velocity of link j w.r.t. link i

Angular velocity of link i w.r.t. carrier arm k

Angular velocity of link j w.r.t. carrier arm k

Absolute velocity matrix

XVi



Chapter 1

INTRODUCTION

1.1 Introduction

In recent decades, a number of methods and approaches i.e. either analytical or
graphical have been released for kinematic analysis of mechanisms including gear
systems. One of the widely used analytical methods for this kind of analysis is the
Willis inversion method of motion [1]. Tabular methods [2-4] which are generated
according to Willis’ inversion method are easier to some extent. Vector-loop
methods [5, 6] and matrix methods [7-9] can be also considered as examples of other

analytical methods.

On the other hand, a number of various graphical methods have been developed for
modeling of the geared mechanisms such as Signal Flow Graphs [10], Bond Graphs
[11-13], and Linear Graph representation [14-24]. Linear Graph model is widely
used as graph representation of geared systems such that links and joints are modeled
by vertices and edges respectively. Modeling based on graph representation is
performed for analysis and synthesis of gear trains. The analysis might be either
kinematic or dynamic or both of them and the synthesis is to create design models of
gear trains. These methods are useful for analyzing a mechanism (gear train) with
large number of links and joints as well as applying in computer algorithms. Indeed,
graph-based methods can be efficiently considered as computer and Artificial

Intelligent (Al) aided approaches for modeling of mechanisms [25-31]. By using



graph-based approaches, comparison of the results of kinematical analysis can be
done within stages of design. Gear mechanism’s atlases of design can be completely
created by graphical methods [32] which cannot be prepared by using other

approaches.

Some of the above mentioned methods (e.g. Willis inversion method of motion and
Tabular methods), in general, focus on input and output displacement and velocity
whereas the motions of the planet gears are not perceived. What’s more, these
methods have a lack of generality and they are just applicable to the gear trains
which consist of links with parallel axes of rotation i.e. Epicyclic Gear Trains
(EGTSs). Therefore, such gear trains which consist of links with non-parallel axes of
rotation i.e. Bevel Gear Trains (BGTs) cannot be analyzed by these methods and
kinematic analysis of these gear trains were excluded [6, 22] due to the complexity of
the three-dimensional motion of links. This motion is generated by two independent
rotations about two intersected axes plus a rotation of end-effector about its axis.
BGTs [33-40] are included in Geared Robotics Mechanisms (GRMs) [41] in order to
acquire any arbitrary orientation of the end-effector as well as increase the flexibility

of the structure by generating non-parallel axes of rotation.

Matroid Theory [42, 43] is one of the theoretical aspects in combinatorics which is a
branch of pure mathematics and it was released by Hassler Whitney [44]. In this
theory, linear algebra and graph theory are combined to generalize linear
independence in vector space. Matroid was applied to study of electrical and
mechanical systems [45]. By using the application of this theory, Talpasanu et al.
[46-49] introduced Matroid method to kinematic and dynamic analysis of mechanical

systems.



T-T Graph method is published by Uyguroglu et al. [50, 51] to overcome weaknesses
of non-oriented [15, 22, 35] and oriented graphs [52-54]. In this method, non-
oriented and oriented graphs are combined to analysis of geared mechanical systems.
In fact, by inserting the advantage of non-oriented graph technique which is to find
the carrier arm (transfer vertex) to the oriented graph technique, T-T graph method
was proposed. In the oriented graph method, arrows are used to indicate the terminal
ports between nodes as well as direction of a pair of meters for measuring a pair of
complementary terminal variables [52]. A pair of complementary terminal variables
is essential to represent the physical behavior of the mechanism [54]. The
complementary terminal variables are terminal across and terminal through variables
[52]. In mechanical systems, translational and rotational velocities are considered as
the terminal across variables and forces and moments are considered as the terminal

through variables.
1.2 Thesis Overview

This thesis is partitioned in four chapters:

= Chapter 1: by reviewing literature of previous works states some analytical and
graphical methods which are used in kinematic analysis of geared systems. Then, it
mentions about BGTs and GRMs and their benefits. Finally, it reviews previous
works on T-T Graph and Matroid methods, which will be compared.

= Chapter 2: the fundamentals and definitions of both methods will be defined in this
chapter as well as how it can be possible to model a geared mechanism by using
these methods.

= Chapter 3: in this chapter, first, the sample geared mechanism will be illustrated
and all links and joints will be defined. Then, kinematic analysis of this mechanism

will be done by applying two methods to it.



= Chapter 4: consists of comparison of results of both methods in addition to future

works.
1.3 Thesis Objectives

In this thesis by considering a geared system with large number of links and joints
first the kinematic analysis of this mechanism will be done by T-T Graph and
Matroid methods and then results of these methods will be compared with each
other. Besides, as will be explained and seen, Screw Theory and Denavit-Hartenberg
Convention will be applied to Matroid and T-T respectively because of obtaining
output velocities in vectorial forms thus these results also will be compared. Finally,

the advantages and disadvantages of both T-T Graph and Matroid will be outlined.



Chapter 2

GRAPH AND METHODS

2.1 Introduction

It is worthwhile to describe a mechanism as a linear graph in which links and
kinematic pairs correspond to vertices and edges respectively. Labeling of edges is
performed according to the type of pairing i.e. turning- or gear-pairs. In following
sections, fundamental parts of both methods will be discussed and then in chapter 3
(Mechanism and Kinematic Analysis) both methods will be applied to the desired

mechanism and the final results will be obtained.

In Section 2.2 of this chapter, Matroid method was expressed then T-T graph method
will be expressed in Section 2.3. Both methods use the fundamental definitions of
Graph Theory [47, 50]. However, Matroid Method uses Algebra and Matroid Theory
beside this [49]. There exist some definitions which are applicable in both methods
so first we define all of them in Matroid method and in T-T Graph method wherever

they are needed we will refer to Matroid part.

In addition, in both methods for defining all the final results as the vectorial
quantities and distinguishing special cases we must use other theories as well, since
graph-theoretic approaches give generic information. In fact, in Matroid method the
initial steps are just some fundamentals definitions which are developed according to

Graph and Algebra. So, for kinematic analysis Pliicker coordinates and Screw theory



[55] is applied as a method to obtain final result. In T-T Graph method, although the
kinematic analysis is performed in initial steps, the results are not in the vectorial
form (the scalar of the results is obtained). Hence, the Denavit-Hartenberg
Convention [56] will be used in this method to define the results in the vectorial form
[51, 54].

2.2 Matroid Method

2.2.1 Labeling Links and Joints
In each mechanical structure, there are n number of links and k number of joints. For
labeling [47], following steps are considered:
I. Functional schematic:
a) Start from ground link (reference link) and 0 is assigned to this link.
b) For other links i.e. gears and transform arms (carriers), we use 1, 2,..., n as labels.
c) For labeling joints, we label k =t + ¢ pairs (t is the number of turning pairs and c
is the number of gear pairs). n+1,.., n+t labels are considered for turning pairs and
n+1+t,...,n+k labels are considered for gear pairs.
[l. Digraph:
a) Reference link is dedicated by node 0.
b) Other links are illustrated by labeled nodes from 1, 2,..., n.
c) Solid arrows are used to show turning pair joints.
d) Dash lines are used to express gear pair joints.
These steps will be applied on sample mechanism in Section 3.2.1 and associated

digraph will be shown in Figure 3.2.

For each structure, there exists a digraph, defined N = (D, E), which has a collection

of n+1 nodes (one node for reference link and n nodes for links). This collection is



illustrated as N (D) = {0, 1, 2,..., n}. These nodes are connected by k directed edges,

E(D)={n+1,...,n+t,n+1+t,...n+k} [42, 47]. Turning pairs are represented by t

directed edges and gear pairs are represented by c directed dash edges, k =t +c..

Each set [tail,head] of nodes is assigned to a k directed edge which is an oriented

arrow from n.;, to n,., , for instance in Figure 3.2, edge 10 assigns to set [0,1].

According to fundamental definitions of Matroid theory, in mechanisms with the
large number of links (nodes) and joints (edges), there exist some rules to find
independent cycles. Although in sample mechanism, Figure 3.1, matroid theory is
used, application of this theory is discussed rather than pure theoretical aspects.
Therefore, by avoiding to pass the theory of Matroid, for finding independent cycle
set, it will be sufficient to refer to Section 2.2.2.

