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ABSTRACT

Finite automaton is a well known and utilized computational model. ~Automatic
sequences’ definition is bootstraped using the notion of finite automaton. More
specifically for the definition we use DFA (Deterministic Finite Automaton) with an
output function 7 and call it DFAO (Deterministic Finite Automaton with Output).
Looking from the Chomsky’s hierarchy of languages it’s exactly the regular type ones
that the DFA model recognizes. Using the notion of finite automaton we can show
properties such as cross product of automatic sequences and composition of output
functions. Relation between morphisms and finite automaton is established for
automaticity of a sequence. Using morphisms we can have an alternative way of
treating the automatic sequences. Additionally the notion of k—Kernels is introduced
and the relation is established with automatic sequences. The interest of finding the
algebraicity of formal power series will lead to Christol’s theorem which establishes
the relation with automatic sequences, proving another way of representing automatic
sequences by the means of formal power series, a notion from the broad field of

algebra.
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Sonlu otomat, iyi bilinen ve yaygin olarak kullanilan bir hesaplama modelidir.
Otomatik dizilerin tamimi, sonlu otomat kavrami kullanilarak elde edilir. Daha
spesifik olarak, tezimizde tanim icin ¢ikti fonksiyonu 7’ya sahip bir DFA
(Deterministik Sonlu Otomat) kullanip ve bunu DFAO (Cikti fonksiyonuna sahip
deterministik sonlu otomat) olarak adlandiriyoruz. Chomsky’nin dil hiyerarsisine
bakildiginda, DFA modelinin tanidig1 diller tam olarak diizenli tipteki dillerdir. Sonlu
otomat kavramini kullanarak, otomatik dizilerin direkt carpim1 ve cikti
fonksiyonlarinin birlesimi gibi 6zellikleri gosterebiliriz. Dizinin otomatikligi icin
morfizmalarla sonlu otomatlar arasindaki baglantiy1 kurariz. Morfizmalar1 kullanarak
otomatik dizileri incelemenin alternatif bir yolunu elde ederiz. Ayrica, k—Cekirdek
kavrami tanitilir ve otomatik dizilerle iligkisi kurulur. Formal kuvvet serilerinin
cebirsel Ozelliklerini bulma ilgisi, Christol teoremi ile sonuglanir. Bu teorem,
otomatik dizilerle baglanti kurarak, otomatik dizileri formal kuvvet seriler
araciligiyla, baska bir sekilde temsil etmenin miimkiin oldugunu kanitlar. Bu, cebirin

genis bir alanindan gelen bir kavramdir.

Anahtar Kelimeler: otomatik-dizi, formal kuvvet serisi, morfizmalar, sonlu-otomat
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Chapter 1

INTRODUCTION

A common way of defining sequences over non-negative integers N, which are denoted
as (ay)n>0, is to expressing it as a relation with indeterminates n € N and possibly
some constants ¢ € R. Instead of expressing relations explicitly between variables and
constants, another way is to have this relation using a finite automaton. Since, when
evaluated, the deterministic finite automaton model doesn’t behave as we expect for
the sequences we extend the model of deterministic finite automaton to add an output
function 7. The function 7 corresponds to a deterministic finite automaton and operates
on the input of the final accepted state ¢ € Q for a given input [, here [n]; denotes
the base k representation of the natural number n € N. This relationship is represented
by ©(6(qo, [n]x)). Then the output of the function 7 is in some finite set A. Sequences
that are defined using deterministic finite automaton with output function are called
automatic sequences. An important notion that is borrowed from finite automaton is
languages, which we use to treat these automatic sequences as languages over some
alphabet. This enables to clasify a sequence as automatic or not using the tools of
formal languages and finite automaton. A sequences is automatic sequences if and
only if it forms a regular language, that is recognized by some deterministic finite

automaton.

