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ABSTRACT

The classical and quantum mechanical correspondence for constant mass settings is
used, along with some nonlocal point transformation (NPT), to find the
position-dependent mass (PDM) classical and quantum Hamiltonians. Consequently,
the PDM-momentum operator is constructed. The same recipe is followed to identify
the form of the PDM-minimal coupling of electromagnetic interactions for the

classical and quantum PDM-Hamiltonians.

Using azimuthally symmetrized cylindrical coordinates, some PDM-charged particles
moving in magnetic (constant or position-dependent (PD)) and Aharonov-Bohm (AB)
flux fields along with some interaction potentials are considered. Their separability
and solvability under PDM-settings is also reported. Systems of PDM-charged
particles moving in three fields: constant magnetic, AB-flux, and pseudoharmonic
oscillator potential, or generalized Killingbeck potential fields are solved for different
radial cylindrical PDM settings. Spectral signatures of the one-dimensional
z-dependent Schrodinger part on the overall eigenvalues and eigenfunctions, are
reported using two z-dependent potential models (infinite potential well and
Morse-type potentials). PDM-charged particles moving in an inverse power-law-type
radial PD-magnetic fields are considered. Under such settings, the exact solutions of
almost-quasi-free PDM-charged particles (i.e., no interaction potential) endowed with
two type of radial cylindrical PDM settings are obtained. Furthermore, a Yukawa-type
PDM-charged particle with a specific PDM setting moving in PD-magnetic and
AB-flux fields along with Yukawa plus Kratzer type potential force fields is analyzed

(using the Nikiforov-Uvarov (NU) method) to come out with exact solutions of the
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system. Exact or conditionally exact eigenvalues and eigenfunctions are analytically

obtained.

Keywords: position-dependent mass Hamiltonian, point transformation, PDM -
momentum operator, PDM minimal-coupling, cylindrical coordinates, constant
magnetic and position-dependent magnetic fields, Aharonov-Bohm flux field,
almost-quasi-free PDM-charged particles, pseudo-harmonic osillator and Killingbeck

potentials, Yukawa-plus-Kratzer potential, Nikiforov-Uvarov exact solvability.
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Klasik ve Kuantum Mekaniksel tekabuliyet ve Yerel Olmayan Nokta Doniisiim
(YOND) yontemi kullanarak Pozisyon Bagimli Kiitle (PBK) Hamilton ve momentum
operatorleri tespit edilmistir. Bu yontemle minimal kuplajli elektromagnetik

etkilesmeler icin Klasik ve Kuantum PBK-Hamilton fonksiyonlari bulunmusgtur.

Eksensel simetrik silindirik koordinatlar kullanarak sarjli partikiillerin, sabit (veya
pozisyon bagimli (PB)), magnetik Aharanov-Bohm (AB) akis1 ve etkilesim
potansiyelleri i¢indeki hareketleri ele alinmistir. PBK durumunda hareket denklemleri
ayrim ve ¢oziim agisindan incelenmistir. Uc¢ durum ele alimustir: Sabit magnetik
alan, AB-akisi, sahte harmonik hareket potansiyeli veya genellenmis Killingbeck
potansiyel alanlarinda radyal silindirik ¢oziimler verilmistir. Tek boyutlu, z—bagimlh
Schrodinger denkleminin spektral isaretlerinden, iki farkli potansiyel (sonsuz kuyu ve
Morse—gibi) i¢in uygun deger ve fonksiyonlar1 elde edilmistir.  Burada PBK
partikiilleri icin ters—iistel etkilesim alanlar1 durumunda radyal PB-magnetik alan ele
alinmagtir. Yaklagik, sahte serbest goriiniimlii, sarjli PBK durumunda kesin silindirik
coziimler verilmistir. Ilaveten Yukawa tipi sarjli PBK, PB-magnetik, AB—akil1 ve
Kratzer tipi potansiyel katkili alanlar i¢cin Nikiforov—Uvarov (NU) yontemi sayesinde

cOziimler bulunmugtur. Kesin veya sartli uygun deger fonksiyonlari elde edilmistir.

Anahtar Kelimeler: pozisyon bagimli kiitle Hamilton fonksiyonu, momentum
operatorii, minimal kuplaj, silindirik koordinatlar, sabit ve pozisyon bagimli magnetik

alan, Aharanov — Bohm aki alani, yaklagik serbest pozisyon bagimli sarj partikiil,



sahte—harmonik titresim, Killingbech, Yukawa — Kratzer potansiyelleri, Nikiforov —

Uvarov kesin ¢oziimliligi.
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Chapter 1

INTRODUCTION

In the non-relativistic Schrodinger equation, the position-dependent mass (PDM)
concept have attracted much attention in the literature over the years [1-26]. Particles
endowed with PDM are considered interesting and unavoidable in both quantum and
classical mechanics [27-33]. Such PDM settings find their applications in condensed
matter physics (see, e.g., [9, 15, 16]), in optical physics (see, e.g., [34,35]), etc. They
are not to be necessarily understood as particles with PDM literally. A
position-dependent deformation in the coordinate system may very well render the
mass  position-dependent. Hereby, the most prominent non-relativistic

PDM-Hamiltonian is the von Roos Hamiltonian [1]

H= —3—1 M(fe)“aij ()?)baij()?)c+M()?)caij()?)b8ij X +vVE®E). ((.1)
Where M (X) = mom(X), mo is the textbook constant mass, m(X) is a
position-dependent dimensionless scalar multiplier that forms the position-dependent
mass M (¥), ¥ = (x;,X,,%;), Oy; = 9/dx;, j = 1,2,3, V(X) is the potential force field,
and the summation runs over repeated indices, unless otherwise mentioned. The
parameters a, b, c are called the ambiguity parameters that satisfy von Roos constraint
a+b-+c= —1. Yet, this Hamiltonian is known to be associated with an ordering
ambiguity problem as a result of the non-unique representation of the kinetic energy

operator. An obvious radical change in the profile of the kinetic energy term occurs



when the values of the ambiguity parameters are changed (consequently, the profile of
the effective potential will radically change). There exist an infinite number of
ambiguity parametric settings that satisfy the von Roos constraint above. In the
literature, however, one may find many suggestions on the ambiguity parametric
values [2—14]. Yet, the only physically acceptable condition (along with the von Roos
constraint) on the ambiguity parameters is that a = ¢ to ensure continuity at the abrupt
heterojunction (e.g., Refs. [15, 16] ). The rest are based on different eligibility
proposals which are, at least, mathematically challenging and useful models that
enrich the class of exactly solvable or conditionally exactly solvable quantum

mechanical systems [17-26].

However, no attempts have ever been made to construct and identify the
PDM-momentum operator. Only very recently, we have reported the detailed
construction of the PDM-momentum operator [36], and fixed the ambiguity
parameters at a = ¢ = —1/4 and b = —1/2. Such parametric ordering was suggested,
early on, by Mustafa and Mazharimousavi [13], as a consequence of some
factorization method. Nevertheless, it should be noted that PDM-Hamiltonian (1.1)
would, in a straightforward manner, imply a time-independent PDM Schrodinger

equation of the form (in & = 2m, = 1 units)

N 12
{—mzf) o, + [axfm(x)] O, —lala+b+1)+b+1] (—[axfmf;ﬂ >

m (%) m (X
L) oy ) +V(3) 1 0(H) =EY(X) (1.2)
> m()_c’)z X X)=E((X). .

This equation plays a critical role in the determination of the ambiguity parameters



and consequently in the construction of the PDM-momentum operator as well as in the
identification of the minimal coupling of electromagnetic interactions. This is done in

chapter 2.

Moreover, quantum mechanical constant mass charged particles moving in a uniform
magnetic and/or an Aharonov-Bohm (AB) flux fields have been a subject of research
interest over the years (e.g., see the sample of references [37—44]). On the classical
mechanical and mathematical side of the problem, it is crucial to know that the
canonical momentum is no longer the mass times velocity but an extra term is added
so that p, = mov, + eA, (where e is the charge of the particle and A, is the ith
component of the vector potential). The problem is readily of a delicate nature,
especially when the magnetic field is no longer a constant but rather a
position-dependent one. Only a handful number of attempts were made to treat PDM
charged particles in uniform magnetic field [23,25,26,44]. Hereby, Eshghi et al. [44]
have used Ben Danial and Duke’s parametric settings a = ¢ =0 and b = —1 (c.f,,
e.g., [2-4,22-24]) and considered PDM-charged particles moving in both magnetic

and AB-flux fields.

In this dissertation, our objective is to study the effect of the magnetic fields ( constant
and position-dependent) on PDM-charged particles with and without the confining
potentials ( including the AB-flux field). We also discuss the separability and exact
solvability of these problems. Therefore, the organization of this dissertation is in the

respective order.

In chapter 2, we start with the Lagrangian of a classical particle of mass m, moving in



a scalar potential field V (§), in the generalized coordinates § = (¢,,q,,q,), to build
up the classical and consequently the quantum mechanical Hamiltonians. Based on
the very recent work on the PDM-nonlocal point transformation by Mustafa [20], we
detail out the mapping(s)/connection(s) between the PDM-Schrodinger equation (1.2)
and the apparently standard textbook Schrodinger equation for constant mass m, in
the generalized coordinates. Once the mapping is made clear, the ordering ambiguity
in (1.2) disappears and the parametric setting becomes strictly determined. In section
2.2, we first find the so called PDM pseudo-momentum operator T, (G (X)) and
connect it with the PDM-momentum operator through I3j (X) = \/mﬁj (4 (%)).
Then, we test the eligibility of the commonly used vector potentials and single out
A (X) ~ (—x,,x,,0) as the only eligible vector potential within our current

methodical proposal settings, of course. Two illustrative examples are given which

include magnetic and electric fields.

