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ABSTRACT

This thesis reviews some features of the PDM Lagrangians. We reach the mapping of
the PDM equation into a unit-mass Lagrangian in the generalized coordinates by the
insertion of a nonlocal point transformation. The invariance of the PDM Euler-
Lagrange equations under specific conditions is proved. We analyze the dynamical
equations obeyed by nonlinear oscillator systems with position-dependent mass. Four
classes of such examples with PDM-nonlinear oscillators are specified. They include
Mathews-Lakshmanan oscillators, a quadratic nonlinear oscillator, a Morse-type
oscillator, and a nonlinear deformation of an isotonic oscillator. Attainment among
them the mapping of an isotonic nonlinear oscillator into a PDM deformed isotonic

oscillator.

Keywords: classical position-dependent mass, nonlocal point transformation, Euler-

Lagrange equations invariance.



Oz

Bu tez, PDM Lagrangian’larin bazi oOzelliklerini gozden geg¢irmektedir. PDM
denkleminin genellestirilmis koordinatlarda bir birim kiitle Lagrangian’t seklinde
eslenebilmesine, lokal olmayan nokta doniisiimii ile ulastik. Belirli kosullar atinda
PDM Euler-Lagrange denklemlerinin degismezligi kanitlanmistir. Biz dinamik
denklemleri analiz ederek konuma bagh kitlelerle birlikte dogrusal olmayan osilator
sistemleri arasindaki uyumuna baktik. PDM dogrusal olmayan osilatorleri dort sinifta
ornekledik. Bunlar, Mathews-Lakshman osilatorleri, kuadratik dogrusal olmayan
osilatdr, Morse-tipi osilator ve dogrusal olmayan deformasyonlu izotonik osilatorii
icermektedir. Ayrica, izotonik dogrusal olmayan osilatoriin PDM defrome izotonik

osilatoriine eslenmesine de eristik.

Anahtar kelimeler: Klasik pozisyon bagimli kitle, yerel olmayan nokta doniisiimii,

Euler-Lagrange denklemlerinin degismezligi
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Chapter 1

INTRODUCTION

Recently, we have seen a new direction in the description of physical systems with
position-dependent mass (PDM). Where the PDM equations provide a smooth
dealing with issues as electronic characteristics of semiconductors, energy density
many-body problems and quantum dots. This direction started from the last few
decades in quantum mechanical systems with the von Roos PDM Hamiltonian [2].
The insertion of the PDM in the Lagrangian equation is very interesting because the
Lagrange equation has a mass that is a function of position. This interest in
mathematical and classical sides increased since Mathews and Lakshmanan worked
on the equation of motion with PDM [1]. Despite the reality that the familiar
Lagrange equations can be immediately applied to systems with mechanical
properties of the mass that is explicitly dependent on time, where there is invariance
with respect to that type of probability. This is different if the mass is dependent on

position.

In the study of O. Mustafa [9], it has been illustrated that by the nonlocal point

transformation from the coordinate g onto the coordinate x, where this
. A . . ox dq .
transformation is invertible (l. € 3q 0+ 5), we protect the equality between the

Euler-Lagrange equations and Newton’s laws of motion. The insertion of the PDM
into Euler-Lagrange equation would result to conserve the quasi-linear momentum
I(x, %) = m(x)x where (I1(x,%) = y(x,,%,) and II(x,x) = 0), but the linear

1



momentum p(x,x) = m(x)x is not conserved, where (p(x,x) # po(xy,X,) and

p(x, %) # 0).

As a result for the Newton’s equation of motion

_dp(x,x)

F(x,x) It

1
=m(x)¥ + Em’(x)fcz

would introduce a new PDM-byproducted reaction-type force into Newton’s

equation

F(x,%) = Fpee(x) + Rppy (%),

where Rppy (x) = m'(0)x% m'(x) == and % ==

dx

Finally, the total energy is remaining conservative.

