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ABSTRACT

We study the possibility of constructing \ thin-shell wormhole (TSW) in a particular
f (R)-gravity model coupled minimally with nonlinear electromagnetic fields. In doing
so, first we give a new static spherically symmetric solution of the theory. Then we
apply the cut-and-paste method to construct the TSW. As (the third order derivative
with respect to R) "' (R) # 0 we use the specific junction conditions to match the two
spacetimes. We find the exact equilibrium radius of the shell from non-black hole

solution and show that a linear perturbation leaves the TSW stable.

Keywords: f(R) gravity, thin-shell wormhole, junction conditions, non-linear

electrodynamics, stability.



0z

Dogrusal olmayan elektromagnetik alanla minimal kuplajli 6zel bir f(R) yercekim
alan modelinde Ince Zar Solucen Delikler1 (IZSD) incelenmektedir. Once yeni bir
statik, Klresel simetrik ¢oziim buluyoruz. Bunu kullanarak kesip- yapistirma yontemi

nr

ile 1ZSD tanimlamyor. Uglincti derece tirev f'”’(R) # 0, durumunda baglanma
degerleri ile iki uzay-zaman birlestiriliyor. Kesin denge durumu yari¢ap: etrafinda

karadelik icermeyen ¢6zim kullanilarak dogrusal sarsima kararli bir 1ZSD elde

ediyoruz.

Anahtar Kelimeler: f(R) yercekimi, ince-zar solucan deligi, baglanti sartlari,

dogrusal olmayan elektrodinamik, kararlilik.
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Chapter 1

INTRODUCTION

In Einstein’s general theory of relativity described by the Einstein-Hilbert (EH) action
supplemented by an energy-momentum, in general exotic, construction of thin-shell
Iwormholes (TSWs) [1-3], has turned almost into a routine process. The original
idea by Visser [4] was to localize the non-physical source on a thin-layer, leaving the
rest of the bulk with a physical source. Similar constructions of TSWs in modified,
highly non-linear theories have also been attempted with considerable handicaps [5-
7]. Amongst those modified theories f(R) theory [8] has already been much popular
during recent decades. In this approach, the action of EH is modified into an arbitrary
junction of the Ricci scalar denoted by the f(R) [9-10] theory. In general, such a
theory may attain the EH limit or not. For physical requirements, however, the f(R)
theory must reproduce all the experimental tests that Einstein’s theory has successfully
passed. Besides, the stability criterion, as well as the absence of ghosts conditions,

must be satisfied before the f(R) theory is considered feasible [11].

In this thesis our aim is restricted by construction of TSWs in a particular f(R) theory
given by f(R) = R+2a+/R+ Ry + Ry [12]. in which &, Ry and R; are dimensionful
constant, parameters of the theory. For o = 0, the theory reduces to the EH form
in which R; acts as a cosmological constant. Our choice of f(R) relies on an exact
solution in the presence of non-linear electromagnetism. The extended source of our

f(R) is provided by a Lagrangian of non-linear electrodynamics (NED) of the form



L= —% (F +2Bv/—F), in which F = %FMVF Vv is the electromagnetic invariant
and f is a constant parameter. Let us add that the same model of f(R) was considered
previously within the context of linear Maxwell electrodynamics [13] and Yang-Mills
fields [14]. In this approach, our NED is powered by a pure electric field without
a magnetic component so that from the outset our problem is assumed static. Once
obtain an exact solution of the model our next step is to search for the proper junction
conditions required in the construction of TSWs. We reviewed the junction conditions
valid for general relativity proposed long ago by Israel [15-16] do not apply in the
present problem without modifications. We search for an extension of those conditions
and arrive at the conditions [17-18] applicable whenever we have f”" = 337]; + 0. To
construct TSWs we employ the exact solutions for black holes or non-black holes. Our
finding in the present problem is that although we obtain black hole solution it’s event
horizon lies outside the possible radius/ throat of the TSW. Since this is not admissible
for such passage through the throat from one universe to the other we had to abandon
the black hole solution and be satisfied only with the non-black hole solution with a
naked singularity. As a matter of fact, this is the case that we encountered first: usually,
in other models, it was possible to choose the radius of the shell arbitrary outside the
event horizon of the available black hole. Now we face a situation that the thin-shell
can not be located arbitrarily. The possible location of the shell which is determined
by the theory contains a naked singularity at the center instead of a black hole. Once
we fix our thin-shell appropriately to serve as a throat our next task is to perturb the
resulting TSW. We do and find out that for stability to be effective a non-barotropic
equation of state must be imposed at the throat after the perturbation. This implies

that the pressure (p) and energy density (o) on the shell are related by p = #(a, o)



where a stands for the time-dependent radius of the shell. Such a type of variable
equation of state [19] was proposed a priori but here it arises in a natural way which
can be considered an interesting result. Naturally, if our TSW was not stable it would
collapse at the slightest perturbation to the central naked singularity. Fortunately, this
does not happen, for tuned parameters we obtain a spherical harmonic oscillation about

the equilibrium throat of our TSW.