Morphisms provide an alternative approach to defining automatic sequences, offering
a different view on their construction. In this context, one commonly used type of

morphism is the k-uniform morphism. Such morphisms, denoted by ¢, map elements
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a € X to elements of fixed length k. By applying k-uniform morphisms to the elements
of an automatic sequence, we obtain a sequence of words, each of which has a fixed
length determined by k. These word sequences, generated by the morphism, provide a

symbolic representation of the automatic sequence.

k-kernels are introduced as an important concept in the study of automatic sequences.
A k-kernel of a sequence a is a finite set of subsequences that capture the essential
patterns of the sequence modulo k. In other words, a k-kernel consists of representative
subsequences that provide information about the repetition of elements in the original

sequence. [9, 11]

Formal power series play a crucial role in the study of automatic sequences, and they
are also fundamental objects in algebraic structures such as groups, rings, and
fields [5, 10]. Each term of a formal power series corresponds to a coefficient of the
sequence, with the power of the indeterminate representing the position of the
coefficient in the sequence. These power series enable us to express automatic
sequences algebraically, providing a compact representation that facilitates various
mathematical operations and analyses. In the context of algebraic structures, formal
power series possess algebraic properties similar to polynomials. They can be added,
multiplied, and composed with each other, allowing for the manipulation and
combination of automatic sequences. The addition of formal power series is carried
out by adding the corresponding coefficients term by term, while multiplication
involves the convolution of coefficients, akin to polynomial multiplication.
Composition, on the other hand, entails substituting one power series into another,
leading to the generation of new power series. By leveraging the algebraic properties

of formal power series, we can explore the relationships between sequences and



investigate various algebraic structures associated with automatic sequences. For
instance, the set of formal power series with coefficients in a field forms a ring,
denoted as the ring of formal power series over that field. The study of formal power
series within the realm of automatic sequences provides a uniquee framework for
investigating their algebraic properties and exploring connections to other areas of
mathematics. Automatic sequences and the algebraicity of formal power series are
closely intertwined concepts. An automatic sequence is a sequence that can be
defined using a deterministic finite automaton with an output function. On the other
hand, the algebraicity of a formal power series refers to the property of the series
being a solution to a polynomial equation with coefficients in a given field. There is a
strong connection between automatic sequences and the algebraicity of formal power
series.  Specifically, a sequence is automatic if and only if its corresponding
generating formal power series is algebraic. This means that the properties of being
automatic and algebraic are equivalent for sequences and their corresponding formal
power series. The algebraicity of a formal power series implies that it satisfies a
polynomial equation, which can provide insights into the underlying structure and
behavior of the automatic sequence it represents. Conversely, if a sequence is known
to be automatic, then we can infer the existence of a polynomial equation that governs
its behavior [13]. The connection between automatic sequences and the algebraicity
of formal power series provides a uniquee approach for studying and understanding
these fundamental mathematical objects. The objective of this work is to provide a

succinct overview of automatic sequences [7, 13].



Chapter 2

AUTOMATIC SEQUENCES

On the simplest way, automatic sequences are sequences of numbers on a given base
that are generated by deterministic finite automaton with output (DFAO). Among the
ways to defining automatic sequences is using a DFAO and the chapter’s 2.1 focus
is to introduce the notion of finite automaton with the extended model with output
known as DFAO and languages [19]. On chapter 2.2 we formally define automatic
sequences and explore its properties. Chapter 2.3 is focused on morphisims between
sets, and the establishing the equivalent representation of automatic sequences. On
chapter 2.4 we will introduce an equivalent way to DFAO that is called k-Kernel and
explore its properties. The goal of Chapter 2.5 is to show an alternative representation,
by Christol’s theorem, of automatic sequences using formal power series.

2.1 Languages and Finite Automaton

2.1.1 Languages

Symbols, and words—together with languages which are defined over these
symbols—are central pieces to the conceptualization of a computational model
explored on the next section. We are very well familiar with these notions, of symbols
that are used to make words and collection of words that make up a language, from
the daily use a language. An alphabet is a non-empty finite set of symbols which has

been denoted by the symbol X. Generally for any k € N, where, kK > 2 then the set

e ={0,1,...k—2,k—1}.



is defined as an alphabet of order k. A commonly, non-exhaustive, list of alphabets

include: )
¥, = {0, 1},binary alpabet,

Y3 = {0, 1,2},ternary alphabet,

210=1{0,1,2,3,4,5,6,7,8,9},decimal alphabet.

