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ABSTRACT

This thesis consist of five chapters. In the first chapter, the introduction is given. In the
second chapter, we consider the Chlodowsky variant of g-Bernstein-Schurer-Stancu
operators. We state the Korovkin type approximation theorem and obtain the error of
approximation by using modulus of continuity and Lipschitz-type functionals. More-
over, we obtain the rate of approximation in terms of the first derivative of the function

and we examine the generalization of the operators.

In the third chapter, we define Chlodowsky type g-Bernstein-Stancu-Kantorovich op-
erators. Many properties and results of these polynomials, such as Korovkin type ap-
proximation and the rate of convergence of these operators in terms of Lipschitz class

functional are given.

In the fourth chapter, we introduce and study Chlodowsky-Durrmeyer type g-Bernstein-
Schurer-Stancu operators. We state the Korovkin-type approximation theorem and ob-

tain the order of convergence of the operators.

In the last chapter, we define two dimensional Chlodowsky type of g-Bernstein-Schurer-
Stancu operators. We study Korovkin-type approximation theorem and state the error
of approximation by using full and partial modulus of continuity. Finally, we define
the generalization of the operators and investigate their approximation properties in

weighted space.

Keywords: Chlodowsky variant of g-Bernstein-Schurer-Stancu operators, Chlodowsky
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type g-Bernstein-Stancu-Kantorovich, Chlodowsky-type g-Durrmeyer operators.
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0z

Bu tez bes boliimden olusmaktadir. Birinci boliim giris kismina ayrilmistir. ikinci
boliimde, Chlodowsky tipli g-Bernstein-Schurer-Stancu Operatorleri tanimlanmigtir.
Korovkin tipli teorem yaklagimi ispatlanmig ve fonksiyonun yakinsakligindaki hatalar

stireklilik modiilii yardimiyla ve Lipschitz sinifindaki yakinsaklig1 incelenmistir.

Uciincii boliimde Chlodowsky tipli g-Bernstein-Stancu-Kantorovich Operatorleri tanim-
lanmistir. Bu operatorlerin Korovkin tipli yaklasim teoremi ve Lipschitz tipli fonksiy-

onlarin yakinsaklik hizlar gibi ozellikler incelenmistir.

Dordiincii boliimde, Chlodowsky-Durrmeyer tipli g-Bernstein-Schurer-Stancu Oper-
atorleri tammmlanmistir. Korovkin tipli yakinsaklik teoremi verilmis ve yakinsamanin

yakinsaklik derecesi incelenmisgtir.

Besinci boliimde, iki degiskenli Chlodowsky tipli g-Bernstein-Schurer-Stancu Oper-
atorleri tanimlanmustir. Korovkin tipli yakinsaklik teoremi verilmis, fonksiyonun siireklilik
modiilii ve kismi siireklilik modiilii yardimiyla yakinsama hizlar1 hesaplanmistir. Son
olarak, operatorlerin bir genellestirilmesi verilmis ve onlarin agirlikli uzaydaki yak-

lagim 6zellikleri inclenmigtir.

Anahtar Kelimeler: Chlodowsky tip g-Bernstein-Schurer-Stancu Operatorleri, Chlodowsky
tip g-Bernstein-Stancu-Kantorovich Operatorleri, Chlodowsky Tip g-Durrmeyer Oper-

atorleri.
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LIST OF SYMBOLS

the set of natural number

N

Ny the set of natural number including zero

R the set of real numbers

(a,b) an open interval

[a,b] a closed interval

Cl[a,b] the set of all real-valued and continuous
functions defined on the compact interval
[a,b].

Co the space of all continuous functions space

(£,6) the first modulus of continuity

L(f;x) linear operator

B, (f;x) Bernstein polynomials

B,.(f;q; x) q-Bernstein polynomials

BS(f;x) Bernstein Chlodowsky polynomials

Co(f3%) g-Bernstein Chlodowsky polynomials

BR(f; q; %) g-Bernstein Schurer operators

CE(f; q; %) g-Bernstein-Schurer- Chlodowsky
polynomials

KP(f; q; %) Schurer type q-Bernstein Kantorovich
operators

X



CP (f;q:0)

KD (f; g5 x)
Stancu-

Crmmp (3 @ %)

DS (f; 4;%)
Bernstein-

Chlodowsky variant of g-Bernstein-Schurer-

Stancu operators

Chlodowsky-type gq-Bernstein-
Kantorovich operators
Two dimensional Chlodowsky variant of g-

Bernstein-Schurer-Stancu operators

Chlodowsky-Durrmeyer type q-

Schurer-Stancu operators



Chapter 1

INTRODUCTION

In 1912, the Bernstein operators were introduced by Bernstein [21] as

Ba(ri =37 (2) (") -0

r=0

where the function f is defined on [0, 1].

In 1937, Chlodowsky [7] defined the Bernstein-Chlodowsky operators by

n r m x\ x\"T
B (2) T e

where f € [0, o) and the positive increasing sequence {b,, } satisfies conditions b, — oo

. m
and lim — =0.
m—oo m

In 1968, Schurer operators were proposed by Schurer [35]

r

m+
Bp f . ZPf(l’) <m+p)xr(1_x)m+pr’ OSXS 1

where p € Ny := NU{0} is fixed.

In 1969, the Bernstein-Stancu operators were proposed and studied by Stancu [33] as

POB (fix) = Zf(kj_(g>( )xk(l—x)mk




where o and 8 are real numbers such that 0 < o < 3. Note that, if we choose @ =

B =0in P,?,’B (f;x), it reduces to By, (f;x).

On the other hand, the g-Bernstein operators were defined firstly by Lupas [22] as

)mfr

R - ﬂ m q@xr(l—x
Rm’q(f’x)_rzbf<[m] > {r]q(l—x-l—qx)...(l—xqm1x>’ 0<x<1,

q

where 0 < g < 1 and m € No := NU{0}, and the definition of g-integer [r] = [r], is

l4+g+...+47 " r#0,

=
0 ; r=0,
the definition of g-factorial [r]! := [r] ! is
) [1],2,--[m],; 7 #0,
r =
q
[0],! =1 L r=0,
and the definition of ¢g-binomial coefficient ["] = ["] )1
m| !
rl, [r]q![m—r]q'

After this work, Phillips [31] proposed another type of g-based Bernstein operators for

O0<g<las

m r m m—r—1
Bm,q<f,x>=zf(ﬁ) H ¢ I] (1-4), 0<x<1.
q

r=0 [m] q s=0

In 2011, for p € Ny, Muraru [28] defined the g-analogue of Bernstein-Schurer opera-

tors by



Additionally, Vedi and Ozarslan [37] investigated some properties of the g-Bernstein-
Schurer operators.

Recently, Agrawal et al. [2] proposed the g-Bernstein-Schurer operators as

s=0

m+p +a m rm—i—p—r—l S
SEB (f19,x) = Zf<[m +[5>qu [T (-¢%.

where p is a positive integer and 0 < o < 3.
On the other hand, several authors studied and investigated the g-Kantorovi ch type

operators in the papers [29], [24], [25].

In 2008, g-analogue of Chlodowsky operators were defined in [20] b

(B[] () (o) 0=sen

where also {b,,} satisfies the same properties of C,, (f;x). Later, Biiyiikyazici intro-

duced the g-analogue of two dimensional Bernstein-Chlodowsky operators [4] as

A = L s ([21 o ﬁ’") () 2 (5

m+p—r—1
where Q g, () = ["]u" T1 (1—g¢}x) and {@,} and {B,} satisfy the similar

s=0

properties with the sequence {b,,} as mentioned above.

This thesis is organized as follows:
In chapter 2, Chlodowsky variant of g-Bernstein-Schurer-Stancu operators has been

defined. Several approximation properties of these operators are also investigated.

Note that, Chapter two and three are reflected from our papers [38] and [39], respec-
tively. In chapter 3, Chlodowsky type g-Bernstein-Stancu-Kantorovich operators are

3



defined and systematically investigated.

In chapter 4 , approximation properties of Chlodowsky-Durrmeyer type g-Bernstein-
Schurer-Stancu operators are introduced. We state the Korovkin-type approximation

theorem and obtain the order of convergence of the operators.

In chapter 5, two dimensional Chlodowsky variant of g-Bernstein-Schurer-Stancu op-
erators are defined. Korovkin-type approximation theorem is studied and the error of
approximation is stated by using full and partial modulus of continuity. Finally, the
generalization of the operators is defined and its approximation properties in weighted

space are given.



Chapter 2

CHLODOWSKY VARIANT OF
g-BERNSTEIN-SCHURER-STANCU OPERATORS

2.1 Construction of the operators

For fixed p € Ny, Chlodowsky variant of g-Bernstein-Schurer-Stancu operators [38]

are proposed as

m—+p —f-(X r
(aﬁ m+p i m+p—r—1 . si
e =B (o) 7], G (o)

(2.1.1)

where 0 < x <b,,, 0 < g < 1, @ and B are real numbers with 0 < a < 3, m € N. Notice
thatif g — 1 and p =0 in (2.1.1), %,%’B ) (f5q,x) reduces to the Stancu-Chlodowsky

polynomials [5].

Now, let us calculate some moments of the operator ‘Km 7 ( f3q,x):

Lemma 2.1.1 (/38]) The operators ‘Km b (f q,x) satisfy the followings:

() G (Lig.x) =1,
[m+ p],x+ by
ml,+B

(if) Gug? (u:q,3) =
(iii)‘f(aﬁ)( %q,x)= m{[m—kp—l]q[m—i—p]qqxz

+(2a+1)[m+p]qux+a2b%1},
(iv) G5 (u—x30,%) = (i — 1) <+ piag,

(a.B) (¢ \2. _  [mtp=1]Im+plyg  [m+p] 2
(v) Cmp ((” x) ’CI7-x) —( ([m]qiﬁ)z 1 z[m]ﬁg-l-l)x

(2a+1)[m+p], 20 alb?
— bx + — 270
( (i, +B) B ) 75 ()




Proof. With the help of Lemma 1.1 [2, p.7755] and the equalities

X
6P (1,q.x) = S3P (1;61,—)

by,
X
Goh (:q,%) = baSph (u;q,b—)
m
X
C2P (1q,x) = bISYE (uz;q,a>

the assertions (i), (ii) and (iii) are proved. From linearity, we get

G (u—x39,%) = G%P) (w5 q,0) —xB %P (154,x)
+
_ [m P]q_l it by, .
m], + B m], + B

So, we have (iv).In a similar way, we obtain

‘Kn(fi;ﬁ) ((u—x)z;q,x> = C@(ﬁ;ﬁ) (uz;q,x) —2x‘€n(1?;;ﬁ) (u;9,x) +x2<5,§f§;’3) (1;¢,x).

