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ABSTRACT

This thesis includes five chapters. In the first chapter, general information and some

preliminaries that used throughout the thesis are given.

In Chapter 2, the incomplete Pochhammer ratios are defined in terms of the

incomplete beta function B, (x,z). With the help of these incomplete Pochhammer

ratios, we introduce new incomplete Gauss hypergeometric, confluent
hypergeometric and Appell’s functions and investigate several properties of them
such as integral representations, derivative formulas, transformation formulas and
recurrence relation. Furthermore, an incomplete Riemann-Liouville fractional
derivative operators are introduced. This definition plays a key role for our
understanding of the linear and bilinear generating relations for the new incomplete

Gauss hypergeometric functions.

In Chapter 3, we give the definitions of Caputo fractional derivative operators and
show their use in the special function theory. For this purpose, new types of
incomplete hypergeometric functions are introduced and their integral
representations are obtained. Furthermore, we define incomplete Caputo fractional
derivative operators and show that the images of some elementary functions under
the action of incomplete Caputo fractional derivative operators give a new type of
incomplete hypergeometric functions. For the new type incomplete hypergeometric

functions linear and bilinear generating relations are obtained.



In Chapter 4, generalizations of incomplete gamma, beta, Gauss, confluent and
Appell’s  hypergeometric functions are introduced. Also, Mellin transforms,
transformation formulas, differentiation and difference formulas and fractional

calculus formulas are obtained for these functions.

In Chapter 5, the extended incomplete Mittag-Leffler functions are introduced by
using the extended incomplete beta functions and we investigate several properties of
these functions. The Mellin transform of these functions is presented with regards to
the incomplete Wright hypergeometric functions. Furthermore, we obtain the images
of the extended incomplete Mittag-Leffler functions under the actions of Riemann-
Liouville fractional integral and derivative operator. Some miscellaneous properties

of these funtions are also given.

Keywords: incomplete Pochhammer ratios, incomplete hypergeometric functions,
incomplete Riemann-Liouville fractional derivative operators, Generating functions,
incomplete Caputo fractional derivative operators, generalized incomplete gamma
and beta functions, generalized incomplete hypergeometric functions, incomplete

Mittag-Leffler functions, extended incomplete Mittag-Leffler functions
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Bu tez 5 boliimden olugmaktadir. Birinci boliimde tez ile ilgili genel bilgiler ve tezde

kullanilan tanimlar hakkinda bilgiler verilmistir.

Ikinci bélimde, tamamlanmamis Pochhammer oranlar1 tamamlanmamis beta
fonksiyonlanlar1 cinsinden tanimlanmistir. Tamamlanmamis Pochhammer oranlari
yardimi ile tamamlanmamis Gauss, konfluent ve Appell hipergeometrik
fonksiyonlart tanimlanmistir. Bu hipergeometrik fonksiyonlar icin integral
gosterimleri, tiirev formiilleri, donilisiim formiilleri ve rekiirans bagimntilar1 elde
edilmistir. Ayrica, tamamlanmamis Riemann-Liouville kesirli tlirev operatorleri
tanimlanmistir. Bu tanim, tamamlanmamis Gauss hipergeometrik fonksiyonlar1 i¢in

lineer ve lineer olmayan dogrucu fonksiyonlari elde etmemize yardimci olur.

Ugiincii béliimde, Caputo kesirli tiirev operatdrlerinin tanimlarmi verdik ve bunlarin
ozel fonksiyon teorisinde kullanimini gosterdik. Bu amagla yeni bir tir
tamamlanmamis hipergeometrik fonksiyonlar tanitilmis ve integral gosterimleri elde
edilmistir. Ayrica, tamamlanmamis Caputo kesirli tiirev operatdrleri tanimlamakta ve
tamamlanmamis Caputo fraksiyonel tiirev operatorlerinin etkisi altinda bazi temel
fonksiyonlarm goriintiilerinin yeni tir hipergeometrik fonksiyonlar verdigini
gostermekteyiz. Yeni tiir eksik hipergeometrik fonksiyonlar i¢in lincer ve lineer

olmayan dogrucu fonksiyonlar elde edilir..



Dordiinci  bolimde, tamamlanmamis gamma, beta, Gauss ve confluent
hipergeometrik fonksiyonlarinin genellestirilmis formlari tanimlanmistir. Son olarak

ise, bu fonksiyonlar ile ilgili bir takim 6zellikler gosterilmistir.

Besinci  boliimde, genisletilmis  Mittag-Leffler fonksiyonlari, genisletilmis
tamamlanmamis beta fonksiyonlar1 kullanilarak tanitilmis ve bu fonksiyonlarin
cesitli  Ozelliklerini  gosterilmistir.  Bu  fonksiyonlarm  Mellin  déniistimleri,
tamamlanmamis Wright hipergeometrik fonksiyonlar1 cinsinden verilmistir. Ayrica,
Riemann-Liouville kesirli integrali ve tiirev operatorii etkisi altinda genisletilmis

tamamlanmamis Mittag-Leffler fonksiyonlarinin gériintiilerini elde ediyoruz.

Anahtar Kelimeler: tamamlanmamis Pochhammer oranlari, tamamlanmamis
hipergeometrik fonksiyonlar, tamamlanmamis Riemann-Liouville kesirli tiirev
operatorleri, dogrucu fonksiyonlar, tamamlanmamis Caputo kesirli tiirev operatorleri,
genellestirilmis tamamlanmamis gamma ve beta fonksiyonlari, genellestirilmis
tamamlanmamis hipergeometrik fonksiyonlar, tamamlanmamis Mittag-Leffler

fonksiyonlari, genisletilmis tamamlanmamis Mittag-Leffler fonksiyonlar1
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Chapter 1

INTRODUCTION

The gamma function is defined by

['(z):= /OootZleXp(—t)dt, Re(z) > 0.

In 1994, the following extension of gamma function was introduced by Chaudhry and

Zubair [13] as
I')(x) ::/ rexp [—t — lﬂ dt,
0

where Re (p) > 0.

The familiar incomplete gamma functions y(s,x) and I"(s,x) are defined by

X
¥ (s,x) ::/ r*“le7'dt, Re(s)>0; x>0
0
and

[(s,x) = / *le7'dt, x> 0; Re(s) >0 when x =0,

X

respectively. These functions satisfy the following decomposition formula:

Y(s,x)+T(s,x) =T(s), Re(s)>0.

(1.0.1)

(1.0.2)

(1.0.3)

(1.0.4)

The function I'(s) and its incomplete versions Yy (s,x) and I (s,x) are crucial in the

study for analytical solutions of various problems including different branches of sci-

ence and engineering [27]].



The widely used Pochhammer symbol (1), (4,v € C) is defined by

1 =0; A € C\ {0},
(A)v::%: Y €C\0} (1.0.5)

AA+1)...(A+v—-1) veN; A eC.

In terms of the incomplete gamma functions (s, x) and I'(s, x), the incomplete Pochham-

mer symbols (A;x), and [A;x], (A;v € C; x 2 0) were defined as follows [[12]:

o YA +vx) o>

(Asx), = T(A) , A,veC;x=20
and

. T(A+vyx) .

[A,X]v.—w, l,ve@,x:O.

In view of (1.0.4), these incomplete Pochhammer symbols (A;x), and [A4;x], satisfy

the following decomposition relation:
(Ax),+[Ax], =(4),, A,veC;x=20
where (1), is the Pochhammer symbol given by (1.0.5).

With the help of the incomplete gamma functions, the incomplete Gauss hypergeomet-

ric functions were defined as follows [[12]:

(a,x) . b ; © (a;x)n(b)n 2"

2N z | = Z



and

In view of (1.0.4), these incomplete Gauss hypergeometric functions are satisfy the

following decomposition relation:

(a,x) . b (a,x) . b a . b ;
2N z | + 201 z | = 2k z

Euler’s beta function is defined by
! 1
B(x,y) = / A1 (1= 1)V dr, Re(x)> 0, Re(y) > 0.
0

In 1997, the following extension of Euler’s beta function was introduced by Chaudhry

[10] as

1 _
B,(x,y) ::/0 P =1 Vexp [:(1 ft)} dr, (1.0.6)

where Re (p) > 0, Re(x) > 0, Re(y) > 0. Afterwards, Chaudhry [L1]] used B, (x,y) to
extend the hypergeometric functions (and confluent hypergeometric functions) as fol-

lows:

Fy(a,b;c;z) == i)(a)n

B,(b+n,c—b) "
”(<+”’C ) 2 5 0; Re(c) > Re(b) >0, (1.07)

B(b,c—b) n!’



and

> By(b+n,c—b) 7"
;C37) = — >0; R R 1.0.
0y (b;c;2) ;0 Blbocb) nl’ p > 0; Re(c) > Re(b) >0, (1.0.8)

Organization of the thesis is as follows:

In Chapter 2, the incomplete Pochhammer ratios are introduced by using the incom-
plete beta function. The new incomplete functions such as Gauss hypergeometric,
confluent hypergeometric and Appell’s function can be introduced by the help of these
incomplete Pochhammer ratios. Several properties of these functions are investigated.
The incomplete Riemann-Liouville fractional derivative operator are defined and we
show that the incomplete Riemann-Liouville fractional derivative of some elementary

functions give the new incomplete functions.

In Chapter 3, incomplete Caputo fractional derivative operators are defined and it has
been shown that the image of the elementary functions under the action of incomplete

Caputo fractional operators give the new type incomplete hypergeometric functions.

In Chapter 4, we introduce the generalizations of incomplete gamma, beta, Gauss hy-
pergeometric, confluent hypergeometric and Appell’s hypergeometric functions. Sev-
eral properties of these functions are investigated such as integral representations,

Mellin transforms, fractional calculus formulas etc.

In Chapter 5, we introduce the extended incomplete Mittag-Leffler functions by with

the help of the extended incomplete beta functions. Moreover, we obtain the images



of the extended incomplete Mittag-Leffler functions under the actions of Riemann-
Liouville fractional integral and derivative operator. Some miscellaneous properties of

these functions are also given.



Chapter 2

INCOMPLETE RIEMANN-LIOUVILLE FRACTIONAL
DERIVATIVE OPERATORS AND INCOMPLETE

HYPERGEOMETRIC FUNCTIONS

2.1 Introduction

In recent years, the gamma function I' (z) and the Pochhammer symbol (1), were used
to extend the generalized hypergeometric functions and their multivariate versions.
After these works, incomplete hypergeometric functions have become one of the hot
topics of recent years [1]], [17], [18], [19], [20], [29], [44], [47], [48], [S0], [54], [55I,

(561, [S71].

On the other hand, applications in many diverse areas of mathematical, physical and
engineering problems have been found by fractional derivative operators. Because of
this reason these operators have been an active research in recent years [7], [23], [24]],
[25], [26], [27], [62]. The use of fractional derivative operators in obtaining gener-
ating relations for some special functions can be found in [34],[52]]. In this chapter,
we are aimed to introduce new incomplete hypergeometric functions with the aid of
incomplete Pochhammer ratios and investigate their certain properties. Moreover, we
introduce incomplete Riemann-Liouville fractional derivative operators and we obtain
some generating relations for these new incomplete hypergeometric function with the

aid of these new defined operators. The organization of this chapter is as follows:

6



In Section 2.2, the incomplete Pochhammer ratios are introduced by using the in-
complete beta function and some derivative formulas involving these new incomplete
Pochhammer ratios are investigated. In Section 2.3, new incomplete Gauss hypergeo-
metric functions and confluent hypergeometric functions are introduced with the help
of these incomplete Pochhammer ratios ; also integral representations, derivative for-
mulas, transformation formulas and recurrence relation are obtained for them. In Sec-
tion 2.4, we define new incomplete Appell’s functions Fi [a, b, c;d;x,z;y], Fi{a,b,c;d;x,z;y},
F>la,b,c;d,e;x,z;y] and F>{a,b,c;d,e;x,z;y} and obtain their integral representations.
In Section 2.5, incomplete Riemann- Liouville fractional derivative operators are intro-
duced and it is shown that the incomplete Riemann-Liouville fractional derivative of
some elementary fuctions give the new incomplete functions that were defined in Sec-
tions 2.3 and 2.4. In the last section, we obtain linear and bilinear generating relations

for incomplete hypergeometric functions.

2.2 The incomplete Pochhammer Ratio

The incomplete beta function is defined by
Y
By(x,2) = / F1(1 = 1) dt, Re(x) > Re(z) >0, 0<y < 1 (2.2.1)
0

and can be expressed in terms of the Gauss hypergeometric function

= [

By(x,2) :=—(1—y)* 2Fi(1,x+z1+x;). (2.2.2)
y

The incomplete beta function satisfy the following relation:

By(b+n,c—b)+Bi_y(c—b,b+n)=B(b+n,c—b), ncNy:=NU{0}. (2.2.3)

7



The incomplete Pochhammer ratios [b,c;y], and {b,c;y}, are introduced in terms of

the incomplete beta function By (x,z) as follows [39]:

By(b+n,c—>b)
b,c;y], 1= — ’
[ 7Cy]n B(b,c—b)
and
Bi_y(c—b,b+n
{b.c;y}, = ol )

B(b,c—D)

where 0 <y < 1. It is clear from (2.2.3)) that

[b,c;y], +1{b,c;y}, =

In view of (2.2.2)) , we have the following relations

1 yb+n B
[b,c3], = Blb C_b)b+n(1—y)c PR (Le+nb+n+15y)
and
L 0=
{b,c;y}, = YR (Le+n14+c—b;1—y).

B(b,c—b) c¢—b

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

In the following theorem, the n —th derivatives of the incomplete beta fuction by means

of incomplete Pochhammer ratios are investigated.



Theorem 2.2.1 (/39]) The following derivative formulas hold true:

-1"r 4"
[b,c;¥]n = F(c(— b)+ nS?(b)beW y ’By(b,c—b+n)|, (2.2.9)

and

. Tkb+n) 1
{b,eiyn = L'(b+2n) B(b,c —b) (

" .
—y)© bd—yn((l—y) tbinp, (c—b—n,b+2n)).

