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ABSTRACT

This thesis includes four chapters. In the first chapter, we give general information and

some preliminaries that is used throughout the thesis.

In Chapter 2, by defining a new class of 2D-Mittag-Leffler functions (’E(a pon.c.d) (x,y)

(a,B,ym, 5)(

and 2D-Laguerre polynomials £, x,y), the two-dimensional fractional integ-

ral and two-dimensional fractional derivative properties are derived for them. More-

(ot ﬁ%né)( (aﬁnél)(

over, linear generating function for £, x,y) in terms of &

x,y) is
obtained. Also, the double Laplace transform of these classes are investigated. A gen-

(o, B,7:m, 5)(

eral singular integral equation containing £, y) in the kernel is considered

(aﬁnél)(

and the solution is obtained in terms of € x,y). Lastly, we obtain the image

of QE%,?‘K’[S ’n’é’l)(x,y) under the action of Marichev-Saigo-Maeda integral operators and

some consequences are also exhibited.

In Chapter 3, linear and mixed multilateral generating functions for the general class

(a,B,y:m, 5)(

of 2D-Laguerre polynomials £, ; y) are derived. Furthermore, a finite sum-

(o.B,7,1, 5)(

mation formula for £, y) is obtained. Moreover, series relation between

x,y) and product of confluent hypergeometric functions is derived with

the help of two-dimensional fractional derivative operator.

In Chapter 4, new classes of bivariate Mittag-Leffler functions @Exy)ﬁ (x,y) and 2D-

Konhauser-Laguerre polynomials L,

(Ofﬁ)(

x,y) are introduced. Some of them associ-

ated with fractional calculus are given. Also, a convolution type integral equation with

(%ﬁ)(

the polynomials L, x,y) in the kernel is considered and the solution is obtained
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(1)

by means of (’Eaﬁ_K

(x,y). Furthermore, a double linear generating function is obtained

for the polynomials KLS,“’IS )(x,y) in terms of €

()

op. (x,). Finally, some miscellaneous

(7)

a7ﬁ7K

(a.B)

properties of & (x,y) and L, "’ (x,y) are exhibited.

Keywords: Mittag-Leffler functions, Laguerre and Konhauser polynomials, Laplace
transform, fractional integrals and derivatives, generating functions, convolution inte-

gral equation, singular integral equation
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0z

Bu tez 4 boliimden olugmaktadir. Birinci boliimde tez ile ilgili genel bilgiler ve tezde

kullanilan tanimlar hakkinda bilgiler verilmistir.

Ikinci boliimde, 2D-Mittag-Leffler fonksiyonlar1 Qfg,?c,;ﬁ meA) (x,y) ve 2D-Laguerre poli-

nomlari 2,(1%3 ’y’n’é)(x,y) tanimlanarak, yukarida belirtilen siniflarin kesirli integral ve

tirevleri hesaplanmigtir. Buna ek olarak, 2D-Laguerre polinomlar: 2,(1?‘,,’1[3 7S) (x,y)

icin 2D-Mittag-Leffler fonksiyonlarini QE%,?K’B meA) (x,y) iceren linear dogurucu fonksiyon

elde edilmistir. Ayrica, bu siniflarin iki boyutlu Laplace doniisiimleri de hesaplanmustir.

Cekirdeginde 25,?‘,,}[3 ’y’n’é)(x,y) bulunan tekil integral denklemi ele alinmig ve ¢oziimii

(a,B,1,6,4)

QE%,?‘,;B ’n’g’l)(x, y) cinsinden verilmistir. Son olarak, & (x,y) fonksiyonlarinin

Marichev-Saigo-Maeda integral operatorii altindaki goriintiileri elde edilmis ve bazi

sonuglar gosterilmistir.

Uciincii boliimde, 2D-Laguerre polinomlar1 olarak tanimlanan 2,(lamﬁ ’y’n’é)(x, y) i¢in

linear ve multi-linear dogurucu fonksiyonlar elde edilmigtir. Buna ek olarak,

251?,‘7;[" Y8) (x,y) polinomlari i¢in sonlu toplam formiilii elde edilmistir. Bunun yaninda,

kesirli tiirev operatorii kullanarak, Sflamﬁ 7:8) (x,y) ve birbirine karisan hipergeometrik

fonksiyon arasindaki seri iligkisi gosterilmisgtir.

Dérdiincii boliimde, 2D-Konhauser-Laguerre polinomlari KL,SO"B )(x,y) ve yeni tanim-

lanan iki degiskenli Mittag-Leffler fonksiyonlari Gg)ﬁ K(x,y) ele alinarak, onlarin ke-

sirli tiirev ve integrallerle ilgili baz1 sonuglar1 hesaplanmistir. Ayrica ¢ekirdeginde

(1)

,(L,(la’ﬁ ) (x,y) iceren konvoliisyon integral denklemi ele alinmig ve ¢oziimii & ap. ()
v



cinsinden elde edilmistir. Bunun yaninda KL,(qa’ﬁ )(x,y) polinomlari i¢in Q‘Eg)ﬁ ()

(1)

iceren linear dogurucu fonksiyon elde edilmistir. Son olarak ise, € - B (x,y) fonksiy-

(a,B)

onlar1 ve L, "’ (x,y) polinomlart ile ilgili bir takim 6zellikler gosterilmistir.

Anahtar Kelimeler: Mittag-Leffler fonksiyonlari, Laguerre ve Konhauser polinom-
lar1, Laplace doniistimleri, kesirli integraller ve tiirevler, iireten fonksiyonlar, kon-

voliisyon integral denklemi, tekil integral denklemi
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Chapter 1

INTRODUCTION

In 1903, Mittag-Leffler function [8] were introduced in the following form

oo o
Co(x) = n;om (1.0.1)

(a € C,Re(at)>0,xeC)
More generalized form of the above function (I.0.1)) was introduced by Wiman ([33]],[34])

as follows
oo n

Coplx) = n;)m (1.0.2)

(¢, B € C,Re(a), Re(B) >0, x € C)

It is obvious that, by using (1.0.1) and (1.0.2), we have €4 ;(x) = Ey(x). Also,
the following functions € ;(x) = €%, & (x?) = cosh(x), €;;(—x?) = cos(x) and
&2 —xz) = sin(x) /x, such that exponential, hyperbolic, and trigonometric functions,

respectively, are the extension form of Mittag-Leffler functions (1.0.2)).

In [18], Prabhakar introduced a further generalization form of (1.0.2) in the following

way

o)

. (Y)H x"
¢ plx) = n;)r(oerB)E’ (109

(a, B,y € C,Re(a), Re(B) >0, x€C)



where (7), is the Pochammer symbol [20] which is defined as

1 ;n=0, y#0

Yy+1)-(y+n—-1) ;n=12,.-

It is clear that, we have

QE}x,ﬁ (x) = €4 p(x) and (’3(1171()6) = Cq(x).

For k = 1, we obtain Z% (x, 1) = L% (x) where L% (x) is denoted by the classical Laguerre

polynomial, that is

where
L (e A
1F1(—l’l;1+OC;X) = —
,;)(1+a)k k!

In [15], a class of polynomials Z,(l?f?..ﬂj (xl, S X Py ,pj) were defined as follows
Zlgltlx,),n] (-xlvax]aph,p]) (104)
_T(pini+---+pnj+o+1)

N nl!---nj!
. k pjkj
ey (—n1)g, -+ (_nj)kixfl’l e

X . .
kl,--~,kj:oF(P1k1 + A pikj o+ 1) k! kj!

((X, P1, 7p] € (Cv Re(pl)>0(l:177]))

Note that, for the univariate case, we refer [[18]].



Clearly, setting p; = --- = p; = 1 in (1.0.4) gives

L,gﬁ).%nj (X1,~ .- ,Xj)

k:
C(ni+-+nj+o+1) "5 (—nl)kl"'(—”j)k,xl X

nyle-njl kh,,,kaor(kl+---+kj+a+1)k1!---kj!

)

where LS,‘IX) n; (x1 X j) is the multivariate Laguerre polynomials (see [3l]).
It is known that the multivariate Mittag-Leffler functions are defined by the multiple

series as [23]]

k kj
(Vi )g, (%‘)ijll cexy
OF(plkl—i—---—i—pjkj—i—?L)kl!---kj!'

(YIF"»’YJ) .. ) — .
B gyt %) = ki Zk'
I [ A

(1.0.5)

(;L,pla"' P Y1, 7766@7 Re(pi) >0 (i: 17"' 7]))

Note that the function in (T.0.5) is a special case of the generalized Lauricella series in
several variables introduced and investigated by Srivastava and Daoust [29] (see also

[27]] and [30]). Also, when j =1,p; = at,A = B,7; = 7, the function (1.0.5) reduces

to (1.0.3).

From (1.0.4) and (1.0.5)), it is obvious that (see [13])

Zi) oy (1 xjpr ) (1.0.6)
F(p1n1+...+pjnj+06+1) (—nl,'“»—nj)( P Pj)
- nl!.nj! P17"'7Pj7a+1 xl ! 7xj ’
Clearly, setting py = po = --- = p; = 1 in (1.0.6) gives
C(ni+-+nj+0o+1) (pn)
L;(ﬁ,)ﬂj (x17"' 7-xj) = J E1,~--,11,oc+1] (xla'. : 7xj>.

ny!l---n;!



Motivated by the above results, in [[16], a class of 2D-Mittag-Leffler functions were

introduced in the following form

((X?anvétl) _ SRS (K)s x_ry_s
Cr () = Z’ Z(’) Ocr-i—ﬁs-l—l) (ns+&)r!s!” (1.0.7)
(v, k&, B, 4, n, & € C,Re(a+n)>0, Re() >0)

Remark 1.0.1 According to the convergence conditions investigated by Srivastava
and Daoust ([27], p. 155) for the generalized Lauricella series in two variables, the

series in are converges absolutely for Re(a+1n) > 0 and Re(f3) > 0.

