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ABSTRACT 

In this thesis we introduce the concept of classical orthogonal polynomials which are 

Hermite, Laguerre and Jacobi polynomials. We first provide the necessary overview 

on special functions. Then we give  several properties of orthogonal polynomials in 

Chapter 2. In Chapter 3, we start to classical orthogonal polynomials firstly we obtain 

the orthogonality relation, Rodrigues formulas and we give the norm of the classical 

orthogonal polynomials. Finally we divide the examples of classical orthogonal 

polynomials into three chapters and for each of them we give the weight function, 

interval of the orthogonality, second order differential equation, hypergeometric 

representation.  

Keywords: classical orthogonal polynomials, hypergeometric function, second order 

differential equation, Rodrigues formula. 
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ÖZ 

Bu tezde klasik ortogonal polinomlar olan Hermite, Laguerre ve Jacobi polinomları 

tanımlanmıştır. İlk olarak özel fonksiyonlar hakkında ön bilgi verilmiştir. İkinci 

bölümde ortogonal polinomların bazı özellikleri çalışılmıştır. Üçüncü bölümde klasik 

ortogonal polinomlar tanımlanmış ve ilk olarak ortogonallik ilişkisi, Rodrigues 

formülü verilmiş ve klasik ortogonal polinomlar için norm hesabı yapılmıştır. Son 

olarak klasik ortogonal polinom örnekleri 3 bölüme ayrılmış ve herbiri için ağırlık 

fonksiyonları, ortogonallik aralığı, ikinci dereceden diferansiyel denklemi ve 

hipergeometrik gösterimi verilmiştir. 

Anahtar Kelimeler: Klasik ortogonal polinomlar, hipergeometrik fonksiyon, ikinci 

dereceden diferansiyel denklem, Rodrigues formülü. 
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Chapter 1 

INTRODUCTION 

1.1 Mathematical Background 

Definition 1.1 (Inner Product Space) 

Let 𝑋 be a vector space. The scalar valued function <, >: 𝑋 ∗ 𝑋 → 𝐾 where 𝐾 =

𝑅 𝑜𝑟 𝐶 is called the inner product space, if it satisfies the following conditions and 

denoted by (𝑋, <>). 

1)  ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋  < 𝑥 + 𝑦, 𝑧 >=< 𝑥, 𝑧 > +< 𝑦, 𝑧 > , 

2) ∀ 𝑥, 𝑦 ∈ 𝑋  𝑎𝑛𝑑 𝑘 ∈ 𝐾 < 𝑘𝑥, 𝑦 >= 𝑘 < 𝑥, 𝑦 > , 

3) ∀ 𝑥, 𝑦 ∈ 𝑋 < 𝑥, 𝑦 > = < 𝑦, 𝑥 >̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  , 

4)   ∀𝑥 ∈ 𝑋 < 𝑥, 𝑥 > ≥ 0    𝑜𝑟   < 𝑥, 𝑥 >= 0 ⇔  𝑥 = 0. 

Example 1.2.  𝐶[𝑎, 𝑏]  being the space of  all real-valued continuous functions on a 

closed interval [𝑎, 𝑏]  is an inner product space, whose inner product is defined by  

< 𝑓, 𝑔 >= ∫ 𝑓(𝑥). ℎ(𝑥)𝑑𝑥
𝑏

𝑎
  where 𝑓, 𝑔 ∈ 𝐶[𝑎, 𝑏]  . 

Definition 1.3 (𝑋, <>) be an inner product space and 𝑥 and 𝑦 be any elements of 𝑋. 

We can say that 𝑥 and 𝑦 are orthogonal to each other if and only if  < 𝑥, 𝑦 >= 0. 

Example 1.4 Let 𝑓(𝑥)and ℎ(𝑥) be two functions defined on [𝑎, 𝑏] .We can say that 

they are orthogonal on an interval [a,b]  if their inner product is zero   

∫ 𝑓(𝑥). ℎ(𝑥)𝑑𝑥 = 0.

𝑏

𝑎
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Definition1.5 (Hypergeometric Equation) 

The second order differential equation 

𝐴(𝑥)𝑝′′(𝑥) + 𝐵(𝑥)𝑝′(𝑥) + 𝛼𝑝(𝑥) = 0,  

is called hypergeometric equation where 𝐴(𝑥) has degree at most 2, 𝐵(𝑥) has degree 

at most 1 and 𝛼 is a constant. 

Theorem1.6 All the derivatives of the solutions of hypergeometric equation satisfy a 

hypergeometric equation. 

Proof. For proof of this theorem,   we first differentiate both sides with respect to the 

variable 𝑥; 

𝐴′(𝑥)𝑝′′(𝑥) + 𝐴(𝑥)𝑝′′′(𝑥) + 𝐵′(𝑥)𝑝′(𝑥) + 𝐵(𝑥)𝑝′′(𝑥) + 𝛼𝑝′(𝑥) = 0 

𝐴(𝑥)𝑝′′′(𝑥) + [𝐴′(𝑥) + 𝐵(𝑥)]𝑝′′(𝑥) + [𝐵′(𝑥) + 𝛼]𝑝′(𝑥) = 0.                               (1.1)  

Now let us set  𝑣1(𝑥) = 𝑝′(𝑥) and substitute into the equation (1.1), 

𝐴(𝑥)𝑣1
′′(𝑥)+𝐵1(𝑥)𝑣1

′ (𝑥) + 𝜇1𝑣1(𝑥) = 0. 

This equation form a hypergeometric equation since 𝐴(𝑥) has degree at most 2 and 

𝐵1(𝑥) has degree 1, where 𝐵1(𝑥) = 𝐴′(𝑥) + 𝐵(𝑥) and 𝜇1 = 𝐵′(𝑥) + 𝛼. 

If we differentiate hypergeometric equation m times again we obtain the generalized 

hypergeometric equation which has the following form; 

 𝐴(𝑥)𝑣𝑚
′′ (𝑥) + 𝐵𝑚(𝑥)𝑣𝑚

′ (𝑥) + 𝜇𝑚𝑣𝑚(𝑥) = 0, where 𝑣𝑚(𝑥) = 𝑝(𝑚)(𝑥) ,  

 𝐵𝑚(𝑥) =  𝐵(𝑥) + 𝑚𝐴′(𝑥)      and    𝜇𝑚 = 𝛼 + 𝑚 𝐵(𝑥) +
1

2
𝑚(𝑚 − 1)𝐴′′(𝑥). 

In Chapter 2 we are going to construct the  polynomial solutions of hypergeometric 

equation corresponding to given 𝛼. 
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Definition1.7 When  𝜇𝑚= 0 generalized hypergeometric equation has the particular 

solution 𝑣𝑚(𝑥) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

Since 𝑣𝑚(𝑥) = 𝑝(𝑚)(𝑥)  , when 𝛼 = 𝛼𝑚= −𝑚 𝐵′(𝑥) −
1

2
𝑚(𝑚 − 1)𝐴′′(𝑥), 

The equation of hypergeometric type has a particular solution of the form 𝑝(𝑥) =

𝑝𝑚(𝑥) which is a polynomial of degree 𝑚. We shall call such solutions, polynomials 

of hypergeometric type. 

Definition1.8  (Gamma Function) The Gamma function of  𝑦 is defined as 

               𝛤(𝑦) = ∫ 𝑒−𝑡𝑡𝑦−1𝑑𝑡  ,                ∀𝑦 ∈ ℝ{… , −2, −1,0}.
∞

0

                            (1.2) 

 

Some Properties of Gamma function 

1. 𝛤(𝑦 + 1) = 𝑦𝛤(𝑦) , 

2. 𝛤(𝑦 + 1) = 𝑦! , 

3. 𝛤(𝑦 + 𝑛) = (𝑦)𝑛𝛤(𝑦) , 

4. 𝛤 (
1

2
) = √𝜋. 

Theorem1.9 The following result  

∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= √𝜋 

holds true. 

Proof: 

Since  

∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= 2 ∫ 𝑒−𝑥2
𝑑𝑥

∞

0
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We get by letting    𝑥2 = 𝑡   that 

2 ∫ 𝑒−𝑥2
𝑑𝑥

∞

0

= ∫ 𝑡
1
2𝑒−𝑡𝑑𝑥

∞

0

=  𝛤 (
1

2
) = √𝜋 

∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= √𝜋. 

Definition1.10 (Beta Function) The beta function has the form; 

                   𝑩(𝑥, 𝑧) = ∫ 𝑡𝑥−1(1 − 𝑡)𝑧−1𝑑𝑡
1

0

      𝑤ℎ𝑒𝑟𝑒 𝑅𝑒(𝑥), 𝑅𝑒(𝑧) > 0 ,             (1.3) 

and we can represent the beta function in terms of the gamma function as; 

               𝑩(𝑥, 𝑧) =
𝛤(𝑥)𝛤(𝑧)

𝛤(𝑥 + 𝑧)
.                                                                                          (1.4) 

Definition1.11 (Pochhammer Symbol) The (𝑦)𝑚 notation will be used to denote the 

Pochhammer, where 𝑚 is a non-negative integer and 𝑦 is a real or complex number. 

                       (𝑦)𝑚 = 𝑦(𝑦 + 1)(𝑦 + 2) … (𝑦 + 𝑚 − 1) .                                             (1.5) 

Some Properties of Pochhammer Symbol: 

1. (𝑦)𝑚 =  
𝛤(𝑦+𝑚)

𝛤(𝑦)
 , 

2. (−𝑦)𝑚 = (−1)𝑚(𝑦 − 𝑚 + 1)𝑚 , 

3. (𝑦)2𝑚 = 22𝑚 (
𝑦

2
)

𝑚
(

𝑦+1

2
)

𝑚
, 

4. (𝑦)𝑚+𝑛 = (𝑦)𝑚(𝑦 + 𝑚)𝑛 , 

5. (𝑦)𝑚 =
(−1)𝑚(−𝑦)!

(−𝑦−𝑚)!
 , 

6. (𝑦)−𝑚 =
(−1)𝑚

(1−𝑦)𝑚
 , 

7. (𝑛 − 𝑘)! =
(−1)𝑘𝑛!

(−𝑛)𝑘
 , 

8. (𝒏
𝒌

) =
𝒏!

𝒌!(𝒏−𝒌)!
=

(−𝟏)𝒎(−𝑛)𝑘

𝒌!
 . 
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Definition 1.12 (Hypergeometric Functions) The generalized hypergeometric series, 

𝑚𝐹𝑛, is defined to be; 

𝑚𝐹𝑛(𝑎1, 𝑎2 … 𝑎𝑚; 𝑏1, 𝑏2 … 𝑏𝑛; 𝑥) = ∑
(𝑎1)𝑙(𝑎2)𝑙 … (𝑎𝑚)𝑙

(𝑏1)𝑙(𝑏2)𝑙 … (𝑏𝑛)𝑙

𝑥𝑙

𝑙!

∞

𝑙=0

                            (1.6) 

Properties of Hypergeometric Functions: 

1. 2𝐹1(𝑎1, 𝑎2; 𝑏1; 1) =
𝛤(𝑏1)𝛤(𝑏1−𝑎1−𝑎2)

𝛤(𝑏1−𝑎1)𝛤(𝑏1−𝑎2)
 , 

2. 2𝐹1(−𝑛, 𝑎; 𝑏; 1) =
(𝑏−𝑎)𝑛

(𝑏)𝑛
 , 

3. 1𝐹0(𝑎; −; 𝑥) = (1 − 𝑥)−𝑎 . 

Definition1.13 (Differential Equations of Hypergeometric Functions) 

Hypergeometric functions which is defined as 

2𝐹1(𝑎1, 𝑎2; 𝑏; 𝑥) = ∑
(𝑎1)𝑙(𝑎2)𝑙

(𝑏)𝑙

𝑥𝑙

𝑙!

∞

𝑙=0

 

 has the differential equation as follows; 

                 𝑥(1 − 𝑥)𝑝′′ + [𝑏 − (𝑎1 + 𝑎2 + 1)𝑥]𝑝′ − 𝑎1𝑎2𝑝 = 0                              (1.7) 
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Chapter 2 

ORTHOGONAL POLYNOMIALS 

Definition2.1. The set of infinite sequence of polynomials , 𝑃0(𝑥), 𝑃1(𝑥),.. where 

𝑃𝑛(𝑥) ,  has degree 𝑛 ,  if any two polynomials in the set are orthogonal to each other 

,then we can say that the set of polynomials form an orthogonal polynomials set. 

To  define the orthogonality of polynomials we need an orthogonality interval [𝑎, 𝑏] 

(this interval is not necessary to be finite) and also we need the weight function w(x) 

> 0. 

There are two types of orthogonal polynomials: 

 Continuous orthogonal polynomials  

 Discrete orthogonal polynomials. 

Definition2.2. If the weight function 𝑤(𝑥) is continuous or piecewise continuous or 

integrable then the polynomials form a continuous orthogonal polynomial set. 

Orthogonality relation can be written in the form; 

∫ 𝑝𝑛(𝑥)𝑝𝑚(𝑥)𝑤(𝑥)𝑑𝑥 =  𝜎𝑛𝛿𝑚𝑛

𝑏

𝑎

.                                                            (2.1) 

where  m,n ∈ {0,1,2...} and  𝛿𝑚𝑛 is Kronecker delta defined by  

𝛿𝑚𝑛 ≔  {
0 , 𝑚 ≠ 𝑛
1 , 𝑚 = 𝑛

  ,        m,n ∈ {0,1,2...}. 



7 

 

Here we can define moments by using the weight function which exist on the interval 

[a,b]. 

𝜇𝑛 ≔  ∫ 𝑤(𝑥)𝑥𝑛𝑑𝑥 

𝑏

𝑎

,       𝑛 = 0,1,2. . . .               0 < 𝜇𝑛 < ∞. 

Definition2.3. If the weight function 𝑤(𝑥) is a jump function, which means at the  

point 𝑥0  the left and right limit exists but they are not equal, then the polynomials 

form a discrete orthogonal polynomial set. 

Then the  orthogonality relation can be written in the form; 

∑ 𝑝𝑚(𝑥)𝑝𝑛(𝑥)𝑤𝑥 =

𝑥∈𝑋

𝜎𝑛𝛿𝑚𝑛, 

where  m,n ∈ {0,1,2...N} it is possible N→ ∞. 

Definition2.4. Now let us define 𝜎𝑛 which is called the normalization function , 

                               𝜎𝑛  = ∫(𝑝𝑛(𝑥))
2

𝑤(𝑥)𝑑𝑥,

𝑏

𝑎

                                                                 (2.2) 

 where 𝑛 = 1,2, …. for continuous orthogonal polynomials 

or 

                                     𝜎𝑛 = ∑(𝑝𝑛(𝑥))2𝑤𝑥,

𝑥∈𝑋

                                                                    (2.3) 

where 𝑛 = 1,2, … . 𝑁    for discrete orthogonal polynomials where 𝑁 → ∞ is possible. 

2.1 Properties of Orthogonal Polynomials 

 Any polynomial  𝑄𝑛(𝑥) which has degree 𝑛, can be written in terms of 

𝑝0 , 𝑝1, … , 𝑝𝑛 and there exists coefficients 𝛾𝑖𝑛  such that 
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                                   𝑄𝑛(𝑥)

=  ∑ 𝛾𝑖𝑛𝑝𝑖(𝑥)

𝑛

𝑖=0

.                                                                          (2.4) 

The coefficients 𝛾𝑖𝑛’s can be determined by using orthogonality property. 

Finding 𝛾𝑖𝑛’s; 

∫ 𝑄𝑛(𝑥)𝑝𝑖(𝑥)𝑤(𝑥)𝑑𝑥 = ∫ ∑ 𝛾𝑖𝑛𝑝𝑖(𝑥)
𝑛

𝑖=0
𝑝𝑖(𝑥)

𝑏

𝑎

𝑤(𝑥)𝑑𝑥

𝑏

𝑎

 

The integral is non-zero only when 𝑖 = 𝑖 from the orthogonality property so, 

write it as a; 

∫ 𝑄𝑛(𝑥)𝑝𝑖(𝑥)𝑤(𝑥)𝑑𝑥 = 𝛾𝑖𝑛 ∫ 𝑝𝑖
2(𝑥)𝑤(𝑥)

𝑏

𝑎

𝑑𝑥

𝑏

𝑎

 

where  

∫ 𝑝𝑖
2(𝑥)𝑤(𝑥)𝑑𝑥 = 𝜎𝑛(𝑥)

𝑏

𝑎

, 

 so, 

                                        𝛾𝑖𝑛 =
1

𝜎𝑛(𝑥)
∫ 𝑄𝑛(𝑥)𝑝𝑖(𝑥)𝑤(𝑥)𝑑𝑥

𝑏

𝑎

                                       (2.5) 

 {𝑝0(𝑥), 𝑝1(𝑥), … . }  be an orthogonal set of polynomials, each polynomial 

𝑝𝑛(𝑥) is orthogonal to any polynomial of degree < 𝑛. 

 If {𝑝0(𝑥), 𝑝1(𝑥), … . } is a sequence of orthogonal polynomials on the interval 

[𝑎, 𝑏] with respect to the weight function 𝑤(𝑥), then the polynomial 𝑝𝑛(𝑥) has 

exactly 𝑛 real simple zeros in the interval [𝑎, 𝑏]. 

 

 



9 

 

Proof:  

Let us write  𝑝𝑛(𝑥) as a  𝑝𝑛(𝑥) = (𝑥 − 𝑥1) (𝑥 − 𝑥2)… (𝑥 − 𝑥𝑙)  and assume that zeros 

are not simple which means roots are repeteated. 

If  𝑙 < 𝑛  𝑝𝑛(𝑥) will be 𝑝𝑛(𝑥) = (𝑥 − 𝑥1)𝑘(𝑥 − 𝑥2)𝑚 … (𝑥 − 𝑥𝑙) 𝑖  

At least one of the 𝑘, 𝑚, 𝑖 > 1 since we have the repeated root 

Now let define 

𝑞𝑘(𝑥) = {

1 𝑖𝑓 𝑘 = 0

  ∏(𝑥 − 𝑥𝑏) 𝑓𝑜𝑟 0 < 𝑘 ≤ 𝑛

𝑘

𝑏=1

. 

The product of 𝑝𝑛(𝑥) with 𝑞𝑘(𝑥) will be; 

𝑝𝑛(𝑥)𝑞𝑘(𝑥) = (𝑥 − 𝑥1)𝑘+1(𝑥 − 𝑥2)𝑚+1 … (𝑥 − 𝑥𝑙)  𝑖+1 

If 𝑘, 𝑚, 𝑖 are odd  → 𝑘 + 1, 𝑚 + 1, 𝑖 + 1 are even which means sign will not change 

for  𝑥 ∈ (𝑎, 𝑏) which implies  

∫ 𝑝𝑛(𝑥)𝑞𝑘(𝑥)𝑤(𝑥)𝑑𝑥 ≠ 0  𝑓𝑜𝑟 𝑘 < 𝑛
𝑏

𝑎
. 

This is the contradiction since the polynomials are orthogonal integral have to be 0 for 

𝑘 < 𝑛 from the above property. Which implies that 𝑘 = 𝑛  so the polynomial 𝑝𝑛(𝑥) 

which has degree 𝑛, has 𝑛 simple roots in the  [𝑎, 𝑏]. 

 {𝑝0(𝑥), 𝑝1(𝑥), … . } be an othogonal set of polynomials, the polynomials in this set 

has a three term recurrence relation, that is, 

                𝑥𝑝𝑛(𝑥) = 𝛼𝑛𝑝𝑛+1(𝑥) + 𝛽𝑛𝑝𝑛(𝑥) + 𝛿𝑛𝑝𝑛−1(𝑥)          𝑛 = 1,2, …             (2.6)   

where the coefficients 𝛼, 𝛽, 𝛿 depend on 𝑛.  
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Proof: We can write    

𝑥𝑝𝑛(𝑥) = ∑ 𝛾𝑖𝑛𝑝𝑖(𝑥)

𝑛+1

𝑖=0

, 

and from (2.5) 

𝛾𝑖𝑛 =
1

𝜎𝑛(𝑥)
∫ 𝑝𝑖(𝑥)𝑥𝑝𝑛(𝑥)𝑤(𝑥)𝑑𝑥

𝑏

𝑎

, 

𝑥𝑝𝑛(𝑥) = 𝛾𝑜𝑛𝑝0(𝑥) + 𝛾1𝑛𝑝1(𝑥) + ⋯ + 𝛾𝑛−1,𝑛𝑝𝑛−1(𝑥) + 𝛾𝑛𝑛𝑝𝑛(𝑥)

+ 𝛾𝑛+1,𝑛𝑝𝑛+1(𝑥). 