Finally, we get

P (4 2:0.x) = m+p—1],[m+pl, _2[m+P]q+1 2
P (( )":q ) ([m]q—}—ﬁ)z q [m]q‘f‘ﬁ
N (20£+1)[m+217]q_2[ ]a+B - o2b2, 2
(I, +B)" ™ (Im],+B)

Whence the result. m

Lemma 2.1.2 (/38]) For each fixed 0 < g < 1, we get

[m+p—1],[m+p], [m+pl,
q- +1<
(i, +8)" PP ()

\S)



Proof. The following inequality

m+p—1],m+pl,  [m+pl, mtpl,  \°
([m]q+[3)2 K 2[m]q+/3 1§([m]q+ﬁ 1)

is satisfied when [m+p—1] [m+p] g < [m+ p]é. Using the above inequality, we

obtain

m+p—1] [m+ m+
| (Tm]q]js)zp]q : [[’"]qf]gH

m+p)2 m m m

< <[m]qiﬁ)2{(1(zq;;) _2(1—61(1*?;)12—4 )‘2’3(1]3:)
et
()
il
:

= W {a v); ~2B4" ], + B} = (JHZ]:B;Z

The proof is completed. m

Remark 2.1.3 (/38]) As a result of Lemma 2.1.1 and Lemma 2.1.2, we get

%P <(u—x)z;q,x> 212 @2.1.1)
(4 [p]q—B)2x2+ ((2a+1) [m—i—p]q) e
(i, B) (in],+8)° (1n],+5)

Lemma 2.1.4 (/38]) For the second central moment, the following estimation
7



sup G ((w—2)%50,%)

0<x<by,
2

(71, B)
(i, +8)" "\ (i, +8)

Qa+D)m+pl,\ , o

is satisfied.

Proof. If we take supremum over [0, b,] in (2.1.2), we obtain the desired result. m

2.2 Korovkin-Type Approximation Theorem

In this subsection, Korovkin-type approximation theorem is proved for the Chlodowsky
variant of g-Bernstein-Schurer-Stancu operators. Denoting by C,, the space of all con-

tinuous functions f, provide the following condition

|f (x)| < Lgu(x), — o0 < x < oo,

Clearly, C, is a linear normed space with the norm

Al = sup L

—oox<ee [.L(x) .

Theorem 2.2.1 ( See [12] ) There exists a sequence of positive linear operators !%éa’ﬁ ),

acting from Cy to Cy, satisfying the conditions

: 2 21 _—
lim [[.7, (¢%,x) — %], =0 (22.3)

where @ (x) is a continuous and increasing function on (—eo, o) such that liril o (x)=
X—Foo

+oo and p (x) = 1+ ¢2 and there exists a function f* € Cy, for which



T || " — ], > 0.

Let C2 denote the subset of C; such that lim S G satisfied .
|| —voo 1 (x)

Theorem 2.2.2 ( See [12] ) The conditions (2.2.1), (2.2.2), (2.2.3) imply

Tim ||/ — fll, =0

for any function f belonging to Cg

Particularly, let us take u (x) = 1+ x? and apply Theorem 2.2.2 to the operators

G\5P) (Fiq,x) i 0<x < by,
TP (frq.0) = ! :

f(x) if by < x < oo

Note that, the operators %S""B) (f3q,x) act from C 2> to Cy, > . Forall f € C .,

we get
%%’B) (f;q,X)‘
TN (fr0 < ) , n S ()]
T I MR -
< 1l )‘frﬁ?ﬁﬁ)(lﬂz;q,ﬂ‘ |
_|._
< flhpe es['éll ) T2

Hence, using Lemma 2.1.1

| 752 (fr0,0)) L, MU

b
is satisfied for g := (g,,) with 0 < g, < 1, lim ¢,, = 1 and lim —~ =0 as m — oo
Mm—oo m—yoo [m]q

Theorem 2.2.3 ([38]) Forall f € C?erz we get
9



|72 (i) = 1) =0

b
provided that q := (q,,) with 0 < g,, < 1, lim g, = 1 and lim —2- =0 as m — oo,
m—soo m—yoo [m]q

Proof. Using Theorem 2.2.2 and Lemma 2.1.1 (i), (ii) and (iii) we have the following

results:

‘%aﬁ) (43 G, x) —f(x)‘ )Cg"gam 63 m,3) =%

e 1+x2 " 0<xihn I+x2
[m+p] ab,,
< ’ <[m}q+§ B 1) )x+ imly+B
" 0<x<by (1+2)
+

< nap, TR

and

‘yng%ﬁ) (42 G, ) _xz‘

e 1422
anga,ﬁ) (uz;q%x) _xz‘
:ogs;lgpbm 1+x2
2l ) 2,2
[m+p—1]q[m+p]qm—([m]q+ﬁ> x”+ 200+ 1) [m+ p], bux + a”b;,
< sup 5
Osx<bm <[m]q+l3) (1+x2%)
2
=y plyan = (1l B) |+ Qo 1)t pl b+ 020
< 3 —0
(i, +B)

provided that when lim ¢, = 1 and bu s 0asm— 0. m
m—oo [m}q

Lemma 2.2.4 ([38]) Let f be a continuous function which vanishes on [A,e) for
which A € R is a positive real number independent of m. Suppose that q := (q)

2
with0 < g, <1, lim ¢}y =M < oo and lim Z—’T = 0. Then we get
m—roo nm—ro0 q



lim sup ‘fnﬁy’ﬁ)(f;qm,x)—f(x) =0.

M= 0<x<by,

Proof. By the assumption on f, one can write |f(x)| <L (L > 0). For arbitrary small

€ > 0, we have

2
ces M e b
6 \ [ml,+B"
where x € [0,b,,] and 8 = § (&) are independent of m. Using the following equality

() TG )

— %”,Sl?;,’ﬁ) ((u—x)z;qm,x> ,

we have from Remark 2.1.3 that

sup [ (F1m.x) — ()

0<x<bp,

2
om | (amlpl,—B 200+ 1) [m+ 22
oo | (i, 2bi+ CatDimipl, |, o

1 (iml, +p) (im,+B)° m+(Wb+BY

We have the desired result under the conditions stated in the hypothesis of lemma. m

Theorem 2.2.5 ([38]) Let f be a continuous function on [0,%) and

lim f(x) = Ly < co.

X—poo

2
Suppose that q := (q) with0 < g, < 1, nlllggoqm =1, ,%1320‘1"1 L<oo andnlllglom =

0. Then

11



lim sup ‘Kn%ﬁ)(f;qm,x)—f(x) =0.

YR 0<x<by

Proof. Using the proof of Theorem 2.5 in [14]. Obviously, it is enough to prove the
theorem for the condition Ly = 0. By virtue of ILm f(x) =0, given any € > 0 there
X—>o0

exists xo > 0 such that

If(x)] <e, x> X0 . (2.2.4)

For any fixed a > 0, let us define an auxiliary function as

/

f) , 0<x<x
g(x) = f(xo)—f(z())(x—xo) , xo <x<xp +a
0 , x>xp +a.

Then for m large enough in such a way that b,, > xo+a and on accountof ~ sup |g(x)| =
X0 <x<x0 +a

|f(x0)], we get
sup [f(x)—g®)|[<  sup [f(x)—gx)[+ sup |f(x)]
0<x<b,, Xo <x<xp +a bm>x>x0 +a
<2 sup |f(¥)[+ sup [f(x)].

xo <x<xg +a bn>x>x0 +a

We get by (2.2.4)

sup |/(x) — glx)| < 3e.
0<x<by,

Now, we obtain

12



sup “fn(z,oﬁiﬁ) (f:qm.x) —f(X)‘

0<x<by,

< sup "5:1(1?}9[3)(\f—g\;qm,X)‘ﬂL sup ‘%%ﬁ)(g;qm,x)—g(@
0<x<by, 0<x<by,

+ sup |f(x) —g(x)|

0<x<bp

<6e+ sup “fn%’ﬁ) (g:qm,x) — g(x)
0<x<by,

Y

where g(x) =0 for xog +a < x < b,,. From Lemma 2.2.4, we get the result. m

2.3 Order of Convergence

We give the error of approximation of the operators (5,,(1?;,’[; ) in terms of the Lipschitz

class Lippy (1), for 0 < u < 1. Let Cp[0,0) denote the space of bounded continuous

functions on [0,00). A function f € Cg[0,00) C Lipy (1) if

f@) = f@I <Mlt—x" (t,x€[0,%)) (2.3.1)

1s satisfied.

Theorem 2.3.1 ([38]) Let f € Lipy(1). Then, we have

GasP) (F1,0) = F ()] < M (8 g (x))H/?

2
dnlPly—B .

(1, )’ (gt a8 ) Gy

Proof. From the monotonicity and the linearity of the operators, for f € Lipy (1), we

get

13



Gy (f:0.2) = F()
m+p I"] —|—OC m+p rm+p r—1 X
LU o] ) I (o)

x (1_
! s;;ziz sl (-02)
w717 () ()

2
By Holder’s inequality with p = ’—/ and g =

ﬁ, we have from (2.1.2)

Gns? (f4.%) — f ()]

¥ (i) () (o)
3/} (—)H (l—qsé)f*}

b@? s [0, G

» {’"i‘” [me ( >H (i _qsi)w]

= M5 (u=27:.x)]

< M(dpq(x))

=

Whence the result. m

Now we state the rate of convergence of the operators by means of the modulus of

continuity which is represented by @(f;68). Let f € Cg[0,0) and x > 0. Then let us

give the definition of the modulus of continuity of f as

o(f;6) = max |[f(r)—f(x)].

|t—x|<6
t,x€[0,00)

14



For any 0 > 0 the following property of modulus of continuity

-1l <o(0) (57 +1) @32)

is satisfied ([8]).

Theorem 2.3.2 ([38]) If f € Cp0,00), we get

P (1100 -1 ()] < 20 (f; Ong <X>>

where 8, 4 (x) be defined in Theorem 2.3.1 and @ (f;-) is the modulus of continuity.

Proof. From triangular inequality, we have

“fn%’ﬁ) (f:q:x) —f(x))

[ :‘;bn» LG () e

s=0

m+p X rm+p—r—1 ( X )

= 1-¢— ).
LG (e

Then from (2.3.2) and Cauchy-Schwarz inequality, we obtain

m-+p

=) |

+OC

+B bw) ~ £

15



6 (Fiq.0 -1 ()

rj,to

[, 7P m+pl [ x\ " o X
< o [ (o) T (e
— q m m

s=0
s ] Q) (02

r=0 s=0
o(f;8)" | ], +o m+p x O\ e o X
5 L[, 7h ’"‘x[ . L(E> 11 (“"E)

e 2 (B ] () ()

5
—o(:8)+ 2L (027200} .