2.2.2 Path, Spanning Tree and Fundamental Cycles

A sequence of nodes and edges where all nodes are different is defined as a Path. The
path is called Cycle (circuit) if the last node coincides with the first one (each cycle
is started from dash edge). In digraph D, by cutting the edges related to c gear pairs
one could obtain spanning tree i.e. every node lies in the tree without any circuits
(cycles). Edges of the digraph are divided into two sets, Tree (T) and Co-tree (B).
E(T) and E(B) sets contain arcs (turning pairs’ edges which belong to spanning tree)
which are labeled from n+1to n+k —c and chords (gear pairs’ edges which do not
belong to spanning tree) which are labeled from n+k —c+1 to n+Kk respectively

[22, 23].

Since the edges are partitioned into arcs and chords (solid and dash lines respectively

in Figure 3.2) and if e is one of the chords from Co-tree set then T U{e} contains a



Fundamental Cycle (circuit). Adding each chord from Co-tree to Spanning tree
separately will form the basis, C, for cycle space. So, other combination and
possibilities of circuits will be linearly dependent to this basis. For each mechanism
with n nodes and k edges (the spanning tree which is made up of arcs will have n
nodes and n—1 edges) there will be ¢ chords (gear pairs) as well as ¢ fundamental
cycles according to Euler’s formula [46]:

c=k—-n (2.1)
2.2.3 Incidence Node-Edge Matrix
In the oriented graph, the Incidence Node-Edge matrix I'° is a (n+1)xk matrix.
For each edge k there will be —1,0,and +1 entries [23]. If edge enters node, the entry
will be +1, it will be —1 if edge leaves node and otherwise it will be zero. In other
words, each column will have just two entries related to two nodes which are
connected with each other by respective edge and summation of entries is always
equal to zero in each column. Columns and rows in Incidence matrix indicate joints
and links respectively. It can be observed that in Incidence matrix rows are
dependent. That is, by deleting the first row other rows will be independent. The first
row can be acquired in terms of other rows’ entries. It means, in each column if there

is —land +1, the entry of first row in that column will be zero. It will be —1or+1 if
in related column there is +1or—1 respectively.

2.2.4 Reduced Incidence Node-Edge Matrix

Deleting the row which is related to the ground link (link 0) from incident matrix

I will be result in the Reduced Incidence Node-Edge matrix. This matrix is divided
into two sub-matrices because k =t +c andt =n:

r=[G iG] (22)

where G isan nxN matrix, which is associated with the arcs, and its columns are



labeled as the turning pairs (edges related to spanning tree) and an N XC matrix G~
which is associated with the chords, and its columns are labeled as the gear pairs
(edges related to co-tree) of the mechanism.

2.2.5 Path Matrix

Path matrix Z [49] is a t xn matrix and because t =n so it is a square matrix. This
matrix comes from the spanning tree, where turning pair t and link n is presented in
each row (the edge of spanning tree) and each column (the node of spanning tree)
respectively. Here, again, z, . can be —1,0,and+1. Spanning tree consists of paths
which are made up of edges related to turning pairs. As a result, if edge t belongs to
one of these paths which are started from node n toward the ground link and its

orientation is the same as path’s direction, z, , becomes +1. If it belongs to the path

but the orientation is opposite, z, , becomes —1. z, , =0 if edge does not belong to

the related path. The path matrix will be used for determining the link absolute
angular velocities. There exist following relations which are important for the
kinematic analysis of the mechanism [46]:

ZG=GZ=-U and ZG =G'Z =-U (2.3
2.2.6 Spanning Tree Matrix and Cycle Basis Matrix
The Spanning Tree matrix [23, 47] is denoted by T_,, , each fundamental cycle has
its own row and the t turning pairs are considered as the columns. This matrix is
obtained by product of G and path matrix:

T=G".Z (2.4)

C... is the Cycle Basis matrix, each fundamental cycle and each directed edge are

denoted in corresponding row and column respectively. As k =t +c, this matrix



has two sub-matrices: T

ot With the turning pairs (arcs) as columns’ labels (tree’s

edges) and unit matrix U_ . with the gear pairs (chords) as columns’ labels (co-tree’s

edges):

C=[T U] (2.5)

In each row of C, non-zero components indicate the edges which belong to the
corresponding cycle. These elements can be positive, negative, and zero. +1 entries
are related to the edges which have the same orientation as the cycle direction (in
each fundamental cycle, cycle direction is determined according to the orientation of
chord which exists in that cycle). Edges which their orientation is opposite of the
cycle direction will have —1 entries. O entries are for those edges which do not
belong to the cycle.

2.3 T-T Graph Method

2.3.1 Labeling Links, Joints, and Axes of Rotation
By using the following steps the labeling of a mechanism with n number of links and
k number of joints will be done in T-T Graph method [50]:

I. Functional schematic:
1) Ground link is numbered by 0.
2) Links are numbered from 1 to n.
3) a, b, c,... are considered as labels of the turning pairs’ axes.

Il. Digraph:
1) Vertex 0O refers to reference base.
2) Each link is represented by corresponding numbered vertex.

3) Turning pair is labeled by @;; and the label of axis location are indicated by

oriented heavy edge. This edge orients from output vertex (link) j to input one i as

10



shown in Figure 2.1.

4) Gear mesh and corresponding carrier arm is labeled by @ andwj and

represented by oriented light edge which orients from vertices i and j to transfer

vertex (carrier arm) k as shown in Figure 2.1.

——

j

J

Figure 2.1: The representation of turning and gear pairs.

The labeling steps of T-T Graph method will be applied on sample mechanism in
Section 3.3.1 and associated digraph will be shown in Figure 3.5.

2.3.2 Fundamental Circuits and Transfer Vertices

In this method, directed heavy lines which represent the turning pairs make a tree
(spanning tree) and called tree branches while directed light line which indicate the
gear pairs constitute a complementary tree (co-tree) and called chords [52] (geared
edges). In fact, a unique spanning tree will be acquired by deleting all chords from
the graph. Therefore, by adding the chords one by one to the spanning tree
fundamental circuits will be obtained. In other words, each fundamental circuit (f-

circuit) contains one chord (gear pair or meshing joint) so the number of f-circuits is

11



equal to the number of chords (gear pairs or meshing joints). In spanning tree a
sequence of vertices which are connected by edges is called a path such that all

vertices must be different (refer to Section 2.2.2 for more details).

Determination of transfer vertex (carrier arm) in this method [50] is so important in
order to obtain the terminal equations and make the procedure of analysis faster than
Matroid. For doing this, after labeling the axes of turning pairs, by moving on each
path of the spanning tree and go from starting vertex to the end vertex through
branches, the transfer vertex will be determined. Indeed, a vertex is called transfer
vertex such that the level of edges of one side is different from the level of edges of
other side. Note that, there must exist a transfer vertex in each f-circuit. (i, j)(k)
indicates a gear pair and its carrier arm where i and j are the vertices of the gear pair
and Kk is the transfer vertex.
2.3.3 Terminal Equations and Coaxial Conditions
For kinematic analysis of any gear train (included bevel gear) the terminal equations
can be utilized [52, 54]. As explained above, let set (i, ] )(k) be the gear pair and its
carrier arm then the terminal equation can be derived as follows:

(i,J)(k): o =£N ;0 (2.6)

where @, and w;, represent the angular velocities of gears i and j respectively w.r.t

the carrier arm k and N ; is the gear ratio between those gears:

N;( d
Niizﬁ =9 (2.7)

where N (d;)andN; (d;) are the number of teeth (or pitch diameter) of gears j and

i. This ratio will be positive or negative according to the right-hand-screw rule. That
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is, this ratio will be negative if clock-wise rotation of input gear i w.r.t carrier arm
yields a counter clock-wise rotation of output gear j and it will be positive if clock-
wise rotation of input gear i w.r.t carrier arm yields a clock-wise rotation of output

gear j. Following relations are defined for all gears i and j:

@D =—@.. and N. = (28)

1

1j ji ij N ;

The coaxial condition [35] is used for further kinematic analysis. Consider p, g, and r
as three coaxial links then by following condition the relative angular velocities

amongst these links can be obtained:

W, =0, —O0 (2.9)

Pq pr ar

where @,, denotes the angular velocity of link p w.r.t link q.
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Chapter 3

MECHANISM AND KINEMATIC ANALYSIS

3.1 The Mechanism

In this chapter, Geared Robotic Mechanism (GRM) is considered as an example.
GRMs are closed-loop configurations which are used to reduce the mass and inertia
of the actuators’ loads. Gear trains in GRMs are employed such that actuators can be
placed as closely as possible to the base. Figure 3.1 shows functional schematic of
desired GRM. It is a 3-DOF (Degree of Freedom) mechanism which has the same
movement as arm and wrist. It is observed that links and joints (gear train) are used
to transmit the rotation of the inputs to the end effector. The motion of end effector is
produced by links 4, 5, and 6 as inputs. The end effector is attached to link 3 and
carried by link 2. The rotation of link 3 is caused by M3 through 6 and 7 links and
the rotation of links 1 and 2 is made by M1 through link 4 and M2 through link 5

respectively.
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Figure 3.1: The GRM mechanism.

