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ABSTRACT

In this thesis we study spherically symmetric timelike thin-shells in 3+1-dimensional
bulk spacetime. We first introduce the cut and paste formalism which is used to make
thin-shells in general relativity and then we investigate the stability of such thin-
shells. Basically, in 3+1-dimensional bulk spacetime a timelike thin-shell is a 2+1-
dimensional hyperplane whose normal 4-vector is a spacelike vector at any point on
the hyperplane. A thin-shell connects two different parts of the bulk, therefore it has
to satisfy some conditions which are called the Israel-junction conditions. In
accordance with these conditions, the first fundamental form of the thin-shell must be
continuous while its second fundamental form is not and it requires energy-

momentum tensor on the thin-shell.

Keywords: General relativity; Thin-shell; Timelike hypersurface; Stability; Linear

perturbation;



Oz

Bu tezde 3+1 boyutlu genis uzay zamanda kiresel simetrik zaman-tipli ince
kabuklar1 incelemekteyiz. Once ince kabuklarin genel gorelikteki kesip-yapistirma
Ozelliklerini gosterip bu ince kabuklarin kararliliklarini inceliyoruz. Temel olarak,
3+1 genis uzay zamanda bir zaman-tipli ince kabuk, 2+1 boyutlu bir hiperdizlemdir
ve bunun 4-vektoru hiperdizlemde her hangi bir noktadaki uzay-tipli vektdrdir. Ince
bir kabuk, uzay-zaman iki farkli béliimiinii birbirine baglar ve bundan dolay: israel-
sintr kosullar1 olarak bilinen bazi kosullar1 saglamasi gerekir. Bu kosullara gore, ince
kabugun ilk temel formu devamli olmaliyken ikinci temel formu degildir ve ince

kabuk Uzerinde enerji-momentum tensdriine ihtiyac duyar.

Anahtar Kelimeler: Genel gorelilik, ince kabuk, Zaman-tipli hiperdizlem,

Kararlilik, Dogrusal diizensizlik.
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Chapter 1

INRODUCTION

Time-like thin-shell in spherically symmetric static spacetime is one of the most
interesting cosmological object which can be constructed in general relativity. Such
model of cosmological objects have been used to analyze some astrophysical
phenomenon such as gravitational collapse and supernovae. The seminal work of
Israel in 1966 [11, 12] provided a concrete formalism for constructing the time-like
shells, in general, by gluing two different manifolds at the location of the thin-shell.
As it was shown in [11], although the metric tensor of the shell which is induced by
the bulk spacetime presented in both sides of the shell must be continuous the
extrinsic curvature across the shell is not continuous and therefore matter has to be
presented on the shell. This formalism has been employed to study shells in general
relativity by many authors, for instance, a good review paper has been worked out by
Kijowski et al in Ref. [13]. In 1990 an exact solution for a static shell which
surrounds a black hole was found by Frauendiener et al [7] and its stability was also
studied in Refs. [2] and [21]. In the formalism introduced by lIsrael there are some
conditions which are called Israel junction conditions. These conditions provide a
systematic method of finding the energy momentum tensor presented on the shell. In
[19] a computer program was prepared to apply the Junction conditions on the thin
shells in general relativity using computer algebra. Models of stars and circumstellar
shells in general relativity was studied in [22]. In [10, 16] the stability of spherically

symmetric thin-shells was studied while the gravitational collapse of thin shells was



considered in [3] and [4]. Thin-shells in Gauss-Bonnet theory of gravity has been
studied in [9] while the rotating thin-shells has been introduced in Ref. [8]. Stability
of charged thin shells was studied by Eiroa and Simeone in [6] while its collapse in
isotropic coordinates was investigated in [1]. In [17] charge screening by thin-shells
in a 2+1-dimensional regular black hole has been studied while the thermodynamics,
entropy, and stability of thin shells in 2+1 flat spacetimes have been given in [14]
and [15]. Recently in [20] the stability of thin-shell interfaces inside compact stars
has been studied by Pereira et al; which is very interesting as they consider a
compact star with the core and the crust with different energy momentum tensor and
consequently with different metric tensor. Screening of the Reissner-Nordstrém
charge black hole by a thin-shell of dust matter has also been introduced recently in
[18]. Finally one of the last work published in this context is about thin shells joining

local cosmic string geometries [5].