The thesis is organized as follows. In chapter 2 we introduce our moded and derive
exact solutions. TSW construction in the model and its stability is analyzed in chapter

3. We summarize our results in a conclusion which appears in chapter 4.



Chapter 2

JUNCTION CONDITIONS

In this Chapter we start with a brief calculation that leads us to the Israel conditions.
Then, we review Visser’s works to describe the stability of thin-shell wormholes(TSWs).
2.1 Israel Junction Conditions

Let’s define a general diagonal metric as
ds? = gudt® + grrdr’ + 860d6” +849d9”, (1)

or we can say that

ds* = guvdxtdx', 2)

in which g,y = diag {gn,g,,,ggg,gw}. We may represent the metric in Gaussian

normal coordinates such that
ds* = edw? + y;jdx'dx’, 3)

in which € = +1, —1 for spacelike and timelike respectivley. Furthermore assume a
hypersurface F (x*) := @ = 0 in which g—fv =1 and % = 0. The normal 4-vector to the

hyperplane F is defined by

1 JdF

ny = /A oxh “4)

in which A = %%g“v such that n,n* = €. Applying (4) one finds n; = \/LZ’ n, =0,



ng=ny=0,1¢"m?=1=A=g"=

1
v 8t

ny = —(1,0,0,0). (5)

The first fundamental form of the hyperplane is defined to be

oxt dxV

hij = guva—gi@,

(6)

in which &’ are the coordinates on the hyperplane. The second fundamental form is

also defined as

%P o dxH dx¥

in which Fﬁv are the Christofell’s symbols, defined by

1
Fﬁv = Egpl(g/lv.,u +gul,v_guv,)u)- ®)

Furthermore, the Guass-Codazzi [20] equations are given by

Ryviwj = Kijw+ K ;K" )
Ryijm =V jKim — ViKij, (10)

and
Rijjm ="Riijm+ € {Ki Ko — KinK ,} : (11)

Herein, R stands for the Riemann tensor of the original bulk spacetime while 3Ry jm

stands for the same tensor for three dimensional hypersurface.



On the other hand, Einstein’s field equations are given by
Guv — KT“\/, (12)

in which Gy = Ryy — % guvR is the Einstein tensor and R = 4R is the Ricci scalar of
the bulk spacetime. Herein k¥ = 87 G is the Einstein’s constant with G the Newton’s

gravitational constant.

Our aim is to apply the Einstein’s field equations and in the limit, find the junction
conditions. Hence, we start with calculating the Einstein’s tensor. To do so, first, we

need to know the Ricci tensor’s components; which may be found as follows.
The first component is R, to be found as
Ry = Ri = ginjwiw = giniji- (13)

wiw

We note that the Riemann tensor is skew symmetry which means that R,y o5 = —Rypap =

—R,;vpo- This property was used in the last step Eq.(13). Applying (9) in (13) one finds
Ry =g [K,- o Km,-K;?’] =K/, +KniK™ = K, +1r(K?), (14)

where K = K! is the trace of K/ and 1r(K?) = K,,;K™. Please note the tr(K?) #

tr (Kl] ) . Similarly, we obtain

Ryi = R}, j; = 8" Rywji = —8" Ry (15)

wji



Again, applying (10) in (15) we find

(16)

Ryi=—g" (Kli;j - Klj;i) = —K; + Kj; = Ki— K},

Rui=—V,K/ + VK. (17)

Let’s add that K is a scalar and K;;, = K ;. Also for the second step we used the

property of metric tensor g.ﬁv = 0. Finally, we write

Rij =R}, =Ri, + Ry, = 8" Riimj+ 8" Riwj = —&" Riijm~+ €Ruinj.  (18)

Applying (9) and (11) in (17) one obtains

Rij=—¢" (3R1ijm + &[KijKim — KinKij] )

(19)
& (Kijoo + KnjK[") = +°Rij+ € [ — KijKy + K] sz} +€(Kijpw + KnjK(").-
After some manipulation we find
Rij="Rij+¢ {— KijK + K Kji + Kij —|—K{"ij} =
(20)

=3R;j+¢ {21{,-,1{} +Kijw—KK; j] :

Please note that due to the symmetry property of the second fundamental form K;;; i.e.,

K;j = Kjj;; the two terms K!K;; and K"K, are identical.



In the Einstein’s tensor, in addition to R,y we need also R = Rﬁ. Hence we write,

R=R,=R)+R. =
= gWWwa +guiRui = gWWwa = gjiRji+ 2D

Ry + 8" (3R,- j+€[2KyK + Kij o — KKij] > :
Considering the terms, one finds

R=¢(K, +tr(K?))+ R+€[2K;K" + K}, — KK!]
(22)

= R+e[3tr(K*) +2K,, — K?].