3.2 Kinematic Analysis using Matroid Method

3.2.1 Matroid Digraph and Corresponding Matrices
The mechanism in Figure 3.1 consists of n =7 links and k =11 joints which the

connections between links are supplied by turning and meshing joints. The following
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labeling which is assigned to links and joints of sample mechanism is used in
Matroid method:

e 0 isassigned to ground link.

e 1,2 3,4,5,6,and 7 are assigned to gears and carriers.

e 8,9 10,11, 12, 13, 14, 15, 16, 17, and 18 are assigned to joints.

In this mechanism 4, 5, and 6 are sun gears (input links), 1 and 2 are carriers and
3,7,and7” are planet gears. There exist joints such that 8, 9, 10, 11, 12, 13, and 14
are turning pairs’ labels (t =7) and 15, 16, 17, and 18 are gear pairs’ labels (c =4).
The labeling of this mechanism which is used in Matroid method is illustrated in the

Figure 3.2:

Figure 3.2: Mechanism associated digraph.

There is the corresponding digraph to mechanism in Figure 3.2.
N (D)={0,1,2,3,4,5,6,7} is the set of nodes of this digraph with 7 nodes (1, 2, 3, 4,
5, 6, and 7) attached to the n =7 mobile links and one node (0) attached to the
ground. These nodes are connected to each other by k =11 directed edges which 8,
9,10,11, 12,13, and 14, t =7, are related to turning pairs and 15, 16, 17, and 18,

c =4, correspond to gear pairs.
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The pair set of E(D)={[0,1],[0,4],[0,5].[1 2].[L 6],[2,3],[2, 7], [L. 41.[5, 21.[6, 71, [7. 3]}

is assigned to the set of directed edgesE (D) ={8,9,10,11,12,13,14,15,16,17,18}. In
order to interpret relative angular velocities between links easily, each edge is
oriented from its lower-level node to higher-level one. In other words, it is better that
all edges connected to node O are oriented away from this node (8, 9, and 10 are
away from node 0) and edges which are assigned to carriers and planets oriented
toward the nodes (e.g. 13 and 14 are oriented toward 7 and 3 respectively) though it

is possible for the directed edges to orient arbitrarily.

The spanning tree of sample mechanism which was defined in Section 2.2.2 is

illustrated in Figure 3.3 corresponding to Figure 3.2.

Figure 3.3: Spanning tree of the digraph

For sample mechanism and its digraph, the spanning tree has
N (T)={0,12,3,4,56,7} and E (T )={8,9,10,11,12,13,14} sets and the co-tree has
E(B)=E(D)-E( )={1516,17,18} set. There exist fundamental cycle set
C(D)={C4,C,.C,;,C} which has c =4 cycles corresponding to meshing (transfer)
joints. Fundamental cycles of desired mechanism are shown in Figure 3.4. That is,

C,. ={15,8,10},C,, ={16,12,10,9}, C,, ={17,13,12,11}, C, ={18,14,13}.
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Figure 3.4: Fundamental cycles

In the following the matrices which are defined in the Section 2.2 are acquired and
after that the procedure of Matroid method and the kinematic analysis of desired
mechanism using this method will be shown.

For the digraph in Figure 3.2 the Incidence Node-Edge Matrix and the Reduced
Incidence Node-Edge Matrix are:

8 9 10 11 12 13 14 15 16 17 18

N T 2 2 R A
05[-1 -1 -1 0 0 0 0 0 0 0 0]
150 0 1 -1-1 0 0 1 0 0 0
20 0 0 0 1 -1-1 0 1 0 0
0. 30 0 0000 1 00 0 1
451 0 0 0 0 0 0 -1 0 0 0
550 1 0 0 0 0 0 0 -1 0 0
6> 0 0 0 1 0 0 0 0 0 -1 0 (3.1)
750 0 0 0 0 1 0 0 0 1 -1
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3.2)

0
1 -1 -1

1 -1 -1

0

0

0

0

The Path Matrix for the spanning tree in Figure 3.3 is:

N 2 2R

3.3)

0

0
0

0 -1 -1

0

0
-1
0
0

-1

-1

8- 0

9> 0

0—>1-1 1
Z=11-| ¢

12—>| o

13—| 0

14—| o

Finally, the Spanning Tree and the Cycle Basis Matrices of sample mechanism are:

8 9 10 11 12 13 14
A 2 2 R R

(3.4)

0
0
0
1

0
-1

1 -1 -1
0

9 10 11 12 13 14 15 16 17 18

R 2 2 2 2 R

8

(3.5)

0 0
0 O

0
1

0 -1
1 -1

1
0
0
0

{

C15 —>
ClG —

C=

0

1 -1 -1 0

0
0

0
0

C17 -

ClB v
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3.2.2 Screw Theory and Equations for Relative Angular Velocities of Turning

Pairs
Screw matrix [55] (dual vector) ﬂg’k defines spatial displacement which is a

combination of rotation about a line and translation along the same line. Indeed, z,

axis of relative motion will be considered as the line which will define the geometry
of each axis. This is a six-dimensional (6x1 column matrix) vector which is

constructed by a pair of 3D vectors i.e. linear velocity and angular velocity.
A~ Q0 uk H \
Uk = 0 :(Lk M, Ny | P Qc,k R. ) (3.6)
c.k

Along each pair, the local frame (X,,Y,,Z,) is selected in terms of the orientation

of z, and they have unit vector u :(O 0 1)T with respect to their local z-axis and

unit vector u(k’:(Lk M, Nk)T w.rt base z-axis (reference frame). The

orientation of each z, (first vector in screw) can be obtained as follows:
up =D -U (3.7)

where D, is transformation Matrix (orthogonal direction-cosine matrix):

CoSp, . COS@, ,  COSQ,
Dy, =|C0S¢, , COSp, ,  COSQ, . (3.8)
cosg, , COSp, . COSQ,

After finding all angles between coordinates, D,, can be defined as a pure rotational

matrix about x-axes:

1 0 0
Dy, =|0 cosgp, —sing, (3.9
0 sing, cosg,

where @, are offset angles between z-axis of base and z-axes of turning axes.
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Since unit vectors w.r.t local z-axis (local frame) have the form:

u=(0 0 1y (3.10)

Then from Eq. (3.9) unit vectors w.r.t base z-axis (reference frame) will have the

form:
W=(L, M, N (3.11)
where L, =0;M, =-sing, ;N, =cos¢, since the U vector just has z component

s0 just third column of D, matrix is valid for u; vector.

r’. is the position vector ofz, (second vector in screw) and can be acquired as

below:

e =l xug (3.12)

c,
The distance vectors 1, (a lower index shows that I has orientation from c to k and

upper one indicates that this orientation is w.r.t. base) can be calculated by Eq (3.13):

Xc,k Xk Xc
Lo =] Yeu |=| Vi |—| Yo (3.13)
Zc,k Zk Zc

where X, =0 since all rotations are done about x-axis so there does not exist any

displacement along this axis.