The juxtapostion of symbols of a given alphabet is defined as word. For instance, we
let the word 10010 be defined over the alphabet ¥ = {0,1}. We let the symbol €
denote the empty word. An intrinsic property of words is their length, which is the
number of positions with symbols over a given alphabet that are used to make that
word. For the empty word ¢, it is natural to call that it has the property of having the
length equal to zero, |¢| = 0. For a € £ and x € X¥, the |x|, denotes the number of
symbols a that occur on the word x. Powers of the alphabet X is to be understood as
the set of words of a given length k. Irrespective of the alphabet X for k = 0 we have
¥0 = {e}. £* denotes the set of all words of finite length over the alphabet X. Using

the set notation we have the equality
rr=x0urtuz?..

Similarly the meaning of notation X" is defined as
rt=xlurturi..

A useful operation on the set X is the concatenation operator. For any z € ¥, it can be
expressed as a concatination of words x,y € £* which is denoted z = xy. Importantly,
for x,y € XX, xy = x if and only if y = €. And for x,y € X¥, xy = yx if and only if x = y.
That is, concatenation operator is not cummutative. For a word x = spg we say p, with
|p| > 1, is a subword or factor of x, then for s, with |s| > 1, it is said to be a prefix of x,

s is said to be a proper prefix of x if pg # € where |s| > 1, and we say g, with |g| > 1,



is a suffix of x. Let x = ajas...a, be a word and 1 < i < n, the i"" symbol is defined as
x[i] = a;, and if we have i, j such that 1 <i<nandi— 1 < j <n, then a finite subword
of the word x starting from i to j is expressed as follows: x[i, j| = a;a;t1...a;.

For an alphabet ¥ and the set £*, as denoted above, a subset L of ¥* is defined as a

language over X.

Example 2.1: Some languages over specified alphabet:

Set of prime numbers over the binary alphabet:
{10,11,101,111,...}
Set of words with equal number of 0's and 1's:

{£,10,01,0011,1100,...}

Given that the notion of languages is already in place, introduction of common
operations on them naturally follows [2]. For given languages L,L;,L, C L*, the

product of languages is defined as the set
LiL, ={wx:we€Ljx€Ll}.

For languages, similar to the alphabets, we define L° = {¢}. For i > 1 we define L
as LL'~!. The Kleene closure operator is defined as L* = Ui>o L'. The quotient of

languages is defined as the set
Li/L,={xe€X":Jye L, suchthatxy € L;}.

An important class of languages that bears a central role to automatic sequences is the
class of regular languages. Regular expressions are defined over the alphabet ¥ in
conjunction with the special symbols {€,0,(,),+,*}, which are not elements of the

alphabet ¥ [2]. When evaluation regular expressions the * operator represents the



Kleene’s closure and is evaluated first, followed by the concatenation, and then by +
which represents union. Additionally parentheses within the regular expression x are
used to represent grouping of a regular expression. We denote () as a basic regular
expression that refers to empty language, € as a basic regular expression that refers to
{€} language, and for every a € X as a basic regular expression that refers to the
language {a}. By utilizing the aforementioned operators and adhering to the
precedence order, we combine these elementary regular expressions to construct
another regular expressions. These expressions, denoted as x, define a set of regular
language L(x). On the Example 2.2 is shown a regular language specified using

regular expression.

Example 2.2: Regular language specified by the regular expression x = (10)*:

L(x) = {£,10,1010,101010, ...}

Example 2.3: Regular language specified by the regular expression x = 1(10)*1:

L(x) = {11,1101,11010101, ...}

Following lemma shows a trivial property of finite languages.

Lemma 2.1: Finite languages are regular.

Proof. Using the + operator we construct regular expression, for the finite language
L={wi,wp,ws,...,w;}, as the concatenation of all the words w € L. O
An infinite sequence a = apaa; ... where a; € X, Vi € N is called right-sided sequence,

and can be see as a map from N to X.

Example 2.4: Consider the right-infinite word (or sequence) denoted as (g,),>0 =
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11001000010000001 ..., known as the characteristic sequence of perfect squares. In

this sequence, g, is equal to 1 if n is a perfect square, and 0 otherwise.