Also, a new general class of 2D-Laguerre polynomials in [16] were introduced as

follows

SGPIE) (x,) (1.0.8)
[an+Bm+7y+1)
(ii +1nm)
— ok Bk
% Z Z —n)(—m)s ATy 2.
&= & Ocr+[3s+}’+1) (ns+&) r! !

(o, B, v,m, 6 € C, Re(a), Re(B), Re(n), Re(G) >0, Re(y) > —1)

Comparing (1.0.7) and (1.0.8]), we get

’Sr(l(i;lﬁ/%nvg) ( F(an+ﬁm+ y+ 1) (a7ﬁ7n7§7l)(xa7yﬁ) (1.0.9)

ST e

The following unifications and generalizations of Laguerre polynomials

n nkakfp

Yy
Lyp(x,y) =n!
1Lpp(x,y) =n kz(t)k!(n—k)!r(p—f—k‘}‘l)

(1.0.10)

and



n (—l)k nkak

(m) (o) Y
Ln (x’y)_(m+”)!,;)k1(n—k)!(m+k)!'

(1.0.11)

were defined by Dattoli et al. in [S]].

When p =0, x -+ —x and m = 0 in (1.0.10) and (1.0.11)), respectively, we get the

classical bivariate Laguerre polynomials

i myn mxm
m:O )
Clearly, we have
(p) nlxP
L = L, 1),

Very recently, a class of generalized 2D-Laguerre-Konhauser polynomials were intro-
duced by Bin-Saad et. al [2]], that is

(@.B) _eT (—1)strartayrsth
xLn (ry) = ZZO rn—s—r)T(a+r+1(ks+B+1)
=1,

(a,B € R,k

(1.0.12)

2, -4)

Particularly, we have



X
(—1)Py"*P (L0 (—570) = (Lyp(x,y),

|
Mynwnx*m L") (;’O) - lem)(x,y),

n!

I(kn+B+1) _

%Y Bl 0,y) = ZP(yin), (1.0.13)
F(n+ntfc+1)x_a LY 0) = L), 1.0.14)

Note that, from (1.0.13) and (1.0.14)), (1.0.12)) can also be written as

n S5 ﬁ .
(@.B) (— 1)t Z (v; %)
L) (x,y) = n!
eln (oY) =n S;)S!F(ochs—H)F(Kn—Ks—i—[)’—i—l)

and

n —1)5x% Ks—l—ﬁL(x
oL () = ! CUYT o)
S slT(a+n—s+1)I(ks+B+1)

Remark 1.0.2 (see [I7/]) By proposing another set of polynomials {K n(a’ﬁ) (x,y)} )

by

n

L ey = L8 (0 Y P (3 50,

where

(a,B)

clearly, we see that, two polynomial sets {K w o (xy y)} and {KL,S“’ﬁ )(x, y)} are

bi-orthonormal with respect to the weight function @(x) = e > over the interval

(0,00) X (0,0). Indeed, using the relations (see [4])



and

)

B (kn+B+1) 5
- n! nm-
It can be easly seen that
| [ ee ol ) )y = o,

where Oy, is the Kronecker’s delta.

Motivated essentially by the above results, the following bivariate Mittag-Leffler func-

tions [17] were introduced as in the following form

— -\ (y)r—l—s xry’“
ap ) = X N S B s (1.0.15)

Remark 1.0.3 According to the convergence conditions investigated by Srivastava

and Daoust ([28], p. 155) for the generalized Lauricella series in two variables, the

series in (|1.0.15) are converges absolutely for Re(Kk) > 0.

Taking x = 0 and r = 0 in (I.0.135), we see that

1
€ px(09) = gy Ep ")



Also, the following relations hold true:

ﬁ@i,ﬁ(y") = r(la)ez,(’ ")
and
1 1 y!
T(a) 15 (0Y) F(a)nzbl“(ﬁ tn)

Comparing (1.0.12)) and (1.0.13)), we get that

(=n)

Lglaﬁ)(x7y) = xOCyﬁ €a+17ﬁ+17,((x7y)'

K

(1.0.16)

Remark 1.0.4 (see [|I7])By taking into account the inverse operator D, , which is

given by
D, L oy
i —t t)dt,
L S0 = gy | 0
we can rewrite ng)ﬁ K(x, y) in the operational representation:

which further yields the Rodrigues-type relation

@(7)

NS V[ g1y
Gpaten= (1-55,7) {F(a>F(B)

/
We recall the following extension, S‘ég f) ,, of the double hypergeometric series (see

[28], p. 199) in the form



S (1.0.17)

A: B. B[ [(a):9,0]: [(b):v]: [(¥):v]:

Il
”

X,y

C: Dy D'\ [(c):8,¢e]: [(d):n]; [(d’):n’];

> o |- 4 Tla; +md, —|—n(pj] L T[b —i—ml//J] F[b’—i—nl//]]
m=0n=0 H] IF[C]+m6 +I’l£J] F[ J+mnj] j:1 []—I—nr[]]

where the coefficients

!/ !/
1917---319}4; (PI,---,(PA; Wl,---a‘l/B; Wla"')lI/B/; 517"'76C;
/ !/
€y €05 My TIDs Mooy My
are real and positive. Here, (a) denotes the sequence of A parameters aj,a; ..., a4 with
!/

a similar manner for (b), (b ), etc. are real and positive, and (a) abbreviates the array

of A parameters ay,---ay, (b(k)) abbreviates the array of B parameters
bW =1, BOVk e {1, --n},
with similar interpretations for (¢) and (d(k)), k=1,---,n. This function is further

investigated in [27],[30].

By considering the special cases of the above series (1.0.17)), in this thesis we consider

the following functions:



v (— (o, By + 1),(n7§);—x0‘t1;—yﬁtz>

and

ZIPZ ((17/’{’)7(1760):(avﬁay+1)7<nug)7<l7u1+1)7<17.u2+1);_xat17_yﬁt2)
0: I; 1 —: [@:1]; A 1];
=g —)Cat],—yﬁtz

e 20 0\ [y+1:a,B]: [po+1im 1]y [ +1:1];

Remark 1.0.5 According to the absolute convergence of the functions

b (— (o, B,y + 1),(n,§);—x“t1,—yﬁt2>, we need Re(o0+ 1) > —1 and Re(p) >
—1 (see [29] and also see [27],[30]). Similarly, for the absolute convergence of

)5 <(1,7L), (L,o):(a,B,y+1),(n, &), (Luy+1),(1,ua+ 1);—x°‘t1,—yﬁt2>, we need

Re(B+n) > —2and Re(a) > —2 (see [29] and also see [27],[30]).

Definition 1.0.6 (//|],/I5|]]) The Riemann-Liouville fractional integral of order o €

C, Re (o) > 0 is introduced as

a2 [f] = 1)/:(“”0” ‘>a

In a similar way, two-dimensional Riemann-Liouville fractional integral of a function

f(x,y), such that (x,y) € R x R is introduced in the following fom:

1

TS0 = o [ a=0o ey, (x> a, Re(@)>0)

10



) = s [ =D e, (5> b Re(B) >0

o T S ) (1.0.18)
- m/j /ax(x_”a_l(y— 0P f (1, T)ded

(x > a,y>b,Re(B) >0, Re(ax) >0)

Definition 1.0.7 (/1)],/I5]])The Riemann-Liouville fractional derivative of order o €

C, Re (o) > 0 is introduced as
pe = (L) ;/x(x—t)a—"—lf(t)dt n=[Re(@)]+1, x> a
etV \dx ) T(n—a) Ja T ’ ’

where, [Re(a)] is the integral part of Re(ct).

In a similar way, two-dimensional Riemann-Liouville fractional derivative of a func-

tion f(x,y), such that (x,y) € R x R is introduced in the following fom:

D2 1) = (1) gy [0 e, = Re(@)] 41 x>0

nyJ(x,y):(%) g o= e = Re(B)] 1, > )

D}, D% f(x,y) = <5x>n(%)m r(nl—oc) F(ml—B)
/ / )y — )" Bl (¢ t)drdr.

(a=[Re(a)]+1, b=[Re(B)]+1, x>a, y>b)

11



Chapter 2

SOME RESULTS ON 2D-MITTAG-LEFFLER FUNCTIONS

SUGGESTED BY 2D-LAGUERRE POLYNOMIALS

In this chapter, we calculate fractional calculus properties of the 2D-Mittag-Leffler

(a’ﬁ7n7§7l) (a’ﬁ777n7€)

functions &y (x,y) and 2D-Laguerre polynomials £, (x,y). Also, we
get linear generating function for 2,(1?‘"’1[3 7S) (x,y) suggested by Q‘Eg,?‘,(’.ﬁ M6A) (x,y).

Furthermore, considering above mentioned classes, we investigate their two-dimensional

Laplace transform. Furthermore, by considering a general singular integral equation

with 22?,‘;}3 T8 (x,y) in the kernel, we reach the solution suggested by Gg,?‘,;ﬁ MEA) (x,y)

1.0.7). Finally, we obtain the image of 2D-Mittag-Leffler functions @g,?‘,;ﬁ meA) (x,y)

under the action of the Marichev-Saigo-Maeda integral operators with the special

cases, such as Saigo and Riemann Lioville fractional integral operators.

2.1 Two-dimensional Fractional Integrals and Derivatives

In this section, we investigate two-dimensional Riemann-Liouville fractional integral
and derivative of the classes Cf:g/fo,ﬁ,n,é,k) (x,y) and 25,?5,,’1[3’%”’&) (x,y). LetRe(ax), Re(P) >

0, and Re(l), Re(A) >0, Re(y) > —1.

