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ABSTRACT

In this work, we have used the Friedmann equation of general relativity with
quantum correction terms to the Newtonian potential to obtain the modified
Friedmann equation with quantum correction. The behavior of the solution is
examined with a sign of the correction being put into consideration. With the
correction, the singular and non-singular universe is clearly spelled out. The results
reveal that the quantum correction effect depends on the sign in the correction.
Applying cosmological constant to the modified Friedmann Equation, we found out
that the scale factor of the universe is given by the first order € in the expression of z.
We also compare the Friedmann Equations with Loop Quantum Gravity (LQG) to

the Friedmann Equation with quantum correction and found out that, for negative v,

the critical density is not feasible but it is feasible for positive values y,.

Keywords: Cosmology, quantum cosmology, Cosmological constant, Quantum

bounce, Radiation universe, Dust universe.
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Bu ¢alismada, modifiye Friedmann denklemini kuantum dizeltmesi ile elde etmek
icin genel goreliligin Friedmann denklemini kuantum diizeltme terimi ile Newton
potansiyeline kullandik. C6ziimiin davranisi, dikkate alinan diizeltmenin isareti ile
incelenir. Diizeltme ile, tekil ve tekil olmayan evren agikga dile getirilir. Sonuclar,
kuantum diizeltme etkisinin diizeltme isaretine bagli oldugunu gostermektedir.
Modifiye edilmis Friedmann Denklemine kozmolojik sabit uygulayarak, evrenin
Olcek faktoriiniin t ifadesinde ilk derece € tarafindan verildigini 6grendik. Ayrica,
Dongli  Kuantum Yercekimi (LQG) ile Friedmann Denklemlerini kuantum
diizeltmesi ile Friedmann Denklemi ile karsilastirdik ve negatif 1y, icin Kritik
yogunlugun miimkiin olmadigini, ancak pozitif degerler i¢cin miimkiin oldugunu

ogrendik y,.

Anahtar Kelimeler: Kozmoloji, kuantum kozmolojisi, Kozmolojik sabit, Kuantum

sigramasi, Radyasyon evreni, Toz evren.
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Chapter 1

INTRODUCTION

Our Universe is highly composed, consisting of components on larger scales which
include; planets in an elliptic orbit, collection of stars into galaxies, planets orbit
stars, stars collected into galaxies, galaxies are bounded together by gravitational
force to form clusters and clusters are collectively held to form superclusters. An
attempt to studying the whole universe as a single entity can be likened to
megalomaniacs fairytale. Amazingly, with cosmology, our universe can be studied
as a single entity. Cosmology is the study of the cosmos or more generally, the
universe as a whole. The word Cosmology derived its origin from the Greek word
“Kosmos”, meaning harmony or order. That is why cosmologist tries to harmonize
large and completed universe structures into a form that than be easily studied. On
very small scales, there is a fluctuation in the density of the universe that ranges from
subatomic quantum fluctuations to large superclusters and voids, approximately

50Mpc across characterizing the distribution of galaxies in space [1].

Even though the universe is clearly inhomogeneous and anisotropic at local scales of
stars and clusters of stars, it is argued that homogeneity and isotropic only at large
enough scales. However, the Friedmann-Robertson-Walker (FRW) model asserts
that our Universe is exactly homogeneous and isotropic around us. By homogeneity,
we mean the universe is roughly the same at all points in space and matter is evenly

distributed all the space. That is to say, no part of the universe can be distinguished



from the other. On the other hand, by isotropy, all directions are equal in the
universe. However, there is no fundamental physical justification of homogeneity

and isotropy at any epoch of time and region in space [2].

The evolution of the universe is described by the Friedmann equation given below

12+Kc?
3(%5=) = 8nGp (1.1)
Where K is the curvature of the universe which is flat when k=0. In a compact form,

equation (1.1) can be rewritten as

w0 = () =Zp.0) (12
Where H(t) =% is the Hubble parameter and p.(t) denotes the universe’s critical
density at any given cosmic time. For a curve universe, its entire density is greater or
less than its critical value. For larger total density than the critical density, the
universe is said to be closed and for that smaller than the critical density, the universe

is opened and infinite hyperbolic space. At the present time, the critical density is

Pco= Pc(to). Another parameter of interest is the density parameter which is given as

_ 0
Q(t) - pc(t) (13)

and Qg () = p;"—zg) =1 denotes a flat universe, if Q;,:(t) <1 the universe is
Cc

opened and for Q.,.(t) > 1, itis a closed universe.

Observations today reveal that the density of the universe is closer to the critical

density at the recent time

Prot,0=Ptot (to) = Pco OF Qeoro = Qpoe(ty) = 1 (1.4)



Measurements indicate that the present value of the universe’s critical density
iS peo =~ 1.879 x 107%° gem™3. The curvature of the universe is given in the

diagram below

Positive Curvature ~ Negative Curvature ~ Flat Curvature

Figure 1.1: various potential outcomes of the curvature of a homogeneous and
isotropic universe. [www.images.app.goo.gl/HUpB3MaEjFriMKSDS8].

Cosmic theory of inflation asserts that the universe experienced an accelerated
exponential expansion in its early stage just after the big bang at time t ~ 10%s. The
cosmic inflationary theory was introduced to solve key problems associated with the
ordinary big bang theory. According to [3], basic important problems with the big

bang theory without inflation are:

2
Flatness Problem, From the Friedmann equation, the critical density is p, = %

shows that the universe is flat. A deviation of the density from its critical value also
cause changes in the curvature of the universe as

Kc?
a2H?

Q) —1= (1.5)

The deviation increases with the time the universe began and filled it with matter or
radiation. Hence, the energy density of the early universe is closer to the critical

density than its present value. The theory of inflation resolves this issue by driving



energy density to be closer to its critical value as the inflation ended and the universe

grows rapidly from Planck scales:

M— Hi(tr=ti) — pN
Gy € (tr=t) = ¢ (1.6)

Where t; and t; denote the initial and final time of inflation, and a(t;) and a(ts) are
scale factors at the time when inflation started and ended respectively. The theory of
inflation solves problems of positive deviation of energy density for negative

deviations.

Horizon Problem, If the universe is isotropic and homogeneous, there should have
been interactions between points with distances larger than the particle horizon in the

past. This problem is resolved too by inflation theory.

Monopole Problem, Particle Theorists are of the view that the universe has magnetic
monopoles, but in reality there is no observation backing this claim. This is termed a

monopole problem.

Before the 1990s, cosmologists and astronomers were of the view that the expansion
of the universe started by the Big Bang was decelerating that may turn into
contraction in the future. Hubble however, measured the redshift from the supernova
explosion and found out that the universe was expanding with an increasing rate

(a@ > 0) instead of decreasing due to gravitational pull [4].

It is now concluded that the universe has gone into different phases of expansion
after the Big Bang; from the Planck scale to inflationary astronomical scales after

which radiation and matter became dominant. After inflation, the expansion slowed



down, but begins to speed up and in recent times; the expansion of the universe is

accelerating [5].

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern Dark Ages Development of
375,000 yrs. Galaxies, Planets, etc.

Inflation

Fluctuations

1st Stars
about 400 million yrs.

Big Bang Expansion
13.77 billion years

Figure 1.2: History of the universe from the Huge explosion to the present day.
[cosmotography.com].

The theories of the growing universe prompted the disclosure of dark energy. In
1998, High-z Supernova Search Group and Supernova Cosmology Undertaking in
1999 published their accurately estimated information of separations of supernovas
and the comparative redshifts. The accelerating expansion is widely accepted as
evidence of dark energy. However, recent Cosmologist formulates that dark energy is
a field energy form of gravitation which balances the gravitational attraction to

maintain stability and homogeneity of the Universe [6].

The first and most prominent clarification that was offered to clarify the obvious
mass errors, was to expect that there exists some type of ' dark matter'. This issue has

the property that it collaborates as ordinary matter in the gravitational sense; however



that doesn't cooperate with electro-magnetic radiation, making this issue

imperceptible.

Estimated matter-energy content of the Universe

26.8%
Dark Matter

68.3% FR-T7Y Ordinary
Dark Energy Matter

Figure 1.3: Estimated matter-energy content of the universe [6]

Notwithstanding the dark matter supposition, there is the suspicion of some type of
dark energy. This energy should penetrate the whole universe and can clarify the
acceleration rate at which the universe expands. According to figure 1.2, the dark
energy and matter hypothesis generally 68.3% of the universe is dark energy, 26.8%

is dark matter and just 4.9% of the universe is composed of obvious matter [7].