Our aim in this thesis is to establish a self-contained, clear and complete formalism
on the construction of timelike thin-shells in spherically symmetric bulk. The details
of the calculation which are not usually mentioned or given in the papers are
discussed here and the results are given all in closed analytical and generic form
which can be used for any further study in future. In addition we study the stability
analysis of such a thin shell and again in a closed and generic form the results are
presented. Finally we apply our formalism for two specific examples including a
thin- shell connecting two different spacetimes consisting of cloud of strings and a

vacuum connected to a Schwarzschild spacetime.



Chapter 2

SPHERICALLY SYMMETRIC TIMELIKE THIN-
SHELLS: THE FORMALISM

In 3+1-dimensional spherically symmetric bulk spacetime a 2+1-dimensional thin-
shell divides the spacetime into two parts which we shall call them inside the shell
and outside the shell. The line elements of the spacetime in different sides must be
different otherwise the thin-shell becomes a trivial invisible object. For our future
convenient we label the spacetime inside the shell as 1 and outside the shell as 2.

Hence the line element of each side may be written as
2
ds? = —f, (r,)dt? + % + 12(d6? + sin?0, de?), (2.1)
in which a = 1,2 for inside and outside respectively. Let’s add that in general the
coordinates i.e., t,, 1,, 8, and @, need not be the same. In general a thin-shell is a
constraint relation on the coordinates of the bulk spacetime but in our study the thin-

shell is defined by

F:=1r,—R(t)=0, (2.2)

in which t is the proper time measured by an observer on the shell such that on both

sides we define

~fu(r)de} + 2 = —ar?, (23)

or equivalently



1 dR

—£,(R) (‘de)2 + m(;)z = 1. (2.4)

Considering (2.3) we find the induced metric on the shell for each side given by

dsg sy = —dt* + R*(2)(d6 + sin®8, de?). (2.5)

As one of the Israel junction condition, ds(f(ts) from one side to other side of the thin-
shell must be continuous. Hence, the coordinates on the shell i.e., 7 , 6, and ¢ have
to be identical on both sides which we shall remove the sub a. This results in a
unique induced metric on the shell which is applicable in both sides which is given
by

dsfsy = —dt* + R*(1)(d6? + sin?0 dg?). (2.6)

Before we move on let us note that although the proper time in different sides of the
shell is the same, the coordinate time ta are different and they are found from (2.4)
i.e.,

Hy A fa(R)"‘RZ

T Tm @7
in which a dot stands for the derivative with respect to the proper time . Let’s also
add that t1 is measured by an observer inside the shell while t2 is measured by an

observer outside the shell and being different is due to the different line element they

use and is very acceptable.

For future use we set our coordinate systems of the bulk i.e.,

ds? = gfﬁ,)dx(“)“dx(“)" and the shell i.e., dsf,;y = hy;dé'dg as follow: for the



bulk spacetime x@* = t,,1,,0,,9, and &\ = 7,8, ¢ for the thin shell. The second
fundamental form or extrinsic curvature tensor of the shell in each side can be found

as

@ _  (a) (92x D7 @)y 9x @ gx@F
K~ =—ny (afi 9& + 1o acl e )' (2.8)

in which nﬁ“) is the four normal spacelike vector on each side of the thin-shell poi-

nting outward and given by

(a) _ 1 oF
ny = max(—a)},, (29)

where
@— gl _9F__0F
AW = glawy PO (2.10)
We note that as nﬁ“)is spacelike it satisfies
nWn@r =1, (2.11)

and the thin-shell defined by F in (2.2) where nﬁa) is its four normal, is a timelike
hypersurface. In order to calculate the second fundamental forms of the thin-shell on
each side we have to first obtain the four normal nﬁ“). This can be done by using the

definition of the thin-shell in (2.2). Hence, we find

(@ _ 1 0(rq—R(@)
= =T (2.12)
() _ 1 a(ra—R(T))
L ORI (2.13)



n(a) _ 1 6(ra—R(‘r))
6 T J/a@ a0, ’
and
n(a) _ 1 a(ra—R(T))
@ Ja@ e,

(a)a
We first recall that in the bulk the coordinates are independent i.e., ox

Therefore. the Eq.s (2.12)-(2.15) yield

(a) _ 1 oR (T)

n® = ——==2=,
t JA@ 0ty

n@ - _1
r Ja@'’
(@) _
ng’ =0
and
n((pa) = 0.