Theorem 2.1.1 Let Re(ax+n) >0, Re(at) > 0 and (B) > 0. Then, we have

y IgJFXI

§+ xx—lyg—legft,éﬁ-,n,m) <xa7xﬁyn>}

,K

— xﬁ+l—1y(x+§—l€§a7ﬁ7n7§+a>/x+ﬁ) (xOC?xﬁyn) .
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Proof. Because of the hypothesis of the above Theorem, we have a right to interchange
of the order of series and two-dimensional Riemann-Liouville fractional integral oper-

ator, which yields

15 [ e e (v )]

_ Y X(y_fr)(x_l(x_t)ﬁ_l A—1 é—l (avﬁanvgvl) o ﬁ n
_// ) T €y <t JgPT )dtdr

()r(K)s
Z Z T(ar+Bs+A)(ns+&E)rls!

y X
X/() (y_,L.)Ocl,L.neréld,L./O (x— 1)B 1 arBsta—1 gy
0o 0o (K)s ar+ﬁs+ﬁ+l—1yns+§+a—l
F@ ) L & Tl et A+ BT 8-+

:xﬁ+x—1ya+§*1@g/?‘,éﬁ’n’@r“’prﬁ) <x“,xﬁyn> :

This completes the proof.

In a similar manner, we have the following Corollary:

Corollary 2.1.2 Let Re(oc) > 0 and Re(B) > 0. Then, we have

18, [ £8P (e )]

_Ilan+Pm+y+1)  T(a+E+nm)
['(E+nm) [(an+pm+y+p+1)

XxB+7y0<+5‘1S,Sf‘,,aﬁ’ﬂﬁ’"’a%) (x,xy%) :

IO+x

Theorem 2.1.3 Let Re(oc+1n) > 0, Re(et) >0 and (B) > 0. Then, we have
- B.n,E A
])(O)C_*_x])g+ |: A— lyé IQS’S/(’XKﬁ 715 ) (X(X’xﬁyn)}
— xlfﬁflyéfafl@(Yféﬁ,néfa,lfﬁ) <xa7xﬁyn> ‘

13



Proof. Because of the hypothesis of the above Theorem, we have a right to interchange
of the order of series and two-dimensional Riemann-Liouville fractional derivative

operator, which yields

D5, [y e (xa,xﬁynﬂ

e pf [ ) ()X xy
» Do+, D 0* x ZZ ocr+ﬁs+7t) (ns+§)r!s!]

r=0s=

_ 2 o (1)r(K)s D8‘+x])§+[ Otr+ﬁs+l—1ynx+§ 1]
_’:ZOS;O I(ar+ps+A)I(ns+S)rls!

o d, I vy (1) (x)s
_(dy) (dx) F(n—ﬁ)r(m—a),;)g;) C(ar+Bs+A)T(ns+&)r!s!

y i X
X/ (y_»L-)metflan-é ld'f/o (x_g)nfﬁflgar+ﬁs+xfld€

_ JEoe (1)r(K)x % Psy™
=+ ]ZZ T(ar+Bs+A—B)T(ns+ & — o)k k!

r=0s=

_ xﬂ,—ﬁ—lyé—a—lGg/ix’éﬁvn7§_a7z’_ﬁ) <xa7xﬁyn> .

Whence the result.

In a similar manner, we have the following Corollary:

Corollary 2.1.4 Let Re(ot+1) > 0 and Re(B) > 0. Then, we have

n
DG D [y G 1) ()

Ian+Bm+y+1) ['E—a+nm)
['(E+nm) Ian+Bm+y—B+1)

Xt Pyl GPT PN ().

2.2 Singular Two-Dimensional Equation

In this section, we derive two-dimensional Laplace transform of the classes

(’E(a,éﬁ ’n’g’l)(x, y) and S,(Z%B ,y,n,§)<x, y). Next, we obtain two-dimensional integral in-

Y,

14



volving the product of two Qfg,?‘,;ﬁ ’n’é’l)(x, y) functions in the integrand. Lastly, the

solution of two-dimensional integral equation with 2’(1%[3 7S) (x,y) suggested by

Gg,?‘,;ﬁ M4 (x,y) in the kernel is obtained.

As usual,

Lo[f(x,1)] = /O Ter /O e f(x, ) didx 2.2.1)

(x,t>0and p, s€C)

denote the two-dimensional Laplace transform of f (see [11]).

Theorem 2.2.1 Let Re(®), Re(o), Re(a+1n) >0, Re(B) > 0, Re(s1), Re(s2) >0

o*| | of
and @ |5 S?Sg < 1, such that
A—1 é—l (a7ﬁ>n7é7l) o ﬁ ﬁ n 1 1 a)a =Y GB —K
]L‘2[x y Qiy,ic ((a)x) 7(6 X0y ))](517‘92):7_5(1__05) (1_ B n)
5183 51 5785
Proof. With the help of (2.2.1) and considering ‘;’—g <1 and gﬁn < 1, we get
1 S152
- - b b) b ’A’
Lofhys @Rl N (@), (0P xPy))](s1,52)
= i i (Y)r(K)swarGﬁs
r:OSZOF(ar+Bs+7L)F(ns+é)r!s!
« /ooxochrﬁerlleslxdx/ooyns+§leszydy
0 0
11 &), 0%, & (k) o 11 0% _ of
= L&y Y By = (- ) - )
ek G Gy e ) U g

The proof is completed.

15



From Theorem 2.2.1 by setting A — 1 = ¥ and using equation (1.0.9) we get the fol-

lowing result:

Corollary 2.2.2 Let Re(w), Re(o), Re(a), Re(B), Re(A), Re(s1), Re(sy) >0

ob

B
Sl Sz

and < 1, such that

Y

wa
S

Lol o5~ 25719 (@r), (018 )] (s1,52)

1 iF(an—l—Bm—i—}’-i—l)(l_w_“)n(l_ oh ”
s’{“sg C(nm+&) s s?sg ‘

In the following Theorem, by using Theorem 2.2.1, we obtain two-dimensional inte-

gral involving the product of two 2D-Mittag-Leffler functions 65,?‘,;[3 MeA) (x,y) in the

integrand.

Theorem 2.2.3 [f w, 6 € C, Re(ot+1) > 0 and Re(B) > 0, then

Y X _ _ A
I [ le-orto-of e 1P a0 2l - - o)
xt”_lrg_]Ggff,’ﬁm’c’w(w“ta,Gﬁtﬁr”)dtdr

_ x“”y‘“‘:@g,?‘,;ﬁ’"’é”l) (0%, oﬁxﬁyﬂ)e%"’"’m (0%, oPxPym).

Proof. By using the convolution theorem for two-dimensional Laplace transform, we

obtain

16



H.Q[// DM =) RPN (0% (e 1), 0P (x - )P (y - )My eE !
xc‘f({f,’ﬁ’n’g’w(a)o‘t“,Gﬁtﬁr")dtdr] (s1,52)
:Lz[xl*ly§*1€;?£ﬁ7n7§7l)(

0%x%, oPrPym))

x Lo ys 1@l %P oD (9% gP P (s1,5,)
_1;(1_60_“)” |_of ”ii(l_w_“)% AT
S% s§ sy s?sg ST sg sy s[fsg .

For Re(sy), Re(s2) > 0, we have

Lo | [ [ =0t -0 P @00 0 - P - M 222)
xtV’lrg’lQ(T%ﬁ’"’c’y)(w“t“,Gﬁtﬁr")dtdr} (s1,52)
1 1 (1 wa)% . L —k <1 wa)?’a X oB h
B sit+ysg+g st s?sg st slfsg
= Ly [P 1N (0o oPafy ) elGP TN (@0, Xy (1, 52).
Finally, we take the inverse two-dimensional Laplace transform on both sides of (2.2.2)

to complete the proof. m

By letting A — 1 = ¥ in Theorem 2.2.3 and taking into account (1.0.9)), we get the

following Corollary:

Corollary 2.2.4 For w,0 € C, Re(A), Re(&), Re(y), Re(§) > 0, we have

Y (X n
| [ a=076=0f el 1 @ -1, 0= -nh)
X 1775~ 135,2‘,52” M) (g, GIT%)dth

_ xyl+y2+1y§1+§2—127(1?6:51771-,71»51)( 2(06 B.».1n.82)

] 1
wx,0xyF ) L0070 (wx, oxyP).

Note that two-dimensional fractional integral (, I(‘))‘iyl0+ ©)(x,y) can be written as a con-

volution of the form

17



oa—1_on—1
(I 12 9)(xy) = [mx,y)*m].

(Re(0t), Re(ap) > 0)

Therefore, using the double convolution theorem for two-dimensional Laplace trans-

form of two-dimesional fractional integral IO‘1 I0+ @, we reach the following result

L, ( Ig}ry10+ (P> (p,q) =p %q ®L2(0)(p,9q),

which is also true for sufficiently good function ¢ if Re(;), Re(ap) > 0.
Let constract the double convolution equation as below:

[ [ a0 1o- 0518889 (00 (P2, Daias
0 JO

= P(x,y), (2.2.3)

where Re(y) > —1.

The solution of a singular two-dimensional integral equation (2 is given by the

following Theorem:

Theorem 2.2.5 The singular two-dimensional integral equation admits a lo-

cally integrable solution

L(nm+¢)
INan+Bm+y+1)

d(r,7) =

[ [ty gy s B (e (o)

X Iy 1y 2 (¢, 7)) ded T,

Proof. We first apply two-dimensional Laplace transform on both sides of (2.2.3)) and

then use two-dimensional convolution theorem to obtain

18



I 1T(an+Bm+y+1), o,  oF
Y—H g L(nm+&) st sllgsg

= La[¥(z,7)](s1,52).