Then from Eq. (3.12) and (3.13), one can conclude that:
.
rco,k = (Pc,k Qc,k Rc,k ) (314)
Since the ., vector is denoted as the cross product of Ifyk and uﬁ , by using the skew

symmetric matrix of 1], i.e. iCO,k and multiply it by u, vector P,,,Q,, and R_,

can be calculated as follows:
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0 “Zew Yok Ly “Z M +y Ny
Ico,k '“g =| Zck 0 —Xex | M k | = e Lk _Xc,kN k (3.15)
_yc,k Xc,k Nk _yc,kLk +Xc,kMk
So
P« =2, Sing +Yy,, COSQ, (3.16)

Since M, =-sing, and N, =cosg and Q. =R, =0 since L, =x., =0.

(X, Y,Z,) trinaries are function of d, (gear pitch diameters) and A, (distances)

which are measured between the gears and the fixed frame origins.

For the desired mechanism in Figure 3.1, the components of screw, which are

defined above, are specified in terms of d, (n=1234,56,7,and 7") and

A, (n=12, and 3) as below and the pairs’ coordinates for the sample GRM with 4

cycles are indicated in Table 1. Angles between fixed frame’s z-axis and z-axes of

revolute pairs are: @, =@, =¢,, =¢,; =0 and @, =@, =@, =-90°. So unit vectors

of revolute joints w.r.t reference frame can be obtained by Eq. (3.7):
u=ul=ul=u%=(0 0 1) and u®=u%=u%=(0 1 0).

Along each cycle, by using Table 1 and Eq. (3.16) the coefficients P, are defined as

follows:

CycleC,;:

Pisg =Z155SIN@, + Y154 COS @y = Z,54(SIN(0)) + Y5 5(c0s(0))

d4

= 215,8(0)+ yls,s(l) =Yi58=Ys Y5 = _?

I:)15,10 =Z510 sing,, + Y1510 C0S Py =7 1519 (sin(0)) + Yis10 (cos(0))

d
=Z3510 0)+ Y1510 D= Yis5:0= Y10~ Y15 = El

P15,15 =0: Yis15 andz 1515 — 0;
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CycleCy:

P16,9 =Zge sing, + Y160 COSPy =744 (sin(0)) + Y69 (cos(0))
d

= 216,9(0) +Yieo L= Yiso =Yoo~ Yi6 = ?5

P16,10 =Z610 sing,, + Y1610 COS@y =Z 1419 (sin(0)) + Y1610 (cos(0))
d

=Z 1610 (0)+ Y1610 Q= Y610 = Y10 Y16 = ?5

P12 = Z1612 SIN @, + Y161, COS P, =2 141, (SIN(=907)) + Y 14,, (COS(-907))
d

=Z1612 =D+ Yis (0)=-z 1612 =216 212 = _72

P16,16 =0: Y1616 andz 1616 — 0;
CycleC,,:

P17,11 =Zyn sing,, + Y1711C08@ =Z 4744 (sin(=907)) + Yizu (cos(-90%))
d
=1z 17,11(_1) + y17,11(0) =—Zpyn=2y L= 76
P17,12 =Zy12 sing,, + Y1712C08 @, =245, (sin(—90°)) + Yi712 (cos(-907))
d
=Zy10 D+ Y1712 (0)=-z 1712 =217 L = ?6

P13 =Z1713SIN @3 + Y 17,3C0S @, =7 1, 15(SIN(0)) + Y 47,5(c0s(0))
- 217,13(0) + y17,13(1) =Y =YY = _?7
Prir =01y pandz;,; =0;

CycleCy:

Pis1s = Z1813 sing,; + Y1813 COS P53 =Z 4,4 (sin(0)) + Y1813 (cos(0))

- 21843(0) + y18,13(1) =Yi13= Y13 Y5 = _?7

Pig1s =Z1514 sing, + Y1814 COS Py =Z 15,4 (sin(=90)) + Y1814 (cos(—907))
d

= 218v14(_1) + y18,14(0) == 18,14 = 218 _214 = —?3

P18,18 =0: Yis1s andz 1818 — 0
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Table 1: Coordinates of turning and gear pairs
8 9 10 11 12 13 14 15 16 17 18
X, 0 0 0 0 0 0 0 0 0 0 0
—(d, +d —d —d d. d;
Y, @ +dy)/ 0 0 B, B, 0 B, A A A A
d d d d
z, 0 0 A, - % A, A, A, A, 0 A=Y | A+ % A, - %




After expressing all of the turning pairs screws, it is necessary to define velocity
variables (G =0 or d'), for each revolute pair. In sample mechanism which is shown

in Figure 3.1, because there exists just pure rotational displacement without any

translational movement in mechanism’s components (gears and carriers), there will

be just angular velocity ék . Furthermore, pitch, which is stated as a ratio between the

angular and linear velocities, will be zero. 6, is defined as a scalar which measures

the rotational movement of the head link w.r.t tail link.

Twist about each screw points out the velocity as an angular velocity around the
screw and linear velocity along the screw. The product between screw and velocity

variables can be defined as a twist:

) u® . 0
8 =0° .0 =| —*—|.0 = —X— 3.17
‘ Bl (Ig,k Xuﬁ J ‘ ng,k x 6, } ( )

It can be noticed that in Eq. (3.17) there exist a dual vector. First is an angular
velocity (rotation about screw) and second is linear velocity (sliding motion along

screw). These two vectors are orthogonal to each other thus the projection of the

linear part along the screw is zero and then the pitch will be zero as well. gk,l in Eq.

(3.18) is twist intensities k x1 matrix which its entries are relative velocities of

turning and gear pairs:

0,,= 4 3.18
vy (3.18)

This matrix can be divided into two sub-matrices, one for entries related to turning
pairs Ht and the other for entries corresponding to gear pairs éc. Since k edges
indicate the relative movement between the tail link and head so angular velocities of

pairs can be:
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0, =0 (3.19)

T Npead /Myl

In Figure 3.1, for example, the twist intensities matrix is

o . . o o o . o Vo o o o T
el:l.,l = (08 09 910 011 012 913 914 i 915 916 917 918 ) (320)
. . N . N . . - T . . . . - \T
where 6 =(6, 6, 6, 6, 6, 6, 6,) and 0.=(6, 6 6, 6,) are

revolute and gear pairs twist intensities respectively. In addition, pairs’ velocities are:

98 = 94/0 ;99 = é5/0 ;‘910 = 91/0 ;911 = 96/1 :
912 = 92/1 ;913 = 97/2 ;914 = 93/2 ;915 = .1/4 )
916 = ‘92/5 ;917 = ‘97/6 ;‘918 = ‘93/7-

(3.21)

By applying Hadamard entry-wise product on cycle-basis C and screw agyk matrices

given by Eq. (3.5) and (3.6), which have same dimension, Eq. (3.22) is obtained
which is pointed out the relative angular velocities equations:

[C-0l,1-0,,=0,, (3.22)
where O, is a column matrix with all zero entries. For sample mechanism in Figure

3.1, these equations are defined in Eq. (3.23):
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The orthogonality conditions for relative velocities and relative velocity moments

must be satisfied in order to Eq. (3.23) holds true:
e The sum of ék (twist intensities) in each cycle in the cycle basis must equal to

ZEro.

0
tail

Since 0, =, —®2, so in each cycle each absolute velocity o, and o, will
appear twice with opposite sign so the sum will be zero.

According to orthogonality condition for relative velocities, Eq. (3.24) can be written
for sample mechanism in Figure 3.1. As it was discussed in Section 3.2, the desired
mechanism has 4 fundamental circuits hence Eqg. (3.24) can just express equations of
these f-circuits such that each row illustrates relations between the relative angular
velocities of turning pairs and gear pair corresponding to each cycle. Actually, if the
relative angular velocity of gear pairs at the contact point of two gears is desired, it

will be necessary to use Eq. (3.24) in order to acquire these velocities in terms of

input angular velocities.
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e The sum of IS’k x0, (moments of relative velocities) in each cycle in the cycle

basis must equal to zero w.r.t gear pair c.

Since the sum of twist intensities, according to previous condition, is zero in each
cycle so 8, can be defined as the resultant twist of the turning twists 0, . Because 12,
of the twist resultant is zero so the moment of that will be zero as well. Therefore, the
sum of the moment of the turning twists will be also zero.

Again, according to orthogonality condition for moments of relative velocities, Eq.

(3.25) can be written for desired mechanism in Figure 3.1.
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In Eq. (3.25) according to Eq. (3.15) all Q,, and R, entries will be zero and from
Eq. (3.13) P15, Pgier Pryrrand Py o =0 as well.