Maps from infinite set N to the finite set X is the set [1]
X ={(ay) : apa;--- € L},

which we call the set of right-sided infinite sequences. Similary we define left-sided
infinite sequence ...a_3a_ja_jap as a map from Z~ to X. And the set of all left-sided
infinite sequences over the alphabet X is denoted by ®X. Two-sided infinite sequence
...a_3a_jpa_iap.aiay... over the alphabet X is defined as a map from Z to X. Similarly
the set of all two-sided infinite sequences over the alphabet X is denoted by X%. For a

two-sided infinite sequence w = ...a_3a_sa_1agp.a1a; ... we define

L(w)=...a_3a_2a_ay,

R(w)=ajaas...

as left-sided and right-sided infinite sequences, correspondingly.

A non-empty finite word x is considered to be a right-infinite word denoted as x®, and
it is referred to as a purely periodic word. An infinite word w = xy®, where y is a
non-empty word, is known as an ultimately periodic word. If w is ultimately periodic,
it can be expressed in the form xy®, where x and y are finite words with y not being the
empty word. Then, x is referred to as a preperiod of w [1].

2.1.2 Finite Automaton

A finite automaton is a computation model that is a restricted version of more
universal computation model called Turing machines. Since, the reason that we’re
considering finite automaton is for defining automatic sequences, we are containing

this chapter to only discussing the DFAO model. For some input word (or



sequence)—whose representation is related to the finite automaton—that is read with
each state transition and if finite automaton reaches the terminal state and there are no
more symbols of the input sequence to be read then the input word (or sequence) is
said to have been accepted by the deterministic finite automaton (DFA). Unlike its
non-deterministic version—where the transition function that depends on the current
state and current symbol of the input takes values on a set of states—DFA’s transition
function that similary depends only on the current state and the current symbol of the
input determines the only next state that it can move on. The set of words that are
accepted by DFA is called the language of automaton. A graph representation of a
DFA is given on the Figure 2.1, where the arrow with no label pointing to the cicrcle
indicates the initial state, each arrow with a label(symbol) indicates the next state
given the current state and if that symbols is read. A special accepting state is marked
with double circles. Each state as represented by circles is named, conventionally, by

the symbols ¢g;,i > 0. Formally we proceed with the definitions of DFA model and it’s

Figure 2.1: Accepts the words w, in the base 2 representation, that contain even
number of 0’s.

version with output DFAO.

Definition 2.1: A DFA is defined by a 5-tuple denoted as:



M = (Q72757q07F) (21)
where,

Q is a finite set of states,

¥ is a finite set of symbols (alphabet),

0 is a transition function defined as: 0 : O X X — O,
qo is an initial state, where go € Q

F is a set of final states, where F' C Q.

For w = wy...w,, with w € X*, starting with (g, wp) then the transition function
0(0(gi),wj), where 0 < j < n, is applied for each symbol and where ¢; is one of the
finite states from the previous iteration of transition function. In the case where the
word w is the empty word &, the transition function & (g, w) returns the current state g
for any state g in the set of states Q. Then the language L(M) accepted by a given

DFA M is,
L(M)={weZX":0(qo,w) € F}.

Having these definitions of DFA and it’s corresponding language the following

properties are derived.

Theorem 2.1: For a given M, with m states, that generates L = L(M), the language
L =X*\L can be generated by some DFA with exactly the same number states.

Proof. Given that L is generated by M = (Q,X, 3, qo, F ), we can define another DFA
M' = (Q,%,8,q0,0\ F). Itis evident that the language L, which is the complement of

L, can be generated by M’. Therefore, M’ generates L.
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While it has already been shown, on the previous section on languages, that regular
expressions are a way to specify languages and we also have a way of generating
languages using DFA, the Kleene’s theorem [1], tells that the only languages that DFA
accepts are the ones that are specified with regular expressions. The following lemma

is a commonly used tool to show a language is non-regular.

Lemma 2.2 (Pumping Lemma): Let L C X* be a regular language. Then, there
exists an integer n > 1, depending on DFA of L, such that Yw € L with |w| > n it can
be decomposed on w = xyz, where x,y,z € X* and |xy| < n,|y| > 1, such that the

words xyiz e L,Vi>0.