Newton's publication of his popular Philosophiae Naturalis Principia Mathematica in
1687 brought to being the main hypothesis of gravity. He used this theory to explain
the empirical laws of Kepler. The early achievement of this hypothesis came up
when Edmund Halley (1656-1742) effectively anticipated that the comet in 1456,
1531, 1607 and 1682 would return in 1758. Today, Newton's hypothesis of gravity

still gets the job done to depict planetary and satellite movement and establishes the



nonrelativistic furthest reaches of Einstein's relativistic hypothesis. Newton believed
stars as suns to be similarly appropriated all through endless space in spite of the

conspicuous convergence of stars in the Milky Way [8].

Quantum cosmology depends on the possibility that quantum material science ought
to apply to anything in nature, including the entire universe. quantizing the entire
universe is a long way from being simple, as indicated by general relativity, not just
matter but as well as space and time in existence. They are dependent upon
dynamical laws and have excitations (gravitational waves) that interface with one
another and with the matter. Quantum cosmology is along these lines firmly
identified with quantum gravity, the quantum theory of the gravitational force and

space-time. Without quantum gravity, the quantum cosmology is unclear.[9]

Loop quantum gravity (LQG) expects to display the conduct of spacetime in
circumstances where its atomic characteristic emerges. Among these circumstances,
Loop quantum cosmology explained the universe is close to the Big Bang. The Big
Bang singularity is the main point to be solved in the loop quantum cosmology since
there is much probability that the general relativity initial singularity must be solved
in the quantum gravity theory. (LQC) suggests that in the simple model the big bang

singularity of classical general relativity is replaced by a quantum bounce.[10]



Chapter 2

RELATIVISTIC COSMOLOGY

Relativistic cosmology models are tractable when we make use of powerful
simplifying assumptions known as cosmological principles. With these principles,
large scale observations of our universe are studied as a whole. According to
cosmological principles, at a given time and on a large scale, the universe is
homogeneous and at the same time isotropic. The universe becomes inhomogeneous
and anisotropic. The rotation of galaxies and galactic masses can be linked-to a
somewhat non-luminous kind of matter known as dark matter. This kind of matter
has nothing to do with the so-called dark energy. The Friedmann-Robertson-Walker

universe is used to study relativistic cosmology.
2.1 Friedmann-Robertson-Walker Universe

The FRW approach is a solution march to a space-time foliate into even homogeneity
and isotropic hypersurface using the scale factor to determine its expansion law. The
FRW model is the bedrock of relativistic cosmology due to its success in describing
a real universe. In understanding the Newtonian cosmology, we will present the
model in a way that relates to Newton’s universe. In the spherical coordinates, the
line element of the FRW universe is given by:
ds? = —dt? + a(t)? [ dr?(1 —kr?)~! + r2d6? + r?sin?6 dg? | (2.1)

t, here denotes the cosmic time, the scale factor is a(t) that gives the expansion rate

of the universe in an expansion law and k is related to the curvature of the universe.



Special Case:
Hyperspheric, If k > 0, the FWR metric is said to be singular at r = k this type of

singularity is termed coordinate singularity, it vanishes at the introduction of a new

coordinate system defining r = k%sinx, with 0 < x < =m. Applying it to the equation,
we obtain

ds? = —dt® + a(t)*’k ![dx? + sin?x d6? + sin®x sin?0d@?] (2.3)
which is the line element of a hypersphere that has a definite volume and the model

of the universe is called closed.

Hyperbolic, For k < 0, the coordinate singularity does not exist and r, the radial

coordinate can move from zero to infinity and the universe is said to be opened. The

coordinate transform as r = k% sinh x on the range 0 < x< 1. With equation (2.1) we
see that the hyperbolic space becomes

ds? = —dt? + a(t)?|k| ™[ dx? + sinh?x d6? + sinh?x sin?0d®?] (2.4)
Flat, when k = 0, the metric of FRW will become

ds? = —dt? + [ dx? + x2d6? + x2sin?0d@? ] a(t)? (2.5)
Here, x denotes the radial coordinate which spans from 0 to infinity and the spatial
part represents a Euclidean space that contracts or expands with the scale factor in
the (x,y,z) plane

ds? = —dt? + [dx? + dy? + dz? ] a(t)? (2.6)
To obtain the generalized form of the matric, the curvature k for simplicity can be
modeled for k(-1, 0, 1) for hyperbolic, flat and hypersphere respectively. Hence, the
three cases above can be rewritten as:

ds? = —dt? + a()*[dx® + fi (x)*d6? + fi (x)?sin?0d0?] (27)



Where

sing ifk=1
frx) =1 x ifk=0 (2.8)
sinhy ifk=-1

The line element (2.7) becomes meaningful when the isometries [11] of the FRW

metrics are derived in the next session.
2.2 Friedmann Equations

By allowing the scale factor and the curvature of the Robertson-Walker (RW) space
to vary with time, we can model the universe by taking each point in time a RW
space. The generic metric is given

ds? = —dt? + [dx? + fi (x)*x?dw?] a(t)? (2.9)
The scale factor a(t) explains the expansion or contraction of the universe and is
normalized such that at present time a(t) = 1. Putting equation (2.9) into the
Einstein equations, after much algebraic work we obtain two fundamental equations

known as the Friedmann Equations

a\? _8mGp Kc? | A

() =" +5 (2.10)
ol 4nG 3 A
=5 (e +3)+5 (211)

The first equation is obtained from the 00-component and the second from the ii-
component of the Einstein equations. Combining the two Friedmann equations we

obtain an adiabatic equation
L (pa3c®) +pL(a®) =0 (2.12)
ac \P Pa '
This is the first law of thermodynamics started in relativistic language;

TdS = dE+pdV = 0, which asserts that the entropy of the universe is constant.

10



2.3 The Newtonian derivation of the Friedmann equations

The Friedmann equations can also be derived from the principles of Newtonian

3
gravity. For a sphere of mass M = % and radius r, the total potential energy is

GMm

E = PE +KE = - =" + ~mi? (2.13)

—
If r = ary and dividing by m yields

E 4mGpry2a? 1 .
E=—= —L+—r02a2 (2.14)
m 3 2

After rearrangement we obtain

\%2 8nGp 1 )
(S) = % + Erozaz (215)
Or
2 _ 8mGp  kc?
H(t)” = — T (2.16)

Where k = —2&/r,%¢? and H(t) is known as Hubble’s parameter which tells us
the expansion rate of the universe. Equation (2.16) is the Friedman Equation which

can be solved to obtain a(t) in terms of other parameters.
2.4 Friedmann equations with a cosmological constant

Adding cosmological constant as proposed by Einstein, the acceleration equation

takes the form

i dmee Ay (2.17)
a 3 3

And also, the Friedmann equation

2 _ 8mGp  kc® | Ac?
H(t)” = — + 3 (2.18)

11



Where c is the speed of light taken to be 1 in a natural unit. It is worth noting that,
even if A is assumed to be constant, normalized cosmological Q, = A/3H? is time-
dependent. The figure below shows how the density parameter varies with cosmic

age for the open, flat and closed universe.

“Cosmic
antigravity” (A > 0)
A
/
/
A / Empty (2 =0)
/
/
/
/ Medium (2 = 1)
Separation //
between /
galaxies
(R) "
///" : Dense((lm>1)
7/ |
/ |
/
/ |
/ 1 —>t
to (now)
Age

Figure 2.1: the density parameters with cosmic age for open, flat and closed universe.
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Chapter 3

NEWTONIAN COSMOLOGY BY LAGRANGIAN

FORMALISM

The theory of general relativity that formulates geometry is used to describe modern
cosmology, so the cosmological effects are linked with space-time geometry.
Differential manifolds; objects used to describe curved space-time are used in this
description. On the other hand, mathematical tools like algebraic tensors or

continuous group are also involved in the description.