(2.2.10)

Proof. Using (2.2.1)) and (2.2.4), we immediately obtain the following equation:

Y Y obincl b—1
[b,c;y]n = m/o w1 —uy) P du.

On the other hand, we have
1
y ’By(b,c—b+n)= / WP~ (1 —uy)s ot au, (2.2.11)
0

Taking derivatives n times on both sides of (2.2.T1)) with respect to y, we can obtain a
derivative formula for the incomplete beta function [b,c;y], asserted by (2.2.9). For-

mula (2.2.10) can be proved in a similar way. m

2.3 The new incomplete Gauss and confluent hypergeometric
functions

In this section, we introduce new incomplete Gauss and confluent hypergeometric

functions by [39]

(o)

x"
2Fi(a, b, c33)5x) := ) (@)alb, cs¥ln (2.3.1)
n=0 :

O



[}

2Fi(a{b,ciy}ix) := Y (a)u{b,c;y}, % (2.3.2)
n=0 :

o n

1Fi([a,b;y]ix) =) [a,b;y]n%, (2.3.3)
n=0 :
and
> X"
1Fi({a,b;y}ix) =} {a,b;y}n; (2.3.4)
n=0 :

where 0 <y < 1.

An immediate consequence of (2.2.6) and the definitions (2.3.1)), (2.3.2), (2.3.3) and

(2.3.4) are the following decomposition formulas
2F1(a, [b,c;y);x) + 2F1(a,{b,c;y};x) = 2F1(a,b;c;x) (2.3.5)

and

1F1(la, byylsx) + 1Fi({a,byy}sx) = 1Fi(asb;x). (2.3.6)

Theorem 2.3.1 ([539]) The following integral representation holds true:

yb

1
b—1 c—b—1 —a
— 1— 1— du, (2.3.7
B(b,c—b)/o w1 w) (1 =xuy)™“elu, )

2Fi(a,[b,c;y)x) =

Re(c¢) > Re(b) >0, |arg(l —x)| < 7).

Proof. Replacing the incomplete Pochhammer ratio [b, c;y], in the definition (2.3.1]) by
its integral representation given by (2.2.1)) and interchanging the order of summation

and integral which is permissible under the conditions given in the hypothesis of the

10



Theorem, we find

1 Y b1 c—b—1 —a
2Fi(a, b, ¢yl x) = m/o 7 (1—1) (1—xr)"“dr, (2.3.8)
which can be written as follows:
yb : b—1 b—1
2Fi(a,[b,c;y],x) = m/o W (1 —uy) " (1 —xuy) “du. (2.3.9)

In a similar way, we have the following theorem:

Theorem 2.3.2 ([39]) The following integral representation holds true:

(1—y)?

2F (Cl, {b,c;y} 7x) = m

/01 w1 = u(1 =) (1 = x+xu(1 — ) “du,

Re(c) > Re(b) >0,|arg(l —x)| < 7. (2.3.10)

Theorem 2.3.3 (/39]) The following result holds true:

. _ I(e)T(c—a—b) (1—y)brayb
2Fi(a,[b,ciy], 1) = T(c—a)[(c—b) B(b,c—b)(c—a—D)

X oFi(c—a,l;1+c—b—a;1—y). (2.3.11)
Proof. Putting x = 1 in (2.3.5)), we obtain

2Fi(a,[b,e;y),1) = aFi(a,b;c; 1) — 2F(a,{b,c;1—y},1) (2.3.12)

F(C)F(c—a—b) (l—y)c'—b—a | s )
Me—a)lle—b)  Blb.c—b) [ u )




Using the Euler’s integral representation for (2.3.12), we have

[(e)T(c—a—b) (1—y)re
F v, 1) = — Fi(1-b,c—b—a;1+c—b—a;1—y).
2@ b ey D) = R o e=b) " Bloie—b)(e—b_a) 21U mbembmalte—boal=y)
(2.3.13)
Using transformation formula
2R, Biyiz) = (1—2) P~ R (y— o, y— Bi1:2), (2.3.14)

in (2.3.13), we obtain

2Fi(l—b,c—b—a;1+c—b—a;1—y) =y’ yF(c—a,1;1+c—b—a;1—y). (2.3.15)

Considering (2.3.13)) in (2.3.13)), we get

‘ _ T(c)T(c—a—D) (1—y)ebmayb
2Fi(a,[b,ciy], 1) = I'(c—a)'(c—b) B(b,c—b)(c—b—a)

X oFi(c—a,l;14+c—b—a;1—y). (2.3.16)

Theorem 2.3.4 ([539]) The following result holds true:

c c—a— _ \y\c—b—a.b
2Fi(a,{b,c;y},1) = ?Ec)fiz)l“(c—lbji — (1B(b):)c—b)lj) 2Fi(c—a, 1564+ 15y) .

(2.3.17)

12



Theorem 2.3.5 (/39]) The following integral representations hold true:

a

1
M a—1 b—a—1 xu
F ; = — 1— y
1F1([a,b;y],x) B(a,b—a)/o u (1 —uy) e"Vdu,
Re(b) > Re(a) >0 (2.3.18)
and
(1—y)"e

1
1Fi({a,b;y},x) = /O W (1 — (1 —y))e e ul=2rgy,

B(a,b—a)

Re(b) > Re(a) > 0. (2.3.19)

Proof. Replacing the incomplete Pochhammer ratio [a, b;y], in the definition (2.3.3)
by its integral representation given by (2.2.1)), we are led to the desired result (2.3.18].

Formula (2.3.19) can be proved in a similar way. m

Theorem 2.3.6 (/39]) The following integral representation holds true:

C(c—k)T(b+k)
()T (c)

1 1
/yk‘l 2Fi(a;[b,e—kylix)dy =+ |aFi(a,bie—kix) - 2Fi(a,b+k;esx) |
0

k e N. (2.3.20)

Proof. It is known that from the Euler’s formula

1
B(b+k,c—b—k)

1
2Fi(a,b+kic;x) = /0 YWH 1=y (1 —xy)~dy, keN.

Taking u = y* and the remaining part as dv and applying the integration by parts, we

13



get

'(b)T(c)

2hilabrkiex) = 5 T b k)

1
zFl(a,b;c—k;x)—k/ YR (a, [b,c —k;y],x)dy| .
0

By rearranging the terms we get the result. m

Corollary 2.3.7 ([39]) Taking k = 1 in Theorem 2.3.6, we get the following result:

1 b
/ 2Fi(a,[b,c— 1;y],x)dy = 2Fi(a,b;c—1;x) — p— 2Fi(a,b+1;¢;x).  (2.3.21)
0 Cc—

Theorem 2.3.8 ([39]) The following integral representation holds true:

IT(e)T(c—b+k)

1
/0 Y oF (a,[b,cy],x)dy = —

Fi(a,bic+kx). (2322
KT (c—h)T(crk) 2h1@bethx). (2322)

Proof. It is known that

1 - i _
2F1(a,b;C+k;x)=m/0 Y (1 —y) PR (1 —xy) ~4dy.

Taking u = (1 —y)* and the rest as dv and using integration by parts, we get the result.

Corollary 2.3.9 ([39]) Taking k = 1 in Theorem 2.3.8, we get the following result:

1
cb/ 2F1(a,[b,c;y],x)dy. (2.3.23)
0

2Fi(a,byc+ 1;x) =
c—

14



Theorem 2.3.10 (/39]) The following derivative formula holds true:

d" (@)n(D)n

g R [b.eli) = =0

2Fi(a+n,[b+n,c+ny|;x). (2.3.24)

Proof. Using (2.3.8)), differentiating on both sides with respect to x, we obtain

d e _ a Y bor  ne—b—lg1 _ n—a-1
dx(zFl(a,[b,c,y],x)) = B(b,c—b)/o t’(1—1) (1 —xt) dt
a 4 — c+1)— — —(a
_ ZRZ_thzjjﬁ (D=1 (] ) (D=4 D=1 (] _ gyt gy
ab 1 Y _ 1) _ —(a
= CEp T T e e

ab
= = 2Fi(a+1,[b+1,c+1;y)5x

which is (2.3.24) for n = 1. The general result follows by the principle of mathematical

induction on 7. W

Theorem 2.3.11 (/39]) The following derivative formula holds true:

d" (a)n

A" (1F1([a,b;y];x)) = (D)

1Fi([a+n,b+n;y];x). (2.3.25)

Theorem 2.3.12 ([39]) We have the following difference formula for ,Fi(a,[b,b+
h;y);x) :

b+h—1

h—1 h—1 —a
1— 1— = O F b+h—1;y|;
Bon) (1=y)"" (1 —xy) 2Fi(a,[b,b+ yix) +

2Fi(a,[b—1,b+h—1;y];x) —ax(b+h—1) 2F1(a+1,[b,b+ h;y];x). (2.3.26)

15



Proof. Recalling that the Mellin transform operator is defined by

M{f(t):s) = /O T f(0)dt, Re(s) > 0,

we observe that ,Fj (a, [b,b+ h;y];x) is the Mellin transform of the function
e xy,a;h) =H(y—1)(1 =)' (1 —xt) 79,

where

I if t>0
H(t) =

0 if r<0

is the Heaviside unit function. Observing the fact that

2Fi(a, b, b+ hiy)ix) = M{f ];;y;l‘)“h) b} (2.3.27)

we can write that

5 (ft = xyah))=—[y—0)(1 =)' (=)™ (k= DH(y = 1) (1 =1)" 2 (1 —xt) 7]

+ax(1—xt)“ 'H(y—1)(1—1)" 1, (2.3.28)
where 2 (H(t)) = 8(t —19),

o if t=1
o(t—1y) =

0 if r#1

16



is the Dirac delta function. Applying Mellin transform on both sides (2.3.28)) and using

and the fact that
M{F(0): x} = (1— )M (1) - 1},

we have

b+h—1,

o YT ) = R b b Ty

+2F(a,[b—1,b+h—1;y;x) —ax(b+h—1) 2Fi(a+ 1,[b,b+ h;y];x).
This completes the proof. m

In the following theorems, we give transformation formulas:

Theorem 2.3.13 The following transformation formula holds true:

2Fia,[B.73):0) = (1=2) ™ 2Fa(a {y =B,y =y} ). farg(1—2)| < 7.

(2.3.29)
Proof. Using (2.3.8)), we obtain
2F1(a,[B Y'y]'z):ﬂ/] (1—s5)P1sr=B=1(1— < s _ads. (2.3.30)
BBy —B) Jiy —1

17



The substitution s = 1 —¢ in (2.3.30)) leads to

2Fi(a,[B,viyiz) = B((lﬁ_#@__;)/Oytﬁ‘l(l—t)y‘["‘1 (1——Z(Zl__lt))_ dt
_ (1_1)—a2F1(a,{y—/3,y;1—y};z_il)_

Theorem 2.3.14 (/39]) The following transformation formula holds true:

oFia (B, 1iy}ia) = (1=2) “2Fi(aly= Bl =yl 7). lare(l—g) <.

(2.3.31)
Theorem 2.3.15 (/39]) The following transformation formulas hold true:
tFi({e, B 1=y}s2) = e 1R([B — o, B:y];—2) (2.3.32)
and
1Fi(la,B;y)z) = 1R ({B—a,B;1—y};—2). (2.3.33)

Proof. The proofs of (2.3.32) and (2.3.33)) are direct consequences of Theorem 2.3.5.

2.4 The incomplete Appell’s functions

In this section, we introduce the incomplete Appell’s functions Fjla,b,c;d;x,z;y),

Fi{a,b,c;d;x,z;y}, Bla,b,c;d,e;x,z;y] and F>{a,b,c;d,e;x,z;y} by

18



m

Fila,b,c;dsx,z:y) =Y [a,ds¥lmin(B)m(c)n

m,n=0

n
%, max{|x|,|z]} <1 (2.4.1)

X
m!

and

[

xmzn
Fi{a,b,c;d;x,z:y} =) {a.dsybmin(B)m(C)n s max{la], J2]} <1 (24.2)

m,n=0
and
Bla,b,c;d,e;x,z3y] =) (@msnlbydsylmle,eyln—s s I+l <1 (2.4.3)
m,n=0 s
and
Fy{a,b,c;d,e;x,z;y} := Z (a)m+n{b,d;y}m{c,e;y}n%;, x| +|z| < 1. (2.4.4)
m,n=0 s

We proceed by obtaining the integral representations of the functions Fi [a, b, c;d; x,z;y),

Fi{a,b,c;d;x,z;y}, Fala,b,c;d,e;x,z;y] and Fo{a,b,c;d,e;x,z;y}.

Theorem 2.4.1 ([39]) For the incomplete Appell’s functions F|a,b,c;d;x,z;y] and

Fi{a,b,c;d;x,z;y}, we have the following integral representation:

a 1
Fila,b,c;d;x,z5y] = m/o w1 —uy) N = xuy) P (1 — zuy) ~du,

Re(d) >0, Re(a) > 0, Re(b) >0, Re(c) >0,

larg (1 —x)| < m, |arg(1—2)| < 7. (2.4.5)
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and

(1__y)d—a ! —a— a—
B—(a,d_a>/0“" L1 —u(1—y))e!