Finally,

R=>R+e[3tr(K*)+2K,, — K*]. (23)

Having all components of the Ricci tensor and the Ricci scalar found, we write the

components of the Einsteins’s field equations as follows

Gyw = KTy
1

1
K, +tr(K*) — 3 SR+e(3tr(K?) + 2K, — K?) | = KTy

This can be simplified as

1 1
—Etr(Kz) -3 SR+ 51(2 = KTy (25)
Next, we write,
GW,U. == KTW,J, (26)



or equivalently

1
Ry — zgqu = KTy, (27)

which knowing that g,,; = 0, implies
Ryi = KTy, (28)

and consequently

VK — VK = xT;;. (29)
Finally, the last component of the Einstein’s equations gives ;
G;j = xT}j, (30)
or equivalently
Rij — SRgij = «Tjj. (€29)

From (19) and (22) we find

SRij+ €[2KyK' + Kij,w — KKij] —
(32)

1
5 8ij [3R +& (3tr(K2) +2K,, — KZ)] = KT};.

With simplification , we get

1 3 1
<3Rij - §3Rgij) +€ [ZKizKll + Kijw — KKij — Egij”’(Kz) —8ijKw+ Eginz . (33)

Next, we integrate all components of the Einstein’s equation and find the limit w — 0



as follows :
w w

lim dwGy,,, = lim dwT,y, (34)

and so on . Knowing the second fundamental form, Ricci tensors and Ricci scalars are

regular functions implies

w w
lim Gywdw =0, lim Gyidw =0, (35)
w—

w—0 —w 0 —w

but
0+

£0. (36)

0-

w
lim G,’de:8|:—gin—|—Kij:|

w—0J —w

On the other hand, if we assume T,y = T, ®(—w) + T.50(+w) 4+ Suy8(w) we find

w
lim Tywdw = Sy =0, (37)
w—0 —w
w
lim [ Tdw=S,; =O0. (38)
W—>0 —w

In summary, the junction conditions reduce to

+
= K'S,'j, (39)

€ |Kij —Kgij

in which [X ]J_r implies [XTF— [X}
2.2 Junction Conditions For f(R) Gravity
For a general spherically symmetric spacetime in f(R) modified theory of gravity, let’s

assume X to be a timelike hyperplane. As of the first chapter, we consider the line

10



element of the spacetime to be as
dsy = —gudt® + grdr* +r*(d6* +sin? 0d§?). (40)
with the induced metric on the timelike hyperplane ¥ given by (See Fig.1)

ds = hi;dE'dE/ (41)

in which h;; = gy % %. Furthermore, we assume that n;, = \/LZ jTIZ to be the spacelike

4-normal to the hyperplane X. In [11], it was proved that in any general nonlinear f(R)

gravity such that f(R) # R, K! and R must be continuous i.e.
K] =Kt -K =0, (42)

and

[R]=R"—R™ =0. (43)

Note that Kl’ is the trace of Kl] , the second fundamental form of the hyperplane , while
R is the Ricci scalar of the bulk spacetime.

Let’s also note that while condition (42) is required for all nonlinear f(R) gravity, the
condition (43) is avoidable if f(R) = 0. For instance R? gravity satisfies "/ (R) = 0.
Following [11], we also divide the junction conditions in f(R) # R gravity into two
sections

Df"(R) #0

For this wide class of f(R) gravity the generalized junction conditions are given by the

11



Figure 1: A plot of the timelike hyperplanes ©* within the bulk .# = .#Z* U.#~

conditions (42) and (43) together with the following ;

ks! = (—f’(R)[K,f] SRV 4] 5,/')2, (44)

in which all functions must be evaluated at ¥ . Furthermore one can show that (44)
implies

n'S;;j = 0. (45)

ii) f(R) =0
In this rather special case, in addition to the condition (42) the following condition
must be satisfied

kS! = —{1+ a(R" + R }[K/]+ a{2a8/ — [RI(K/" + K/ ")}, (46)

in which & = § f”(R), is a constant and a = n'[n;R] defined on .

12



Chapter 3

THIN-SHELL WORMHOLES IN f(R)-GRAVITY

3.1 The bulk solution in f(R) theory of gravity
The action of the f(R) modified theory of gravity coupled with a nonlinear Maxwell

Lagrangian is given by
R
1= /M—gd“x(% +$(9)), (47)
in which .Z(.%) is the nonlinear Maxwell Lagrangian given by

L(F) = —%(3&*%[}\/—9), (48)

where . = lFqu KV is the Maxwell invariant and

f(R)=R+20\/R+Ry+R). (49)

Herein, Ry, @ and R are theory constants and F,y is the electromagnetic tensor defined
through

1
F — EFuvdxu /\dxv. (50)

Variation of the action (47) with respect to the metric tensor g,y yields the Einstein’s

13



field equations given by
PR+ (0 ® - 30®)8 -V ® =K1Y 6D

. . d 1
in which f/(R) = d—{;, and Oy = \/—_—g%(\/—g8“)l]/.
Furthermore, the energy momentum tensor Tﬁ’ is given by

T = ()8 —F

M (52)

In this study we choose the spacetime to be spherically symmetric and static whose

line element is given by

2
ds? = —y(r)dt®> + A

o0 +r*(d6* +sin” 8d¢?). (53)

The nonlinear Maxwell’s field equations are also found by the variation of the action

with respect to the vector potential A, and is given by

0L (F
o( P50 ) o oY
in which the dual field *F is defined by
* 1, u v

where *F,y = %eaﬁquaﬁ, in which sﬁg = g"o‘g’w&‘cwv such that €5, is the Levi-

Civita tensor.