Proof. Let L be regular language as given and a corresponding DFA with designated
number of states n. We take a word w € L such that |w| > n. Then it must be the case
that for some i > 1 and j > i, the transition function §(go,w[0...i]) = (g0, w|0...j]).
Therfore we split w = xyz where x = w|0...i],y = w[j, j + ¢], for some ¢ > 1, and z is

1th

the rest of the sequence of the word w starting at the j+ ¢+ 1" position. [

Importantly, following we have the definition of DFAO model, which is a DFA model

extended with an additional output function 7.

Definition 2.2: We define a DFAO M as a 6-tuple:
M =(0,%,8,40,A,7). (2.2)
Here Q,%, 8, qo are as defined on Definition 2.1. With the A being finite set of output

symbols. And essentially, 7 : ¥* — A, being the output function. In this case M

defines the M; : ¥* — A, which is called finite-state function also denoted as

fu(w) = 1(8(q0,w))-

11



Similar to DFA, the DFAO is represented on the Figure 2.2, where states are lebeled

by the ¢/a indicating the output a = 7(g) for the current state g.

0 0
[ N [
1

Figure 2.2: Sequence of the mod(2) sum of the digits for the non-negative integers w,
in the base 2 representation.

It would be expected that the DFAO is very related, in terms of languages that it
generates, with DFA and the next theorem stated below makes that relation

explicit [1].

Theorem 2.2: For any DFAO M = (Q,X,0,qo,A, T), where Q,X, 8,40, A, T are given

then for every d € A the set
LiM)={weX":1(6(qo,w)) =d}

forms a regular language.

2.2 Automatic Sequences

As stated at the start of the chapter, automatic sequences is the focal point of this
work that is achieved by DFAO and other alternative means explored on the upcoming
sections. In a non-formal way a sequence (a,),>0 Where each of its terms a, are values
of the output function 7, corresponding to some DFAO M, that is applied on the final

state for the reading of the input w is said to be automatic sequence [1]. Since the

12



sequences (a,)n>0 are defined for n € N but the input alphabet £ of DFAO M can be
of any order k > 2 we explicitly note it by k — DFAO M to indicate the input bases of
DFAO M. That is, for the sequence (a,),>0 each n € N is feed to DFAO M in the base

k representation.

Definition 2.3: k-Automatic Sequences. An infinite sequence (a,),>0 over the finite
alphabet A is said to be k-automatic if there exists a corresponding k-DFAO M =

(Q,%k,8,90,A, 7) such that for every n € N, we have a, = 1(8(qo,w)), where w = [n]y.

The definition can be further clarified by considering the example of the Thue-Morse

sequence.

Example 2.5: Thue-Morse Sequence. As can be observed from the Figure 2.2 the
sequence t = (1,),>0 is 2-automatic. Some of the first few terms are presented below:
n= 012 3 45 6 7 8 9 10 11 12 13 14 15 16

w= 01101O0O01T1TO0O0 O 1 1 0 1 O

Using the definition above we can observe that for some input that is read to k — DFAO
M it may be possible to have another similar input i.e. by having more leading zeros,
and yet the k — DFAO M would produce a different output in each case, which leads
to inconsistency. For instance the number [2]; is exactly the same as [02];¢ but by the
definitions they can produce different outputs. The following theorem eliminates the

ambiguity [1].

Theorem 2.3: A sequence (ay),>0 is k — automatic if and only if there exists a k —

DFAO M such that a, = t(8(qo, [n]x)) for all n € N.

13



Proof. —>: Follows by the Definition 2.3
<—: Given a k-DFAO M = (Q, %, 0, qo, A, T), we construct the k — DFAO M =

(0, %4, 6/,q6,A, 7') as follows:
Ql = QU(Z67
8'(q,a) = 8(q,a) forallg € Q and a € ¥y,

Sy | S0 a0

40 ifa=0,
7(q) = 1(q) forall g € O,
7' (q0) = (qo)-

It is evident that ©'(8'(g(,, 0'[nlx)) = ©(8(qo, [n]x)) for all i,n € N, O

Lemma 2.3: If L is a regular language then languages that are created be removing

leading and trailing zeros of each w € L are regular.