Finally, let us choose 8, 4(x) as in Theorem 2.3.1, then we get

Ens’ (f14.%) —f(X)‘ <20 (f; g (x)) :

Theorem 2.3.3 ([38]) If f (x) has a continuous bounded derivative f (x) and © ( 1 5) in

[0,A], then

G5 (frq0) — f ()|

o

where @ ( f 5) is the modulus of continuity of f (x), M is a positive constant such

(¢"1Ply=B)" 42
(Inl,+B)°

[m+pl, _1‘ ab,,

B +B>”(Bm”(“’ﬁ”l/z‘”(f'*Bw(“’ﬁ))”z)7

QatDmtpl,  2q
([m]q_g_ﬁ)z [m],+B

252
Ab,, + ab;,

that |f' (x)| <M, and By 4 (at, B) = (I, +B)"
q

Proof. From the mean value theorem, we get
16



_|_

[r]q+06 e ], +o Ly
B [r] +a / . [r]q+a . f _ ’ .
<[ St X>f()+<[m]q+ﬁbm )(f(n) 7).

where 7 is a point between x and [[;l]f—i%bm. With the help of the above equality, we
q

+

obtain

G5B (Fiq,0) — £ (%)

< ‘f/ (x)‘ \%ﬁ?‘,;ﬁ) (u—x) ;q,x>]

el ) o)
§M<[m+MQ_1A+ aml>
mly+B [m],+ B
L |nt s X‘ 7E -1 MMTPL(%)””’I’_‘TO” (o)
§M<[m+p] R L )
ml, +P ], + B

n+p ) [[ ]] J_r._ﬁbm X‘
+ ;0 +1
Lo(r:o) |

m+p—r—1 %
X H <1 _qs_> )
s=0

b

since

17



e,
ml, + B

!n—xls‘

From above inequality, we get

65" (Fiq.0 — £ ()
ply

[m+ b
gM< bt *W)
rousa & g [ () T (-0)

R () P )

Therefore, performing Cauchy-Schwarz inequality for the second term, we have
G (f30.5) — 1 )
<M Al ab,,
ml, +B
N 2 +p—r—1 172
m-+p r +a m+p X rm—+p—r— X
fo(fs ) "] () —g s
(59) Z%(Wb+ﬁ ], \bw Il b
2
o (f;8) " [ K, +a [m+p] ( x )’m+P—r—1 ( ;X )
+ by —x — 1—¢g— ).
1) r;) [n],+B ro 1y \bm SI;!) b
oy,

o ) o,
+o(f;6) \/%,,S,,;ﬁ) ((u—x)z;q,x> + a)(]; )‘5,27[,’13) <(u—x)2;q,x> .

[m+pl,

m, B

m+pl,
[m], + B

Hence, by (2.2.2), we can write that

18



(0], B)’

sup %n(,?’ﬁ) (u—x)z;q,x < sup x?
0<x<a T ( ) 0<x<A ([m]q+ﬁ>2
4| GetDim +f i [m]z(i 5 | bwt o 2
(Iml,+B) ‘ (im],+B)
- Bm,q (OC, ﬁ) .
Therefore,
ab,,
m f X A+
() ( [Mﬁﬁ)

(f&k Bug(.B))+ gmﬂam]

By choosing 6 := 8 4(p) = (Bmyg ((x,ﬁ))l/z, we complete the proof. m

2.4 Generalization of the operators

In this section, we introduce generalization of Chlodowsky variant of g-Bernstein-
Schurer-Stancu operators. The generalized operators help us to approximate contin-
uous functions on more general weighted spaces. Note that this kind of generaliza-
tion was considered earlier for the Bernstein-Chlodowsky polynomials [12] and g-

Bernstein-Chlodowsky polynomials [4].

For x > 0, consider any continuous function ® (x) > 1 and define

Let us take into consideration the generalization of the ‘fm P ( f:q,x) by

19



P (f:q.%)
m+p r —|—OC m+p X rm+p—r—1 X
1+x22 ( +ﬁb>{ r L(E) Sg) <1_qa>’

where 0 < x < b, and (b,,) has the same properties of Chlodowsky variant of g-

Bernstein-Schurer-Stancu operators.

Theorem 2.4.1 [38] For the continuous functions satisfying

fim £ &)

e 0 (x)

:Nf<007

we have

) %B) (F1q,%) — £ (x) ,
”l—r’r°1° ogs;lgpbm o (x) e

Proof. Clearly,

P (fia.%) - ()
-2 (B (o) 107, G H (o) o)

thus

’2 (fiq,x) = f(x )( ‘(fn(f‘ém (Griq,x) _Gf(x)’
= S .
ogs)lclgpbm o (x) ogrgpbm 14 x2

By using |f (x)| < Ny (x) and continuity of the function f, we get that |Gf (x)] <
20



Ny (1+x?) for x> 0 and Gy (x) is a continuous function on [0,c). Hence, by Theorem

2.2.2 we get the result. m

Lastly, notice that, if we take @(x) = 14 x?, then the operators .%,, f (f;q,x) reduces

to ‘fn%’ﬁ) (Gf;q,x).

21



Chapter 3

CHLODOWSKY TYPE
g-BERNSTEIN-STANCU-KANTOROVICH OPERATOR

3.1 Construction of the operators

For fixed p € Ny, Chlodowsky type g-Bernstein-Stancu-Kantorovich operators [39] are

defined by

m+p r
e B 04D
/ 1+ t+[r], +
x/f( — Dbl ) "l abm> dt, G.1.1)
0

m—l—l] +p

where 0 <x < b, 0 < g < 1, a and B are real numbers with 0 < a < 8, m € N. We
should mention that, if we take p = @ = B = 0 in (3.1.1), the operator %/ ( f1q,x)
reduces to the Chlodowsky-variant g-Bernstein Kantorovich operator. Note that, the

g-Bernstein-Kantorovich operators were defined in [25].

Lemma 3.1.1 ([39]) For the operator %/ (f q,x) which is given in (3.1.1), we
calculate the following few moments:

(i) %P (1:9,%) = 1,

[m+pl,[2] x+(20+1)bp
2([m+1],+B) )

3
(iif) Ji/m(zﬁ) (uz;q,x) = m {% [m+p— l]q [m—I—p]qqxz
q

2
o (£HE2 2], @) [+ pl bax+ (02 + @+ 3) 53}

H (a.B) oy — [m+p}q[2]q _ (2a+1)by,
(v) A" (u x’q’x)—<‘z([m'+'1]q+ﬁ) 1>x+z([m'+'11q+ﬁ)’

(i) A %P (us g,x) =

22



(v) ;%P ((u_x)z ;q’x> _ <[31q[m+p—uq[m+pqu 2]+, +1> 2

3([m+1]q+ﬁ)2 ~ [m+1], 4B
n (P +3¢+2+302) ) [m+pl,  (2a+1) b (302+3a+1)b2,
3(m+1],+8)° B ) 3 (] 4)

Proof. (i) From (3.1.1) and the fact that C, 4 (1,x) = 1 we have,

m+p m+ X rm+p—r—1 X
-3 () 002
q m

r=0 r s=0

n(g,ﬁ) (I;4,x) = 1.

(ii) Direct calculations yield,

L) ()

=0 50
(14 @- 01, r+ 1, +
XO/( [m+1]2+13 b | di
m-+p m—+ X rm+p—r—1 X
-2 LG 0 ()
rl, +a 1+ (g—1)[r]
" ([m+q1]q+ﬁbm+2([m+1]q+Bq) bm)
I+l 2,5+ (204 )by
2(m+1],+8)

(iii) From (3.1.2) we have

23
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X[, G (o)

r=0 s=0

L (h gDt
><0/< PRSI by | di

m+p

B + m+p i rm+p—r—1 B si brzn
N Zb { r L (bm) sg) <1 ! bm> ([m+1]q+ﬁ>2
x{(z(qT_l)erq) [r]fl+<1+[2]qa> [k]q+a2+a+%}.

If we continue our calculations as in the above assertions, we get the desired conclu-

sion.

(iv) By (i) and (ii), we get

AP (1 —x3q,%) = AP (w5q,%) — 2o 5P) (139,%)

_ | m+pl, 2], 1y

2 (fm+1],+8)

(2a+1) by
2 (fm+1],+8)

(v) Using the following well known property we can obtain our result as

AP ((M—X)z;q,x) — 5P (25 q,%) — 200,397 (us.9,2) + 2 0,19P) (159,%).

The proof is completed by (i), (if) and (iii). =

Lemma 3.1.2 ([39]) If we take supremum on [0,b,,] for c%/m(?;ﬁ) ((u —x)? ;q,x), we

obtain the following estimate:

24



P ((u_x)z;q,x> <1 Blym+p—1,Im+plq  [2],Im+pl,

TS G
. (q2+3q—|—2—|—3[2]qa> m+p]q_ 2a+1)
3([m+1]q+ﬁ)2 m+1],+ B

(3a*+30+1)
+ 2
3(Im+1],+8)

3.2 Korovkin-Type Approximation Theorem

Let us choose 1 (x) = 1+ x? and take into consideration the operators:

%P (f:9,%) if x € [0,by]
U\*P) (f1g,x) = ’

f(x) if x&[0,00) /[0, bn]
Notice that, the operators %,,E“’B ) (f3q,x) act from C; > to Cy, > . Indeed, for all
f el 2, we get

s (30,5

2 (@B (. H < ACO)

[P (g o= s e, e
< su +1
< fll1402 xdogo) T2

Hence, using Lemma 3.1.1, we have

|2 (72|, <M1l

provided that ¢ := (¢,;) with0 < ¢,, < 1, lim g, =1, lim ¢/l =N < e and lim Dy —
m—yoo m—oo

m—soo [m]

0.
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Theorem 3.2.1 ([39]) For all f € C), ,, we get

14x2

;}g?o“%"ga’ﬁ) (f;qm,‘)—f(.>H _0

= [e%) 1 —b’"
=N < o and Wlll_rgo s
0.

provided that q := (q) with0 < g, < 1, lim g, =1, lim ¢’}
m-—yoo m-—yoo

Proof. Using Theorem 3.2.2 and Lemma 2.1.1 (i), (i1) and (iii), we get

‘%Sa’ﬁ) (1;q,x) — 1‘ )Ji/m(“’ﬁ) (1ig,x) -1
sup = sup —
x€[0.0) I 4x2

—0,
0<x<by, 1 +x?