Also using the chain rule one finds

where
e _ y — V@R
T faR)
Finally

92 @B

(2.14)

(2.15)

5.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



1 R®
n® = s (‘T 1,0,0), (2.22)

where

. 2
1 R(t
A@ = _%(_ %) + £,(R). (2.23)

One can simplify the latter equation as

(@)_ _fER)
p@= LB (2.24)

which is clearly equal to the inverse of ¢2 i.e.,

A= L (2.25)

ta

Considering the closed from of A in the four normal (2.22) we find

n'® = (=R(1),,,0,0). (2.26)

Next, we apply nﬁa) in the definition of the extrinsic curvature given by (2.8) to find

the nonzero components of the second fundamental form tensor. Before that we need

to find the components of the Christoffel symbol which is defined as

1

The closed form of the nonzero components of the Christoffel symbol are found to

be

[ = 2 f. () fa (), (2.28)



fa(ra)
[ =1 = AL (2.29)

(@r _ _ falra)
b = ety (2.30)
(@8 _ p@o _ r@e _ pl@e _ 1
Lo =T =T =Ty = = (2.31)
(a)r _
Too” = —Tafa @), (2.32)
[ = —1.f, (1) sin®8,, (2.33)
0 .
F(gfp) = —sinB,cos0,,, (2.34)
and
(@¢ _ pla)e _ cosbq
Loy~ =T = sinB,’ (2:35)

in which a prime stands for the derivative with respect to r,. Hence, we get

(@ _ (@) (9%ta (@)t 0t dra . (a) (3%ra | ~(a)r 0tq tq |, n(a)r Orq O7q
Ke” = —my (02 + 20 at 61) L (62+“ at ot + 1L at ar)'
(2.36)
K = —n{ (i), (2.37)
and
(@ _ _ (@(p@r
Ko = —n(r8dr). (2.38)



To obtain the explicit form of the nonzero components of the extrinsic curvature

. 0%t —p . . .
tensor we need to find t, = -7 This can be done by using (2.7) which yields

_ faRR+2RR  2[fa (R)+R?]|fa(RIR

2tata f2(R) f2R) ’

therefore

P R 2R fo (R)—fo (R) fo (R)—2R? £, (R)
@ 2 Jf.(R)+RZ fZ(R) '

The nonzero components of the extrinsic curvature are found to be

_ 2R@)+2(R)

K(a) —
b 2V fa(R)+R?’

K& = ROV (R) + R?,

and

K& = RV, (R) + R2sin?6.

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

It is observed that unlike the first fundamental form, the second fundamental form is

not continuous in general. However, if £, (R) and £, (R) are the same in both sides of

the shell then K;; is continuous as well as h;; . Although K;; is not continuous but

still it satisfies the other Israel junction condition which implies

[K/] - 6/ [K] = —8nGS/,

inwhich [k/] = kK — K™ [K] = tra[K]] = [K{],

and

(2.44)



s! = diag(~a,p,p), (2.45)

is the energy- momentum of the thin-shell. Herein, o is the energy density and p is
the lateral pressure. We note that, as we have considered the bulk to be spherically
symmetric, the pressures in 6 and ¢ directions are identical and the energy

momentum tensor is of a perfect fluid type. By applying (2.44) we need to find the

mixed tensor Ki(a)j which is defined as

@j _ p@jk @
K = h@ikg (2.46)
in which
-1 0 0
. Ly
h(@ik = R2(x) (2.47)
1
0 0 R2(7)sin?%0

The explicit calculation reveals

2R(@)+f,(R) 0 0
24/ fa (R)+R?2
K= o B, (2.48)
l R(1)
0 0 Vfa(R)+R2
R(1)

and consequently the total curvature is found to be

) ] .. / =
Ke = t.r.aKi(a)] — Ki(a)l — ZR(T)+fa(I.?) + 2 fa(R)+R . (249)
2y fa (R)+R? R(@®)

The effective extrinsic curvature tensor defined by [K/| = Kl.(z)j - Ki(l)j , can be

written as

10



2J(R)+R?  2y/fi(R)+R?