Since 𝑥𝑝𝑖(𝑥) has degree 𝑖 + 1,  from the orthogonality property of 𝑝𝑛(𝑥) the 

coefficients 𝛾𝑖𝑛 = 0 when 𝑖 + 1 < 𝑛 which implies that; 

𝑥𝑝𝑛(𝑥)=𝛾𝑛−1,𝑛𝑝𝑛−1(𝑥) + 𝛾𝑛𝑛𝑝𝑛(𝑥) + 𝛾𝑛+1,𝑛𝑝𝑛+1(𝑥). 

Let us compare the coefficients of 𝑝𝑛−1(𝑥), 𝑝𝑛(𝑥), 𝑝𝑛+1(𝑥) of the equations; 

 𝛼𝑛 = 𝛾𝑛+1,𝑛, 

 𝛽𝑛 = 𝛾𝑛𝑛, 

 𝛿𝑛 = 𝛾𝑛−1,𝑛. 

Write the 𝛾𝑖𝑛 one more with changing the index, 

𝛾𝑖𝑛 =
1

𝜎𝑛(𝑥)
∫ 𝑝𝑖(𝑥)𝑥𝑝𝑛(𝑥)𝑤(𝑥)𝑑𝑥

𝑏

𝑎

 

𝛾𝑛𝑖 =
1

𝜎𝑖(𝑥)
∫ 𝑝𝑖(𝑥)𝑥𝑝𝑛(𝑥)𝑤(𝑥)𝑑𝑥

𝑏

𝑎

 

𝛾𝑖𝑛𝜎𝑛(𝑥) = 𝛾𝑛𝑖𝜎𝑖(𝑥) 

𝛾𝑛𝑖 =
 𝛾𝑖𝑛𝜎𝑛(𝑥)

𝜎𝑖(𝑥) 
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Turn back to ;   

 𝛼𝑛 = 𝛾𝑛+1,𝑛  and take 𝑛 → 𝑛 − 1 

𝛼𝑛−1 = 𝛾𝑛,𝑛−1  define   𝑛 − 1 = 𝑖   

𝛼𝑖 = 𝛾𝑛𝑖= 
 𝛾𝑖𝑛𝜎𝑛(𝑥)

𝜎𝑖(𝑥)
 

𝛼𝑖 =
𝜎𝑛(𝑥)

𝜎𝑖(𝑥)
𝛾𝑖𝑛     →        𝛼𝑛−1 =

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝛾𝑛−1𝑛  where       𝛿𝑛 = 𝛾𝑛−1,𝑛 

𝛼𝑛−1 =
𝜎𝑛−1(𝑥)

𝜎𝑛(𝑥)
𝛿𝑛 

𝛿𝑛 = 𝛼𝑛−1

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
 

Now we are going to use usual representation of 𝑝𝑛(𝑥) with the three term recurrence 

relation; 

 𝑝𝑛(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎0 

𝑥𝑝𝑛(𝑥) = 𝛼𝑛𝑝𝑛+1(𝑥) + 𝛽𝑛𝑝𝑛(𝑥) + 𝑐𝑛𝑝𝑛−1(𝑥)   

𝑎𝑛𝑥𝑛+1 + 𝑎𝑛−1𝑥𝑛 + ⋯ + 𝑎0

= 𝛼𝑛[𝑎𝑛+1𝑥𝑛+1 + 𝑎𝑛𝑥𝑛 + ⋯ + 𝑎0]

+ 𝛽𝑛[𝑎𝑛𝑥𝑛  +  𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎0] + 𝑐𝑛[𝑎𝑛−1𝑥𝑛−1 + 𝑎𝑛−2𝑥𝑛−2

+ ⋯ + 𝑎0] 

Compare the coefficients of the terms 𝑥𝑛+1 and 𝑥𝑛; 

 𝑎𝑛 = 𝛼𝑛𝑎𝑛+1        

                                                          𝛼𝑛 =
𝑎𝑛

𝑎𝑛+1
                                                                   (2.7) 
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𝑎𝑛−1 = 𝛼𝑛𝑎𝑛 + 𝛽𝑛𝑎𝑛      𝑎𝑛−1 = 𝑎𝑛[
𝑎𝑛

𝑎𝑛+1
+ 𝛽𝑛]      

𝛽𝑛 =
𝑎𝑛−1

𝑎𝑛
−

𝑎𝑛

𝑎𝑛+1
 

Let 𝑎𝑛−1 = 𝑐𝑛  ,    𝑎𝑛 = 𝑐𝑛+1. 

                                                         𝛽𝑛 =
𝑐𝑛

𝑎𝑛
−

𝑐𝑛+1

𝑎𝑛+1
                                                          (2.8) 

Since we have;  𝛿𝑛 =    𝛼𝑛−1
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
  where 𝛼𝑛−1 =

𝑎𝑛−1

𝑎𝑛
 

                                                   𝛿𝑛 =
𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
                                                          (2.9) 

 By using three-term recurrence relation we can create Christoffel-Darboux formula 

∑
1

𝜎𝑘(𝑥)

𝑛

𝑘=0

𝑝𝑘(𝑥)𝑝𝑘(𝑦)   

=
1

𝜎𝑛(𝑥)

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
                                                           (2.10) 

Proof: 

Write the three term recurrence relation with 𝑥 and 𝑦 terms; 

𝑥𝑝𝑛(𝑥) =
𝑎𝑛

𝑎𝑛+1
𝑝𝑛+1(𝑥) + 𝛽𝑛𝑝𝑛(𝑥) +

𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑥) 

𝑦𝑝𝑛(𝑦) =
𝑎𝑛

𝑎𝑛+1
𝑝𝑛+1(𝑦) + 𝛽𝑛𝑝𝑛(𝑦) +

𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑦) 

Multiply the first equation with 𝑝𝑛(𝑦) and the second one with 𝑝𝑛(𝑥) 

𝑥𝑝𝑛(𝑥)𝑝𝑛(𝑦) =
𝑎𝑛

𝑎𝑛+1
𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) + 𝛽𝑛𝑝𝑛(𝑥)𝑝𝑛(𝑦)

+
𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑥)𝑝𝑛(𝑦) 
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𝑦𝑝𝑛(𝑦)𝑝𝑛(𝑥) =
𝑎𝑛

𝑎𝑛+1
𝑝𝑛+1(𝑦)𝑝𝑛(𝑥) + 𝛽𝑛𝑝𝑛(𝑦)𝑝𝑛(𝑥)

+
𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑦)𝑝𝑛(𝑥). 

Subtract the equations; 

(𝑥 − 𝑦)𝑝𝑛(𝑥)𝑝𝑛(𝑦) =
𝑎𝑛

𝑎𝑛+1
[𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)] +

𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
[𝑝𝑛−1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛−1(𝑦)𝑝𝑛(𝑥)] 

𝑝𝑛(𝑥)𝑝𝑛(𝑦) =
𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
+ 

                            
𝑎𝑛−1

𝑎𝑛

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)

𝑝𝑛−1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛−1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
 

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
= 

𝑝𝑛(𝑥)𝑝𝑛(𝑦)  

−
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)

𝑎𝑛−1

𝑎𝑛

𝑝𝑛−1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛−1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
                                            (2.11) 

We can get the second term into the RHS by taking  𝑛 → 𝑛 − 1 in (2.11) equation. 

𝑎𝑛−1

𝑎𝑛

𝑝𝑛(𝑥)𝑝𝑛−1(𝑦) − 𝑝𝑛(𝑦)𝑝𝑛−1(𝑥)

(𝑥 − 𝑦)
= 𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) − 

          
𝜎𝑛−1(𝑥)

𝜎𝑛(𝑥)

𝑎𝑛−2

𝑎𝑛−1

𝑝𝑛−2(𝑥)𝑝𝑛−1(𝑦) − 𝑝𝑛−2(𝑦)𝑝𝑛−1(𝑥)

(𝑥 − 𝑦)
 

Put this into the equation with multiplying -1. 

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)

= 𝑝𝑛(𝑥)𝑝𝑛(𝑦) −
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
[−𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) + 
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𝜎𝑛−1(𝑥)

𝜎𝑛(𝑥)

𝑎𝑛−2

𝑎𝑛−1

𝑝𝑛−2(𝑥)𝑝𝑛−1(𝑦) − 𝑝𝑛−2(𝑦)𝑝𝑛−1(𝑥)

(𝑥 − 𝑦)
 

Again we can find the last term of this equation by taking 𝑛 → 𝑛 − 2 in (2.11) equation 

𝑎𝑛−2

𝑎𝑛−1

𝑝𝑛−1(𝑥)𝑝𝑛−2(𝑦) − 𝑝𝑛−1(𝑦)𝑝𝑛−2(𝑥)

(𝑥 − 𝑦)

= 𝑝𝑛−2(𝑥)𝑝𝑛−2(𝑦)

−
𝜎𝑛−2(𝑥)

𝜎𝑛−3(𝑥)

𝑎𝑛−3

𝑎𝑛−2

𝑝𝑛−3(𝑥)𝑝𝑛−2(𝑦) − 𝑝𝑛−3(𝑦)𝑝𝑛−2(𝑥)

(𝑥 − 𝑦)
 

Put this equation to the (2.1.9) 

𝑎𝑛−1

𝑎𝑛

𝑝𝑛(𝑥)𝑝𝑛−1(𝑦) − 𝑝𝑛(𝑦)𝑝𝑛−1(𝑥)

(𝑥 − 𝑦)

= 𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) +
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) − 

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)

𝜎𝑛−1(𝑥)

𝜎𝑛−2(𝑥)
[−𝑝𝑛−2(𝑥)𝑝𝑛−2(𝑦)

+
𝜎𝑛−2(𝑥)

𝜎𝑛−3(𝑥)

𝑎𝑛−3

𝑎𝑛−2

𝑝𝑛−3(𝑥)𝑝𝑛−2(𝑦) − 𝑝𝑛−3(𝑦)𝑝𝑛−2(𝑥)

(𝑥 − 𝑦)
] 

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
= 

𝑝𝑛(𝑥)𝑝𝑛(𝑦) +
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) +

𝜎𝑛(𝑥)

𝜎𝑛−2(𝑥)
𝑝𝑛−2(𝑥)𝑝𝑛−2(𝑦) − 

               
𝜎𝑛(𝑥)

𝜎𝑛−3(𝑥)

𝑎𝑛−3

𝑎𝑛−2

𝑝𝑛−3(𝑥)𝑝𝑛−2(𝑦) − 𝑝𝑛−3(𝑦)𝑝𝑛−2(𝑥)

(𝑥 − 𝑦)
 

If we continue to iterate the equation we get; 

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
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= 𝑝𝑛(𝑥)𝑝𝑛(𝑦) +
𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
𝑝𝑛−1(𝑥)𝑝𝑛−1(𝑦) +

𝜎𝑛(𝑥)

𝜎𝑛−2(𝑥)
𝑝𝑛−2(𝑥)𝑝𝑛−2(𝑦) + ⋯ 

           = 
𝜎𝑛(𝑥)

𝜎0(𝑥)
𝑝0(𝑥)𝑝0(𝑦). 

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
= ∑

𝜎𝑛(𝑥)

𝜎𝑘(𝑥)

𝑛

𝑘=0

𝑝𝑘(𝑥)𝑝𝑘(𝑦) 

∑
1

𝜎𝑘(𝑥)

𝑛

𝑘=0

𝑝𝑘(𝑥)𝑝𝑘(𝑦) =
1

𝜎𝑛(𝑥)

𝑎𝑛

𝑎𝑛+1

𝑝𝑛+1(𝑥)𝑝𝑛(𝑦) − 𝑝𝑛+1(𝑦)𝑝𝑛(𝑥)

(𝑥 − 𝑦)
 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



16 

 

Chapter 3 

CLASSICAL ORTHOGONAL POLYNOMIALS 

Definition3.1. If the polynomial 𝑝𝑛(𝑥) satisfy the hypergeometric type differential 

equation which has form 𝐴(𝑥)𝑝𝑛
′′(𝑥) + 𝐵(𝑥)𝑝𝑛

′ (𝑥) + 𝛼𝑛𝑝𝑛(𝑥) = 0    with the Pearson 

equation 
𝑑

𝑑𝑥
[𝐴(𝑥). 𝑤(𝑥)] = 𝐵(𝑥). 𝑤(𝑥)   then we say that 𝑝𝑛(𝑥)  form a classical 

orthogonal polynomials set. 

To show it let us write the equation again with 𝑝𝑛(𝑥) and 𝑝𝑚(𝑥) 

𝐴(𝑥)𝑝𝑛
′′(𝑥) + 𝐵(𝑥)𝑝𝑛

′ (𝑥) + 𝛼𝑛𝑝𝑛(𝑥) = 0 

𝐴(𝑥)𝑝𝑚
′′ (𝑥) + 𝐵(𝑥)𝑝𝑚

′ (𝑥) + 𝛼𝑚𝑝𝑚(𝑥) = 0. 

Multiply both equation with 𝑤(𝑥) 

𝐴(𝑥)𝑤(𝑥)𝑝𝑛
′′(𝑥) + 𝐵(𝑥)𝑤(𝑥)𝑝𝑛

′ (𝑥) + 𝛼𝑛𝑤(𝑥)𝑝𝑛(𝑥) = 0 

𝐴(𝑥)𝑤(𝑥)𝑝𝑚
′′ (𝑥) + 𝐵(𝑥)𝑤(𝑥)𝑝𝑚

′ (𝑥) + 𝛼𝑚𝑤(𝑥)𝑝𝑚(𝑥) = 0. 

Since they satisfy the Pearson equation we can write them in the self adjoint form in 

such a way that, 

                   [𝐴(𝑥)𝑤(𝑥)𝑝𝑛
′ (𝑥)]′ + 𝛼𝑛𝑤(𝑥)𝑝𝑛(𝑥) = 0                                                    (3.1) 

                   [𝐴(𝑥)𝑤(𝑥)𝑝𝑚
′ (𝑥)]′ + 𝛼𝑚𝑤(𝑥)𝑝𝑚(𝑥) = 0.                                                (3.2) 

Now multiply equation (3.1) with 𝑝𝑚(𝑥) and equation (3.2) with 𝑝𝑛(𝑥) 
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[𝐴(𝑥)𝑤(𝑥)𝑝𝑛
′ (𝑥)]′𝑝𝑚(𝑥) + 𝛼𝑛𝑤(𝑥)𝑝𝑛(𝑥)𝑝𝑚(𝑥) = 0 

[𝐴(𝑥)𝑤(𝑥)𝑝𝑚
′ (𝑥)]′𝑝𝑛(𝑥) + 𝛼𝑚𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥) = 0. 

Subtract the equations; 

[𝐴(𝑥)𝑤(𝑥)𝑝𝑛
′ (𝑥)]′𝑝𝑚(𝑥) − [𝐴(𝑥)𝑤(𝑥)𝑝𝑚

′ (𝑥)]′𝑝𝑛(𝑥)

= (𝛼𝑚 − 𝛼𝑛)𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥). 

Apply the product rule for derivatives; 

[𝐴(𝑥)𝑤(𝑥)]′𝑝𝑛
′ (𝑥)𝑝𝑚(𝑥) +  𝐴(𝑥)𝑤(𝑥)𝑝𝑛

′′(𝑥)𝑝𝑚(𝑥) − [𝐴(𝑥)𝑤(𝑥)]′𝑝𝑚
′ (𝑥)𝑝𝑛(𝑥) − 

            𝐴(𝑥)𝑤(𝑥)𝑝𝑚
′′ (𝑥)𝑝𝑛(𝑥) = (𝛼𝑚 − 𝛼𝑛)𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥) 

[𝐴(𝑥)𝑤(𝑥)]′(𝑝𝑛
′ (𝑥)𝑝𝑚(𝑥) − 𝑝𝑚

′ (𝑥)𝑝𝑛(𝑥)) +  𝐴(𝑥)𝑤(𝑥)[𝑝𝑛
′′(𝑥)𝑝𝑚(𝑥)

− 𝑝𝑚
′′ (𝑥)𝑝𝑛(𝑥) 

             = (𝛼𝑚 − 𝛼𝑛)𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥). 

Here we use the definition of Wronskian of two functions for simplify our equation; 

𝜔[𝑢(𝑥)𝑣(𝑥)] = 𝑑𝑒𝑡 (
𝑢(𝑥) 𝑣(𝑥)

𝑢′(𝑥) 𝑣′(𝑥)
) = 𝑢(𝑥)𝑣′(𝑥) − 𝑢′(𝑥)𝑣(𝑥) 

𝑑

𝑑𝑥
𝜔[𝑢(𝑥)𝑣(𝑥)] =  𝑢(𝑥)𝑣′′(𝑥) + 𝑢′(𝑥)𝑣′(𝑥) − 𝑢′′(𝑥)𝑣(𝑥) − 𝑢′(𝑥)𝑣′(𝑥) 

                                = 𝑢(𝑥)𝑣′′(𝑥) − 𝑢′′(𝑥)𝑣(𝑥). 

So equation get the form;  

𝑑

𝑑𝑥
{ 𝐴(𝑥)𝑤(𝑥) 𝜔[𝑝𝑛(𝑥)𝑝𝑚(𝑥)]} = (𝛼𝑚 − 𝛼𝑛)𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥). 

Now integrate both sides with respect to 𝑥 from 𝑎 to 𝑏 
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𝐴(𝑥)𝑤(𝑥) 𝜔[𝑝𝑛(𝑥)𝑝𝑚(𝑥)]|𝑎
𝑏 = (𝛼𝑚 − 𝛼𝑛) ∫ 𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥)𝑑𝑥

𝑏

𝑎

. 

Since the 𝜔[𝑝𝑛(𝑥)𝑝𝑚(𝑥)]  is a polynomial in 𝑥 instead of 𝜔[𝑝𝑛(𝑥)𝑝𝑚(𝑥)] write 𝑥𝑘 . 

If function   𝑤(𝑥) satisfy the condition 

                                𝑨(𝒙)𝒘(𝒙)𝒙𝒌|𝒂
𝒃 = 𝟎 ,for    𝑘 = 0,1,2, …                                     (3.3) 

We get the orthogonality relation  

                           ∫ 𝑤(𝑥)𝑝𝑚(𝑥)𝑝𝑛(𝑥)𝑑𝑥

𝑏

𝑎

= 0                                                                   (3.4) 

for     𝛼𝑚 ≠ 𝛼𝑛    →     𝑚 ≠ 𝑛. 

3.1 Properties of Classical Orthogonal Polynomials 

 They satisfy an orthogonality relation. 

 They have a Rodrigues formula, where the generalized Rodrigues formula is as 

follows for classical orthogonal polynomials. 

𝑝𝑚(𝑥) =
𝐾𝑚

𝑤(𝑥)

𝑑𝑚

𝑑𝑥
𝑚 [𝑤(𝑥). 𝐴𝑚(𝑥)]. 

 They have a hypergeometric representation. 

 {𝑝𝑛
′ (𝑥)} form a system of orthogonal polynomial. 

 They satisfy the hypergeometric type differential equation which has form 

𝐴(𝑥)𝑝𝑛
′′(𝑥) + 𝐵(𝑥)𝑝𝑛

′ (𝑥) + 𝛼𝑛𝑝𝑛(𝑥) = 0. 

3.2 Examples for the Classical Orthogonal Polynomials 

1. Hermite Polynomials: 𝐻𝑛(𝑥). 

2. Laguerre Polynomials: 𝐿𝑛
𝛼 (𝑥)    where 𝛼 > −1. 

3. Jacobi Polynomials: 𝑃𝑛
(𝛼,𝛽)

(𝑥)   where  𝛼 > −1   ,     𝛽 > −1. 
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3.3 Rodrigues Formula for Classical Orthogonal Polynomials 

Definition3.2: Classical orthogonal polynomials can represented by using rodrigues 

formula, which is the formula that consists the 𝑛th term derivative of polynomials. 

Obtain the Rodrigues formula:  

Start from the differential equations; 

𝐴(𝑥)𝑝′′(𝑥) + 𝐵(𝑥)𝑝′(𝑥) + 𝛼𝑛𝑝(𝑥) = 0 

𝐴(𝑥)𝑣𝑚
′′(𝑥) + 𝐵𝑚(𝑥)𝑣𝑚

′ (𝑥) + 𝜇𝑚𝑣𝑚(𝑥) = 0. 

Multiply first equation with 𝑤(𝑥) and second equation with 𝑤𝑚(𝑥) 

𝐴(𝑥)𝑤(𝑥)𝑝′′(𝑥) + 𝐵(𝑥)𝑤(𝑥)𝑝′(𝑥) + 𝛼𝑛𝑤(𝑥)𝑝(𝑥) = 0 

𝐴(𝑥)𝑤𝑚(𝑥)𝑣𝑚
′′(𝑥) + 𝐵𝑚(𝑥)𝑤𝑚(𝑥)𝑣𝑚

′ (𝑥) + 𝜇𝑚𝑤𝑚(𝑥)𝑣𝑚(𝑥) = 0. 