14



The Maxwell field used in this study is a pure electric field given by

F = E(r)dt Ndr, (56)

with its dual field

*F =*(E(r)dt Ndr) = E*(dt \dr). (57)

To find the dual of dt A dr we use the line element (53) which gives

* dr
l//dt/\—) =rdO Arsin0d¢, (58)
(vFan 75
after simplification we obtain
*(dt Ndr) = r*sin0dO Adg. (59)

The nonlinear Maxwell’s equation, then becomes
d (Egg,-rz sin 0d6 A d¢) =0, (60)
which upon the fact that E = E(r) it yields
E(r)Z#r* = constant = C. (61)

Here, C is an integration constant. On the other hand , . = %Fqu Ky — %FtrF .
Explicitly one gets

ar 1 tt _rrp2 1 2

F =58"g"Fy = —5E (62)

15



Combining (62), (61) and (48) one finds

_ ] p
,Zg;_—ﬁ(l—ﬁ), (63)
and
1 B\ >
E—(1——P_ (64)
an' %|E|)”

C
E—\2B=—-4n— E >0, (65)
or after redifining the constant C = —47C it gives .
C
E=V2p+ 5. (66)

Let’s note that the nonlinear Maxwell’s Lagrangian (48), in the limit f — 0, reduces

to the linear Maxwell Lagrangian i.e,

1
li =——9.
ﬁlg}).i”(a@) 47rJO (67)

Hence, we expect the electeric field found in (66) to reduce to the classical electric
field % in the limit B — 0. This, however, reveals the nature of C to be the electric

chargei .e, C= Q. As aresult the electric field of the nonlinear Maxwell theory is
_ g4+ 2
E=V2B+ E (68)

Having the closed form of the electric field and consequently the Maxwell’s invariant

16



F = —%Ez one finds from (52)

T[:]f:g_ﬁrF"gﬂ:j_zﬁg% (69)
and
T =T) = 2. (70)

Explicitly, one finds

t r _ig\ _ o 6‘_1 _L _ia_
T =T, 4ﬂ@%+2ﬁ F) =27 ) (1 ‘erg} i o
—3E? L a2y
= eV
and
o _qo__ 1 Vo) =g o By E pp 2y
To =Ty = 3z F T2V=F) = 7 (=3E +2\/§E)_87r(\/§ﬁ 2
(72)

3.1.2 Solution of the Einstein’s field equations
In this section we use the energy momentum tensor’s components found in the previous

section to solve the Einstein’s field equaitions (51).

We start with the 7¢, and rr component of the Einstein’s field equations, which read

FRIR -+ (OF (R)~ 3/) ~V'Vif (R) = KT,

(73)
/ r / 1 r / r
FRRC+ (OF(R) = 5.f) = V'V (R) = KT
where
t __ pr __ _rl,j”+2l///
R =R =——— . (74)

17



Subtracting components of (73) one gets

V'V,.f'(R) = V'V,.f'(R).

(75)

This is because , R! = R and T} = T. Next, we find V'V, " and V'V,.f’ bu applying

the definition of the covariant derivative; i.e. ,

V#Fv = guaVaFv = g#a(Fv;a) = gua(Fv.,a - FﬁvF/l)-

Here F, = V, f’ and Fﬁv is the Christoffel symbols .Explicitly

VIV, f = ¢'® ((9zf’),a - Fﬁbc%f’) =g [f,;,, - Ffiaxf'} =—g"Thfh.

As, f’is a function of R only, with R given by

Py 5y +2(y - 1)
2 )

R=Ry =2R +2R} = — ;
then,f} , = f7 = 0 and only f’, # 0. Hence,
VIV f = —=¢"T}, [
Here, I'}, = %l//l//’ and consequently
VS =WV = S

W2

18
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A similiar calculation leads to

VIV, f = g {ﬂm _Férf,llj| g (Ji’r,r—rfrﬁ%) =/, —yIhfh. 8

"

One finds, F%r = —%% only nonzero component of F%r which implies ;
r / / 1 W/ / / 1 /
\ Vrf = ‘l/f,nr - W(_EV)][J = lIlf,r,r + ijfr (82)
Finally (75) becomess :
1 1
5 V/f,lr = lI/f,/r,r + Ell//f,,r’ (83)

which implies

v, =0, (84)

or f7’nr = 0 . This means that the second derivative of f/(R) with respect to r must be
zero. Integration gives

' (R)=co+cir, (85)

in which ¢g and ¢ are two integration constants. On the other hand , f(R) is given by

(49) , therefore

d
E(R—I—ZOC\/R—FR()—FR]):C()—FC]K (86)

Once we can solve this equation to find R , i.e.