Next, we start, in chapter 3, using the PDM-minimal-coupling recipe by Mustafa [26],
along with the PDM-momentum operator obtained in chapter 2, and discuss the
separability and solvability of the problem (within the azimuthally symmetric
cylindrical coordinates (p,®,z) settings of course). A purely radial ( i.e, p-coordinate
dependent) and a simplistic one-dimensional (1D) z-dependent, Schrodinger
equations are obtained. For the radial p-dependent part, we choose to follow two
different ways. The first of which is to transform it into a 1D-radial Schrodinger form,
and discuss its exact solvability using a pseudo-harmonic oscillator potential (often
used for quantum dots and antidotes, e.g., [40—42]). In the same section, we report
exact eigenvalues and eigenfunctions for two PDM models, g(p) = np? and

g(p) =m/p?. The second way is to use, the biconfluent Heun differential form (c.f.,



e.g., [44-47]). However, the implementation the biconfluent Heun equation and its
biconfluent Heun solutions necessarily means that these solutions belong to the set of
conditionally exact solutions for Schrodinger equation. Consequently, we report (in
the same section) some conditionally exact eigenvalues and eigenfunctions for two
PDM models, g(p) = Ap and g (p) = A/p>. Moreover, the spectral signatures of the
eigenvalues of the one-dimensional z-dependent Schrodinger part, on the overall

spectra, are also reported for each of the four models used.

In chapter 4, we consider a PDM-charged particle in PD-magnetic and AB-flux fields
and discuss the separability and solvability of the PDM-Schrédinger equation.
Therein, we use a general form of the vector potential X(?) so that a radial
PD-magnetic field results in the process (i.e., B = B.F (p)z, where F(p) is a
dimensionless radial scalar multiplier). Furthermore, we construct our PD-magnetic
field in such a way that it is of a feasibly experimentally applicable nature (i.e.,
inverse power-law type B = B, (u/p®)Z ) to be used along with a PDM
m(7)=g(p)=nf(p)exp(—dp) (i.e., the PDM is only radial-dependent). Then, we
consider the what may be called almost-quasi-free PDM-charged particles (i.e., no
other interaction potential than the interaction of the PDM-charged particles with the
PD-magnetic and AB-flux fields, where the conventional confinement V (7) = 0)
endowed with two unavoidable exactly solvable PDM models g(p) = n/p and
g(p) =m/p%. A PDM-charged particle, with m(7) = g(p) = nexp(—8p)/p;
f(p) = 1/p, interacting with a PD-magnetic plus AB-flux fields and moving in a
Yukawa plus a Kratzer type potential field V (p) = —V,exp(—8p) /p —V,/p +V,/p?
is considered. Hereby, the Nikiforov-Uvarov (NU) method (e.g., [6,48-50]) is used to

obtain exact eigenvalue and eigenfunctions.



For the sample of examples mentioned above, in both chapters 3 and 4, we have
studied the effects of all parametric settings involved in the PDM, constant and
PD-magnetic fields, and/or interaction potential on the spectra. We have observed that
energy levels crossings (that may very well be considered as occasional degeneracies
at some specific parametric settings) are unavoidable in the process. Such energy
levels crossings are the signatures of the PDM settings. We report our concluding

remarks in chapter 5.



Chapter 2

PDM-MOMENTUM OPERATOR AND MINIMAL

COUPLING: NPT AND ISOSPECTRALITY

In order to facilitate exact solvability for PDM charged particles in electromagnetic
fields, we use, in this chapter, some nonlocal point transformation (NPT) that maps
the PDM Hamiltonian into conventional constant mass setting. In so doing, the exact
solutions for PDM systems are inferred from those for conventional constant mass

systems.

2.1 NPT and Classical-Quantum Correspondence
In this section, we start with a system of classical particle of a constant mass m, moving
in a potential field V(g), where § = (q,,49,,9,) = 4,9, + 4,9, + 4,4, are the generalized

coordinates. For such a system, the corresponding Lagrangian reads

N [ . dq;
L(4;,4;3%) = 5med; —V(@) 5 §;= 13 =123 2.1)

where T is a re-scaled time [20] and L (qj,c]j;r) =L(q,,9,,95-9,,4,,q5:7) is to be used

for economy of notations. Under such settings, the classical Hamiltonian reads

1 ,
H (q;,Pjst) =§,P; = L(q;,d;37) = 5mod; +V (@), (2.2)

and represents a constant of motion where dH (qj,P~;‘c) /dt = 0 (cf., e.g,

Mustafa [20]). Here, the jth component of the canonical momentum (associated with



the generalized coordinate g;)

d . -
szﬁld(‘]ﬂqﬂt):}PJ:quﬂ (23)
J

is used. The Hamiltonian, however, is often interpreted as a function of position ¢,
and canonical momentum P;. It is more appropriate, therefore, to re-cast the classical

Hamiltonian (2.2) as

H(q,,Pj;t) = 2n]10 +V(q). (2.4)

Hence, the corresponding quantum mechanical Hamiltonian is obtained by the
identification of the jth canonical momentum P; with the operator
13]- = —ia/aqj = —iaqj, that satisfies the canonical commutation relations
o

: 1/51} =—i [q,.,aq]} = i9;; and consequently yields ( with b = 2m, =c=1)
N N .
H(q;,Pj;t) = —aqj +V(g). (2.5)
Then, the related time-independent Schrodinger equation is given by

{3 +v@}v@=rv@), 2.6)

where A denotes eigenvalues and Y (g) eignfunctions. At this very point, we would like
to figure out the mapping(s)/connection(s) between the quantum mechanical PDM-
Schrédinger equation(1.2) and the apparently standard textbook Schrodinger equation
for constant mass in (2.6). To do that, we use the NPT suggested by Mustafa [20] and

define



Jn — a i by
dg, = 8ij7/s (D dx, = /gD dx, = T1 = 5;1/z ()
i (2.7)

:>qj:/\/g()_c’)dxj, dt = f(X)dr.

No summation over repeated index holds in (2.7).  Therefore, this type of

transformation necessarily means that the differential change in g, would result

XX !

f® T

dg; =\/g(X)dx; = §, =
Consequently, the unit vectors in the direction of g, are obtained as
N ox,\ ~ ox,\ ~ ox;\ ~ PN
=vV8X) || =— = = —q, =X, 2.8
q; g (%) [(aqj)xl+(aqj>x2+<aqj X3 q; = X (2.8)
Then, with the substitution of
v(@) =8(X)"¢(x), (2.9)

the corresponding time-independent Schrodinger equation (2.6) would yield

{‘g(la %~ (2v-5) (%) o (o-3) Gifgz)

97,8 (%) L ) }
o TS ) Vi) e =nem. 2.10)

Here, we shall be interested in the quantum mechanical systems in (2.6) that are
exactly solvable, conditionally exactly solvable, or quasi-exactly solvable to reflect on
the solvability of a given PDM system as that in (2.10). Therefore, the eigenvalues A
of (2.10) should be not only position-independent but also isospectral to E of (1.2),

i.e., E = A. Under such conditions, one immediately concludes that f(¥) = 1 —



t =1t and g(X¥) = m(X) to keep the total energy position-independent and ensures
isospectrality between (1.2) and(2.6), Now, we compare the second term of (1.2) with

second term of (2.10) to imply that

2n——:—1:>n:—%:w(q):m(f)V“q;(x‘). (2.11)

+V(f?(f))}¢(f) =E9(x). (2.12)

where V (§ (%)) = V (¥(¢)) of (1.2) ( which would, in the process, determine the
form of V (X(77)) for a given V (g (%)) and vice versa). Consequently, one obtains the
identities

7 1 1
b+1)+b+1=—, =(1+b)=-. 2.13
alatb+1)+b+l =1, 5(14+5) = @13)

Equations (2.6) and (2.12) are isospectral. Yet, the comparison clearly suggests that
the ordering ambiguity parameters are strictly determined in (2.13) (along with the
von Roos constraint a +b+c¢ = —1) as b= —1/2, and a = ¢ = —1/4. The result that
a = ¢ = —1/4 satisfy the continuity condition at the abrupt heterojunction between
two crystals (c.f., e.g., Ref. [16]). Hereby, we may safely conclude that the PDM
quantum mechanical correspondence of the PDM classical mechanical settings
removes the ordering ambiguity in the von Roos PDM-Hamiltonian (1.1). We adopt

these parametric results and proceed with the NPT settings used above.