Milne and McCrea [12,13] used principles based on Newtonian Theory that is
associated with gravitational phenomena to describe space-time curvature. Using this
classical physics approach with the least mathematical difficulty the universe is
studied just as with the Einstein Cosmology. The same results are obtained provided
that the cosmological principle of homogeneity and isotropy is not violated. In this
approach, the Universe's expansion is not dynamically inborn to the universe itself
and it is known as a static universe. For this to be complete, Hubble’s observations
pertaining to the expanding universe should be incorporated. [12-13] approach aimed
towards admitting that the observed expansion of the universe is related to the
motion of celestial bodies or galaxies in the universe. Hence, cosmic expansion was
thought to be an effect of particle motion and therefore no need to introducing curved
spacetime of general relativity. Initially, the formulation of the Newtonian

Cosmology was done without considering pressure but was included after some

13



decade [14-15]. Also, the term containing cosmological constant can be included in

the Newtonian approach.

Cosmological equations in Newtonian cosmology are derived from the equation of
motion of particles under the effect of gravitational interaction [16-17]. Hence, the
formalism of Lagrange and Hamilton provides the necessary classical equation and

integral of motion respectively.

From the generalization of the Copernican principle, the principle of modern
cosmology gets its simplification. It asserts that in each cosmological epoch, the
universe is even in every point, aside by local irregularities. Thus for determined

Newton time, t = constant, the universe is isotropic and homogenous.
3.1 The Equation of cosmology

Equations of Cosmology in cosmic layers comprised a finite large volume of an
expanding gas cloud. The galaxies formed the particles that formed this gas. We
Expect that the pressure in the cloud is given by p = p(t). For null pressure, we
assumed that the cosmic gas is dust or matter. The expansion of the universe is
governed by two basic equations. Like statements of energy, the total energy
(potential and gravitational energy) for expanding galaxies is constant due to their
relativistic motion. Hubble’s law describes the receding velocity of galaxies to

behave a direct proportionality to a distant observer by
—=a=Ha (3.1)
Where a is the distance of the receding galaxies from an observer and H(t) is the

Hubble parameter. This theory is expected to be observed in anisotropic and

uniformly expanding Universe.

14



According to Newton, gravitational force attracts galaxies together and slows down
the rate at which the universe expands. Due to homogeneity, distances a can be
measured from a galaxy placed at any location; the gravitational force on a galaxy
separated by distance a from a mass of the homogeneous mass of the universe
embedded in a sphere is equivalent to that at the center of the sphere. Expressed in
fixed rectangular coordinates, the kinetic energy is a function of velocity a, is the
motion of the galaxies is in a conservation field, the potential energy varies only with
position a. This can be expressed thus:

T =T(a) (3.2)

U=U(a) (3.3)
Using the Lagrangian which is expressed by the sum of T'(a) and U(a) for a system,
the Lagrangian L, is a function of position and velocity L = L(q, q). The expansion

of a moving galaxy of mass m is

L(a,d) =T -U=5ma? + =" (3.4)

Here, we are using the usually generalized coordinates q; = a and ¢; = a that the
total mass of the universe is denoted by M which is taken to be evenly spread around
a sphere of radius r. Assuming that there exists a cosmic force on the galaxy whose
magnitude is

Fp =>AmR (3.5)
Where A represents cosmological constant and there is an extra potential energy term
given by

Uy =— foa Frda = —%Ama2 (3.6)

From equation (3.4), the Lagrangian transforms to

L(a,a) =T = Uppp =T — U — Up = sma® + = + = Ama? (3.7)

15



From the Euler-Lagrange equation

Lot@)-o c2

We can deduce that

oL GMm 1

% = — 22 + gAma (39)
aL . da (oL _ ..

G=md = — (ﬁ) =md (3.10)

Putting equations (3.9) and (3.10) into equation (3.8), the equation of motion for the
galaxy becomes

i=-27+ha (3.11)
If we consider a spherical mass of density p given by

M= gnw”p (3.12)
Then the equation of motion becomes

a= —%nGpa + %Aa (3.13)
Equation (3.13) is the Newtonian Cosmological form and a is the scale factor

relating to the expansion of the Universe. This equation is similar to the Einstein
equation derived in general relativity [18].

3.2 Cosmic Differential Equation in Newtonian Form

From the cosmological principle, that time is homogenous, in the inertial frame of
reference, the Lagrangian can be described in a closed system and do not explicitly
depend on time. In this context, the Lagrangian is also time-independent since the
system is influenced by some uniform force field. Therefore, the Hamiltonian H is

the only constant of motion defined by

H= (S—D 9g — L (3.14)

16



From equation (3.7), we get

E = (ma)a —ma? — =% — = Ama? (3.15)

We have renamed the constant H by the total energy E, which is also a constant of

motion. Equation (3.15) can be rewritten as

a2 =S40 —k (3.16)
a 3

Where C = 8nGpa®/3 and k = —2E/m are constants. This is the cosmic

differential equation that governs the expansion of the universe and a represents the

scale factor. Equation (3.16) is the Friedmann equation in the Newtonian form [19]

17



Chapter 4

MODIFIED NEWTONIAN DYNAMICS

In 1983, the mass discrepancy was detected in stellar systems whenever gravitational
acceleration decreases some threshold value [20]. A theory of the MOND was

proposed by M. Milgrom to supplement non-baryonic dark matter [21]. According to
this theory, for a body accelerating less than a, = 1.2 x 1078 Cs—? gravitation does
not agree with the predictions of the Newtonian dynamic [22]. Below this threshold,
gravity changes and behave asymptotically as g = \/m and gy is Newton’s
acceleration. As the strong field of the sun becomes dominant in all dynamic
processes and accelerations are unnoticeable within the solar system, there is a
transition from the Newtonian to the Modified Newtonian Dynamic. In other words,

the Newtonian Dynamics becomes invalid below acceleration regimes typically, that

of the galaxies.

Aside from [21], there are few literatures showing that though revolutionary, the
approach is simple and can explain most galactic features without needing non-
baryonic dark matter [22-23]. The dynamics of galactic groups and clusters can also
be effectively described by the MOND [24], including gravitational lensings and

some approximations [25-26].
4.1 Scales of the MOND Acceleration
Distances between physical bodies to show by a universal dimensionless scale factor

that fluctuates just with cosmological time are permitted by the cosmic principles of

18



homogeneity and isotropy. Newton’s equation of motion is a tool for deriving
Friedmann Equation that gives the evolution of the universe scale factor. If we

consider a uniform sphere of radius r, then

#=— (4.1)
Where M denotes gravitational mass. The static limit of the Einstein equation in the
weak field is given by

M == (p+3p)r? (4.2)

p is the density of the fluid and p its pressure. Combining equations (4.1) and (4.2)

yields

.. __ 4nGr

i = (p + 3p) (43)

By conservation of energy, equation (4.3) gives

dp — _ﬂ
(p+p) r (4.4)
It is obvious to write r = Dy, D denotes a constant length while y depends on the

scale factor which is taken to be 1 at the present time. For matter with no pressure
=0 p,= gpr for radiation and the vacuum energy density is given by p, =

—p, = —3\HZ/87G upon performing integration on (4.3) the evolution of the scale

factor is given by a dimensionless Friedmann equation as

.\ 2
H? = (f) =y 3+t —y 2 Qe+ QA1) + 4 (4.5)

Here, A is the cosmological constant which is a dimensionless quantity. The density

parameter for non-relativistic matter with present density p, is

871G
Qo = Zo
3HZ

(4.6)

For CMB radiation, with a temperature of blackbody radiation T,, the density

parameter is
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Q. = 8mGaTy
T 3HZc?

4.7)

In equation (4.5), the integration constant is (2 + Q, + A — 1) which is evaluated

with the curvature of space-time and, h denotes the Hubble parameter.

According to the theory of Modified Newton Dynamics, for accelerations below the

threshold a,, the actual gravitational acceleration g relates with Newton’s force of

gravity g,, by

gu(o) = gn (4.8)
Where o = ai
F =mau(a/ay) (4.9)

u(y) is a function that is not specified and approaches unity whenever such that

u(y) -1 y>1 also, u(y) =y whenever y < 1. The force of gravity tends to
Newtonian force as acceleration increases and low acceleration limits are = /g, a,.

We assumed that change in u(y) about the two limits that happen at y = 1,[27].