1.1 Position-dependent mass Lagrangians

To illustrate the objective, let is assume a particle with mass m(x) which is clearly

dependent on a position x. The particle has a kinetic energy T = %m(x)a‘cz, and it

moves in a potential force field V(x). Therefore, the Lagrange equation can be

expressed simply as

ngmuMZ—Vu)

The Euler-Lagrange equation

d(aL) aL_O
dt \ax ax

with equation (1.1), result that

4 (aL) =m(x)¥ + m'(x)x?,

at \ax
oL 1, . 2 aV(x)
—=-m'(x)x* ———,
ox 2 () 0x

2
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(1.2)

(1.3)

(1.4)



And

.. lm'(x) .2 1 av(x)
2 m(x) m(x) Jx o

0. (1.5)

By nature, the equation (1.5) is invariant under some specified transformations.
Furthermore, it is a second order differential equation of Liénard-type [15-17], it is
quadratic in velocity, and it has interesting symmetry properties to make challenges

in physics and mathematics.

Actually, the notion of PDM might constitute a deformity of the position dependent
mass. It leads to deform the potential force field as well. To clear that, let the PDM
m(x) = myM(x) (m, is a constant with dimension of mass) moves in potential force

field

V(x) = %m(x)a)zxz.

We can write the harmonic oscillator field like
V(x) = %mOM(x)wzxZ -V = %mowzuz; u=+MQ0)x.
Now, V(u) can be considered as the mass-deformed potential corresponding to the

constant-mass m.

The plan of the thesis is as following. Chapter 2 introduces a nonlocal point
transformation for the PDM equation in generalized coordinates. We work on a
constant unit-mass classical particle in a general coordinate (q,t), where 7 is a
deformed-time, and the particle moves in a potential field V' (q). And we reach the
condition that the Euler-Lagrange equation is invariant. Then, the oscillator-

linearization is discussed in the structure of PDM for the Euler-Lagrange equation.



We start chapter 3 with applying the oscillator-linearization to a PDM-nonlinear
oscillator. Starting with Mathews Lakshmanan PDM-nonlinear oscillators at three
cases and plotting phase space trajectory using the Maple software. After that, we
looked to PDM particles that have a quadratic and a Morse-type nonlinear oscillator
equations of motion, and get their figures, respectively. Furthermore, we close this
chapter with mapping of an isotonic nonlinear-oscillator by using our nonlinear
transformation into a PDM isotonic deformed nonlinear-oscillator. The conclusions

are given in Chapter 4.



Chapter 2

NONLOCAL POINT TRANSFORMATION AND EULER-
LAGRANGE INVARIANCE

Let us start with unit-mass classical particle that moves in a system of the general
coordinates (g, ), where 7 is a time-rescaled and q as a spatially function. The

potential field is a force function on g, and the Lagrange equation is written as

~ ~ ~ d
L(q.§7) =53 - V(g §=3. (2.1)

The application of Euler-Lagrange equation,

d (oL oL
(5~ 3 =0, @2
Results
oL _ ~ d = _ 4 (dq) _ d’q
2 q = E(q) T dr (dr) T dr? (23)
oL _ av(q)
3= " aq (2.4)
and

d?q | oV(q) _

Now, to work out this nonlinear differential equation we need to define a point

transformation to change it to a linear equation. That is, let us define

q=qx) =f g(x)dx,

T=[f@)dt > = =) #0; x=x(t) (2.6)



Applying this transformations (2.6) on equation (2.5), with starting by take derivative

of the equations

d d d .
a=Vgl), =f), =%
dq _ ~ _JgWdx _ {gx) .
ar 97 rwar T rw X (2.7)
and
d’q _ 1 . dg(x) ax) . df (x)
o= Sl (F 2 4 R S ) - /g L2 (28)

To find those derivatives we have to use the chain rule. To obtain

dz_q:@{,Hl(M_ZM) ‘2}

drz  f%(x) 2\g®) fe0) (2.9)
(g _ a_Va_x _ 1 9v(x)
dq  9xdq Vgkx) ox (2.10)
Equations (2.9) and (2.10) into the equation (2.5) imply
v (910 @Y 2 SF®OVE)
x+2(ww zﬂ@)x TP =0, (2.11)
To find the identification between equations (2.11) and (1.5), let us define
g(x) =m(x)f3(x) » § = x/m(x), (2.12)
To obtain
2 = £ (m@)f2(x) > g'(x) = m' (@) + 2mG)f (O f' (), (2.13)
g'x®) _ m' @@ 4 g m@f (Of'(x)
gx) g(x) g) '
and
m’(x) — gl(x) -2 f’(x). (214)
m(x) gx) fx)