< (1=x(1 = (1 =)™ (1 = 2(1 = u(1 —y))) “du,

Fi{a,b,c;d;x,z;y} =

Re(d) >0, Re(a) >0, Re(b) >0, Re(c) >0,

larg (1 —x)| < &, |arg(1—2)| < 7. (2.4.6)

Proof. Replacing the integral representation of incomplete beta function which is given

by (2.2.1)), we find that

Fila,b,c;d;x,z;y] = ;/yt“‘l(l — )N (1 —xt) (1 —zt)~ar
o ’ B(a,d —a) Jo ’
which can be written as
Fila,b,c;d;x,z,y] = L/] u“_l(l —uy)d_“_l(l —xuy)_b(l —zuy)” “du.
Y ’ B(a,d —a) Jo

Whence the result. Formula (2.4.6) can be proved in a similar way. m

Theorem 2.4.2 ([39]) For the incomplete Appell’s functions F>[a,b,c;d, e;x,z;y| and

F>{a,b,c;d,e;x,z;y}, we have the following integral representation:

yb+c

(b,d —b)B(c,e —c)

1l
X / / ub_l(l —uy)d el —vy)e_c_l(l —xuy — zvy) “dudyv,
0o Jo

Fla,b,c;d,e;x,z;y] = 7

Re(d) > Re(a) > Re(b) > Re(c) > Re(m) >0, |arg(1 —x—2z)| < 7. (2.4.7)
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and

F{a,b,c;d,e;x,z;y}

d bte—c
B(b(ld b e_c // d— bl u<1_y))b71vefcfl(1_v<1_y))c71

(I —x(1 —u(l —y))—z(1—=v(1—y))) “dudyv, (2.4.8)

Re(d) >0, Re(a) >0, Re(b) >0, Re(c) >0, Re(e) >0, |arg(1 —x—2z)| < 7.

Proof. Replacing the integral representation of incomplete beta function which is given

by @2, we get

— L [ [ @

mnO

Fla,b,c;d,e;x,z;y] = Blb.d— b

xm n
b Hm=1 (1 —t)d_b_lsc+"_l(1 — s)e_c_l—z—dtds.
m! n!

Considering the fact that the series involved are uniformly convergent and we have a

right to interchange the order of summation and integration, we get

1

Bla,b,c;d,e;x,z;y] = B(b,d —b)B(c,e —c)

// b l d b— lc 1(1—S)e_c_l(l—xl—zs)_adl‘ds,

B(b,d — b (ce—c)
/ / b1 V)b (] Zypyyemen]

X (1 —xuy —zvy) “dudpv.

Formula (2.4.8) can be proved in a similar way. m
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2.5 Incomplete Riemann-Liouville fractional derivative operator

In this section, the incomplete Riemann-Liouville fractional derivative operators are
introduced and investigated. The Riemann-Liouville fractional derivative of order u is

defined by

DE{f(2)} = /Zf(t)(z—t)_“_ldt7 Re(u) < 0. 2.5.1)

I(—u)Jo

Now, the incomplete Riemann-Liouville fractional derivative operators D% [f(z);y] and

DY {f(z);y} are defined by

Dilft :rf_ﬁ;)/oyfwa(l—u)‘“‘ldu (252)
7 My

1)

1f(yWZ)(l —wy) *~!dw, Re(u) <0.

|
Pj
|
2%

and its counterpart is defined by

DS 5 =i [ (0 253
oy e
:F(_u)/o F((1=0)z)t *dt, Re(u) <0

The investigation started by calculation of the incomplete fractional derivatives of some

elementary functions.

Theorem 2.5.1 (/39]) Let Re(A) > —1, Re(u) < 0. Then

By(}t’ +1, _.u)zlfu.

DH[ty) = NEm

(2.5.4)
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Proof. Using (2.5.2)) and (2.2.1), gives

H Y 2 —u—
F(—/.L)/o (uz)* (1 —u) M du
BY(A'—'—]?_N)ZA—/J

I'(-p) '

DH [y

Whence the result. m

Theorem 2.5.2 ([39)]) Let Re(A) > —1, Re(u) < 0. Then

Bl—y(_.u’l + I)Z_“+;L.

D {tiy} = NEm

(2.5.5)

Theorem 2.5.3 ([39]) Let Re(A) >0, Re(ot) >0, Re() < 0and |z| < 1. Then

r()

DT = ] = @ DRl bl @59)
and
r'A
D} AN (1 =) %y} = %z’” 2Fi(a, {4, 1usy}2). (2.5.7)
Proof. Direct calculations yield
L—A y
DMEA N (1—g) %y = F(Zu—l)/o (uz)* (1 = uz) (1 — u)h 2 du
u—A 1
= ) O )1
Z'uily/l ! A—1 —a —-A-1
= = - 1 —wy)# dw.
F(,u—),)/o w1 —ywz) "4 (1 —wy) w
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By (2.5.7),

Hl

Dg_”[z’l_l(l—z)_a;y] = mB(l,{u_k)zﬂ(a’M"u;y];Z)
= ll:EiLl;Z“_] 2Fi (o, [A, 1:y]52).

can be written. Hence the proof is completed. Formula (2.5.7)) can be proved in a

similar way. ®

Theorem 2.5.4 ([39]) Let Re(A) > Re(u) >0, Re(ot) >0, Re(B) >0, |az| < 1 and
|bz| < 1. Then
DMHA N1 —az) "% (1 —bz) Py = L) w11 - s az, bz 2.5.8
Z ’y] - F(‘LL)Z 1[ ,a,,B,‘Ll,ClZ, Z’y]v ( o )
and
DM AT 1 —ag) "% (1—b2) Py} = ) Sy - Usaz, bz 259
z ’y} - F(‘LL)Z 1{ ,Oc,ﬁ,,u,az, Z’y}' ( .. )

Proof. The function shows that

D?‘“[z’l_l(l —az)"%(1 —bZ)_B;)’]

P y B » i N
= m/o (uZ)7L 1(1—auz) (1 —buz) ﬁ(l—u)“ A1y,
)
%/01()’\4/)11(2)11(1 —(IYWZ)*O‘(l —bywz)*ﬁ(l _Wy)‘uf/lfldw
o1y

1
= m/o w1 — aywz) ~(1 — bywz) P (1 — wy)* L aw.
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By (2.4.5), the following can be written

DMHA Y1 —az) *(1—bz) Py = 5:__1%) (A, u—A)F[A, o, B u;az,bz;y)
= %Z“ 'AIA, a, B psaz, bz;y]

Whence the result. Formula (2.5.9), can be proved in a similar way. m

Theorem 2.5.5 ([39]) Let Re(A) > Re(it) > 0,Re(a) > 0,Re(P) > 0,Re(y) > 0 ;

|1L_Z| < land |t|+|z| < 1 we have

ra
D} M (1—2) % 2 Fi (e [B, 7)) I t_Z);y] = FEN§Z”_1F2[OC,ﬁ,l;%u;t,z;y],
(2.5.10)
and
t r'(1)

Z'u_le{OC,B,}L;’)/,u;l‘,Z;y}.

(2.5.11)

DI (1= R (e Bl T )0h =

Proof. Using Theorem 2.5.1 and (2.4.3), gives

DI HA 1 —2) 7 an(w[B,Y;y];LZ);y]

— Dzl*lvl[zlflm_z) a B - B i (X ﬁ‘f‘n’}/ ﬁ) <I_Z) ;y]

- mDMz“ Y (@),5,(8 +n,y—/3>a<1 2wy
_ (/3; 5 m;OB (Bny—p) '( Jntm By (}{_‘am_vli)_)t)zu+ml
= Eéﬁizﬂ—%[a,ﬁ,it;%u;t,z;y]-
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Hence proof is completed. Formula (2.5.TT)), can be proved in a similar way. m

2.6 Generating Functions

Now, linear and bilinear generating relations are obtained for the incomplete hyperge-
ometric functions >} (a, [b,c;y];x) by the help of the methods described in [11]. The

following theorem is used to begin:

Theorem 2.6.1 (/39]) For the incomplete hypergeometric functions we have

%S}

Z

n:

(A +n, [, By]:2)t" (1—t)"12F1(A,[oc,[3;y];1i_t) 2.6.1)

and

(A +n,{o,Biy}i2)t" = (1 —1) > zFl(A,{a,B;y};é) (2.6.2)
where |z] <min{l,|l —¢|} and Re(A) >0, Re(f) > Re(ct) > 0.

Proof. Considering the elementary identity

Now, multiplying both sides of the above equality by z*~! and applying the incomplete
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fractional derivative operator Dg_ﬁ [f(z);y] on both sides ,

D¥P

1—z

can be written. Interchanging the order, which is valid for Re(o) > 0 and |¢| < |1 —z,

we get

[ee]

M)n
Z()

n=0

[Za—lﬂ_z)—l—n;y tn:(l—Z‘)_ng_ﬁ Za—l

Using Theorem 2.5.3, the desired result is achieved. Formula (2.6.2)), can be proved in

a similar way. m

The following theorem gives another linear generating relation for the incomplete hy-

pergeometric functions.

Theorem 2.6.2 ([39]) For the incomplete hypergeometric functions we have

o5}

Z

n:

zt

—n, [0, Bsy] ;)" = (1—1) " F, [a,p,l;ﬁ;z;ﬁ;y] (2.6.3)

and

—zt
(p—n{o,B;y};0)" = (1 —t)’lFl{a,p,/l;B;z;l—_Zt;y} (2.6.4)

where Re(A) >0, Re(p) >0, Re(B) > Re(ax) > 0; |t] < 1+|Z|
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Proof. Considering

"
(1= (1= = (1—1) {1+1Z—_tt}

and expanding the left hand side, we have for |t| < |1 — z| that

y (1—t)l{1—_—ﬂ_l.

n:

Now, multiplying both sides of the above equality by z*~!(1 —z)~P and applying the

fractional derivative operator Dgiﬁ [f(z);y] on both sides, we get

21—z [1 - ;—_Ztt] -’ ;y] :

Interchanging the order, which is valid for Re(ct) > 0 and |zf| < |1 —1|, gives

(1 —2) P [1 —f—_ﬂ A;y] .

Using Theorem 2.5.3 and 2.5.4, the desired result is achieved. Generating relation

D¥P

y Pnaci(g oy ,y] (1-1) D

o>}

A)n
Z()

n=0

T (1] e = (1) ADEP

(2.6.4), can be proved in a similar way. m

Finally, the following bilinear generating relation for the incomplete hypergeometric

functions are shown.

Theorem 2.6.3 ([/59]) For the incomplete hypergeometric functions we have

(o)

Z

n:

. Xt
t 1—2‘

(2.6.5)

[—n,83y]3%) 2F1 (¥, [A +n,B3y] 2" = (1—1) " B[A, o, 1 B, 5 Y]
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and

(o)

Z

n:

{-n.8:9}:0) 2F1 (Y AA +0, B:y}s2)t" = (1-1) *Ba{4, 0, 7. B, &1

(2.6.6)

where Re(A) >0, Re(y) >0, Re() >0, Re(8) >0, Re(a) > 0; |t] < 1)

T, and lz| < 1.

Proof. Replacing t by (1 —x)t in , multiplying the resulting equality by xY~! and

then applying the incomplete fractional derivative operator D}f‘s [f(x)5y], we get

-
D! p

TR (A +n,a,B5y];2)(1 —x)”t";YI

n=0

— prd {(1 —(1—x)r) Ay ! 2F1(l,[a,ﬁ;y];m);y1 .

Interchanging the order, which is valid for |z| < 1 } t‘ <1 and ‘1 t‘ - | ’ <1,

we can write that

S H(1 —x)"y] 2R (A +n, e, B3y]52)

B . _ —xt —
= (1—I) )“D;/ 8 x! 1(1_:) 2Fl(l7[aaﬁ;ﬂ;l_;);y :

Using Theorems 2.5.3 and 2.5.5, we get (2.6.5). Generating relation (2.6.6)), can be

proved in a similar way. m
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Chapter 3

INCOMPLETE CAPUTO FRACTIONAL DERIVATIVE

OPERATORS

3.1 Introduction

This chapter will give clear definitions of Caputo fractional derivative operators and
show its use in the special function theory. Next section will introduce new type ver-
sions of incomplete Gauss hypergeometric functions ,F7, the Appell hypergeometric
functions Fi, F> and the Lauricella hypergeometric functions Flg,y and we obtain their
integral representations. Incomplete Caputo fractional derivative operators are dis-
cussed in detail, Section 3.3 and show that the incomplete Caputo fractional derivative
operators of some elementary functions give the new type incomplete hypergeometric

functions defined in Section 3.2. The main results can be seen in Section 3.4.

3.2 New type incomplete hypergeometric functions

This section introduces new types of incomplete Gauss hypergeometric functions ,F7,
the incomplete Appell’s hypergeometric functions F7, F; and the incomplete Lauricella
hypergeometric functions F; 8.y. Throughout this chapter we assume that 0 <y < 1 and

m € N,

Definition 3.2.1 (/37]) New type incomplete hypergeometric functions are defined by

2F 1(a,[b,c;y)3x) == i‘bg?j(’i;:z

30
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and

= x"
ZFI(a7{b7C;y} Z {b_ m, ’y}n; (322)

n—O

for all |x| < 1 where m < Re(b) < Re(c).

Definition 3.2.2 (/37]) New type incomplete Appell hypergeometric functions F | are

defined by
Z‘” (@)n1x(D)n(C)k X" 2
b,c;d;x,z;y] i= —m,d; , 3.2.3
Fl[a, ,C xzy] e (a_m)n+k [a m y]n+k n! k! ( )
and
o eyl e Z‘” (@)n1x(B)n(C)k X2
Fl{a,b,C,d,X,Z,y} .—nkzom{d m, d, y}n+k Y F (324)

forall |x| <1, |z| <1 where m < Re(a) < Re(d).

Definition 3.2.3 (/57]) New type incomplete Appell hypergeometric functions [ » are

defined by

Fala,b,c:d,e;x,z:y] i= Z (@)nik(b)n(c)i [b—m,d;y], [c —m,e;y], T ;',

(3.2.5)
and
o (@nri(D)n(c) X 2k
b,cid,e;x,z;y} = b—m,d; —ML ey
Fofa,b,c;d,e;x,z;y} n;O(b m)n(c—m)k{ m,d;y}, {c—m, ey}, i
(3.2.6)
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forall |x|+ |z| < 1 where m < Re(b) < Re(d) and m < Re(c) < Re(e).