The MOND in low-acceleration is characterized by

1/2
= [4";;“" (o + 3p)r] (4.10)
Considering the equation of state only for pressureless and non-relativistic matter
only, the conservation equation says

p= (r/”r‘;)3 (4.11)

The region of the sphere has a comoving radius denoted by r,, and the acceleration
equation (4.9) is given by

]1/2 1 (4.12)

3 0
P=— [70 Hirga,

Taking the integral of this equation gives the Friedmann equation in the form
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72 = u? — [2Q0HZr3 ao]?In(r /1) (4.13)
with r; taken as the initial radius of the sphere which expands with velocity wu;.
Equation (4.12) reveals recollapsing region characterized by end of the expansion

that the expansion at a maximum radius r,, given by

r/r = e’ (4.14)
Where
q* = uf (2QoHErday) 12 (4.15)

[28] derived this expression.
4.2 Physical Foundation of the MOND

MOND is a modified Newton’s Dynamics which is not linked to a unified theoretical
framework which is at present, it's the only shortcoming. Physical problems like non-
conserving linear momentum are usually the case when we try to apply Milgrom’s
inertial idea to the N-body system [28]. Based on this ground, Bekenstein and
Milgrom in 1984 proposed Lagrangian-based model as a modified theory of the
Newtonian’s gravitational theory [29]. If @ denotes a scalar potential, the field action

is defined
— -1, 2 Loz 3

S =—[ [0 + (876) F(aoz)]d r (4.16)

Assuming the concept of stationary action, the field equation takes the form
Vol _

v.|u (a—o) V| = 4nGp (4.17)
u(x) = dF/dx? is a function that behaves asymptotically for MOND description.
Due to symmetry, this theory does not violate the law of conservation of angular
momentum and energy. The motion stars and other compound objects do not depend

on their internal acceleration in an external field [29]. Furthermore, in systems, its

internal dynamics are independent of its external acceleration.
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In general, most physical equations (for example, the Maxwellian equations)
becomes invariantly transform as
v.{[(V®)?]P/2-1V@} = a,Gp (4.18)

Equation (4.18) becomes Poisson’s equation if D = 2, and becomes an equation of
the MOND when D = 3. That is to say, in three-dimensional space, the Bekenstein-
Milgrom field equation is invariant in the MOND limit. Although this modified
theory is not covariant it can be founded on a theoretical basis. Also, some MOND
phenomena such as the external field can be considered by this theory. This non-
linear equation is appearing to have no physical solution; however, due to symmetry,

it can have a solution to a simple algorithm.

The numerical method developed by Brada in 1997 was applied by Brada and
Milgrom to solve an essential problem of stability of disk galaxies [30]. This method
is now used in calculating different effects associated with the external field.
Examples of such effect warp in the galactic plane that influences satellites. Brada
and Milgrom have also considered how the acceleration field of a big galaxy affects
a dwarf satellite. Due to the expansion caused by an external field as it approaches a
parent galaxy, tides force the satellite to become vulnerable. As indicated by [31],
this hypothesis drives itself to a covariant generalization as a non-linear scalar-tensor

hypothesis of gravity.

4.3 Modification of Newtonian Inertia - MOND

In another approach [32], considered MOND analogous to modifying the particle’s
inertia At levels that are not relativistic, usual particle action (f v?/2 dt) is replaced
by the somewhat complicated object A,,S[r(t), a,]. 4,, is associated with the mass

of the particle while S is characterized by a, is a function of a particle trajectory
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r(t). According to Milgrom, such action should have an accurate limiting property
(Newtonian as a, — 0 while the Modified Newtonian Dynamics has a, — oo ). That

is, it is invariant under Galilean transformation.

Cosmology does not have a direct impact of particle motion however, cosmic
phenomena such as cosmological constant may impact both cosmology and
dynamics of particles; for instance, the interaction of accelerating particles in a

vacuum. Since the concept of the cosmological constant is a characteristic of a

vacuum, a non-trivial effect of particle acceleration can be of the form, t, ~ cVA .

The Unruh radiation principle gives us a glimpse of how it happens. For a uniform
accelerating observer in a Minkowski space, the vacuum field as a thermal bath with
temperature T is described by

kT = ——a (4.19)

2TC

The acceleration a is the gravitational acceleration at the event horizon and
analogous to Hawking radiation. For an accelerating observer via de Sitter space, the

modified thermal bath is now seen as [33]

h c2A
kTA = — az + —
27C 3

(4.20)
Because Unruh’s radiation is too tiny, it may not have a direct impact on the field
providing the inertia. Hence, the useful quantity for identifying inertia is AT = T, —

T, and we can now write

21C

TkAT = au(a/ay) (4.21)
@ =[1+ Q)22 -2y (4.22)
where ap, = 2c (%)1/2
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This is only a suggestive line of argument and may not be considered of MOND with
modified inertia. Once more, this is not a hypothesis of MOND an alteration of
inertia, however just an intriguing line of contention. The best theory of inertia would
be the one derived from interaction with the vacuum field like in induced gravity in
which spacetime curvature modified the vacuum field by providing the needed action

the metric field [34].
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Chapter 5

NEWTONIAN COSMOLOGY WITH QUANTUM

BOUNCE

It was a remarkable achievement when McCrea and Milne applied Newtonian
mechanics to obtain the Friedmann equations in Cosmology [13]; something that was
only feasible via general relativity. This evolution gave birth to attempts already in
the literature to modify the Friedmann Equations. Such modifications could include
Modified Friedmann Equations with Quantum Corrections to the Newtonian
potential [35-44].

5.1 Friedmann equation in the Newtonian Dynamics

Different approaches have been taken to derive the cosmological Friedmann equation
from Newtonian dynamics using different concepts; in the end, they all converge at
the same Friedmann equation [37]. The simplest step is to start an original point of
view that describes the expansion of the universe. For instance, consider an object

such as a galaxy of mass m, revolving around the earth of mass M, the total energy is
1
E=-mv®——— (5.1)

The real equations of distance and velocity are D = Rx and v = Rx. R(t) is a
scale factor and the distance (x) between the center point and a galaxy is an equal

one, then the total energy reads

E =-mR? -
2

mMG

(5.2)

2MG
R

= R? (5.3)

2E
m
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Since E and m are constant then = % . Writing the mass inside the sphere of radius

R, as M = 4?”R3p, where p is the density of the universe the first Friedmann

equation is obtained as

@f=2%_£ (5.4)

R 3 R2

We assumed that the universe has volume () and its expansion is triggered by the
work done by pressure given by pdV. From the adiabatic dQ = 0 the first law of
thermodynamic reads

dQ = dE + PdV =0 (5.5)
Volume and energy for the spherical universe is = 4'?”(R)3 , E =Vp . Taking the

derivatives of these equations and put into an equation (5.5), the fluid equation

becomes
0=p+3%(p+P) (5.6)

By taking a derivative of the first Friedman equation and plug the fluid equation in it,

we get the Second Friedmann equation

4G

=52 (0 +3P) (5.7)
5.2 Friedmann equation with quantum bounce correction
Taking gravity as a powerful hypothesis and performing a one-loop graviton
calculation, h correction to the Newtonian potential has been obtained by a few

authors and already formed parts of the literature [38-44]. This potential is of the

form

GMiM, | G2M{Myhyg
r r3c3

o(r) = (5.8)
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In other cases, the consequence of the quantum correction to the Newtonian potential

IS given in an alternate structure by

@(T) — _GM1M2 [1 +/1G(M1+M2) _]7 Gh + ] (59)

r rc? r2c3
Where A and ¥ are constants whose values are taken at the author’s satisfaction. For
uncertainty of this potential due to the coordinates are not evident some articles have
discussed this issue [40-41]. They explained that a redefinition r - r" =r(1 +
aGM /r) may change the parameter A without affecting the observable. Then we can

use equation (5.8) for correction potential. Observations discovered different values

for y,with different signs such as (yq = %) this value found by [42], but in 2015

found it with a different sign as (, = =) by [43].