3.2.3 Independent Equations for Relative Velocities of Turning Pairs

The Eq. (3.25) can be written in the following form:

0
[P | Oc,c]'(-;f}(oc) (3.26)

As it was shown above, by Hadamard entry-wise product of cycle-basis and screw

matrices, relative angular velocities are obtained. After substituting the parameters,

the [ P, | O, | is acquired which has two sub-matrices: the ¢ xt Coefficient matrix
P and the ¢ x ¢ zero matrix. Here, the coefficient matrix is defined as following:
P =[To0y ] (3.27)

where T and () are ¢ xt spanning tree and screw matrices defined in Eq. (3.4) and

(3.6) respectively.

By row-column operations, one can obtain independent equations for relative angular
velocities of only turning pairs. Since rank of Matroid is invariant to these
operations, ¢ independent equations are made by them. Deleting columns and rows

with all zero entries as row-column operations are allowed for any Matroid. In Eq.

(3.25), by deleting zero rows where are related to Q_, andR_, entries and zero

columns 15, 16, 17, and 18 and corresponding éc entries, Eq. (3.26) can be

simplified to the following form:
[P..]-6)=(0,) (3.28)

For sample mechanism in Figure 3.1, Eq. (3.28) can be written as follows:
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0,
[ Pus 0 Py O 0 0 0 1% | (o
7
0 Pie 1610 0 —Pis 1 0 0 . 0.10 _ 0 (3.29)
0 0 0 I:)17,11 1712 _P17,13 0 911 0
0 0 0 0 0 P18,13 _P18,14 91 i 0
- - s
O,

Eq. (3.29) is a final result for independent equations of relative angular velocities and

P

ct

are scalar coefficients. These equations have an analogy with Willis equations

but Willis equations are used in absolute angular velocities as scalar equations.

Substituting values of P, in Eq. (3.29) yields below equations which express

relative velocities in terms of pitch diameter d, :

d

T T R
2 2 0,
. 0
0 ds  _ds 0 d, 0 0 0, 0
2 2 d (21 ) ld, |5 (3.30)
o o o 2 % L g4
2 2 2 9.12 0
o o o o o -9 9 9-13
L 2 2 | \by

Since Eq. (3.30) is written in terms of pitch diameters, one can point it out as

functions of tooth ratio. It is a positive number for each meshing joint c. Indeed, in

digraph D it is weight of edge c where tail and head links are connected together:
(3.31)

where N~ and dn[ are the number of teeth and pitch diameter of input gear and N

and d, are related to output gear. Each row of the P,, matrix contains two pitch

diameters one related input gear of gear pair and the other related to output gear of

gear pair (according to dash line in each cycle). For writing this matrix in terms of

33



tooth ratio, each row must be divided by the pitch diameter of the output gear (the
head node of the dash line in each cycle).

In Figure 3.1, for instance, following tooth ratios can be defined:

o

. . d. . d. . d’y
i :_4;| :_5;| =_6;| —_7 (332)
15 L 16 d2 17 7[ 18 d3

3.2.4 Solution of Relative Velocities of Turning Pairs

Eq. (3.30) can be written in terms of tooth ratio so A, matrix is obtained:

(A ](6.)=(0,) (3.33)
According to Kutzbach criterion [46], the total number of Degree of Freedom (DOF)
is expressed in Eq. (3.34):

E=3n-2t-r (3.34)
where 3n is the total number of mobility and each turning joint and gear pair has one
and two DOF respectively. As a result, in the case of gear trains because t =n, Eq.
(3.34) will be

E=n-r (3.35)
Eq. (3.35) states that there is a relation between DOF (E) i.e. input velocities
(known variables), turning pairs (t =n) and the rank of cycle-basis matrix (r) i.e.
output velocities (unknown variables). In other words, from Eq. (3.35), it can be
concluded that the number of turning pairs is equal to the summation of DOF and
rank of cycle-basis matrix. In fact, in each mechanism, the number of input and
output variables must be equal to the number of DOF and rank of C matrix
respectively. In the sample mechanism, Figure 3.1, as it was said in Section 3.2 the
number of input and output velocities are 3 and 4 respectively. Now, this statement

can be verified since E =3 andt=n=7and r =4.
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According to the relations between number of links, fundamental cycles and DOF,

Eqg. (3.33) can be partitioned as following:

(Ae A, ]((;—Ej:(or) (3.36)
Hence, solutions for output relative velocities ¢, can be defined as functions of input
relative velocities 0. :

(6.)=-[A,]"[Ac](0¢ ) (3.37)
Note that in digraph D, Figure 3.2, according to labeling since 8, 9, and 11 edges are
considered as inputs, and outputs are determined by other edges i.e. 10, 12, 13, and

14, the order of third and fourth columns in A matrix and third and fourth rows in

0 vector must be changed as in Eq. (3.38):

6,
i, 0 0!-1 0 0 O gg 0
: 11
0 +ig 0 -, +1 0 0 1|2 0 (3.38)
0O 0 +i,: 0 -, +1 0 H.lo 0
0 0 0 0 0 -, +1 12 0
O
914
6, -1 0 0 0] [+ O O p
Op|_ |-y +1 0 0 0+ _ 9.8 (3:39)
6, 0 -, +1 0 0 0 +i, 0.9 '
6, 0 0 -i, +1 o o0 o |\*
G| | s 0 ° e
9}2 _ __l 1-6| 1_5 _" 1-6 O ) 9'9 (3. 40)
913 —l7li6lss —l7l e —ly; ;
t914 _i18i17i16i15 _i18il7i16 _i18il7 .

Eqg. (3.40) expresses the equations of output relative angular velocities in terms of

input relative angular velocities. In the next section (Section 3.2.5), these equations
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are used to determine absolute angular velocities of links.

3.2.5 Links Absolute Angular Velocities

®° is 3nx1 Absolute Velocity Matrix which has n vectorial entries (each entry is a

n

3-component vector) equal to the number of links.

T
([)0:(0)](-) 0)2 “ee (00)

n

(o o of |op oF o |-|of o o
The entries of this matrix are the absolute velocities of links (vertices of digraph) of
the mechanism (gears, carriers, and planets) w.r.t. reference frame. The differences

between absolute velocities of head links w; relative to tail links o, yield relative
velocities, :
0, =0’ - (3.42)

For desired mechanism:

.
0 _ 0 0 0 0 0 0 0
® —(‘”1 0, 0, 0, O o co7)

y 7

(el @ o o o op e e op e o op|el o of|ef of of|ef of o)
(3.43)

Each absolute velocity @’ is produced by summing the relative velocities of turning
pairs t which exist in path n from node 0 to node n. By using path matrix Z, Eq.
(3.3), and relative velocities of turning pairs, ét , the absolute velocity matrix can be
calculated as in Eq. (3.44):
o) =—[Z" ouf]-(6,) (3.44)
It is necessary to note that because links (nodes of digraph) velocities are desired, Z'
as an nxt transposed matrix of Z, which connects the nodes-edges of spanning

tree, is used. Moreover, since absolute velocities are vectorial quantities, Hadamard
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entry-wise product of Z' and unit vectors ut0 defined in Eq. (3.7) (orientation of z-

axis of each turning pair) is applied in order to determine that which relative
velocities can have effect on each of absolute velocities and in which orientation
w.r.t. fixed frame.