Definition 3.2.4 (/37]) New type incomplete Lauricella hypergeometric functions F 3D,y

are defined by

(@)nrkrr(D)n(c)k(d) X owk 7
n r\O)n r [a—m,eQY]n_,_k_,_rn_!k_!r_!,

3 [ee]
Fpyla,b,c.d;e;x,w,z;y] =
YL &y s Wy n7k72r_0 ((Z — m)n+k+r

(3.2.7)

and
o (@niirr(D)n(c)i(d)r X owk
F3 a,b,c,d;e;x,w,z;y} := a—m,e; Y}, g ————r
byt } n,k,ZrO (a@—m)ppisr { bkt n! k! r!
(3.2.8)

forall \/x ++/w +/z < 1 where m < Re(a) < Re(e).

Note that when m = 0, these functions reduce to the corresponding versions given

by @2.3.1), (2.3.2), 2.4.1) - (2.4.4), respectively. On the other hand, in the case

y — 17, the functions in (3.2.1)), (3.2.3), (3.2.5) and (3.2.7) are reduced to their usual

versions (similarly, when y — 0™, the functions in (3.2.2)), (3.2.4)), (3.2.6) and (3.2.8)

are reduced to their usual versions).

Now start by obtaining the integral representations of the functions given in definition

(3.2.1)-(3.2.4).

Theorem 3.2.5 ([37]) The following integral representations hold true:

b—m

Y
b—m,c—b+m)

1
2F 1(a,[b,c;y)3x) = B /0 ub_m_l(l —uy) LR (a,b;b—m;xuy)du,

(3.2.9)
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and

(1 _y)c—b-i-m
(b—m,c—b+m

yle _ 1c—b—i—m—l _ _ b—m—1
Fiadberky) = - e =)

X oF1(a,b;b—m;x(1 —u(1—y)))du (3.2.10)

forall |x| < 1 where m < Re(b) < Re(c).

Proof. Replacing the incomplete beta function B, (b —m+n,c — b+ m) in the defini-
tion (3.2.1) by its integral representation given by (2.2.1)) and interchanging the order
of summation and integral which is permissible under the conditions given in the hy-

pothesis, we reach

which can be given as

b—m

Y

2 1(a, b c;y)ix) = B(b—m,c—b+m)

1
/ Wb (1 —uy) "L By (a, by b — mixuy)du.
0
Hence the proof is completed. Formula (3.2.10) can be proved in a similar way. m

Theorem 3.2.6 ([37]) The following integral representations hold true:

ya—m

1

x Fi(a;b,c;a —m;xuy, zuy)du, (3.2.11)
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and

yd—a—i-m

B(a—m,d—a+m

1
Fi{ab.eidix sy} A (R
x Fi(a;b,c;a—m;x(1 —u(1—y)),z(1 —u(1—y))du,

(3.2.12)
forall |x| <1, |z| <1 where m < Re(a) < Re(d).

Proof. Replacing the incomplete beta function By(a —m+n+k,d —a+m) in the

definition (3.2.3)) by its integral representation given by (2.2.1)), it results in

1 Y
Fl[a7bac;d;X7Z;y] = B(a_m d_a+m>/() ta—m—l(l _t)d_a+m_1

X i (@nsk(D)n(e)e (x0)" ()

nido (@—m)pe  nl Kk

b

a—m

1

y a—m—1 d—a+m—1

= 1_
B(a—m,d—a—l—m)/o ! (1=uy)

X Fy(a;b,c;a—m;xuy, zuy)du.
Whence the result. Formula (3.2.12)) can be identified in a similar way. ®

Theorem 3.2.7 ([37]) The following integral representations hold true:

yb+072m

B(b—m,d —b+m)B(c —m,e—c+m)
/ / b—m— l y>d—h+m—lvc—m—l(1_vy)e—c'+m—l

xF(a;b,c;b —m,c — m;xuy,zvy)dudv, (3.2.13)

Fala,b,c;d,e;x,z;y]
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and

(1 o y)d—b+e—c+2m
B(b—m,d —b+m)B(c —m,e —c+m)

1 rl
X /0 /0 ud—b+m—1 (1 _ u(l _y)>b—m—lve—c+m—1 (1 —V(l _y)>c—m—1

X B(a;b,c;b—m,c—m;x(1—u(l—y)),z(1 —v(1 —y)))dudv,

F2{a,b,c;d,e;x,z;y}

(3.2.14)
for all x|+ |z| < 1 where m < Re(b) < Re(d) and m < Re(c) < Re(e).

Proof. Replacing the integral representations of By(b —m+n,d —b+m) and By (c —

m—+k,e—c+m) in (3.2.5), we get

1
B(b—m,d —b+m)B(c —m,e—c+m)
)

/ / b m— 1 —¢ d—b—i—m—lsc—m—l(l_S)e—c—l-m—l
Z (@nk(B)ul)e ()" (z5)*

nkOb m)y(c—m); n! k!

Fala,b,c;d,e;x,z;y] =

dtds,

which is equivalent to

yb+c72m

B(b—m,d—b+m)B(c—m,e—c+m)
/ / b—m— l )d b+m—1 pEm= 1(1 vy)echrmfl

X Fy(a;b,c;b—m,c —m;xuy,zvy)dudv.

Fala,b,c;d,e;x,z;y] =

Hence the proof is completed. Formula (3.2.14) can be proved in a similar way. m
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Theorem 3.2.8 (/37]) The following integral representation holds true:

a—m

M
Bla—m,e—a+m

F%,y[ayban;e;X,W,Z;y] -

) /1 ua—m—l (1 . uy)e—a-i-m—l
0

X F(a,b,c,d;a— m;xuy, wuy, zuy)du, (3.2.15)

and

(1 _y)e—a—i-m
Bla—m,e—a+m

1
F%),y{a,b,c,d;e;X,W,Z;y} = )/0 ue—a+m—1(1_u(1_y))a—m—l
x F3(a,b,c,d;a—m;xu(1—y),wu(l —y),zu(1 —y))du,

(3.2.16)

forall \/x +\/w +/z < 1 where m < Re(a) < Re(e).

Proof. Replacing the incomplete beta function By(a —m+n+k+r,e —a+m) in the

definition (3.2.7) by its integral representation given by (2.2.1), it can be observed that

r la,b,c,d;e;x,w,z;y] = 1 /yta—m—l<1_t)e—a+m—l
Dyl% U, G, U €54, W, % B(a—m)e—a—{-m) A

t

" i (@nicrr(D)n(€)e(d)r ()" (wi)* (z1)"

o (a—m)yiprr n! k! r!

which can be seen as

yafm

1
3 e . a—m—1 e—a+m—1
F b,c,d;e;x,w,z; = 1-—
D’y[a’ €456, W,2,)] B(a—m,e—a-I—m)/o ! (1-uy)

x Fj(a,b,c,d;a— m;xuy, wiy, zuy)du.

Whence the result. Formula (3.2.16)) can be proved in a similar way. m
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3.3 Incomplete Caputo fractional derivative operators

The classical Caputo fractional derivative is defined by

Df(z) = ;) [ vt S fay

I'm—a

where m — 1 < Re(a) < m, m € N.

Now, we introduce the incomplete Caputo fractional derivatives as

1 z am
CIlf(2):y] = m/oy (z—v)m‘“‘lﬁf(v)dv (3.3.1)
and
c% ( ) _;/Z( )m—(x—lﬂ ( )d 332
Z{fz’y}'_l“(m—oc) . Z—V dvmfv v, (3.3.2)

where 0 <y < 1landm—1 < Re(a) <m, m € N. In the case y — 17, (3.3.1)) reduces
to classical Caputo fractional derivative (similarly, when y — 0", (3.3.2) reduces to

classical Caputo fractional derivative).

The investigation begins with calculating the incomplete Caputo fractional derivatives

of some elementary functions.

Theorem 3.3.1 ([37]) Let m— 1 < Re(ct) < m and Re(o) < Re(A) then

F(A+1) ByA-m+1lm—a) ,_,
G—at1) BA—mtim—a)" (3.3.3)

CHtsy] = T
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and

C(A+1) B y(m—a,A—m+1) ,
A—a+tl) BA—mtlm—a) -

CH )= (3.3.4)

Proof. Theorem 3.3.1 gives

1 e d™

ciliy] = —F(m—a)/o (z—v)" 1Wvldv
L TRHD T e
- F(m—a)F(?L—m—i—l)/o (z=v) vy

A—o
< F(A_{—l) lm+l/l A—m m—o—1
Tm—a) T(A—m+ 1) , W) du
raA+1) BA-m+1lm—o) ;_,
TA-—a+1) BA-m+Lm—a)

Hence the proof is completed. Formula (3.3.4) can be proved in a similar way. m

The next theorem express the incomplete Caputo fractional derivative of an analytic

function.

Theorem 3.3.2 (/37]) If f(z) is an analytic function on the disk |z| < p and has a
power series expansion f(z) =Y. oanz", then

I'(4) > . (A)p By(A—m+nm—a)

ST LG ) B —mm— o)

CH 1 f ()] = 2", (3.3.5)

and




where m —1 < Re(ot) < m.

Proof. Using Theorem 3.3.1, results in

CH T f(2sy] = Y @y
n=0

- 1 ¥ m—o—1 a A+n—1
= =~ - —_— d
nZ::()an (F(m py /0 (z—v) T v

 TA) 5 a0 v¢ (A)n By(A—m+n,m—ao)
T Th—a) Z«O""(x—a)n BA—m+nm—a)’
(A By(A —m+n,m— )

_ ) A-a- (A)n
- r(x—a)zl 1,;0“"(/1—m)n B(A —m,m—a)

n

=)
n

Whence the result. Formula (3.3.6) can be proved in a similar way. m

The following theorems will be useful for finding the generating function relations.

Theorem 3.3.3 ([37]) Let m—1 < Re(A — ) < m < Re(A), then

CE Y (1= Hiy] = %Za_l 2F (1, [A, 0]52) (3.3.7)
and
Cl o (1—g) Hiy} = %z‘“ 2F 1 (1, A, o y}iz) (3.3.8)
forlz| < 1.
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Proof. If the power series expansion of (1 —z)~

CH %A (1—z) M3y

I gk

S
)

H is used, it shows

Lee

S

-

~

By(A—m+nm—A+U) 4.,
B(A—m+nm—A+pu) ¢
A')nBy(l—m-i-n,m—)Lﬁ-‘u)i”

BA—m+nm—A+pu) n!
;L)nBy(ar—m—i—l’l,m—)L‘}',ll)in

n!’

B(A —m,0c — A +m)

Using (3.2.1), we get the result. Formula (3.3.8) can be proved in a similar way. m

Theorem 3.3.4 ([37]) Letm—1 < Re(A — )

CE O (1 —az) V(1 - b2) Piy] =

and

I(2)

Cro P (1 —az) (1 -b2) Py} = (o)

forlaz| < 1and |bz] < 1.

40

I(4)
I(ar)

<m < Re(A), then

227V P,y Bioazibzy] (3.3.9)

VAL y, Biaaz;bzy)  (3.3.10)



Proof. Using the power series expansion of (1 —az) 7, (1—bz) P gives

CA (1 —az) 77(1 - bz) Py

I -  (Nn Bk npk Asntk—1.

= ¢ n,;o o k—!abz )y

R - (Y)nﬂ npkA—or Adntk—1.

= me:O TR b"Cl %z ;)]

_ i (’y)n (ﬁ)kanbkr(;l‘+n+k)By(;\’_m+n+k7m_l+a)za+n+k—l
o n! k! I'A—m+n+k)I'(m—A+a)

_ F()L)Za—l i (M) nik V(B By(A —m+n+k,m—A +a) (az)" (bz)*
I'a) o A—m)uy BA—m,m—A+ ) n! k!

Using (3.2.3), we get the result. Formula (3.3.10) can be proved in a similar way. m

Theorem 3.3.5 ([37]) Let m—1 < Re(A — o) <m < Re(A), then

(A
CH A (1 —az) (1 —bz2) P(1—cz) Hy] = —Fga;za_l FoyAs v, B, 1 0 az; bz ez
(3.3.11)

and

A
CH (1 —az) V(1 -b2) P(1—ca) My} = rgaiza_l Foy{A,v.B i osaz bz ey}
(33.12)

for|az| < 1, |bz] < 1and |cz| < 1.

Proof. Using the power series expansion of (1 —az)~ 7, (1 —bz) P (I —cz)™™ ends

in,
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Cr YA (1 —az) Y(1—bz) P(1—c2) ™1y

o A—o - (Y)n (ﬁ)k (‘U,)r nyk r_A+n+k+r—1.
I M T >

n,k,r=0
. (’}/)n (B)k (H)r nypk reA—ar A+n+k+r—1,
S i T R
_ i (Y)n@ﬂanbkdr(l+”+k+”)By(A_m‘i‘”‘f‘k‘i"?m—/l+0‘)Za+n+k+r—1
ity nt k! FA—m+n+k+r)I'(m—A+o)
_ r@')za—l i (M pirr (Bl (W), ByA —m+n+k+rm—A+a) (az)" (b2)* (cz)"
(o) o (A —m)psptr BA—mm—A+ ) nl k!l

Using (3.2.7), we get the result. Formula (3.3.12)) can be shown in a similar way. m
Theorem 3.3.6 ([37]) Letm—1<Re(A—o) <m<Re(A)andm < Re() < Re(y), then

_ _ _ x _
Cz)‘ o {zz "1—2)7%F (ﬂ,[ﬁ,}’;y];l—_z) ;y} = —aza Yralu, B Ay, o x, 23y
(3.3.13)

and

A
cre {zl‘l (1—-2)"*2F (u, {B.v:yh %_Z) ;y} = %z“‘le{u,B,l;%a;x,z;y}
(3.3.14)

for x|+ |z < 1.
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Proof. Using the power series expansion of (1 —z) ", we get

_ _ _ X
Ch 419 o, (u,[ﬁ,y;y];l_z) 5

— Ao -1 By(B—m+n,y—B+m) x n.
- Z 3 mn”' B(B—m,y— B +m) (1—z) ’y]
(‘u)n(ﬁ)nB (ﬁ—m+n,'}/_l}_|_m)xn .

n=0 (ﬁ_m)n yB(ﬁ—m ’)/_ﬁ+m) E(I_Z) H ,)’]

& (WaB)aBy(B—mtny—BAm)
= L B-m), Bus' - Fim) e

U1 =)

n=0
_ I'(4) L1 i n+k )n(A)k BY(ﬁ_m+naY_ﬁ+m)
M(a)” o n(A—m)  B(B—m,y—p+m)

By (A — m+ku 7L+m) "k
BA—mu—2A+m) n'k!]