Having introduced the quantum correction, we follow the same procedure afore to
obtain the modified equations. The total energy gets another contribution because of
the quantum rectification in the Newtonian potential [44]

1 - mMG = G*Mmhy,
E =-mR? — + 1
2 R R3¢3

(5.10)

Taking 1, = \@ (the plank length) and p, equation (5.10) transformed into

52 lZ
2E_ R* 8mGp + 87GplpYq (5.11)

mR2  R2 3 3R2

Introducing the Hubble parameter and constant curvature (k) the first Friedmann
equation with a %-correction can be given as

_ 8nGp 8mGpliy, k

HZ
3 3R2 R2

(5.12)

Again, take the derivative of the above equation, and plug it with the fluid equation,

the second corrected Friedmann equation reads [44]

—*2% (p + 3P) + 4nG L3y, &P (5.13)

2

R
R
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The equations (5.12) and (5.13) are the quantum corrected Friedmann equations
derived within the framework of Newtonian mechanics. The cosmological constant
(A) model and flat universe k = 0 is used to better understanding of similarities and

differences between the two standards Friedmann equation.

8nGp  8mGplyy
3 3R? 3

H? = (5.14)

We note that it is adequate to put 2~ — 0 to recover the Friedman equations from
general relativity. Making use of the standard definition p.,. ) = 3HZ and Py = i

16

the First Friedman equation with the cosmological constant and the 7 corrections is
simply
12y,
Per. = P ( - %) + P4 (5.15)
Dividing the energy density by the critical density (p.,), we introduce the density

parameter Q; = pp—" the above equation becomes
Ccr.

1=0,(1- lﬂ) +Q, (5.16)

Pcr.

12
R2

Also, we defined another form of p., by dividing ( f?yq) where p,,. =

and Q,, = i then the first Friedmann equation will simply be
1=0,+ (5.17)
The equation of state of radiation is
_r (5.18)
Witha = R/Ryand B’ = lzyq/RO, it is simple to get the first Friedmann equation

8nGp 2

< (1-p %) =22 (1o pr ) =22 (1 g (2)

On account of positive S it allows to introduce a critical energy

H? = ) (5.19)
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~ _ Po _ PoRg

pCT. - (B')z -

—— = constant (5.20)
lpYq

For if p = p,- thenH = 0. Expressing in terms of loop quantum gravity we rewrite

H? = e (1 - L) (5.21)

3 Pcr

Going ahead, we discuss some standard solutions to the Friedmann equations via the
tool of the classical-quantum universe without taking into account the effect of
quantum corrections. Considering the case where y, = 0, A=0 and k = 0, i.e the

universe filled with radiation. We can show that the solution to the first Friedmann

2_
equation (5.12) for a = Ri is % =+7= /S"Tcp"(t — to) with the two branches
0

corresponding to

a, =V2t+1, 1>-1/2 622
a_=V1-2t, 1/2>7 :
3_
In the matter case the first Friedmann equation (5.12) for a = Ri is (=1 - D _ +7 =
0
—SH?O (t — to) where R3/? = 1 the two branches read as
a, = 3t +1)/3 3
a_ = (1-30)1/3 (5.23)

Considering the case wherey, = 0, A=0 andk =1, is a universe dominated with

radiation. Since HZ can be zero which corresponds to a local minimum, the solution

of the first friedmann equation (5.12) given by

8nGpoRZ  R? 8mGpg

a_('[):\/— 372 E Rg ﬂ
(5.24)

8TGpoRZ = R2~ 0  8mGp,

2 2
a+(T)=\/— 3T 2 pa 3R

29



----- Matter (o ) with k=0 Matter(z_) with k=0
— — Radiation{a | )} with k=0 — - Radiation(a_)} with k=0
— - Radiation(a | ) withk=1 - - Radiation{s_) with k=1

Figure 5.1: cosmological solution for the scale factor from the standard Friedmann
equations.

The measure of the present distance R, is restricted within the limit Ry, >

3 \1/2 . . _ (8nGpo\/2
(87tGp0) and the real distance R is R < R,,4. Where R4 = (T) R,?,

causing the Hubble Parameter to vanish. We obtain plots from equations (5.22),
(5.23) and (5.24) as shown in figure 5.1.According to the graph showed that we have
positive and negative proper time (£7), it denotes the cosmic time which before and
after the Big Bang. It is observed that the universe is expanding in both the cases of
radiation and matter with curvature k = 0. When the curvature increases to k = 1, the
universe collapses for radiation dominated case.

5.3 Newtonian Quantum Universe

To discover the impact of the new term proportional (%) in the Friedmann, equation
let uses the first an equation of state from the energy conservation equation [44].

P=uwp (5.25)
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w is the number denoted by w = (y — 1) and y is different from 1y, , the standard
solution for energy density (p) interms of R is given

p(R) = 55 (5.26)
When = R/R,, , and R = R, the energy density p(R,) = p,. Putting this into the

First Friedmann equation with k = 0, reads

52
R 8nG 8nG lqu

—=-"p(R) — o p(R) (5.27)

R?

If ¢ = 13y, and multiply through with R?, we get

87TGp0RS’y

52 _
R* = 3R3Y

[R? — B] (5.28)

By taking integral form this reads

R/ R R/Z

\/87tGpo Ro \/R2-p

t—ty=+ (5.29)

The solution of this integration strongly depends on the sign of the equation of state
(y) and g which is the same sign of y,. To discuss this solution needs some

different cases separately.

Case <0:
Radiation dominated (y = 4/3).In this situation, the solution can be given by a

function namely

L Ry? (R R?
t tO - i\/squo fRO \/R2+[)’ (530)
By taking integrate it becomes
—RoJRZ + Bl + 0 (531)
Tt B1n(Ro +/RZ +1B1) + RyRE + [B] - B In(R + /RE + IB]) '
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Where 8”TG‘D"(t— to) =7, and D takes care of the initial value R(ty) = R,. If

B~ = B/RE and put it into the above equation with the initial value, it reads

_ 41 2 T T T lp a+Ja?+|B|

t= 43 [V@F BT T+ 1) #5161 | (5.32)
----- Baz_nﬁmth't,:ﬂ:ﬂgl__ﬁ":‘—lﬁmth-t_:‘—s]_gn
— — pB'=léwith=tsign —— ['=1 witht=sign
— ['=-1 with =+sign

- D_ﬁ_

a

Figure 5.2: cosmological solution for the scale factor from the modified Friedmann
equation, for the radiation case whenf'<0.

Using equations (B.1, B.2, and B.3) as shown in the appendix, we obtain a solution
as shown in figure (5.2) Due to the + signs in the equation, we obtain two different
branches. As shown in the figure, they both converge at a = 1 and T = 0.from
present time ay = 1, the universe divided for two parts one being a mirror image of
the other. For values of the |8'| > 1, we obtain a singular universe startingat a = 0

and ending at some a,,4, > a,. For |8’| < 1,we get always a non-singular universe ,
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the expanding universe starts at a non-zero value a,,;;, < a, and expanding universe.
The universe has a Critical value at 8 = —1 after which it will either expand or

collapse.

Dust filled Universe (y = 1):

The integral to solve reads

[y (5.33)

t—ty =+ 2L
° RoJR2-p

~ |8mGpo
3

The above equation can be rewritten in terms of (a = R/R,) as

2280 (¢ — tg) = +f(a)

|
. I (5.34)
f@=J] |mmdr . B'=B/RS |

To obtain a solution of the integral in the above equation, we change it to

fla) = flaJm%wdr (5.35)

To integrate this equation look the equation (B.4) is calculated by some steps as

shown in the appendix, then the above integration becomes as

/2 |=1(a+1{TBT) a-LJIBD)( [T\ oo of ~1(@+I/1BT) V2
e PP J NIz (ﬁ)j Tt [ imer (e

f 3 3J/a3+a|pB’|

/2 |10+ 1= [T\ grineicr( LHWIBD vZ
zm-l_llﬁp 2\/ Nl (\/7)\] TET \m>ElletlcF< = ,2)

3 31487

(5.36)
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After substitute the value of (3" = —0.3) into the above equation the result given by

f1 as determined in the appendix by equation B.5.

fi
_2va® +03a

3

L 0.1351200155\/—1(a + 0.547722551)v2/I(a — 0.5477225575)VIa
V& 1 03a EllipticF <1.351200155\/—1(a + 0.54772255751),?)