For Figure 3.1:

o) [0 0 ul 0 0 0 0](6
) 0 0 uy 0 u), 0 0]]86
@] 0 0 ug 0 uy 0 ui||6
=y 0 0 0 0 0 0|6, (3.45)
0N 0O uw 0 0 0 0 0]|6,
N 0 0 u) uy 0 0 0]|6b,
@) [0 0 ug 0 uy ug O | O,

By solving these equations vectorial absolute velocity of each link can be obtained:
e Angular velocity of ink 1 w.r.t. link O: it has just z-component in terms of 98
a)lo :ulooém

0
= 0910
1

(3.46)

Il
TN
L
H O O
m%'
~

e Angular velocity of link 2 w.r.t. link O: it has y-component in terms of 98 and 99

and also z-component in terms of just 98

0_ .04 04
@, =UypB, +U;,0,

0 0
016,+| 1|6,
BRY
0
[iwilsés - imég}
_ilsés
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e Angular velocity of link 3 w.r.t. linkO0: it has y-component in terms of 6’8, ég , and
6,, and also z-component in terms of just 6,

0_.,04 04 0 4
O —U10910 +u12012 +u14‘914

) 0 " (3.48)
=0 910"' 1 ‘912+ 1 914
1 0 0

0

= _i16i15 (i18i17 +1)98 - ilﬁ (_i18i17 +1)99 - i18i170'11

_|15‘98

e Angular velocity of link 4 w.r.t. link O : it is one of input velocity (98)
w! =udé,

0 (3.49)
k

e Angular velocity of link 5 w.r.t. link O: it is one of input velocity (99)

0_ .04
@5 =Uq0,

0 (3.50)
=| 016,

1

0
3

0y

e Angular velocity of link 6 w.r.t. link O: it has y-component in terms of just 911 and

also z-component in terms of just 98
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00/ 0
@5 =U;,0, +Up,0),

o0, (351)
=10|6,+| 116,
1 0
0
= 911
_i1598

e Angular velocity of link 7 w.r.t. link O: it has y-component in terms of 98 and 99

and also z-component in terms of input velocities (6, ,6,, and 6,,)

0_ .04 04 0,
@y =U;8hy +Up,0, +U3,0,

0 0 0 (3.52)
=10|6,+| 1|6,+| 0|6,
1 0 1
0

_|16|1508 _|1609
s (|l7|16 +1)98 - |17|l669 - I17011

3.3 Kinematic Analysis Using T-T Graph

3.3.1 T-T Graph and Unkown Angular Velocities

The functional representation of sample mechanism is illustrated in Figure 3.1 this
mechanism has 7 links(n =7), 7 turning pairs and 4 gear pairs(k =11). In each
mechanism the number of links must be equal to the number of turning pairs. The
labeling procedure of the T-T Graph method on the desired mechanism results in:

o 0 is assigned to the reference link.

e Linksare numbered as 1, 2, 3, 4,5, 6, and 7.

39



e Turning pairs are indicated by @ ,@ ,@ @ ,0 ,® ,and @  labels.
10 40 50 217 61 72 32

e Gear meshes and related carrier arms are labeled by

/ ! U4 U4 U n U U
0,0 ,0 0,0 0 0 ,ad o .
10 40 217 51 62 72 72 32

Figure 3.5: T-T graph of the mechanism.

In the following the paths (there exist more paths in this graph but for finding the
transfer vertex, those paths where demonstrate the change in the level of axis
location are considered) of the T-T graph, which is illustrated in Figure 3.5, are

expressed so in this graph the transfer vertices are:

e Path1 (4—2—>0—2-1): vertex O (pair axes a, b),

e Path2 (5—2>0—>1—->2): vertex 1 (pair axes b, c),

e Path3 (6——>1—>2—157): vertex 2 (pair axes c, d),

e Path 4(7%2%3): vertex 2 (pair axes d, e).

The sets of gear pair and corresponding  carrier arm  are
(4,2(0), (5,2)(1), (6,7)(2), and (7,3)(2) and the axis locations of the turning pairs
are as follows:

e Axis a: pair 0—4,
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e AXisc:pairsl-2and1-6,

e Axisd:pair 2—-7,

e Axis e: pair 2-3.

As it was discussed above, the sample mechanism shown in Figure 3.1 contains four
gear pairs. In a systematic way, the transfer vertices related to these gear pairs are
acquired from Figure 3.5. As a result, following terminal equations, which express

the angular velocities of the gears w.r.t. carrier arms, can be defined:

/ N !
(4.1)(0) : 0 = —N—l @ (3.53)
4
o N 2
5.2 w5 = N Wy, (3.54)
5
. n N 7’ n
(6,7)(2): 0, = _N_ W, (3.55)
6
. rm N 3 rm
(7,3)(2) : 0y = N w5, (3.56)
7

As it was discussed in Section 2.3.3, by applying the right-hand-screw rule, the ratio
IS negative in the Eq. (3.53) to (3.55) since a positive rotation of input gear produces
a negative rotation of output gear. While, in Eq. (3.56), ratio is positive because a
positive rotation of input gear yields a positive rotation of output gear.

According to coaxial condition and Figure 3.5, it can be stated that:

5, = Oy — Wy (3.57)
Wy = Wy — Dy (3.58)
Wy = Wy (3.59)
@}, = Wy, (3.60)
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Wy = Wy (3.61)

W, = @, (3.62)
Wy = @, (3.63)
ol = @y, (3.64)

It is observed that Eq. (3.57) to (3.64) are circuit equations which can be written
from the graph directly and also Eq. (3.57) and (3.58) can be stated according to

coaxial condition.

In the T-T graph shown in Figure 3.5, @, ,®, ,®,, and @,, are unknown angular

velocities which can be obtained in terms of @,,,®.,, and a,,; as inputs by using Eq.

(3.53) to (3.64). Eq. (3.53) to (3.56) indicate the inputs angular velocities in terms of
output ones in gear pairs. In order to find unknown velocities in terms of inputs it is

necessary to change the order of these equations by using Eq. (2.8):

@y =-N 4o (3.65)
@y =-N g, (3.66)
wr, =N g (3.67)
W =N 0] 369
where N, :%,N52 :%,NW :%ande = E;.
| 2 7 3

Unknown velocities are obtained as follows:
Substituting Eq. (3.59) and (3.60) into Eq. (3.65) yields:
@y ==N ;0 (3.69)

Substituting Eq. (3.57), (3.61) and (3.69) into Eq. (3.66) gives:
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@y = =N g (w5 — @)

=—-N g5 + N0,
@y =N g5 =N N 0, (3.70)
Substituting Eq. (3.62), (3.58) and (3.70) into Eq. (3.67) results in:

@, =—N o (05, — @,,)
=-N 67 W1 T N 67 o1

=—N g @5 + N . (=N g0, =N ;,N ,,0,)
@, =—N g0 —N N g0, =N N N 0, (3.71)
Substituting Eq. (3.63), (3.64), and (3.71) into Eq. (3.68) yields:

@5, =N 7,00,

=N 73 (=N g7 @5 =N ;N 5,005 =N ;N 5,N ,;0,)
@y = =N 75N 705 =N 75N N 5,05 =N 75N o, N ;)N 00, (3.72)
In above equations, unknown angular velocities were defined in terms of inputs

velocities and gear ratios. In the following, these velocities are indicated in the

matrix form in terms of inputs and gear ratios:

Wy —N 0 0 o

Do | _ —Ng,N N, 0 ) a):z (3.73)
2 —-N 7"3N 67'N 52N 41 —-N 7"3N 67'N 52 -N 7"3N 67’ ©

27 -N 67'N 52N 41 -N 67'N 52 —-N 67' o

For better comparison of results in T-T Graph and Matroid, same notations are used

for gear ratios as tooth ratios which were defined in Section 3.2.3.

'15:N41! |16:N52' |l7:N67'and |18:N7”3 (3.74)
@y, —i 0 0 w”
.. . 40
1) =l —I 0
21 16'15 16
= C e e . P .. ° a)so (375)
2 —liglizliel s —liglizlse —lyglyy
P P - a)61
Wr, li7higlis ST Y
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3.3.2 Denavit-Hartenberg (D-H) Convention

Up to here, kinematic analysis is done by using T-T Graph method and the unknown
velocities are calculated in magnitude form. So by using these results and the D-H
convention [56] more general analysis will be done in the following and unknown
absolute velocities will be obtained in vectorial form rather than scalar form. Eq.