Proof. Consider the set Cy := {e} U (X \ {0})X; which correspond to some DFA M.
Then the obtained regular language with leading zeros removed is riz(L) = (LX /0*)R N
Cy, by the properties of regular languages under intersection, reversal, and quotient.
Similarly the regular language with trailing zeros removed is rtz(L) = (L/0*) N (Cy)R.

]
The following is presented an alternative definition of automatic sequences, which will
be further explored in the section on k-kernels. This definition usese the concept of k-
fibers, denoted as I;(a,d), for corresponding sequence a = (a,),>o which is defined

as the set of all residue classes [n]; such that a, = d, where d is an element of A and

k>21[18].

14



Lemma 2.4: The sequence a = (ay),>0 over A is k-automatic if and only if each k-

fiber I;(a,d) forms a regular language for every d € A.

Theorem 2.4: If a sequence (b,),>o differs from a k-automatic sequence (a,),>0

only in a finite number of terms, then (b,,),>0 is also a k-automatic sequence.

Proof. Let M = (Q,%,8,q0,A,7) be a k-DFAO that generates the sequence (ay),>0-
When the two sequences (ay),>0 and (by),>¢ differ for a finite set of input values n,
the modification occurs in the functions 7, 0. Thus from M, we can define the DFAO
M' = ({po,p1,---,Pn} U0, Xk, 8, po, I, ') that generates the sequence (by),>0. [
2.3 Morphisms

With some of the context already given on the previous sections the title of this
section indicates the initiation of the journey to morphisms way of defining automatic
sequences. The notion of homomorphisim is already familiar concept in the feld of
analysis and topology, which we will shortly call it a morphism, with the only
requirement that will be imposed is that for any map # from X* to A* and for all
x,y € X* the map h is linear with respect to the operator of concatenation i.e.
h(xy) = h(x)h(y). Based on the given condition, it is evident that once the function &
is established for all individual elements x in X, it can be naturally extended to

encompass the entire set £*. Consequently, it follows that i(€) = €.

In the case where ¥ is equivalent to A and for a given morphism A, we introduce
the concept of an implicit morphism as follows. Define h%(a) as simply equal to a,
and for any a € X, then, for all i > 1 we recursively define /'(a) = h(h'~!(a)) [1].
The following example uses the notion of morphisms to define Thue-Morse sequence,

which is already define using DFAO on the previous section.
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Example 2.6: When X is equal to A, we define a mapping % such that 2(0) = 01 and

h(1) = 10. By repeatedly applying &, we find that #2(0) = 0110 and 4#3(0) = 0110101.

For any given morphism 4 : £* — A* we have the following properties:

Width £ is defined as the maximum length among all images of symbols in X under
h: Width(h) = max,ey |h(a)|. Depth h refers to the cardinality of the symbol set X:
Depth(h) = |Z|. Size h represents the sum of the lengths of all images of symbols in X
under h: Size(h) =Y .5 |h(a)|. We introduce the notion of uniform morphism which
allows us to classify the morphisms in finer classes. A morphism 4 : ¥* — A* is called
a k-uniform morphism if, for some constant &, the length of the image of any symbol
a € X under & is always equal to k, denoted as |h(a)| = k. A morphism & : X* — A* is
called expanding if the length of the image of every symbol a € X under 4 is greater
than or equal to 2, i.e., |h(a)| > 2. h is non-erasing if Aa € X such that h(a) = €. For
a € X if there exists some integer i > 1 such that 4'(a) = € then we say that a is mortal.
We associate the set of mortal letters Mj, to each morphism 4. We denote as exp(h)
the mortality exponent of / that is the least integer i > 0 such that h'(a) = € for all
a € My,. For amorphism 4 : ¥* — X*, we have the following definitions: If there exists
a sequence a € X* such that h(a) = a, then we say that a is a fixed point of 4. Leta € £
be a sequence such that for some morphisim /# we have that 4(a) = ax withx ¢ M. In
this case, we say that the morphisim /4 is prolongable on a. Now, we define an infinite

sequence w as follows:

w = h®(a) := axh(x)h*(x)...

Here, h®(a) represents the infinite concatenation of a, followed by x, followed by &(x),

followed by /2(x), and so on.
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As shown on the Example 2.6, Thue-Morse sequence is defined using uniform
morphisims. In the next lemma, which will be utilized in Cobham’s theorem, we will
establish a distinctive relationship between automatic sequences and k-uniform

morphisms.