10



2.2 Construction of the PDM-Momentum Operator

Having identified the correlation between the Schrodinger equation (in the
generalized coordinates) and the PDM-Schrodinger equation (in the rectangular
coordinates), through (2.6) - (2.13), we now need to address a question of delicate
nature as to “what is the form of the position-dependent mass momentum operator?”.
The answer to this question very well lies in the very fundamentals of ”Quantum
Mechanics” by S. Gasiorowicz [51].  Therein, the one-dimensional quantum

mechanical momentum operator p, = —id/dx is determined through

%)

d 3 -
() =me {3} = / XV (x,1) <—i$> W(et)— p.——id/dx.  (2.14)

—o0

This would suggest that the one-dimensional (1D) quantum momentum operator in
the generalized coordinate ¢ for the 1D-quantum mechanical system is also obtainable

through the same recipe as

[}

d 0 ~
(P,) = Mmoo (q) = /dq‘P* (g.1) (—i%) ¥(q,t) = P,=—id/dq.  (2.15)

—00

Which is, in fact, what we have readily used above. Next, if we use the corresponding

1D-point transformations

dg=+/m(x)dx, g—z I (2.16)

m(x)’

and ¥(q,7)=m (x)_1/4CI> (x,2) in (2.15), we immediately get

<pq>de%(_i[;_x_;l(a;;;y)})@(x,,). 21

11



Which clearly suggests that

Plg(x) = —— {a%—i(am"zg))} (2.18)

This is not yet the PDM-momentum operator and shall be called PDM
pseudo-mementum operator (with the identity T, (¢ (x))) as reported in [13]. The

generalization of which is straightforward and takes the form

7(7 (7)) = ——— [a%—l(a"fmff))} (2.19)

m(x) 4 m(x)

BERYELE
~ —i m(X
%)) = V- : 2.20
BT @)= s 4< ") )] (220)
where T, (7 (@) — p; = —id/dx; for constant mass settings (i.e., m (X) = 1). In fact,

equation (2.20) gives the differential form of the Hamilton’s canonical PDM pseudo-
momentum operator 7 (¢ (%)). Under such settings, our PDM Schrédinger equation

(2.12) inherits the simplistic form

{R(7 @) +V (7 @) [o®=Eo). 221)

Furthermore, one should be aware that for 2m, # 1 the first term of equation (2.21)

would result in ﬁjz (¢ (%)) /2ms as the quantum PDM-kinetic energy operator (i.e., T =
ﬁjz (¢ () /2m,). Only under such transformation procedure’s settings the quantum
Hamiltonian implies the classical one, the other way around holds true as well. That

is,

12



I:\Iquam‘um = 4 __ 7 +V (7 (f)) 5

Helassical. = Emom(f)forV(?()‘c’)):‘—+V(7(z)) (2.22)

where T, (¢ (%)) is the jth-component of the classical PDM pseudo-momentum

obtained through

4, @) = V/m®@)e, = 1,(¢ @) =m. [ Vm@s,). (2.23)

and T, (¢ (%)) is now the corresponding jth-component of the quantum PDM pseudo-
momentum operator. At this very point, however, one recollects the classical PDM-

Lagrangian L = m.m (X) xf /2 —V () to imply the classical PDM Hamiltonian
H = mom(%)i3/2 4V (%) = P?/ [2mom (%)) +V (%) (2.24)

where P, (X) = dL/dx; = mom (X) x; is the canonical PDM-momentum. This would, in
effect, imply that P, (X) = /m(X)=, (7 (%)) and consequently the PDM-momentum

operator reads

b= [ ()] - 45 o

where T, (¢ (%)) is given in (2.20). This would necessarily mean that ﬁjz (7 (%)) of
~ 2

(2.21) should be expressed as <P]. (X) /\/m ()?)) and not as I/D:l (X) /m(X).

2.3 Classical Electromagnetic Interaction and the PDM-Quantum

Mechanical Correspondence

In this section, we begin with the motion of a classical particle of charge e and a

constant rest mass m, moving in an electromagnetic interaction represented by the

13



4-vector potential A, = (K, i(p) with the vector potential A (¢) and a scalar potential

©(q). The Lagrangian for such a system is given by

1
L(q;,4;:1) = ymed; +eq;A; (@) e (@) +V (@) (2.26)

Where V(g) is any other potential energy than the electric and magnetic ones.

Consequently, the classical Hamiltonian reads

. R A
H (q;,P;1) = 4,P; = L(4;,4,31) = 5mod; +W(@); W(G) = e9(@) +V(@). 2.27)

Here, the jth component of the canonical momentum (associated with the generalized

coordinate g,) is given by

a . . —
szﬁL(qj,qj;t) = Pj=moq, +eA;(q), (2.28)
J

and the classical Hamiltonian (2.27) takes the form

1
H (q,,Pjit) = 5 — (Pj—eAj (@) +W(@). (2.29)

(]

Hence, the corresponding quantum mechanical Hamiltonian, with 2m, = 1 unit and

ﬁj = —iaqj, consequently yields
A . — . — 2 =
H (q;,Pjst) = =0, +ie [0g,A;(q)] +2ieA; () Ig; +°A; (@) +W(G).  (230)

Now, we follow our methodical proposal in section (2.1) and obtain the corresponding

PDM-Schrodinger equation
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1, [m®] 7 (Pym@]T) 1 [EmE)
{m(*) xj+[m()?)2 % 16( m (%)’ "3 m(%)*
ieaxjAj(‘?()a ieA](q(f)) P 1 Ox;m (X)
e i )] e
+e%4,(@ @) +W (@) }o ) = EO (),
that reduces into
R ERRYCIE N N R
[ i (%) | —enaw)| +wa)
X ¢ (X) =EQ(X). (2.32)
or in a more simplistic format
=~ 2
[P’nf )(C;)—eAj@(fc’)) +W(G([X)) ¢ 0 (%) =E0(X). (2.33)

where the scalar potential W (g (X)) = W (X(4g)) and the vector potential A (g (X)) is yet
to be correlated with A ; (X) in the sequel. Classical mechanically, the PDM-Lagrangian
and PDM-Hamiltonian with electromagnetic interaction are of the forms
1 N2 = = 1 2 =
L= oMot (X) %] +ex;A; (¥) =W (X) <= H = Emom(x)xj +W(X);

W (X) =e@(X)+V(X), (2.34)

where the PDM-canonical momentum reads

P, (%) = a% — o ()3 + €A (£) <> mor/m (D)) — 2 (x\)/% © 235

Therefore, in terms of the canonical momentum the PDM-Hamiltonian (2.34) takes the

form

15



m(X)

T
|
=Y
/N
=
|
Q

N2
A m) FW(F), (2.36)

and the quantum mechanical PDM-Hamiltonian hence reads

o N2
- (Pf () —ed; (x)> LW (). 2.37)

m (X)

Which immediately, when compared with the PDM-Hamiltonian of (2.33), suggests

the correlation between the vector potentials A (¢ (¥)) and A (X) as

Aj(GE) == (2.38)

Consequently equation (2.33) should look like

~ N\ 2
(W ;(ﬁ“) FW(E) 0T =Eo (). (239)

It is now obvious, therefore, that the simplest way of coupling the electromagnetic
interaction is to take the Hamilton’s canonical pseudo-momentum 7, (¢ (X)) as the sum
of the kinetic momentum meq, = mo < m(ic')xj) and eA; (G (X)) (ie., m, (§(X)) =
me ( \/nﬁxj) +eA; (g (X))). Hence, for the classical Hamiltonian in (2.22) one may
simply use the minimal coupling

% (G(0) = (P—”) 7, (§(0)) — ed; ()
(2.40)

and E = Hclassical — E— e(p(é) (f))’

or in terms of the canonical PDM-momentum, it precisely reads

( P, (%) ) B (P,. (%) —eA, (x)) and E = Hopgssioa — E — e0(@ (%)), (241)

m (X) m (X)
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to incorporate electromagnetic interactions. Consequently, in quantum mechanics, it
is obvious that the electromagnetic interactions for PDM are integrated into the PDM-

Schrodinger equation (2.21) through the the minimal coupling

7, ((%) =

=l

ACI <ﬁ, (3) — e (7

) )and E—E—e9(G[®). (242

Nevertheless, one should notice that a proper reverse engineering of (2.39), with

0 (%) = m(%)"/*y(g), would immediately yield

~ 2 ~
{P-en@] +w@ v -ev@: B--, e
Obviously, equation (2.43) represents a textbook example which is known to be exactly
or conditionally exactly solvable model for some W (g) forms. The solutions of which

can be mapped into the PDM Schrodinger equation (2.39).

2.4 Eligibility of the Vector Potentials and PDM-Settings
In this section, we shall consider the two vector potentials that satisfy the Coulomb

gauge d,,A;(¢) = 0 and are often used in the literature as illustrative examples. They

are,
A(G) = Bo(—¢,,0,0) = —Boq, G, (2.44)
and
. B, B, R R
A(q) = 7(—%,611,0) == (—4,9,+q,4,) (2.45)

where g is the unit vector for the generalized coordinate ¢,. Consequently, they result

a constant magnetic field

17



B, g, forA)((?) = Bs(—¢,,0,0)
B(g) = VyxA(qg)= (2.46)
%53 fOI'A(g) = %<_Q27Q170)

Hereby, we shall subject the two vector potentials A (¢) in (2.44) and (2.45) to some
eligibility test in order to be able to deal with Schrodinger equation (2.43) for different
interaction potentials (be it the vector potentials A ; (g) and/or scalar potentials W (g) =

e®(4) +V(4)) and hence to reflect on the corresponding PDM settings in (2.39).