‘%,,E“’B) (u;q,x) —u‘

sup
x€[0,00) 1+x2
[m+pl,2l, (20+1)b,,
’%/m(a’ﬁ) (u;q,x) —x‘ _ z([m+1fq+2) 1'x+ 2([m+1],+B)
a o;;lgpbm 142 - ogs;lclgpbm (1+x?)
[m+pl, [2], 20+ 1) by,

2([m+1]q+l3> - +2<[m+1]q+[3> -0

26



’%ngaﬁ) (uz;%x) _uz‘ ‘nggaﬁ) (uz;%x) _xz‘
sup = Sup
x€[0,00) 142 0<x<by 142

—1]x?

1 3| m+p—1| |m+
e — %[ p—1,1 f]q
0sxshy 1+ (Im+1),+B)

q*+3q+2 mtplybm (o 1 by,
+<—3 +[2]qa) ([m+1]q+ﬁ>2 +(a +oc+3) ([m+1]q+ﬁ)2

Bly m+p—=1l,Im~+pl,q
2
3 ([m—f—l]q-i-ﬁ)

243g+2 m+p|, b
+<—q +3Q+ +2] a) [ ly

—1

1 b2,
+ (a2+a+§) <[m+1]q+ﬁ>2 —0

whenever m — oo, since g = g;, with lim ¢, = 1 and [%’"] =0asm—o. B
m—yoo

Lemma 3.2.2 (/39]) Let A € R" be independent of m and f be a continuous func-

tion which vanishes on [A,o0). Suppose that q :== (qn) with0 < g, < 1, lim g, = 1,
m—yeo
2
1 m — o0 1 —m =
lim gi = N < oo and lim o,

0. Then we get

lim sup Jif,éﬁ‘;ﬁ)(f;qm,x)—f(@ =0.

M= 0<x<b,,

Proof. By the hypothesis on f, one can write | f(x)| <M (M > 0). For arbitrary small

€ > 0, we have

27



<1+(q—1)[r]q>t—l—[r]q+a

f [m+1]q+ﬁ bm _f(x)

om [((1+(@=1)[, )t +1r,+e

<o bm_ )
52 m+1],+B *

< €+

for x € [0,b,,] and 8 = & (&). With the help of the following equality

|: :| ( )r : (1 Sl )
r=0 bm s=0 m
2

! 1+ []>t+[r]q+ocb ;
0/ . _—

X

+1],+B

= %P <([—X)2;Qm7x)>

we have from Lemma 4.2.2 that

sup | A5 (Fimx) — £

0<x<by,
om || 3], Im+p—1],[m+pl,qn [2],[m+p], )
<e+ - +1|52,
8 3([m+1]q+l3>2 [m+1]q+ﬁ
G230, @), ar) |, (erriat)s
(in+1),+5)° Uy =B 5 (e, )

Since 0 < g, < 1, hm 1 G = 1, hrn q =N < coand lim [ ’1’ =0, we get the desired
q

m-—oo

result. m

Theorem 3.2.3 ([39]) Let f be a continuous function on [0,) and

lim f(x) = Ny < oo,

X—>o0

. . . . b2
. — m __ fove) m_ —
Suppose that q := (q,,) with0 < g, < 1, n%mgoqm =1, nllmgoqm =K < and n&mgo - =
28



0. Then

lim sup %ﬁ’ﬁ)(f;qm,X)—f(X) =0.

X 0<x<by,

Proof. Applying the same methods as in the proof of Theorem 3.2.5 in [38] and using

Lemma 3.2.4, we get the desired conclusion. m

3.3 Order of Convergence

In this subsection, the error of approximation of operators Jifm(g’ﬁ ) (f>q,x) are given.

Theorem 3.3.1 ([39]) Let f € Lipy(7y). Then we have

%P (f39,%) = F()] < M (A g ()7

where
3], Im+p—1], [m+plqg [2],[m+p]
Am, (x): q q . q q+1 x2
‘ 3(mv1l,+p) Tt
(q2+3q—|—2—|—3[2]q06> [m+pl, 2a+1)
" 2 T, B |
(I -+11,+B) ‘

(3a?+3a+1)b2
+ 5 -
3 <[m+1]q+ﬁ)

Proof. From the monotonicity and the linearity of the operators, we have for f €

Lipy(7y) that
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ANEP) (Frq,%) — f ()]
mtp X

", <—)km+ﬁ_l(1—f%)
1—|— (g—1) r] +[r], + @
x (f( TEST) bm) f(x)) di
5[, (b—)H (1=5)
x/lf( >t+[]+ bm)f(x)
0

dt
m+1] +p

m+p m+p X km+p—r—1 X
<M — 1—g°—
B ZO{ r ]q(bm} I:!) ( qu>

1
</

0
2

Performing Holder’s inequality with p = )% and g = 7= We have the following in-

(1+q lr] []+a !

dt.

by, —x

equalities by (3.1.2)
1
0
(1 2 \ 2
(141 )z+[]+
< / by —x | di
m+1
L0
.

14
dt

1+ (g—1) +[r], +o
m+1] —l—ﬁ

bm_.x

Then, we get

30



m rm+p—r—1

where py,r(¢;x) = ¥ [m;“p]q (%) I1 <1 - qsbi). Again using the Holder’s
r=0 " s=0 "

inequality with p = 7% and g = % we have

5P (f20.3) = £ )

m+p 1 1—|— t+ rlgto
by, — dt
/ [m+ ] +B m X Pm,r (qﬂx)

\_/
_|_

\S)

[SSTEN3

00

m+p %
X { Z Pm,r (%x)}
r=0

2
mip 1 1+ ]>t+[r]q+a
=M1 Y nela 0/( TES e bmx> dr

=M (A g (1)),

[NSTE3

where A, 4 (x) 1= Jifnfff,’ﬁ) ((u—x)z;q,x). [

Theorem 3.3.2 (/39]) If f € Cp0,00), we have
P (f:q.%) —f(X)’ <20 (f; g (x)>

where Ay 4 (x) is the same as in Theorem 3.3.1.

Proof. From monotonicity, we get

m+p rm-+p—r—1
‘(%/n%,ﬁ) (f;q,x)—f(x)‘ < Z {”ﬁwﬂq(%) H (1_qsi)

r=0
1
<
0

Ha=Dll,)r+ 0, +a
f m+1]q+B n _f<x)
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(1+(g= D)y )r+[rl, e
m+p ! [m+1ﬁ]_|_ﬁ L—by —x
< / 5 +1
r=0 0
m+p X rm+p—r—1 X
xm(f;@[ } (_) =g X ) di
r 1y \bm Sl;!) b
m+p m+p x rm+p—k—1 X
s  )H (0)
=0 rol, by, SI:—!) b,
o () ’"ip/l (1+<4—1>Mq>t+[r]q+ab . [m+p] (1)"
o r=0 [m+1]q+B r q b
m+p—r—1 X
X 1 —qs—) dt
s=0 ( b
After that, from Cauchy-Schwarz inequality we get
5P (F:a.0 - £ ()] < 0(£:6)
1 (14 ])t+[r] +a Rk
o (f;0) ' / q
m,r\4, by, — dt
+—3 Z Pm,r(q,x O Py x

m-+p %
X Z Pm,r(q,x)
r=0

o(f;6 1/2
—o(f:8) + LLO 0P (0 ?) g0}
Finally, let us choose 8, ,(x) the same as in Theorem 3.3.1. Then we get

a.p) (f;q,x)—f(x)‘ <2m (f; Sm,q(x)> :

Now let us denote, C%[0,c0), the space of all functions f € Cp[0,0) such that f,

f" € C3[0,00). Let || f]| denote the usual supremum norm of f. The classical Peetre’s
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K-functional and the second modulus of continuity of the function f € Cp[0,) are

described respectively by

w18y = ot [Ir—gll+3]¢|

gECH[0,00)
and

 (f,8) = JSup |f (x+2h) =2f (x+h)+ f (x)]
x,erhEI7

where 6 > 0. For A > 0, the following well known property [8, p.177]

H (£.8) < Awz (1. V) (3.33)

18 satisfied.

Theorem 3.3.3 Let g € (0,1), x € [0,b,,] and f € Cp|[0,00). Then for fixed p € Ny, we

have
A5 i) 1 0] < COn (£ s 00) + 0 (i 0)

for some positive constant C, where

BBl, @ m+ pl; 5 2], [m+p], 2

)7 ( 34 ) ([m+1]q+B)2_ e+ 1,8

q2+3q+2+3[2]qa+(2a+1>[2]q[m+p]q 220 +1)

3([m+1]q+[5>2 2<[m+1]q+ﬁ) B [m+1]q+ﬁ bpx
2402 +240+7 b2
) (3.3.4)
( 12 ) <[m+1]q+l3>2

and
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2 +
B () i 2],[m+pl, by 200+ Dbw 333)
2 (jm+1],+B) 2(fm+1],+B)
Proof. Define an auxiliary operator .%7,", (f;¢,x) : Cg[0,%0) — Cp[0,) by
. 2], [m+pl,x+ (20 +1)by
A (£30.2) = H5?) (Fig,3) = f | 17— /@)
2 <[m+ 1]q+ﬁ>
(3.3.6)
Then, by Lemma 3.1.1, we get
o p (159,x) =1

Hop p (U—x;q,x) =0, (3.3.7)

For a given g € C3[0,0), it follows by the Taylor formula that

g)—gx)=(—x)¢x+ -1 (r)dr.