Put equation (2.14) into the equation (2.11) to get the equation (1.5). This result
means the position-dependent mass Euler-Lagrange equation (2.5) is invariance with

the point transformation (2.6). So

(4(x) = f JaGdx)

L(C[, q'T) = %qz - V(C[) 4 g(x) B m(X)f (X) re L(x, X, t)
T= ff(x) dt
\ §=xym(x) )
= ~m(x)x? — V(). (2.15)

Herein, we must pay attention to the transformation that we have used. It is only an

especial part of the so called generalized Sundman transformation [19-23]

OF(x,t)

Z =F(x,t), dY = G(x,t)dt, F'(x,t)G(x,t) #0; F'(x,t) = v

(2.16)

Corresponding with equation (2.6) we see that
Z=qx), G(xt)=f(x), Y=1 F(xt)= J Jmx)f(x)dx,

F'(x,t)G(x,t) = ym(x)f(x)? # 0. (2.17)

This relation is an illustration that our transformation could be applied to transform
the nonlinear differential equation to a linear type in order to be able to solve it. That
is, in fact, the spirit of the generalized Sundman transformation.

2.1 Linearizing Euler-Lagrange Equation with PDM

Again, let us assume a unit mass particle moving in some general coordinates and a
deformed time, and the potential field is an oscillator force field. The Lagrange

oscillator equation is given



~ 1. 1
L(q,q,7) =53° —;w?q>.

When we apply the Euler-Lagrange equation (2.2) we get

d (dq d%q oL 2
—_ (—) = —2, — = —W q ,
dt \drt dt aq

Hence,
d’q 2, _
Tz Twq= 0.
The solution for this differential equation is known to be
q(t) = Acos(wt) + Bsin(wt) ,
Applying the boundary condition when q(0) = 4, say,

q(t) = Acos(wt + @) .

@ is just a phase shift.

Substitute the equation (2.9) into the equation (2.20), to get

VIO (o 1(9'C) o [/ 2 .
f2(x) {x+2(g(x) 2 f(x))x }"“U q(x) = 0.

Using the result (2.14) to obtain the

m@) g2 0 G

x+2m(x) mq(x)zo.

The correspondence between equation (1.5) and (2.24), leads to the condition

1 0v(x) _ w?f(x)

1 av(x)

m(x) dx  Jm(x) q(x) - q(x) - w2f(x)fmx) 9x

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



Consequently, we can clearly see that this relation between the system in the
generalized coordinate to the Cartesian coordinate system. To point out the quadratic
Liénard-type equations of nonlinear oscillator under appropriate conditions admit
Lagrangian characterization and show oscillatory action. In the next chapter, we

explain that by some examples.



Chapter 3

ILLUSTRATIVE EXAMPLES

Consider a class of PDM-nonlinear oscillators. All these dynamical systems are
straightforward applications of the classical Euler-Lagrange equation. Here, it is
important to confirm that in all of the examples considered below we have used
nonlocal point transformation in order to illustrate that they are exactly solvable and
invariant.

3.1 Mathews-Lakshmanan Oscillators

As a first example, let us discuss a particle with mass that depends on position. This
PDM-particle is moving in a nonlinear harmonic oscillator potential field (initially
suggested by Mathews and Lakshmanan). We analyze three various cases.

3.1.1 Oscillator I:

Let us choose f(x) = m(x), and the particle moving in harmonic oscillator field
given by the Lagrangian

L(x, %, 1) = 2m(x)i? — s m(x)w?x?. (3.1)

Using equation (2.25) we get

1) = 5 0fm@ (1+358x), (32)
If
f@) =m@) = (1+2122y), (33)

Then, one would obtain

10



q(x) = xym(x) .