Let us recollect the correlation of (2.38) and recast it as

o B.(—x,,0,0)
A1@0) = A, @) A= . ew

where the introduction of the scalar multiplier S(X) in the assumption
Aj(X) = S(X)A, (%) absorbs any other position-dependent terms that may emerge
from the construction of the vector potential X (X¥) (such as that of a long solenoid for
example). Yet, the Coulomb gauge d,;A;(G) = 0 should be satisfied and remain

invariant under our point transformation. That is, with m (X) = m(r), S(X) = S(r) and

S'(r)=dS(r)/dr;r= /x> +x2 4 x2, the condition

30,4 (3(7)) = 2 [ax,-f?j )+ A ) (S/ ) _min) >] —0. (248

has to be satisfied. It is obvious that, whilst the first term 0, JA ;j (X¥) = 0 for both forms

- _ -
of A (X) in (2.47), the second term x,A (¥) = 0 if and only if A (X) = Be(—x,,x,,0).

We, therefore, consider the only eligible vector potential setting

18



(_x27x1 70)' (2-49)

This would immediately imply that

L S0 % S X8 (r)  m(r)
GO = e T T ) [H_r(S(r) 2m(r)>]’ (2-50)

where there is no summation in the above equation, but when summed over the

repeated index yields

o) e

J

where N > 2 denotes the number of degrees of freedom involved in the problem at
hand and in our case N = 3. If we now use equation (2.7) (with g (X) = m (X) = m(r))

summed up over the repeated index, we get

%:N\/m()_c’):N\/m(r) (2.52)

Hence, (2.51) and (2.52) suggest the relation

m(r)=S(r) {1"'1%(%_%)];

S(r) :N\/m(r)r_N/rN_lx/m(r)dr. (2.53)

Although N = 3 for the current methodical proposal, we choose to cast the above
equation in terms of N to identify the number of degrees of freedom involved in the
problem at hand. Moreover, for a given m (r) one may find S (r) using (2.53), the other

way around works as well.
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2.5 Illustrative Examples

2.5.1 PDM-Charged Particle in W(g) =0

A charged particle moving under the influence of the vector potential
A() = Bo(—4,,4,,0)/2 = B(§) = B.q,/2 = B.%,/2 would be described by the

Schrodinger equation (2.43) as

~ eB, 1? ~ eB, 1? ~ . I
[P1+—qz] +[P2——ql} 2@ =-Ev@. e

-~ -~ eBo 2 -~ eBo 2 =~
H(q,P)= |P,+ - % +|P,——¢q,| +P (2.55)
does not explicitly depend on g,, and the commutation relations

are satisfied. Hence, }A’3 is no longer an operator but rather a constants of motion (i.e.,
it can be replaced by a number, therefore). Consequently, the solution of (2.54) can be

expressed as

. . eB,
Y (g) = exp {z (qul +k,q,+ 7q1q2)} Y (q,) (2.57)

to result in a shifted harmonic oscillator like Schrodinger equation

d? k12
{—W—I—ezB% {qz‘i‘eBl ] +k32}Yn (q,) = EnYy(q,)- (2.58)
2 o

Which admits exact energy eigenvalues and eigenfunctions, respectively, as
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E, =k +(2n+1)|e|B., (2.59)

(O~ exp | -0 1, (VETEL) s

7”2071727"'7

(2.60)

where H, (x) are the Hermite polynomials.

2.5.2 PDM-Charged Particle in W(§) = —e‘Z.q,

Here we take the same charged particle as above and subject it not only to a constant
magnetic field but also to a constant electric field E = E.q, (ie., E = EXy; q, =
x,). In this case, our Schrodinger equation (2.43) reads

-~ €Bo 2 -~ €Bo 2 ) R R
P+—a| +|h——a| +P—ekq, V(q) =Ev(q). (2.61)

with the substitution of y(g) in (2.57) we obtain, again, a shifted harmonic oscillator

like Schrodinger equation

2 2
{ ;24-6232 [q2+(£_ o )} +k32}Y,,(q2):EnYn(q2). (2.62)

eB, 2eB?

Which admits exact solution similar to that of (2.58) where the exact eigenenergies are

given by
8 k/‘E, E?
_ 12 _ 2 0
Ey,=ki+(2n+1)|e|Bo => E, = (2n+1) |e| B, + k: +1‘9—o ~ 17 (2.63)
and the exact eigenfunctions are
le| Bo
1)~ exp |-, (VITEG):
(2.64)

kB~ E
= _— = 1 2 e
C.> q2+(€Bo 2 B2> n= 07 <
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For both illustrative examples above, one may recollect our coordinates’ settings of
(2.7)-(2.8) and (2.49), along with g (X) = m (X) = m(r), to build up the wavefunctions
in the rectangular coordinates using ¢ (X) = m(r)l/ *w(G([®) of (2.11). Hereby, we
notice that all such PDM functions satisfying (2.53) share the same eigenvalues and
eigenfunctions of either (2.59) and (2.60) or (2.63) and (2.64), respectively.
Isospectrality is an obvious consequence of the current methodical proposal, of

course.
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Chapter 3

PDM CHARGED PARTICLES IN MAGNETIC AND

AB-FLUX FIELDS

In the current chapter, we use the PDM momentum operator (2.25) along with the PDM
minimal coupling (2.41) and study PDM-charged particles moving in a magnetic and

an Aharonov-Bohm (AB) flux fields.
3.1 Construction of the Vector Potential: Cylindrical Coordinates

and Separability

In this section, we start with the PDM momentum operator

%
P(7)=—i [9—% <%?>] 3.1)

in the PDM- Schrodinger equation

-~ — 2
{(”7)(”‘)(7)) +W<7>>] v(7) =By (7). 62

where W (7)) = e (7)+V (7). Consequently, in a straightforward manner, equation

(3.2) would read
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—
2ie — o, e (o= = Vm(7)
o A P) V+W<VA(7))—1A(7) <m7)2>
A (7)?
) +W(7)]\p(?):E\p(?). (3.3)

Here, we consider the interaction of a PDM particle of charge e moving in the vector

potential

(7)= A1 (7)+A2(7); , (3.4)

where a uniform magnetic field ? = B,z is applied in the z-direction,

— — ) . o

A1 (7) = (0,Bop/2,0) and A, (7) = (0,®P4p/2mp,0) are given in the cylindrical
%

coordinates, with A (7) describing the so called Aharonov-Bohm flux field ®45

effect (c.f., e.g., [23,40-42]). Hence, our PDM charged particle interacts with the

total vector potential

B, @
A(7) = (O,Tp-l-%,O), (3.5)

. - .
that satisfies the Coulomb gauge V - A = 0. Moreover, we shall use the assumptions

that

and
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gPIW(p,9,2)=V(p)+V(0)+V(2) =V (p)+V(2):V(9) =0, (3.7)

where, V (@) = 0 assumes azimuthal symmetrization and our PDM scalar multiplier
m (7) = g(p) is only radially cylindrically symmetric. Under such assumptions, we
may now follow the conventional textbook separation of variables and use the

substitution

v(7)=vy(p.9.2) =R (p)Z(z) ™, (3.8)

(where m = 0,+1,£2,...,£¢ 1is the magnetic quantum number, and ¢ is angular

momentum quantum number) in (3.3) to obtain

R(p) 4

gp) P p?

(=) e ) s ()

ezd)fw em®up 2B, Pap eZng2
i T m? T om +eBom — +g(p)E—V(p)]
Z/I (Z) :|
-V =0. 3.9
+ { 7 V@ (3.9)

It is obvious that this equation decouples into two parts, a purely z-dependent part

[—24+V(2)]Z(z) =K2Z(2), (3.10)

and a radial-dependent cylindrically-azimuthal part

[R"<p> (B0 1RO L0, £0)), T (g’<p>)2

R(p) gp) p/) RpP) 4\gpP) pglp) g(p)
l’;lz 6232p2
—F+eBorh—k§—T°+g(p)E—V(p)} =0, (3.11)
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where o0 = Dyp/ Do, P, = 21/e is the AB-flux quantum, and /i = m — o is a new
irrational magnetic quantum number that indulges within the Aharonov-Bohm
quantum number o. Nevertheless, one may need to get rid of the first-order derivative
and bring the radial part into the one-dimensional Schrédinger form. In so doing, one

may use the substitution

R(p) = %U(p), 3.12)
to obtain
2 g2 )
{_ddp2+ pzl/4+veff(p>}U(p):EU(p). (3.13)
Where,
62 2~2
Verr(P) =V (p)+ i"p —g(p)E+
S (dP)\ 1/ @)\ 1/
[16<g<p>) 4(g<p>) 4<pg<p>)]’ G149
and
E = eBoii — k? (3.15)

represents the eigenvalues of (3.13) to be used to find the eigenvalues of the radial

PDM problem Enym.a in (3.14).