/zz'e‘<r)+fz’ (R) 2R+ (R) 0 0 \
|

i = VE®+RZ _ JfR+R?
[Ki ] = 0 R R 0 ,
VER)+R?  \fi(R)+R?
0 0 —
R(7) R(7)
(2.50)
and the effective total curvature becomes
.o r .o r 2 2
(K] = 2ROH® _ 2RO/ ® 2/f®R? _ 2ARR® (2.51)

T 2JHE®)+RZ 2\fi(R)+R? R(7) R(1)

Finally we find the explicit form of the energy momentum tensor presented on the

shell given by
_ —-og 0 O
S/ :(0 p 0), (2.52)
0 0 p
in which
_ 1 (VR®+RZ - JAHR)+R?
7= 4nG ( R(7) )' (253)
and
_ 1 (zz‘e’cr)+fz’(m_zﬁ<r>+f{(m sz(R)+R2—Jf1(R)+R2> (2.50)
AN AT NI R() ' '

To conclude this chapter we would like to add that using the thin-shell formalism and
the Israel junction conditions we established a dynamic spherical symmetric timelike
thin-shell whose energy momentum tensor has to be of the form we found in latter

equations i.e., (2.53) and (2.54). In addition, we comment that in the case of static

11



thin-shell one has to set R(t) = R, which is a constant. Consequently the form of

the energy momentum tensor takes its static form given by

in which

and

Po = g1

5 = ( 0 7y 0) (2.55)
0 0 po
o = _L<—~/f2(Ro)— ~/f1(R0)> (2.56)
07 4n6 Ro ' |

1 ( R fi(Ry) _I_\/fz(Ro)—\/fl(Ro))_ (2.57)

86 \2Jf2(Rp)  24/f1(Ro) Ro

In the coming Chapter we shall use the results found in this Chapter to investigate the

stability of such a dynamic thin-shell wormhole. This, furthermore, needs a relation

between the energy density on the shell and the lateral pressure which in general is

called an equation of state and is expressed as p = y(o) in which w is in general a

function of o.

12



Chapter 3

STABILITY ANALYSIS OF THE SPHERICALLY
SYMMETRIC THIN-SHELL

As we have already constructed the timelike dynamic thin-shells in spherically
symmetric bulk spacetime in the previous Chapter, a natural question a rises; are
these thin-shells stable against an external perturbation?. To answer this question one
must find a way to analyze the motion of the thin-shell after such kind of
perturbation. In addition we must have a clear definition for a stable motion and
accordingly we may state the stability or instability of such thin-shells. These will be

our aim to be investigated in this Chapter.
3.1 General Formalism

Let’s assume that our constructed thin-shell is at equilibrium at R = R, which
means R = R = 0 and therefore the energy density and the pressures are given by
Egs. (2.56) and (2.57). Any radial perturbation causes the radius of the shell to be
changed in a dynamical sense. In other words R after the radial perturbation is a
function of proper time t and consequently the energy density and the lateral
pressure are found to be as of Egs. (2.53) and (2.54). Before we go further let’s add
that o and p given in these equations are related via a differential equation. To find

that we start from

1
o=——

(R)+R%2—/f1(R)+R?
ym— (\/fZ \/fl )’ (31)

R(1)

o whose derivative with respect to t is given by

13



R(1)?2 R(7) N

1 . (VR®+R-VA®+RZ) g ( f@RF2E  fl(R)+2R )
—R + - - .
2HRMR+RZ 2/f1(R)+R?

In terms of o we may write it as

_R@) . _ 1 ( f(R)+2R  fi(R)+2R )

R 0T L W hmi

Next we look at

_ 1 (2R<r)+fz'(R)_zR(r)+f{(R) sz(R)+R2—Jf1(R)+R2)
P =% 22 (R)+R2  2y/f1(R)+R2 R(7) ’

which surprisingly can be written as

DS (zﬁ(r)+fz’(m_zfé(r)+f1’(R))
2/RM®+RZ 2JA®+RZ)

4nG
Finally adding (3.3) and (3.5) we get

_ R(7)
R

0 —2p = 20,

which, more conveniently , can be written as

o 2
E+E(p+o-)_0’

or after applying the chain rule it becomes

do 2
E+E(p+a)—0.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

This equation is the dynamical relation which connects p and o after the

perturbation. Furthermore, any kind of fluid presented on the shell has to satisfy an