2vVa3 + 0.3a
—0.76011699500 + (0.039513822205 + 0.177146228611)\/_, —#

0.13512001551,/—1(a + 0.547722551)V2\/I(a — 0.5477225575)VIa

1
Fo—— vz
Va3 + 0.3a EllipticF <1.351200155\/—1(a + 0.54772255751),7>

+ 0.76011699500 — (0.039513822205 + 0.177146228611)\/2

For the value of ("= —0.6and — 1.1) in to the equation 5.36 , the result can be
obtained as showed by the equations (B.6, and B.7) , then these two equations we
explained details in the appendix, to get the solution for these elliptic integral, the
MAPLE codes used for the plot these elliptic integral equations as experienced in the

below figure (5.3).
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""" ['=0.3 with =s1gn — — ['=0.3 with ==+s1gn
— ['=0.f6 with t=stgn — - [['=0.6 with =+s1gn
=11 witht=sgn — " [f'=1.1 with ==+s1gn

0 05 1 1.3 2

a

Figure 5.3: cosmological solution for the scale factor from the modified Friedmann
equation, for the Dust case whenf3'<0.

From figure (5.3), it is seen that for both +signs, all the branches start from zero.
We, conclude that the all universe is singular as they start and end at zero. Then, the
universe for this case of Dust dominated universe is singularity while all of them
started from zero. To avoid singularity in the case of -g’, the equation of state is a

need.

Case>0

Radiation (y = 4/3).The integral form becomes

-2 2
t_t0:+ Ro R R

* o Jro T 4R (5.37)
3

By taking integral, it becomes
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r=+-0|-Ro/RE =B —BIn(Ro +VRE— ) + RYRZ— B + B In(R +

JRZ=B)| +c¢ (5.38)
C takes care of the initial valueR(t,) = R,. If B~ = /R34 and put it into the above

equation with the initial value, it reads

=+-[Ja? =B —JT=F] £:f'In [‘”““_ (5.39)

1+ 1
By putting the 8" value into the above equation the equations (B.8, B.9, and B.10)

can be obtained and solve by the below figure.

""" ['=1 whent=—sgn- - ['=1 whent=+sign
— ['=0.5 when t=—sign — - ['=0.5 when t=+sign
— -~ B'=0.3 when t=—s1gn — — [['=0.3 when t=+sign

05 1 15
a
Figure 5.4: cosmological solution for the scale factor from the modified Friedmann
equation, for the radiation case whenf3">0.

It =
o

The case of generality is one in which we impose y, > 0 such that R* > R?,,;,, = B’
or a®? > f’. This is explicitly shown in figure 5.4. From equation (5.39), we obtain

only if g' <1, we infer that all universes either originate or terminate at R,,;, as
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long as B’ is less than 1. For B’ =1, R,,;, corresponds to a point of the local
minimum that joins two branches with different signs at a = 1 to give a unique
solution. As can be seen from the figure, the universe comes from infinity to a

minimum point and expands to infinity.

Dust (y = 1):

For this case, the integral to solve reads

. Ry®> (R R® =
t—ty = i\/snGpo Ro JR2=F dR (5.40)
3

The above equation can be written in terms of (a = R/R,,) as

(5.41)

T -t) =4Q@) |
|
|

@ = [¢ /T;fﬁ,dr , B =B/R}

So as to explain the necessary showing up in the above expression let change it as

follow

0@ = f{ =E=dr (5.42)

To integrate this equation look the equation (B.11) is calculated by some steps as

shown in the appendix, then the above integration becomes as

3/2 |@+VB) | (@B =@\ pyipricr| [(@+VB)v2
i a3_aﬁ+ﬁ j 75 j 75 <M>ElllptlcF( T ,2>_2 =

Q 3 3Ja3+alp’| 3
2 [0448) [260-0) F\puieicr| [0 7
B3 7 7 <\/\/;>ElllptlcF< 7 ,2>

3/1-8

After substitute, the §” value into the above equation as showed in the equations

(5.43)

(B.12, B.13, and B.14), then the solution of these elliptic integral equations showed

in the below figure (5.5).
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— ['=0.9 when t=—sign — - ['=0.9 when t=+sign

— — ['=0.6 when ==—s1gn — *— ['=0.6 when t=+sign

""" ['=0.3 when =—sign - - ['=0.3 when t=+sign
—
-

21 —~ -
,.-=""' -
#gf
- -
,.d-' .

05 1 15
o
Figure 5.5: cosmological solution for the scale factor from the modified Friedmann
equation, for the Dust case when 3">0.

la =
o

Figure 5.5 is the case where every value of B’ is positive. As shown, the
interpretation is similar to the radiation case in figure 5.4 when pg’'=1 was
considered. Then, changing the equation of state doesn’t have effect on this case.

5.4 The case with a cosmological constant

The quantum correction of Friedmann equations has been calculated in the flat
curvature [44]. Here, the first Friedmann equations with the cosmological constant

read

H? = 8mGp 87tGplpyq + (5'44)
3 3R?

Put the energy density p = poa™3" when a = R/R, into the above Friedmann

equations, the integral form reads

1

t—t, =+ f}f dR (5.45)

3y
8mGpPoR, p
2_
\/ 3R3y R B)
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This integral form can be calculated in some cases:
In the radiation case where (y = 4/3):

This is the case with non-zero cosmological constant and the integral becomes

t—ty=+—

dR (5.46)

If " = @/R3 and p,,. = A/8nG , the integral can be rewritten in terms of a(t)

I(@) = [ g(D)dr
(5.47)

h -

wnere g(T) = \/ﬁ
Where @(t— to) = *I(a) ande = p,q./po. The function of g(r) can be
expanded in the very small parameter €. This series expansion calculated details in

the appendix from equation (B.15). Thus, it becomes

g() = J:_ = =4 0(e) (5.48)

Taking the integrals for the first terms from the above equation, it reads

at/af ] (5.49)

U@ =’ J—dr— %[a\/a2 -J1- ﬁ]+ B In [
And the integral for the second terms of the equation (5.48), it shows

A+J1-" 1 [ +7[>’a

W@ = -1 [ ———dr=2(8)? xIn
’(1'2 ©)3/2 32 +ya 2 ﬁ

35(8)%a* 35(B)3 a 35(8)% 35(8)* 78 1
24 8 ](4 a2—ﬁ> 4,/ [ 24 _E_E] (5:50)

These two integrations calculated details in the appendix (B.16 and B.17).The
integration function of I(a) is given at the first order in € by the following
expression

I(@) = £[Q1(a) + Wi (a)e] + 0(e?) (5.51)
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The case of dust (y = 1).In this case:

the integration of (5.45), it becomes

S(a) = [ f(Ddr
(5.52)

where f(T) = /m
Where Mg)ﬂ(t —ty) = 1£S(a) ande = p,,./po. Expanding the function of f(t)
in the very small parameter €, reads

3 5 3 €
@)= 2~ 5w yege: + O (5.53)

Integral in the first term of the f () function reads

2

a T3 a T
I 1/1_2_5' dr = [, T(T—ﬁ')dT = N,(a) (5.54)

And integral for the second terms is

1 ca 77 _
_Efl T e dt = M;(a) (5.55)

The way to find N;(a) and M,(a) is long, then they integrated details in the
appendix where they showed in the equations (B.18 and B.19). Then the solution
becomes

S(a) = £[N,(a) + M, (a)e] + 0(e?) (5.56)
5.5 Comparison of loop quantum gravity with Friedmann equation
Consider the mini-superspace method to deal with classical general relativity for the

flat case. The Ashtekar variables, ¢ and p, are given by the poison bracket {c,p} =
gnG,BB,, when G is Newton’s constant and Sg; is the barber-Immirzi parameter, the

gravitational Hamiltonian is

_ —6c?

. =
G B

1P| (5.57)
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Where a? = P and ¢ = a. The Hamiltonian constraint for a massless and free scalar

field showed by
_ 81nGPj
Hy = TF (5.58)

The Hubble parameter in this comparison is equal to H = P/2P and the matter
density for the scale field as = P;/2|P|® . From the usual Friedmann equation get

the total Hamiltonian constraint as 166 (Hg + Hy),

H? =% (5.59)

According to this equation the volume of the universe V = 0 at t = 0, it suggests the
usual big-bang singularity. The significant point is that the equation of motion

determined from the Hamiltonian effective showed by P = {P,H,ss} , can be

expressed as a modified Friedmann equation, in the form

2 _8mGp(q P _
H? = (1 p536> (5.60)

The critical density is equal as

LeG _ 3 ~
Per = 8GR ME 041p, 561
d prf=—""~041 >89
and— Per = 32m2GRE1Z Pp

Where S5, = 0.2375, as expected by black hole physics. pp is the Plank density. In
the restriction u, — 0, which identity to Gh — 0, the critical energy density reads

singularity and the classical singularity appears.