Then write the equations in the self adjoint form; 

[𝐴(𝑥)𝑤(𝑥)𝑝′(𝑥)]′ +  𝛼𝑛𝑤(𝑥)𝑝(𝑥) = 0 

[𝐴(𝑥)𝑤𝑚(𝑥)𝑣𝑚
′ (𝑥)]′ + 𝜇𝑚𝑤𝑚(𝑥)𝑣𝑚(𝑥) = 0. 

From the property of self adjoint form the equations must satisfy the following 

differential equation; 

                                 [𝐴(𝑥)𝑤(𝑥)]′ =  𝐵(𝑥)𝑤(𝑥)                                                               (3.5)                        

                            [𝐴(𝑥)𝑤𝑚(𝑥)]′ = 𝐵𝑚(𝑥)𝑤𝑚(𝑥).                                                       (3.6)                 

Now, let us construct the relation between 𝑤(𝑥) and 𝑤𝑚(𝑥); 

Divide (3.6) with 𝑤𝑚(𝑥)                

[𝐴(𝑥)𝑤𝑚(𝑥)]′

𝑤𝑚(𝑥)
= 𝐵𝑚(𝑥), 
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use the fact that;  

 𝐵𝑚(𝑥) = 𝐵(𝑥) + 𝑚𝐴′(𝑥)  and from (3.5) we get  

𝐵(𝑥) =
[𝐴(𝑥)𝑤(𝑥)]′

𝑤(𝑥)
. 

 [𝐴(𝑥)𝑤(𝑥)]′ = 𝐴′(𝑥)𝑤(𝑥) + 𝐴(𝑥)𝑤′(𝑥) 

[𝐴(𝑥)𝑤𝑚(𝑥)]′ = 𝐴′(𝑥)𝑤𝑚(𝑥) + 𝑤𝑚
′ (𝑥)𝐴(𝑥) 

𝐴′(𝑥)𝑤𝑚(𝑥)

𝑤𝑚(𝑥)
+

𝑤𝑚
′ (𝑥)𝐴(𝑥)

𝑤𝑚(𝑥)
=

𝐴′(𝑥)𝑤(𝑥)

𝑤(𝑥)
+

𝐴(𝑥)𝑤′(𝑥)

𝑤(𝑥)
+ 𝑚𝐴′(𝑥)  

𝑤𝑚
′ (𝑥)𝐴(𝑥)

𝑤𝑚(𝑥)
=

𝐴(𝑥)𝑤′(𝑥)

𝑤(𝑥)
+ 𝑚𝐴′(𝑥). 

 Divide both side with 𝐴(𝑥)   

𝑤𝑚
′ (𝑥)

𝑤𝑚(𝑥)
=

𝑤′(𝑥)

𝑤(𝑥)
+ 𝑚

𝐴′(𝑥)

𝐴(𝑥)
. 

After integrating both sides with respect to 𝑥 we find that; 

𝑙𝑛 𝑤𝑚(𝑥) = 𝑙𝑛 𝑤(𝑥) + 𝑚 𝑙𝑛 𝐴(𝑥)  → 𝑚 = 0,1,2 … 

                                    𝑤𝑚(𝑥) = 𝑤(𝑥). 𝐴𝑚(𝑥).                                                                  (3.7)         

Let take 𝑚 = 𝑚 + 1  in (3.7) 

𝑤𝑚+1(𝑥) =  𝑤(𝑥). 𝐴𝑚+1(𝑥) = 𝑤(𝑥). 𝐴𝑚(𝑥). 𝐴(𝑥) 

                            𝑤𝑚+1(𝑥) = 𝑤𝑚(𝑥). 𝐴(𝑥)                                                                       (3.8) 

[𝐴(𝑥)𝑤𝑚(𝑥)𝑣𝑚
′ (𝑥)]′ + 𝜇𝑚𝑤𝑚(𝑥)𝑣𝑚(𝑥) = 0 

𝑤𝑚(𝑥)𝑣𝑚(𝑥) =
−1

𝜇𝑚
[  𝑤𝑚+1(𝑥)𝑣𝑚+1(𝑥)]′ 

We know that        𝑣𝑚(𝑥) = 𝑝(𝑚)(𝑥)   →  𝑣𝑚
′ (𝑥) = 𝑣𝑚+1(𝑥) 

Let m=0   𝑤0(𝑥)𝑣0(𝑥) = 𝑤(𝑥)𝑝(𝑥) =
−1

𝜇0
[  𝑤1(𝑥)𝑣1(𝑥)]′.   

We can find the term inside the derivative by taking m=1 
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𝑤1(𝑥)𝑣1(𝑥) =
−1

𝜇1
[  𝑤2(𝑥)𝑣2(𝑥)]′ 

𝑤(𝑥)𝑝(𝑥) =
−1

𝜇0
[  𝑤1(𝑥)𝑣1(𝑥)]′ =  

−1

𝜇0

−1

𝜇1
[  𝑤2(𝑥)𝑣2(𝑥)]′′. 

Iterate it up to m 

𝑤(𝑥)𝑝(𝑥) =
−1

𝜇0

−1

𝜇1
…

−1

𝜇𝑚−1
[𝑤𝑚(𝑥)𝑣𝑚(𝑥)](𝑚). 

Let us define  

𝐶𝑚 = (−1)𝑚 ∏ 𝜇𝑘,

𝑚−1

𝑘=0

 

 𝑤(𝑥)𝑝(𝑥) =
1

𝐶𝑚
[𝑤𝑚(𝑥)𝑣𝑚(𝑥)](𝑚) 

If the polynomial 𝑝(𝑥) is degree 𝑚  →   𝑝(𝑥) = 𝑝𝑚(𝑥) 

𝑤(𝑥)𝑝𝑚(𝑥) =
1

𝐶𝑚
[𝑤𝑚(𝑥)𝑝𝑚

𝑚(𝑥)](𝑚)  since 𝑝𝑚
𝑚(𝑥) = 𝑐𝑜𝑛𝑠𝑡 

𝑤(𝑥)𝑝𝑚(𝑥) =
𝑝𝑚

𝑚(𝑥)

𝐶𝑚
[𝑤𝑚(𝑥)](𝑚)  , use the fact that    𝑤𝑚(𝑥) =  𝑤(𝑥). 𝐴𝑚(𝑥)       

𝑝𝑚(𝑥) =
𝑝𝑚

𝑚(𝑥)

𝑤(𝑥)𝐶𝑚
[𝑤(𝑥). 𝐴𝑚(𝑥)  ](𝑚) 

𝑝𝑚(𝑥) =
𝑝𝑚

𝑚(𝑥)

𝑤(𝑥)𝐶𝑚

𝑑𝑚

𝑑𝑥
𝑚 [𝑤(𝑥). 𝐴𝑚(𝑥)]. 

Let us combine the constants as a;  

𝐾𝑚 =
𝑝𝑚

𝑚(𝑥)

𝐶𝑚
 

                                  𝑝𝑚(𝑥) =
𝐾𝑚

𝑤(𝑥)

𝑑𝑚

𝑑𝑥
𝑚 [𝑤(𝑥). 𝐴𝑚(𝑥)].                                                (3.9) 
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Obtain the generalized Rodrigues Formula: 

Theorem: Since  the derivatives 𝑝𝑛
(𝑚)(𝑥) = 𝑣𝑚𝑛(𝑥) are polynomials of degree 𝑛 − 𝑚 

and satisfy the equation  𝐴(𝑥)𝑣𝑚𝑛
′′ (𝑥) + 𝐵𝑚(𝑥)𝑣𝑚𝑛

′ (𝑥) + 𝜇𝑚𝑛𝑣𝑚𝑛(𝑥) = 0 we can 

derive the Rodrigues formula for 𝑦𝑛
(𝑚)(𝑥). 

Proof: Write the equation into the self adjoint form; 

[𝐴(𝑥)𝑤𝑚(𝑥)𝑣𝑚𝑛
′ (𝑥)]′ + 𝜇𝑚𝑛𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) = 0. 

By using the properties ; 𝑣𝑚𝑛
′ (𝑥) = 𝑣𝑚𝑛+1(𝑥)  , 𝑤𝑚+1(𝑥) =  𝑤𝑚(𝑥). 𝐴(𝑥) 

[𝑤𝑚+1(𝑥)𝑣𝑚𝑛+1(𝑥)]′ + 𝜇𝑚𝑛𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) = 0  

                              𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) =  
−1

𝜇𝑚𝑛
[𝑤𝑚+1(𝑥)𝑣𝑚𝑛+1(𝑥)]′.                               (3.10)     

In equation (3.10) let us take 𝑚 → 𝑚 + 1 

 𝑤𝑚+1(𝑥)𝑣𝑚𝑛+1(𝑥) =  
−1

𝜇𝑚+1𝑛
[𝑤𝑚+2(𝑥)𝑣𝑚𝑛+2(𝑥)]′ . 

Let us put it into equation (3.10) 

                           𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) =  
−1

𝜇𝑚𝑛

−1

𝜇𝑚+1𝑛
[𝑤𝑚+2(𝑥)𝑣𝑚𝑛+2(𝑥)]′′ .                 (3.11) 

  In equation (3.10), let us take 𝑚 instead of 𝑚 + 2  .  

 𝑤𝑚+2(𝑥)𝑣𝑚𝑛+2(𝑥) =  
−1

𝜇𝑚+2𝑛
[𝑤𝑚+3(𝑥)𝑣𝑚𝑛+3(𝑥)]′   .  

Let us put it into equation (3.11) 

 𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) =  
−1

𝜇𝑚𝑛

−1

𝜇𝑚+1𝑛

−1

𝜇𝑚+2𝑛
[𝑤𝑚+3(𝑥)𝑣𝑚𝑛+3(𝑥)]′′′  iterate upto 𝑛 − 𝑚 

𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) =  
−1

𝜇𝑚𝑛

−1

𝜇𝑚+1𝑛

−1

𝜇𝑚+2𝑛
…

−1

𝜇𝑛−1𝑛
[𝑤𝑛(𝑥)𝑣𝑛(𝑥)](𝑛−𝑚).   

Let us define  
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                                         𝐴𝑚𝑛 = (−1)𝑚 ∏ 𝜇𝑙𝑛

𝑚−1

𝑙=0

  ,                                                     (3.12)  

 where  𝜇𝑙𝑛 = 𝛼𝑛 − 𝛼𝑙 

 𝜇𝑙𝑛 = −𝑛𝐵′(𝑥) −
1

2
𝑛(𝑛 − 1)𝐴′′(𝑥) − [−𝑙 𝐵′(𝑥) −

1

2
𝑙(𝑙 − 1)𝐴′′(𝑥)] 

        = 𝐵′(𝑥)[𝑙 − 𝑛] −
1

2
𝐴′′(𝑥)[𝑛2 − 𝑛 − 𝑙2 + 𝑙] 

                                     𝜇𝑙𝑛 = −(𝑛 − 𝑙) [𝐵′(𝑥) +
𝑛+𝑙−1

2
𝐴′′(𝑥)].                                  (3.13)   

                                    𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵′(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑚−1

𝑙=0

].                  (3.14) 

and since 𝑣𝑛(𝑥) = 𝑝𝑛
𝑛(𝑥) is constant; 

𝑤𝑚(𝑥)𝑣𝑚𝑛(𝑥) =
𝐴𝑚𝑛𝑝𝑛

𝑛(𝑥) 

𝐴𝑛𝑛

𝑑𝑛−𝑚

𝑑𝑥
𝑛−𝑚 [𝑤𝑛(𝑥)]. 

We know that 𝑤𝑛(𝑥) =  𝑤(𝑥). 𝐴𝑛(𝑥) and 𝐾𝑛 =
𝑝𝑛

𝑛(𝑥)

𝐴𝑛𝑛
 

                          𝑝𝑛
(𝑚)(𝑥) = 𝑣𝑚𝑛(𝑥) =

𝐴𝑚𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑚(𝑥)

𝑑𝑛−𝑚

𝑑𝑥
𝑛−𝑚 [𝑤(𝑥). 𝐴𝑛(𝑥)].             (3.15) 

Applications of Generalized Rodrigues Formula:  

1. Let take 𝑚 = 1 in equation (3.15) 

𝑝𝑛
′ (𝑥) =

𝐴1𝑛𝐾𝑛

𝑤(𝑥). 𝐴(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝑤(𝑥). 𝐴𝑛(𝑥)] =
𝐴1𝑛𝐾𝑛

𝑤1(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝑤(𝑥). 𝐴𝑛(𝑥)] 

𝑤𝑚(𝑥) =  𝑤(𝑥). 𝐴𝑚(𝑥)      𝑚 = 1 𝑤1(𝑥) =  𝑤(𝑥). 𝐴(𝑥)     𝑤(𝑥) =
𝑤1(𝑥)

𝐴(𝑥)
  

What is 𝑨𝟏𝒏? 𝐴1𝑛 = (−1) 𝜇𝑙𝑛 = −𝛼𝑛 + 𝛼1=−𝛼𝑛 

𝑝𝑛
′ (𝑥) =

−𝛼𝑛𝐾𝑛

𝑤1(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1 [𝐴𝑛−1(𝑥)𝑤1(𝑥)] 

multiply RHS 
𝐾𝑛−1

𝐾𝑛−1
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𝑝𝑛
′ (𝑥) =

−𝛼𝑛𝐾𝑛

𝑤1(𝑥)

𝐾𝑛−1

𝐾𝑛−1

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝐴𝑛−1(𝑥)𝑤1(𝑥)], 

 since  

 𝑝𝑚(𝑥) =
𝐾𝑚

𝑤(𝑥)

𝑑𝑚

𝑑𝑥
𝑚 [𝑤(𝑥). 𝐴𝑚(𝑥)], 

 for 𝑚 = 𝑛 − 1      

   𝑝𝑛−1(𝑥) =
𝐾𝑚−1

𝑤(𝑥)

𝑑𝑚−1

𝑑𝑥
𝑚−1

[𝑤(𝑥). 𝐴𝑚−1(𝑥)]. 

We get; 

                                                    𝑝𝑛
′ (𝑥) =

−𝛼𝑛𝐾𝑛

𝐾𝑛−1
𝑝𝑛−1(𝑥)                                            (3.16) 

2. We know that polynomials have the form 𝑝𝑛(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑐𝑛𝑥𝑛−1 + ⋯ now we 

try to find the coefficinets 𝑎𝑛 and 𝑐𝑛. 

Proof: Start to take the derivative from 𝑝𝑛(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑐𝑛𝑥𝑛−1 + ⋯ 

 𝑝𝑛
′ (𝑥) = 𝑛𝑎𝑛𝑥𝑛−1 + (𝑛 − 1)𝑐𝑛𝑥𝑛−2 + ⋯ 

 𝑝𝑛
′′(𝑥) = 𝑛(𝑛 − 1)𝑎𝑛𝑥𝑛−2 + (𝑛 − 1)(𝑛 − 2)𝑐𝑛𝑥𝑛−3 + ⋯ 

 𝑝𝑛
(𝑛−1)(𝑥) = 𝑛! 𝑎𝑛𝑥 + (𝑛 − 1)! 𝑐𝑛 + ⋯                                                                     (3.17) 

Turn back to equation; 

𝑝𝑛
(𝑚)(𝑥) =

𝐴𝑚𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑚(𝑥)

𝑑𝑛−𝑚

𝑑𝑥
𝑛−𝑚 [𝑤(𝑥). 𝐴𝑛(𝑥)], 

and take 𝑚 = 𝑛 − 1 

𝑝𝑛
(𝑛−1)(𝑥) =

𝐴𝑛−1𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑛−1(𝑥)

𝑑

𝑑𝑥

[𝑤(𝑥). 𝐴𝑛(𝑥)]. 

Use the facts; 

𝑤𝑚(𝑥) =  𝑤(𝑥). 𝐴𝑚(𝑥)      →   𝑤𝑛−1(𝑥) =  𝑤(𝑥). 𝐴𝑛−1(𝑥)       
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𝑤𝑛+1(𝑥) = 𝑤𝑛(𝑥). 𝐴(𝑥) 

[𝐴(𝑥)𝑤𝑚(𝑥)]′ = 𝐵𝑚(𝑥)𝑤𝑚(𝑥). 

𝑝𝑛
(𝑛−1)(𝑥) =

𝐴𝑛−1𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑛−1(𝑥)

𝑑

𝑑𝑥

[𝑤(𝑥). 𝐴𝑛(𝑥)] =
𝐴𝑛−1𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑛−1(𝑥)

𝑑

𝑑𝑥

[𝑤𝑛(𝑥)] 

                    =
𝐴𝑛−1𝑛𝐾𝑛

𝑤𝑛−1(𝑥)

𝑑

𝑑𝑥

[𝑤𝑛−1(𝑥)𝐴(𝑥)] =
𝐴𝑛−1𝑛𝐾𝑛

𝑤𝑛−1(𝑥)
[𝑤𝑛−1(𝑥)𝐵𝑛−1(𝑥)] 

                                           𝑝𝑛
(𝑛−1)(𝑥) = 𝐴𝑛−1𝑛𝐾𝑛𝐵𝑛−1(𝑥).                                         (3.18)    

Now let compare the equations (3.17) and (3.18) 

𝑝𝑛
(𝑛−1)(𝑥) = 𝑛! 𝑎𝑛𝑥 + (𝑛 − 1)! 𝑐𝑛𝑥𝑛−1 + ⋯   

𝑝𝑛
(𝑛−1)(𝑥) = 𝐴𝑛−1𝑛𝐾𝑛𝐵𝑛−1(𝑥)   

                   𝑛! 𝑎𝑛𝑥 + (𝑛 − 1)! 𝑐𝑛 + ⋯ = 𝐴𝑛−1𝑛𝐾𝑛𝐵𝑛−1(𝑥) .                                 (3.19)     

a) for finding 𝑎𝑛 take derivative with respect to  x in equation (3.19). 

𝑛! 𝑎𝑛 = 𝐴𝑛−1𝑛𝐾𝑛𝐵𝑛−1
′ (𝑥) 

𝑎𝑛 =
𝐴𝑛−1𝑛𝐾𝑛

𝑛!
𝐵𝑛−1

′ (𝑥) 

And since 𝐵𝑛(𝑥) =  𝐵(𝑥) + 𝑛𝐴′(𝑥)   →  𝐵𝑛−1(𝑥) =  𝐵(𝑥) + (𝑛 − 1)𝐴′(𝑥)   take 

derivative 𝐵𝑛−1
′ (𝑥) =  𝐵′(𝑥) + (𝑛 − 1)𝐴′′(𝑥)

. 

And since  

𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵′(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑚−1

𝑙=0

], 

  take 𝑚 = 𝑛 − 1 

𝐴𝑛−1𝑛 = 𝑛! ∏[𝐵′(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−2

𝑙=0

]. 

We get  
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                                      𝑎𝑛 = 𝐾𝑛 ∏[𝐵′(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

].                               (3.20) 

b) For finding 𝑐𝑛  take 𝑥 = 0 in equation (3.18)    

(𝑛 − 1)! 𝑐𝑛 = 𝐴𝑛−1𝑛𝐾𝑛𝐵𝑛−1(0) = 𝑎𝑛𝑛!
𝐵𝑛−1(0)

𝐵𝑛−1
′ (𝑥)

 

𝑐𝑛 = 𝑛𝑎𝑛

𝐵𝑛−1(0)

𝐵𝑛−1
′ (𝑥)

 .                                                                        (3.21) 

Theorem 3.3: From the property that we mentioned in the preliminaries part; 

derivatives of the functions of hypergeometric type are all functions of hypergeometric 

type.  

By using this property we can say that derivatives of the classical orthogonal 

polynomials 𝑝𝑛
𝑙 (𝑥) are also classical polynomials and they are orthogonal with weight 

function 𝑤𝑛(𝑥) =  𝑤(𝑥). 𝐴𝑛(𝑥) on the interval (𝑎, 𝑏). Then we can write the 

orthogonality relation as a; 

                                               ∫ 𝑝𝑛
(𝑙)(𝑥)𝑝𝑚

(𝑙)(𝑥)𝑤𝑙(𝑥)𝑑𝑥 =  𝜎𝑙𝑛𝛿𝑚𝑛 

𝑏

𝑎

 .                         (3.22) 

3.4 Finding the Normalization function for Classical Orthogonal 

Polynomials 

For the polynomial 𝑝𝑛
𝑙 (𝑥) = 𝑣𝑙𝑛 we have the differential equation; 

 𝐴(𝑥)𝑣𝑙𝑛
′′ (𝑥) + 𝐵𝑛(𝑥)𝑣𝑙𝑛

′ (𝑥) + 𝜇𝑙𝑛𝑣𝑙𝑛(𝑥) = 0   

  𝐴(𝑥)𝑤𝑙(𝑥)𝑣𝑙𝑛
′′ (𝑥) + 𝐵𝑛(𝑥)𝑤𝑙(𝑥)𝑣𝑙𝑛

′ (𝑥) + 𝜇𝑚𝑙𝑛𝑤𝑙(𝑥)𝑣𝑙𝑛(𝑥) = 0 

 which has the self adjoint form; 

 [𝐴(𝑥)𝑤𝑙(𝑥)𝑣𝑙𝑛
′ (𝑥)]′ + 𝜇𝑙𝑛𝑤𝑙(𝑥)𝑣𝑙𝑛(𝑥) = 0. 