14



equation of state (EoS) which is nothing but a relation between p and ¢. This relation

is traditionally expressed as

p =p(0), (3.9)

but in our study we use a more general EoS given by

p= vy(R,0). (3.10)
A substitution into (3.8) yields
do(R) , 2 _
= =+=(v(R a(R) +a(R)) =0, (3.11)

which is a principal equation that connects o to R after the perturbation. In addition

to this, from the explicit form of ¢ in Eq. (3.1) we also find

R +V(R,0(R)) =0, (3.12)
in which
_A®E®  (AR-H®)° 2
V(R o(R)) =+— o (2nGRo(R))". (3.13)

This is a one dimensional equation of motion for the radius of the thin-shell after the
perturbation. This equation together with Eq. (3.11) give a clear picture of the motion
of the thin-shell after the perturbation. To be more precise, the solution of Eqg. (3.11)
is used in (3.12) and the general motion of the radius of the thin-shell, in principle is
found by solving Eq. (3.12). The nature of the motion after the perturbation depends

on the form of the function y(R, o) given by EoS and the metric functions f; (R)and

f2(R).

15



3.1.1 A Linearized Equation of Motion

The general one-dimensional equation of motion (3.12) is highly non-linear. In
general we do not expect an exact closed form solution for the radius of the thin-shell
after the perturbation. A linearized version of this equation helps us to know the
general behavior of the motion of the thin-shell after the perturbation without going

through the complete solution. As we have stated the thin-shell is in equilibrium at R
= R, we expand V(R,a(R)) in Eg. (3.13) about R = R, and we keep it to the first
order. This is called a linearized radial perturbation. Let’s expand V(R, a(R)) about

R = R, which is given by

av 1d%v
V(R o(R)) =V (Roy0(R) + G, (R=Ro) + 3475

Rrs (R—Rp)H) +

O((R — Ry)3). (3.14)

Since, R = R, is the equilibrium point, it is very clear that V(RO,O'(RO)) and

dv

pri both are zero, the first because RZ = 0 and second because R = R, is the
=Ko

equilibrium in the sense that the force is zero there. Introducing x = R — R, up to

the first non-zero term we get

X%+ w?x? =0, (3.15)
in which
2 14V (3.16)
2 dR? R=R0. )

A derivative with respect to T implies

¥+ w?x =0, (3.17)

16



which clearly with w? > 0 represents an oscillation about x = 0. This, however,
means the radius of the thin-shell moves on an oscillation about the equilibrium

radius R = R,. This is what we means by a stable state. In other words if

1d2v
2 dR? R=Ry

> 0, (3.18)
the thin-shell oscillates and remains stable. Unlike w? > 0, if w? < 0 then the
motion of the radius of the thin-shell grows exponentially which indicates that it
does not come back to its equilibrium point; an indication of unstable thin-shell.

2
To proceed with the formalism we need to calculate ZITZ andasV =V(R,o) we
0

shall need 6" and ¢ . From Eq.(3.11) we have already found

o = —%(\y(R,a) + 0), (3.19)

which upon applying a differentiation with respect to R yields

no_ 2 2 (0y(Ro) | dy(Ro) '

¢ =2 (y(R,0)+0) R( SO+ 206 1 g), (3.20)
where a prime stands for the derivative with respect to R. Using the explicit form of
o in the latter equation it implies

2

¢ o)) -2 (1) (2 yr) + )] G20

or in a simplified form

o (3.22)

2 L
g —Rz(w+a)[260+3] R AR’

17



Now, we are ready to find V" (R) at R = R, by applying ¢ and ¢" whenever we

need them. The first derivative of the potential with respect to R is given by

c_dv _ fith  2(f—f)(i—f2) 1676 Qy+a)(fi—f2)? 22
vV = T BGRo ) (6rGRo)? + 87“G*(2y + o)Ra, (3.23)

in which we have used Ro' = —2(y + ) . The second derivative of the potential is

found to be

po AV 20 )G -p) | 2BrE(tRe))

dR 2 (8nGRo )? (8nGRo )3

167G (2(3—;’+%5)+a’)(fl—fz)z+16nG(2w+a)2(f1—f2)(f{ —£) N

(8nGRo )3
167G (2y+0)(f1—2)?3(876 (0 +Ra ")) - dy . dy )
T +8726% (2(3-+ 220" ) + 0" )Ro +
8m2G2(2y + 0)(0 + Ro ). (3.24)