Taking into account (3.3.5) and using (3.3.7) we get

| 5 (8:0,%) —g ()| = | A, (8 (¥) — 8 (%) 1¢,%)|

y
= &' (%), ((T—x)59,%) + 2, , /(yf)g”(f)df;q,X)

y
= |y (/(yf)g”(f)df;q,X) :

X

Then by (3.3.6),
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|, (8303%) — 8 (%)
y

.pB)

A

X

[Z]q[m+p]qx+(2a+l)bm
2([m+1],+8)

%/ngg,ﬁ) (

2], [m+p] x+(20+1)by

X

y

IN

X

(/ (y—1)¢" (T)df;q,x)

2], [m+ pl,x+ (2a+1) by

(

/(y -7)¢" (T)dr;q,X>

2([m+1],+B)

X

(

2(Im+1],+B)

2], [m+pl,x+ (2a+1)by

— u) g’ (t)dt

2 (fm+1],+B)

- u) g’ (t)dr

- u) g’ (1r)dr|.

x)2 ;q;x>

Since
y
%,n%,ﬁ) (/ (yf)g”(r)dr;q;x> < Hg"||K:5315B) <(y—
and
2], [m+-p x+(204-1) b
2(fm+1],+B) 2], [m+ pl,x+ (200 +1) by
/ 2(fm+1],+B)
< o (P ), Gat b,
< 2([m+1]q+ﬁ> 2<[m+1]q+ﬁ
we get

)

[y (5:0.9 =8 @] < [[8"]| s (v=)710.5)

2], [m+pl,

(2a+1)by,

e ((2

(fm+1],+8

>1)”z
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(fm+1],+8

)




Hence Lemma 3.1.1 implies that

| (80,%) — g (%))
" 3,Im+p—1],m+pl,q [2],[m+pl, 5
<|lg"]| +1]x
3([m+1]q+/3) ([m+1]q+ﬁ>

. (<q2+3q+2+3[2]qoc) [m+pl, _ (2a+1) )) -

3([m+1]q+ﬁ>2 ([m+1]q+l3
(3052+30H—1)b§1 331
3(Im+1],+8)
2
+ (( [z]q[m+p]q 1) x4 (2(X+1)bm ) . (338)
2<[m—|—1]q+ﬁ> 2<[m+1]q+[3>

Because of the fact that ||, , (f3q,-)[| < 3||f|, taking into account that (3.3.4) a nd

(3.3.5), for all f € Cp[0,%0) and g € C3[0,0), we have from (3.3.8) that

AP (f0.2) — £ )
< |, (f —g:0.%) — (f — 8) (x)]

; ([zlq[m+p]qx+<2a+1>bm) i
2 <[m+1]q+ﬁ>
2], [m+pl,x+ (2a+1)by
—f)
2 (fm+1],+8)

<4(|If — gl + omg () [|8"]]) + @ (f, Bg (x))

+| A, (8:9,x) — g (x)| +

<A —gll+ tmg (x)||8"]| + |

which yields that

Ky (F10.0) = £ (0] < 4K (F1000g (9) + O (f B ()

< Con (/0 (0)) 40 P 1),
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where

2], [m+ p] 2a+1)by,
Bng (x) = 1 T —1|x+ .
! 2([m—|—1]q+ﬁ> 2<[m+1]q+/3>
and
O g (X) 1= <@+%) [m+p]62’ _2[2]q[m+p]q 2| X2
o 37 4 Q +ﬂq+ﬁy [m—+1],+p

¢ +3q+2+302,a (Qa+1)[2,[m+pl, 2020+1)
T Cm+1],+B
3(fm+1],+B) 2(Im+1,+5) ‘

+<24a2+24a+7> b2,
2
12 ([m-l—l]q-f-ﬁ)

byux

Hence we get the result. m

3.4 Generalization of the operators
In this subsection, the generalization of Chlodowsky type g-Bernstein-Stancu-Kantorovich

operators are introduced in a similar manner as in Subsection 2.4.

Now, we consider the generalization of the %/ ( f:q,x) as
m+p m+p x rm+p—r—1 X
X l—¢'—

1
rl, +a 1+ (g—1)[r]
x [ G 4 by + Ltb,, | dt,
!f(w+m+ﬁm 1,45 "
where 0 <x < b, and {b,, } has the same properties Chlodowsky variant of g-Bernstein-

Schurer-Stancu operators.

Theorem 3.4.1 (/39]) For the continuous functions satisfying

THCI

<

)
S 0 (x)
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we have

LB (Fiq,%) — £ ()

lim su =0
mﬁ“ogxgpbm o (x)
provided that q := (qm) with 0 < g < 1, n%l_rgoqm =1land r}lgrlo[’[;—’i'q =0asm— oo.
Proof. Obviously,
® (X) m+p m+p X rm+p—r—1 X
gan ; , — — . 1 S
m,p (f q x) f(x) 1+x2 (};} r . b SI;!) q b

1
[r], +a 1+(g—1)[r]
X /Gf<[m—i—ql]q+ﬁbm+ [m—l—l]q+Bq

tbm> di —Gr(x) |,

hence

‘fngzg (f;CI;x)—f(x)‘ ‘%53‘;‘” (Griq,x) —Gf(x)‘
su = Su .
nggpbm o (.X) nggpbm 1 +.X'2

From |f (x)| < Ny (x) and the continuity of the function f, we have |G (x)| <

Ny (1+x?) for x > 0 and G (x) is a continuous function on [0,e0). Using Theorem

3.2.3, we get the desired result. m

Lastly, note that, taking ®(x) = 1+x2, the operators .%,’ ,? (fq,x) reduces to %g,ﬁ ) (f3q,x).
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Chapter 4

CHLODOWSKY-DURRMEYER TYPE
g-BERNSTEIN-SCHURER-STANCU OPERATORS

4.1 Construction of the operators

In 2005, Derriennic defined the g-Durrmeyer operators [9] by

n

Dung(f,x)=[m+1], Y ¢ *pusc (@:%)of () pmi (g:qt)dgt. 0<x<1
k=0

where p,, x (q;v) = [rl?]

m—k—1
qvk [T (1—¢*v) and the definition of g-Jackson integral of
s=0

f(1)as

[ 1O =00 dr (d).
i=0

Let us introduce the Chlodowsky-Durrmeyer type g-Bernstein-Schurer-Stancu opera-

tors as follows:

2P (f1q,x)4.1.1 “.1.1)

b’n
_mtp1), x / 4, [r],t + aby, »
bm ~ q pm-l—P,V Q» bm J pm-H’J q’ bm [m]q +B q

r

where m, a, B €N, p e Ny with0 <o < 3,0 <x <b,, 0<g< 1. Note that, in the
case p =0, the operators in (4.1.1) reduce to the Stancu-Chlodowsky polynomials [5]

wheng — 17.

Definition 4.1.1 ([/18]) The g-Beta function is defined as

39



B,(t,s)= [x¥71(1 —qx)fl_ldqx

o—__

where t, s > 0.

Lemma 4.1.2 For s =0, 1, ..., we have the following relation

[ﬂqoflt"“(l —qt)gfkdqt: [ g+ 5l

m+s+1],[r],!

Proof. Using Definition 4.1.1, the proof is completed. m

Lemma 4.1.3 LetDmp (f q,x) is given in (5.1.1). Then we have
()Dh (1ig.0) = 1,

(0B _ q[m]y[m+p]x [m] b
(i) Dmp  (u3q,x) = [m+p+;]q([m]:+.3) + ([m+p-|q—2] + OC) [m]q—i-ﬁ’

(i) ZN5P) (125, %)

o ] q [m+p] 2
- ([ ]+ﬁ)2 [m+p+3]q[m+p+2]

(ql21g+4%)Im]; 2q[m],

o3 mtp 2], T Tmrpt
{[m+p+[;r]llq['[nlrp+2]q to } bg”} ’

()ZEP) (u—x1q,%)

- (it 1)+ (vt ve)
W75 ((u=x)7:q.x)

B ()2 -+ p); o 1> )
B ([m+p+3}q[m+p+2]q([m]q+ﬁ)2 2, (i, +B) )"

(a2l 2qlml, | mepl ] b
*({ et T, T e, | (g e, 2% ) T

[m+p+3],[m+p+2], m+p+2], m]q+ﬁ)2 [m+p+2], q

+{[m 5 }[erp]qux

22 )| B
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Proof. (i) From Definition 4.1.1 and Lemma 4.1.2 we have

s E[] @) T i)

r=0 s=0

Using Lemma 2.1.1, Definition 4.1.1 and Lemma 4.1.2 we have (i1) and (iii). The
proofs of (iv) and (v) follow from the linearity of the operator @m p ( fiq;x). m
4.2 Korovkin-Type Approximation Theorem

In this subsection, we prove Korovkin-type approximation theorems for Chlodowsky-
Durrmeyer type g-Bernstein-Schurer-Stancu operators in the space C; , 2 which is de-

fined in Section 2.3.

Now, let us consider the operators

B) (f; .

54, X) if 0<x<by,
PY(frq,%) =
£(x) if x> by

Operators Q,(na’ﬁ ) (f3q,x) acts from Cy, » to C|_ 2. Indeed, for all f € C|_ 2, we have

20 i 9| £ ()]
T EE R b
- }%&lﬁ;ﬁ)(l—l—uz;q,x)‘ |

< Aflhee e T +

Hence, with the help of Lemma 4.1.1, there exist a positive constant M such that

|27 (riq.0)| L <M1l

m—oo M

is satisfied for g := (¢g;,) with0 < g, < 1, hm 1 G = 1, 11m q =N <eand lim [ =
q

0.
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Theorem 4.2.1 Forall f € CY_ ,, we get

14x2’
- (@pB) e H _
n%lglo HQm (fsam:) 1+x2 0
. L . . . . m - by
provided that q := (qm) with0 < g,y < 1, nlzl_rgoqm =1, n%l_rgoqm =N< andwlll_rgo o

0.

Proof. In the proof, we directly use Theorem 2.2.2 Clearly, by Lemma 4.1.1 (1), (ii)

and (iii) we get,

‘Qﬁ?’ﬁ)(l;qm,@— 1’ "@’%ﬁ)(l;qm’x)_ 1‘ 0
O (g ) — 705 i) =
om IR ol 1R
glm]m+p) ] bu
[m+p+2q]q([m];kﬁ) —1|x+ <[m+p12]q + OC) [m],+B
< sup 2
0<x<bp, (1 T )
_|_
< Q[m]q[m p]q 1 _*_(ﬂ_ka) b —0
[m+p+2]q<[m]q+ﬁ) m+p+2], [m],+B

and
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‘Q’(na,ﬁ) (425 G ) _uz‘ ‘_@’%B) (125 G ) —x2’
sup = sup

xe[0,0) 1+x2 0<x<bp 1+x?
g+ 2
[m+p£]q[n+i-q+2]q - <[m]q+ﬁ> pm+p+3],Im+p+2], |+
< sup 3
0<x<by (i, +B) (1+2)
(ql2],+4%)[m); 2q(m], [m]; 2] 2| 12
[[m+p+§] 2], [m+p+2] [m A+ ply brx + [m+p+3]5[m~qkp+2]q +a”| by,
+ 2
(i, +B) (1+22)
m) a3 m+pl; 2 )
It p3] It pt2), ([m]q-"ﬁ) m+p+3],m+p+2],
= 2
(i, +B)
(ql2],+4%)[m); 2q(m] [m]; 2] 2| 12
[[m+p+g] Im+p+2], + [m+p+2 [m+plybn+ [m+p+3]:[mip+2]q +a| by
+ —0
(im,+8)°
as m — oo, since q := (q,;) With 0 < g, < 1, li_I}lqm: 1, li_r>nqﬁ:N<oo and
lim 2" —0. m
T,

Lemma 4.2.2 Let A € R be independent of n and f be a continuous function which
vanishes on [A,|. Assume that q := (qm) with 0 < g, < 1, lim g, = 1, lim ¢} =
m—oo m—oo

2

N < ooand lim —2- = 0. Then we get
'

lim sup .@,531;‘3) (f3qm>x) — f(x)| = 0.