Using (3.2.5)), we get the result. Formula (3.3.14) can be proved in a similar way. m

3.4 Main Results

In this part of the chapter, linear and bilinear generating relations were given for the

new type incomplete Gauss hypergeometric functions by using the relations obtained

in (3.37), (3.3.8), (3.3.9). (3.3.10). (3.3.13) and (3.3.14).

Theorem 3.4.1 ([37]) Letm—1 < Re(A —a) <m < Re(A), then

L

Talian = (-0 oy (waliss ) 64D

and

Z AN ayhia) = (1—1)HaF (u,{l,a;y};%), (3.4.2)
where |z < min{1,|1—¢|}.
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Proof. Taking into account the identity,

(1=2) = F == F1 - )™

and expanding the left hand side, we get for || < |1 —z] that

oo (i) —oe ()

If we multiply both sides with Z'and apply the incomplete Caputo fractional deriva-

8

tive operator C?‘O‘, we get

i (.u)ntn /l 1(1 _Z)fufn;y

A—a
C; |
n=0 n.

_ A
= Cz

Since |t| < |1 —z| and Re(A) > Re(u) > 0, it is possible to change the order of the

summation and derivative therefore,

[Zl_l(l —z) H Tyt = (1) H A

—u
A—1 Z
1———) yl.
: ( l—t) ’y]

and after using Theorem 3.3.3, results can be identified on both sides. Formula (3.4.2)

can be proved in a similar way. m
Theorem 3.4.2 ([37]) Let m—1 < Re(A —a) <m < Re(A), then

Z n Aoy =(1—1)*F1 |p,u, A a7,

n:

_Zt
— 3.4.3
Y| G43)
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and

> ( ')n 2b1(p = n A, ay kot = (1—0_”5{!’ HAs e m_ﬂ y}, (3.4.4)

where |t| < ﬁkl

Proof. Considering

zt

MI-(0-2 *=0-1)"H (1 +—) -

1—1t

and expanding the left hand side, we get

=) — —H
Yt =(1—1)*H (1—1—2) ,

n:

when |¢| < |1 —z|. If we multiply the both sides with z*~!(1 —z)~P and apply the

incomplete Caputo fractional derivative operator C?_O‘, we get

Célfoz Z (.u)nzl—l(l ) p+ngn "y Czﬁhfa

(1—t)_”zlfl(l—z)fp (l—_—zt>u;y].

Since |zf| < |1 —¢| and Re(A) > Re(o) > 0, it is possible to change the order of the

summation and the derivative as

[e55)

Z (U)n

n=0

[Z)L_l (1 _Z)—p—O—n;y = (1 _t)*l-l C?_a

A 1-z)P (1 - f—i) _“;y] :

So the result can be achieved after using Theorem 3.3.3 and Theorem 3.3.4. Formula

(3.4.4) can be proved in a similar way. m
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Theorem 3.4.3 ([37]) Letm—1 < Re(p—7y) <m < Re(p) andm < Re(A) < Re(a), then

(o)

Z

n:

—Xt
Aoy ol 1(=n [, vyl = (1=1)H 1 {H,k,p;a,y;z,l_ft;Y}
(3.4.5)

and

s

—Xt
( v)" 2F1(utn A4, asyyiz) oF 1(=n{p, viyhin) = (1-1) 7" F {uyl,p;a,%z, 1—ft;y} :

n=0

(3.4.6)

Proof. If 7 is replaced by (1 —x)¢ in (3.4.1) and then multiply on both sides with

xP~1 it gives

Applying the fractional derivative C?77 on both sides and changing the order show

A, 0y ]i2)CET [P (1 —x)"sy] 1

HMS

= CPV P I —(1—x)1] " 25y (m[l,a;y];m) ;y}

where |z| < 1, H—:’Z‘t’ < land ‘ﬁ} + |1x—jt| < 1. If the equality was given as

o)

Z

n:

A ey [P (1 —x)"y] 1
—u
p—l 1_ —Xt l R IS <z .
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and using Theorem 3.3.3 and Theorem 3.3.6, delivers the expected result. Formula

(3.4.6) can be proved in a similar way. m
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Chapter 4

EXTENSION OF INCOMPLETE GAMMA, BETA AND

HYPERGEOMETRIC FUNCTIONS

4.1 Introduction

Recently, some generalizations of the generalized gamma, beta, Gauss hypergeometric
and confluent hypergeometric functions have been introduced in [42]]. Several proper-
ties for these functions are investigated such as integral representations, Mellin trans-
forms, transformation formulas and differentiation formulas. Structure of this chapter
is as follows:

Generalizations of incomplete gamma and Euler’s function are elaborated in Section
4.2. Later, different integral representations and some properties of generalized in-
complete Euler’s beta function can be obtained. Furthermore, relations of generalized
incomplete gamma and beta functions are also examined in this study. Section 4.3
introduces the generalized incomplete Gauss, confluent and Appell’s hypergeometric
functions. The study proceeds by obtaining some integral representations of these
functions. Mellin’s transform representation of the generalized incomplete Gauss hy-
pergeometric and confluent hypergeometric functions are also investigated. Differenti-
ation and transformation formulas of the above mentioned functions are presented. In
addition, fractional calculus formula for generalized incomplete Gauss hypergeometric
function can be seen given in terms of the generalized incomplete Appell’s hypergeo-

metric function.
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4.2 Generalizations of incomplete gamma and Euler’s beta
function

This part of the study duells on the following generalizations of incomplete gamma

and Euler’s beta functions [38]]

P () :/O R ([a,ﬂ;y];—t—%dt, (4.2.1)

(Re(a) > 0, Re(B) >0, Re(p) >0, Re(x) >0,0<y< 1)

and
I
(0. B3y) : _/ x—1 1 1. P
B o= 1— F —_— 42.2
0w = [t A (el o @22
(Re(ax) > 0, Re(B) >0, Re(p) >0, Re(x) >0, Re(z) >0,0<y< 1)
respectively.

In the case p = 0, (4.2.1) reduces to

[@B) (1) /0 TR (o Boy]s 1) dt. (4.2.3)

The study continuous by obtaining the integral representations of the functions given

in the above definition.

Theorem 4.2.1 For the generalized incomplete gamma function, we have

F(OC,B;)’)(S) _ y(x—s /IF . (s)‘u(xfsfl(l _‘uy)ﬁfocfld‘u
’ Blap—a)ly #7 |
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where T (s) is given in ({1.0.).

Proof. Using the integral representation of incomplete confluent hypergeometric func-

tion, we have

(aBy) oy y* /m/1 s—1 ,—uyt =2 a—1 B—a—1
r = ] — dudt.
p (S) B(a,B . a) 0 0 ! u ( uy) u

Using a one-to-one transformation (except possibly at the boundaries and maps the re-

gion onto itself) v = uy?, 4 = u in the above equality and considering that the Jacobian

of the transformation is J = “i, we get

OC N
ngaﬁ)’)(s) (a ﬁ a / / Vv 1 —v— 2 dV,Lla s— 1( ‘uy>ﬁ o— ld“

Focusing on the uniform convergence of the integrals, the order of integration can be

interchanged to yield that

oa—s

(. Bsy) _ y /1 /m s—1 fvf“;‘,” a—s—171 B-a-1,4
FP (S) (OC B OC) {0 v e dv u (1 nuy) u

OC s
aﬁ D / Ty, ()L 11— py)P = au.

Whence the result. m

Remark 4.2.2 In the case p =0, we have

Y L(5) By (@ 5,8~ )

o—s
(aﬁy)() ﬁ/r Ocsl( ‘uy)ﬁaldu_

(a,ﬁ - Q)
(4.2.4)
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This part of the study concentrates on, give the integral representation of Bg,a’ﬂ 2 (x,z) by

means of Chaudhry’s extended beta function.

Theorem 4.2.3 ([38]) For the generalized incomplete Euler’s beta function, we have
(o, B2) b : i Ba-1
By, " (x,2) = —/ Buyp(x,2)u® " (1 —uy)P =% 'du,
p ( ) B(OC,ﬁ—OC) 0 yp( ) ( y)

where B, (x,z) is given in (1.0.6).

Proof. Using the integral representation of incomplete confluent hypergeometric func-

tion, we have

(a,B3y) _ ya /1 /1 x—171 _ \z—1 —uyp a—1/1 B—a—1
B) (x,2) Bla.B—a) Jo Ot (1—1)*""exp -1 u® " (1—uy) dudt.

From the uniform convergence of the integrals, the order of integration can be inter-

changed to yield that

Hence the proof is completed. m
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Remark 4.2.4 ([/38)]) In the case p = 0 in the above Theorem gives

In the following theorem, we give the Mellin transform representation of the function

Bg,a’ﬁ V) (x,z) in terms of the ordinary beta function and ['(%:B) (5).

Theorem 4.2.5 (/38]) Mellin transform representation of the generalized incomplete

beta function is given by
/ P BYPY) (x 2)dp = B(x+ 5,2+ 5)D(@P) (s), (4.2.5)
0

where Re(s) >0, Re(x+s) >0, Re(z+s) >0, Re(p) >0, Re(or) >0, Re() >0, 0<

y<l.

Proof. Multiplying (4.2.2) by p*~! and integrating with respect to p from p = 0 to

p = oo, we get

/0 SlB(aﬁyxzdP / 51/Xl leFl([OCBy]< ))dtdp

(4.2.6)
From the uniform convergence of the integral, the order of integration in (4.2.6) can be

interchanged. Therefore, we have

1 oo
/ P By By)(x,Z)dpz/ t“(l—t)“/ PR ([a,ﬁ;y]; P )dpdt
0 0 0
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Now using the one-to-one transformation (except possibly at the boundaries and maps

p
t(1-1)’

the region onto itself) v = u=tin (4.2.7), we get

1

| B wdp = [

i u("“)l(l—u)(“s“du/o ViR ([, Biy)—v)dv.

Therefore, using (.2.3)), we have
/ psleEJOhﬁ;)’) (x,z)dp — B(X—|— S,Z_i_s)l"((x,ﬁ:)’) (S)
0

Whence the result. m

y* 1By (a—1,-0) .

Remark 4.2.6 (/38]) Putting s = 1 and considering that T\%P) (1) = Bap o N

@23, we ger

ya_]By (OC— 1B _(X)
B(a,p—o)

/0 Bg,aﬁ;y)(x,z)dp =B(x+1,z+1)

The following theorem can be proved in a similar manner.

Theorem 4.2.7 ([38]) Mellin transform representation of the generalized incomplete

gamma function is given by

Dﬁ{l“g,a’ﬁ;y) ) :s} _ I'(s)T'(x+s5)By(ax—2s—x,B — Oc). 42.8)

B(a,p - )

Remark 4.2.8 Purting s =1 in ({.2.8), we have

I'(x+1)By(—x—2,— )

B(a,p - )
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Theorem 4.2.9 (/38]) For the generalized incomplete beta function, we have the fol-

lowing integral representations:

BE)O!.,B;y) (x,2) = 2/2 cos™ 1 9sin**71 0 |F([a, B;y]; —psec’ 6 — pcsc? 6)d 0,
0
4.2.9)

and

) o gl 1
Bga’ﬁ’y)(X,Z) — /O m 1F ([a’ﬁ;y] ;—2p—p (u—|— ;)) du. (4.2.10)

Proof. The proofs of (4.2.9) and (4.2.10) are obtained from (4.2.2)) with the substitution

t=cos’fandt = Tiu» Tespectively. m

Theorem 4.2.10 (/38]) For the generalized incomplete beta function, we have the fol-

lowing functional relation:

B;a,ﬁ;y) (x, 24 1) _i_B;Jaﬁ;y) (x+1,2) = B;)a,ﬁ;y) (x,2).

Proof. Direct calculations yield,

. ) 1 —
Bz )+ B P e 12) = [ 107 ([a,ﬁ;y];t(lf,))df

+/Olt"(1—t)“ 1 ([%Bwkﬁ) dt
= /0] [ (1 =)+ (1= R ([‘X,ﬁ;ﬂ;

= Bg,a’ﬁ;y) (x,z2).
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Whence the result. m

Theorem 4.2.11 (/38]) For the product of two generalized incomplete gamma func-

tion, we have the following integral representation:

l—‘gx-ﬁ;ﬂ (X)F;a’ﬁ;y) (Z) — 4/2/ r2(x+z)—lCOSZx—1 GSiHZZ—I 0
0 JO

p
F(Oc, 2y — 29— >
X 11 [ ﬁy] rcos 2cos2 0

x 1k | o, B ;—rzsinze— 14 )drdG.
! 1([ poyl r2sin” 0

Proof. Substituting r = n? in (4.2.1), we get

F;aﬁ;y)(x) :2‘/0 n2x—1 F ([a,ﬁ;y];_nZ_%) d’?-

Therefore

nga,ﬁ;y)(x)l—\;aﬁ;y)(z) _ 4/0 /O an—ngz—l F ([a,ﬁ;y];—nz—%>
<1f (laBisli g~ ) anat.

Letting 1 = rcos 0 and £ = rsin 0 in the above equality,

nga-ﬁ;Y) (x)FE,a’ﬁ;y) (Z) — 4/2/ r2(x+z)—1 COSZx—] Gsin2z—1 0
0 JO

p
F(a> > . 26_ )
X 141 [ B y] rcos 2cos2 0

x 1k | |o, B ;—rzsinze— P )a’rd@.
: 1([ poy] r2sin” 0

Hence the proof is completed. m
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Theorem 4.2.12 ([/38)]) For the generalized incomplete beta function, we have the fol-

lowing summation relation:

Proof. From the definition of the generalized incomplete beta function, we get

| _
B;a,ﬁ;y) (_x, | —Z) :/0 tx—l(l _t)_z 1F1 ([(X,B;y] 5 l‘(l _pt)> dt.