The interesting point is that there is a non-singular universe in the modified
Friedmann equation. Therefore, the critical energy density does not denote a , it

means that the universe bounces.

Y2 — e (1 _ ﬂ) (5.62)

3 a?
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Equation (5.60) calls it the LQG-corrected Friedmann equation with some
similarities and differences are present. For positive y,, as explained in the equation
(5.19), with the radiation case the critical density can be gotten, but the critical
density is different as obtained from the Friedmann equation. For negative y,, the
equation (5.62) it has given different sign which appears in it, let’s compare it with
equation (5.60), directly there is not obvious between this comparison for the critical

density [45-46].
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Chapter 6

CONCLUSION

The rate at which our universe is expanding is studied with the Friedmann equation
by determining the scale factor for a particular universe under consideration. Many
authors in the works of literature have attempted to modify the Friedmann Equations,
depending on their interest. Here, we applied the quantum correction to the
Newtonian potential and used it to derived the Friedmann equations within the
Newtonian formalism to obtain the corrected Friedmann equations [47]. As it is with
other models of the quantum universe, the choice of the sign also plays an important
role in this corrected model. As a matter of fact, a collapsing universe always
bounces off a minimum length that varies directly with the Planck length then begins

to expand again [44].

To understand and describe the behavior of the universe under this modification, we
plotted graphs of the invariant t with the scale factor of the universe for various
values of B'. We observed that the quantum correction effect depends on the sign in

the correction. The MAPLE codes used for the plot are shown in the appendix.
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Maple Codes

in the Radiation case (B < 0), After put the values of (8" = —0.6, —1 and — 1.6)
into equation (5.32), we get tau equations with positive and negative signs.

subs(beta=0.6, tau)

2 2
Ja +0.6 . 0.6324555320 — 0.6 ln(0.4415184401a—|—0.4415184401\/a +O.6)

2 2
(B.1)
2
Tl = 7“1;0'6 —0.6324555320 — 0.3000000000 In(0.4415184401 a
/2
1 0.4415184401 & + 0.6 ), —%0'6 + 0.6324555320
4 0.3000000000 In(0.4415184401 a + 0.4415184401/ &® + 0.6 )
subs(beta= 1, tau)
l-ln[ a++/ a2—|—1 J
Jaé+1 2 1+2
2 2 2
m[ﬁi \/azH] (B.2)
oo Nd+l 2 1+J2 N+ 2
o 2 2 2 ’ 2 2
ln[ a—++/ a2+1 ]
1+J2
+
2
subs(beta= 1.6, tau)
a2 +1.6 1.6 ln(0.3827822185a + 0.3827822185+/ a2 +1.6 )
f — 0.8062257750 — >
(B.3)

2
3= 7“’;1'6 — 0.8062257750 — 0.8000000000 In(0.3827822185 &
2
103827822185/ & + 1.6 ), —7“’;1'6 1 0.8062257750

+ 0.8000000000 ln(0.3827822185a +0.3827822185 a* + 1.6 )

in the Dust case (8 < 0) , by taking integrate for the equation (5.35), and substitute
the integral amplitude value of (t = 1 and a) into the integration equation, it reads
as

'[au2

\/ tau- (tau® + Ibetal)

o1



2

= int[;—,tauJ
(7 +18))

3

B | 302 | —1(r+1/]p]) 1(t—1J/[p]) It
370 + 8l [IM / JIB \/7/ 1B 1Bl

EllipticF[/ ~1(c +|;|JW) Jg]}

=

L2 = subs(tau=a,f)
L2 = 2Jd +|pla

3

ot el [ =tla+1/8) 1(a—1/18]) Ta
3/d +Bla [Ilﬁl / JIBl ﬁ/ N AT

EllipticF[/ <GJ% 8] JZN

L1 = subs(tau=1,f)

Lree 21D

3

3 1+|l3|[|| / (JWlB J_/ 7 I\/_) m

Empticp[/ (1J+|TI| 18) J}N

fi=12—1LI
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(B.4)
2/ d + 1Bl @

f= 3

. 1 [I|B|3/2/ —I(a+I
38 +|Bla JIBl

EllipticF[ / (“J%J_ Bl) ﬁ ]] _M
B

1 32 (1+I 8 ) / 1—1 1
Ve {"B' /= - 7
. (14 1/T8) ﬁ]]
1liptic >
o F[/ w2

then put the value (8" = —0.3,—0.61 and — 1.1) into (B.4), three equations with
different signs can be gotten as

subs(beta=-0.3, f)

(B.5)

2Jd+03a

3

- +[0.13512001551\/ —1I(a + 0.54772255751) /2

N @ +03a

J1(a —0.54772255751) /1a EllipticF( 1.351200155 —1 (a + 0.54772255751) ,

f] =

3
Jz )] — 07601169500 + (0.03951382205 + 0.17714622861)y/ 2, _@

+ +[0.13512001551\/ —1(a + 0.54772255751) /2

N & +03a

V1(a —0.54772255751) {la EllipticF( 1.351200155 —I(a + 0.54772255751) ,

%]] +0.7601169500 — (0.03951382205 + 0.17714622861) /2
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subs(beta=-0.6, )

2J d +]—0.6a
3
B | [I|—0.6|3/2/ —1(a+1J]—046 ) /T
3Jd +]-0.6a V1=0.6

1(a —1J]—0.6 ) Ta . —1(a+1J]=06) V2
/ JT-0.6 / JT-0.6 EHIPUCF[/ JT=0.6 T2 J]
_2J1+[-06

3

1 _oepl2 [ =10+ 1/1=06) (1 —1J/]-06)
+3¢m[” 0‘6'/ e ﬁ/ =y

I e —1(1+1J]=06]) 2
v J1-04 Hi F(/ V=04 C 2 ]]

2J & +0.6a

2= .

— +(0.22724387361J —I(a + 0.77459666921) /2

N, @ +06a

J1(a—0.77459666921)  la EllipticF( 1.136219367 —I(a + 0.77459666921) ,

/3
% J] — 0.8432740427 + (0.02886450778 + 0.29792325751) /2 , - %

+ %(022724387361J —1I(a + 0.77459666921) /2

N, @ +06a

J1(a—0.77459666921)  la EllipticF( 1.136219367 —I(a + 0.77459666921) ,

—Jz J] +0.8432740427- (0.02886450778 + 0.29792325751) 2.
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(B.6)

2J & +06a

3

- +[0.2272438736w —I(a + 0.77459666921) /2

N @ +06a

J1(a —0.77459666921) \/1a EllipticF[ 1.136219367 —1 (a + 0.77459666921) ,

£=

3
JZ ]] — 0.8432740427 + (0.02886450778 + 0.29792325751) /2, _@

+ +[0.227z438736w —I(a + 0.77459666921) /2

N @ +06a

V1(a—0.77459666921)  la EllipticF[ 1.136219367 —I (a + 0.77459666921) ,

J2

T]] + 0.8432740427 — (0.02886450778 + 0.29792325751) /2

subs(beta=-1.1, 1)

2@+ —tila
3
B 1 a2 | —1a+1/]=11])
3Jd +|-11a [Il H / V=11 ¥2
1(a—1J]=11]) Ta . —1(a+1y]=11]) J2
/ JT=1] /J|—1.1| EHIPUCF(/ JT=1] T2 J]
2T =L
3

1 _ple ) O+ I=1)) (1 —1J/T-L.1)
+3m[” “'/ = ﬁ/ M=

I e —1(1+1J]=1.1]) 2
J e o F[/ N ]]
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- ;(0.35803316601\/ —I(a + 1.0488088481) /2

N, @ +1la

JT(a — 1.0488088481) /Ta EllipticF| 0.9764540898/ —1 (a + 1.0488088481) ,

Q]J — 0.9660917833 + (—0.008529437557 4 0.46939178391) /2,

2
2Jd +1.1a

3
+ %(0.35803316601\/ —I(a + 1.0488088481) /2

N, @ +1la

JT(a—1.0488088481) |/ Ia EllipticF[O.9764540898\/ —I(a + 1.048808848]1) ,

—Jz ]] +0.9660917833 - (—0.008529437557 + 0.46939178391) {/ 2.