062

R=—-Ry4—
0+ (c1r+co—1)2

(87)

19



By setting cg = 1, the solution for R becomes
R=—-Ry+ —. (88)
In terms of the metric function ¥ we have R to be given in (78) and (88) one finds

2y +5ry +2(y — 1 o
r cir?

which can be solved for y , the solution is given by

6062 Ro » €2 (3
=1—-—4+ = -4+ —= 90
v c% * 12" + r +r2’ ©0)

in which ¢; and c3 are the integration constants. Let’s add that the metric function
found in (90) has to satisfy all field equations and through that we find the nature of

the parameters in this solution.

Once more we look at the 7 and rr components of the Einstein’s field equations.

Knowing f'(R) = 14 ¢;r one finds

C1

1 1
VIV = SV =y e) = v 1)

and

1

=T

1 1
Ou(V=gd" f'=—50:[g" 0| (1+c1r) =50, [Pyer] = %(2rw+r2w’>-

92)

20



Finally the t¢ or rr components of the field equations implies

C1

(1+C17’)R§+ (%(27‘1//—}—r2w/> — %f) _ _w/ _ K(_é)(\/iﬁ +r%)2‘

2

Here, f is found to be ;

d
f'(R)—%zl—qu
df dR
N =
:>dr (+c1r>dr
dR
= f= (1—}—clr)Zdr—{—C4
2

In short

Ry c¢4
252_7_3 0,
Cl—(XZ:O,

4\/§QBC% + 3C2C% —o?=0,

and

0> —c3=0.

21

(93)

(94)

(95)

(96)

O7)

(98)

99)



Imposing ,ci = a , c; = %, c3=Qand ¢y = 4B2 — % yields

! @r2_4\/§l3Q—1 JrQ2

=_ = 1

Vi =5+1 3ar 2 (100)

and
R)=—S+—+4B8"——. 101
Rewriting f(R) in terms of R , one finds
R

f(R)=R+20m/R+R0+4ﬁ2+70. (102)

Comparig this with the original form given in (49) we find
R
R :4ﬁ2+70. (103)

The last two equations to be checked are the 660 and ¢ ¢ components of the Einstein’s

field equation.

Due to the symmetry 66 and ¢ ¢ components of the Einstein’s equation are identical .

Let’s concentrate on 660 component only .

From (51) we find

f’R8+(Df’—%f)—V9V9f’: KTY. (104)

To continue we need to find

VOV f' = g% Fog —ThyFyl, (105)
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in which Fy = dg f’ = 0 and F), = d; f’ is nonzero only for A = r. Hence,

1
VOVof = g% (~Thoft) = — 5 (~yr)f, = L.
Finally we find (ci =,k =1,G=1)
0, [« N L] Y e L E
(I+an)RG+ | — @y +ry) =S f | = (1) = k() (= + V2BE),

in which E = V2B + r% Putting v and Rg gives

ry' —1+y

0
R =—
0 2

Together with f and E, one finds this equation satisfied.

(106)

(107)

(108)

In summary, we have found a solution for f(R) modified theory of gravity given by

(102) coupled with a nonlinear Maxwell electric field given by (47) in the form of line

element (52) with the metric function (99).

This solution is a singular solution whose Ricci invariant is given by

R=— —Ry.
}"2 0

By setting Ry = 0 the solution becomes

R %
2 3ar 12’
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(110)



in which u = 40v2 — 1 and
f(R)=R+2aVR+4pB2, (111)
with the nonlinear Maxwell Lagrangian

3:—%(9”[3\/—%. (112)

Please note that ¢t in (110) plays the role of the mass of the solution which is clearly

from nonlinear gravity f(R) and Maxwell Lagrangian .Z(.%). This solution admits,

black hole with two horizons or a single double horizon , and naked singularity ,
Q

depending on e less than , equal or greater than one, respectively. The two horizons

are given by

180202
ri:%(l:l: 1- NZQ ) (113)
while the double horizon is found to be
1
ngg- (114)

Please note also that if u < V18 aQ there is no horizon at all. and the solution is naked
singular.

3.2 Thin-Shell Wormbholes in f(R)-Gravity coupled with Nonlinear
Electromagnetism

Let’s start with the line element (53) with y(r) given by (100) the solution of the f(R)-

gravity (102) coupled with the nonlinear electrodynamics (48).
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Using the standart method of cut and paste introduced by Matt Visser in [4] and
applying the generalized Israel junction conditions [16] which we reviwed in chapter

(2), in this chapter we construct a thin-shell in the f(R)- gravity (102).

First we cut-out the region r < a(t) from the bulk spacetime (53) and make two
identical copies of the rest of the manifold and call them .# ™" and .#~. .#" and
# ~ are incomplete individually but if we paste them at their boundaries r = a(7) then

the resultant Manifold i.e. , .# = .# " U.#~ is a complete manifold, ( See Fig.2).