M= 0<x<b,,

Proof. From the hypothesis on f, we can write |f(x)| <M (M > 0). Thus, by conti-

nuity and boundedness of f, we can write for arbitrary small € > 0 that
2
[r] t+ aby, oM ( [r], t+ by
Fl e | )] <ot Sp | g )
‘ ml, B

62 \ [m],+p
where x € [0,b,,] and § = § (&) are independent of m. From the following equality
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5 (e Y ] ()R ()

2P ((u —x)* ;qm,X> :

we have by Lemma 4.1.1 that

sup ‘@%ﬁ) (f:qm,x) — f(X)‘

0<x<b,,

2M m23m 2 m m+

5 | [ 0T ), (1, +8)

b2

(2], +4%) Il 2q(m] mtply 5 My o Om
+ ‘ |:[m+P+§]q[m+P‘£2}q + [m—i—p—i—%]q ([m}q—ﬁ—ﬁq)z 2[m+Pj-2]q 2a [m]q +ﬁ
mlg 2], wz] b
+p+3], [m+p+2 g
2
Because of g := (gp,) with 0 < g, < 1, nll_rgoqm =1, n%l_rgoqm =N < o and ,}lgxlo@ =

0, we get the desired conclusion. m

From, Lemma 4.2.2, we can state the following theorem:

Theorem 4.2.3 Let f be a continuous function on the semi-axis [0,e0) and

lim f(x) =k < oo.

X—ro0

2
. . : e m - . m_
Assume that q := (qm) with0 < g, < 1, n%l_rgoqm =1, nllg;qm =N <ocoand Wlll_rgo —[m]q

0. Then

lim sup .%&‘f‘,;ﬁ) (f3qm,x) — f(x)| = 0.

M= 0<x<b,
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Proof. As in the proof of Theorem 2.2.5, it is sufficient to prove the theorem for the

case ky = 0. Since lim f (x) = 0, given any € > 0 we can write a point xo such that
X—>00

f(x)]<e, x>x0. (5.2.4)

For any fixed xp > 0, let us define an auxiliary function as follows:

/

f(x), 0<x<uxg

s(xX) =9 Flxo) = flxo) (x—x0), x0<x<uxo+1

0, x>xp+1.

Then, for sufficiently large m in such a way that b,, > xp + 1 and in view of the fact

that sup |s(x)| =|f (x0)|, we have

x0<x<xp+1

sup [f(x) —s(x)[ < sup [f(x) —s(x)[+  sup |f(x)]

0<x<bp, Xo<x<xo+1 Xo+1<x<by,

<2 sup [f(x)[+  sup [f(x)].

xo<x<xp+1 xo+1<x<b,,

Therefore, we have by (4.2.4)

sup [ f(x) —s(x)| < 3e.

0<x<by,

Now, we can write
sup | 2057 (i) — ()]
0<x<by,

< sup |2 (1F = slsqmen)|+ sup | 2P (s:qm,0) = 500

0<x<b, 0<x<by,

+ sup | f(x) —s(x)|

0<x<by,

< 6e+ sup ‘9,(,,0,‘,;‘3) (83Gm,x) —S(X)‘ -
0<x<b,,
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Because of s (x) = 0 for xg + 1 < x, we obtain the result directly by Lemma 4.2.4 . m

4.3 Order of Convergence

We stated to this subsection with the following theorem:

Theorem 4.3.1 Let f € Lippy/(7y). Then we have

D) (F:0,%) = F(3)] < M (Ao (x))7/?

where

_ m)oq® m+pl; oy dlmlylmp, 1) 2
Amq (¥) = ([m+p+3]q[m+p+2]q([m]q+[3)2 [m+p+2],([m),+B) )X

(ql2),+4) Im]2 24, | [mpl, [m], bm
([[m+p+3]q[m+p+2]q + [m+p+2], ([m](ﬁrﬁ)z 2[m+p+2]q 2a [m]q—l—ﬁx
m]; [2], ) b,
mtp+3. mtpta, 7
g ¢ 1 (m,+B)

Proof. From the monotonicity and the linearity of the operators and by (2.3.1), we get

2P (Frq,0) — F)]

m+p+1], 78 | i [r], ¢+ aby,
- oty e (ag) [ s (057 (f ( ], B >_f (X>> “

0

b
[m+p+1],"tp ( x)/m ( qt> ]yt + b
< 7 4 -r S 1 4 ) ()| d,e
< by, rzoq Pm+p,r | 4 by / Pm+p,r\ 4 by f [m]q+B f( ) q
b Y
[m+p+1], 7P X gt \ | 7], 1+ b,
< M—— 1 - P — / P — 41— x| d,t.
= by = q Pm+p,r (C] bm) / Pm+p,r <q bm) [m]v‘Fﬂ x| dg

2
Applying Holder’s inequality with p = %, and g = ﬂ , we have the following
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b
[m—f—p-l-qu r/ < )
Pm+p,r\ 45

m

[r] 1+ b,
(ml, +B

qt

(=]

S
IR

2
m+p+1],97" q [r],t + Otbp
< g / = — d,t
< by Pm+p,r (Cl’ bm> [m I +B X q
0
b
m+p+1],q7" gt
X 4 /p 4 —
bm J m-+p,r ’bm

N

by 2
m+p+1],q" gt ] 1+ 0ty
= . Ptpr | €57~ —x | dyt
bum p;r b [m +ﬁ q

0

Then, one more application of Holder’s inequality yields

2P (Frq.0) — £

by, 2
m+p+1], mtp ( X) q [r] 1+ abm
<M{———2Y s (@ — /m (—) —x | dgt
- Zoq Pupr \ 4 Op+p o)\ Tl B ,

r=

2y
[m+p+1],"&F x O\ qt :
X 1 Z q " Pmtpr (6]; _) Pm+p.r ((]; —) dyt

b

2
[m+p+1],"Lp x [r] 1+ abm
=M ———2Y ¢ pn r(q;—) /pm r< q; ) —x | dgt
by ;) +p, bum / +p, [ ]q+ﬁ q

r

=M [@,S,?‘,;B) ((u—x)z;q,xﬂ

= M(Apq(x))2.

IR

IR

Theorem 4.3.2 If f € Cp[0,0), we have

aﬁ)(f;q;x)_f(x)‘ <20 (f; lm,q(x)).
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Proof. Using the monotonicity, we have

A (0.0 £ ()
_ | [t mil’ ., X 7’ gt <f<[r]qt+abm> —f(x))dt
b = q Pm+pr| 9 b / Pm+pr\ 45 by, [m],+P q

m+p

[m+p+1] . X qt [r] 1+ by

< 4 . . B '
S Do };) q Pm+p,r (C], bm) O/pm+p,r (q, _bm) |f (—[m]q +B f(x) dqt

Now using (2.3.3), we write

25D (F0.20 - 1 ()|

t—bem ‘

qt
Xperp,( b )dl

[m+p+ ’"*P
<— / +1 w(f;)wpm—i-p,r (%%)

m+p+1],"&F _, x O\ gt
= w(f;l) (b—q Z q DPmip,r <q;b_) Pm+p,r (‘];b_) dqt
m =0 m/ 0 m
o (f;A) [ Im+p+1],"E X
+ 2 ( by, r;oq Pm+pr\ 4 b
r1[rl,t+ abm

qt
X| Pm+p,r (Q§ b_) dqt
m

Using the Cauchy-Schwarz inequality first to the g-integral and then to the summation,

ml,+B

we have
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5P (Fra.0) = f )| <@(£:2)

1/2

Lou) [Imeprtlne Y
) by = P\ T,
1/2

by [r]qt+abm_x 2 a .y
0 [m]q+ﬁ Pm+p,r q,bm q

m+p X 2
X Z Pm+p,r ((]; b_)
r=0
A

=w(f;A)+ w(]; {.@,Eg’ﬁ) <(u—x)2> ;q;x}l/z.

Now, choosing A, ,(x) the same as in Theorem 5.3.1, we get

AP (100~ 0] 20 (1312 ).

4.4 Generalization of operators
In a similar manner as Chapter two and three we will give a generalizations of Chlodowsky-
Durrmeyer type g-Bernstein-Schurer-Stancu operators. Let x > 0, consider any con-

tinuous function @ (x) > 1 and we define

and we introduce a generalize operator

L3P (f1q,%)

by
o (x) m+p+1],7EF x / qt [r],t + aby
= Do | @ — g ) Gr | = | dyt,

q

where 0 < x < b, and (b,) has the same properties of Chlodowsky variant of ¢-
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Bernstein-Schurer-Stancu operators.

Theorem 4.4.1 For the continuous functions satisfying

fim 7 &)

e o (x)

= Nf < O()7
we have
LB (f1q.%) — f ()

lim su =0
n—reo ogxgpbm o (x)

2

provided that q := (q;) with0 < g, < 1, hm 1 g =1, hm q =N <ooand lim 2z

m—oo [m}q
0.
Proof. Clearly,
“P)(fiq,%) — f ()
o) (a1, x
- sz( ™ ;q A G
[ ] 1+ 0ty

thus

‘-ﬁf (fiq,x) = f(x )’ B )9;53;3[3) (Gﬁ%x)_Gf(x)‘

o§;1§1)bm o (x) B ogs;ig)bm 14 x? '

By using |f (x)| < Ny (x) and continuity of the function f, we get that |Gf (x)‘ <
Ny (1+x?) for x > 0 and Gy (x) is a continuous function on [0,e0). Thus, by the

Theorem 4.2.3 we get the result. ®m

Last, notice that, taking (x) = 1-+x2, then the operators .%, f (f;q,x) reduces % p ( f3q,x).
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Chapter 5

TWO DIMENSIONAL CHLODOWSKY TYPE OF
g-BERNSTEIN-SCHURER-STANCU OPERATORS

5.1 Construction of the operators

Let {a,} and {b,,} be increasing sequences of real numbers satisfying

lim a,, = lim b,, = oo.
Nn—yoo n—>o0

Let, Dy, 5, denotes

Dy, b =1(x,9) :0<x <0y, 0 <y < by} (5.1.1)

For (x,y) € Dy, 5, We introduce two dimensional Chlodowsky type of g-Bernstein-

Schurer-Stancu operators as
nm,p (f qn;q9msX, )’)
n+pm-+p k []] —}-OC X y
4n Gm
= an, D | — | Pimgn | — (5.1.2)
-k Zf ([n] B, B ) P () e (b)

where n € N, p e No, 0 < < B. Py, (v) = [”zp]q vk_mtp=k=( —gsv). We

also let 0 < g, < 1 (n € N) for the positivity of the operators. It is easy to show that

%,(g’ﬁ ) (fsqn,qm;x,y) is a linear and positive operator.