)"La[®(2,7)](s1,52)

Therefore, we get,

La[®(r, ))(s1,52) = F<a;ingdm++§;+ )
g oP
X(Sl)yalﬂ(sﬁéaz(l—y) "(1— 5 n) s sy Lo [ (2, 7)] (s1,82) }-
515

Finally, by taking the inverse two-dimensional Laplace transform on both sides and

using Lemma 3.2 of [1] and Theorem 2.2.1, we obtain

C(nm+¢)
I'an+Ppm+7y+1)

Yy X
o A R (e L e (CORNCLRl)

XI5 (1, 7)]dedT,

d(t,7) =

which completes the proof. m

2.3 Marichev-Saigo-Maeda Fractional Integration Operator of

2D-Mittag-Leffler Functions

(B8, M(x,y) under the

In this section, the images of 2D-Mittag-Leffler functions €,
actions of Marichev-Saigo-Maeda fractional integral operators are obtained. Also,
some special cases of the theorems (and corollaries) are investigated, and concluding

remarks involving Saigo integral operators and Riemann-Liouville integral operators

are discussed.

Let A, A, u, ', v € Cand x > 0, then the left and right sided Marichev-Saigo-
Maeda type fractional integral operators are defined by the following equations:
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<%ﬁ“”*ﬁ)@) (2.3.1)

A
= X e B s vs1 = L
— F(v)/o(x OV B(ALA vl 1= D) f(n)de
(Re(v) > 0)
and
(ﬂﬁﬂ%mv>@) (232)
2 e
= 2 R W O B
= F(V)/x (t—x)"" "t B4 1, vs ] i1 x)f(t)dl’
(Re(v) > 0)

respectively, where the symbol F3(.), that is

A g sviny) = F SR En (ma i ) < 1)

m,n=0

is called the 3rd Appell function (see p. 413 of [9]).

In particular,

F3(A,v—2A;u,v—u;vix;y) = 2F1 (A, 10 vix +y —xy), (2.3.3)

where > F] (a,b;c;z) is the Gauss hypergeometric function.

Also, a couple of reduction formulas, such that

F3(A,0,1, 1 vixy) = F(A A, s vixsy) = 2Fi (A, s vix)

and

B0 w1 vixy) = F(A, A, 1 vixy) = 2R (A, 1 vix)

20



are easily derived.

In [[7], the operators in (2.3.1)) and (2.3.2) were defined by Marichev as Mellin type
convolution operators with a special function F3(.) in the kernel. With the help of the

reduction formula in (2.3.3), the fractional integration operators (of Marichev-Saigo-

Maeda type) given in (2.3.1) and (2.3.2) becomes the Saigo integral operators ]Ig}’” V)
and I ([211) (see also [12] and [32]).
(1:45) W= [ =0 aR et —vias =D, (Re(2)>0)
0t - F(ﬂ,) 0 21671 H, SN X y
(2.3.4)

and

(]Igﬁ’“’v)f) (x) = ﬁ/j(t—x)“tw SR (A +u,—v;/1;1—§)f(r)dt, (Re(1) > 0),

(2.3.5)

respectively.

Clearly, by using the above definitions, the following relations hold true (see p.338,

Eqgns. (2.9) and (2.10) in [26]):

(fo(f’o’“’“l’")> (x) = (ug%vfw) (x) (veCQ) (2.3.6)

and

(ﬂé’“m“’“'”) (x) = (ﬂg?’t‘“‘m) (x). (veQ) 2.3.7)

Some properties of the operators in (2.3.1) and (2.3.2) were obtained by Saigo and

Maeda (see [22]]). Later on, Saigo and Maeda gave further relationship between the

Mellin transforms and hypergeometric operators (or Saigo fractional integral opera-
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tors).

Note that, if we take A = A" = 0, (2.3.1) and (2.3.2) yield the following classical left

and right Riemann-Liouville fractional integral operators [10], respectively;

BN = 5 [, =0 x>0

and

1

0
N = Fy [ =07, x<0

where I is called the Gamma function and I'(v) > 0.
2.3.1 Left-sided Marichev-Saigo-Maeda Fractional Integration Operator of
2D-Mittag-Leffler Functions

In this section, the main results are obtained by considering the following Lemma.

Lemma 2.3.1 (p.394 of [22]) Let A, ', u, ', v € C and Re(v) > 0, Re({) >

max{0,Re(A +A +u—Vv),Re(A' —u')}. Then the following relation holds :

(joﬂi,/l LI ,vxgl) (x) (2.3.8)

DO +v—A—2 =+ ~4) oy a0
D+ +V =2 -0 +v =2 —p) |

We now give the image of the 2D-Mittag-Leffler functions (1.0.7)) under the action of

the left-sided Marichev-Saigo-Maeda fractional integral given in (2.3.1)).

Theorem 2.3.2 Let the parameters A, A, u, ', v, v, k, &, B, n, &, A, p € C
22



and Re(a) > 0, Re(B) >0, Re(n) >0, Re(A) >0, Re(§) >0, Re(c) >0, Re(g) >
0, Re(v) >0, Re(p) > max{0,Re(A+A +u—Vv),Re(A —u')}. Then the following

relation is valid

( (’” HH V) {tp1@&?‘éﬂ’”’é’l)(ctc,cxg)]> (x) (2.3.9)
N
[(y) (k)

[(p.p+v—2A—2"—p):0.6]:[(y): 1:[(x) : 1] ;

<Sion | (Ap+up+v-a-2.p+v-2 —m): (o), (B.O:—[E:m] |

cx%,cxs

forall x > 0.

Proof. Let the left hand side of (2.3.9) be ¢ . Then using definition (1.0.7), we get

= (l,l/,,u“u,,v) - K') oI HsportGs
S = <fo+ r;);)r ar+[3s+;L) (ns+€)m!) (x).

Since the converge conditions satisfied, we change the order of integration and sum-

mation, which yields

Py (1)) ( P {tp+m+gs_1}> ),

S S T(ar+Bs+A)I(ns+E)rls!

Now, using Lemma 2.3.1 and relation (2.3.8) with p replaced by (p + 6r+ gs), we get
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L - +r)T(k+5)
— xPTV— A-A—1
/ (Y) ( ) ,;)SZ Ocr+l3s+l) (T]s—|—§)r!s!
Llp+ortgs)l (p+ortgs+v—2A—21 —p)
“T(p+or+es+u)T(p+ortestv—2A—2)
D(p+ort+gs+u —A) ctsxortss
C(p+or+gs+v—A—u) rls! =

By using (1.0.17]), we obtain desired result. m

2.3.2 Right-sided Marichev-Saigo-Maeda Fractional Integration Operator of

2D- Mittag-Leffler Functions

In this part, we need to use next Lemma to obtain our results.

Lemma 2.3.3 (p.394 of [21]) Let A, ', i, ', v € Cand Re(v) >0, Re(p) <1+

min{Re{—p}, Re(A+A" —V), Re(A+u —Vv)}. Then the following relation holds :

(jol,?t NTNT} 7thl) (x) (2.3.10)

Tl—p—pwT(1—p—v+A+A)T(1-p+2 +u'—V)xp+H4:1
Cl—p)T(1—p+A+A 4+ —v)II(A—p+2i—p) '

The image of the right-sided Marichev-Saigo-Maeda fractional integral (2.3.2) for the

2D-Mittag-Leffler functions ((1.0.7) is given by the following Theorem:

Theorem 2.3.4 Let the parameters A, A, u, ,LL/, v, v, k, o, B,n, &, A, p e C
and Re(a) >0, Re(B) >0, Re(n) >0, Re(A) >0, Re(§) >0, Re(c) >0, Re(g) >
0, Re(v) >0, Re(p) < 1-+min{Re{—pu}, Re(A+21 —V), Re(A+p —V)}. Then the

following relation is valid
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/l,)L/,u,u,,v _ BnEL,C C
(yé )Pple%fné)(ﬁ,ﬂﬂ>(@ 2.3.11)

I'(y) T(x)

[(I—p—p,1=p—v+A+A T=p+A+p —v):o,6l: (0 1:[(x): 1]

XS301 | (A1 =p 1 —p+A4A +u —v,I—p+A—p): (a,0),(B,E)]: —[(E V)]

cx%,cx

for all x > 0.

Proof. Let us denote the left hand side of (2.3.11)) as _#. Using the definition (1.0.7),

we get

B (/l,l,,u,ul,v> i (/},)r(K)Scr+st0'r+gs
s = (IO a Z Z F(Otr+[3s+7t)f‘(ns+§)r!s!) ().

r=0s=0

Since the converge conditions satisfied, we change the order of integration and sum-

mation, which yields

- (DK™ (A ) o
Z [(ar+Bs+A)L(ns+&E)r!s! <fo {tProrts 1}) (x).

05=0

F =

r

o)

Now, applying Lemma 2.3.3 and using (2.3.10) with p replaced by (p — or—gs), we

obtain:
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_ v— - +r)(x+s)
So= o l__ZZ Ocr+l3s+l) (ns+&)rls!

rOs

O—p+«w+g@(1—p+cw+g—v+l+xﬁ
F(l—p+or+gs)I(1—p+or+gs+A+A+u —v)
T(1—p+ortgstA ‘HJ,—V) cr+sxp+crr+gs+v—l—l/—l

I'Nl—p+or+gs+A—pu) rls! '

So we complete the proof by using (1.0.17). m

2.3.3 Special Cases

In the case A’ = 0 in (2.3.6), we obtain the left-sided Saigo fractional integral operators
which is given in (2.3.4). Therefore, as a result of Theorem 2.3.2, we get the next

assertation:

Corollary 2.3.5 Let the parameters A, i, v, v, K, a, B, n, &, A, p € C and
Re(o) > 0, Re(B) >0, Re(n) >0, Re(A) >0, Re(§) > 0 Re(o) > 0, Re(g) >

0, Re(v) >0, Re(p) > max{0,Re(v —A —u)}. Then the following relation holds

(1A [ el 1M (@0, )] ) ()

1 1 xp+v—7L—1
I'(y) I'(x)

[(psp+v—2A—p):0,6]:[(7): 1]:[(x) : 1] ;

xS3ot | [(Aprv—Aptv—p):(a,0),(B.E): —[E:m)] ; |

cx%,cxc

forall x > 0.
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In the case ' = 0 in (2.3.7), we obtain the right-sided Saigo fractional integral oper-

ators which is given in (2.3.5). Therefore, we get the following Corollary from Theo-

rem 2.3.4:

Corollary 2.3.6 Let the parameters A, U, v, v, K, a, B, n, &, A, p € C and
Re(at) > 0, Re(B) >0, Re(n) >0, Re(A) >0, Re(§) >0, Re(c) >0, Re(g) >
0, Re(v) >0, Re(p) < 1+min{Re(—p), Re(A—V)}. Thenthe following relation holds

(H(()\izl—v7—ﬂ) [lp—l Qfg/?‘,éﬁ’n’é’l) (t%, t%)] > (x)

1 1
_ xp+vf/lfl

I(y) (k)

(I—p—p,1=p—v+A):0,6]:[(y): 1];[(x): 1] ;

xS301 | (A 1=pi—p+A—p):(a,0),(B.E)]:=[E:m)] 5 |-

cx%,cxc

forall x > 0.