Now use the facts; 
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𝑤𝑛+1(𝑥) =  𝑤𝑛(𝑥). 𝐴(𝑥)  and   𝑝𝑛
𝑙 (𝑥) = 𝑣𝑙𝑛(𝑥)  → 𝑣𝑙𝑛

′ (𝑥) = 𝑝𝑛
𝑙+1(𝑥) 

 [𝑤𝑙+1(𝑥)𝑝𝑛
𝑙+1(𝑥)]′ + 𝜇𝑙𝑛𝑤𝑙(𝑥)𝑝𝑛

𝑙 (𝑥) = 0  multiply the equation with 𝑝𝑛
𝑙 (𝑥) 

[𝑤𝑙+1(𝑥)𝑝𝑛
𝑙+1(𝑥)]′𝑝𝑛

𝑙 (𝑥) + 𝜇𝑙𝑛𝑤𝑙(𝑥)[𝑝𝑛
𝑙 (𝑥)]2 = 0   integrate from 𝑎 to 𝑏. 

∫ [𝑤𝑙+1(𝑥)𝑝𝑛
𝑙+1(𝑥)]′𝑝𝑛

𝑙 (𝑥)𝑑𝑥 + ∫ 𝜇𝑙𝑛𝑤𝑙(𝑥)[𝑝𝑛
𝑙 (𝑥)]2𝑑𝑥 = 0

𝑏

𝑎

𝑏

𝑎

. 

Use integration by parts for the first integral;  

  𝑢 = 𝑝𝑛
𝑙 (𝑥)  →  𝑑𝑢 = 𝑝𝑛

𝑙+1(𝑥)𝑑𝑥 

 𝑑𝑣 = [𝑤𝑙+1(𝑥)𝑝𝑛
𝑙+1(𝑥)] 𝑑𝑥 → 𝑣 = 𝑤𝑙+1(𝑥)𝑝𝑛

𝑙+1(𝑥) 

𝑤𝑙+1(𝑥)𝑝𝑛
𝑙+1(𝑥)𝑝𝑛

𝑙 (𝑥)|𝑎
𝑏 − ∫ 𝑤𝑙+1(𝑥)[𝑝𝑛

𝑙+1(𝑥)]2𝑑𝑥 + 𝜇𝑙𝑛 ∫ 𝑤𝑙(𝑥)[𝑝𝑛
𝑙 (𝑥)]2𝑑𝑥

𝑏

𝑎

𝑏

𝑎

= 0. 

First term is going to be zero from the condition of orthogonality. From the 

orthogonality relation first integral is 𝜎𝑙+1𝑛 and the second integral is  𝜎𝑙𝑛. So we get  

 −𝜎𝑙+1𝑛+𝜇𝑙𝑛𝜎𝑙𝑛 = 0                      →        𝜎𝑙+1𝑛 = 𝜇𝑙𝑛𝜎𝑙𝑛                                          (3.23) 

Let iterate the equation (3.23) 

For 𝑙 = 0  𝜎1𝑛 = 𝜇0𝑛𝜎0𝑛 

For 𝑙 = 1  𝜎2𝑛 = 𝜇1𝑛𝜎1𝑛 = 𝜇1𝑛𝜇0𝑛𝜎0𝑛 

For 𝑙 = 2   𝜎3𝑛 = 𝜇2𝑛𝜎2𝑛 = 𝜇2𝑛𝜇1𝑛𝜇0𝑛𝜎0𝑛 

For 𝑙 = 𝑛 − 1 𝜎𝑛𝑛 = 𝜇𝑛−1𝑛𝜎𝑛−1𝑛 = 𝜇𝑛−1𝑛 … 𝜇2𝑛𝜇1𝑛𝜇0𝑛𝜎0𝑛   where  𝜎0𝑛 = 𝜎𝑛 

𝜎𝑛𝑛 = ∏ 𝜇𝑘𝑛

𝑛−1

𝑘=0

𝜎0𝑛. 

 Let  𝑚 = 0                            
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                                                           𝜎𝑚𝑛 =
𝜎𝑛𝑛

∏ 𝜇𝑘𝑛
𝑛−1
𝑘=𝑚

 .                                                (3.24) 

Turn back to equation   (3.22)  and take 𝑚 = 𝑛,  𝑙 = 𝑛 

∫[𝑝𝑛
( 𝑛)(𝑥)]2𝑤𝑛(𝑥)𝑑𝑥 =  𝜎𝑛𝑛

𝑏

𝑎

 

                                              ∫[𝑝𝑛
( 𝑛)(𝑥)]2𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥 =  𝜎𝑛𝑛

𝑏

𝑎

 .                             (3.25) 

Now turn back to Rodrigues formula ; 

𝑝𝑛
(𝑚)(𝑥) =

𝐴𝑚𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑚(𝑥)

𝑑𝑛−𝑚

𝑑𝑥
𝑛−𝑚 [𝑤(𝑥). 𝐴𝑛(𝑥)], 

and take  𝑚 = 𝑛 

𝑝𝑛
(𝑛)(𝑥) =

𝐴𝑛𝑛𝐾𝑛

𝑤(𝑥). 𝐴𝑛(𝑥)
[𝑤(𝑥). 𝐴𝑛(𝑥)]. 

𝑝𝑛
(𝑛)(𝑥) = 𝐴𝑛𝑛𝐾𝑛 , let us put it into equation (3.25) 

∫[𝐴𝑛𝑛𝐾𝑛]2𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥 =  𝜎𝑛𝑛

𝑏

𝑎

.                                                (3.26) 

By using  

𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑚−1

𝑘=0

], 

and letting 𝑚 = 𝑛 

𝐴𝑛𝑛 = 𝑛! ∏[𝐵(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

]. 

Also from, 
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𝑎𝑛 = 𝐾𝑛 ∏[𝐵(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

], 

                                                          𝐴𝑛𝑛 = 𝑛!
𝑎𝑛

𝐾𝑛
 .                                                           (3.27) 

 Let put (3.27) into equation   (3.26); 

∫ [𝑛!
𝑎𝑛

𝐾𝑛
𝐾𝑛]

2

𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥 =  𝜎𝑛𝑛

𝑏

𝑎

 

                                          ∫[𝑛! 𝑎𝑛]2𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥 =  𝜎𝑛𝑛

𝑏

𝑎

                                        (3.28) 

From  𝜎0𝑛 = 𝜎𝑛 =
𝜎𝑛𝑛

∏ 𝜇𝑘𝑛
𝑛−1
𝑘=0

  →    𝜎𝑛=𝜎𝑛𝑛
(−1)𝑛

𝐴𝑛𝑛
   →  𝜎𝑛𝑛 = 𝜎𝑛

𝐴𝑛𝑛

(−1)𝑛  put this into 

equation (3.26) 

∫[𝐴𝑛𝑛𝐾𝑛
]2𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥 =  𝜎𝑛

𝐴𝑛𝑛

(−1)𝑛
 

𝑏

𝑎

 

                                    𝜎𝑛 = (−1)𝑛𝐴𝑛𝑛𝐾𝑛
2 ∫ 𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥

𝑏

𝑎

  .                                  (3.29) 
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Chapter 4 

HERMITE  POLYNOMIALS 

4.1 Finding the Generating Function for Hermite Polynomials 

Let us start with the equation   

𝑒2𝑥𝑡−𝑡2
= ∑

𝐻𝑛(𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

 .                                               (4.1) 

From there we can find the form of the Hermite Polynomials, 

 Use the fact that ;  

𝑒𝑥 = ∑
𝑥𝑛

𝑛!
,

∞

𝑛=0

 

𝑒2𝑥𝑡−𝑡2
= 𝑒2𝑥𝑡𝑒−𝑡2

= ∑
(2𝑥𝑡)𝑛

𝑛!
∑

(−𝑡2)𝑘

𝑘!

∞

𝑘=0

∞

𝑛=0

 

= ∑
(2𝑥)𝑛𝑡𝑛

𝑛!
∑

(−1)𝑘𝑡2𝑘

𝑘!

∞

𝑘=0

∞

𝑛=0

         

= ∑ ∑
(2𝑥)𝑛𝑡𝑛

𝑛!

∞

𝑘=0

∞

𝑛=0

(−1)𝑘𝑡2𝑘

𝑘!
. 

 Now use the definition of Cauchy product of series;                 

∑ ∑ 𝐴(𝑘, 𝑛) =

∞

𝑘=0

∞

𝑛=0

∑ ∑ 𝐴(𝑘, 𝑛 − 2𝑘),

[
𝑛
2

]

𝑘=0

∞

𝑛=0

 

 so in the equation above get 𝑛 − 2𝑘  instead of 𝑛. 
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𝑒2𝑥𝑡−𝑡2
= ∑ ∑

(2𝑥)𝑛𝑡𝑛

𝑛!

∞

𝑘=0

∞

𝑛=0

(−1)𝑘𝑡2𝑘

𝑘!
 

  = ∑ ∑
(2𝑥)𝑛−2𝑘𝑡𝑛−2𝑘

(𝑛 − 2𝑘)!

[
𝑛
2

]

𝑘=0

∞

𝑛=0

(−1)𝑘𝑡2𝑘

𝑘!
 

              = ∑ ∑
(−1)𝑘(2𝑥)𝑛−2𝑘𝑡𝑛

(𝑛 − 2𝑘)! 𝑘!

[
𝑛
2

]

𝑘=0

∞

𝑛=0

 

               = ∑
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛.

∞

𝑛=0

 

So we get the relation ; 

∑
(−1)𝑘(2𝑥)𝑛−2𝑘

(𝑛 − 2𝑘)! 𝑘!

[
𝑛
2

]

𝑘=0

=
𝐻𝑛(𝑥)

𝑛!
 

                                           𝐻𝑛(𝑥) = ∑
(−1)𝑘(2𝑥)𝑛−2𝑘𝑛!

(𝑛 − 2𝑘)! 𝑘!
.

[
𝑛
2

]

𝑘=0

                                          (4.2) 

So ,   

𝐻𝑛(𝑥) = (2𝑥)𝑛 −
𝑛!(2𝑥)𝑛−2

(𝑛−2)!2!
+

𝑛!(2𝑥)𝑛−4

(𝑛−4)!3!
− ⋯ , 

 the highest degree of 𝐻𝑛(𝑥) is 𝑛. 

And also we can represent the polynomial as follows; 

 𝐻𝑛(𝑥) = 2𝑛𝑥𝑛 +  𝜏𝑛−2(𝑥)     Where  𝜏𝑛−2(𝑥)  is a polynomial of degree (𝑛 − 2) in 

𝑥. 

 If 𝑛 is even the polynomial 𝐻𝑛(𝑥) is even, 

      If 𝑛 is odd the polnomial 𝐻𝑛(𝑥) is odd polynomial. 
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   𝐻𝑛(−𝑥) = {
  𝐻𝑛(𝑥)   𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−𝐻𝑛(𝑥) 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
 

4.2 Computing 𝑯𝟐𝒏+𝟏(𝟎) , 𝑯𝟐𝒏(𝟎) , 𝑯𝟐𝒏
′ (𝟎) , 𝑯𝟐𝒏+𝟏

′ (𝟎) 

Let us take 𝑛 = 2𝑛  and 𝑥 = 0  in equation (4.1) 

                               𝑒(−𝑡)2
= ∑

𝐻2𝑛(0)

(2𝑛)!

∞

𝑛=0

𝑡2𝑛,                                                                     (4.3) 

                             𝑒(−𝑡)2
= ∑

(−1)𝑛𝑡2𝑛

𝑛!

∞

𝑛=0

 ,                                                                       (4.4) 

 which is the even function. 

Combine the equations (4.3) and (4.4). And we can seperate the equation (4.3) 

corresponding with even and odd functions. 

∑
(−1)𝑛𝑡2𝑛

𝑛!

∞

𝑛=0

= ∑
𝐻2𝑛(0)

(2𝑛)!

∞

𝑛=0

𝑡2𝑛 + ∑
𝐻2𝑛+1(0)

(2𝑛 + 1)!

∞

𝑛=0

𝑡2𝑛+1 

𝐻2𝑛+1(0) = 0  since the    RHS of equatıon is even. 

(−1)𝑛𝑡2𝑛

𝑛!
=

𝐻2𝑛(0)

2𝑛!
𝑡2𝑛 

𝐻2𝑛(0) =  
(−1)𝑛(2𝑛)!

𝑛!
. 

From the third  property of pochhammer symbol;    

(1)2𝑛 = 22𝑛(
1

2
)𝑛(1)𝑛        →      (2𝑛)! =  22𝑛 (

1

2
)

𝑛
𝑛! 

𝐻2𝑛(0) = (−1)𝑛22𝑛 (
1

2
)

𝑛
. 

Let us take derivative with respect to 𝑥 in equation (4.1) 

2𝑡𝑒2𝑥𝑡−𝑡2
= ∑

𝐻𝑛
′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

, 
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and let 𝑛 = 2𝑛 , 𝑥 = 0 

                                   2𝑡𝑒−𝑡2
= ∑

𝐻2𝑛
′ (0)

(2𝑛)!
𝑡2𝑛

∞

𝑛=0

                                                               (4.5) 

                2𝑡 ∑
(−1)𝑛𝑡2𝑛

𝑛!

∞

𝑛=0

= ∑
2(−1)𝑛𝑡2𝑛+1

𝑛!

∞

𝑛=0

,                                                           (4.6) 

which is the odd function. 

Combine the equations (4.5) and (4.6). And we can seperate the equation (4.5) 

corresponding with even and odd functions.   

∑
2(−1)𝑛𝑡2𝑛+1

𝑛!

∞

𝑛=0

= ∑
𝐻2𝑛

′ (0)

(2𝑛)!
𝑡2𝑛

∞

𝑛=0

+ ∑
𝐻2𝑛+1

′ (0)

(2𝑛 + 1)!
𝑡2𝑛+1

∞

𝑛=0

 

   𝐻2𝑛
′ (0) = 0  , since the  LHS of the equation is odd function. 

2(−1)𝑛

𝑛!
=

𝐻2𝑛
′ (0)

(2𝑛 + 1)!
 

𝐻2𝑛+1
′ (0) =

2(−1)𝑛(2𝑛 + 1)!

𝑛!
. 

 From the third and fourth property of pocahammer symbol;  

 (1)2𝑛+1 = (2)2𝑛 = 22𝑛(1)𝑛 (
3

2
)

𝑛
 

𝐻2𝑛+1
′ (0) = 2(−1)𝑛22𝑛 (

3

2
)

𝑛
                  

 𝐻2𝑛+1
′ (0) = (−1)𝑛22𝑛+1 (

3

2
)

𝑛
. 

4.3 Hypergeometric Representation of  Hermite Polynomials 

In equation (4.2)   take  (2𝑥)𝑛  factor to the outside of the summation since it is not 

dependent on 𝑘. 
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𝐻𝑛(𝑥) =  (2𝑥)𝑛  ∑
(−1)𝑘𝑛!

(𝑛 − 2𝑘)! 𝑘!

[
𝑛
2

]

𝑘=0

(
1

2𝑥
)

2𝑘

= (2𝑥)𝑛 ∑
𝑛!

22𝑘(𝑛 − 2𝑘)! 𝑘!

[
𝑛
2

]

𝑘=0

(
−1

𝑥2
)

𝑘

. 

From the seventh and third property of pocahemmer symbol;  

(𝑛 − 2𝑘)! =
(−1)2𝑘𝑛!

(−𝑛)2𝑘
 

𝑛!

(𝑛 − 2𝑘)!
= (−𝑛)2𝑘 = 22𝑘 (

−𝑛

2
)

𝑘
(

−𝑛 + 1

2
)

𝑘
 

𝐻𝑛(𝑥) = (2𝑥)𝑛  ∑
22𝑘 (

−𝑛
2 )

𝑘
(

−𝑛 + 1
2 )

𝑘

22𝑘𝑘!

[
𝑛
2

]

𝑘=0

(
−1

𝑥2
)

𝑘

 

                                𝐻𝑛(𝑥) = (2𝑥)𝑛 
2𝐹0 (

−𝑛

2
,

−𝑛+1

2
; −;

−1

𝑥2 ).                                      (4.7)                                                                    

4.4 Recurrence Relations for Hermite Polynomials  

Let say 

                                    𝐻(𝑥, 𝑡) = 𝑒2𝑥𝑡−𝑡2
  .                                                                          (4.8) 

Take the partial derivative with respect to 𝑥 and 𝑡. 

𝜕𝐻

𝜕𝑥
= 2𝑡𝑒2𝑥𝑡−𝑡2

, 

𝜕𝐻

𝜕𝑡
= 2(𝑥 − 𝑡)𝑒2𝑥𝑡−𝑡2

. 

If we combine the equations of partial derivatives we get the following equality; 

                                               (𝑥 − 𝑡)
𝜕𝐻

𝜕𝑥
− 𝑡

𝜕𝐻

𝜕𝑡
= 0                                                       (4.9) 

 Since    

𝑒2𝑥𝑡−𝑡2
= ∑

𝐻𝑛(𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0
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𝜕𝐻

𝜕𝑥
= ∑

𝐻𝑛
′ (𝑥)

𝑛!
𝑡𝑛 ,

∞

𝑛=0

                                                          (4.10) 

                                              
𝜕𝐻

𝜕𝑡
= ∑ 𝑛

𝐻𝑛(𝑥)

𝑛!
𝑡𝑛−1.

∞

𝑛=1

                                                    (4.11) 

  Put (4.10) and (4.11) into equation (4.9)  

(𝑥 − 𝑡) ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

− 𝑡 ∑ 𝑛
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛−1

∞

𝑛=1

= 0 

𝑥 ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

− ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛+1 −

∞

𝑛=0

 ∑ 𝑛
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛

∞

𝑛=1

= 0. 

  For the last term we can start 𝑛 from 0 since we have the factor 𝑛 inside the 

summation. 

  For the second term take 𝑛 − 1  instead of 𝑛. 

∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛+1 =

∞

𝑛=0

∑
𝐻𝑛−1

′ (𝑥)

(𝑛 − 1)!
𝑡𝑛

𝑛

𝑛

∞

𝑛=1

= ∑ 𝑛
𝐻𝑛−1

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

 

𝑥 ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

− ∑ 𝑛
𝐻𝑛−1

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

− ∑ 𝑛
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛 = 0

∞

𝑛=0

 

∑
𝑡𝑛

𝑛!

∞

𝑛=0

[𝑥𝐻𝑛
′ (𝑥) − 𝑛𝐻𝑛−1

′ (𝑥) − 𝑛𝐻𝑛(𝑥)] = 0 

                                            𝑥𝐻𝑛
′ (𝑥) − 𝑛𝐻𝑛−1

′ (𝑥) − 𝑛𝐻𝑛(𝑥) = 0 .                              (4.12) 

 𝑒2𝑥𝑡−𝑡2
= ∑

𝐻𝑛(𝑥)

𝑛!
𝑡𝑛∞

𝑛=0   take derivative with respect to 𝑥. 

2𝑡𝑒2𝑥𝑡−𝑡2
= ∑

𝐻𝑛
′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

 

2𝑡 ∑
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0

= ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=0
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2 ∑
𝐻𝑛(𝑥)

𝑛!
𝑡𝑛+1

∞

𝑛=0

= ∑
𝐻𝑛

′ (𝑥)

𝑛!
𝑡𝑛,

∞

𝑛=0

 

for the LHS of the equation take 𝑛 − 1 instead of  𝑛. 

2 ∑
𝐻𝑛−1(𝑥)

(𝑛 − 1)!
𝑡𝑛

∞

𝑛=1

= 𝐻0
′ (𝑥) + ∑

𝐻𝑛
′ (𝑥)

𝑛!
𝑡𝑛

∞

𝑛=1

 

∑ 𝑡𝑛 (
𝐻𝑛−1(𝑥)

(𝑛 − 1)!
−

𝐻𝑛
′ (𝑥)

𝑛!
)

∞

𝑛=1

= 0 

2
𝐻𝑛−1(𝑥)

(𝑛 − 1)!
−

𝐻𝑛
′ (𝑥)

𝑛!
= 0 

2
𝐻𝑛−1(𝑥)

(𝑛 − 1)!
−

𝐻𝑛
′ (𝑥)

𝑛(𝑛 − 1)!
= 0 

                                           2𝑛𝐻𝑛−1(𝑥) − 𝐻𝑛
′ (𝑥) = 0.                                                    (4.13) 

Let’s use the equation (4.12) in (4.13); 

𝑥𝐻𝑛
′ (𝑥) − 𝑛𝐻𝑛−1

′ (𝑥) − 𝑛𝐻𝑛(𝑥) = 0 

2𝑛𝐻𝑛−1(𝑥) − 𝐻𝑛
′ (𝑥) = 0    →   𝐻𝑛

′ (𝑥) = 2𝑛𝐻𝑛−1(𝑥) 

2𝑥𝑛𝐻𝑛−1(𝑥) − 𝑛𝐻𝑛−1
′ (𝑥) − 𝑛𝐻𝑛(𝑥) = 0.     