Lemma 2.5: Let w = h(w) = apajay... be an infinite sequence of some k-uniform
morphism h. Then h(a,-) = AkiQkj+1---Akj+k—1-

Proof. For a finite word aga;...a;, we have
h(a0a1 ...ai) =apaj...Agj+k—1-

Then h(aoal...ai_l)h(ai) = (aoal...aki,l)(akiakiﬂ...akprk,l). ]

Theorem 2.5: For an integer k > 2, the sequence a = (a,),>0 is k-automatic if and
only if there exists a k-uniform morphism 4 and an element a € X such that h®(a) is a

fixed point of /2 and a is the image of the coding function 7 applied to 1% (a).

Proof. <: Suppose that a = 7(w), where 7: A — A’ is the coding function and w =
¢(w) for a k-uniform morphism ¢ : A* — A*. Let w = wow; ... where w € A*. We can
construct a k-DFAO M as follows: Set the initial state gg of M to be wy. For any state
g in M and input b € ¥, define the transition function 6(g,b) as the bth letter of ¢(g).
By induction, we will show that for all n > 0 it is true that w, = 8(qo, [n]x) . First,
the base case n = 0 is trivially true since d(qo, [0]x) = 8(qo,€) = go = wo. Now, lets
assume that the statement holds for all i < n and prove it for n. Let [n]y = niny...ny,

where 0 < n, < k and n = kn’ +n,. We can deduce the following:
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0(qo, [n]x) = 6(qo,niny...ny)
= 8(5(qo, [1']i), )
= d(wy,n;) (by the induction hypothesis)
= the n,th symbol of @(w,7) (by the definition of )
= Win'4n, (using the previous lemma)

= wy.

Now, let 7 be a coding function, and consider the sequence a = (a,),>0. We can

express aj, as follows:

an = T(wn) = 7(8(q0, [nx))-

—>: Assuming that (a,),>0 is a k-automatic sequence generated by some k-DFAO
M, we want to show that it corresponds to the image under 7 of a fixed point w =
wowiwy ... of the morphism ¢.

We define the morphism ¢ for each g € Q as:

Let w be a fixed point of the morphism ¢, starting with gg. Then, we will prove by
induction that 6(qo,y) = wyy, for all y € X*. For the base case where |y| = 0, we have
8(qo,€) = qo = wo, which satisfies the condition. Now, assuming that 6(qo,y) = wy,

holds for all |y| < i, we will show it holds true for |y| = i. Let y = xa where a € X;. We

can deduce the following:
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6(q0,y) = 6(qo0,xa)

= 6(8(qo,x),a) (using the definition of &)

= &(W[y,,a) (by the induction hypothesis)

= @(W[g,)a (using the definition of @)

= Wip,+a (DY the definition of @)

= Wxalk

= W[y,
Consequently, we can conclude that a, = ©(6(qo, [n]x)) = T(wy,), which means that
(an)n>0 is the image under coding 7 of a fixed point w of the morphism ¢ [
2.4 k-Kernel
Already on the section of automatic sequences we have introduced the notion of k-

fibers, which will play a central role in this section. In this section the relation between

automatic sequences and k-kernels will be established [14].

Definition 2.4: For an infinite sequence a = (a,),>0, the k-kernel of a is defined to be

the set of subsequences

Ki(a) = {(aginy Jn>0:i>0and 0 < j < k'}.

The following is an example k-kernels for the commonly used Thue-Morse sequence.

Example 2.7: Consider the Thue-Morse sequence t = (#,),>0 as defined above. We

can determine the 2-kernel of the sequence t as follows:
K> (t) = {t,t}.
where t represents the complement of t. The elements of the 2-kernel satisfy the
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recursive relationships: 1, =, and tp,,+1 = (t, +1) mod 2.

The next theorem points to the relation between automatic sequences and k-kernels.

Theorem 2.6: Let k > 2. The sequence a = (a,),>0 is k-automatic if and only if the

set Ki(u) is finite.