Substituting ¢ finally one finds

pr= A 20 A v(i) | 2@yte)
dR 2 (87G)2(Ro)? (8wG)?%(Ro)3

(55 725wt (=P + Qo) =R (fi~1) 62yt (rf)?
(4nG)?%(Ro)3 (8nG)2(Ro)*

1672 G2 (‘;—j; = (23—2’ + 1) (v + 0)) Ro — 812G2(2y + 0)?. (3.25)

At the equilibrium point both V and V' vanish and we are left with nonzero V" given

by
V! = _ 16mGFoHo 2[Ho(2F§ ~f1oRo)—Fo (2H8~faoRo)| |
0 Fo—Hy 'R (F—H)R? Vo
[4F3 —2Ro (f10+Rof10)F§ +R8 f18]H3 —[4Hg —2Ro (f20+Rof20 )HE +RE f28 |F5 (3.26)
) .

2(Fo—Ho)F¢ HERE

18



in which Fy = /fi0 » Hy =+/f20 » Ve =%’R_R and v, =2 . Then our
=Ko

do R=Ry

next step will be to check the sign of V" (R,) for a specific Eos and the bulk metrics.

19



Chapter 4

APPLICATIONS

What we have found in the previous two chapters are completely generic which can
be applied to any spherically symmetric bulks and any EoS. To show some
applications of the formalism, in this chapter, we study two specific examples

including a thin-shell of cloud of strings and a Schwarzschild thin-shell.
4.1 Thin-shell Connecting Two Spacetimes of Cloud of Strings
In our first application of the formalism let’s consider f; = x; and f; = Ky In

which «; and «, are two positive not equal constants with k; > k,. The energy

momentum tensor at the equilibrium is given by

j — Yk g _1 1
S = 4mG Ry diag (1' 2’ 2)’ (4.1)
which means
VKT =iz
90 = "4nGR, (4.2)
and
1
Po = —30p. (4.3)

This energy momentum tensor satisfies the weak energy condition which states that
gy =0, and gy +py = 0 and therefore is physical. To proceed with the stability

analysis we must choose an EoS. For the first example we set
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d—\v = (.01‘ (44)

and

d—\u = Wy, (45)

in which both w; and w, are constants. The general form of V" (R,) given in Eq.
(3.25) yields

 2VRiRg[87G w1 RE—(2w,+1) (Vi1 —Vi2))] (4.6)

Vi (Ro) = R (T —v2) ’

In order to have V" (Ry) > 0 one must impose

8mGw; R§ — (2w, + Dy —+/i57) <0, (4.7)
which in turn implies

The case where w; = 0 implies a linear perfect fluid which is stable for w, > —%

and unstable for w, < —% . For the case where w; # 0 the situation becomes more
complicated. In Fig. 1 we plot

= YN (9w, + 1), (4.9)

w
1 8mGR2

(ri—vika) _

for P 0.1,0.2,0.3and 0,4 . As it is imposed from the condition (4.9) the
0

values of w; and w, under the lines for each specific choice of % implies
0
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the region of stability while the opposite side (above the lines) stands for the values

of w; and w, result in an unstable thin-shell.

1.2
04"
ml 1 .
./
0.3 »~
0.8 ‘ b
.’stable .”
P o
0.6 .’ - .
S e
s -
‘ I stable/
. " P> s
04.r ~
| " -~
* _ = stable 0.1
¥, 2.4
Pt
X el Stable
iz
e 5 0 0.5 !
¥ e 2
///..‘.
o/'o" —02
o
.t -0.4

Figure 4.1: A plot of w; with respect to w, for various values of % =
0

0.1,0.2,0.3 and 0.4 . The arrows show the region of stability while the opposite side
is the unstable zone for each case.
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4.2 Thin-shell Connecting Vacuum to Schwarzschild
In our second explicit application we consider the inner spacetime to be flat with

fi = 1 and the outer spacetime to be the Schwarzschild with f,(r,) =1 — Zr—m . The
2

closed forms of g and p, are found to be

1- 17
90 = "aner, (4.10)
and
m—Ro—Ry [1-2~
: (4.11)

These clearly satisfy the weak energy conditions i.e., g, =0 and gy + py =0

provided R, > 2m . Furthermore, one finds

" 16mGQ 22y  +1)Q
Vo =2 W,R+%' (4.12)