Divide both sides of the above equation with 𝑛, 

                                           𝐻𝑛(𝑥) = 2𝑥𝐻𝑛−1(𝑥) − 𝐻𝑛−1
′ (𝑥).                                       (4.14) 

Let us take 𝑛 + 1  instead of 𝑛 in equation (4.14) 

                                             𝐻𝑛+1(𝑥) = 2𝑥𝐻𝑛(𝑥) − 𝐻𝑛
′ (𝑥) , 

then differentiate both sides with respect to 𝑥. 

𝐻𝑛+1
′ (𝑥) = 2𝐻𝑛(𝑥) + 2𝑥𝐻𝑛

′ (𝑥) − 𝐻𝑛
′′(𝑥) 
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2(𝑛 + 1)𝐻𝑛(𝑥) = 2𝐻𝑛(𝑥) + 2𝑥𝐻𝑛
′ (𝑥) − 𝐻𝑛

′′(𝑥). 

Collect all terms into the one side; 

                                     𝐻𝑛
′′(𝑥) − 2𝑥𝐻𝑛

′ (𝑥) + 2𝑛𝐻𝑛(𝑥) = 0 .                                       (4.15)           

We reach the hypergeometric type equation with; 

𝐴(𝑥) = 1, 

𝐵(𝑥) = −2𝑥, 

𝜃𝑛 = 2𝑛. 

4.5 Orthogonality Relation for Hermite Polynomials 

Write the hypergeometric equation for index 𝑚 and 𝑛. 

𝐻𝑛
′′(𝑥) − 2𝑥𝐻𝑛

′ (𝑥) + 2𝑛𝐻𝑛(𝑥) = 0 

𝐻𝑚
′′ (𝑥) − 2𝑥𝐻𝑚

′ (𝑥) + 2𝑚𝐻𝑚(𝑥) = 0. 

Multiply both equations with 𝒆−𝒙𝟐
  and write the equations into the self adjoint form; 

                                 𝑒−𝑥2
𝐻𝑛

′′(𝑥) − 2𝑥𝑒−𝑥2
𝐻𝑛

′ (𝑥) + 2𝑛𝑒−𝑥2
𝐻𝑛(𝑥) = 0      

                                         [𝑒−𝑥2
𝐻𝑛

′ (𝑥)]
′

+ 2𝑛𝑒−𝑥2
𝐻𝑛(𝑥) = 0                                     (4.16) 

𝑒−𝑥2
𝐻𝑚

′′ (𝑥) − 2𝑥𝑒−𝑥2
𝐻𝑚

′ (𝑥) + 2𝑚𝑒−𝑥2
𝐻𝑚(𝑥) = 0 

                                          [𝑒−𝑥2
𝐻𝑚

′ (𝑥)]
′

+ 2𝑚𝑒−𝑥2
𝐻𝑚(𝑥) = 0.                                (4.17) 

Multiply (4.16) with 𝐻𝑚(𝑥) and (4.17) with 𝐻𝑛(𝑥). 

[𝑒−𝑥2
𝐻𝑛

′ (𝑥)]
′
𝐻𝑚(𝑥) + 2𝑛𝑒−𝑥2

𝐻𝑛(𝑥)𝐻𝑚(𝑥) = 0 

[𝑒−𝑥2
𝐻𝑚

′ (𝑥)]
′
𝐻𝑛(𝑥) + 2𝑚𝑒−𝑥2

𝐻𝑚(𝑥)𝐻𝑛(𝑥) = 0. 

Subtract the equations; 

 [𝑒−𝑥2
𝐻𝑛

′ (𝑥)]
′
𝐻𝑚(𝑥) − [𝑒−𝑥2

𝐻𝑚
′ (𝑥)]

′
𝐻𝑛(𝑥) = 2(𝑚 − 𝑛) 𝑒−𝑥2

𝐻𝑛(𝑥)𝐻𝑚(𝑥) 
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Open the derivatives; 

 𝑥𝑒−𝑥2
𝐻𝑛

′ (𝑥)𝐻𝑚(𝑥) + 𝑒−𝑥2
𝐻𝑛

′′(𝑥)𝐻𝑚(𝑥) − 2𝑥𝑒−𝑥2
𝐻𝑚

′ (𝑥)𝐻𝑛(𝑥) − 

        𝑒−𝑥2
𝐻𝑚

′′ (𝑥)𝐻𝑛(𝑥)  = 2(𝑚 − 𝑛) 𝑒−𝑥2
𝐻𝑛(𝑥)𝐻𝑚(𝑥). 

 [𝑒−𝑥2
[𝐻𝑛

′ (𝑥)𝐻𝑚(𝑥) − 𝐻𝑚
′ (𝑥)𝐻𝑛(𝑥)]]′ = 2(𝑚 − 𝑛) 𝑒−𝑥2

𝐻𝑛(𝑥)𝐻𝑚(𝑥). 

Integrate both sides from −∞ to ∞, 

𝑒−𝑥2
[𝐻𝑛

′ (𝑥)𝐻𝑚(𝑥) − 𝐻𝑚
′ (𝑥)𝐻𝑛(𝑥)]|−∞

∞ = 2(𝑚 − 𝑛) ∫ 𝑒−𝑥2
𝐻𝑛(𝑥)𝐻𝑚(𝑥).

∞

−∞

 

The left hand sides going to be zero by the conditions of orthogonality which gives us 

the orthogonality of Hermite Polynomials, 

∫ 𝑒−𝑥2
𝐻𝑛(𝑥)𝐻𝑚(𝑥)

∞

−∞

= 0, 

 where the orthogonality interval is (−∞, ∞) with weight function: 𝑤(𝑥) = 𝑒−𝑥2
. 

4.6 Rodrigues Formula for Hermite Polynomials  

Now we can give the Rodrigues formula for Hermite polynomials; 

where the 𝐾𝑛 = (−1)𝑛. 

                                                 𝐻𝑛(𝑥) = (−1)𝑛𝑒𝑥2 𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥2

) .                                     (4.18) 

4.7 Derivative of Hermite Polynomials 

From the equation  

𝑝𝑛
′ (𝑥) = 𝑝𝑛

′ (𝑥) =
−𝛼𝑛𝐾𝑛

𝑤(𝑥). 𝐴(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝑤(𝑥). 𝐴𝑛(𝑥)], 

we can easily obtain the derivative of Hermite.  

First us let find what is 𝛼𝑛?  By using  𝛼𝑚= −𝑚 𝐵′(𝑥) −
1

2
𝑚(𝑚 − 1)𝐴′′(𝑥) 
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 𝛼𝑛 = −𝑛(−2) = 2𝑛.  

𝑑

𝑑𝑥
𝐻𝑛(𝑥) =

−2𝑛(−1)𝑛

𝑒−𝑥2

𝑑𝑛−1

𝑑𝑥
𝑛−1 [𝑒−𝑥2

] =
2𝑛(−1)𝑛+1

𝑒−𝑥2

𝑑𝑛−1

𝑑𝑥
𝑛−1 [𝑒−𝑥2

]  

=
2𝑛(−1)2(−1)𝑛−1

𝑒−𝑥2

𝑑𝑛−1

𝑑𝑥
𝑛−1 [𝑒−𝑥2

]. 

And since  

𝐻𝑛−1(𝑥) = (−1)𝑛−1𝑒𝑥2 𝑑𝑛−1

𝑑𝑥
𝑛−1 (𝑒−𝑥2

) 

                                           
𝑑 

𝑑𝑥
𝐻𝑛(𝑥) = 2𝑛𝐻𝑛−1(𝑥)  .                                                    (4.19) 

4.8 Finding  the Coefficinets 𝒂𝒏 and 𝒄𝒏 for Hermite Polynomials 

 For 𝒂𝒏 we have the formula  

𝑎𝑛 = 𝐾𝑛 ∏[𝐵′(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

], 

𝑎𝑛 = (−1)𝑛 ∏[−2]

𝑛−1

𝑙=0

= 2𝑛 

                                                      𝑎𝑛 = 2𝑛.                                                                        (4.20) 

 For 𝒄𝒏 we have the formula  

𝑐𝑛 = 𝑛𝑎𝑛

𝐵𝑛−1(0)

𝐵𝑛−1
′ (𝑥)

, 

where 𝐵𝑛(𝑥) =  𝐵(𝑥) + 𝑛𝐴′(𝑥)    

𝐵𝑛(𝑥) = −2𝑥   𝐵𝑛−1(0) = 0 

 𝐵𝑛
′ (𝑥) = −2   𝐵𝑛−1

′ (𝑥) = −2    

𝑐𝑛 = 𝑛2𝑛0              →                       𝑐𝑛 = 0.                                                                   (4.21) 

4.9 Normalization Function for Hermite Polynomials 

𝜎𝑛 = ∫(𝐻𝑛(𝑥))
2

𝑤(𝑥)𝑑𝑥

𝑏

𝑎
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𝜎𝑛 = (−1)𝑛𝐴𝑛𝑛𝐾𝑛
2 ∫ 𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥

𝑏

𝑎

 

𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵′(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑚−1

𝑙=0

 

𝐴𝑛𝑛 = 𝑛! ∏(−2) = 𝑛!

𝑛−1

𝑙=0

(−2)𝑛 

𝜎𝑛 = (−1)𝑛(−2)𝑛𝑛! (−1)2𝑛 ∫ 𝑒−𝑥2

∞

−∞

𝑑𝑥 = 2𝑛𝑛! √𝜋 

                                              𝜎𝑛 = 2𝑛𝑛! √𝜋 .                                                                     (4.22) 

By using the norm of Hermite Polynomials we can give the generalized form for the 

orthogonality which is equation (2.1) 

                                             ∫ 𝐻𝑚(𝑥)𝐻𝑛(𝑥)𝑒−𝑥2
𝑑𝑥 =  2𝑛𝑛! √𝜋𝛿𝑚𝑛

∞

−∞

.                     (4.23) 
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Chapter 5 

LAGUERRE POLYNOMIALS 

5.1 Rodrigues Formula and Hypergeometric Representation of 

Laguerre Polynomials 

                                                    𝐿𝑛
𝛼 (𝑥) =

𝑥−𝛼𝑒𝑥

𝑛!

𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥𝑥𝑛+𝛼).                                    (5.1) 

Remember the leibniz formula fort the n-th derivative ; 

𝑑𝑛

𝑑𝑥
𝑛 [𝑓(𝑥)ℎ(𝑥)] = ∑ (

𝑛

𝑘
)

𝑛

𝑘=0

[𝑓(𝑥)](𝑘) 

Apply this rule for the term  
𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥𝑥𝑛+𝛼)  where 𝑓(𝑥) = 𝑒−𝑥, 𝑔(𝑥) = 𝑥𝑛+𝛼. 

𝑑𝑛

𝑑𝑥
𝑛 [𝑒−𝑥𝑥𝑛+𝛼] = ∑ (

𝑛

𝑘
)

𝑛

𝑘=0

[𝑒−𝑥](𝑘)[𝑥𝑛+𝛼](𝑛−𝑘)  

= ∑
𝑛!

(𝑛 − 𝑘)! 𝑘!

𝑛

𝑘=0

[(−1)𝑘𝑒−𝑥(𝑛 + 𝛼)(𝑛 + 𝛼 − 1)(𝑛 + 𝛼 − 2) … (𝑛

+ 𝛼 − 𝑛 + 𝑘 + 1)𝑥𝑛+𝛼−𝑛+𝑘]

= ∑
𝑛!

(𝑛 − 𝑘)! 𝑘!

𝑛

𝑘=0

[(−1)𝑘𝑒−𝑥(𝑛 + 𝛼)(𝑛 + 𝛼 − 1)(𝑛 + 𝛼 − 2) … (𝛼

+ 𝑘 + 1)𝑥𝛼+𝑘]. 

Use the fact that; 
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(𝛼 + 1)𝑛

(𝛼 + 1)𝑘

=
(𝛼 + 1)(𝛼 + 2) … (𝛼 + 1 + 𝑘 − 1)(𝛼 + 1 + 𝑘)(𝛼 + 1 + 𝑘 + 1) … (𝛼 + 1 + 𝑛 − 1)

(𝛼 + 1)(𝛼 + 2) … (𝛼 + 1 + 𝑘 − 1)
, 

where 

(𝛼 + 1)𝑛

(𝛼 + 1)𝑘
= (𝛼 + 𝑘 + 1) … (𝛼 + 𝑛 − 1)(𝛼 + 𝑛). 

 

𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥𝑥𝑛+𝛼)  = ∑

(−1)𝑘𝑛!

(𝑛 − 𝑘)! 𝑘!

𝑛

𝑘=0

(𝛼 + 1)𝑛

(𝛼 + 1)𝑘
[𝑒−𝑥𝑥𝛼+𝑘] 

𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥𝑥𝑛+𝛼) = ∑

(−𝑛)𝑘

𝑘!

𝑛

𝑘=0

(𝛼 + 1)𝑛

(𝛼 + 1)𝑘

[𝑒−𝑥𝑥𝛼+𝑘], 

put it into equation    (5.1) 

𝐿𝑛
𝛼 (𝑥) = ∑

(−𝑛)𝑘

𝑘!

𝑛

𝑘=0

(𝛼 + 1)𝑛

(𝛼 + 1)𝑘

𝑥−𝛼𝑒𝑥

𝑛!
[𝑒−𝑥𝑥𝛼+𝑘] = ∑

(−𝑛)𝑘

𝑘! (𝛼 + 1)𝑘

𝑛

𝑘=0

𝑥𝑘 . 

We reach the hypergeometric representation of  Laguerre polynomials since   

∑
(−𝑛)𝑘

𝑘! (𝛼 + 1)𝑘

𝑛

𝑘=0

𝑥𝑘 = 1𝐹1(−𝑛; (𝛼 + 1); 𝑥) 

                            𝐿𝑛
𝛼 (𝑥) =

(𝛼 + 1)𝑛

𝑛!
1𝐹1(−𝑛; 𝛼 + 1; 𝑥).                                                            (5.2) 

5.2 Representation of Laguerre Polynomials with Gamma Functions 

𝐿𝑛
𝛼 (𝑥) = ∑

(−𝑛)𝑘

(𝛼 + 1)𝑘

𝑛

𝑘=0

(𝛼 + 1)𝑛

𝑛!

𝑥𝑘

𝑘!
 

Since we have  

(𝑛 − 𝑘)! =
(−1)𝑘𝑛!

(−𝑛)𝑘
, 
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(−𝑛)𝑘

𝑛!
=

(−1)𝑘

(𝑛 − 𝑘)!
. 

And from first property of  pocahhammer symbol;   

(𝑘 + 1)𝑛 =
𝛤(𝑘 + 1 + 𝑛)

𝛤(𝑘 + 1)
 

𝐿𝑛
𝛼 (𝑥) = ∑

(−1)𝑘

(𝑛 − 𝑘)!

𝛤(𝛼 + 1 + 𝑛)

𝛤(𝛼 + 1)

𝑛

𝑘=0

𝛤(1 + 𝛼)

𝛤(𝑘 + 1 + 𝛼)

𝑥𝑘

𝑘!
 

                                𝐿𝑛
𝛼 (𝑥) = ∑

𝛤(𝛼 + 1 + 𝑛)

𝛤(𝛼 + 1 + 𝑘)

𝑛

𝑘=0

(−𝑥)𝑘

(𝑛 − 𝑘)! 𝑘!
  .                                       (5.3) 

5.3 Generating Function for Laguerre Polynomials 

Generating function of Laguerre polynomials has the form; 

                                        ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧 .

∞

𝑛=0

                                             (5.4) 

Proof: 

Start from the LHS; 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 = ∑ ∑

(−1)𝑘

(𝑛 − 𝑘)!

𝑛

𝑘=0

∞

𝑛=0

∞

𝑛=0

(𝛼 + 1)𝑛

(𝛼 + 1)𝑘

𝑥𝑘𝑧𝑛

𝑘!
= ∑

(−𝑥)𝑘

(𝛼 + 1)𝑘𝑘!
∑

(𝛼 + 1)𝑛𝑧𝑛

(𝑛 − 𝑘)!
,

∞

𝑛=𝑘

∞

𝑘=0

 

in the second summation let’s take 𝑛 → 𝑛 + 𝑘 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

∞

𝑛=0

∑
(−𝑥)𝑘

(𝛼 + 1)𝑘𝑘!
∑

(𝛼 + 1)𝑛+𝑘𝑧𝑛+𝑘

𝑛!

∞

𝑛=0

∞

𝑘=0

= ∑ ∑
(−𝑥)𝑘(𝛼 + 1)𝑛+𝑘𝑧𝑛+𝑘

(𝛼 + 1)𝑘𝑘! 𝑛!

∞

𝑛=0

∞

𝑘=0

 

Since ;   
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(𝛼 + 1)𝑛+𝑘

(𝛼 + 1)𝑘

=
(𝛼 + 1)(𝛼 + 2) … (𝛼 + 1 + 𝑘 − 1)(𝛼 + 1 + 𝑘)(𝛼 + 1 + 𝑘 + 1) … (𝛼 + 1 + 𝑛 + 𝑘 − 1)

(𝛼 + 1)(𝛼 + 2) … (𝛼 + 1 + 𝑘 − 1)
 

= (𝛼 + 1 + 𝑘)(𝛼 + 1 + 𝑘 + 1) … (𝛼 + 1 + 𝑛 + 𝑘 − 1) = (𝛼 + 1 + 𝑘)𝑛. 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

∞

𝑛=0

∑
(−𝑥)𝑘𝑧𝑘

𝑘!
∑

(𝛼 + 1 + 𝑘)𝑛𝑧𝑛

𝑛!
.

∞

𝑛=0

∞

𝑘=0

 

Use the fact that;   

∑
(𝑘)𝑛𝑥𝑛

𝑛!
=

1

(1 − 𝑥)𝑘

∞

𝑛=0

, 

so the second summation going to be ; 
1

(1−𝑧)𝛼+1+𝑘 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

∞

𝑛=0

∑
(−𝑥)𝑘𝑧𝑘

𝑘!

∞

𝑘=0

1

(1 − 𝑧)𝛼+1+𝑘
=

1

(1 − 𝑧)𝛼+1
∑

(−𝑥𝑧)𝑘

(1 − 𝑧)𝑘𝑘!

∞

𝑘=0

 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧

∞

𝑛=0

. 

5.4 Recurrence Relations for Laguerre Polynomials  

Let   

                           𝐻(𝑥, 𝑧) =
1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧 = ∑ 𝐿𝑛

𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

.                                      (5.5) 

Take partial derivative with respect to z in (5.5); 

𝜕𝐻

𝜕𝑧
= (𝛼 + 1)(1 − 𝑧)−𝛼−2𝑒

−𝑥𝑧
1−𝑧 + (1 − 𝑧)−𝛼−1

−𝑥

(1 − 𝑧)2
𝑒

−𝑥𝑧
1−𝑧 

= (𝛼 + 1)
1

(1 − 𝑧)𝛼+2
𝑒

−𝑥𝑧
1−𝑧 +

−𝑥

(1 − 𝑧)𝛼+3
𝑒

−𝑥𝑧
1−𝑧 =  

1

(1 − 𝑧)𝛼+3
𝑒

−𝑥𝑧
1−𝑧 [𝛼 + 1 −

−𝑥

1 − 𝑧
], 

𝜕𝐻

𝜕𝑧
=

1

(1 − 𝑧)2

1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧 [(𝛼 + 1)(1 − 𝑧) − 𝑥] 

(1 − 𝑧)2
𝜕𝐻

𝜕𝑧
= 𝐻(𝑥, 𝑧) [(𝛼 + 1)(1 − 𝑧) − 𝑥]. 
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So we get the first recurrence relation;  

                         (1 − 𝑧)2
𝜕𝐻

𝜕𝑧
+ [𝑥 − (𝛼 + 1)(1 − 𝑧)]𝐻(𝑥, 𝑧) = 0 .                            (5.6) 

Since  

𝐻(𝑥, 𝑧) = ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛,

∞

𝑛=0

 

𝜕𝐻

𝜕𝑧
= ∑ 𝑛𝐿𝑛

𝛼 (𝑥)𝑧𝑛−1

∞

𝑛=1

= ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛.