An embedded diagram of the resultant manifold is plotted in Fig.1b . As it is seen,
the two submanifolds .# ™ and .# ~ are connected with a thin-shell (time-like ) r =
a(t) . This spherical timelike thin-shell will be called the throat between the two
submanifolds, In other words, the traveler going toward the center (let’s say) of the
space time .# ", when she reaches the surface r = a without realizing, enters the
second spacetime .#~. Hence r = a(t) which is a timelike hypersurface plays the
role of a gate or throat. In principle a(t) > ry in which ry, is the event horizon of the
bulk spacetime. Therefore, the traveler never encounters a horizon in her journey from
MT and A~ or M~ to .M. The hypersurface L+ := r* —a(1) = 0, is one of the
boundary of each submanifold and we glue them at £ = r — a(7) = 0 . In other words,
in each submanifold i.e. , .# " , one may write

2
drj:

v(re)

ds? = —y(ry)d® + +7r3(d63 +sin® 0.d¢7) (115)

(See Fig.3).
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a> a(t)

Figure 2: a) Two geometry of the throat, b) An embeded plot of the thin-shell
wormbhole.
The first boundary condition is to have the induced metric continuous across the
throat. Using the definition of the induced metric for .# " and .# ~ one finds
A 8in

== - —— 11
M= 8ap g pel (116)
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Figure 3: A plot of the geometry of the throat in the thin-shell wormhole

in which «, 8 = {t,,0,¢}* while i, j = {t,0,¢} . Explicitly

pE gt dx$ dx+P
1t

gaﬁ dty dt+
dr dr da(7) 2
+_ 0 (Y 117
It g}"rdti dti grr( dti > ( )
1 <da(r)/dr>2_ 1 (i)z
y(a)\ dir/dt y(a)\ix)

Herein , a = % and /4 = ﬁ' Having h;; continuous across the thin-shell implies

iy =1i_ . Eq (117) shows that i, = h, . Next, we find hgte as follows

de
(giﬁ(i)z)zi = (gge)):i (118)

Again we see that hy = hg, . Finally

hyy = 85y = @ sin*(6s). (119)
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Eq (119) implies that , in order to have Ay continuous , i.e, h% = hqj(p , one should

assume 0, = 0_. Next, we write the induced metric for each submanifold, given by

dsi = —y/(a)dti—km—i—a (dO~ +sin” 0d 7). (120)
a

or after considering /. = f_ one may write it as

d2

dst = (—y(a)i® + @) )dt* +a*(d6? +sin®d¢?). (121)
There are two points which should be clarified ; 1) ¢ may not be equal to ¢_.

2) —y(a)i*+ #ﬁ;) may be set to -1 .

Actually, physically ¢, € [0,27] and ¢_ € [0,27]. Any translation does not change

d¢; and d¢_ which implies that one can set them identical. The second point yields

ds? = —dt* +d*(d6? +sin®d¢?), (122)
in which
1 a?
2 2
i =i = 1+ ). (123)
==y @

From now on we refer to (122) , as the induced metric of the throat in which 7 stands for
the proper time on the throat . To apply the other boundary condition including (38)
and (39) we must introduce the normal 4- vectors on the throat from both manifold

perspective ; i.e, (See Fig. 4 and 5.) The standard definition of 11;7L are given by

28



Figure 4: A plot of the Normal 4-vectors to the either side of the throat

+1 9xX*
+
ny = =T (124)

in which £* := r* —a(7) = 0 and A¥is the coefficient makes n%niy = 1. The positive
direction is chosen to be from the throat toward .# " which makes the negative direction

from the throat toward .#Z .

'\/

+

Figure 5: A plot of the direction of the normal 4-vectors 7,
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Therefore , One finds

TUAE\ df ) T AT i
+1 1
+
nt = T (1) = (125)
F= VT A
n?;:nj:O

Imposing n?niy = 1 yields

e a? rrt

giimyng =1=g¢" s+ =1 (126)
One finds
Ai_ lld_z rr 127
=& 718 (127)
or explicitly
2 2 2
ay |4
AT — Ly =y— = ) 128
vi(+4) VEVTYTa T yra (29
Finally ,
.2 o
n?zi—“"f’(—%l,o,O), (129)
or using f = l’:;_dz one may write

ny =+(-a,i,0,0). (130)

The next quantity to be calculated is the second fundamental form Klj]E Accroding to

the definition one writes

02xY ox* oxP
KE— 2t Y
ij "y (8§i8§j+ral3 &1 8§i>|i’ (131)
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Without loss of generality , we drop the sub/super index + and write

9%xY ox% 9xP
Kop = —ny [ 22 47 2 00
o ”Y(araﬁ B 9t 81:)
(132)
Pl o i+ T a _
= —l’l
gz Tt AT=ES v
which after knowing I, = ZW,F’ = and I, = 0 it becomes :
/
Ker = —(—a) (i + Lid) —i(i— 2la2)
v o (133)
o Kee=ait Lia—ia— Y92
2y
Furthermore,

and

Ky = tay(a)sin’ 6. (135)