To find m(x), we use

1m'(x)

1 +2 m(x)

x =m(x) > m'(x) = ~m)(m(x) - 1,

Integrating the differential equation we get

frwme = 215
Let
1 __ A B
mx)m-1)  m-1 m)’
to imply

Am(x) + Bm(x)—B=1->m(x)(A+B) =1+ B,
where A and B are two constants.

Choose B=—-1-mx)(A-1)=0-m(x) #0->A=1.

Then
1 1
f(m(x)—1 - m(x)) dm(x) = 2In(x) + In(c),
1-m@) _ 2
mx) ’

Therefore, the PDM-mass function with ¢ = +24 becomes

1
1+Ax2 ’

=>0.

m(x) =

So, the nonlocal point transformation above shows

(q(x) = xym(x))

1 1 ! (x):m3(x)L .
5 — A2 02,2 g L
L@@ =30 =394 < e 2 meoae | O EEHD
L G = xym(x)
_l(xz_wz 2).
T2 14Ax2 420

11

(3.4)

(3.5)

(3.6)

3.7

(3.8)

(3.9)

(3.10)

(3.11)



Apply the Euler-Lagrange equation (1.2)

4 (%) = £ men) = m@s +m' (@, (3.12)
== 2m'(0i? — om' (Dwx? - mE)wx, (3.13)

To get the dynamical equations of motion

. lm'(x) .2 2 lm’(x) _
x+2—m(x)x +w x(1+2—m(x) x)—O, (3.14)

Take into account equation (3.10) and substitute m(x) and m’(x) into the equation

(3.14), to obtain

w?x

v — Ax .2
X+ 1+Ax2 X+ 1+Ax2

=0. (3.15)

This equation is the Mathews-Lakshmanan oscillator equation. To solve it we choose

dx . dF  d®x
_&x_ ., aF_

F=—=x% il (3.16)
To get
21F -27x s —
Integration of both sides leads to
In(AF? + w?) = In(1 — 2x?) + In(c), (3.18)
dx _ (-1) ;. ~ _ <
— = to [— dt; ¢ = — (3.19)
G
We get from the Integration
(é-1) 1 é1 _ (é-1)
= COS ( D x) =t [S5t+o, (3.20)

X = ’% cos(wt\/E + CZ). (3.21)

12



Let us define the Integration constants as

(C;l) =A4, tw?=0% ¢, =g,
(¢-1) _ N 22 1 — f__ 1
i =A-—>¢—ACA 1—0—>C—(1_A2-i),

Finally, the solution reduces to

w?

_ 2 _
x(t) = Acos(Qt + @), 0=

Moreover, the linear momentum is

p(x) = m(x)x.
_ _ AQsin(Qt+g)
p(t) o 1+Ax2

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

In Fig.1 we plot p(t) vs. x(t) (i.e., the phase diagram) for different values of A,

for A = +1 (left) and 1 = —1 (right), taking ¢ = 0 and w = 1 [16,17].

e 1]

—
04 -06 S04 070> o4

h=-1

Figure 1: The phase trajectories in (p(t) vs. x(t)) plane for a Mathews-Lakshmanan

oscillator.
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In the figure on the left (A = +1) there is no asymptote for arbitrary values of the
position and momentum. The trajectories are soft curves which represent the
deformity on the trajectory phase of the harmonic oscillator. They seem symmetry
and have centralized circumferences at the origin. On the other hand, in the figure on
the right (A = —1) the behavior of the system is different, where there is a vertical
asymptote in the momentum values at case (A — +1), it can be observed that the
values of p(t) quickly increase while an x(t) tend to have limiting values.