N 2 2 2 :
inwhichQ= [1->0,y, =— andy = —"’| . In this case also we
Ry R OR Ip=pR, iy do Ip=pR,

oy _ ﬂ/_ . . .
set — = oy and o = W2 which implies

VO - _ (V] 2
Q-1 R2

(4.13)
For the case w; = 0, which corresponds to a linear perfect fluid one finds V, >

0 equivalent to 2w, +1 = 0 or equivalently w, > —% . For the case w; =0 we

have to work out the regions in the plane of w; and w, such that V, > 0. To find

the region where V, > 0, we find w, in terms of w; such that V, = 0. This yields

w2=-—%+xw1, (4.14)
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in which

¥ = . (4.15)

Depending on the value of m and R, > 2m, one finds

4TGRE < y < o, (4.16)

In Fig. 2 we plot w, versus w; for various values for y = 0.1,0.2,0.3and 0.4 .

Also the stability regions for each case is shown by an indicator.

Before we finish this section we would like to find the explicit form of the energy

density o after the perturbation. In both examples we have worked out in this
chapter we assumed %’ = w; and %’ = w, inwhich w; and w, are two constants.

Integration with respect to R and o results in

Y = (.l)lR + w0 + CO ) (417)

in which C, is an integration constant. As p =y should give the equilibrium
pressure at R = R, we can find the value of C, as

Co =DPo — (,l)lRO — W30 (418)
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~@.9

Figure 4.2: A plot of w,versus w; for various values of y = 0.1,0.2,0.3 and 0.4.The
arrows show the region of stability while the opposite side is the unstable zone for
each case.

And therefore the dynamic pressure becomes

p = w1 (R — Ry) + wz(0 — ay) + po. (4.19)

This EoS together with Eg. (3.8) gives the differential equation

3_;+§(‘°1(R — Rg) + wy(0 — ) +pg +0) =0, (4.20)

which must be satisfied by o. The solution of this equation is given by

_ w200—Ppo+w1iRy 2w1R C1
a(R) = 14wy 342wy + R2(w2+1) (4.21)
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in which C1is an integration constant. Imposing a(R,) = g, Yields

C, = Rg(‘”zﬂ)("“m— @1Ro ) (4.22)

1+w;y 3+5m2+2u)%

Finally the closed form of the energy density is found to be

O'(R) — w200—po+w1iRp _ 2w1R + (&)2("‘)24-1) (0'0+p() _ w1Rp ) (4 23)
14w; 342w; R 1+w;  3+50w3+2w3/) '

We note that at R = R, , o(R) reduces to o, and it is a function of R as well as w;

and w,. The case w; = 0 admits

o(R) = 2z (Fay"Ot (muim ) (4.20)

1+woy R 1+wy

while when w, = 0 we find

201R Ro\? R
O'(R) = —Po + (1)1R0 - 0;1 + (EO) (O'O + Po — 0); O). (425)

In the case both w; and w, are set to zero the energy density becomes

o(B) = —ps + (%) (0 +p0) (4.26)

while

P =Do, (4.27)

even after the perturbation. According to Fig. 2, this is one of the cases which the

thin-shell is stable with

v, =2, (4.28)

which is clearly positive.
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Chapter 5

CONCLUSION

In electromagnetism it is well-known that when crossing from one region to another
the normal component of the electric field suffers a discontinuity if there is a source
of charge as surface layer in between. In contrast to the discontinuity of the electric
field vector the electric potential is a continuous function at the interface. In
Einstein’s general relativity we have similar situation: the metric tensor (the first
fundamental form) is continuous whereas the extrinsic tensor is discontinuous if the

two region are different . The discontinuity conditions were studied first by Israel.

We have studied the formalism known as the ”Israel junction formalism” to construct
timelike thin-shells in spherically symmetric spacetimes. Our 2+1-dimensional
dynamical thin-shell is supported by an energy-momentum tensor which is linked to
the discontinuity of the second fundamental form of the thin-shell hyperplane in 3+1-
dimensional bulk. We analyzed very deeply the stability of the thin-shell against a
radial perturbation and by a linearized approximation we found a general condition
to be satisfied in order for having a stable spherically symmetric thin-shell. We
applied our results to two explicit examples with certain EoS on the shell numerically

as well as analytically to provide the stability regions.

Finally, we would like to state that the problem of thin-shells is not restricted only by

spherical symmetry. Similar analysis can be carried out for cylindrical and planar
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symmetric geometries, for instance. These all are among our further projects to be

considered seriously.
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