∞

𝑛=0

 

Put them into the recurrence relation; 

(1 − 𝑧)2 ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ [𝑥 − (𝛼 + 1)(1 − 𝑧)] ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

= 0 

(1 − 2𝑧 + 𝑧2) ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ [𝑥 − 𝛼 + 𝛼𝑧 − 1 + 𝑧] ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

= 0 

∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− 2𝑧 ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ 𝑧2 ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ 

    𝑥 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− 𝛼 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ (𝛼 + 1)𝑧 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

= 0 

∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− 2 ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛+1

∞

𝑛=0

+ ∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛+2

∞

𝑛=0

+ 

           𝑥 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− 𝛼 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ (𝛼 + 1) ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛+1

∞

𝑛=0

= 0. 

For the second  summation; 𝑛 → 𝑛 − 1      

∑ 𝑛𝐿𝑛
𝛼 (𝑥)𝑧𝑛 =

∞

𝑛=1

∑ 𝑛𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

, 
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for the third summation; 𝑛 → 𝑛 − 2   

∑(𝑛 − 1)𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛 =

∞

𝑛=2

∑(𝑛 − 1)𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

, 

for the last summation; 𝑛 → 𝑛 − 1  

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛+1

∞

𝑛=0

= ∑ 𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

. 

∑(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− 2𝑛 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ ∑(𝑛 − 1)𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

+ 𝑥 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

−   𝛼 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

− ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

+ (𝛼 + 1) ∑ 𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

= 0 

(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥) + (−2𝑛 + 𝑥 − 𝛼 − 1)𝐿𝑛

𝛼 (𝑥) + (𝑛 − 1 + 𝛼 + 1)𝐿𝑛−1
𝛼 (𝑥) = 0. 

We get the three term recurrence relation as; 

 (𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥) + (𝑥 − 2𝑛 − 𝛼 − 1)𝐿𝑛

𝛼 (𝑥) + (𝑛 + 𝛼)𝐿𝑛−1
𝛼 (𝑥) = 0.                    (5.7)                       

 For 𝑛 = 1,2, …   

Now turn back to equation;  

𝐻(𝑥, 𝑧) =
1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧 = ∑ 𝐿𝑛

𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

, 

take partial derivative with respect to 𝑥, 

𝜕𝐻

𝜕𝑥
=

−𝑧

1 − 𝑧

1

(1 − 𝑧)𝛼+1
𝑒

−𝑥𝑧
1−𝑧 =

−𝑧

1 − 𝑧
 𝐻(𝑥, 𝑧) 

(1 − 𝑧)
𝜕𝐻

𝜕𝑥
= −𝑧 𝐻(𝑥, 𝑧) 

                                            (1 − 𝑧)
𝜕𝐻

𝜕𝑥
+  𝑧 𝐻(𝑥, 𝑧) = 0 .                                               (5.8) 
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Since  

𝐻(𝑥, 𝑧) = ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

 

𝜕𝐻

𝜕𝑥
= ∑

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛.

∞

𝑛=0

 

Let put them into recurrence relation (5.8); 

(1 − 𝑧) ∑
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛

∞

𝑛=0

+ 𝑧 ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛

∞

𝑛=0

= 0 

∑
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛

∞

𝑛=0

− ∑
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛+1

∞

𝑛=0

+ ∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛+1 = 0

∞

𝑛=0

. 

For the first and second summation let 𝑛 → 𝑛 − 1 

∑
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛+1

∞

𝑛=0

= ∑
𝑑

𝑑𝑥
[𝐿𝑛−1

𝛼 (𝑥)]𝑧𝑛

∞

𝑛=1

, 

∑ 𝐿𝑛
𝛼 (𝑥)𝑧𝑛+1 = ∑ 𝐿𝑛−1

𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

∞

𝑛=0

, 

∑
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝑧𝑛

∞

𝑛=0

− ∑
𝑑

𝑑𝑥
[𝐿𝑛−1

𝛼 (𝑥)]𝑧𝑛

∞

𝑛=1

+ ∑ 𝐿𝑛−1
𝛼 (𝑥)𝑧𝑛

∞

𝑛=1

= 0. 

So we get; 

                            
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] −
𝑑

𝑑𝑥
[𝐿𝑛−1

𝛼 (𝑥)] +  𝐿𝑛−1
𝛼 (𝑥) = 0 .                                    (5.9) 

Turn back to three term recurrence relation; 

 (𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥) + (𝑥 − 2𝑛 − 𝛼 − 1)𝐿𝑛

𝛼 (𝑥) + (𝑛 + 𝛼)𝐿𝑛−1
𝛼 (𝑥) = 0. 

Write the second term again as a; 
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 (𝑥 − 2𝑛 − 𝛼 − 1)𝐿𝑛
𝛼 (𝑥) = 𝑥𝐿𝑛

𝛼 (𝑥) − (𝑛 + 1)𝐿𝑛
𝛼 (𝑥) − (𝑛 + 𝛼)𝐿𝑛

𝛼 (𝑥) 

(𝑛 + 1)𝐿𝑛+1
𝛼 (𝑥) +  𝑥𝐿𝑛

𝛼 (𝑥) − (𝑛 + 1)𝐿𝑛
𝛼 (𝑥) − (𝑛 + 𝛼)𝐿𝑛

𝛼 (𝑥) + (𝑛 + 𝛼)𝐿𝑛−1
𝛼 (𝑥) 

                            = 0  

𝑥𝐿𝑛
𝛼 (𝑥) + (𝑛 + 1)[𝐿𝑛+1

𝛼 (𝑥) − 𝐿𝑛
𝛼 (𝑥)] − (𝑛 + 𝛼)[𝐿𝑛

𝛼 (𝑥) − 𝐿𝑛−1
𝛼 (𝑥)] = 0.          (5.10) 

Differentiate (5.10) with respect to 𝑥; 

𝐿𝑛
𝛼 (𝑥) + 𝑥

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] + (𝑛 + 1) [
𝑑

𝑑𝑥
𝐿𝑛+1

𝛼 (𝑥) −
𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥)] − 

         (𝑛 + 𝛼) [
𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) −
𝑑

𝑑𝑥
𝐿𝑛−1

𝛼 (𝑥)] = 0 

𝐿𝑛
𝛼 (𝑥) + 𝑥

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] − (𝑛 + 1)𝐿𝑛
𝛼 (𝑥) + (𝑛 + 𝛼)𝐿𝑛−1

𝛼 (𝑥) = 0 

                𝑥
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] = 𝑛𝐿𝑛
𝛼 (𝑥) − (𝑛 + 𝛼)𝐿𝑛−1

𝛼 (𝑥).                                               (5.11) 

Differentiate (5.11) with respect to 𝑥; 

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] + 𝑥
𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)] = 𝑛

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] − (𝑛 + 𝛼)
𝑑

𝑑𝑥
𝐿𝑛−1

𝛼 (𝑥) 

                               = (𝑛 + 𝛼) [
𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) −
𝑑

𝑑𝑥
𝐿𝑛−1

𝛼 (𝑥)] − 𝛼
𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) 

      = −(𝑛 + 𝛼)𝐿𝑛−1
𝛼 (𝑥) −  𝛼

𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) 

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] + 𝑥
𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)]𝑥 =

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] − 𝑛𝐿𝑛
𝛼 (𝑥) −  𝛼

𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) 

𝑥
𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)] + (1 + 𝛼 − 𝑥) 

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] +  𝑛𝐿𝑛
𝛼 (𝑥) = 0. 

We reach the hypergeometric type equation with; 

 𝐴(𝑥) = 𝑥, 
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 𝐵(𝑥) = 1 + 𝛼 − 𝑥, 

 𝜃𝑛 = 𝑛. 

5.5 Orthogonality Relation for Laguerre Polynomials 

Write the hypergeometric equation for index 𝑚 and 𝑛. 

𝑥
𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)] + (1 + 𝛼 − 𝑥) 

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] +  𝑛𝐿𝑛
𝛼 (𝑥) = 0 

𝑥
𝑑2

𝑑𝑥
2

[𝐿𝑚
𝛼 (𝑥)] + (1 + 𝛼 − 𝑥) 

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)] +  𝑚𝐿𝑚
𝛼 (𝑥) = 0. 

Multiply both equation with 𝑒−𝑥𝑥𝛼. 

𝑒−𝑥𝑥𝛼+1
𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)] + (1 + 𝛼 − 𝑥)𝑒−𝑥𝑥𝛼  

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] +  𝑛𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) = 0 

𝑒−𝑥𝑥𝛼+1
𝑑2

𝑑𝑥
2

[𝐿𝑚
𝛼 (𝑥)] + (1 + 𝛼 − 𝑥)𝑒−𝑥𝑥𝛼  

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)] +  𝑚𝑒−𝑥𝑥𝛼𝐿𝑚
𝛼 (𝑥) = 0. 

Write the equations in the self adjoint  form; 

[𝑒−𝑥𝑥𝛼+1
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]]′ +  𝑛𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) = 0 

[𝑒−𝑥𝑥𝛼+1
𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)]]′ +  𝑚𝑒−𝑥𝑥𝛼𝐿𝑚
𝛼 (𝑥) = 0. 

Multiply first equation with 𝐿𝑚
𝛼 (𝑥) and the second one with 𝐿𝑛

𝛼 (𝑥) 

[𝑒−𝑥𝑥𝛼+1
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]]′ 𝐿𝑚
𝛼 (𝑥) +  𝑛𝑒−𝑥𝑥𝛼𝐿𝑛

𝛼 (𝑥) 𝐿𝑚
𝛼 (𝑥) = 0 

[𝑒−𝑥𝑥𝛼+1
𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)]]′𝐿𝑛
𝛼 (𝑥) +  𝑚𝑒−𝑥𝑥𝛼𝐿𝑚

𝛼 (𝑥)𝐿𝑛
𝛼 (𝑥) = 0. 

Subtract the equations; 
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[𝑒−𝑥𝑥𝛼+1
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]]′ 𝐿𝑚
𝛼 (𝑥) − [𝑒−𝑥𝑥𝛼+1

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)]]′𝐿𝑛
𝛼 (𝑥)

= (𝑚 − 𝑛) 𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) 𝐿𝑚

𝛼 (𝑥) 

𝑑

𝑑𝑥
[𝑒−𝑥𝑥𝛼+1]

𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] 𝐿𝑚
𝛼 (𝑥) + 𝑒−𝑥𝑥𝛼+1

𝑑2

𝑑𝑥
2

[𝐿𝑛
𝛼 (𝑥)] 𝐿𝑚

𝛼 (𝑥)

−  
𝑑

𝑑𝑥
[𝑒−𝑥𝑥𝛼+1] 

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)] 𝐿𝑛
𝛼 (𝑥) − [𝑒−𝑥𝑥𝛼+1]

𝑑2

𝑑𝑥
2

[𝐿𝑚
𝛼 (𝑥)]𝐿𝑛

𝛼 (𝑥) 

= (𝑚 − 𝑛) 𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) 𝐿𝑚

𝛼 (𝑥) 

{[𝑒−𝑥𝑥𝛼+1][
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)]𝐿𝑚
𝛼 (𝑥) −

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)] 𝐿𝑛
𝛼 (𝑥)]}′

= (𝑚 − 𝑛) 𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) 𝐿𝑚

𝛼 (𝑥). 

Integrate both sides from 0 to ∞. 

[𝑒−𝑥𝑥𝛼+1] [
𝑑

𝑑𝑥
[𝐿𝑛

𝛼 (𝑥)] 𝐿𝑚
𝛼 (𝑥) −

𝑑

𝑑𝑥
[𝐿𝑚

𝛼 (𝑥)] 𝐿𝑛
𝛼 (𝑥)]|0

∞ 

= (𝑚 − 𝑛) ∫ 𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) 𝐿𝑚

𝛼 (𝑥)𝑑𝑥.
∞

0

  

The left hand side going to be zero by the conditions of orthogonality which gives us 

the orthogonality of Laguerre Polynomials. 

                                  ∫ 𝑒−𝑥𝑥𝛼𝐿𝑛
𝛼 (𝑥) 𝐿𝑚

𝛼 (𝑥)𝑑𝑥

∞

0

= 0 .                                                   (5.12) 

Orthogonality interval: [0, ∞) 

Weight function: 𝑤(𝑥) = 𝑒−𝑥𝑥𝛼 

Here we can give the rodrigues formula again for the Laguerre Polynomials; 

Where the 𝐾𝑛 =
1

𝑛!
  

                                       𝐿𝑛
𝛼 (𝑥) =

𝑥−𝛼𝑒𝑥

𝑛!

𝑑𝑛

𝑑𝑥
𝑛 (𝑒−𝑥𝑥𝑛+𝛼) .                                              (5.13) 
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5.6 Derivative of Laguerre Polynomials 

From the equation  

𝑝𝑛
′ (𝑥) = 𝑝𝑛

′ (𝑥) =
−𝛼𝑛𝐾𝑛

𝑤(𝑥). 𝐴(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝑤(𝑥). 𝐴𝑛(𝑥)], 

 we can easily obtain the derivative of Laguerre.  

First let find what is 𝛼𝑛?  By using  𝛼𝑚= −𝑚 𝐵′(𝑥) −
1

2
𝑚(𝑚 − 1)𝐴′′(𝑥) 

 𝛼𝑛 = 𝑛. 

𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) =
−𝑛

𝑒−𝑥𝑥1+𝛼𝑛!

𝑑𝑛−1

𝑑𝑥
𝑛−1

(𝑒−𝑥𝑥𝑛+𝛼) =
−1

𝑒−𝑥𝑥1+𝛼(𝑛 − 1)!

𝑑𝑛−1

𝑑𝑥
𝑛−1

(𝑒−𝑥𝑥𝑛−1+𝛼+1), 

and since  

𝐿𝑛−1
𝛼+1(𝑥) =

𝑥−𝛼+1𝑒𝑥

(𝑛 − 1)!

𝑑𝑛−1

𝑑𝑥
𝑛−1

(𝑒−𝑥𝑥𝑛+𝛼). 

                                                         
𝑑

𝑑𝑥
𝐿𝑛

𝛼 (𝑥) = −𝐿𝑛−1
𝛼+1(𝑥).                                           (5.14) 

5.7 Finding the Coefficients 𝒂𝒏 and 𝒄𝒏 for Laguerre Polynomials  

 For 𝒂𝒏 we have the formula   

𝑎𝑛 = 𝐾𝑛 ∏[𝐵′(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

]. 

𝑎𝑛 =
1

𝑛!
∏(−1)

𝑛−1

𝑙=0

 

                                                              𝑎𝑛 =
(−1)𝑛

𝑛!
.                                                        (5.15) 

 For 𝒄𝒏 we have the formula  

𝑐𝑛 = 𝑛𝑎𝑛

𝐵𝑛−1(0)

𝐵𝑛−1
′ (𝑥)

, 

where 
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𝐵𝑛(𝑥) =  𝐵(𝑥) + 𝑛𝐴′(𝑥).    𝐵𝑛(𝑥) = 1 + 𝛼 − 𝑥 + 𝑛  

𝐵𝑛−1(𝑥) = 1 + 𝛼 − 𝑥 + 𝑛 − 1 = 𝛼 − 𝑥 + 𝑛  

 𝐵𝑛−1(0) = 𝛼 + 𝑛           𝐵𝑛−1
′ (𝑥) = −1 

𝑐𝑛 = 𝑛
(−1)𝑛

𝑛!

𝛼 + 𝑛

−1
 

                                                            𝑐𝑛 =
(−1)𝑛−1(𝛼 + 𝑛)

(𝑛 − 1)!
  .                                      (5.16) 

5.8 Normalization Function for Laguerre Polynomials  

𝜎𝑛 = (−1)𝑛𝐴𝑛𝑛𝐾𝑛
2 ∫ 𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥

𝑏

𝑎

 

𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵′(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)]

𝑚−1

𝑙=0

 

𝐴𝑛𝑛 = 𝑛! ∏(−1)

𝑛−1

𝑙=0

= 𝑛! (−1)𝑛 

𝜎𝑛 = (−1)2𝑛𝑛! (
1

𝑛!
)2 ∫ 𝑒−𝑥𝑥𝑛+𝛼𝑑𝑥

∞

0

 

                                                𝜎𝑛 =
𝛤(𝑛 + 𝛼 + 1)

𝑛!
  .                                                       (5.17) 

By using the norm of Laguerrre  Polynomials we can give the generalized form for the 

orthogonality which is equation (2.1) 

                       ∫ 𝐿𝑛
𝛼 (𝑥)𝐿𝑚

𝛼 (𝑥)𝑒−𝑥𝑥𝑛+𝛼𝑑𝑥 =  
𝛤(𝑛 + 𝛼 + 1)

𝑛!
𝛿𝑚𝑛.

∞

0

                     (5.19)        
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Chapter  6 

 

JACOBI   POLYNOMIALS 

6.1 Rodrigues Formula and Hypergeometric Representation of 

Jacobi  Polynomials 

Definition6.1: The rodrigues formula for Jacobi Polynomails are defined as  

           𝑃𝑛
(𝛼,𝛽)

(𝑥)

=
(−1)𝑛

2𝑛𝑛!
(1 − 𝑥)−𝛼(1 + 𝑥)−𝛽

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛].         (6.1) 

There are 4 different hypergeometric representation for the Jacobi Polynomials. 

 To obtain the  first representation start from the term 
𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] 

and apply the leibnz formula for   𝑓(𝑥) = (1 − 𝑥)𝛼+1  and 𝑔(𝑥) = (1 + 𝑥)𝛽+1 

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] = ∑ (

𝑛

𝑘
)

𝑛

𝑘=0

[(1 − 𝑥)𝛼+𝑛](𝑘)[(1 + 𝑥)𝛽+𝑛](𝑛−𝑘) 

           = ∑
𝑛! (−1)𝑘

𝑘! (𝑛 − 𝑘)!

𝑛

𝑘=0

(𝛼 + 𝑛)(𝛼 + 𝑛 − 1) … (𝛼 + 𝑛 − 𝑘 + 1)(1 − 𝑥)𝛼+𝑛−𝑘 ∗ 

(𝛽 + 𝑛)(𝛽 + 𝑛 − 1) … (𝛽 + 𝑛 + 𝑘 + 1)(1 + 𝑥)𝛽+𝑘. 

Now turn back to seventh property of pochhammer symbol;   

𝑛! (−1)𝑘

𝑘! (𝑛 − 𝑘)!
= (−𝑛)𝑘, 
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and  change the term; 

(𝛼 + 𝑛)(𝛼 + 𝑛 − 1) … (𝛼 + 𝑛 − 𝑘 + 1) = (−1)𝑘(−𝛼 − 𝑛)𝑘. 

And  change the term; 

(𝛽 + 𝑛)(𝛽 + 𝑛 − 1) … (𝛽 + 𝑛 + 𝑘 + 1) =
(1 + 𝛽)𝑛

(1 + 𝛽)𝑘
. 

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] = ∑

(−𝑛)𝑘(−1)𝑘(−𝛼 − 𝑛)𝑘(1 + 𝛽)𝑛

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(1 − 𝑥)𝛼+𝑛−𝑘   

                                               ∗ (1 + 𝑥)𝛽+𝑘  .                                                                       (6.2) 

Let write (6.2) into the rodrigues formula and we get 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−1)𝑘(−𝛼 − 𝑛)𝑘(1 + 𝛽)𝑛

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(−1)𝑛

2𝑛𝑛!
(1 − 𝑥)𝑛−𝑘(1 + 𝑥)𝑘 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−𝛼 − 𝑛)𝑘(1 + 𝛽)𝑛

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(𝑥 − 1)𝑛

2𝑛𝑛!

(1 + 𝑥)𝑘

(𝑥 − 1)𝑘
 

                  𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(𝑥 − 1)𝑛(1 + 𝛽)𝑛

2𝑛𝑛!
∑

(−𝑛)𝑘(−𝛼 − 𝑛)𝑘

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(1 + 𝑥)𝑘

(𝑥 − 1)𝑘
            (6.3) 

                  𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
𝑥−1

2
)

𝑛 (1+𝛽)𝑛

𝑛! 2𝐹1 (−𝑛, −𝑛 − 𝛼; 𝛽 + 1;
1+𝑥

𝑥−1
).                       (6.4)                                               

 To obtain the  second  representation in similar way  start from the term 

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] and apply the leibnz formula for   𝑓(𝑥) = (1 + 𝑥)𝛽+1  

and 𝑔(𝑥) = (1 − 𝑥)𝛼+1. 

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] = ∑ (

𝑛

𝑘
)

𝑛

𝑘=0

[(1 − 𝑥)𝛼+𝑛](𝑛−𝑘)[(1 + 𝑥)𝛽+𝑛](𝑘) 

= ∑
𝑛! (−1)𝑛−𝑘

𝑘! (𝑛 − 𝑘)!