3.1.2 Oscillator I1:

m'(x)
m(x)

Choose f(x) =§ where  # 0 is a constant, and the particle moves into a
potential field V(x) = %m(x)wzﬁz. The Lagrangian is shown as

L(x, %, 1) = 2m(x)i? — Zm(x)w? 2. (3.27)

Using equation (2.25)

_1 1 ' 2
q(x) = 5 sy M (0B, (3.28)
If we choose
_1m'()
f&) =300k (3.29)

and use the equation (2.6), we find

a(x) = [ mEOf (D)dx = B [ 772 = pm(). (3:30)

This, in turn, suggests the nonlocal point transformation

14



(q(x) = Bym(x))
gx) = pm )"
1 1 4
L(q,§,7) = qu —szqz = 'B:;l,?;gx) > L(x, %, t)
dt = E m(x) dt
\ §=xym(x) J
= %m(x)fcz —%m(x)wzﬁz. (3.31)

When we apply the Euler-Lagrange equation (1.2), we find

. lm'(x) .2 lm'(x) 2p2
x+2—m(x)x +2—m(x)w pc=0. (3.32)

We now compare equations (3.14) and (3.32) to solve for m(x)

w?x(1+ %’;’5‘; x) = %’:l'(%) w2 B2 (3.33)

x= %% (% —x%) > (ﬁzzfo) = 7:((;)) (3.34)

[E2 = [ 255 - In(m(x) = —In(8? - %) +In(0) (3.35)
m(x) = Bzixz (3.36)

1

Takec=p%?and A =F 7o 10 get
1
m(x) = ppwyes (3.37)
Equation (3.37) into the equation (3.32) implies
L= Ax .5 wix _ 71
It ot =0 /1—+B2,/120. (3.38)
This equation has the same form as that of (3.15) and has the exact solution
— 2 _ _ w?
x(t) = Acos(Qt+ ¢),Q0° = EVEN (3.39)

15



However, to obtain the oscillator equations of Mathews-Lakshmanan we can directly

use a group of four potential fields

-1

|( —m(x)w? form(x) =1/(1+x?)
V(x) = 4 1 m(x)w?; form(x) =1/(1— Ax?) (3.40)
L%m(x)wzxz; form(x) = 1/(1 + Ax?)

+N

in (1.5), (one potential at a particular time). That is almost completely associated to
the nature of the specified PDM equation.

3.1.3 A Shifted Oscillator Case

Now, let us choose f(x) = m(x), and the particle moves in a shifted harmonic

oscillator force field given by the Lagrangian

L(x, %,t) = 2m(x)i? — sm(x)w?(x + )2, (3.41)

Using equation (2.25) yields

4(0) = 5 (x + OYmG) (1 +32 (x +o> (3.42)
By choosing
f) = (1 $3D (4 z)) (3.43)
we obtain
g(x) = (x + OYymx) . (3.44)

To find m(x) we set f(x) = m(x) and use the equation (3.43)

1m (x)

fO) =142+ ) =mx) >m'(x) = m(x)(m(x) —1) (3.45)

(x +C)

| e (3.46)

m(x)(m(x)-1)

16



! >0. (3.47)

M) = gy 2

Then, the nonlocal point transformation comes as

(q(0) = G+ OYm(o))

S IR

g(x) = m®(x)
_ 1 (*¥*-0?x+0)?)
= e (3.48)
By apply the Euler-Lagrange equation (1.2) one obtains
.— A+ .o wi(x+l)
1A (x+0)? 1EA(x+0)2 (349)
With an exact solution
2
x(t) =Acos(Qt+ @) —(; Q2 =——01, (3.50)

T (14422

Here, it is easy to notice that the case of shifted Mathews-Lakshmanan is perfectly

symmetric to the first case, and we can get same results if the PDM in (3.47) moves
in the potential field V(x) = %m(x)a)zﬁz. So, we can note that the shifted oscillator

equations of Mathews-Lakshmanan (3.49) are acquired by taking the group of four

potential force fields

;—;m(x)a)z; form(x) =1/(1+ A(x + {)?)
V(ix) = ! :—;m(x)wz; form(x) =1/(1 - A(x +0? (3.51)

Lm(w?(e+ )% form(x) = 1/(1 £ A(x +0)?)

in (1.5) (one at a specific time).