When A = A’ =0 in the Marichev-Saigo-Maeda operators in Theorem 2.3.2 , we ob-
tain the left-sided Riemann Liouville operator. Therefore, setting A = A= 0, Theo-

rem 2.3.2 reduces to the following corollary:

Corollary 2.3.7 Let the parameters v, A, v, k, &, B, 1, &, A, p € C and Re(o) >
0, Re(B) > 0, Re(n) >0, Re(A) >0, Re(§) >0, Re(c) >0, Re(g) >0, Re(v) >
0, Re(p) > max{0, Re(v — u)}. Then the following relation holds
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(157 [ e 150 0 erf)) ) (o)

U1 v

T(y)T(x)"
[(p):0,6]:[(7): 1];[(x) : 1] ;

<Syon | [(Ap+v):(@,0),(B,E)]: €] 5 |

cx%,cxs

for all x > 0.

When A =14’ =0 in the Marichev-Saigo-Maeda operators in Theorem 2.3.4 , we ob-
tain the right-sided Riemann Liouville operator. Therefore, setting A = A" =0, Theo-

rem 2.3.4 reduces to the following Corollary:

Corollary 2.3.8 Let the parameters v, A, v, k, o, B, n, &, A, p € Cand Re(at) >
0, Re(B) >0, Re(n) >0, Re(A) >0, Re(§) >0, Re(c) >0, Re(g) >0, Re(v) >

0, Re(p) < 14+ min{Re(—V)}. Then the following relation holds
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xSy00 | [(A,1-p): (@,0),(B,E)]: —[(E:m)]

cx%,cxs

forall x > 0.
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Chapter 3

SOME RESULTS ON 2D-LAGUERRE POLYNOMIALS

BP9 (e

In this chapter, we take into account the class of the 2D-Laguerre polynomials

x,y) . Then, we get linear and mixed multilateral generating functions for

(a ﬁ%n€)<

the polynomials £, y) . Furthermore, a finite summation formula for the

mentioned classes is derived. Finally, a series relation between the 2D-Laguerre poly-

(o ﬁ%né)(

nomials £, x,y) and a product of confluent hypergeometric functions is rep-

resented by using two-dimensional fractional derivative operator.

3.1 Linear Generating Function and a Summation Formula

The main idea of this section is to obtain a linear, mixed multilinear generating func-

tions and a summation formula of 2D-Laguerre polynomials Sfff;,ﬁ 7S) (x,y).

Theorem 3.1.1 The following generating function

Z i aﬁ%né)( y) (€ +nm) o pm (3.1.1)
n=0m=0 I(an+Bm+y+1)n! m! B

— ot g (—:(a,B,erl) (0, &); —x%, — Bk).

holds true for the polynomials 2,(1?6,,3[3 Y8) (x,).

Proof. Direct calculations yield that
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aB,ym, é)(

= o e WTE+nm) ,
Z Z C(on+Bm+y+1)n! m! r

n=

_ i v (—n)x, (—m), x*1 yP  m
nimeok omo T(aky + By + v+ 1) T(E +nky) nt m! ki k!
oo n,m (_1)k1+k2 xOCkl yﬁkg

= Z n

K"
n,m=0k1,k22'_O T(aki +Bhkr+y+ 1) T(E+nky) (n—ky)! (m—kp)! k! kp!

Letting n = n+k; and m = m+ k,, we have

=5 S ) T nm)

Z Z C(oan+Bm+y+1) n! m!

0m=0
) tn km oo (_1)k1+k2 x(xkl yﬁkz

= X

W gntml | &= T(aki + By + 7+ 1) T(E + k) ki1 k!
= eH_k ‘P* (_ : (a7ﬁ7y+ 1)7(nag>;_xat7_yﬁk> .

Thus, we get the desired result. m

In the following Theorem, by using the same technique which is considered in [14] and

[15] (see also [31]), we obtain the mixed multilateral generating functions for the poly-
1 S( B.y:n.8) Let - 2) = (A A - -

nomials n,m ( ) € (Y> (yl7Y2)7 ( ) ( I 2)7 (Tl) (nlﬂh): (Il/)

(y1,¥2), (p):=(p1,p2) be complex 2 — tuples. Considering the above Theorem, the

following result holds true.

Theorem 3.1.2 Let Q (81,82, ..., &) be an identically non-vanishing function of com-

plex variables &1,&,,...,E (s € N), and let

v (61,82, 85361,6) (3.1.2)
Z Akey 1k Qn1+llflk17nz+ll/2kz(§1:§27---a55) g{q €§2a (ak17k2 #0).
k1,kr=0

Suppose also that
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®£l)1/),l7’l(2 q17q2 (é 627 €s§x1,x2§(aaﬁaé);§1,€2) (313)

% ]:]2]
- Z Akt sk Q"+‘I/Ik17m+lllzk2(§l7§25---ags)
k1 ,kr=0

B o (62) T((m—gaky) +£) b
o,

[(o(n—qiki) + B (m—qaka) +7+1) (n—qik1)!(m — q2k2)! °1

(Q17 q2 € N)

X

Then,

)) @%%z}?)’“”’“(sl,éz,...,@;xl,xz;(a,ﬁ,@ ﬁ,ﬁ,@)tszh (3.14)

nl,-~~,nj:0 t2
_etl'HZA (§17§27 éS;QIG2) P <—I((X,ﬁ,’}/—f-1),(177&);—Xal';—yﬁk>,

which provided that each member of equation exists and |t| < 1 and |k| < 1.

Proof. Let say .7 for the left side of (3.1.4). Then, we substitute the polynomials

®£171/)7’7’1(2 4176]2 (g §27 €s§x1,x2§(aaB7§)§€17€2)

from the definition (3.1.3)) into the left-hand side of (3.1.4), and we get

i o
T = Z Z Ak ke Qn+l4/1k17m+llfzkz(§lv§2=--'ags) §11 922
ni,n=0 ki,ky=0
SAPTE n(6)) T((m = qoka) + €)
n—qiky,m—qoks \X>Y n 92%2

X f—qik pa—gaky
C(a(n—qiki)+ B (m—qkz) +y+1) (n—qiki)! (m—qoka)!

= Z ak1,k2n29n+llflk1,m+ll/2k2(§la527---ags)nngllnggz
ki, k=0
Cp S I EE)

o TI(on+Pm+y+1) '

nlu"'7nj:

Using Theorem 3.1.1 with y; — 71 + A1k; and 9 — 1 + Azkp, we get
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k k
ﬁ - akl ko Qn+l]/1k1,m+lV2k2(€17527 7& ) g] g22 H_

P (— (o, By + 1),(n,§);—xat,—yﬁk> .

Thus, we get the result by using (3.1.2). m

The following theorem devote an interesting summation formula for the 2D-Laguerre

(B%n@(

polynomials £ x,y) by using the above generating function which deals in

Eq.(3.1.1)) and a technique used by Srivastava ([24] and [25]).

Theorem 3.1.3 We have

PN (v y) = T(an+PBm+y+1) (3.1.5)
5 (o) ) SIS (1,k) T(E +om)
nr)\ms
r,s=0 F((X(l’l—l’)—f-ﬁ(m—s)—f—’Y—i—l)

() () (&) (1)

Proof. Setting 1} = [—1%]z; and 1, = [—kP]z, in (1.0.2), we have

Yy it 1) (,y) D(E +nm)
= = T(an+Bm+y+1)n!m!

= (0B 1), (-, e i)

([—1%]z)" ([—sP)z2)™ (3.1.6)

Interchanging x by # and y by s,we get

o oo aB%né
222 1,5) D& +m) ([x%z1)" ([Pl2)™  (3.1.7)

== T(an+Bm+y+1)n!m!
= it g ((Ot,ﬁ,wr1),(n,€);—x°‘t1;—yﬁt2>'

Comparing (3.1.6) and (3.1.7)), we obtain
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o0 aﬁ%né)
() T(E+nm), o, ., .
nzbmzo I(an+pfm+y+1) n!m! (—1%21)" (=522)

: ““”“( B T(E +1m)

B B
— Az —sPzo+x%z1+yP 20 _xaz n
L L Farvam s

n,m=0r,s= OF O‘”+ﬁm+7+ 1) n!'m!rs!