Using the following binomial series expansion

(=07 = X @y <1,

we obtain

: 'S (Dn yane 4
Béa’ﬁy)(x,l—Z)=/0 ngo%t* LA ([a,ﬁ;y];t(l_t))dt.

Therefore, interchanging the order of integration and summation and then using (4.2.2)),

we obtain

By P

x,1—z) =

| /()1tx+n1 R ([a,ﬁ;y];t(l_ft)>dt,

Bg,a’ﬁ;y) (x+n,1).

ok
>
e

3
Il
o

I
ol
>
Ex

S
=

3
|

Whence the result. m
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In addition, we introduce another extension of the generalized incomplete gamma and

beta functions

y —
F(paﬁ) ] ::/O 1R <a;ﬁ;ﬁ> dt, 4.2.11)

Féa’ﬁ){x;y} = /ythI 1F (a;ﬁ;t(l_f )dt, (4.2.12)

)

y _
ng,ﬁ) [, 2;] ::/O A=) R <a;[g;ﬁ> dt,0<y<1, Re(x)>0,Re(z) >0,
4.2.13)

and

(o) Y 1 —P
By’ {x,Z;y}IZ/O (1=t R a;ﬂ;m dt, 0<y <1, Re(x) >0,Re(z) >0,

(4.2.14)

respectively.

In the following theorem , we give the integral representations of these functions.

Theorem 4.2.13 (/38)]) The following integral representation holds true:

I _
Fga’ﬁ) x| :Yx/o R (a;ﬁ;quy)) du. (4.2.15)
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Remark 4.2.14 ([/38]) Using the integral representation of 1F (OC;B; ﬁ)

i (a;ﬁ; My(l_f uy)) B B(Oﬂ»ll3 —a) /oltal (1= e (lew)) @

in (4.2.15), we have

Theorem 4.2.15 (/38)]) The following integral representation holds true:

1 —
ngoc,ﬁ) [x,2;y] :yx/o w1l (1— uy)z—l | Fy ((X;B; Wi{y)) du (4.2.16)

and

(,B) . . 1 — x—1 R. P
B@P vt =y 1/0 u l(l—u(l—}’)) 1F1 (a,ﬁ’u(l_y)(l—u(l—)’)))du.

(4.2.17)

Remark 4.2.16 ([38]) Using the integral representation of confluent hypergeometric

function \Fy in and [{#.2.17), we get

(@B . Y /1/1 S (VI IRy B —pt
B) [x’z’y]_B(a,B—a) A (1—uy) t% " (1—1) exp o —w) dudt

(4.2.18)
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and

ﬁ){x,z;y} _ // 1_u y))x—lta—l(l_t)ﬁ—oc—l

% exp (u(l oA —y>>> dudt

respectively.
4.3 Generalized incomplete Gauss hypergeometric and confluent
hypergeometric functions

This part of the chapter examines the generalization (4.2.2)) of incomplete beta func-
tions to generalize the incomplete Gauss hypergeometric and confluent hypergeometric

functions by

oo (a.,B:y) n
b+n,c—>b)z
FS%PY (a4, biesz) = n;)(a)n (l()’c_b) >—' (4.3.1)
and
o (a7ﬁ;y) n
(@By)p) . . y._ v Bp " (btnc—b) 2"
|F, (b;c;z) = Zb Blbc_b) pE (4.3.2)

respectively. Furthermore, using (4.2.13)) we define another extension of the general-

ized incomplete Gauss and Appell’s hypergeometric functions as follows:

ByPb+n,c—biy] "
n!

o,B S
Fy°P (a,[b,c;y]52 Z Blb.c—b)

n=0
Re(c) > Re(b) > 0, Re(ar) >0, Re(B) >0,

(4.3.3)
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and

oo a?ﬁ m
o,pB o e e ) By V+ny—viy| By (A +mu—A)x" "
By (0 v, A v usx,5p) = Y, (P)uim B(v,y—v) BA,u—21) nlm!’

n,m=0

Re(y) > Re(v) >0, Re(it) > Re(A) > 0, Re(a) > 0, Re (B) > 0.

4.3.4)

4.3.1 Integral representations
Theorem 4.3.1 (/38]) For the following integral representation holds true for the gen-

eralized incomplete Gauss hypergeometric function:

. 1
F,Sa’ﬁ’y) (a,b;c;z) = B—((x}k — OC)/O Foyp (a,byc;z)u® 1 (1 —uy)ﬁ_a_ldu,

Re(B) > Re(a)>0, Re(c)>Re(b) >0, |arg(l —u)| <1,

where F), (a,b;c;z) is given in .

Proof. Since

we have from the Theorem 4.2.3

(o)

(. B:y) ce ) y (@)n /13 (1 = yy)Be] &
Fp (a’b’c’z>_B(a,ﬁ—a)nz::OB(b,c—b) A wp(b+n,c—b)u® " (1—uy) dun!.

Taking into consideration, the uniform convergence of the series involved and the ab-

solute convergence of the integral, interchanging the order of series and the integral,
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we get

() () poy Y VI Bupbtnce—b)"| a1
Fp y(a,b,c,z)—m/o {n;)(a)n Bo.c—b) nl w1 (1 —uy) P~ lau.

Whence the result. m

Remark 4.3.2 ([38]]) Using ({I.0.7), we have the following integral representation

o

(@,p) _ y
B abie) = g (bc—b)

<y s ten (72

x (1—2) " “u® (1 —uy)P~* drdu.

In a similar manner, we are led fairly easily to the theorem below:

Theorem 4.3.3 (/38]) For the generalized incomplete confluent hypergeometric func-

tion, we have the following integral representation:

) 1
IFI((OCﬁ,)’),P) (b;c;z) — a) / (])uyp(b;c;z)ua*l(l . uy)ﬁfa*ldu.
0

B(a,pB

Remark 4.3.4 (/38]) Using , we have the following integral representation

(04

((@By)p) (. oy — y
i 2 = Bl B a)B(b,e—D)

/ / (1 =) T exp (t(—luzzz)Jer)

xu® 1 (1- uy)ﬁfo{*1 dtdu.

Furthermore, the generalized incomplete Gauss hypergeometric functions can be pro-

vided with an integral representation by using the definition of the generalized incom-
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plete beta functions (4.2.2)) and (#.2.13), respectively. We get

Theorem 4.3.5 ([38]) For the generalized incomplete Gauss hypergeometric function,

we have the following integral representations:

(a,Bsy) 1 b c—b—1 —a
Fp™ (a,b;c;z) = B—(bc—b)/o 77 (1—1) (1 —zr)
.. P
X 15 ([a,ﬁ,y],t(l_t>) dt, (4.3.5)

Re(p) > 0;0<y<1; Re(c) > Re(b) > 0;

: 1 o _
FS%P) (0, byeiz) = B—(bc_b)/o W )" (1 (1 — 7))

1 F ([a,ﬁ;y];—Zp—p (u—I—i)) du,

T

: 2 2
P abien) = g [} St veost (1 —zsin’)

1 Fi ([a,ﬁ;y];_—pv) dv.

sin? v cos2

Proof. Direct calculations yield

Ll (aaﬁ;y) n

(@.B:Y) ¢ p. . By " (b+n,c—b)z

F b — . z

P abied) ,§0<“> B(b,c—b)  n!
1 (o]

— —b)g(a)n/o]tb+"—l(1_t)c—b—l \Fy ([a,[s;y]; 4

_ m/oltb_l(l P ([a’ﬁ;y];t(l_ft)) i(a)n_

1

- m/olrb—l(l—t)c“ﬂ—zt)“ 1A ([aaﬁ;y]; -
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Substituting u = 1 in (4.3.5), we get

. 1 = e a—c —a
FSPY (a,bsei2) = B—(bc—b)/o W1+ ) 1+ u(1 —2)]

i (w20 (o))

On the other hand, substituting 7 = sin? v in (4.3.5), we have

g

. 2 2
Fp(aﬁ,y) (a,b;c;27) = B—(b C_b)/ozsin%_]VCoszc_Zb_l\/(l—zsinzV)
x1F ([a,ﬁ;y];—. 2—p > )a’v.
SIn~ vV cos“ v

Hence the proof is completed. m

Theorem 4.3.6 (/38]) For the generalized incomplete Gauss hypergeometric function,

we have the following integral representation:

b 1
oB ol — y / b=l . Ne=b—1l/1 _ \—a
FP (a’ [b,C,y] ’Z) B(b,C—b) 0 u (1 Lly) (1 uyz)
% 1F <a;/3; _—p) du, (4.3.6)
uy(1 —uy)

Re(c) > Re(b) >0, Re(a) >0, Re(B) >0, |arg(1 —z)| < 7.

Proof. Replacing the generalized incomplete beta function Bg’ﬁ [b+n,c—b;y] by its
integral representation given by (4.2.13)) and interchanging the order of summation
and integral which is permissible under the conditions given in the hypothesis of the

Theorem, we find

1

P sl = gy 7 00 e (i
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which can be written as follows:

b

1
F(X,ﬁ . . — y / b—1 1 _ c—b—1 1 _ —a F . _p ]
p " (a[bciy]iz) Blo.c—b) Jo " (1 —uy) (1 —uyz) “ 1Fy a,ﬁ,—) du

Remark 4.3.7 ([38]) Using , we have the following integral representation

b 1 rl
, 1. _ y b—1 c—b—1 —a ,o—1 B—a—1
EP @bl = g [ () (g e (e
—pt

p
— ) duar.
XeXp(uy(l—uy)) ¢

A similar procedure yields an integral representation of the generalized incomplete
confluent hypergeometric function by using the definition of the generalized incom-

plete beta function.

Theorem 4.3.8 ([38]) For the generalized incomplete confluent hypergeometric func-

tion, we have the following integral representations:

((e.B:y)p) (g oy — 1 /1 b—17q _ pye—b—1 1. P
1F (bsc;z) Blb.c—b) Ot (1—1) e 1F ([Oc,ﬁ,y],t(l_t)>dt,

(CA BRI N 1 /1 _Nb—1 c—b—1 z(1—u) .. P
1Fl (b,C,Z) - B(b,c_b) 0 (1 l/l) u e 1Fl [a7B’y]’u(1 _u) dl/[,

p > 0and Re(c) > Re(b) > 0.
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Theorem 4.3.9 ([38]) For the generalized incomplete Appell’s hypergeometric func-

tion, we have the following integral representation:

aﬁ(pva”}/hu*le)): ( Y — V )L‘LL A// YVI
A=1/1  NH—A-]
<in(aip <1—uy>)°" S
x (1 —xuy —zs) P dsdu. 4.3.7)

Proof. Replacing the generalized incomplete beta and extended beta functions by their

integral representations (4.2.13)) and (1.0.6), we get

1 > x't 7"

P v, A‘ ’}/hu“ X, 25 p) = B(V 'y-V)B(A, [,L—l) mzéo(p)n—i-mﬁ%

// V+nl }/—vl

x1F] (a B; ) A+m—1 (1 —s)”_l_l

aﬁ(

(l—f)
X exp (S(l_fs)) dsdt,

Considering the fact that the series involved are uniformly convergent and we have a

right to interchange the order of summation and integration, we get

aﬁ( y—v 1

p —p
1—xt—
X exp (s (1 s)) ( Xt Zs) dsdt

_ / / 7/ v—1
B(V,Y—V ,‘U A’

sl—l _ Hu—A-1
X 1k (Oﬂﬁ (l—uy)) (1—s)

X (1 —xuy — zs) P dsdu.
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Whence the result. m

4.3.2 Differentiation and difference formulas

In this subsection, using the formulas B(b,c —b) = ;B(b+1,c—b) and (a),,; =
ala+1),, we gain formulas including derivatives of generalized incomplete Gauss

hypergeometric and confluent hypergeometric function with respect to the variable z.

Theorem 4.3.10 (/38]) For generalized incomplete Gauss hypergeometric function,
we have the following differentiation formula:

;7 {FISO"“”) (a,b;c;z)} = —(b)(’é)(a)” ,S“’ﬁ;” (a4+n,b+n;c+n;z).

Proof. Taking derivative of F}“’B ) (a,b;c;z) with respect to z, we obtain

d BY P (byn,c—b) 2 }

4 [ p(aB:y) . _ 4]y —
) B b e

 f@ e
=" B(bc—b) (n—1)!"

Replacing n — n+ 1, we get

o 7ﬁ’y) n
d (_(apy) ba Bg,a (b+n+1,c—b)z
LR P (b)) = 2 1 <
a’z{ P (a, ’C’Z>} c r;)(a+ Jn B(b+1,c—D) n!
_ b—aFlga’ﬁ;y)(a+1,b+1;c—|—1;z). (4.3.8)
c

Recursive application of this procedure gives us the general form:

j—zn {FISO"“”) (a,b;c;z)} = —<b)(’;)(a)” ,S“’ﬁ;” (a+n,b+n;c+n;z).
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Whence the result. m

Theorem 4.3.11 (/38)]) For the generalized incomplete confluent hypergeometric func-

tion, we have the following differentiation formula:

" N b, N
P {1F1((a’ﬁ’y)’p) (b;c;z)} = % 1F1((a’ﬁ’y)’p) (b+n;c+n;z7).