17



3.2 A nonlinear quadratic PDM oscillator

Let us suggest f(x) = 1. Define a PDM particle moves in a harmonic oscillator

system with a potential field V(x) = —%m(X)(l‘f‘ZAX)(l + Ax)%. Then the

Lagrangian is

L(x,x,t) = —m(x)x + m(x)(l + 22x)(1 + Ax)2.

We have to introduce

q(x) = xm(x) /s = [ m()dx

dx m(x )3/ ()

In a straightforward manner we get

m( ) = (1+Ax)4 ’

This produces the nonlocal point transformation

q(x) = xm(x)"/a

1 1 _
Ua.qD =50 —gei = T TN
| g=2/mG )

= 1m0 (3 + S @+ 2201 +20?).

Using the equations (3.55) and (3.56) equation (1.2) we obtain

21
— %%+ a?x(1+ Ax) = 0; a? = w?

§—

With the solution [16,17]

18

dq(x) _ m(x )1/ +1 m(x) \/T) N 1+i77nn(x)x:

m(x) Ya

o L(x,x,t)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



_  Acos(attp) 1
x(t) = T incosatig)’ 0<AK< e (3.58)

Then, the momentum p(x) = m(x)x becomes

p(t) = —Aasin(at + @) (1 — 1A cos(at + ¢))2. (3.59)

Plot p(t) vs. x(t) for different values of A and choose A and a =1 [17].

plty

Figure 2: The phase trajectories in (p(t) vs. x(t)) plane for a quadratic nonlinear PDM
oscillator.

In the figure 2, note that the trajectories are bounded in the left half (x(t), p(t))
plane by the condition 0 < A < 1//1, beyond which the trajectories have a horizontal

asymptote at (x — +o0). Also, we see that the trajectories are symmetry on x and

centered at the origin.

3.3 A Morse-oscillator

Let us defined a position-dependent mass particle for f(x) =7, moving in a
potential field V(x) = —%m(x)az(l—e‘"x)z, working like a Morse oscillator.

Then, the Lagrangian is
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L(x,%,t) = 2m(x)i2 + sm(x)a? (1 — e 7)2, (3.60)

To work on the nonlocal point transformation we insert

q(x) = ym(x) — 1= [ f()ym(x)dx (3.61)
da(x) _ 1m'@x) _ m'(x)

dx 2 ym() =0 m(x) - m(x) 277 (3.62)

J —‘iﬁi’? =2 [ndx - In(m(x)) = 2nx +c, (3.63)

With the choice ¢ = 0 we get

m(x) = exp(2nx). (3.64)

We define 7 as a ratio between the deformed-time and the exact time n = T/,. After
this processes, we cast the nonlocal point transformation as

(q(0) = ym(x) - 1)

1., 1 ! (x) =n? m(x) L

5 Y — _ 52 2.2 gx) =n"mx :

L(g.§0)=5q"-50q" < dr =1 dt © L(x,%,1)
q = xy/m(x)

= %m(x)(xz —a%(1— e ™)2), (3.65)

And the equation of a Morse-oscillator can be obtained using equation (1.2) with the

PDM-mass of (3.64)

. lm'(x) 22 2 _ ,-nx lm'(x) _ ,-nx -nx\ _
x+2—m(x)x a“(1—e )(Z_m(x) (1—e™™)+ne )—0, (3.66)
To obtain
2
¥+ nx?+ %(1 —e ) =0; a?=n’w? (3.67)

with an exact solution [16,17]

20



x(t) = %ln(l +Acos(at+ ¢)); 0 <A< 1. (3.68)

Hence, the momentum becomes

p(t) = — %A sin(at + @) (1 + A cos(at + ¢)). (3.69)

Plot p(t) vs. x(t) for different values of A and choose A,n,w,a =1and ¢ =0

[17].

2 -10 -08 N06 -04

sl

-0.8

Figure 3: The phase trajectories in (p(t) vs. x(t)) plane for a Morse-type oscillator.

In the Morse-type figure 3, we observe that it has the same behavior of the previous
example but the trajectories bounded in the right half (x(t),p(t)) plane by the
condition 0 < A < 1, and the asymptote at (x - —0).