Lemma 5.1.1 Let (5,,(70,,‘{5,) (fsqn,qm;x,y) be given in (5.1.2). Then we have
(1) Galy) (L, quix,y) = 1,
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[n —|—p]qnx—|— oa,
[n],, +B
[m+plg, v+ 0tbn
[m],, +B

(it) Gr%B) (g i x,y) =

Y

(iii) %(,Ori{,@) (U253 qns s x,y) =
(i) GA%B) (13 +13: G, g, y)

=] n+p—1], [n+p]qnqnx2+(2a+ 1) [n—l—p]qnanx-l-ocza%}

(Mqﬁﬁ)z{

+W {Im+p=1],, Im+ pl,, any®+ 2+ 1) m+ pl,, buy+ a3}
qm

Proof. Using Lemma 2.1.1 and the linearity of the operators, the proof is easily ob-

tained. m

5.2 Korovkin-type Approximation Theorem

For fixed v > 0 consider the space Cpv which consists of all continuous functions f,

satisfying the condition

F ) <Mpp¥ (x,y),  (%.y) € [0,00)  [0,00) :=RY and p (x,y) = 1+ 4%,

Clearly, Cpv is a linear normed space with the following norm

f ()]

0<x,y<co pY (x,y) .

HprV =

Theorem 5.2.1 Let the numbers A and B be any fixed positive real numbers. Let

Dyp={(xy):0<x<A 0<y<B}, q:={qn} with0 < q, <1, 1i_r>n gn = 1 and
n—o0

{an} and {b,,} be increasing sequences of positive real numbers that satisfy the fol-

lowing properties:

. . . ap . by
lim a, = lim b,, = o0 and lim = lim —
n—sco m—yoo n—sc0 [n]q m—soo [m]

n

=0.

qm

Then, for all f € C(Da g), we have
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lim max ngng;g) (fsqnsqm>x,y) — f(x,y)| = 0.

M=+ (x,y)€Da B

Proof. Using Lemma 5.1.1, we get

n,m,p ( aql’hqm’ ? ) HC(DA,B)
(a.B) . ) — <A It Pl - e
‘an,m,p (ulaCImqm’ ) ) XHC(DAA,B) - [n]qn+ﬁ * [n]qn+ﬁ
wp . B Y
‘cgn,m,p (MZ»Qn:Qm’ Y yH DAB _B [m]Qm+B 1 + [m]qm+B
Again by Lemma 4.1.1, we have
1
Crnly (1 + 133 s i) — (P +)7) = m
nj,, +
2 2 2.2
<3 ([n+p+1), [n+pl, an— ([n]qn+ﬁ) X+ 2o+1) [n+pl, anx+a’a,
1
t—
<[m]qm+ﬁ>

{ (14 11y b 2l 0 (0, +8)” )3 et )l byt 0283}

Finally, from the above equality we obtain

|

ﬁﬁ%@<ﬁ+wémm%mH>—cﬁ+y%H

+8)

ot 1)y, In+ ply, o ([nly, + ) |42

C(Da )

MR
g
o)
X {’[m—i—p—i—l]qm [m+pl,, dm— <[m]q +B>

FQa+ D, 0+ 0

+ (2a+1) [m+p]qmme+(x2b,2n}.
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Therefore, from the hypothesis of the theorem, we have

‘%f,oéiﬁ)(m;qmqm;-,-)—x C(Dag) - 0
(o,B) /. . o) —
‘an,m,p (MZ,Qn»qm’ 7) y C(Dap) - 0
‘(gn(%,ﬁp) (u%—f-M%Qn;Qm;v') _(x2+y2) C(Ds p) - 0

when 7 and m — oo,

Hence, the proof is completed by the two dimensional Korovkin theorem. m

Theorem 5.2.2 (See [15] ) There exists a sequence of positive operators Ty, , acting

from Cp (Ri) to Cp (Ri) , satisfying the conditions

im_ (| Zon (1)~ 1, =0

n,m—so0 P

lim Hc%zm (ul’a) _x”p =0

n,m—oo

im || Z (u25-,-) =yl , =0

n,m—o0

im | T (4] +1d5-,) = (2 +)7) ||, =0

n,m—soo

and there exists a function f* € C, for which

. * * 1
o= 17l 2 5

where p = 1 4+ x% 4.

Now, consider the following operator
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(5;1(%{57) (f’ Qn7Qm;x7y) ) (x,y) € Dan»bn

T (F1qn, qms x,y) =
f(x7y) ) Ri\Danabn

Theorem 5.2.3 Let f € Cp (R%r) Then for any y > 0

n,m—roo ||Cp1+7

where {a,}, {bm}, {qn} and {qn} satisfy the same conditions as in Theorem 5.2.1.

Proof. For all € > 0, there exist sufficiently large positive real numbers A and B such

that

(1+x24+)?) "<e (5.2.1)

whenx > A andy > B.

Let n, m be sufficiently large so that Dy g C D, p,,

H‘%hm (f;qnaqm; ) ) _f<)

||Cpl+y

an(z{g)) f;CZQO;xvy) —f(x,)))‘
1+y

(
< sup
(x,y)€Da B (1 + x? +y2>
(

%nffif) (f3qnsqm:x,y) — f (x,y)‘
+ sup

(x,y)E€Dg, b, \Da B (14x2 +y2)1+}'

/ n
=Yn,m +yn,m'

By Theorem 5.2.1, lirg Y.m = 0 and for the proof of the second term we have
n,m—yoo” 7
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%n m,p (f qn>qms X, y) |f(x,y)|
1+x2+y2 I+x24y2

4

Yam < (1427 +3%)

Finally, since f € Cp (]Ri) , the term % is bounded. Furthermore, because of the

fact that

%”(7%57) (1 +u%+”%§Qn,C]m;x7)’) )

nm,p (f qnsqm;X, )’)‘

)%532,‘,’,’ (fs@n-qm:x.,y) ‘ )

using Lemma 5.1.1, the term 7207 is bounded for sufficiently large n and

m. Hence, we get by (5.2.1) that

Y < €(1+M)

Since € > 0 is arbitrary, then lim yl,/l m = 0. This completes the proof. m
n,m—yoo” 7

Now, consider the subspace Cg of Cp which is defined by

{fecp N TER] _0}_

=0 1+ x2 +y?2

Theorem 5.2.4 Let the sequences {q,}, {a,} and {b,,} satisfy the same properties

as in Theorem 4.2.1. Then for all f € Cg (Ri), we obtain

hm Hﬂ (f;qnacIm;'a') _f()HCB =0.

n,m—

Proof. For all f € Cg (R%_) observe that

fanl lim }f ([n] +ﬁ“n’ [“nfizi‘i?bmﬂ

x,ylr—>noo1+x2+y2_ T nm—e K, +a \? g+t b 2
<—[n]qn+ﬁa”> + ([m]qm+ﬁ m)
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Therefore, for all € > 0, we can find sufficiently large numbers A and B such that

If ()| < e (1+x2+)?) (5.2.2)
for x > A and y > B and there exists natural numbers ny and m such that
kl, +a [jl, +a k], +o 2 i, +o ?
Flow ™2, L% Ve 14| e 2g, | 4 L%y
[n]g, +B " [ml, +B [, +B [m],, +B

(5.2.3)
for all n > ng and m > my.

Hence, for large n and m, we have

1 Zom (f2msms =) = f e,

GGP) (F1 s qmix,) —f(x,y)’

< sup
(x.y)€Da B 1+x2+y?
Crn (f3dnqmix.) _f(x,y)‘ / )
" " =Znm T Zum-
(x7y)€DanEm \DA,B 1 + x2 + y2 n,m n,m

By Theorem 5.2.1 it is sufficient to show that z;"m —0asn— oo

Using (5.2.2) and (5.2.3), we get

) G %P (f;qn,qm;x,y))‘
Zym S €+ sup

(%,)EDyy, by \Da,B 1+x2+y?

<e+e sup tnm(Gn, qm3 X3 )
(x,y)EDqg,, by \Da,B

=€ (1 + sup tn,m(qn,CIm;XQY)>
(xy)

€Dq,, by, /DaB

GEP (Lgngminy)+65F (u%;qn,qm;x,y))#gn‘f;nﬁ (43:qn,qm3x.y))

where 2, , (Gn, qmx:y) = 1+x2+y?

By Lemma 5.1.1, it is clear that there exist a number K independent of n and m such
that

sup tmm(Qn,‘]m;xQY) <K.
(x,y)EDgy, by /DaB
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Therefore, for n > ng and m > mg, we have

Znm < (1 +K)e.

This completes the proof. ®

5.3 Order of Convergence

In this subsection, we compute the error of approximation of the operators in terms of

the full modulus of continuity and partial modulus of continuities.

Let f € Dy g and x > 0. Then the definition of the modulus of continuity of f for two

variables is defined by
o(f:6) = max [f(xn,yn) = f(x2,32)]- (5.3.1)
V(r1—x2) +(y1—y2)° <8
x,y€C(Dy p)

It is known that for any 6 > 0 we can write that

. 2“r‘ . 2
|f(x1,51) — f(x2,32)| < o (f,0) \/(xl x2)5 01 72) +1 (5.3.2)

and its partial modulus of continuities are defined by

oV (f;8) = max max [f(x1,y) — f (x2,)|

0<y<A |x| —x,| <8

a)(z)(f;5) = max max |f(xy1)—f(,y2)|.

0<x<B|y;—y,|<é

Also, for any 6 > 0 we have

fary) = flay) < oV (f,6) (TH),
) = flay)l < 0P (f,8) (@H).



Theorem 5.3.1 For any f € C(Dy p), the following inequalities

(o ’EJ (f39n,qm:x,y) —f(x,y)‘ <2 [w(l) (f;8m) + 02 (f; 6n)] (5.3.3)

%z(,%) (f3n,qm:x,y) —f(x,y)‘ <2 (f; \/ 02+ 53) (5.3.4)

are satisfied; where

1

e — (5.3.5)
(i, +5)°
{1l bl (4 B) 42+ Gt D gl ot + %}
and
§2im ! (53.6)
(iml,, +B)’

X{‘[m+p+1] [m+pl,, am— <[m]q +ﬁ)

+ 20+ 1) [m+pl, buB+ azb?n} .