Theorem 4.3.12 ([/38)]) For the generalized incomplete Gauss hypergeometric func-

tion, we have the following recurrence relation:

. b .
AaFlga’B’y)(a,b;c;z) = —ZFISa’ﬁ’y)(a—l— L,b+1;¢c+ 1;2).
c

Proof. From the integral representation (4.3.5) of the generalized incomplete Gauss

hypergeometric function, we find that

Aan(a’B;y) (a,b;c;z) = Fp(a’ﬁ;y) (a+1,b;¢;z2) —F,S“"ﬁ;” (a,b;c;z)

- (1) (1 gyt
X 1Fi ([a,ﬁ;y];t(l_ft)) dt. (4.3.9)

Now, changing the arguments in the generalized incomplete Gauss hypergeometric

function by raising each parameter by one, we also find from (4.3.5) that

(a.B:y) . . _ 1 /1 b c—b—1 —a—1
F, ILb+1lic+1z) = — 1— 1
» P @+ 1,0+ 1ie+ 1;2) BGT1.c 5] o (1 =) 11 —zr)
. P
X 1h <[a’ﬁ’y]’t(1 _t))dt. (4.3.10)
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Finally, by comparing (4.3.9)) and (4.3.10), we get

. b .
Aan(a’ﬁ’y)(a,b;c;z) = ?ZF,S""‘;’”(H 1,b+1;c+1;2), 4.3.11)

which is our first recurrence relation for the generalized incomplete Gauss hypergeo-

metric function. m

Remark 4.3.13 ([38]) Further, by using the differentiation formula {.3.8), we obtain

the following differential difference equation:

d

. a .
p {Fzga’ﬁ’y) (aJ’;C;Z)} = EAanga’B’y) (a,b;c;2),

where, just as in (4.3.9), A, is the shift operator with respect to a.
4.3.3 Mellin Transform Representation

In this subsection, we obtain the Mellin transform representations of the generalized

incomplete Gauss hypergeometric and confluent hypergeometric function.

Theorem 4.3.14 ([38]) For the generalized incomplete Gauss hypergeometric func-

tion, we have the following Mellin transform representation:

: T(®BY) (5)B(b+5,¢ —b+5)
m{Flga,B y) (a,b;c;z) :s} = Blb.c—b) 2Fi (a,b+s;¢+2557) .

Proof. To obtain the Mellin transform, we multiply both sides of (4.3.5) by p*~! and

integrate with respect to p over the interval [0, ). Thus we get
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fm{F,,(“’B” (a,b;c;7): }

/0 ps—le(“ﬁ;y) (a,b;c;z)dp

1
vl RS A

x U()”ps—l 1F ([a,ﬁ;y];t(l_ft))dp] dt

(4.3.12)

Since substituting u = t(lp_ 3 in lb

/prs_l 1R ([a,ﬁ;y];t(l_ft)

Thus we get

zm{F}“ﬁy)(a bic;z) : } =

)dp = /Owus_lts(l—t)s 1Fi([a,B;y];—u)du

_ rS(1—t)S/O°°usl F ([0, Biy] s —u) du

= (1 —1)T@PY)(s).

1
B(b, i— b) /0 P (=) P (1) T TP ()

T @BY)($)B(b+s,c —b+35)

B(b,c—D)
1 /1 tb+s71 (l _t)c+2s—(b+s)—l (1 —Zt)_adt

X
B(b+s,c—b+s) Jo
(@B ($)B(b+s,c —b+5)

2Fi(a,b+s;c+2s37).

B(b,c —D)

Theorem 4.3.15 ([/38)]) For the generalized incomplete confluent hypergeometric func-

tion, we have the following Mellin transform representation:

m{]Fl((aﬁ;)’);P) (b;C;Z) . S} —

(@B ($)B(b+s,c —b+s5)
B(b,c —D)

1Fi1(b+s;¢+42s;52).
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4.3.4 Transformation formulas
Theorem 4.3.16 (/38]) For the generalized incomplete Gauss hypergeometric func-

tion, we have the following transformation formula:

FIS“’W (a,b;c;z) = (1 —z)‘“F,SO"ﬁ”) (a,c—b;c;il) Jarg (1 —z)| < 7.
7—
Proof. By writing

<

1—z(1—)] = (1-2) (1 +—t> -

1—z

and replacing r — 1 —¢ in (4.3.5]), we obtain

(a.B3y) oy (=g /1 Cb-leb1(y_ Z o . P
Fp (a’b’c’z)_B—(b,c—b) 0(1 1)t 1 _Z—lt 1 F [a,ﬁ,y],t(l_t) dt.

Hence,

B abiciz) = (1= B (e bics 5 ).
-

Remark 4.3.17 (/38)]) Note that,replacing z by 1 — % in Theorem 4.3.16, one easily

obtains the following transformation formula
. 1 .
F,Sa’ﬁ’y) <a,b;c; 1— —) = z“F,Sa’ﬁ’y) (a,c—b;c;1—72), |arg(z)| < 7.
<

Furthermore, replacing z by liﬂ in Theorem 4.3.16, we get the following transforma-
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tion formula

(a,B:y) .
Fy Y (a’b’c’l—l—z

) = (l—l—z)an(a’ﬁ;y) (a,c—b;c;—2z), larg(1+2z) < m|.

Theorem 4.3.18 (/38]) For the generalized incomplete confluent hypergeometric func-

tion, we have the following transformation formula:

| Fl((a,ﬁ;y);p) ( Fl((aﬁ;y);p) (

b;c;z) =€ | c—b;c;z).

Remark 4.3.19 ([38]) Setting z= 1 in (#-3.5)), we have the following relation between

generalized incomplete Gauss hypergeometric and beta functions:

F(O(,B;)’) ((l b'C'l) _ ;/1tb1(l_t)cbal \Fy [OC ﬁy] P dt
P T B(b,c—b) Jo (1)
_ BéaJi;y)(b,C_a_b)
B(b,c—Db)

4.3.5 Fractional calculus formulas

This section identifies extended Riemann-Liouville fractional derivative of the gen-
eralized incomplete Gauss hypergeometric function shows the generalization of the
incomplete Appell’s hypergeometric function. The extended Riemann-Liouville frac-

tional derivative operator is defined by [34]

2

)

—pz
t(z—

DI {f(2)} = ﬁ /Ozf(t) (z—1)"* exp < ) dt, Re (1) <0, Re(p) > 0.
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It is well known [34]] that

DH-P {zl} _5 (ff(t:;“)zl—“, Re(A)> —1, Re() < 0. 4.3.13)

Theorem 4.3.20 (/38)]) For Re() > Re(A) >0, Re(p) > 0, Re(v) >0, Re(y) >

0;

_ x r'A) -
D?‘“’p{z’l_l(l—z) PP <p,[v,y;y],—1_z)}Z—FEH;Z# P (o v, sy s,z p)

Proof. Using (4.3.13) and (4.3.7)), we get

- B X
piur {2t et (pvrl 1 )|

o o.f n
— Dl up{z "1-2)" Pz(p)n v+ny=viyl (5 n'> }

o B(v,y—V)

1 A—up ) A—1 S o,p x" —p—n
— ; : 1—
B> {z nZO(p)an Vtny=viylr(1-2)

_ 1 ap | X () (P+1)  A—pp s A—14m
= anZOB V+7’l 'y Vy] —m' DZ {Z }

_ 1 - o,p oy )c_”(p)n+me(7L+m,u—7L) Hn+m—1
- B(vm—V)n;oB” A T T(u-4)

— F(A) u—1 Otﬁ
= T (P, V, A7, 15X, ).

Hence the proof is completed. m
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Chapter 5

EXTENDED INCOMPLETE MITTAG-LEFFLER FUNCTIONS

5.1 Introduction

Recently, an extended Mittag-Leffler function has been introduced by the authors [35].
Some properties of the extended Mittag-Leffler function such as integral representa-
tion, Mellin transform and the extended fractional derivative of the usual Mittag-Leffler
function were given in [35]]. Organization of this chapter is as follows:

In Section 5.2, incomplete and extended incomplete Mittag-Leffler functions are de-
fined and the integral representation of incomplete Mittag-Leffler functions in terms of
the Mittag-Leffler function is given. Furthermore, we introduce the incomplete Wright
hypergeometric functions and integral representations for these functions are given. In
Section 5.3, the integral representations of extended incomplete Mittag-Leffler func-
tions are obtained in terms of both Prabhakar’s Mittag-Leffler function and known
elementary functions. The Mellin transform of the extended incomplete Mittag-Leffler
functions are given in terms of the incomplete Wright hypergeometric functions. Also,
some derivative formulas for this function are provided. In Section 5.4, the images
of the extended incomplete Mittag-Leffler function under the actions of Riemann-
Liouville fractional integral and derivative operator are achieved. The relationship
between the extended incomplete Mittag-Leffler function and simple Laguerre poly-

nomials is gained in the last section.
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5.2 Extended incomplete Mittag-Leffler functions

The function Eq (z),

Zk

Eq (Z) :kzom, (521)

was defined and studied by Mittag-Leffler in [31]], [32]. It is a direct generalization of
the exponential series, since, for & = 1, we have the exponential function. The function

defined by

Zk

Eqp(z)=Y, T(ak+B)

k=0

(5.2.2)

gives a generalization of equation (5.2.1) in [60], [61]. Afterward, Prabhakar [45]

introduced the generalized Mittag-Leffler function by

0 n

where o, B, ¥ € C with Re () > 0. For Y= 1, it reduces to the Mittag-Leffler function

given in equation (5.2.2). An extended Mittag-Leffler function Egtcﬁ (zzp)[35], is

introduced as follows:

o)

b (Y+n,c—7) (c), z
Zb B(y,c—y) T(on+p)n

n

E’“ 5 P20, Re(c) > Re(y) >0,

where B), (x;y) is an extension of beta function defined in (1.0.6). In this section, the
extended incomplete Mittag-Leffler functions are introduced as follows:

eyl oy w B (rtne=vp) (o), A
Fap (3P) = ;) B(y,c—y) T(an+p)n!’ (.24

p > 0,0<y<1, Re(c)>Re(y) >0
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and

n

E{%c;y} _ i By (c—v,7+n;p) (),

; al 525
ap  (BP) = B(y,c—7) I'(an+ ) n! 6:2)

p > 0,0<y<1, Re(c)>Re(y)>0

where for By (x,z; p) we have

By (x,z;p) = /Oytx_] (1—1)"exp (t(l ft)) dt, Re(p) >0, Re(x) >0, Re(z) >0,

(5.2.6)

the extended incomplete beta function defined in [10].

Corollary 5.2.1 ([40]) Note that, when p = 0 in equation ({5.2.4) and (5.2.5) we intro-

duce the incomplete Mittag-Leffler functions

c Z‘” By(y+ne—v) (o),

Y . — Yy n -

Faplod] = = B(r,ce—y) T(an+B)n!’ 627
0 < y<l1, Re(c)>Re(y)>0

and

Yic .. . - Bl—y (C—’}’,’}’—Fn) (C)n x_n
Faplodt = L =gy Tlomipinl 528

0 < y<1, Re(c)>Re(y)>0

respectively.

Theorem 5.2.2 ([40]) For the incomplete Mittag-Leffler functions, we have the fol-
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lowing integral representations:

Y 1
EYC Loyl — Y / T=1(1 — )V L ¢ 2.
o,B [X,y] B(')/,C— ,y) 0 u ( Lty) o.f (xuy) du? (5 9)
and
£ Ly = 0 et (1)) B (e (1)
avﬁ ’ B(’y,c_’}/) 0 (X,

(5.2.10)

where Re (¢) > Re(y) >0, Re(a) >0, Re(f) >0,0<y< 1.

Proof. Replacing the incomplete beta function By, (Y +n,c — ¥) in the definition (5.2.7)

by its integral representation given by (2.2.1]), we have that

. 1 Yy
EY [y = —/ (1 =)
P [x y] B(%c_’}/) 0 t ( t)

F O o,

= T'(an+p) n!

= y—y/luy_l (1—uy) "V ES , (xuy)du.
B(v.c—7)Jo P

Whence the result. Formula (5.2.10) can be proved in a similar manner. m

On the other hand, the Wright generalized hypergeometric function ,y, (z) [52], called

also Fox-Wright function is defined as

(a1,B1), - (0, Bp) o I'(ai+ Bin)..T (o + Bpn) 2"

p¥q 2| = Z

(p1 [.L1> (pq uq) n:OF(P1+/.L1n)...F(pq+uqn) n!’

where the coefficients §; (i=1,...,p) and u; (j =1,...,q) are positive real numbers

such that
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q p
I+ Y uj—) Bi>0.
==

Introducing the incomplete Wright hypergeometric functions are as follows. Choosing

p=qg=2,B1=1,Br=1and u; =1, since

(on,1), (0, 1) ' B > (o +n)T(ap+n) i

2 2l = Z
L T (1 +m)T(p2 + pan) !
(p1,1),(p2, 12) 0

_ F(al)F(Oﬂz)i (o), (), 2"
L(p1) = (1), T (p2+ pon)nt”

using the fact that

(1), B(aj+n,p1—a)

(p1),  Blou,pi—au)

then using the following relation

By (a1 +n,p1 — o) +B1y(p1 — 0,01 +n) =B(og+n,p1—0y), 0<y <1
(5.2.11)
and we get
s (), ="

> [0, 00501, (P2, 2) 32 := ) o, pisy], =————,0<y<1 (5.2.12
25 [, 00; 1, (P2, M2) 5 2] n;)[ 1,P15)] T (pa+ 1) ! y ( )

and

[}

. ), '
25 {0, 005 p1, (P2, 12) 32} 1= Z{Ocl,puy}nr ()

An immediate consequence of (5.2.1T)) and the definitions (5.2.12)) and (5.2.13) satisfy
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the following decomposition formula

295 [o, 00501, (P2, M2) 2]+ 2W5 { o, 05 p1, (P2, M2) 32}
F(Pl) (a171)7(a271)

= —————— '
I'(ay)I' (o) (p1,1),(p2, 2)

Theorem 5.2.3 ([40]) For the incomplete Wright hypergeometric functions, we have

the following integral representations:

o 1

2¥5 (a1, 003 p1, (P2, H2) 52] = B(ocl,ypl P /o u (1 —uy) A EG2, (zuy) du,

(5.2.14)
and

* (1_y)p1_al /1 pl—al—l o —1
. . — 1—u(l= 1
2Y) {ahaZaph(pZ?u’Z)’Z} B(al,pl _a1> 0 u ( u( y))
XEp? 1, (z(1—u(1—y)))du (5.2.15)

where Re (p1) > Re(a;) >0,0<y< .