3.4 Nonlinear Deformation of an Isotonic Oscillator

Let us look on a classical unit mass particle moves in general coordinate with time
deformed, and the potential force field is an isotonic oscillator. The Lagrangian for

isotonic oscillators’ equation is

~ 1. 1
L(g,§7) =33 —30%¢* - 5. (3.70)
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Applying the Euler-Lagrange equation (2.2)

dq\ _d*q¢ 9L _ o 2B
dt (dr) T dr2’ aq W q + q3’ (3'71)
one would get
a?q o 2B _
mtwlg-5=0, (3.72)

Equation (3.72) is called as the Ermakov-Pinney equation [26]. We can write its

general solution [24,25] as

q(z) = ﬁ\/(sz‘* —2B)sin*(wt + ) + 2. (3.73)

We will use the same condition of the nonlocal transformation that we have used in
example (3.1.1). Applying the condition f(x) = m(x) and the equations (2.7) and

(3.10) on the equation (3.70) we get the nonlocal transformation

(400 = x/m(0)
1 1 ~
L(q,q.,7) =54 -5 w’q* ——<—> { q = xym(x) }<—>L(x,5c,t)
2 dt = m(x)dt
g0 =m*@) )
_1(?-w’x?)  paxix?)
T2 (1+Ax?) x2 (3.74)
Applying the Euler-Lagrange equation (1.2) one obtains
L= Ax .o w?x 2B 2N A o .2
It ot (12 =0 a = Fo®. (3.75)

The general solution is shown to be [24,25]

x(t) = —[(ZA* = 2B)sin2(Qt + 6) + 2f; w? = (1 £ 14?) (92 ZA’*) (3.76)

Using the equation (3.25) to find the momentum
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(Q24*-28)sin(2(Qt+5))

ZAJ(QZA4—2B)sin2(Qt+6)+2/3(liﬂ;:42((QZA4—2/3)sin2(Qt+é‘)+2/§)) '

p(t) = (3.77)

The plotting of p(t) vs. x(t) for various valuesof A,1=—-1,=w =1and

& = 0[10] give

02

LI

-0.1

-02

Figure 4: The phase trajectories in (p(t) vs. x(t)) plane for Nonlinear Deformation of
an Isotonic Oscillator.

In this figure, we can see that the trajectories are not centered at the origin because
we have a point singularity at A = 0. It can be noted also that when (x — +o0) the

momentum p tends to its limiting values.
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Chapter 4

CONCLUSION

The PDM Lagrangian is discussed in this thesis carefully. We started by introducing
a nonlocal point transformation in the generalized coordinates for PDM Lagrangians
which is mapped to a unit-mass Lagrangian. Additionally, Euler-Lagrange equations
are derived, and determination the appropriate conditions for its invariance. Several
functions of the nonlinear harmonic oscillator are solved to find the linearization
equations for the Euler-Lagrange equation with PDM. The examples illustrated
comprised of the Mathews Lakshmanan PDM-nonlinear oscillators, a quadratic
nonlinear oscillator, a Morse-type oscillator, and PDM-deformed isotonic oscillator.

With reference to the Mathews-Lakshmanan nonlinear oscillators (3.1.1) and (3.1.2),
we see that the PDM-function (3.37) moved in a group of potential fields (3.40)
comprised from four potential each one at a time, which have accurately the same
dynamical properties in the equations of motion (3.15) and (3.38), as well as the

trajectories are completely similar. The total energy E = T + V is also the same

w?  A?
2 (1+£142)

(4.1)

this is due to the characteristics of the PDM-function used. The shifted Mathews-
Lakshmanan nonlinear oscillators (3.1.3) has the same properties, paths but with total

energies E,

_ 0 (4=Q)
= o (4.2)

24



In addition to, our nonlocal point transformation (2.6) used to linearize the PDM
nonlinear oscillators. Also, we noticed that the transformation (2.6) has mapped the
nonlinear isotonic oscillator of unit-mass constant into a nonlinear deformation
isotonic oscillator with PDM. Where, L(q, §,t) plays like a reference Lagrangian

and L(x, x,t) like a purpose Lagrangian in (3.74).
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