(B.7)

— +[035803316601J —1(a + 1.0488088481) /2

N @ +1.1a

JT(a — 1.0488088481) 1a EllipticF[O.9764540898\/ —1(a + 1.0488088481)

Q ]] —0.9660917833 + (—0.008529437557 + 0.46939178391) \/ 2,

2
2Jd +1.1a

3
+ ;[0.35803316601\/ —I(a + 1.0488088481) /2

N a3 +1.1a

JT(a — 1.0488088481) 1a EllipticF[O.9764540898\/ —I(a + 1.0488088481)

—JZ ]] +0.9660917833 + (0.008529437557 — 0.46939178391) /2

in the Radiation case (B > 0), After put the values of (8" = 0.3,0.5 and 1) into
equation (5.38), we get tau equations with positive and negative signs.

subs(beta= 0.3, tau)

0.3- ln(0.5444665784a + 0.5444665784\ a* — 0.3 )

2 —
N =03 4183300132 + >

2
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2 —_—
V& =03 4183300132

2

L 03 in(0.5444665784 ¢ + 0.5444665784\ & — 0.3 ) Jd—03
2 ’ 2

0.3- ln<0.5444665784a + 0.5444665784 a* — 0.3 )
2

taul =

+0.4183300132-

@ —03 (B.8)

Tl = 5 0.4183300132 + 0.1500000000 ln(0.5444665784a

2 J—
+0.5444665784+ & — 03 ), - L =03 1 64183300132

2
—0.1500000000 ln(0.5444665784a +0.5444665784 &* — 0.3 )

subs(beta= 0.5, tau)

2 _ . | 2 _
a : 0.5 03535533906 -t 0.5 1n(0.5857864377a +20.5857864377 a 0.5)

& =05
fau2 = = — 0.3535533906

L 05- n(0.5857864377 4 + 0.5857864377/ > —0.5) S —0.5
2 : 2
0.5+ 1n(0.5857864377 a + 0.5857864377 & — 0.5 )
2

+ 0.3535533906-

J&—05 (B.9)
@2 = = — 03535533906 + 02500000000 In(0.5857864377 4

2 J—
+0.5857864377 & — 0.5 ), —“fw + 0.3535533906

—0.2500000000 ln<0.5857864377 a + 0.5857864377 a* — 0.5 )

subs(beta= 1, tau)
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in the Dust case (8 > 0), by taking integrate for the equation (5.35), and substitute
the integral amplitude value of (t = 1 and a) into the integration equation, it reads
as

tau2

\/ tau~(tau2 — beta)

v J
Q = int , tau
[ T (12 - beta)

/7

© —Br
m[ / /B[ 20 ﬁﬁ) /% EllipticF[

L2 := subs(tau=a, Q)

2Jd —aB

/ at+Jp | 2(a ﬁﬁ) . J% EllipticF[

3 @ aB
e
\/E 2

L1 := subs(tau=1, Q)
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3
1 3f2 [ 1+ B 20=/p) [T itic[
'3JW[B / o TN

+
1+ /B Q]J
\/E 2
Q:=1L12—LI
— (B.11)
2 a —a
0=

1 3/2 a+yP Z(a—\/F) a . [
+———| P - [ - EllipticF
3 a3—al3[ / ﬁ JE ﬁ

sl [+ ) 20=Jp) [ itic[
1B/ﬁ A

then put the value (8 = 0.3,0.6 and 1) into (B.11), three equations with different
signs can be gotten as

subs(beta=0.3, Q)

24 a3 —03a

3

+ S — (0.05477225573 J 1.825741858 a + 0.9999999998

N a3 —03a

J -3.651483716a + 2.000000000 / -1.825741858a EllipticF[

J 1.825741858 a + 0.9999999998 , %]) — 0.5577733510

+ 0.1910885584 EllipticF( 1.680994307, g)
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24/ @ —03a

o1 = .

+ S S— (0.05477225573\/ 1.825741858 a + 0.9999999998

N a3 —03a

J -3.651483716a + 2.000000000 / -1.825741858a EllipticF(

J 1.825741858a + 0.9999999998 , QJJ — 0.5577733510

2
3 —_—
+0.1910885584EllipticF[1.680994307, V22 ),_ 2V a . 03a

—3; (0.05477225573\/ 1.825741858 a + 0.9999999998
va —03a

J -3.651483716a + 2.000000000 / -1.825741858a EllipticF[

1.825741858 a + 0.9999999998 , N2 + 0.5577733510
v 2

-0.1910885584 EllipticF[ 1.680994307, —“;J
(B.12)

2Jd —03a

01 = 3

+ S S— (0.05477225573 V 1.825741858a + 0.9999999998

a3 —0.3a

J -3.651483716a + 2.000000000 / -1.825741858 a EllipticF

V 1.825741858a + 0.9999999998 g j] —0.3508600549 — 0.35429245741,

2y @ —03a

3

S — (0.05477225573 V 1.825741858 a + 0.9999999998

a3 —0.3a

J -3.6514837164a + 2.000000000 / -1.8257418584a EllipticF(

. a+0. ,—— || t0. + 0.
J 1.825741858 0.9999999998 \/27 )] 0.3508600549 + 0.35429245741

subs(beta= 0.6, Q)
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2+ a3 — 0.6a

3

+ 3; [0.1549193338\/ 1.290994449 a + 1.000000000
v a —06a

J 2581988898 a + 2.000000000 +/ - 1.290994449 g EllipticF(

V 1.290994449 a + 1.000000000 , —“22)] — 0.4216370213

+ 0.3213713678 EllipticF[ 1.513603135, —‘22]

2J & —0.6a

2 =
Q 3
1 (0.1549193338\/ 1.290994449 a + 1.000000000

+ e —
N a3 — 0.6a

J —2.581988898 a + 2.000000000 +/ -1.290994449 a EllipticF(

—“ZZJ J — 0.4216370213

V 1.290994449 g + 1.000000000 ,

3 —_—
+0.3213713678E11ipticF(1.513603135, “22 ],— 2V a 3 0.6a
—3; (0.1549193338\/ 1.290994449 a + 1.000000000

Ja —0.6a

J -2.581988898 a + 2.000000000 / -1.290994449 a EllipticF(

1.290994449 a + 1.000000000 , N2 + 0.4216370213
v 2

-0.3213713678 EllipticF( 1.513603135, —'sz
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(B.13)

24 @ —06a

02:= S

+ S — 0.1549193338+/ 1.290994449 a + 1.000000000

a3 —0.6a

J -2.581988898 a + 2.000000000 / -1.290994449 ¢ EllipticF

\ 1.290994449 a + 1.000000000, g]] +0.0119697124 — 0.5958465153 1,

24 @ —0.6a

3

I — (0.1549193338\/ 1.290994449 a + 1.000000000

a3 —0.6a

J -2.581988898 ¢ + 2.000000000 / -1.290994449 a EllipticF(

V 1.290994449 a + 1.000000000 g]] —0.0119697124 + 0.5958465153 1

subs(beta= 0.9, Q)

2Jad —09a

3

+ S S— (0.2846049895 V 1.054092553 a + 0.9999999997

N a3 —09a

J -2.108185106a + 1.999999999 |/ -1.054092553 a EllipticF(

V 1.054092553 a + 0.9999999997 , —“22 )J — 0.2108185107

+ 0.4355877170 EllipticF( 1.433210575, —22 )
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24/ @ —09a
3 =
o 3
1

3— (0.2846049895 \/ 1.054092553 a + 0.9999999997
va —09a

-+

J -2.108185106a + 1.999999999 / -1.054092553 a EllipticF[

J 1.054092553 a + 0.9999999997 , —'22]) — 0.2108185107

3 —_—
+ O.4355877170EllipticF(1.433210575, v 2 ],_ 2y a —09a
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Series expansion for equation (5.46) reads as
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By taking integration for each terms in the above equation , they read as
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P2 := subs(tau=a, W)
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Pl = subs(tau=1, W)
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16
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wie_d . 7Bd 3 35pa (B.17)
6Ja—p 24 —P 48‘/a - 164 & —
+35B3ln(a—|- az—B)_ 1 7B 35B
16 B+1 24/ B+1 48[ -B+1
. 35p° _35B3ln(1+ B+1)
16 -B+1 16

N; (a) and G, (a)can be integrated such as

T
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NI := P2 — Pl
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