Proof. Replacing the incomplete Pochhammer ratio [, p1;y], in the definition (2.2.4)
by its integral representation given by (2.2.1)) and interchanging the order of summation

and integral which is permissible under the conditions given in the hypothesis, we find

1
o, p1— 0

Y ooy o —
2¥3 [OCI,OQ;Pla(pZa.uZ);Z]:B( )/0 £ (1= YER2, (z)dt,
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which can be shown as

[05]

y
o1,p1— 0

i
2¥5 [0, 02; 1, (P2, M2) 32) = B( )/0 u® (1 —u)’)pl_al_lng,uz (zuy)du.

Whence the result. Formula (5.2.15) can be proved in a similar way. m

5.3 Some properties of the extended incomplete Mittag-Leffler
functions

To begin with, the following theorem is used, which gives the integral representations

of the extended incomplete incomplete Mittag-Leffler functions.

Theorem 5.3.1 (/40]) For the extended incomplete Mittag-Leffler functions, we have

the following integral representations:

[rel (oo _ /1 T o (uy . > :
E X 1 X xuy)du,

y.o— Iy
(5.3.1)
and
e R € S ) ML LV ( —p )
B ) = gy fy T = e (s
XEq g(x(1—u(l—y)))du, (5.3.2)

where 0 <y <1, Re(p) >0, Re(c) > Re(y) > 0.

Proof. Using equation (5.2.6) in equation (5.2.4), we get

[eo)

[ G5 } . — Y n— c—Y— _p (c)n x’l
B = B Lt a0 e () g
(5.3.3)
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Interchanging the order of summation and integration in (5.3.3), which is guaranteed

under the assumptions given in the statement of the theorem, we get

EJSSY (x:p) (5.3.4)

_ y R . —p v () Cwy)
= Ty b W p(uyu—uy)),;)r(anm a4

Using equation (5.2.3) in equation (5.3.4), we get the desired result. Formula (5.3.2)

can be proved in a similar way. m

Corollary 5.3.2 ([40]) Note that, taking u = 1_+z in (W), gives
E[Y,cy} (x ) _ yy /oo t/yil (1 +t(1 ))C*’yflex _p(l +t)2
ap P Blre—y o 1T10)° g Pl —y)

c xty
— | dt.
x O"ﬁ(l-i-t)

Using the definition of Prabhakar’s Mittag-Leffler’s function, Bayram and Kurulay

obtained the recurrence formula [28]]

. d,
ap(12) = BEq gy (12) + 02 B gy (12).

Inserting the above recurrence relation into equations (5.3.1)) and (5.3.2), the follow-
ing recurrence relations for the extended incomplete Mittag-Leffler’s functions are

achieved.

Theorem 5.3.3 ([40]) The following recurrence relations hold true for the extended

incomplete Mittag-Leffler functions:

C; ,C;, d ,C;,
EJ§ (eip) = BEJSY, (eip) + ox - ELGY, (x2p)
0



and

By i) = BES) () + ax B ()

In the next theorem, we give the Mellin transform of the extended incomplete Mittag-
Leffler function in terms of the incomplete Wright generalized hypergeometric func-

tion.

Theorem 5.3.4 ([40]) The Mellin transform of the extended incomplete Mittag-Leffler

functions are given by

MUELS (ipis) = EOETENETE) g e 25, (@B o, 539

and

B(y+s,c—y+s)
B(y,c—7)

C F k
MEETS (xip)ss) = 1O {75,004 25, (0, B) s},

(5.3.6)

where p >0, Re(c) > Re(y) >0, Re(s) >0, Re(ct) > 0and Re(f3) > 0.

Proof. Taking the Mellin transform of the extended incomplete Mittag-Leffler func-

tion, we have

M{E]; e (4 pYis) = / 5= IEV’” .p)dp. (5.3.7)
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Using equation (5.3.1)) in equation (5.3.7), we get

[776)} . . — yy = s—1
MUEL wp)ish = gt — | e
1
Y-1/1 _ c—y—1 —Pp c
X [/0 u” " (1 —uy) exp <—uy(1 - uy))} op (xuy)dudp. (5.3.8)

Interchanging the order of integrals in equation (5.3.8)), which is valid because of the

conditions in the statement of the Theorem, we get

% 1
M{E % y](_x’p)’s} = B(’}/+—’}/)A |:uy71 (1 y)c Y- Eaﬁ(xuy)
= s—1 4
« /0 »*Lexp (—uy i uy)) dpdu. (5.3.9)

Now taking r = uy(lli &7 in equation (5.3.9) and using the fact that [(s)= [yt e dt,

we get

M{EE (x:p)ss)

YT (s) /1 yts—1 c—Y+s—1 ¢
= — 11— E xuy)du. 5.3.10
B(y,c—7) Jo ! (1—w) 05713( uy) du ( )

Using the definition of Prabhakar’s generalized Mittag-Leffler function E7, 4 (xuy) in

equation (5.3.10), we get

M{E)5Y (x; p)ss}

YT (s)

_ y 1 c Y+s—1 xuy
B(%c—y)/ (- Z om+13

Interchanging the order of summation and integration, which is valid for Re(c) >

Re(y) >0, Re(s) >0, Re(c—y+s5) >0, Re(a) >0, Re(B) >0, we get
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I'(s)
(%C - Y)

1
+s+ +s+n—1 —Yt+s—1
xZ an+ﬁ yrs /0 WL () T (5.3.11)

n=|

M{E] 5 ( ;p);s} =

Using the incomplete beta function in equation (5.3.11)), we have

M{ES5" (x:p):s)

_ Iy ¥ S m e Vs (c),x"
B B(}/,C—y),;bBy(yJr tmemrE )F(an+ﬁ)n!’

which can be written as follows:

M{EJSY (x: p)is} = B<Y+;v(0y—cv_+y;>r<s)

25 [y +s,cie+2s, (@, B) ]
Hence the proof is completed. Formula (5.3.6) can be proved in a similar way. m

Theorem 5.3.5 ([40]) The following derivative formula holds true for the extended

incomplete Mittag-Leffler function:

d" c; n,c+n;
e (E([j M (; p)) = (c)nEg; v (i p), neN. (5.3.12)

Proof. Using (5.3.1), differentiating on both sides with respect to x, we obtain

5 (B o)) = £ ),

which is (5.3.12)) for n = 1. The general result follows by the principle of mathematical

induction on n. m
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Theorem 5.3.6 ([40]) The following differentiation formula holds true for the ex-

tended incomplete Mittag-Leffler function:

o (PE (ap)) =S, (). (5.3.13)

Proof. In equation (5.3.12), replace x by Ax® and multiply xP~!, then taking the

x—derivative n times, we get the desired result. m

Theorem 5.3.7 ([40]) The following derivative formula holds true for the extended

incomplete Mittag-Leffler function:

d" c; nB —n,c—Y—n —n,c—2n;
( 2 ﬂ(x;p)):(—l) (v Y1) ply-ne—2my]

dpr \"o.p Blr.c_y) ob (:p).

Proof. Taking the p—derivative n times in equation (5.3.1)), we get the result. m

5.4 Fractional calculus formulas

In this section, we first recall the definitions of the right-sided Riemann-Liouville frac-
tional integral operator / Z}+ f and the right-sided Riemann-Liouville fractional deriva-

tive operator D2+ f , which are [23]

Lo f()
(% 1) (X)_r(x)/a : dt, Re(A)>0,x>a (5.4.1)

and

(Df;+ f> (x) = (%)n (13;’1 f)  n=[Re(A)]+1, x>a. (5.4.2)
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The authors [23]] have defined the generalized form of the Riemann-Liouville fractinal
derivative operator Di”+ in 1} by introducing the right-sided fractional derivative

operator DiLfs of order 0 < A < 1 and type 0 < § < 1 with respect to x as follows:

(D2r) () = (Iff‘“% (151‘5)(1"L>f)) (x). (54.3)

Obviously, when 6 = 0 then (5.4.3)) reduces to the operator D§+ defined in (5.4.2)).

It is well known [23]] that

(lrj+ (r—a)“”) (x) = % (x—a)*™ ' Re(A)>0, Re(u) >0, (5.4.4)
and
AS . \u-l _ T(w) oAl
(Da+ (t—a) )(x) = Fa—n , Re(1) >0, Re(u) >0,
0 < A<1,056<51. (5.4.5)

Theorem 5.4.1 ([40]) Suppose x> a(a € Ry =[0,)), s=T—aand v=x—a, then

(zja ()P ELSY (o(5)" p)> () = VAPIET S (0(v)%p),  (5.46)
(D;L ()P ET (0 ()% p)) () =vPAIETY (0(V)®ip), (547
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and

(D1 (P BT (0(9):0) ) (0 = vPATIETS, (0(v)*ip) . (548)

Proof. Direct calculations yield

B—1plvey] ( o,
- - 1 xS o (s) ,p)
(1P ES @0)%n) ) @) = [ S

(x—1)!
_ 1 iBy(iH‘”»C—}’;p) (c), "
I'(A) & B(v,c—vy) T(an+p)n!
x/xs“’”ﬁ_l(x—”c)l_]dr

y (y+n.c—7.p) (c), ®" an+B—
B ,;)By g—('_’}/,c—y;/p F(an-f}i)m (IZ}+ [s +B 1])()()

By the use of (5.4.4), we have

. e o, _ — B ()/—i—n,c—)/;p) (C)nwn on -
(O IO L By Tanipn’
'(on+pB)
(Ocn+),—|—ﬁ)
PR 12 7+”C vp) (o), (o))
~  B(y,c—y) T(an+pB) n!

= VP 1E£Z§ﬂﬁ<w<v) p),

which completes the proof of result (5.4.6).

Now, we have

(Dk P BT (0(9)%5p) ) () = (di) (P L (@(9)%:p) ) (),
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which on using (5.4.6) takes the following form:
(D (9P ELG %91 (x) = (%)n{v“" FUELG o VR | ().
Applying (5.3.13), we have
(DR )P ELG 5730 () = VB4 BT, (0(v)“:p).

This completes the desired proof.

)ﬁ 1 gﬁ;y] (w(s)o‘;p)> (x)

To prove (5.4.7)), we have
(06

= 16w By(v+tnec—vp) (o), o gontB-1| | o

= (Da+ Z{) B(y,c—vy) T(an+p) n! (s) ])( )

i (

By(y+nc—v.p) (c),@"
B(y,c—vy) T(an+p)n!

n=0
v (Dif (S)oanrBfl) (x).

By applying (5.4.5), we get

< o = B n,c—Y, c), n
(D22 P EGE (0(9):p) ) () = ,Zz) y(gac—wyp)r(o(mLm%

['(an+P)
(om+ﬁ—7t) v)

i Bytne-n (0, (o))
v ;0 B(y,c—y) T(an+p) n!

= Vﬁ_l_'E%’f}l (@(M)%:p),

an+f—-A—1

which completes the required proof. m
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In the following theorem, the images of the Prabhakar’s Mittag-Leffler function un-
der the actions of incomplete Riemann-Liouville fractional derivative operator are ob-

tained.

Theorem 5.4.2 ([40]) Let 0 <y < 1, Re(i) > Re(A) > 0, Re(cx) > 0, Re(f) >
0. Then

N _ HIB(A,y—A
D} “[Z’L 'EY o (2)y| = r(ﬁ—a) ) ijﬁ[z;y]-

a?

Proof. Replacing u by A — u in the definition of the incomplete Riemann-Liouville

fractional derivative operator (2.5.2)), we get

D [Za—lE;ﬁ (2) ;y]

— L /y (uz)lfl EY (MZ) (1 . M).U*A*I du
I(n—2)Jo P
I A e U-A—1py

By (5.3.1), we can write

CHBAY=A)
=) Eaﬁ[z,y].

DrH [zl’lEgJ3 (2):y

Hence the proof is completed. m

5.5 Relations between the extended incomplete Mittag-Leffler
function with Laguerre polynomials

In this section, a representation is given on the extended incomplete Mittag-Leffler

function in terms of Laguerre polynomials.
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Theorem 5.5.1 ([40]) For the extended incomplete Mittag-Leffler function, we have

[v.e) /.. _ 1 - Lm(p)Ln(p) (C)kx_k
XBy(y+m+k+1,c—y+n+1), (5.5.1)
and
{rev} /.. _ 1 - Lm(p)Ln(p)(c)kx_k
exp(2p) Es™ (xip) = EZ?I?:EB}n2;0 T(akp) K

XBi_y(c—y+m+1,y+n+k+1), (552)

where Re(c) > Re(y) > 0, Re(a) >0, Re(f3) > 0.

Proof. We start by recalling the useful identity used in [34]

=P <t(1_ft)) —exp(=20) ¥ Lo(p) L ()™ (1= 0 <1< 1. (553)
m,n=0

Used equation (5.5.3)) in equation (5.3.1)), we get

[reyl .y _ Y Lo et _
EVF ) = g [ () exp(-2p)

X Z Ly (p) Ly (p) (uy)™ ™ (1 — uy)™™! ap (xuy)du. (5.5.4)

m,n=0

Now, taking into account the series expansion of Prabhakar’s generalized Mittag-

Leffler’s function E, 4 (xuy) in equation (5.5.4), we have
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. 14 ) 1
E[%c’y} (x;p) — y exp( p) / u’y—l (1 _ uy)c—’)/—l
0

P (%C_Y)
T L) () 0™ (1 B el
0 = T (ok+B)k!
7 exp(~2p) lu,l et
(%C_Y) /0 ' (1 y)
% Z ()(C)k(uy)m+k+](l—uy)”kadu. (5.5.5)

m,n,k=0 (Xk—f—ﬁ)

Interchanging the order of integration and summation in equation (5.5.5)), which can

be done under the assumptions of the theorem, we have

E[ch]

Il (1:p) = exp(—2p) i Lu (P) L (P) (¢)i x

B(y,c—7) m, k=0 I'(ak+B)k!
XBy(y+m+k+1l,c—y+n+1). (5.5.6)

Multiplying both sides of equation (5.5.6) by exp(2p), we get the result. Formula

(5.5.2) can be proved in a similar way. m
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