X (—x%21)" (—yP2)™ (—1%1 +x%1) (=sPz +yP )
_ i [ 2B INE) (1) T(E +nm)
1,m=01.5—0 Ca(m—r)+B(m—s)+y+1) (n—r)! (m—s)! r!s!
x(=2%2)" " (P 2)" (i x4 (<P +yPa)]
n"‘Pm”;é‘)( 5) T(€ +nm)
- nm 0,2 0[ a(n—r)+Bm—s)+y+1)

(—x%z1)" Bao)m=s (1% +x%2))" (—sP 2 +sz2)$]

—yﬁZQ)’"

Finally, on comparing the coefficients zz5' on both sides, we reach (3.1.5). =

3.2 A Series Relation for £< Brm.e) (x,y)

We need the following proposition to get the main theorem of this section.

Proposition 3.2.1 The following relation holds

D) =

where u € C.

(3.2.1)

Theorem 3.2.2 The following relationship holds true between 2D-Laguerre polyno-

mials and the confluent hypergeometric functions:
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i o g(OLﬁ%né)( Y)T(E+nm) (A), (©)m

oo (an+Bm+y+1) (1 + 1), (24 1)m n! m!

X Fi(n—A+Ln+w+Ln) 1Fi(lo—o+1,m+u+1;0) 6 1

_ h C(u +1) T+ 1)
L(A) T'(A2)

<2 ((1,1),(1,60) (o, By 1), (M, ), (1, + 1),(1,u2+1);—x“t1;—yﬁz2).

Proof. Let rewrite in the form

i - 2““””@( DEE+M) i
== T(an+Bm+y+1)n!m!

= P (—:(a,B,er1),(n,§);—xat1;—yﬁt2)

and expand the exponentional function to a series to have

o0 o (‘Lﬁv%”vé)(x y)

n,m

LE+nm) (=n)" (=) ,
nimeorico L(@n+Bm+y+1)nlm!  r! k!

x)on Bm
Z Z ( ) ( ) tn tgz

== T(an+pm+7y+1) (T]m+§)11'm'1

Now, we multiply both sides by tf“l and tg’*l to obtain

i i )30613%115)( y) (§—|—nm)(—1)r<_1)ktn+l+r —
i oo Tlon+Bmty+1)ntmt rt kb 2

w—1

Z Z (—x%)" (—yPo)m 1 1

= = T(an+Bm+y+1)T(nm+E) nl m!

Applying the operator Dfr” =1 and Dy 21 we get

5 ¥ ot 1) (x,3) T(E +1m) (=1)" (= D)*

n,m=0r,k=0 lNon+Pm+y+1)ntm! ! k!

xD’l ui— IWMH 1] Dta;fuz 1[tm+a)+k 1]

= (—xy)" (—yPr)m P!
B n;)mz [(oan+Bm+y+1) (T]m—i—ﬁ)n!m!

A— I, A—1 — 1
XDy M T Dy

i),
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By using (3.2.1)), we obtain

5 i SIS (¢ y) T(E+nm) T(n+A+7r) T(m+ @ +k)
Clan+Bm+y+ 1) T(n+u+r+ 1) T(m+u+k+1) n! m!

0
(_1) (_1)k n+r m+k

ST
_ i i (=x®)" (—yPY" T(n+ L) T(m+ o) o
S = Tent B+ y+ ) Tm+8) Tn+ i+ 1) Tm+ o+ 1) ntm! 12

m=0
= Z‘PZ((LM»(L@)1(a7ﬁ77+1)7(7775)7(1#“+1)7(17N2+1)2—xaf1;—yﬁf2>-

Therefore, we obtain

oo e}

SBY1E) (x 3) T(E +nm) T(A) T(w)
C(an+PBm+y+1) T(w+1) D(up+1)

(n+2A), (m+ @) (A)n (@) (=) 1} (=) fi"]
(n+w+1D),(w+1),(m+uwp+ 1) (L2+ Dm n!m! rl k!

(3.2.2)

n,m=0rk=0

ZZlPZ <(1,7L),(1,(1)) 3((1,ﬁ,}’+ 1%(’%5)7(1,#1 + 1)7(17“2'1' 1);_xat17_yﬁt2> .

For the convenience, let the left hand side of (3.2.2) be ., that is

()T f o S ) DEnm) () (@
T(u+1)T u2+1 = = T(an+Bm+y+1) (W +1), (ta+1)unlm " 2

> (n+A), v (mt+o) X
—t —n)~.
Z’ CESTER AL ,;) (n+u+1) kk'( 2)

I(A)T Z 5 i ) () TE+nm) () (@)
I(u+1)r Hz+1 == T(an+Bm+y+1) (W +1), (U2 + 1), n! m!

X 1F(n+A,n+u +15—1) 1Fi(m+o,m+ pp +1;—1).

Finally, since | F|(a;b;z) = €1 F1(b—a;b; —z), we get

e .
7= I +1) T +1) (3.2.3)
(OC ﬁ%n,é)( ) r(§+7]m)(7t) ((D)m o

X
nzbmz an+ﬁm+y+1) (W + 1), (41! m! 2
XtFi(n—A+Ln+w+Ln) 1Fi(le—o+1L,m++1;0).

Comparing (3.2.2) and (3.2.3), we get the desired result. m
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Chapter 4

SOME RESULTS ON BIVARIATE MITTAG-LEFFLER
FUNCTIONS WITH 2D-LAGUERRE-KONHAUSER

POLYNOMIALS

In this chapter, first of all, we calculate two-dimensional Riemann-Liouville fractional

(v)

a,f.x

(x,y) and L™

integral and derivative of & (x,y). After that, we consider a con-
volution integral equation with 2D-Laguerre-Konhauser Polynomials in the kernel and
we obtain its solution by introducing a new family of bivariate Mittag-Leffler func-
tions. Moreover, two-dimensional fractional integral operator which deals with bi-
variate Mittag-Leffler functions in the kernel is introduced. Finally, considering 2D-
Laguerre-Konhauser Polynomials and bivariate Mittag-Leffler functions, we obtain a

double linear generating function, Schlifli’s contour integral representations and inte-

gral representation.

4.1 Fractional Calculus Approach

This section, devote to obtain the Riemann-Liouville double fractional integrals and

()

a,B.x

(aﬁ)(

derivatives of € (x,y) and L " (x,y).

Theorem 4.1.1 For o, B, v, x € C, Re(a), Re(B), Re(x), Re(y), Re(A), Re(1),

Re(wy), Re(an) > 0, we have
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Je B (=) (y—b)P el (o1(x—a), @x(y—b))
_ a1 p)BHu—1g) _ —b
(x—a) Ay p)freel?), (o a), oa(y —b)).
Proof. Because of the hypothesis of the above Theorem, we have a right to interchange
of the order of series and two-dimensional Riemann-Liouville fractional integral oper-

ator, which yields

LB (=) (= b)P e (01(x-a), 02(y - b))

7L 1 1
L

xe%’,{(wl (1 —a),wz(r—b))dr dt

L I v v (7)r+s ﬂlrwgs
(1) F(/.L)rg();)r(oc—i—r)l“(ﬁ—i—m) rl s!

y
X (X—t)l_l(t —a)a+r_1dl/ (y_ T)“_I(T—b)ﬁ+'<s_1df
b

= (x—q)¥TA] B 1 (V) r+s
= ko a =k ;)SZ' T(ot+ A +r)T(B+ i+ Ks)
L Ol —a) o (y—b)"®
r! s!
= (x—a)* P y—p)frelel), o (o(x—a),o(y—b)).

Thus, we get the desired result. m

Corollary 4.1.2 As a consequence of ([.0.16) and Theorem 4.1.1, we have

JE B LD (01 (x— a), @x(y b))
= (@) o= n)P L 01 (r - a), 02y~ D)).
where &, B, 7, k € C, Re(t), Re(B), Re(k), Re(y), Re(A), Re(i), Re(w), Re(@,) >

0.
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Theorem 4.1.3 Fora, 3, v, k € C, Re(a), Re(B), Re(k), Re(y), Re(®w;), Re(w,) >

0 and Re(A), Re(u) > 0, we have

DL DL (=) (v = )P el (o1(x—a),0(y—b))]

= (x—a)* M y—p)frlel), o (01(x—a),m(y—b)).

Proof. Because of the hypothesis of the above Theorem, we have a right to interchange
of the order of series and two-dimensional Riemann-Liouville fractional derivative

operator, which yields

DL DY (- = b)P e (o1(v—a), 02(y-b))|

= Dt ynmr":” [(x—a)“*(y—b)ﬁ*le(” (@1 (x=a), @ (y b))

o5,
_ 1 i - r+s oj(x—a)" o (y—b)*

['(n— S5 T(a+r)(B +Ks) r! 5!

« D" / x(x—t)"—l—l t—a)a+r—ldt D" /b (y— )" B (r = b)Y~
= (—a)™ . - bﬁ - 1;6; o — l+(r))r(+[si—u+1cs)

L Oj(—a) o ()"

r! s!

= (x—a)**y—p)frlel), o (01(x—a),m(y—b)).

Whence the result.

Corollary 4.1.4 As a consequence of and Theorem 4.1.3, we have

DA, D, [KL,S“’B (@1(x—a), 0(y - b))}

= (r—a)*Py—b)PH LT (0 (x—a), 0 (y b)),
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where o, B, v, k € C, Re(at), Re(f), Re(x), Re(y), Re(w;), Re(a) > 0 and

Re(A), Re(u) > 0.
4.2 Convolution Type Integral Equation with 2D-Laguerre-
Konhauser Polynomials in the Kernel

In this section, two-dimensional Laplace transform of (’Eg)ﬁ (x,y) and L{&P) (x,y) are

(1)

investigated. After that, an integral involving the product of two & 8 (x,y) bivariate
Mittag-Leffler functions suggested by the generalized Laguerre-Konhauser polynomi-
als KL,S“’ﬁ )(x,y) in the kernel is calculated. Moreover, a convolution type integral

(06713)(

equation in terms of L, x,y) is introduced in the kernel.