We have, at our disposal, three types of Schrodinger differential equations to deal with.
The z-dependent part of (3.10), the p-dependent part of (3.11) and the one-dimensional

p-dependent part of (3.13). The p-dependent parts (3.11) and (3.13) are to be shown
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useful in their own skin and serve different PDM and/or interaction potential settings.
Whereas, the z-dependent part of (3.10) will have its own spectral signatures on the

overall spectra of the decoupled problem in (3.2).
3.2 Radial Cylindrical 1D-PDM-Schrodinger Form with a

Pseudo-Harmonic Oscillator Potential
In this section, we consider our PDM-charged particle moving in the so called pseudo-

harmonic oscillator potential [41]

v, Vs

V(p)=%92+p—§—2%; %:?’ YV, = V,p> (3.16)

in the presence of a uniform magnetic and an AB-flux fields of (3.5). Where, 7,
is the chemical potential and p, is the zero point of the pseudo-harmonic oscillator
potential. This potential includes both a harmonic quantum dot potential ‘lez and
antidote potential 7, /p? [40,41]. Such a pseudo-harmonic oscillator potential is most
suited for the 1D-PDM-Schrodinger form (3.13) and anticipated to be exactly solvable
for a sample of PDM settings. Therefore, we treat, in what follows, some special PDM
settings so that their exact solutions are inferred from some textbook models that are
known to be exactly solvable.

3.2.1 Model-I: A Radial Cylindrical PDM g (p) = np?

Consider a charged particle with radial cylindrical PDM g(p) = np? moving in the
pseudo-harmonic oscillator potential (3.16), a uniform magnetic and an AB-flux fields

of (3.5). Then the effective potential V,s¢ (p) of (3.14) would read

¢’B2p’

T 1
VEff(p):‘Vle+p—22—2‘Vo + —nEp2+W. (3.17)

Hence, equation (3.13) collapse into
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d>  P—1/4 (47 —4nE +é*B2
gt 1p2/ 4+ 47 114 )p2 U(p)=EesU(p),  (3.18)

where

5%—1/4:m2+f1/2<:>\€1\:\/(m—oc)2+f1/2+1/4. (3.19)

0

<1

1.496

1.494

1.492

1.490

1.488

1.486

1.484

1.482 |/

1.480 | -0.5

(c) Energy levels vs the potential parameter V. (d) Energy levels vs the potential parameter V.

Figure 3.1: Energy levels (np,m) of (3.21) for different values of the parameters B, a,
V,, and 1, in (a), (b), (c) and (d) respectively.
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Equation (3.18) is, in fact, the well know two-dimensional radial cylindrical harmonic

oscillator problem (c.f., e.g., [43]) that admits exact solution in the form of

Eerp = \J49, —NE + B2 (2 + || +1) =2V, +eBo(m—0) =2, (3.20)

Which would, in turn, imply that the eigenvalues are given by

1 29, + eB, (m— o) — k2
Enpma = g0 |47, +€°B; = teBelm— o)k (3.21)
n 2np+1+\/(m—0c)2+’V2+1/4
and radial wavefunctions are obtained in a similar manner to read
L B+ 4V, —dnEy o
Ragma (p) ~p' 1 exp ; p
@B AV —anEy
1Ry | —np; [0+ 1; p°| (322

2

3.2.2 Model-II: A Radial Cylindrical PDM g (p) =1 /p>
A charged particle with radial cylindrical PDM g(p) = 1/p? moving in a pseudo-
harmonic oscillator potential field (3.16), a uniform magnetic and an AB-flux fields of

(3.5), would imply equation (3.13) be rewritten as

>  B-1/4 (4V,+e*BY) ,
{_dp2+ 02 T 14 P U (P) = EerrU(P), (3.23)
where
@—1/4:n~12+‘1/2—<:>\l72\:\/(m—oc)2+‘V2—nE+1/4. (3.24)

Equation (3.23) is, again, in the form of the well known two-dimensional radial
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cylindrical harmonic oscillator and admits the exact solution

E;fy = 1/4V,+¢2B? <2np+\/(m—0€)2+%—nE+1/4+1>

= 29,4 eBo(m—a)— k2, (3.25)

to yield the eigenvalues

2
1 ) 2V, +eBo (m—a) — k2
Eymo=— (m—a) +v, +1/4— L (2np+1
np,m,o T] ( ) 2 / 4{1/1+€ng ( p )
(3.26)

and the corresponding radial eigenfunctions

Rupma (p) ~ p~ 12l exp

X 1F] (—np;

To understand the behavior of the energy levels of these two Models above, we plot

<_ mp>
4
/2R2
-M&) (3.27)

gz‘—i-l, >

the energy levels of different quantum states (np,m), in (3.21) and (3.26), as a function
of the parameters of the magnetic and AB-flux fields B,, o, and the parameters of the
potential (3.16) (as shown in Figures 3.1 and 3.2, respectively). Energy levels crossings
are observed in these figures, where there are multiple energy levels crossings for some
specific quantum numbers. The energy levels crossings suggest that there could be
more than one quantum state sharing the same energy at each crossing point. This

would in turn indicate occasional degeneracies at some specific parametric settings.

30



-20 \_

-30

-40

T~ -30 N~ — .- - —_———

(c) Energy levels vs the potential parameter V. (d) Energy levels vs the potential parameter V.

Figure 3.2: Energy levels (np,m) of (3.26) for different values of the parameters B, d,
', and 7, in (a), (b), (c) and (d) respectively.

3.3 Radial Cylindrical 1D-PDM-Schrodinger Form with a

Killingbeck-Type Potential

We now use the radial cylindrical PDM-Schrodinger form (3.11) and consider a

generalized Killingbeck potential field (e.g., [49]) of the form

V. Vv
V(p) :VO+V1p+V2p2+E3+p—§. (3.28)
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When such potential field is substituted in (3.11), one obtains

[R”(p) (£ _DyEe L0, £, 1 (g’<p>>2

R(p) gp) p/)R(p) 4\glp) pelp) g(p)
2 V.
LrpotremE-ve-2] <0 3:29
where
B2 =m*+V,, k* = eBoi— k2 -V,
(3.30)
2n2
P=L21v,  a=dp/d., D, =2n/e.

In the sample of illustrative examples below, we wish to benefit from the known
solutions of the biconfluent Heun equation using two different PDM settings.

3.3.1 Model-III: A Radial Cylindrical PDM g (p) = Ap

A PDM-charged particle with radial cylindrical PDM g(p) = Ap moving in the
potential field (3.28), under the influence of both a uniform magnetic and an AB-flux

fields of (3.5), would be described by the radial Schrodinger equation (3.29) as

R'(p) PB*—3/16

R(p) p2

vzpz—%+(%E—Vl)p+7<2=0- (3.31)

Which, in a straightforward manner, collapses into the standard 1D-Schrodinger form

of the biconfluent Heun equation (c.f., e.g., [44])

/ -6 8 s o B
R"(p)+ 2 2p Bp—p~+7¥ 2 R(p) =0, (3.32)

where
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(1-62) /4=3/16—-B%, —§/2=-V,, —B=rE-V,

(3.33)
Y =1=¢B2/4+V,, 7—B2/4=1,
We now use the transformation
_ R + 2
R(p) = p( )2 exp | PPy ) (334

in (3.32) to obtain the biconfluent Heun-type equation

pU" o)+ [1-+-Bp—292] U'(p) + {12~ p 5 (8 1 +al B) fu o) =0,

2
(3.35)
Which is known to admit solutions in the form of biconfluent Heun functions
U (p) = Hg (6.8.7.8:p), (3.36)
where,
Y—2—-0 =2ny; np=0,1,2---, (3.37)
provides the essential quantization, and
B2 ., (AE-V)?
?=%+k2:%+630(m—0c)—k§—%, (3.38)
- P 1
0=2y/(m—o) —|—V4+1—6. (3.39)

This would, in turn, imply that the eigenvalues are given as
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(a) Energy levels vs the magnetic field strenght B,. (b) Energy levels vs the AB-quantum number «.

8.0
7.8
7.6

7.4

(c) Energy levels vs the potential parameter V.

Figure 3.3: Energy levels (np,m) of (3.40) for different values of the parameters B, 0,
and V, in (a), (b) and (c) respectively.

1/2
1 1
I‘L“n,,,m,oF?—b Vi+2(2 np+1+\/(m—oc)2+v4+1—6 —eB, (m—a) +k2+V,
(3.40)
and the radial eigenfunctions are
~2 R + 2 Lo~ o=
Ry (0) ~ (") 2 exp (- PPEP) (6 B3Bip).  an)
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Where & and B are defined, respectively, in(3.39) and (3.33). However, for more details

on the biconfluent Heun the readers are advised to refer to the sample of references

[44-49].