(3.76) indicates the General Homogenous Transformation Matrix, i*1'I'i, which is

utilized as a tool for defining link 1 w.r.t link i —1 in the D-H convention:

cosd;, —sing;,cose;, sing;,sine;, ;8,;,0086 (3.76)
Singi,i—l cosd,; ,Cose ; 4 _Cosei,i—lsinai,i—l:ai,i—lsinei,i—l

0 sing; ; cosa; Coodg
0 0 0 1

As it is observed from Eg. (3.76), the '™'T, is made up of two submatrices: 'R,

which is 3x3matrix indicating the orientation of link i w.r.t link i —1 and '*P
which is 3x1 matrix indicating the position of link I w.r.t link i —1. Rotational

submatrix is just used for kinematic analysis of sample mechanism so just ''R, will

be used instead of ''T, as transformation matrix. D-H parameters, 8, d, a, and «,

are introduced as follows:

e 0, :jointangle measured from X;_, axis to X; axis about Z;_; axis,
e d,,,:translational displacement along Z;_; axis,

e &, :joint offset length along common normal between z;; and Z;,

e @ ;:joint twist angle measured from z; , axis to Z; axis about X, ; axis.
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3.3.3 Equivalent Open-Loop Chain and Joint Coordinates

However, for dynamic analysis the entire functional schematic of mechanism must
be considered because the mass center of the rigid body is important, it is sufficient
that using equivalent open-loop chain for kinematic analysis since kinematic
parameters are the same on the all points of the rigid body. This chain consists of the
mechanical parts (i.e. turning pairs) which have effect on the orientation and position
of the end-effector. Figure 3.6 indicates equivalent open-loop chain, which is used

for defining joint coordinates, of the sample mechanism in Figure 3.1.

®

o T

\C

Figure 3.6: Equivalent open-loop chain of sample mechanism

According to Figure 3.6, joint coordinates can be defined. These coordinates are
applied to the joints (turning pairs) and demonstrate the orientation of x-axes and z-
axes, which are used in obtaining D-H parameters, of the joint. It is remarkable to
mention that for open-loop chain shown in Figure 3.6, there exists a special case of

joint coordinates for link 7 as it will be discussed in Section 3.3.5 and illustrated in
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Figure 3.8. In Figure 3.7, joint coordinates which are applied for determining D-H

parameters is illustrated. Also, these parameters are specified in Table 2.

ZH

|

|

|
Zb,l

ke

Figure 3.7: Joint coordinates used for end-effector

3.3.4 Applying D-H Convention
According to D-H convention and as shown in Figure 3.7, the sample mechanism

shown in Figure 3.1 has three main joint variables. These joint variables are defined
as follows:

e & :joint angle between link 1 w.r.t link 0 (6,,),

e 0, joint angle between link 2 w.r.t link 1 (6,,),
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e 0, joint angle between link 3 w.r.t link 2 (6,,).

Table 2: D-H parameters used for end-effector

0 d a a

1 6 A, 0 -90°
0, -90° 0 A,-A 0

6, +90° 0 0 +90°

By inserting parameters from Table 2 into Eq. (3.76), all transformation matrices

corresponding to Figure 3.7 can be determined as follows:
e Link1lw.rtlink0: 8,=6,d,,=A,,a,=0, and ¢, =90

cosd, 0 -sing O
sing, 0 cosg O
A

T, = 3.77
=0 4 0 A (3.77)
0 0 0 1
e Link2w.rtlink1: 6,,=6,-90",d,,=0,4a, =A,—A,and a,, =0
sing, cosd, 0 (A,—A)sing,
—cosé, sing, 0 —(A,—A)cosé.
1T2 — 2 2 ( 3 l) 2 (3.78)
0 0o 1 0
0 0 0 1

Transformation matrix of link 2 w.r.t link 0 is produced by pre-multiplying Eg.
(3.77) to Eq. (3.78):

cosé sing, cosg cosd, —sing, (A,—A;)cosé sing,
sing;sing, sing,cosd, cosd —(A,—A))sing;siné,
cos 6, —-siné, 0 (A;—A,)cosb, + A,

0 0 0 1

T, = (3.79)

e Link3w.rtlink2: 6,=6,+90",d, =0, a, =0, and a,, =+90°
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—-sing, 0 coség, O
cosd, 0 sing, O
T, = : 3 (3.80)
0 1 0 O
0 0 O 1

Post-multiplying of Eq. (3.79) by Eq. (3.80) results in transformation matrix of link 3
w.r.t link2:

cosg, cos(6, +6,) —sin@, cosd;sin(0,+06;) (A,—A,)cosé sind,
o1 _ siné, cos(6, +6,) cosé, singsin(0,+6,) —(A;—A))sing sing, (3.81)

: —sin(6, +6,) 0 cos(6, +6,) (A, —A)cosb, +A,
0 0 0 1

As it was discussed at the first of Chapter 3, the GRM shown in Figure 3.1 has three

input angular velocities (three DOF) as follows:

0 0 0
o,=| 0 |,0,=| 0 |and®,, =| O (3.82)
Wy Wy Wy

These velocities are produced by 6,,, 6,,, and 6, which are joint angles of link 4

w.r.tlink 0, link 5 w.r.t link 0 and link 6 w.r.t link1 respectively. Eq. (3.82) illustrates
these angular velocities in vectorial form and as it is observed, these inputs just have
a component in their local z-axis. In other words, links 4, 5, and 6 just rotates about
their local z-axis (i.e. joint angels of these links have just z-component w.r.t their

local z-axis).

Figure 3.7 indicates unknown joint anglesé (i =1, 2, and,3). Unknown angular
velocities @,,, ®,,, and ®,, correspond to &, &,, and 6, respectively. Note that,

however in Section 3.2.4 ®,, was considered as an unknown angular velocity, it is

not necessary to consider any unknown joint angle (unknown angular velocity) for
link 7. Because this link is an intermediate link (gear) and it does not have any effect

on the calculation of the end-effector’s velocity. In fact, by referring to Figure 3.6, it
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can be observed that just links 3, 2, and 1 (i.e. "®,,, "®,,, and *®,,) have effect on the

orientation and position of the end-effector. But for better comparison of methods,

absolute velocity of link 7 will be obtained as it will be shown in Section 3.3.5 and
@, will be considered as the joint angle of this link. It is significant to mention that

these unknown angular velocities have just z-component w.r.t their local z-axes as it

is observed in Eq. (3.83).

0 0 0 0
o,=/ 0 |,0,=| 0 |,0,= 0 [andw,,=| O (3.83)
27 @,y W3, W7,

In the following, by using 'R, matrices as rotational submatrices of ' T, which are

defined above, and input angular velocities, first the unknown angular velocities will
be obtained w.r.t reference frame and then all the links velocities can be obtained

w.r.t base coordinate frame in the vectorial form:

0(7)10 =0,= 0 (3.84)

It is clear that °@,, has just z-component w.r.t base since link 1 has just rotation

about its local z-axis and this axis is parallel to the base z-axis.

cos¢y 0 —sing |( O —-sin 6 w,,
‘@, =R,-®, =|sing, 0 cosd, |-| 0 |=| cosbm, (3.85)
0 -1 0 |lay, 0

Since just 6, has effect on orientation of °®,, and changes of this angle will change

the orientation of °®,, in X, Y, plane so it has only x and y components w.r.t the

base.
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cosd,sing, cosé cosd, —sing |( 0 —sinb,m,,
°®,, =R, -®, =|sing,sind, sind cosd, cosh, |-| 0 |=| cosbw, | (3.86)
cos 6, -siné, 0 s, 0
It is obvious that 6, does not have any effect on “®,, and changes of this angle

cannot make any change in the orientation of *@,,. While, changes of 6, will change

the orientation of °®,, in X, Y, plane so it has only x and y components w.r.t the

base.
In Eq. (3.84) to Eq. (3.86), the unknown angular velocities were calculated. In the

rest, the links absolute velocities w.r.t the base will be obtained.