Explicitly we obtained

/ /
Ki +diag {at + %ta —1(d— %/a ), iay/(a), fay(a) sin’ 9} , (136)

or in a more convenient form

/¢ -

v'ia

K/* = +diag { —df — (137)
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To simplify more we remember

.2 .2
) V+a 1 a
i“= =—+ —, (138)
vy oy
which yields,
26 = —W;l l;lf - Wwi a, (139)
and consequently
. oa(2a vy 2yd

Note that the chain-rule has been used to write %l]/ = d—lgd—‘; = y/a. Finally after the

simplification one finds

v +2i  Jy+ar \Jy+d? |

20/ y+al  a a

Kiji = *diag| +

(141)
In f(R) -gravity when f"" # 0, the following two condiditions should be satisfied;
(K] = [K] =0, (142)

and

[R] =0. (143)

The second one is trivially satisfied because the two submanifolds M and M~ are

identical and therefore R™ = R~. The first condition however, implies

y'+2i 2 "
+ — +a :O. 144
N VY (144)
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This condition effectively gives a dynamic equation for the throat’s radius. If we

assume an equilibrium radius for the throat such that ¢ = d = 0 and a = qg the (144)

leads to
v(ap) | 2
_— + — =0, 145
N V(ao) (145)
or
Clol[//(ao) +4l//(a0) =0. (146)

The last junction condition to be satisfied is
kS! = —f/(R)[K/] + f"(R) [n"V,R] &/, (147)

in which S{ = (—0,p, p) is the matter energy-momentum tensor on the throat. Practically

, [n"YVyR] reduces to

n'VyR = (n""VyR)s+ — (n"VyR)g- = (n"R)g+ — (n"R)y- = (2n"R') 5+
= (2¢""n,R s+ — 2w (a)tR)g+ =24/ w+d2R.

Upon (148) , one finds from (147)

(148)

W +2d " /
K(— —F—t _—_— 4+ F" +a?R, 149
(-0)= Ny VY (149)

and

22
— o YYEE L Jy R (150)
a

33



For the specific f(R)-gravity we study here (102) one finds

o -
fl=1+—e and f'=—"-.
VR +Ro 2(R+Ry)?
with R = —Ro%—ai2 one finds
-2 a
/_ / /" 3
R—F, f—1~|—O£a, ——Ea,

and consequently

B v +2d a s =2
—KG——(1+O£a)—+2(—Ea W Y+a (a

and

Finally,

o= LUToay +20) 2a [ "o

K 1/1[/+d2 K

and
—2(14+aa 20
p= g\/ll/-l-dz-i-—\/llf-i-dz.
Ka K

Furthermore (144) implies

_1+aa 4 .9 20 %)
O = ” <—;\/l//—|—a)—?\/w+a

and

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)



Therefore the equation of state of the matter on the shell is found to be

1

)4
£ _ — 1
o 2+4+30a @; (159)
or
S o =y(a,0) (160)
P =3 30a’ ~ V49

This is quite interesting that naturally the equation of state has formed to be of non-

barotropic [19] . At the equilibrium state where a = ag and @ = d = 0 one finds

Op = —L(Z—l—?)(xao)\/l//o, (161)
Kag
and
2
Po=———+/Vo- (162)
Ka
Results :

As we have found, the metric function is given by

2 o 2
1+Roa _4V2BQ 1+Q

= = 163
vla) =5+ 304 a2 (163)

and it’s first dervative is obtained

4201 20 Ry
"(a) = — —a. 164
Yia) =+ 3oa? a3+6a (164
The condition (146) yields

Roou(ag)* +4a(ag)* + (2 — 80BV2)ap +40%a = 0. (165)
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This is a fourth order equation which can not be resolved analytically. However, for

our interest, we set Rp = 0 which simpifies significantly. Upon this, (165) becomes

a<2)+£(2—4Q[3\/§>a0+Q2=0,

with roots at
4(XQ ) 2:|

u
a§zﬁ{li 1—( I

in which u = 1 —4QBv/2.

On the other hand, the horizon of the solution (163) is given by

y(r)=0.

The corresponding horizons are obtained to be

r,f:3ia<1i\/1—(\/§aQ)2).

(166)

(167)

(168)

(169)

It is not difficult to see that both a(j)E are smaller than r}jf which is the event horizon.

The only alternative left for this solution is the non-black hole case i.e. y(a) # 0.

The latter implies

V18aQ

2
<0,
)

1= (

but at the same time it must give a real solution for (166) . Hence,

0< 1-(2%9

36

(170)

(171)



Combining (71) and (169) leads to

aQ.2 oQ\2
16(— <1< 18(—)7, 172
) ) a72)
or more conveniently
Ho\2
16 < (a—Q) < 18. (173)

Inserting ¢t one finally finds

1-40v2B\°

There are two distinct cases;
1) —14+40vV2B > 0,00 > 0,8 >0,

which implies

i AEL NI

4 < 0 (175)
2) —14+40V2B < 0,00 > 0,8 >0
4 < % < /18. (176)

The First case i.e, —1+ 4Q\/§B < 0, means u < 0 and therefore ay becomes negative
which is not desired.