𝑛

𝑘=0

(𝛼 + 𝑛)(𝛼 + 𝑛 − 1) … (𝛼 + 𝑘 + 1)(1 − 𝑥)𝛼+𝑘 ∗ 
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           (𝛽 + 𝑛)(𝛽 + 𝑛 − 1) … (𝛽 + 𝑛 − 𝑘 + 1)(1 + 𝑥)𝛽+𝑛−𝑘. 

Now turn back to seventh property of pochhammer symbol;   

𝑛! (−1)𝑘

𝑘! (𝑛 − 𝑘)!
= (−𝑛)𝑘, 

and the term; 

(𝛼 + 𝑛)(𝛼 + 𝑛 − 1) … (𝛼 + 𝑘 + 1) =
(1 + 𝛼)𝑛

(1 + 𝛼)𝑘
, 

and the term; 

 (𝛽 + 𝑛)(𝛽 + 𝑛 − 1) … (𝛽 + 𝑛 − 𝑘 + 1) = (−1)𝑘(−𝛽 − 𝑛)𝑘. 

𝑑𝑛

𝑑𝑥
𝑛 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛]

= ∑
(−𝑛)𝑘(−1)𝑛−𝑘(1 + 𝛼)𝑛(−𝛽 − 𝑛)𝑘

𝑘! (1 + 𝛼)𝑘

𝑛

𝑘=0

(1 − 𝑥)𝛼+𝑘

∗ (1 + 𝑥)𝛽+𝑛−𝑘   .                                                                              (6.5)        

Let write (6.5) into the rodrigues formula and we get 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−1)𝑛−𝑘(−𝛽 − 𝑛)𝑘(1 + 𝛼)𝑛

𝑘! (1 + 𝛼)𝑘

𝑛

𝑘=0

(−1)𝑛

2𝑛𝑛!
(1 − 𝑥)𝑘(1 + 𝑥)𝑛−𝑘 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−𝛽 − 𝑛)𝑘(1 + 𝛼)𝑛

𝑘! (1 + 𝛼)𝑘

𝑛

𝑘=0

(1 + 𝑥)𝑛

2𝑛𝑛!

(𝑥 − 1)𝑘

(1 + 𝑥)𝑘
 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
1 + 𝑥

2
)𝑛

(1 + 𝛼)𝑛

𝑛!
∑

(−𝑛)𝑘(−𝛽 − 𝑛)𝑘

𝑘! (1 + 𝛼)𝑘

𝑛

𝑘=0

(𝑥 − 1)𝑘

(1 + 𝑥)𝑘
 

              𝑃𝑛
(𝛼,𝛽)

(𝑥)

= (
1 + 𝑥

2
)

𝑛 (1 + 𝛼)𝑛

𝑛! 2𝐹1 (−𝑛, −𝑛 − 𝛽; 𝛼 + 1;
1 + 𝑥

𝑥 − 1
) .                    (6.6)  

 For the third representation we are going to use equation (6.3) as a  
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𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(𝑥 − 1)𝑛(1 + 𝛽)𝑛

2𝑛𝑛!
∑

(−𝑛)𝑘(−𝛼 − 𝑛)𝑘

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(1 + 𝑥)𝑘

(𝑥 − 1)𝑘
 

               𝑃𝑛
(𝛼,𝛽)

(𝑥) = [
𝑥 − 1

2
]

𝑛 (1 + 𝛽)𝑛

𝑛!
∑

(−𝑛)𝑘(−𝛼 − 𝑛)𝑘

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(
𝑥 + 1

𝑥 − 1
)

𝑘

.             (6.7) 

Where 

(
𝑥 + 1

𝑥 − 1
)

𝑘

= (1 +
2

𝑥 − 1
)

𝑘

. 

  and now we are going to use binomial expression  

(𝑎 + 𝑏)𝑛 = ∑ (
𝑛

𝑘
) 𝑎𝑘𝑏𝑛−𝑘 ,

𝑛

𝑘=0

 

(1 +
2

𝑥 − 1
)

𝑘

= ∑ (
𝑘

𝑙
)

𝑘

𝑙=0

(
2

𝑥 − 1
)

𝑙

. 

let write this term into (6.7), 

And also instead of terms let write 

(−𝑛)𝑘 =
(−1)𝑘𝑛!

(𝑛 − 𝑘)!
, 

(−𝛼 − 𝑛)𝑘 =
(−1)𝑘(𝑛 + 𝛼)!

(𝑛 + 𝛼 − 𝑘)!
, 

(1 + 𝛽)𝑛

(1 + 𝛽)𝑘
=

𝛤(𝛽 + 1 + 𝑛)

𝛤(𝛽 + 1)

𝛤(𝛽 + 1)

𝛤(𝛽 + 𝑘 + 1)
=

(𝛽 + 𝑛)!

(𝛽 + 𝑘)!
. 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
𝑥 − 1

2
)

𝑛

∑ ∑
(−1)𝑘𝑛!

(𝑛 − 𝑘)!

(−1)𝑘(𝑛 + 𝛼)!

𝑛! (𝑛 + 𝛼 − 𝑘)!

𝑘

𝑙=0

𝑛

𝑘=0

∗
(𝛽 + 𝑛)!

(𝛽 + 𝑘)! (𝑘 − 𝑙)! 𝑙!
(

2

𝑥 − 1
)

𝑙

 

         = (
𝑥 − 1

2
)

𝑛

∑ ∑
(𝑛 + 𝛼)!

(𝑛 − 𝑘)! (𝑛 + 𝛼 − 𝑘)!

(𝛽 + 𝑛)!

(𝛽 + 𝑘)! (𝑘 − 𝑙)! 𝑙!
(

2

𝑥 − 1
)

𝑙𝑘

𝑙=0

𝑛

𝑘=0
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        = (
𝑥 − 1

2
)

𝑛

∑ ∑
(𝑛 + 𝛼)!

(𝑛 − 𝑘)! (𝑛 + 𝛼 − 𝑘)!

(𝛽 + 𝑛)!

(𝛽 + 𝑘)! (𝑘 − 𝑙)! 𝑙!
(

2

𝑥 − 1
)

𝑙𝑛

𝑘=𝑙

𝑛

𝑙=0

. 

Let take 𝑘 → 𝑘 + 𝑙 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
𝑥 − 1

2
)

𝑛

∑ ∑
(𝑛 + 𝛼)!

(𝑛 − 𝑘 − 𝑙)! (𝑛 + 𝛼 − 𝑘 − 𝑙)!

𝑛−𝑙

𝑘=0

𝑛

𝑙=0

∗
(𝛽 + 𝑛)!

(𝛽 + 𝑘 + 𝑙)! 𝑘! 𝑙!
(

2

𝑥 − 1
)

𝑙

, 

and now let take 𝑙 → 𝑛 − 𝑙 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
𝑥 − 1

2
)

𝑛

∑ ∑
(𝑛 + 𝛼)!

(𝑙 − 𝑘)! (𝛼 − 𝑘 + 𝑙)!

𝑛

𝑘=0

𝑛

𝑙=0

∗
(𝛽 + 𝑛)!

(𝛽 + 𝑘 + 𝑛 − 𝑙)! 𝑘! (𝑛 − 𝑙)!
(

2

𝑥 − 1
)

𝑛−𝑙

. 

Let’s change the terms; 

(𝑛 − 𝑙)! =
(−1)𝑙𝑛!

(−𝑛)𝑙
, 

(𝑙 − 𝑘)! =
(−1)𝑘𝑙!

(−𝑙)𝑘
, 

(𝑛 + 𝛼)! =  𝛤(𝛼 + 1 + 𝑛), 

(𝑛 + 𝛽)! =  𝛤(𝛽 + 1 + 𝑛), 

(𝛼 − 𝑘 + 𝑙)! =  𝛤(𝛼 − 𝑘 + 𝑙 + 1) 

= 𝛤(𝛼 + 𝑙 + 1)(𝛼 + 𝑙 + 1)−𝑘 

=
𝛤(𝛼 − 𝑘 + 𝑙 + 1)(−1)𝑘

(−𝛼 − 𝑙)𝑘
, 

 (𝛽 + 𝑘 + 𝑛 − 𝑙)! =  𝛤(𝛽 + 𝑘 + 𝑛 − 𝑙 + 1) = 𝛤(𝛽 + 𝑛 − 𝑙 + 1)(𝛽 + 𝑛 − 𝑙 + 1)𝑘. 
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𝑃𝑛
(𝛼,𝛽)

(𝑥) = (
𝑥 − 1

2
)

𝑛

∑ ∑
𝛤(𝛼 + 1 + 𝑛)(−𝑛)𝑙

(−1)𝑙𝑛! 𝛤(𝛼 + 𝑙 + 1)(−1)𝑘

𝑛

𝑘=0

𝑛

𝑙=0

∗
(−𝑙)𝑘𝛤(𝛽 + 1 + 𝑛)(−𝛼 − 𝑙)𝑘

𝛤(𝛽 + 𝑛 − 𝑙 + 1)(𝛽 + 𝑛 − 𝑙 + 1)𝑘𝑘! (−1)𝑙𝑙!
(

2

𝑥 − 1
)

𝑛−𝑙

 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
𝛤(𝛼 + 1 + 𝑛)𝛤(𝛽 + 1 + 𝑛)

𝑛!
 

               ∗ ∑
(−𝑛)𝑙

𝛤(𝛼 + 𝑙 + 1)𝛤(𝛽 + 𝑛 − 𝑙 + 1)𝑙!

𝑛

𝑙=0

(
1 − 𝑥

2
)

𝑙

∑
(−𝑙)𝑘(−𝛼 − 𝑙)𝑘

(𝛽 + 𝑛 − 𝑙 + 1)𝑘

𝑛

𝑘=0

 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
𝛤(𝛼 + 1 + 𝑛)𝛤(𝛽 + 1 + 𝑛)

𝑛!
 

                 ∗ ∑
(−𝑛)𝑙(𝛽 + 𝑛 + 𝛼 + 1)𝑙

𝛤(𝛼 + 1)(𝛼 + 1)𝑙𝛤(𝛽 + 𝑛 − 𝑙 + 1)(𝛽 + 𝑛 − 𝑙 + 1)𝑙𝑙!

𝑛

𝑙=0

(
1 − 𝑥

2
)

𝑙

 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
𝛤(𝛼 + 1 + 𝑛)𝛤(𝛽 + 1 + 𝑛)

𝑛!

∗ ∑
(−𝑛)𝑙(𝛽 + 𝑛 + 𝛼 + 1)𝑙

𝛤(𝛼 + 1)(𝛼 + 1)𝑙𝛤(𝛽 + 𝑛 − 𝑙 + 1)(𝛽 + 𝑛 − 𝑙 + 1)𝑙𝑙!

𝑛

𝑙=0

(
1 − 𝑥

2
)

𝑙

 

𝑃𝑛
(𝛼,𝛽)

(𝑥)

=
𝛤(𝛼 + 1 + 𝑛)𝛤(𝛽 + 1 + 𝑛)

𝑛!
∑

(−𝑛)𝑙(𝛽 + 𝑛 + 𝛼 + 1)𝑙

𝛤(𝛼 + 1)(𝛼 + 1)𝑙𝛤(𝛽 + 𝑛 + 1)𝑙!

𝑛

𝑙=0

(
1 − 𝑥

2
)

𝑙

 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
𝛤(𝛼 + 1 + 𝑛)

𝑛! 𝛤(𝛼 + 1)
∑

(−𝑛)𝑙(𝛽 + 𝑛 + 𝛼 + 1)𝑙

(𝛼 + 1)𝑙𝑙!

𝑛

𝑙=0

(
1 − 𝑥

2
)

𝑙

 

                    𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(𝛼+1)𝑛

𝑛! 2𝐹1 (−𝑛, 𝛽 + 𝑛 + 𝛼 + 1; 𝛼 + 1;
1−𝑥

2
).                 (6.8)   

 In a similar way we can get the last representation of the Jacobi Polynomials which 

is  

         𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(−1)𝑛(𝛽 + 1)𝑛

𝑛! 2𝐹1 (−𝑛, 𝛽 + 𝑛 + 𝛼 + 1; 𝛽 + 1;
1 + 𝑥

2
).      (6.9) 
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6.2 Symmetry Property of Jacobi Polynomials 

From the equation   

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−1)𝑘(−𝛼 − 𝑛)𝑘(1 + 𝛽)𝑛

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

(−1)𝑛

2𝑛𝑛!
(1 − 𝑥)𝑛−𝑘(1 + 𝑥)𝑘 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(−𝑛)𝑘(−𝛼 − 𝑛)𝑘(1 + 𝛽)𝑛

𝑘! (1 + 𝛽)𝑘

𝑛

𝑘=0

1

2𝑛𝑛!
(𝑥 − 1)𝑛−𝑘(1 + 𝑥)𝑘, 

let’s change the terms; 

(−𝑛)𝑘 =
(−1)𝑘𝑛!

(𝑛 − 𝑘)!
, 

(−𝛼 − 𝑛)𝑘 =
(−1)𝑘(𝑛 + 𝛼)!

(𝑛 + 𝛼 − 𝑘)!
, 

(1 + 𝛽)𝑛

(1 + 𝛽)𝑘
=

𝛤(𝛽 + 1 + 𝑛)

𝛤(𝛽 + 1)

𝛤(𝛽 + 1)

𝛤(𝛽 + 𝑘 + 1)
=

(𝛽 + 𝑛)!

(𝛽 + 𝑘)!
. 

We get; 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
1

2𝑛
∑

(−1)𝑘𝑛! (−1)𝑘(𝑛 + 𝛼)! (𝛽 + 𝑛)!

𝑘! (𝛽 + 𝑘)! (𝑛 + 𝛼 − 𝑘)! (𝑛 − 𝑘)! 𝑛!

𝑛

𝑘=0

(𝑥 − 1)𝑛−𝑘(1 + 𝑥)𝑘 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
1

2𝑛
∑

(𝑛 + 𝛼)! (𝛽 + 𝑛)!

𝑘! (𝛽 + 𝑘)! (𝑛 + 𝛼 − 𝑘)! (𝑛 − 𝑘)!

𝑛

𝑘=0

(𝑥 − 1)𝑛−𝑘(1 + 𝑥)𝑘 

         𝑃𝑛
(𝛼,𝛽)

(𝑥) =
1

2𝑛
∑ (

𝑛 + 𝛼

𝑘
) (

𝑛 + 𝛽

𝑛 − 𝑘
)

𝑛

𝑘=0

(𝑥 − 1)𝑛−𝑘(1 + 𝑥)𝑘.                           (6.10) 

Let take 𝑥 = −𝑥. 

𝑃𝑛
(𝛼,𝛽)

(−𝑥) =
1

2𝑛
∑ (

𝑛 + 𝛼

𝑘
) (

𝑛 + 𝛽

𝑛 − 𝑘
)

𝑛

𝑘=0

(−𝑥 − 1)𝑛−𝑘(1 − 𝑥)𝑘 

                   𝑃𝑛
(𝛼,𝛽)

(−𝑥) =
(−1)𝑛

2𝑛
∑ (

𝑛 + 𝛼

𝑘
) (

𝑛 + 𝛽

𝑛 − 𝑘
)

𝑛

𝑘=0

(𝑥 + 1)𝑛−𝑘(𝑥 − 1)𝑘 .      (6.11) 
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From (6.10) and (6.11) we get symmetry relation as a 

                                         𝑃𝑛
(𝛼,𝛽)

(−𝑥) = (−1)𝑛𝑃𝑛
(𝛽,𝛼)

(𝑥).                                             (6.12) 

From this relation easily we can say that Jacobi polynomials are odd or even function 

depending on the degree 𝑛, of the polynomial. 

𝑃𝑛
(𝛼,𝛽)

(1) =
(𝛼 + 1)𝑛

𝑛!
, 

 𝑃𝑛
(𝛼,𝛽)

(−1) =
(−1)𝑛(𝛽 + 1)𝑛

𝑛!
. 

6.3 Generating Function of  Jacobi Polynomials 

 𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(−1)𝑛(𝛽 + 1)𝑛

𝑛! 2𝐹1 (−𝑛, 𝛽 + 𝑛 + 𝛼 + 1; 𝛽 + 1;
1 + 𝑥

2
) 

𝑃𝑛
(𝛼,𝛽)

(𝑥) =
(𝛼 + 1)𝑛

𝑛!
∑

(−𝑛)𝑘(𝑛 + 𝛼 + 𝛽 + 1)𝑘

(𝛼 + 1)𝑘𝑘!
[
1 − 𝑥

2
]

𝑘𝑛

𝑘=0

= ∑
(−1)𝑘(−𝑛)𝑘(𝑛 + 𝛼 + 𝛽 + 1)𝑘(𝛼 + 1)𝑛

(𝛼 + 1)𝑘𝑘! 𝑛!
[
𝑥 − 1

2
]

𝑘𝑛

𝑘=0

 

(−1)𝑘(−𝑛)𝑘

𝑛!
=

1

(𝑛 − 𝑘)!
 

(𝑛 + 𝛼 + 𝛽 + 1)𝑘 =
(𝛼 + 𝛽 + 1)𝑛+𝑘

(𝛼 + 𝛽 + 1)𝑛
 

𝑃𝑛
(𝛼,𝛽)

(𝑥) = ∑
(𝛼 + 𝛽 + 1)𝑛+𝑘(𝛼 + 1)𝑛

(𝑛 − 𝑘)! 𝑘! (𝛼 + 1)𝑘(𝛼 + 𝛽 + 1)𝑛

𝑛

𝑘=0

[
𝑥 − 1

2
]

𝑘

. 

Now let us check the term ;  

∑
(𝛼 + 𝛽 + 1)𝑛𝑃𝑛

(𝛼,𝛽)
(𝑥)𝑡𝑛

(𝛼 + 1)𝑛

∞

𝑛=0

= ∑ ∑
(𝛼 + 𝛽 + 1)𝑛+𝑘

(𝑛 − 𝑘)! 𝑘! (𝛼 + 1)𝑘

𝑛

𝑘=0

∞

𝑛=0

[
𝑥 − 1

2
]

𝑘

𝑡𝑛 , 
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let 𝑛 → 𝑛 + 𝑘 

= ∑ ∑
(𝛼 + 𝛽 + 1)𝑛+2𝑘

𝑛! 𝑘! (𝛼 + 1)𝑘

∞

𝑘=0

∞

𝑛=0

[
𝑥 − 1

2
]

𝑘

𝑡𝑛+𝑘. 

From the fourth property of pochhammer symbol; 

(𝛼 + 𝛽 + 1)𝑛+2𝑘 = (𝛼 + 𝛽 + 1)2𝑘(𝛼 + 𝛽 + 1 + 2𝑘)𝑛. 

∑
(𝛼 + 𝛽 + 1)𝑛𝑃𝑛

(𝛼,𝛽)
(𝑥)𝑡𝑛

(𝛼 + 1)𝑛

∞

𝑛=0

= ∑
(𝛼 + 𝛽 + 1)2𝑘

(𝛼 + 1)𝑘𝑘!

∞

𝑘=0

[
𝑡(𝑥 − 1)

2
]

𝑘

∑
(𝛼 + 𝛽 + 1 + 2𝑘)𝑛

𝑛!

∞

𝑛=0

𝑡𝑛
 

                                       =
1

(1 − 𝑡)𝛼+𝛽+1+2𝑘
∑

(𝛼 + 𝛽 + 1)2𝑘

(𝛼 + 1)𝑘𝑘!

∞

𝑘=0

[
𝑡(𝑥 − 1)

2
]

𝑘

. 

From the third property of pochhammer symbol; 

(𝛼 + 𝛽 + 1)2𝑘 = 22𝑘(1
2⁄ (𝛽 + 𝛼 + 1))𝑘(1

2⁄ (𝛽 + 𝛼 + 2))𝑘. 

∑
(𝛼 + 𝛽 + 1)𝑛𝑃𝑛

(𝛼,𝛽)
(𝑥)𝑡𝑛

(𝛼 + 1)𝑛

∞

𝑛=0

=
1

(1 − 𝑡)𝛼+𝛽+1+2𝑘
∑

22𝑘(1
2⁄ (𝛽 + 𝛼 + 1))𝑘(1

2⁄ (𝛽 + 𝛼 + 2))𝑘

(𝛼 + 1)𝑘𝑘!

∞

𝑘=0

[
𝑡(𝑥 − 1)

2
]

𝑘

 

=
1

(1 − 𝑡)𝛼+𝛽+1
∑

(1
2⁄ (𝛽 + 𝛼 + 1))𝑘(1

2⁄ (𝛽 + 𝛼 + 2))𝑘

(𝛼 + 1)𝑘𝑘!