3.3.2 Model-IV: A Radial Cylindrical PDM g (p) = A/p?

For a PDM-charged particle with g (p) = A/p? moving in the vicinity of the three fields

above (i.e., the potential of (3.28), the uniform magnetic and the AB-flux fields of

(3.5)), the radial Schrodinger equation (3.29) along with the substitution (3.12) would

collapse into

U’ (p) & 2 Vi 2 2
— 2 PPV p—24k2=0; E2=PR*—AE.
Up) p? P i p 5 =F

Which, in a straight forward manner, reduces to

-6 &5 = 5 o P
12 2p PPTPTHY—

U”(p)+

where

(1-62) /4= -E=AE—(m—a)~V,, —§/2=-V,, B=V,

Y—P2/4=k>=eB, (m—a) — k2 -V, Y =1=¢2B2/4+V,,

Next, we use a transformation recipe similar to (3.34) and substitute

U (p) = pUH%)/2 exp [— (BP +P2> /2] Y (p)

in (3.43) to obtain a biconfluent Heun-type equation
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~ 5 . 1 /% ~
¥ )+ [1+a-Bp~292] v 0+ { 7-2-c0p 3 (B4 11+ 80 B) by (o) =0
(3.46)
Which admits solutions in the form of biconfluent Heun functions
Y (p) = Hy (0.B.7.5:p) (3.47)
provided that
Y—2—-0 =2ny; np=0,1,2---, (3.48)
gives again the essential quantization. Where, in this case,
0 e
?z%—i—kZ:eBo(m—oc)—k?—Vﬁ—T‘, (3.49)
6(:\/1+4[(m—(x)2—|—V4—7LE . (3.50)
This would, in turn, imply that the eigenvalues are given by
) 2
1 2 1 2 V1
Enpmo =7 (m=0)"+V,+ 7 =7 2(np+1) 4k Vo= —eBe(m—a)| o,
(3.51)
and the radial eigenfunctions are
2 Bp +p2 o
Ruy i (p) ~ p(F=2)/2 exp (- bp : P ) Hp (oc,ﬁ, ,8;p> . (3.52)

Where & and B are, respectively, defined in (3.50) and (3.44). In the two examples
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Figure 3.4: Energy levels (np,m) of (3.51) for different values of the parameters B, a,
V,,and V, in (a), (b), (c) and (d) respectively.

reported above, Models-III and IV, it is obvious that the exact analytical solutions
offered by the biconfluent Heun-type equations belong to the set of PDM-Schrodinger
equations that are conditionally exactly solvable. This is mandated by the condition
Y =1=¢?B2/4+V, in (3.33) and again in (3.44). This would, effectively, imply that
V,=1- ¢’B2 /4 is a condition imposed by the exact solvability of the biconfluent

Heun-type equation that renders our radial PDM-Schrodinger equation (3.11)
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conditionally exactly solvable. Whereas, in Model-II of the preceding section, we
have used the same mass setting but not the same condition imposed upon Model-IV
above. That is why the results for the two models are not the same as should be

expected.

In Figures 3.3 and 3.4, we plot the energy levels (np,m) in(3.40) and (3.51) as functions
of the parameters of the magnetic and AB-flux fields B., o, and the parameters of the
potential (3.28) respectively. As shown in these figures, a similar pattern of the energy

levels crossings is also observed.
3.4 Spectral Signatures of the 1D Z-dependent Schrodinger Part on

the Overall Spectra
In this section, we shall include the z-dependent part (3.10) of the PDM Schrodinger

equation in (3.9)

[—24+V(2)]Z(z) =KZ(2),

and explore its contribution on the overall spectra of the four examples discussed
above. We may very well consider any of the conventional textbook exactly-solvable
1D-Schrodinger equations.  Therefore, there exist a large number of feasible
1D-potentials that may contribute to the problem at hand. However, for the sake of
clarification and illustration of the current methodical proposal, we only choose two
1D-potentials, an infinite potential well and a Morse-type oscillator potential.

3.4.1 Case 1: Infinite Potential Well

Let us assume that our charged PDM particle is also bound to move within an

impenetrable potential well of width L on the z-axis, i.e.,
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0 ;0<z<L
V(z) = . (3.53)

o ;elsewhere

This would, by the textbook boundary conditions, manifest an exact solution in the
form of

(n.+1)* 1

Z(z) ~sin(kz) = kL= (n,+ ) n =k} = 12

1, =0,1,2,---. (3.54)

Under such settings, the total eigenenergies and eigenfunctions of the four examples

above are, respectively, in order. For the two exactly solvable models, I and II, we get

2
1 2V, +eB, (m— o) — 1)*n2/L2
Eypman. = - |49, + g2~ | 2t eBaln @) Z et DT 555
N 2np+l—|—\/(m—oc)2+’V2+l/4
im 1|01 o (e DT
Yipaman. (P,9,2) = A e™Pp 1 isin | —————2
. \/eng+4fV2—4nEnp,m7a7nz )
exp 1 P
) \/ B2+ 49, —NEy man.
x 1Fy | —ng; | 01|+ 1; 5 > 3.56)
for Model-I, and
1 1
Engman = { (n =00+ %4
2
29, +eB, (m— o) — 1?2 /12
_(2eteBom—o) — (et VWL 1y sy
V4V, + e*B?2

‘ ~ 1
Winp mon; (P,9,2) = N elm(Pp_HVz’ sin (@Z)

Ve2B2+4 Ve?B2+4
X exp <_e°—+’V2p2> F <—np; eo——k’l/z 2) (3.58)

A 0| +1; > Y
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for Model-II.

For the two conditionally exactly solvable models, III and IV, we obtain

1
Enp’m7(x7nz - X {Vl + 2 (2

2.2
—eBy (m—a)+ T VO) } , (3.59)

1
np+1+\/(m—oc)2+v4+E

—_—

LZ

Wy oo, (95 0,2) = N ™0p(15°) 2 i ( @Q

R 2
X eXp (- Pp+p ) Hp (a,B:,S;p) (3.60)

2

for Model-III, and

1 ) 1
Enym,on =5 (m—ao) +V4+Z
2
(n.+1)* w2 V2
_[2(np 1) +-— B VO—Tl—eBo(m—oc) (3.61)

for Model-1V.
3.4.2 Case 2: A Morse-Type Potential
If our charged PDM-particle is also influenced by a Morse-type potential (c.f., e.g.,

[50,52])

V (z) = D[exp(—20z) —2exp (—07)] (3.63)

in the z-direction, would result in the exact eigenvalues and eigenfunctions given,

respectively, as

40



2
K2 = (Lﬁ —n,— 1) , (3.64)

Z(z) ~ e 2125 (2), (3.65)

where L,%fz (z) are the Laguerre polynomials. In this case, the total eigenenergies and
eigenfunctions of the four examples at hand are in order. Starting with the two exactly

solvable models, I and II, we obtain

2\ 2
| 2’Vo—|—eBo(m—OL)—<\/?5—nZ—%>
Enpm,()t,nZ = 4_ 47/1 ‘|’6ng - , (3.66)
N 2np+1+\/(m—oc)2+‘l/2+1/4
Vg mn, (P 9,2) = N oo™/ 2emP L2k (2) pt+10
VPB4V, — My man,
Xexp | — 1 p
- \/8ng +47, — ANEn, m,an, 5
X 1B | —nps |01 ]+ 1 p” | . (3.67)

2

for Model-I, and

1 1
Enp7m7a7nz = ﬁ {(m - a’)z + {Vz + Z

2 2
29, + B (m— o) — (%B—nz—%)
B —(2np+1)| (3.68)
47, +e>B2
~2/2 i 147 e?BZ+ 47,
Vg, (P 9,2) = N 2ee#/2emOL2% () p~ 11l exp <_ zpz)
~ 2B2 1.4
X 1F1 <—np; €2‘+1; e 02+ {V2p2> (3.69)

for Model-II.
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Likewise, for the two conditionally exactly solvable models, III and IV, we obtain

1
Enp,m,(Xle — X {Vl + 2 (2

1
np+1+\/(m—oc)2+v4+ﬁ

Ynp.man; (P, 9,2) = N e/ 2L (2) p(1+3%)/2

- ) o
X exp (— bp - ) Hy (6,.7.8:p) (3.71)
for Model-III, and
1 2 1
E”Pvm-,ocﬂz = X {(m - a) + ‘/4 + Z

2
D 1 V2
_ 2(np+1)+<%—nz—§) +VO—T'—eBO(m—oc) 3.72)

Vg, (9, 0,2) = A e /2. ML (2) p(-2)12

o o
X €XP (— Bp;p > Hp <6c,[3ﬁ,8;p> (3.73)

for Model-IV, where A is the corresponding normalization constant.
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Chapter 4

PDM CHARGED PARTICLES IN PD-MAGNETIC AND

AB-FLUX FIELDS

It would be interesting to consider a PDM-charged particle moving not only in a
PD-magnetic plus an AB-flux fields but also in a Yukawa-type plus a Kratzer-type
molecular interaction force fields. Hereby, we need to use the Nikiforov-Uvarov (NU)
method (see e.g. [53, 54]) and explore its exact solvability. In this chapter, we start
with the PDM-momentum operator of (3.1) and Schrodinger equation of (3.3).
Where, the vector potential takes a conventional form that satisfies the Coulomb
gauge ? . Z) (7) = 0 and results in a uniform constant magnetic field through the
traditional textbook recipe V x A (7) = B = B.z. However, in the construction of
the vector potential X (7), the magnetic field may turn out to be a PD-magnetic field
(see e.g., [36,55]). Therefore, the current methodical proposal, we focus our attention

on PDM-charged particles in PD-magnetic and AB-flux fields, with and without the

confinement potential (i.e., V (7) # 0 and V (7) = 0, respectively).

4.1 Construction of the Vector Potential and PD-magnetic Fields

Let us start with PDM-charged particles interacting with the vector potential

A1 (7) = (0,B:pS(p) /2,0)
AP =KD +m(P)=1 SENCRY

A2 (7) = (0,®4p/27p,0)
_>
where a PD-magnetic field is manifested by the vector potential A 4 (7) so that
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?:?x?lﬁ):&, S(p)+gs/(p) Z; S'(p) d5(p) (4.2)

_>
Here, V x 72 (7) = 0 with 72 (7) describing the AB-flux field ®,4p effect (see,
e.g., [42,54,56]), and S(p) is a dimensionless scalar multiplier and is a byproduct
of the construction process of the vector potential Xl (7) Consequently, our PDM-

charged particle interacts with the total vector potential.