0 0
o ="®,=| 0 |=| O (3.87)
Wy —i1500
—sin6,w,, 0 —sin 6,w,,
o) =0, +®,=| cosbw, |+| 0 |=| cosGw,
0 Wy Wy

—SIN G, (—1 41,50, —115005,)

=| COSG(—iy5l 150, —1;505) (3.88)
150y
—-sing,w,, —-sin 6w, 0 —sin g, (e, + @,)
o) =0, + 0, +°®,=| cosbw, |+| cosOw, |+| 0 |=| cosé (w,+m,)
0 0 wy, Wy

=SIN 0, (1 16l 15 (1 15l 17 + Do =116 (i 16l 17 +Dwgo =1 161 1,05
=| €08 G, (—i 6l y5 (115117 + 1)@y =15 (i1l 17 + D)5 =1 16l ;0,) (3.89)

—l15@y
In Eqg. (3.88) and Eq. (3.89), if the rest position (6, =0) is considered, the results in

these equations will be the same as the results in Eq. (3.47) and Eqg. (3.48)

respectively.
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3.3.5 Different Case of Link 7
Since the end-effector in the desired mechanism is attached to the link 3, it will be
adequate to obtain the velocity of the link 3. As it was mentioned in Section 3.3.4

and according to Eq. (3.89), angular velocity of link 3 is made up of
°®,,, "0, and "®,,. Hence, it is well observed that link 7 has not any effect on

velocity of end-effector. Figure 3.1 illustrates that link 7 is just used as an
intermediate link to transfer input angular velocity from M3 to link 3. Therefore, the
z-axis of the link 3 w.r.t. link 2 is parallel to the z-axis of link 2 w.r.t. link 1. As a
result, in all of possible cases of displacements of the mechanism’s links these to z-
axes are parallel to each other (as indicated in Figure 3.7). Though these two z-axes

are parallel, the z-axis of the link 7 w.r.t. link 2 is perpendicular to them. That is,

there exists +90° twist angle from z-axis of link 2 to z-axis of link 7 and —90° twist
angle from z-axis of link 7 to link 3 (as indicated in Figure 3.8 and Table 3). This is
the main reason to consider different joint coordinates and D-H parameters for link 7

as defined in Figure 3.8 and Table 3.
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Figure 3.8: Joint coordinates used for link 7
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Consequently, by referring to Figure 3.5, it can be noticed that the angular velocity of

link 7 w.r.t. 0 (@9) is comprised of°®@.,, °®,,, and "®,,. °®,, is same as Eq. (3.84)
since z-axis of link 1 is parallel to z-axis of the base and °®,, is same as Eq. (3.85)
since same D-H parameters in both Table 2 and Table 3 are used in obtaining °R,.

Thus, it will be sufficient to pre-multiplying 'R, by ®., to obtain °®., as follows:

Table 3: D-H parameters used for link 7

0 d a a
6, A, 0 -90°
6, A, -A 0 +90°
o, d, 0 0

e Link1lw.rtlink0: 6,=6,,d,=A,,a,=0,and ¢, =90’

cos¢, 0 -—sing O
- sing, 0 cosg, £

= 3.90
10 -1 o0 . (3.90)
0 0 0 1
e Link2w.rt. link0: 6,,=6,,d,=A,-A,,a,=0,and a,, =+90’
cosd, 0 -sind, 0
sind, 0 cosé 0
T, = ? ? (3.91)
0 1 0 A, -A,
0 O 0 1

Pre-multiplying Eq. (3.91) by Eq. (3.90) yields transformation matrix of link 2 w.r.t

link O:
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cosg cosfd, -—sing, cosésingd, —(A,—A,)sing,
T, - sin el_sin 6, cos¢ singsing, (A,—A))cosé, (3.92)
-sin g, 0 cos 6, A

0 0 0 1

0

e Link7w.rtlink2: 6,=6,,d, =d,,a,=0,and «,, =0

cosd, -—sing, 0
2_I__sin07 cosd, O
1
0

3.93
=l e o (399)

0 0

d

z

1

Post-multiplying Eq. (3.92) by Eqg. (3.93) results in transformation matrix of link 7

w.r.t link O:

cos, cosb, cosd, —sing;sind, —sing,cosd, —cos@cosd,sing, cosdsing, sing, (A, —A,)+d,cosgsing,
sin g, cosé, cosd, +cos sind, cosd,cosd, —singcosd,sing, singsing, d,singsing, —cosé, (A, —A;)
—sin @, cos o, sing,siné, cos 0, A.d, cosé,
0 0 0 1

OT:

7

(3.94)
By using °R2 which is rotational sub-matrix of Eg. (3.92) and pre-multiplying it by
®,, from Eq. (3.83), first °®,, and then ®3 will be obtained as follows:

0 (cos@sing,)aw,,
| 0 |=| (singsiné,)w,,
2

cosd, cos @, cosd; —sin g sind, —sing,cosd, —cos@cosb,sing, cosbsing,
°®,, =R, -®,, =| sin6, cos @, cos b, +cosé,sind, coshcosh, —sindcosdsing,  sindsing,

-sin g, cosé, sing,siné, cos 6, , (cos8,),,
(3.95)
cosfsinb,m,, | (—sinbw,, 0 cosésinb,w,, —sin 6w,
o) =0, + 0, + 0, =| sindsinb,w,, |+| cosbw, |+| 0 |=|sindsinb,w,, +cosbw,
cos 0,@,, 0 @y, cos 0,@,, + @,

—i s (c0sG;sinG,i,; —sin6,) (i 50,0 + Wy ) — COS O, SINO,i ;00
=| —i(sing,sinb,i,, +c0s0,)(i s, + @sy ) —SiNG, SiN O, 05, (3.96)
—i 15 (COS B,i ;i1 +1) @,y —COS B i s, — COS i 1,05,

By considering the rest position i.e. 6, =6, =0, the results in Eq. (3.96) will be the

same as the results in Eqg. (3.52).
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Chapter 4

CONCLUSIONS

4.1 Conclusions

In this thesis Matroid and T-T Graph methods, which are based on Graph Theory are
considered for the kinematic analysis of geared robotic mechanism. Both methods
use directed graphs. In Matroid method, links are represented by nodes (vertices) and
revolute pairs and gear pairs are represented by bold and dash lines, respectively. The
graph lines show only the kinematic structure of the mechanism and do not carry any
other information. The incident and path matrices are obtained from the graph and
cycle bases matrix is derived from these matrices. On the other hand, each line in T-
T graph represents the terminal graph of the joint or gear pairs and therefore carries a
pair of information (angular velocity and torque). The fundamental circuit or

fundamental cut-set equations can be obtained from the T-T graph very easily.

Matroid method, on the one hand, by combining Graph Theory and Algebra yields a
long procedure since a number of matrices must be acquired. On the other hand,
these matrices can be used for expressing any mechanism in more details. This
method would be able to find the correct sign of teeth ratio (i.e. positive or negative
sign) in a systematic way by using cycle matrix and pitch diameters. Matroid method
does not use transfer vertex and therefore the determination of this vertex is not
important in this method. In fact, the cycle bases in matroid are defined directly from

associated graph and f-circuit equations are written from upper vector in dual vector
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while these equations are not used in any step of analysis. By contrast, In T-T
method, in order to write the terminal equations of the gear pairs, the transfer vertices
should be determined by labeling the rotation axes. By using terminal equations and
f-circuit equations, which are obtained from the graph, the kinematic equations of the
mechanism are obtained. Determination of teeth ratio’s sign is the main challenge of
T-T because this sign is determined according to rotation of output link w.r.t. input
link by using right-hand-screw. Finding correct sign of teeth ratio is so important
since this ratio has effect in terminal equation. If the sign was not determined
correctly, there exists a sign problem in final results. T-T method, however, not only
is useful for modeling and analyzing of robotics mechanisms but also can be used to
model and analyze any physical and dynamical systems. This is the main advantage

of T-T method.

Since some of the velocities in the geared robotic mechanism are not scalar and they
are vectorial quantities, Matroid uses Plicker coordinates and Screw theory to
determine these quantities. On the other hand T-T method uses either Network
Model Approach developed by Tokad or D-H convention. D-H convention was used
in this thesis. If the results of D-H convention and Matroid method are compared, it

is seen than Matroid method obtains the kinematic equations of the mechanisms in

rest position (6 =0and for special case 6, =6,=0). However, the equations

obtained from the D-H conventions are more general. That means, all possible

rotations and positions of the mechanism are considered.
4.2 Future Works

As it was mentioned above, determining the sign of the gear ratio is a significant

challenge in T-T Graph Method. In Matroid the sign of this ratio will be obtained
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systematically according to Cycle-Basis matrix and gears’ diameter whereas in
another method this determination must be done according to Right-Hand-Screw rule
manually. As a result, T-T Graph Method can be developed by inserting a systematic
procedure in which the sign of gear ratio is determined. T-T Graph method not only
can be considered as a powerful graphical method in kinematic and dynamic analysis
of geared systems but also it will be able to speed up computer algorithms, which are
used in modeling and simulation, if we can modify its challange. Hence, developing
and applying this method as computer aided approach can be regarded as another

future work.
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