Theorem 4.2.1 Let a, B, v, k € C, Re(a), Re(P), Re(x), Re(y), Re(®w;), Re(a),

Re(p), Re(q) ’% < 1. Then there holds
1B 11 ofp+ o<\ 7
L, (x“ IyB L )[3 (o, a)zy)) (p,q) = —a—ﬁ (1 — 27 .

Proof. Since the hypothesis of the above Theorem, we interchange the order of series

and two-dimensional fractional integral, that is

L, (xa_lyﬁ_lég)ﬁ (o, 002)’)) (p,q)

_ Z Z r-l-swl (1)2 /Oo e—pxxa+r—ldx/°° e—qyyﬁ—i-k's—ldy
I'( OH—r ﬁ—l—Ks)r‘s‘ 0

[e5S)
(o)

r=0s=0 0
o " w (OKS oo
r s _ _ _ _
_ Z Z — bt % e Uyt ldu/ e vvﬁ—i-Ks ldV
o Y D O‘+r ﬁ+’<s)” p* q 0

Ks

_ %Lii%(ﬂ) (@)

P q

_ 11y <Z3r (ﬂ)’i (y+7)s (@) S (1 _ M)Y

|
s—0 s q

Whence the result. m
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In a similar way, we have the following Corollary:

(avﬁ)(

Corollary 4.2.2 For the polynomials L, X,y), we have

1 1 K_(0¥p+ wg%)\"
Lo (oLt (@1x,@23)) (p.9) = (m (05 p+ g >).

pa+l qﬁ+1 qu

Note that two-dimensional fractional integral (xléiyléh ®)(x,y) can be written as a con-
volution of the form

1 1
Xi y/rl

(I, J5e @) (xy) = [W’”*W

(Re(u),Re(A) > 0)

Therefore, using the double convolution theorem for two-dimensional Laplace trans-

form of two-dimetional fractional integral /. . I0+ ¢, we reach the following result

La (. 15+ 0) (p.) = P~ *La() (p.a),

which is also true for sufficiently good function ¢ if Re(pt), Re(A) < 0.

Now, we consider the following double convolution equation:

Y (aB) _ _ —
A kLn (@1 (x—1),an(y—1))P(t,7)dT dt = ¥(x,y). 4.2.1)

For the solution of the integral equation (4.2.1)), we have the following Theorem:
Theorem 4.2.3 The singular double integral Eq. gives the solution as
/ / PR a=2(y _ g)A—B-2
el (00— D) IR IR T i,

which provided that ,1 af ylgf‘l’ exists for Re(i) > Re(a) and Re(A) > Re(P) and is
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locally integrable for 0 < x < 8 < = and 0 <y < & < oo, respectively.

Proof. Applying the two-dimensional Laplace transform on both sides of (4.2.1)) and

using the convolution theorem and Corollary 4.2.2, then we get

11 (qu — (0fp+ w1g*

T PO ) L0009 () = La90.7)] (.0),

which gives

Lo [®(,7)] (p,q) = p* #HgP A+ (pq _(azqi+wlq )) {p“ql‘l’(t,f)(pyq)}
(4.2.2)

Taking inverse double Laplace transform of (4.2.2)), we get the desired result. m

(v)

.,k

4.3 An Integral Operator Involving ¢ (x,y) in the Kernel

Let us consider the following double (fractional) integral operator:

Yy x
(gc(xy}s,x;wl.,amaaﬁ‘P) () = //(x—t)"“l(y—f)ﬁ‘1 (4.3.1)
<€), [o1(c—1), 0 1))@(t, 7)dr d.
(x > a,y>c)

(1)

When y = 0, the integral operator €0 B, x;00, 00,

.+ coincides with the left-sided two-

dimensional Riemann-Liouville fractional integral defined in (#.4.3)), such that

0
(6% coon amar e @) () = (I 1% 0) (). (43.2)
The transformation properties of 8(()2% .oy y:a o+ i the space L((a,b) x (c,d)) of Lebesgue

measurable functions are given as

)< = {7 lhi= [ [ 1reolay v <o}
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)

The following Theorem proves that €, Bion,an:

4+ o+ 18 bounded on the space L(a,b).

Theorem 4.3.1 Let o, 3,7, k, 0, @, € C with Re(x) > 0. The double integral opera-

tor 8((2)&601 oyt o+) 18 bounded in the space L((a,b) x (¢,d)), i.e

8(()577/;37K;w1,a>2;a+,c+¢H1 <A ”(pH] s

where the constant A (0 < A < ) is given by

A = (b—a)R® (g —c)ReB) (4.3.3)

(V)]
I T R T R

r=0s=0
Job—a)l ox(d—c)*
r! s!

Proof. By using the Fubini’s Theorem, we get

(1)
a,ﬁ,K;w],a)z;a+,c+(p 1

[ [1ot.0

" (/ [ e gy
_ /b/d|(p<t7r)|</b—t/d—r 1 Re(B)

[ o ([ [ e
EE e e |w§z|

b— d—
% / - uRe(a)+r1du/ CvRe(ﬁ)Jrstldv H(pHI
0 0

= Allell;.

IN

@gfm(wl (x=1), 02y — 7)) dy dx) dt dr

)B (o u, a)zv)}du dv) dt dt

Y

(’EEx’)ﬁ_‘K(a)lu, V)

IN

du dv) drt dt

IN

Hence, we get the desired result. m

Remark 4.3.2 The constant A is finite, because the series ) " Y ." % ’r‘—: yS—K,Y
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is absolutely convergent for all x and y and since Re(x) > 0 (see [27]).

(1)

Now, let us show that the integral operator Eo.Bron,aniat

is bounded in the space
C([a,b] % [c,d]) of continuous functions on [a,b] X [c,d] with a max norm, i.e.

Illc = max |h(x,y)]. (43.4)

c<y<d

(1)

(a,B;01,0pa™t cT)

Theorem 4.3.3 Let o, B, 7, k, @, @, € C. The double integral operator €

is bounded in the space C(la,b] x [c,d]), i.e

e} cconamac 9| < A0l

where A is given by (#.3.3).

Proof. From (4.3.1) and (4.3.4), for any x € [a,b], y € [c,d] and ¢ € C([a,b] X [c,d]),

we get
()
a,ﬁ,x;wl,a)z;a+,c+(p‘
- <x—r>“*1<y—r)ﬁ*le%,,([wmx—r),wz(y—r>1<p<r,r>drdr
< —0* - 1\ ey Jo1(x=1), 0200 7)]|lo(t, )] dr d

< ol / / (=) - e f DNl o (e 1), @a(y— Dldr dT

= el [/ / D ey o, ol dudy
< d—c pb—a _q Re -1 @(y) ind
= ||§D||c a,ﬁﬂc[wl”’wﬂ] udv
= Allollc,

where A is given in ({#.3.3). =

In the following Theorem, by using Theorem 4.2.1, we obtain two-dimensional integral
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involving the product of bivariate Mittag-Leffler functions (’Efxy_)ﬁ (x,y) in the integrand.

Theorem 4.3.4 Leto, B, k, {, 0,7, n € C, Re(a), Re(B), Re(x), Re(y), Re(o),

Re(®y), Re(wy) > 0. Then

| [a-0mt0-of el (@0, 00— ) 1eo!

X@(n)

{,0x

(ot,anT)dT dt

Kol B+c 16&7:%% K(wmwzy)-

Proof. With the help of the double convolution theorem for two-dimensional Laplace

transform, we get

Lz{// ) y— )Pl (o (x—1), 0a(y— 7))
x 147170~ leéfm(wlt,am)dfdt}(p,q)

= L, {x“’lyﬁ e, (o, wzy)} (p,q)L2 {xc”y"”@?é’?i«(wlx, wzy)} (P.q)-

By the Theorem 4.2.1, for Re(p), Re(q) 'p(qwlqw 3 <1, we
2
have
Lo{ [ [ 0% - 0P e (o, n(0-7)
w 15170~ l@é;’((wlt,a)zr)drdt}(p,q)
11 <1_w2p+w1q’<) 11 (1_w§p+wlq'f>”
P qP Pqx Pt q° pg~
L1 afprogt T
Copetlghto U pg~
_ L { b Brosiglrin) K(a)lx,a)zy)}(p,q). 43.5)

Taking inverse Laplace on both sides of (4.3.5)) which yields
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| [a-0mto-of el (o0, 00— ) 'ee!

welm

{,0.x

(ot,anT)dT dt

KO-l B+c 1@&7:%% K(wlx,wzy)-

The proof is completed. m

The following Theorem gives us the composition of two operators of (4.3.1)) with dif-

ferent indices:

Theorem 4.3.5 Leta, B, x, v, §, n, 0, @1, @ € Cand Re(y),Re(ct),Re(B),Re(0),

Re(L), Re(n),Re(x) > 0. Then the relation

(8833;@170)2;a+7c+8é2;w17w2;a+’c+(P> (x,y) = <8gf§62;+n 0y, 0:at C+(P> (x,y) (4.3.6)

is valid for any summable function ¢ € L((a,b) X (c,d)). Particularly,

<8(()23,K;a)1,ab;aﬂc*gé;??:)x;wl,wz;a+70+ (P) (r,y) = (ﬂff” xl‘?qul)) (x.7). (4.3.7)

Proof. By using (4.3.1)), we get
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(7) (o)
<802/ﬁ K01, psat e SC(;I,K;wl,aa;atﬁ gD) (x7y>
_ // oy — o)1, (oy(x—1), an(y— 1)

< &\C o(t,7)dt dt

Cnaucon)

= [ [ [ [a-02t0-0p e} dort—n.0:0-7)

x(t—u)* (T =171 ef) (an(t—u), 02(t—v))@(u,v)du dv di d

= [ [ [ [a-n1o-p el dortx-n.om0-2)

x(t—u)* (T =171 (@n(t—u), (T —v))@(u,v)dt dt du dv

= /cy/:/oy_v/ox_u(x—k—u)al(y [—v)P- 1@&)[3K(a)l(x—k—u),a)z(y—l—v))

ke n—tel)

¢ n.x(wlk’ ) o(u,v)dk dl du dv.