Hence, the only case left is —1 +4Q+/2 > 0 which implies

a=- (1 + 1 (4QTOC)2)7 (177)

both are acceptable. In Fig.6 we plot the metric function y/(r) in terms of r for Q = 1,
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Q=1,a=1,p=9

0.8

0.6

04

02

Figure 6: A plot of the Metric Function y/(r) in terms of radius r for Q = 1, o = 1 and
B=0.9.

o =1 and B = 0.9 such that —1 +4Q+/2f > 0 is satisfied.

3.3 Stability Analysis

In this section we study the dynamic stability of the thin-shell wormhole solution,
constructed in the previous section. In doing so, we apply a linear-radial perturbation

to the TSW and upon that ¢ and d are not zero.

The radius of the throat a(t) after the perturbation should satisfy (144). One may

rewrite (166) as

v 42 = 7(w+az), (178)

which after applying the chain-rule, i.e, d = %d one simply finds

di  —4
1//+2ad—“ = —(y+d). (179)
a a

This equation, after multiplying by a* and simplifying 261% = % (4?) implies

aty' +4ady = a4di(a2) + 44> (a?). (180)
a
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Both sides are total derivatives, i.e,

d
da

d

= (@), (181)

(a*w)
which after an integration yields
aty =a*(d®) +c, (182)

in which c in the integration constant. To find ¢, we recall that at a = ag, @ = 0. Hence,

we obtain

¢ = ayw(ao) = dgyo. (183)
Taking back c into (182) we get finally

614
@+ Sy —y=0. (184)
a

This is the equation of motion of the throat after the perturbation . Writing this equation

as
a>+V(a) =0, (185)
in which
ag
W@=g%—% (186)

one can study the stability status of the TSW as follows. As we already assumed, let’s

keep the equilibrium point to be at a = ag where dy = dp = 0.
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The Taylor expansition of the potential V(@) about a = ay is obtained to be

1
vm):v@my+vmmxa—mo+Ev%mgm—a@?+ﬁ«a—a@%. (187)
Herein
a4
V(ag) = 20—y =0, (188)
a

and

) = L (B L T R )
V(ao)—da a4ll/0 y a:aO— P Vo—Vy =—( 4yp+aoy p (189)

a=a

V/(ap) also vanishes due to the condition (149). Finally one obtains

2043 20
V" (ag) = {+ 5 Vo 1//”] = V- (190)
a=ay 0

Nevertheless, the linear equation of motion of the TSW after the perturbation becomes

1/2
a4+ = —(2)1,/0—1,/5’ (a—ap)* ~0. (191)
2 ag

Therefore, the nature of the solution of (191) depends on the sign of ®? = %(%yfo —
0

vy). If @* > 0 the solution after the perturbation is oscillatory which is an indication

for the stability. On the other hand, if ®* < 0 the motion becomes of exponential type

which implies the TSW is unstable.

In summary, we shall look for the possible values for the parameters such that the
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expression for V”(ag), i.e,

20
V”(a()) = ?l//() — l//(l)/, (192)
0

becomes positive. Considering y given in (169) with Ry = 0 and —1 +4+/2B0 = pu

one finds
_ 6uag— 14Q%0 — 10aa}
N oag '

V" (ag) (193)

We recall that, ag is given by Eq. (177) which upon a substitution in (193) we find

" . 256a° 7142 ,LL\/E 2 56
Vo (a0) = (u+\/g)4 ( a + 10 140 a—@), (194)

in which & = u? —16Q%a> > 0.

We recall that 1 has been bounded due to other conditions such that
v1eoQ < u < VvV18aQ. (195)

In Figure 7 we plot V|’ (ap) in terms of u for ¢ = 1 and Q = 1. Figure 6 shows clearly

that in the domain of p, Vy’ > 0. Finally, we conclude that our TSW in f(R)-gravity

a=1,Q=1
0.5

04

03

0.1

4 4.05 4.10 4.15 420
u

Figure 7: A plot of V; in terms of u for oo = 1 and Q = 1.

is stable against a linear perturbation.
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Chapter 4

CONCLUSION

Due to the junction conditions construction of TSWs in f(R)-gravity in contrast to
Einstein’s general relativity, is a rather difficult operation. This originates from the
tough conditions imposed on the first and second fundamental forms. We overcome
the difficulty by considering a class of f(R) model coupled with NED whose third
derivative i.e. f”(R) # 0 so that it satisfies the generalized junction conditions. An
exact solution is obtained which is supported by an external static field within the
context of NED. It admits electric black holes which, however, does not serve our
purpose of TSWs. The reason is simple: the existence of the event horizon is not
compatible with the radius of the thin-shell. We follow therefore a different route. We
choose the non-black hole branch of the solution which allows us to locate the shell.
The shell’s radius becomes founded from above which is stable against linear radial
perturbations. The fluid energy-momentum emerging of the throat upon perturbation
satisfies naturally a non-barotropic equation of state. If the shell was not stable then it

would collapse at the slightest perturbation to the naked singularity at the center.
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