(@)= (0.595(0)+ 322.0) = (040.0) @3)

At this point, we use the assumptions that the PDM function is only radially dependent,

i.e.,

m(7)=m(p,9,z) = g(p), (4.4)

and V (@) = 0 to secure azimuthal symmetrization so that

gP)W(p,9,2) =V (p)+V(z). (4.5)

This would, in turn, facilitate separability of the PDM-Schrodinger equation (3.3) at

hand and allow the substitution of the wavefunction

v(7) =y (p,9,2) =R(p)Z(z) ™, (4.6)

to obtain
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R'(p) () 1\R(p) 1/(g"( d@\,7 (P
R(p) (g(p) p>R(p> 4(g(p)+pg(p>)+16(g(p)>
2
—%+%TmA<p—€2A<2p+g(P)E—V(P)—kg:0 (*.7)

and

—V () = k2. (4.8)

Consequently, the radially-dependent part along with (4.3) reads

R(p) 4

gp) P

-85 1(6 £0)- (48

2 - 2 ezB% 2
—?—f—emBoS(p)—kZ— 7 PS(P)] +g(p)E—V(p)}

|
o

4.9)

Further simplification of the radial equation can be carried out by using the substitution

in (3.12) to obtain the one-dimensional form of the PDM-Schrédinger equation (4.9)

{ d*> ot —1/4

ot T v )+ U ) =0, @.10)

where, now,

¢’B? 2 2
Verr (p) =V (p) —emBoS (p) +—,=p~S(p)" —(P) E

o (5) () -5 Gety)

Equation (4.10) is to be solved for different PDM functions and PD-magnetic fields.

_|_

(4.11)

Yet, should one be interested in the two-dimensional flat-land polar coordinates (p,®),

then the substitutions Z (z) = 1, and V (z) = k2 = 0 could perfectly get the job done. To
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construct the PD-magnetic fields, we observe that the choice of S(p), in (4.2), is not
a random one at all. It is very much related to the feasibly experimentally applicable

nature of the PD-magnetic fields. The choice that

2,

H|~ 2u —c B
§=BO[F]Z<:>S(p)=(m)p +F,G752, (4.12)

looks viable and interesting. Where u # 0, otherwise the magnetic field is switched off.
Therefore, S (p) works as a generating function for the PD-magnetic fields, where for
u =1 and ¢ = 0 we recover the constant magnetic field settings. Nevertheless, in the
current methodical proposal we wish to work with the most simplistic PD-magnetic

field where 6 = 1, so that
~ 2u P
B =B, ['I—l}z@S(p):—’u%—% (4.13)

This would, in turn, imply that equation(4.10) be rewritten as

P 1 enB. 4 By (2emBon— Bp)
2T 2 -
dp p p

() 5 () 5 ()

—8(P)E+V(p)

_|_

} U(p)=EU(p),  (414)
where

E=— (k2 +e*BYs) (4.15)
Next, we shall be interested in a PDM function in the form of

g(p) =mf(p)exp(—dp) (4.16)
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where f(p) =1,8=0, andn = 1 allow the problem to recover constant mass settings.
Yet, we shall choose some specific values for these parameters in such a way that serves

and clarifies the current methodical proposal.

4.2 Almost Quasi-Free Case: V (p) =0

Equation (4.14) suggests two exactly solvable textbook-models that constitute two
almost-quasi-free PDM-charged particles of fundamental Coulombic nature. The two
examples are in order.

4.2.1 An Almost Quasi-Free PDM-Charged Particle of g (p) =1n/p

Let us consider a PDM-charged particle with g (p) =n/p (i.e., f(p) =1/pand 6 =0
in (4.16)) moving in the vector potential (4.3) that yields the PD-magnetic field of

(4.13). Hence, equation (4.14) reads

> P-1/4 & 8

_ - Z\y =FEU 4.17
o 5= Sue—Eu e, @17

where
6 = 2emBop — e*B2up +NE, (4.18)

and
52_~2+ 1 ~B B+€ZB%BZ<:,>‘E}_ ~_€BOB 2+ 1 (419)
- 16 Mo 4 A\ T2 16 '

Equation (4.17) is similar to the radial Schrodinger equation of the two-dimensional

Coulombic problem and admits exact eigenvalues

2
E=— ¢ s <= (KX +e*By?) =
[2 (np + |0] +1/2)] [2 (np +]|

2

[+1/2)]*

“ (4.20)
7
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which would in turn lead to

112
2p2
Enp,m,oc = |:B‘Ll€ Bo —2e (m - O(‘) BO.U
n
1 B.f P
€D,
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2 2 16
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(c) Energy levels vs the AB-quantum number o.. (d) Energy levels vs the magnetic field parameter p.

Figure 4.1: Energy levels (np,m) of (4.21) as a function of the parameters B B, o, and
uin (a), (b), (c) and (d), respectively.
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The radial eigenfunctions are

7| — 2|2
Ruy o (p) = Al =12 exp (—\/kg +eZB%u2p> Lnl | (2\/k§ +ezB%uzp) , (422)

2|7 . . .
where Lnl | <2\/ k%—l—ezB%,uzp) are the Laguerre polynomials, and n, is the radial

quantum number.

In Figures 4.1 we plot the energy levels (np.m) of (4.21) as a functions of the
parameters P, Bo, o, and u in 4.1a, 4.1b, 4.1c, and 4.1d, respectively. The quantum
numbers of a given state (np.m) are chosen at random so that the phenomenon of
energy levels crossings is made clear. Such energy levels crossing points indicate
occasional degeneracies of the energy spectra.

4.2.2 An Almost Quasi-Free PDM-Charged Particle of g (p) =1 /p?

A PDM-charged particle with g (p) =n/p? (ie., f(p) = 1/p? and & = 0 in (4.16))

moving under the influence of only the vector potential (4.3) would result in presenting

(4.14) as
{—j:z +é2;21/4—§}v<p> _EUGp). 423)
where,
¥ = 2emBop— ¢ B2up, (4.24)
and

B2
4

2
1 ) , 1
P i+ 7 — emBf+ —nE<:>M: (m— > +1-ME. (425)
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We have again a similar two-dimensional radial Schrodinger equation of Coulombic

nature. One may, in a straightforward manner, show that it admits the exact eigenvalues

1 eBOB
Enp7m7(x:_ m—o— )
4
3
Lu: 2 .
-7
! s
s
0 S
___________ PR /1»0’ 15
SN gl
N //
., RN .
~
N~ /
3 N - o
AN -
,4 N S
PN
~ ~
5 _ - \\

2

1
4

(c) Energy levels vs the AB-quantum number o.

2¢ (m— o) Bou — e2B2ufd 1
2./k? + &2B2u?

1.5 2

2.5

-12

(d) Energy levels vs the magnetic field parameter .

Figure 4.2: Energy levels (np, m) of (4.26) as a function of the parameters B, B, o, and
uin (a), (b), (c) and (d), respectively.
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The exact radial wavefunctions

_ 1 214
Rupma (p) = Np~ 1 exp (—\/ K2+ eZB%;ﬂp) 12l (2\/1«3 +ezB%uzp> 4.27)

In Figures 4.2, we plot the energy levels (np.m) in (4.26) versus different values of the
parameters involved. The the quantum states (np.m) are also chosen at random so that

the phenomenon of energy levels crossings is made clear in these cases as well.

4.3 PDM-Charged Particles in PD-Magnetic and AB Flux Fields: NU

Exact Solvability
In this section, we shall be interested in a PDM-charged particle endowed with a
Yukawa-type mass function

g(p)=n <@) (4.28)

(i.e., f(p) = 1/p and 8 # 0) moving in the vector potential (4.3) that yields the PD-
magnetic field in (4.13). Moreover, we would like to subject this PDM-charged particle
to radial confining potential of the form

_M — £+_2 (4.29)

V(p)= :
() 5 ot

which indulges within, a Yukawa-type (i.e., the first term) plus a Kratzer-type (the last
two terms) potentials. A confinement potential type commonly used in the

spectroscopy of the diatomic molecules, where the Greene-Aldrich approximation

2
b, 8 1. & (430)
P l—exp(=dp)  p* [I—exp(—Bp)]

is valid for p < 1. Hence, equation (4.14) reads
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> a a exp (—8p)

where
a, = ﬁzz—3/16—enﬁBoB+ezB§BZ/4+\N/2,
a, = ¢*B2up — 2emBop+ 38/8 — ‘71
a, = Vo+mE (4.32)

a, = k? +e?BYP +8%/16

Next, the use of Greene-Aldrich approximation (4.30) in (4.31) would allow us to

rewrite it as

& a,8 a,d . Sexp(—3p) ) -
{ dp? "1 —exp(—op)P  1—exp(~p) 3(1—exp(_5p))+ 4}U(P)—0~

(4.33)

Let us now use the substitution § = exp(—0p) and convert this equation into a

Nikiforov-Uvarov type (see e.g. [53,54,57]) to obtain

dzU(&)+ (1-8) dU(&)+ 1
dg>  E(1-§) d&  [g(1-§)7

x [ (@, —a,+a,)+(-a,+a,+24,) §— (a,+a,) E&]U(§) =0 (4.34)

where

i, =a,,d,=—a,/8 d =a,/8,d,=a,/5 (4.35)

We may, therefore, express this equation in the Nikiforov-Uvarov form
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where

U () + %U' ©)+ f((;lv & =0, (4.36)

(4.37)

Which obviously satisfies the requirements of NU-method, where (&), 6 (&) are

polynomials of at most second degree, and 7 (&) is at most a first degree polynomial.