Proof. We directly have,

anmp (f qns9msX y) f(xay)

ZZ[ <nqn+ﬁ nﬂ[m]qm_'_ﬁm flxy)

_ K], + ) g, to [k]q+aa
_k;o,_zo f([n]qn+ﬁ " ]qm+ﬁb’"> f([n]qn n:Y)
[k] n+a X y

f([n]zn—i—ﬁan’y) F) | Peng, (a) D imgm <a




By linearity and positivity of the operators, we get

GGE) (Fiqm amix,y) — £(x,)

N | (Mgt g, e Mg, o
< Z Z <[n 1B s [m]q +B > f([n]q”_}_ﬁ nyy)

X M
X ¢k7n7q}’l (a_n> q)j7m7Qm (E)

n+pm+p k

[
+ Z Z [n qn
n+pm+p
Sl
n+pm+p
+Y Y of (
k=0 j=0

~—

X Y
@ o, RE
k?”aqn <an) ]7m14m (bm)
]]q X y
m @ o, Ra
m i -y ) k,n,qn (an> J>"dm (bm>
X y
@ o, RE
knyqn (an) J>51Mdm (bm>

"‘ﬁan,y) f(x7y

n

qﬂ

= Q1 (x,y) + Q2 (x,y).

Using Lemma 5.1.1 and Cauchy-Schwartz inequality, we have

Qi (x,y)
/
 ariso e ¥ (o) o (2)]
Finally, using Lemma 5.1.1, we get
Qi (x.y) <201 (f;8,) (5.3.7)

where we choose 9, as in (5.3.6).

In the same way, we obtain
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Q (x,y) <20 (f36,) (5.3.8)

where 9, is given in (5.3.5). Combining (5.3.7) and (5.3.8), we obtain (5.3.3) .
Now, by using linearity and the monotonicity of the operators, and taking into account

(5.3.1), we have

an(z{g?) (fQ‘IQO;xJ) —f(x,y)‘

n+pm+p ‘ [k]q”+aa . 2 [j]qm

Sk;)jz()w a (["]q,,+/3 " ) +([m]qm-|-ﬁ qum
n+pm+p [k]qn +a [J]q +a ;

: k=0 j=0 I [n]g, +B" [ml, +Bbm> 1)) Pnay < CI) fdm (b )

g 0
X
xq)kvnuqn (a) (I)j7mﬂm (i) (539)

Using (4.3.2) and the Cauchy-Schwarz inequality, we get (5.3.4). m

Theorem 5.3.2 Let f(x,y) have continuous partial derivatives d f /dx and d f / dy, let
ol(fe;.) and @*(fy;.) denote the partial moduli of d f /9x and 3 f | dy, respectively on

Dy . Then the inequality

Cgrt(ori;g?) (f;QnacIm;XJy) —f(x,y)‘

szv( %—1 A+[H]Z—“4”_B)+2{6nw (g 5n>]

H_ﬁ>[5 o (%:a.)]

holds true, where 6, and 8, are the same as in Theorem 5.3.1 and ’W <

+M( ml, +B

9f
|2 <m

onDpp.
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Proof. By the mean value theorem, we can write

e L, ta
g, + B T, +B "
+

) _f(x7y)

_ <[qu,,+aa _x) If(xy) <[k1q,,+aa _x> {afwl,y) ) 8f(x,y)}

[n]qn +B ox nl, + B ox ox
[j]qm +a i af(x7y) [] dm +a
v [8f(;;l//2) B afg;»)’)} (5.3.10)

for any fixed y € [0,B] and x € [0,A], where

[Klg, +0
nly, +B

x <y < an

and

Applying the operator Cﬁn(z{g,) (f3qn,qmsx,y) to (4.3.10)
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%f,?i,’f) (f3qn,qm;x,y) — f(x,)

COf(y) I (K, + x\ o y
= o B L\, g ) e (&) #ima (3)

k=0 j=0 n
N (Mg, o N[5 (yy)  9fxy)
+k_;)jz() ([”]q,l-l‘ﬁ " ) { ox ox }

9 f(x,y) " ([l + o () (y>
_|_— ”’—bm_ (I)nn _ (I).7m7m -~
oy = \lml,, +B7" ) T \a, ) T p,

k
"W (g, T [8f(x, v) 8f(x,y)]
—m____p— —
i k=0 j=0 ( ml,,, +B y) dy dy

X y
X chJM]n (a_n) q)jvmaqm (E) *

Hence, taking )aa—i‘ < N and ‘%‘ <M, we get

G5B (Fims qmix,y) — f(X»y)‘

I e g
nfmip K], . af(yi,y)  9f(x.y)
Ly n B ox ox
X y
X q)kmﬂn (a_n> (I)j7m7qm (E)
8fxy g J]q (x> (y)
m q) n - q).m o
kZOJZO mq +ﬁ — | Fhnan ap S b
+n§;mip laf(xa V) af(x,y)‘
& & mq ﬁ dy dy

X Y
X ¢k7naqn (a_n) ¢jamaqm (E)
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X y
x q)kﬂ’lﬂn (;) ¢j7m7Qm (E)
n

n+pm-+p
qm X y
o (2o 2)
/(ZO ]Z l]m ﬁ kng ay Jmd bm
+”f’mi” q,,, ‘3f X, ¥2) 9f(x,y)‘
= =0 | M, +ﬁ dy
X y
X q)k,n,qn (a) q)j7qum (E)
<nN|c m@ (r1 X5 s Qs Xy y
Py af(yi,y)  df(x,y)
* Z Z ‘ ‘ dx ‘
k=0 j=0
X
X P g, <Gn> Djimgm (E)
+M|CSSE) (1 — %G, g, y)‘
+”§’”’i” 9f (x, llfz) _ df(x,y)
ml,,, +B dy

X Y
>< q)k:’LQn (a_n) ¢j7m7Qm (a) :

Then using the properties of partial modulus of continuities, we have

G9P) (f3 G qmx,y) — f(x,y)‘

N n+ply, A O
[n],, +B [n],, +B
Lo Mate,
nrpm [n],,+B"" X
i) L z g ' P e, (2)
[m+pl, ob,,
+M| |————= —1|B+
( [m],, +B [m],, +B
n+pm+p []] +a ) [[]]]qmw;; y’
@) (£,:8, i p "aam * 1| ®;, <l>
w (f)” )k;()];) [m]qm+ﬁ y‘ 671 + J>51M49m bm

since
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g,

—X|, I e m— Y| -

ly1 —x| <

+
i, +B"

Applying the Cauchy-Schwarz inequality we have

anmp (f qnsq9msX, y) f(x,y)’
[n+pl,

oay,
SN(M@+ﬁ_ A+M@+B>
ntp ([k], + ? X v
ol o)
rH— k 2
+ fx’ " ( ] —x) Dt n,g, (%)
[m+pl,, m
+M(W%ﬁﬁ B*[m+ﬁ>
1/2
w(Z)(f5 ) mip [j]qm+OC 2(1). (l)
y5 Om = [m]q n B -Y Jmdm \
w(z)(fy;gm) m+p [j]qm+a B 2 . v
e (e ) RN )

Therefore, we get

—1

[n+ p] an aa,
i, + B 1A+mh+ﬁ>

) (fx:6n <<\/%n (ur —x) qn,qm;x,y>>
+%{:";5’1) (‘ﬁn(ff{fa) ((”1 —X)z;qn,qm;x,y»)

[m+pl,, ob,y,
+M(W%ﬁﬁ B+W@+B)

@ (fy; Sm)\/ (a ﬁ) <(”2 _)’)2 ;QnacIm;xay>

1 OEBn) 6 (6198 (-9 amiv) ).

(B (F: s qmix,y) —f(x,y)‘ <N <

-1
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Now using Lemma 4.1.1 and choosing 8, and J,, as in (4.3.5) and (4.3.6), respectively,

Cusely (f3dms i) = £ (59)
v ([t o g oo (3
+M<[[Z1q+ﬂq§‘ ] ﬁf"iﬁ)“[ﬁm“ (Gron)]

Whence the result. m

5.4 Generalization of the operators

In this subsection, we introduce generalization of two dimensional Chlodowsky type
of g-Bernstein-Schurer-Stancu operators. The generalized operators help us to approx-
imate continuous functions defined on more general weighted spaces.

For x > 0, consider any continuous function @ (x,y) > 1 and define

1+12+52

Gy(t,s)=f(t,s) w(ros)

Let us consider the generalization of the two dimensional Chlodowsky type of g-

Bernstein-Schurer-Stancu operators as follows

LLP) (F: g qmix,y)

Z’n+p Zm+p <[k]qn+a gt b )

2 ) An, m
1+X +y [n],,+B [m } +B : (x,y) c Dan,bn
= XCDk,n,qn (C.lx_n> ¢k7n7Qn <c’lx_n> ¢jam7qm <byTn>
f (X,y) ) Ri\Dambn

where (x,y) € D,, 5,, and {a,} and {b,,} have the same properties of two dimensional

Chlodowsky type of g-Bernstein-Schurer-Stancu operators.
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Theorem 5.4.1 For all continuous functions f satisfying | f(x,y)| < Msw(x,y), x,y >

0, and lim @ =0, we have
y)

X,y—>o0 W( P

tim [ 25 (Figmami )~ ()| =0

n,m—oo w

where p(x,y) = 1+ x>+ 2.

Proof. Clearly,

\x (f Gns s 5,3) — f (33)|
i

n+pm-+p +a / +a
1+x +y k=0 j=0 n]51n+ﬁ [ ](Im B

X
Xq)kv”ﬂﬂ (Cl >chn%1 (Cl_ CD]mqm < ) Gf (.X y)|

thus

Hzn(,ﬁ’ﬁ) (f3dnsqm3 ") —f(-,-)H

w
.ng’ﬁ) (fsqn,qm:x,y) —f(x,y)’
= sup
x,yeR% w(x,y)
TP (G ananix,y) = Gy (x,5)|
= Su )
x,yeggF 1+x2 +y2

Since |f(x,y)| < Myw(x,y), then ‘Gf (x,y)| < Msp(x,y) for x,y > 0 and G (x,y) is

continuous function on R2 Furthermore, from lim % = (0, we have
X,y—oo )

Gr(xy) _
xy—=e p(x,y)

Hence, by Theorem 5.2.4 we get the desired result. m

Finally, note that, taking w(x,y) = 1 +x? -+, then the operators fn(g’ﬁ ) (fsqns qmsx,y)
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(a

reduces 7, P

) (Griqn gm:x,y).
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