By the Theorem 4.3.4, we get

(7) (o)
<806 B,x;0;,0nzat, C+8C n.K:01, 000" ¢t (P) (X,y)
- / / w)* T (y =) lEc(xﬁCG[)iJrn o1 (x—u), 0 (y—v))o(u,v)du dv

(r+0)
<8a+C B+n,x;01,0;at ¢t (P> ( )

Whence the result. m
Note that, in the case o = —7, (4.3.6) coincides with (4.3.7)) in accordance with (4.3.2).

Corollary 4.3.6 Foro, B, {, N, @1, @ € Cand Re(at), Re(B), Re({), Re(n), Re(x) >

0, the following relation holds true on L((a,b) x (c,d))

_ o2
ga,B,K;a)l,ab;a"',c+£C7n7K;wl,ab;aﬂc* - 8(X+C,[3+11,K;a)1,a)2;a+,c+‘
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When y = 0, (4.3.6) reduces to the following Corollary:

Corollary 4.3.7 Fora, B, x, {, n, o, 01, @ € Cand Re(a), Re(B), Re({), Re(n), Re(y),

Re(x) > 0. Then the following relation holds true on L((a,b) X (c,d))

(0) (o)

o,B,x;01,0;aT ¢t 1, K 01,0050,

B o g0 ()

ct T Ic*x at€ ¢, 00,00t ,ct T 8a+C,ﬁ+n,K;w1,a)2;a+,c+‘

Corollary 4.3.8 Fora, B, x, v, N, @, @ € Cand Re(y), Re(a), Re(B), Re(it), Re(A),

Re(x) > 0. Then we have the following composition relationships:

( 7) _ (1)
( Ic+ xI Ea.Bion,0mia* C+¢> (vy) = <8a+u7ﬁ+l7x;w1,a>z;a+7c+¢) (x,)

_ Y) A gl
- ('Sa,ﬁx;wl,wz;a*,ﬁylc* x1a+> (x,y)

and

( Dc+ xD ((x}i K01, 0050+ C+§D> (x,y) = (8(()6}2u7ﬁ—l7k;w1,a)z;a+,c+(p) (x,y)

(1)

- <€a,ﬁ7K;(D1,C02;a+,C+yDC+ A a+ (p> ('x’y)7

where @(x,y) is in L((a,b) X (¢,d)).

Corollary 439 Ifa, B, x, {, 1, 6, @1, @ € Cand Re(a), Re(B), Re(S), Re(n), Re(¥),

Re(Kx) > 0, then there holds the relation on L((a,b) x (c,d)) as follows

nogP ) LD
IC+ xIa+y o X a+(P iy Ly .

4.4 Miscelenenous Properties of Gg)ﬁ (x,y) and KL,(,,O"B >(x,y)

This section which provides to get a double linear generating function for the polyno-

(OC,B) (

mials L;

)

op, (x,y). Then, Schlifli’s contour integral repre-

y) suggested by &
()

sentations of €, (x,y) and KLfla’ﬁ )(x,y) are given. Finally, the integral representa-

tions of Q:‘g)ﬁ. (x,y) and L%P )(x, y) are obtained.
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Theorem 4.4.1 For|t| < 1, o, B, 0 € C, we have

i (o) KL(Ofﬁ)<x y) ocyB( £)” G@( )

1
n 7 " xt t o\~
AT a+1B+1K(t \i—1) |-

n—=

Proof. Using the Cauchy product of the series, we get

S
|
=

I’l

gk
agE

(G)n( )s+r oc+ryﬁ+;<s
striin—s—r)N(a+r+ 1)I(B+ ks + 1)
(0)nts(— )S+rxa+ryﬁ+m t
strli(n—r)\T(a+r+ 1DI(B+Kks+1)
(G)n+r+s(_1)s+rxa+ryﬁ+lcs ftrts
“slril(oa+r+1)I(B+Kks+1) n!

- o-}’l N n
Z—(), L (e =

n=0 n.

i
=
n
|
=
i
o

n—+s

l
M
M
(ngE

3
Il
o
1)
Il
o
~
Il
o

3
Il
=
1)
Il
=

I
gk
gk

HMS

Since (6)ptr+s = (0)r+5s(0 +r+5),, we obtain

) (O 1) (1 e

n=0 n!

o oo s+r G) oc+ryﬁ+1<sts+r e M
= (e} J—

;Orzg)svrvr Ot—i—r—i—l)f'(ﬁ—f—l(s—i—l)nz (o+r+s) n!
= P11

o oo

Z s ( a+rfl))’+s(ﬁ +Ks+1) ((fitl)r’ym (I_Ll)s)

1
. (o) xt t K
- xayﬁ(l ) GGOH—I[?—HK( —1’y<l—1) )’

where we interchange the order of summations since the uniform convergence of the

series for [t| < 1. m

Theorem 4.4.2 For o, B, k, v € C, Re(a), Re(B), Re(x) > 0,

xt*
t(TK K)

@(7)

O+ O+ tTK' Y
AR dt dt
.p.x 47?2/ / (t(TK—yK) —xTK) ’
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where the contour of integration is a Hankel’s loop which starts at —o on the real axis
in the complex {-plane, encircles the origin once in the positive (counter clockwise)

direction, and then returns to —oo (see, for details, [35], pp. 244-246).

Proof. By using the Hankel’s formula in [6], that is

1 1 (04
_— = b3 <
I(z) 27:/ §<d¢  (larg(§)| = 7), 4.4.1)
we find that
@(?’) x /0+ / o7 oc,L.—B i i r+s< ) ﬁ sdt .
o y 4752 r=0s5=0 rls! TK .

Since (¥)r4+s = (V)-(Y+7)s, we get

CHANER)
0+ oo roo K Y
_ o0 B Y)r X y
= e [ [t PG I () e

) 00) = NTE @ (Y
— [+‘L’ - 7[3 r d d
47:2/ / ‘ <TK yK) Zz) r! (t(f’f—y")) Her

(04) X Y
_ l‘+
T 4n? / / et <I(TK —y¥) —x‘L'K) dr dr,

which is the desired result. m

In a similar manner, we obtain the following Corollary:

Corollary 44.3 Lero, B € R, k=1,2,---, | %
1 (0 K_ K\ _ 7K\ "
KL;(aa’ﬁ)(x,Y)—_xayﬁ / +/ T ar—B (t(f tyr’f) all ) dt dr.
()

Now, we state a double integral representation for the product of E B (x,y). In prov-

ing the following Theorem, we need the following integral representations:
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I(z) = /0 Tt ldr,  (Re(z) > 0)
and

B(a,B) : :%:/Olta_l(l—t)ﬁ_ldt. (4.4.2)

(min{Re(a),Re(B)} > 0)

Theorem 4.4.4 The following integral representation holds true:

11 1 -
Qfg)ﬁ,x(x,y)ffg,,c(x,y): >/0 (1 —)° !

l6m* T'(y) T'(o
X/(0+)/(0+)/(0+)/(0+)6C+w+n+§<:_am_ﬁn—lg—5
(y+o0):1;1]:——
><S(1)88 . : 4.4.3)

x[(L=n ™'+ 8y (1) + o]

xdl dw dn d& dt.

where |arg($)|, |arg(@)|, |arg(n)], |arg(¢)[ < 7, min{Re(a),Re(A)} > 0, min{Re(x),
Re(Y),Re(c)} > 0 and S(l)igég denotes the double hypergeometric series (see [28],

p.199).
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Proof. By the definition (1.0.15)), we get

e (63). €70 (x.)

i i Vrts xye i i (O)p+g Ay
=0s=0 T( 0‘+” (B+Ks)r! s! == L (A +p)L(1+xq) p! q!

p

i SR e L)

!
4=0 p'q! r=05=0

y B(y+r+s,6+p—r+q—s)
MNa+rnNT(B+xs)I(A+p—r)(u+xKx(g—s))

(min{Re(a),Re(A)} > 0; min{Re(x),Re(y),Re(c)} > 0)
in terms of Beta function B(c, ) defined by (4.4.2).

Now, by using the integral formulas (4.4.1)) and (.4.2)), we obtain

@(7) (x y) Qf( ) ( y) 1 1 1 /1t7—1(1_t)0—1
@,B,x % 1674 T(y) T(o) Jo

04) (04) r(04) (04) x>
x/_ +/_ +/_ i /_ +eC+w+n+§§—aw—Bn—lg—62ZF(7+GY+P+Q)

p=0g=0 P’

x(x[1=0n '+ )P N1 —1)EF + 0 ))"d¢ do dn dE di

111 o
= 16n4r(y)r(a)/o AEUM

X/(0+)/(0+)/(0+)/(0+)eC+w+n+§§—aw—ﬁn—A§—6

52



x5000 N - (4.4.4)

(1=~ + ¢y (-1  + o]
xdl dw dn d&dt.

Because of the convergence conditions for the generalized bivariate Lauricella series
which were investigated by Srivastava and Daoust in ([27], p. 155), relation (.4.4)) is

absolutely converges for |x [(1—1)n~'+ (71| < % and Y*[(1 - "+ 0 ¥ <

\4

- .

Similary, we get the following result:

Corollary 4.4.5 The following integral representation holds true:

1
1674

) /<0+> /<0+> /<0+) /“”)eC+w+n+ég—a—lw—ﬁ—ln‘“é“s‘l

X (ng_ﬂ)" (”_X_g_f()mdz; dw dn dE,

LEP) (e 9) L) (x,y) = XAy Bu

where [arg(8)|, arg(@)|, |arg(n)], arg(S)| < 7, min{Re(a + 1), Re(A +1)} >0

and min{Re(x)} > 0.
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