The NU-method is a well known approach. We, therefore, closely follow Mustafa and

Algadhi’s [58] Appendix (namely, equations (A.1) to (A.20), where instructive and

informative details on NU-method are available), with d, = <T]E —HZ,) /8 in (4.35)

and (4.32), we obtain

a, = (3 +mp+1/2) + (2 + 1) &1 +8 (4.38)

where €| and €; are given through the relations €, = €; /8 and €, = &,/ so that

and

N\ 2 _ ) .
g = |8 (m-@) +62v2+%—2e30y(m—632°5>6

~ 1/2 Bo =
—5V1+e232y2+k§] +8 (m—e b ) + Vot — (4.39)
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- 0—90 B k - —
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B 6 2 o
+2 8(1?1—82()[3) +8‘~/2—eBo,u<n~1—62°B) V. (4.40)
This would eventually imply
1 S
Eupma= 1 {(ma+rmp+1/2)8+ (2mp+1)8 +82 Vo } (4.41)
,
800 /
./'
700 /
K
600 /
'/'
500 / /
WS / // 00)
400 /' / ..... (3’_2)

Figure 4.3: Energy levels (npm) crossings of (4.41) for different values d in (4.28).

One should notice that the result in (4.41) recovers that of the almost quasi-free PDM-
charged particle in (4.21) by setting 8 = 0 and V, = V| = V5 = 0 in (4.28) and (4.29).
This should be the typical tendency (as well as a double check) of the exact analytical

solution of the more general problem discussed here, of course.
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In Figure 4.3, we plot the energies of (4.37) against the PDM parameter d of (4.28).
We observe a direct effect of the PDM on the energy levels crossings indicating again

occasional degeneracies.

Furthermore, the radial wave functions are given by (3.12), and ((A.1), and (A.23)) in

the Appendix of [58] to yield

—(1-v)/

Rupna () =p " exp (=8p (147 /)y (1-2e7%)  (@44)

where A are the corresponding normalization constants.

55



Chapter 5

CONCLUSIONS

We have investigated/studied PDM-quantum particles under the influence of
electromagnetic and/or interaction potential fields. In the process, however, we have
also included the AB-flux field effect to provide a more general treatment for the
problems at hand. We were able to extract some exact or conditionally exact solutions
for the corresponding PDM-Schrodinger equations. The strategy we have followed is

in a sequential order.

We have first introduced some basic concepts of fundamental importance for
PDM-quantum mechanics. We have introduced and build-up the PDM-momentum
operator and consequently the PDM-minimal coupling of electromagnetic
interactions. In so doing, we had to return back to the fundamentals of classical
and/or quantum mechanical constant mass settings. Using some non-local point
transformation of some generalized coordinates, we were able to map our constant
mass settings into PDM-settings. As such we were able to elaborate on the structures
of the PDM-momentum operator and PDM-minimal coupling. This approach allowed
us to fix the ordering-ambiguity of the von Ross Hamiltonian (1.1), through the
strictly determined ordering-ambiguity parametric settings, at a = ¢ = —1/4 and
b = —1/2 ( known in the literature as MM-ordering, i.e, Mustafa and

Mazharimousavi’s [13]).
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However, we have also reported/argued-out that while in PDM-classical mechanics it

is safe to use the textbook minimal coupling,
T (G(X) —m (§(X) —eA;((X) = P, (X) — P, (x) —eA;(x), (5.1

it is necessary and vital to use

( B ) ) (B@-ea®) .

for PDM-quantum mechanics. This would, in turn, suggest that the PDM-kinetic
energy operator must be expressed as T = (13\/ (X)/ W)z and not
(ﬁj ()?))2 /m(X). Yet, we have found that among the two commonly used vector
potentials A (7 (¥)) = Bo(—q, (%),0,0) and A ( (X)) = B.(—q, ()4, (¥),0)/2), only
the later

B S(r) Bo

Z(ﬁ(f)) = f(_Q2 (3_6) 1 qy (f) 70) = m(r) 7(—)62,)61,0), (5.3)

satisfies the Coulomb gauge d,;A;(¢) = O (within our PDM-point transformation

settings, of course). This is done in chapter 2 along with illustrative examples.

Next, using our findings above, we have considered ( in chapter 3) PDM-charged
particles in a uniform magnetic plus AB-flux fields and some interaction potentials (
including some pseudo-harmonic oscillator, and Killingbeck-type interaction
potentials).  Hereby, we have explored the separability of the corresponding
PDM-Schrodinger equation under radial cylindrical and azimuthal symmetrization

settings. A simple one-dimensional textbook, a purely z-dependent (3.10), and a
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purely radial p-dependent (3.11) Schrodinger equations are obtained. In the radial
p-dependent (3.11) part, we have transformed it into a radial one-dimensional
Schrodinger form (3.13) and used two PDM settings, g (p) = np? and g(p) = 1/p>.
We have reported on the exact solvability (both eigenvalues and eigenfunctions) of
our PDM charged particles moving in three fields: a uniform magnetic, an AB-flux,
and the pseudo-harmonic oscillator potential (i.e., usual settings for charged particles
in quantum dots and antidotes, e.g., [40-42], but here we have PDM-charged
particles). This is documented in section 3.2. Moreover, we have used the radial
p-dependent part (3.11) as is and used the biconfluent Heun differential forms for two
PDM settings, g (p) = Ap (3.35) and g (p) = A/p? (3.46). We have reported on their
conditionally exact solvability (for both eigenvalues and eigenfunctions) in section
3.3. Yet, the spectral signatures of the one-dimensional z-dependent Schrédinger part
(3.10) on the overall eigenvalues and eigenfunctions are reported, in section 3.4.
Where two z-dependent potential models (infinite potential well (3.53) and Morse
type potentials (3.63)) wre used for each of the four examples in section 3.2 and 3.3.

In Figures 3.1 - 3.4, moreover, we have plotted the energy levels against the uniform
magnetic field B,, AB-flux quantum number o, and some interaction potential
parameters ( one at a time, of course). Energy levels crossings are observed at some
specific parametric values. This necessarily means that there could be more than one
quantum state sharing the same energy at each crossing point. Therefore, such energy
levels crossings may very well be classified as “occasional degeneracies” that have

erupted as a result of PDM setting.

As to the last part of our dissertation, we have considered a more general assumption

for the vector potential. That is, we suggested that
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where S(p) is a scalar multiplier that may absorb any position-dependent terms that
may emerge in the construction process of the vector potential A (7) (c.f, e.g., [36]).
This is the focal point of chapter 4, where we have considered some PDM-charged
particles in PD-magnetic and AB-flux fields. Two almost-quasi-free PDM-charged
particles, with g(p) = n/p and g(p) = n/p?, turned out to imply exactly solvable
radial Schrodinger equations of a Coulombic nature ( documented in (4.21) and
(4.22)). Their exact solutions were inferred from the textbook solutions. Moreover, a
Yukawa-type PDM-charged particles with g(p) = mexp(—08p)/p moving in a
PD-magnetic plus AB-flux fields and a Yukawa-Kratzer type confining potential
V(p) = —V.exp(—8p)/p —V,/p+V,/p* were considered. In this case, we have
used the NU-method to obtain exact analytical eigenvalues and eigenfunctions (
reported in (4.41) and (4.42), respectively). Moreover, the phenomenon of energ
levels crossings repeats itself again in Figures 4.1-4.3. Therein, PDM-settings were

observed to manifest ” occasional degeneracies” of the energy spectral properties.
In the light of our experience above, our concluding remarks are in order.

Our methodical proposal is not restricted to analytically exact or analytically
conditionally exact solvabilities reported in this dissertation. It is also applicable to
Schrodinger-like models that admit numerically exact or numerically conditionally
exact solvabilities (c.f. e.g., [59]). It may very well be applied to quasi-exactly
solvable models (c.f. e.g., Quesne [60]), or even to non-Hermitian and

pseudo-Hermitian Hamiltonian settings (c.f. e.g., [61-64]). Likewise, this would hold
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true for the z-dependent Schrodinger-like equation (3.10).

Having had the eigenenergies exactly or conditionally exactly obtained, one may use
them to calculate the partition functions and discuss some thermodynamical properties
(e.g., [50,65,66]) of such PDM systems in PD-magnetic and AB-fields along with any

confining potential.

Although our methodical proposal above is introduced to deal with a three-dimensional
PDM-Schrodinger equation, it is also feasibly applicable to a more commonly used
two-dimensional problems (c.f., e.g. Dutra and Oliveira [25] or Correa et al. [2]).

However, the three-dimensional case is a more general and instructive one.

Finally, we may also report that our methodical proposal above is used to study the
Landau quantization for an electric quadrupole moment of PDM-neutral particles
interacting with electromagnetic fields. The details of which are comprehensively and
instructively reported by Algadhi and Mustafa [67]. Moreover, the reader is advised
to seek more details on chapter 2, 3, and 4 in [36], [56], and [58] by Mustafa and

Algadhi, respectively, where comprehensive discussions are provided.
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