∞

𝑘=0

[
22𝑡(𝑥 − 1)

2(1 − 𝑡)2
]

𝑘

 

=
1

(1 − 𝑡)𝛼+𝛽+1
∑

(1
2⁄ (𝛽 + 𝛼 + 1))𝑘(1

2⁄ (𝛽 + 𝛼 + 2))𝑘

(𝛼 + 1)𝑘𝑘!

∞

𝑘=0

[
2𝑡(𝑥 − 1)

(1 − 𝑡)2
]

𝑘

 

∑
(𝛼 + 𝛽 + 1)𝑛𝑃𝑛

(𝛼,𝛽)
(𝑥)𝑡𝑛

(𝛼 + 1)𝑛

∞

𝑛=0

=
1

(1 − 𝑡)𝛼+𝛽+1
∗ 
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                                                                        2F1(1 2⁄ (𝛽 + 𝛼 + 1),1 2⁄ (𝛽 + 𝛼 + 2);𝛼 + 1;
2𝑡(𝑥−1)

(1−𝑡)2 ). 

6.4 Orthogonality Relation for Jacobi Polynomials 

Let 𝑃𝑛
(𝛼,𝛽)

(𝑥) = 𝑦𝑛(𝑥). 

Write the hypergeometric equation for index 𝑚 and 𝑛. 

(1-𝑥2) 𝑦𝑛′′(𝑥)+[𝛽 − 𝛼 − (2 + 𝛼 + 𝛽)𝑥]𝑦𝑛
′ (𝑥) + 𝑛(1 + 𝑛 + 𝛼 + 𝛽)𝑦𝑛(𝑥) = 0 

(1-𝑥2) 𝑦𝑚′′(𝑥)+[𝛽 − 𝛼 − (2 + 𝛼 + 𝛽)𝑥]𝑦𝑚
′ (𝑥) + 𝑚(1 + 𝑚 + 𝛼 + 𝛽)𝑦𝑚(𝑥) = 0. 

Multiply both equation with (1 − 𝑥)𝛼(1 + 𝑥)𝛽. 

(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑛
′′(𝑥)

+ [𝛽 − 𝛼 − (2 + 𝛼 + 𝛽)𝑥](1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛
′ (𝑥)

+ 𝑛(1 + 𝑛 + 𝛼 + 𝛽)(1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛(𝑥) = 0 

(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑚
′′(𝑥)

+ [𝛽 − 𝛼 − (2 + 𝛼 + 𝛽)𝑥](1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑚
′ (𝑥)

+ 𝑚(1 + 𝑚 + 𝛼 + 𝛽)(1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑚(𝑥) = 0. 

Now write the equations into the self adjoint for 

[(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑛′(𝑥)]
′

+  𝑛(1 + 𝑛 + 𝛼 + 𝛽)(1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛(𝑥)

= 0                                                                                                            (6.13) 

 [(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑚′(𝑥)]
′

+  𝑚(1 + 𝑚 + 𝛼 + 𝛽)(1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑚(𝑥) 

                           = 0.                                                                                                            (6.14) 

Multiply (6.13) with 𝑦𝑚(𝑥) and (6.14) with 𝑦𝑛(𝑥) 

[(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑛′(𝑥)]
′
𝑦𝑚(𝑥) +  𝑛(1 + 𝑛 + 𝛼 + 𝛽)(1 − 𝑥)𝛼 ∗ 

                                            (1 + 𝑥)𝛽𝑦𝑛(𝑥)𝑦𝑚(𝑥) = 0                                                   (6.15) 
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[(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑚′(𝑥)]
′
𝑦𝑛(𝑥) + 𝑚(1 + 𝑚 + 𝛼 + 𝛽)(1 − 𝑥)𝛼  

∗ (1 + 𝑥)𝛽𝑦𝑚(𝑥)𝑦𝑛(𝑥) = 0.                                                                (6.16) 

Subtract the equations (6.15) and (6.16) 

 [(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑛′(𝑥)]′𝑦𝑚(𝑥)′ − [(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1𝑦𝑚′(𝑥)]
′
𝑦𝑛(𝑥) = 

          [𝑚(1 + 𝑚 + 𝛼 + 𝛽) −  𝑛(1 + 𝑛 + 𝛼 + 𝛽)] (1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛(𝑥)𝑦𝑚(𝑥) 

 [(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1(𝑦𝑛
′ 𝑦𝑚 − 𝑦𝑚′𝑦𝑛]

′
= (𝑚 − 𝑛)(𝑚 + 𝑛 + 𝛼 + 𝛽 + 1) ∗ 

                     (1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛(𝑥)𝑦𝑚(𝑥). 

Integrate both sides from −1 to 1. 

[(1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1(𝑦𝑛
′ 𝑦𝑚 − 𝑦𝑚

′ 𝑦𝑛)]|−1
1

= (𝑚 − 𝑛)(𝑚 + 𝑛 + 𝛼 + 𝛽 + 1) ∫ (1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑦𝑛(𝑥)𝑦𝑚(𝑥).
1

−1

 

Sınce the left hand side is zero we get the orthogonality relation as  

                     ∫ (1 − 𝑥)𝛼(1 + 𝑥)𝛽𝑃𝑛
(𝛼,𝛽)

(𝑥)
1

−1

𝑃𝑚
(𝛼,𝛽)

(𝑥) = 0.                                     (6.17) 

Orthogonality interval: [−1,1] 

Weight function: 𝑤(𝑥) = (1 − 𝑥)𝛼(1 + 𝑥)𝛽 . 

6.5 Finding  the Coefficinets 𝒂𝒏 and 𝒄𝒏 for Jacobi Polynomials 

 For 𝒂𝒏 we have the formula   

𝑎𝑛 = 𝐾𝑛 ∏[𝐵′(𝑥) +
𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)

𝑛−1

𝑙=0

]. 
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𝑎𝑛 =
1

𝑛!
∏ (−𝛼 − 𝛽 − 2 +

𝑛 + 𝑙 − 1

2
(−2))

𝑛−1

𝑙=0

  

𝑎𝑛 =
(−1)𝑛

2𝑛𝑛!
∏(𝛼 + 𝛽 + 𝑛 + 𝑙 + 1)

𝑛−1

𝑙=0

 

       =
(−1)𝑛

2𝑛𝑛!
(𝛼 + 𝛽 + 𝑛 + 1)(𝛼 + 𝛽 + 𝑛 + 2) … (𝛼 + 𝛽 + 𝑛 + 1 + 𝑛 − 1)

= (𝛼 + 𝛽 + 𝑛 + 1)𝑛 

                 𝑎𝑛 =
(𝛼 + 𝛽 + 𝑛 + 1)𝑛

2𝑛𝑛!
=

𝛤(𝛼 + 𝛽 + 1 + 2𝑛)

2𝑛𝑛! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)
.                               (6.18) 

 For 𝒄𝒏 we have the formula 

𝑐𝑛 = 𝑛𝑎𝑛

𝐵𝑛−1(0)

𝐵𝑛−1
′ (𝑥)

, 

where  

𝐵𝑛(𝑥) =  𝐵(𝑥) + 𝑛𝐴′(𝑥). 

𝐵𝑛(𝑥) = 𝛽 − 𝛼 − (𝛼 + 𝛽 + 2)𝑥 + 𝑛(−2𝑥) = 𝛽 − 𝛼 − (𝛼 + 𝛽 + 2 + 2𝑛)𝑥 

𝐵𝑛−1(𝑥) =  𝛽 − 𝛼 − (𝛼 + 𝛽 + 2𝑛)𝑥    𝐵𝑛−1(0) =  𝛽 − 𝛼 

𝐵𝑛−1
′(𝑥)

= −(𝛼 + 𝛽 + 2𝑛). 

𝑐𝑛 = 𝑛
𝛤(𝛼 + 𝛽 + 1 + 2𝑛)

2𝑛𝑛! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)

𝛽 − 𝛼

(−1)(𝛼 + 𝛽 + 2𝑛)
 

                𝑐𝑛 =
𝛤(𝛼 + 𝛽 + 2𝑛)(𝛼 − 𝛽)

2𝑛(𝑛 − 1)! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)
.                                                            (6.19) 

6.6 Normalization Function  for Jacobi Polynomials   

𝜎𝑛 = (−1)𝑛𝐴𝑛𝑛𝐾𝑛
2 ∫ 𝑤(𝑥). 𝐴𝑛(𝑥)𝑑𝑥

𝑏

𝑎

 

𝐴𝑚𝑛 =
𝑛!

(𝑛 − 𝑚)!
∏[𝐵′(𝑥) +

𝑛 + 𝑙 − 1

2
𝐴′′(𝑥)]

𝑚−1

𝑙=0
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𝐴𝑛𝑛 = 𝑛! ∏ [−𝛼 − 𝛽 − 2 +
𝑛 + 𝑙 − 1

2
(−2)] = 𝑛! (−1)𝑛  ∏[𝛼 + 𝛽 + 𝑛 + 𝑙 + 1]

𝑛−1

𝑙=0

𝑛−1

𝑙=0

 

𝐴𝑛𝑛 =  𝑛! (−1)𝑛(𝛼 + 𝛽 + 𝑛 + 1)𝑛. 

Where 𝐾𝑛 =
(−1)𝑛

2𝑛𝑛!
. 

𝜎𝑛 = (−1)𝑛 𝑛! (−1)𝑛(𝛼 + 𝛽 + 𝑛 + 1)𝑛 [
(−1)𝑛

2𝑛𝑛!
]

2

∫ (1 + 𝑥)𝑛+𝛽(1 − 𝑥)𝑛+𝛼𝑑𝑥

1

−1

 

𝜎𝑛 =
(𝛼 + 𝛽 + 𝑛 + 1)𝑛

22𝑛𝑛!
∫ (1 + 𝑥)𝑛+𝛽(1 − 𝑥)𝑛+𝛼𝑑𝑥

1

−1

. 

Let us calculate the integral    

∫ (1 + 𝑥)𝑛+𝛽(1 − 𝑥)𝑛+𝛼𝑑𝑥

1

−1

 

Let take 1 + 𝑥 = 2𝑡   𝑑𝑥 = 2𝑑𝑡 

 𝑥 = −1    𝑡 = 0,  𝑥 = 1    𝑡 = 1 

∫ (1 + 𝑥)𝑛+𝛽(1 − 𝑥)𝑛+𝛼𝑑𝑥 = 2 ∫ (2𝑡)𝑛+𝛽(2 − 2𝑡)𝑛+𝛼𝑑𝑥

1

0

1

−1

 

                = 21+𝛼+𝛽+2𝑛 ∫ (𝑡)𝑛+𝛽(1 − 𝑡)𝑛+𝛼𝑑𝑥

1

0

 

                     = 21+𝛼+𝛽+2𝑛 𝑩(𝑛 + 𝛽 + 1, 𝑛 + 𝛼 + 1) 

                                                       = 21+𝛼+𝛽+2𝑛
𝛤(𝑛 + 𝛽 + 1)𝛤(𝑛 + 𝛼 + 1)

𝛤(2𝑛 + 𝛼 + 𝛽 + 2)
.          (6.20) 

𝜎𝑛 = 21+𝛼+𝛽+2𝑛
𝛤(𝛼 + 𝛽 + 2𝑛 + 1)

22𝑛𝑛! 𝛤(𝑛 + 𝛼 + 𝛽 + 1)

𝛤(𝑛 + 𝛽 + 1)𝛤(𝑛 + 𝛼 + 1)

𝛤(2𝑛 + 𝛼 + 𝛽 + 2)
 

                   𝜎𝑛 = 21+𝛼+𝛽
𝛤(𝑛 + 𝛽 + 1)𝛤(𝑛 + 𝛼 + 1)

𝑛! 𝛤(𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽 + 1)
 .                        (6.21) 
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By using the norm of Jacobi Polynomials we can give the generalized form for the 

orthogonality which is equation (2.1) 

∫ 𝑃𝑛
(𝛼,𝛽)

(𝑥)𝑃𝑛
𝑚

(𝛼,𝛽)
(𝑥)𝑒−𝑥𝑥𝑛+𝛼𝑑𝑥 

1

−1

=  21+𝛼+𝛽
𝛤(𝑛 + 𝛽 + 1)𝛤(𝑛 + 𝛼 + 1)

𝑛! 𝛤(𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽 + 1)
𝛿𝑚𝑛.                                           (6.22) 

6.7 Three Term Recurrence Relation for Jacobi Polynomials 

Since the Jacobi Polynomials satisfy the relation    

 𝑥𝑝𝑛(𝑥) = 𝛼𝑛𝑝𝑛+1(𝑥) + 𝛽𝑛𝑝𝑛(𝑥) + 𝛿𝑛𝑝𝑛−1(𝑥), 

with the coefficients    

𝛼𝑛 =
𝑎𝑛

𝑎𝑛+1
, 

𝛽𝑛 =
𝑐𝑛

𝑎𝑛
−

𝑐𝑛+1

𝑎𝑛+1
, 

𝛿𝑛 =
𝑎𝑛−1

𝑎𝑛
∗

𝜎𝑛(𝑥)

𝜎𝑛−1(𝑥)
. 

We can find the general relation for the Jacobi. 

𝛼𝑛 =
𝛤(𝛼 + 𝛽 + 1 + 2𝑛)

2𝑛𝑛! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)

2𝑛+1(𝑛 + 1)! 𝛤(𝛼 + 𝛽 + 2 + 𝑛)

𝛤(𝛼 + 𝛽 + 3 + 2𝑛)
 

                            =
2(𝑛 + 1)(𝑛 + 𝛼 + 𝛽 + 1)

(2𝑛 + 2 + 𝛼 + 𝛽)(2𝑛 + 1 + 𝛼 + 𝛽)
.                                          (6.23) 

𝛽𝑛 =
𝛤(𝛼 + 𝛽 + 2𝑛)(𝛼 − 𝛽)

2𝑛(𝑛 − 1)! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)

2𝑛𝑛! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)

𝛤(𝛼 + 𝛽 + 1 + 2𝑛)
 

           −
𝛤(𝛼 + 𝛽 + 2𝑛 + 2)(𝛼 − 𝛽)

2𝑛+1𝑛! 𝛤(𝛼 + 𝛽 + 2 + 𝑛)

2𝑛+1(𝑛 + 1)! 𝛤(𝛼 + 𝛽 + 2 + 𝑛)

𝛤(𝛼 + 𝛽 + 3 + 2𝑛)
 

       =
(𝛼 − 𝛽)

𝛼 + 𝛽 + 2𝑛
−

(𝑛 + 1)(𝛼 − 𝛽)

𝛼 + 𝛽 + 2𝑛 + 2
 



67 

 

       =
𝑛(𝛼 − 𝛽)(𝛼 + 𝛽 + 2𝑛 + 2) − (𝑛 + 1)(𝛼 − 𝛽)(𝛼 + 𝛽 + 2𝑛)

(𝛼 + 𝛽 + 2𝑛)(𝛼 + 𝛽 + 2𝑛 + 2)
 

                                𝛽𝑛 =
𝛽2 − 𝛼2

(𝛼 + 𝛽 + 2𝑛)(𝛼 + 𝛽 + 2𝑛 + 2)
.                                       (6.24) 

𝛿𝑛 =
𝛤(𝛼 + 𝛽 − 1 + 2𝑛)

2𝑛−1(𝑛 − 1)! 𝛤(𝛼 + 𝛽 + 𝑛)

2𝑛𝑛! 𝛤(𝛼 + 𝛽 + 1 + 𝑛)

𝛤(𝛼 + 𝛽 + 1 + 2𝑛)
 

∗  
21+𝛼+𝛽𝛤(𝑛 + 𝛽 + 1)𝛤(𝑛 + 𝛼 + 1)

𝑛! 𝛤(𝑛 + 𝛼 + 𝛽 + 1)(2𝑛 + 𝛼 + 𝛽 + 1)
 
(𝑛 − 1)! 𝛤(𝑛 + 𝛼 + 𝛽)(2𝑛 + 𝛼 + 𝛽 − 1)

21+𝛼+𝛽𝛤(𝑛 + 𝛽)𝛤(𝑛 + 𝛼)
 

     =
2𝛤(𝛼 + 𝛽 + 2𝑛)(𝑛 + 𝛽)(𝑛 + 𝛼)

𝛤(2𝑛 + 𝛼 + 𝛽 + 2)
=

2(𝑛 + 𝛽)(𝑛 + 𝛼)

(2𝑛 + 𝛼 + 𝛽 + 2)(2𝑛 + 𝛼 + 𝛽 + 1)
 

                        𝛿𝑛 =
2(𝑛 + 𝛽)(𝑛 + 𝛼)

(2𝑛 + 𝛼 + 𝛽 + 2)(2𝑛 + 𝛼 + 𝛽 + 1)
 .                                       (6.25) 

Let’s put (6.23) , (6.24) and (6.25) in three term recurrence relation. 

𝑥𝑃𝑛
(𝛼,𝛽)

(𝑥) =
2(𝑛 + 1)(𝑛 + 𝛼 + 𝛽 + 1)

(2𝑛 + 2 + 𝛼 + 𝛽)(2𝑛 + 1 + 𝛼 + 𝛽)
𝑃𝑛+1

(𝛼,𝛽)
(𝑥) + 

                          
𝛽2 − 𝛼2

(𝛼 + 𝛽 + 2𝑛)(𝛼 + 𝛽 + 2𝑛 + 2)
𝑃𝑛

(𝛼,𝛽)
(𝑥) + 

                                                
2(𝑛 + 𝛽)(𝑛 + 𝛼)

(2𝑛 + 𝛼 + 𝛽 + 2)(2𝑛 + 𝛼 + 𝛽 + 1)
𝑃𝑛−1

(𝛼,𝛽)
(𝑥).         (6.26) 

6.8 Derivative of Jacobi Polynomials 

From the equation 

𝑝𝑛
′ (𝑥) = 𝑝𝑛

′ (𝑥) =
−𝛼𝑛𝐾𝑛

𝑤(𝑥). 𝐴(𝑥)

𝑑𝑛−1

𝑑𝑥
𝑛−1

[𝑤(𝑥). 𝐴𝑛(𝑥)], 

 we can easily obtain the derivative of Laguerre.  

First let find what is 𝛼𝑛?  

 By using  𝛼𝑚= −𝑚 𝐵′(𝑥) −
1

2
𝑚(𝑚 − 1)𝐴′′(𝑥) 
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 𝛼𝑛 = 𝑛(𝛼 + 𝛽 + 2) −
1

2
𝑛(𝑛 − 1)(−2) = 𝑛(𝛼 + 𝛽 + 𝑛 + 1). 

Where 𝐾𝑛 =
(−1)𝑛

2𝑛𝑛!
. 

𝑑

𝑑𝑥
𝑃𝑛

(𝛼,𝛽)
(𝑥) =

(−1)𝑛+1𝑛(𝛼 + 𝛽 + 𝑛 + 1)

2𝑛𝑛! (1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1

𝑑𝑛−1

𝑑𝑥
𝑛−1 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛] 

=
(−1)2(−1)𝑛−1(𝛼 + 𝛽 + 𝑛 + 1)

2.2𝑛−1(𝑛 − 1)! (1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1

𝑑𝑛−1

𝑑𝑥
𝑛−1 [(1 − 𝑥)𝛼+𝑛(1 + 𝑥)𝛽+𝑛], 

Where  

𝑃𝑛−1
(𝛼+1,𝛽+1)

(𝑥) =
(−1)𝑛−1

2𝑛−1(𝑛 − 1)! (1 − 𝑥)𝛼+1(1 + 𝑥)𝛽+1

𝑑𝑛−1

𝑑𝑥
𝑛−1 [(1 − 𝑥)𝛼+𝑛(1

+ 𝑥)𝛽+𝑛]. 

                          
𝑑

𝑑𝑥
𝑃𝑛

(𝛼,𝛽)
(𝑥) =

(𝛼 + 𝛽 + 𝑛 + 1)

2
𝑃𝑛−1

(𝛼+1,𝛽+1)
(𝑥).                              (6.27) 
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CONCLUSION 
 

The first and second chapters of this thesis constitute an introduction to orthogonal 

polynomials. They provide a survey of some general properties satisfied by any set of 

orthogonal polynomials. . An iterative process to produce a set of polynomials which 

are orthogonal to one another are given and then a number of properties satisfied by 

any set of orthogonal polynomials are described. The classical orthogonal polynomials 

arise when the weight function in the orthogonality condition has a particular form. 

These polynomials having a further set of properties and in particular satisfy a second 

order differential equation are studied in Chapter 3. Each subsequent chapter 

investigated the properties of a particular polynomial set starting from its differential 

equation. These are classical orthogonal polynomials named as Hermite, Laguerre and 

Jacobi polynomials. In these chapters, important characteristics of classical orthogonal 

polynomials such as the weight function, interval of the orthogonality, second order 

differential equation, Rodrigues formula, hypergeometric representation are given.  
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