Proof. —>: Leta = (a,),>0 be the given sequence, and let M = (Q, %, 8,490, A, T) be

the corresponding k-DFAQO. We know that for any ¢ > 0:

a, = t(8(qo, (n)R0")), foralln>0.

Now, consider a word w = wowy ...w;, where |w| = i. Let ¢ = 8(go,wR), and let
Wik = Li<i<,wik"" = j. We can observe that (k'n+ j); = (n)gw for all n > 0. In
particular, when n = 0, we have (k'n + j); = (j)x. Furthermore, w = 0/(jj); for some

t > 0. We can now proceed as follows:
8(qo, (kK'n+ j)§) = 8(q0,()Y) = 8(q0,())F0") =8(q0.w") =g =8(q,(0)5).

Thus, we have shown that the sequence (i, j),,zo is generated by the k-DFAO M.
Since there are only a finite number of states g, it follows that K (a) is a finite set.

<: Let us assume that K} (a) is a finite set. In this case, we can partition Y into a finite
number of disjoint equivalence classes. Where two words w and x in X are equivalent,
denoted as w = x, if and only if Aol g [k = At ] for all n > 0 [1]. To construct a
corresponding k-DFAQ based on this equivalence relation, we define: The set of states
Q as Q = {[x] : x € X}}, where [x] represents the equivalence class containing x. The
transition function 6 as 6([x],b) = [xb] for all [x] € Q and b € X;. The output function
T as 7([w]) = a,), for all [w] € Q. The initial state go as [€], which is the equivalence

class containing the empty word. Using the equivalence relation defined above, we
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can observe that for any [x],[w] € Q and b € X, we have §([x],b) = &([w],b) and
©(8([x],0)) = 7(8([wl,b)). [
2.5 Formal Power Series

We begin by presenting the foundational concepts of algebra, including groups, rings,
and fields. Then we continue the section with the introduction of the notion of formal
Laurent series and its subset, formal power series. We examine the properties of the
elements within the ring of formal Laurent series [8]. Crucially, we investigate how a
formal Laurent series can be characterized as either algebraic or transcendental,
drawing insights from their connection to k-automatic sequences. In conclusion, we
highlight Christol’s theorem, which asserts that a formal Laurent series is algebraic if
and only if there exists a relationship between its coefficients and a k-automatic
sequence [6, 8,16, 17].

2.5.1 Group

A group is a fundamental algebraic structure that captures the essence of symmetry

and transformation [12].

Definition 2.5: A group G is a set equipped with a binary operation that combines
any two elements a,b € G to produce another element in G. For G to be considered a

group, it must satisfy following axioms:
Associativity: that is, (ab)c = a(bc), Va,b,c € G.
Identity: there is an element (called the identity) e € G such that ae = ea = a, Va € G.

Inverses: for each element a € G, there is an element ale G, called an inverse of a, such that

Example 2.8: The group of integers under addition: The set of all integers, denoted
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by Z, forms a group under the operation of addition. The closure property is satisfied
since adding any two integers results in another integer. The identity element is 0, and
every integer has an inverse (the negative of that integer) that when added yields the

identity element.

Example 2.9: The group of 2 x 2 invertible matrices over C: The set of all 2 x 2
matrices with non-zero determinants forms a group under matrix multiplication. The
identity element is the 2 x 2 identity matrix, and every matrix in this set has an inverse
(its inverse matrix) that when multiplied yields the identity matrix. That is,

a; by a, by ajar +bicr aiby+bids 10

X = =

c1 dq ¢ dy cirar +dica cibry+dids 0 1
Example 2.10: The set R”", consisting of all n-tuples (aj,as,...,a,) where each
component belongs to R, forms a group under componentwise addition. In other
words, the operation of adding two n-tuples (aj,ay,...,a,) and (by,by,....b,) is
defined as (a; + by,ay + by, ...,a, + b,). The closure property is satisfied since the
sum of any two n-tuples in R” is still an n-tuple in R". The identity element is the
n-tuple (0,0,...,0), where each component is zero. Finally, for any n-tuple
(ay,az,...,ay), its inverse is the n-tuple (—ay,—ay,...,—ay), as the sum of an n-tuple
with its componentwise additive inverse yields the identity element. Thus, R"” under

componentwise addition forms a group.

The order of a group, whether it is finite or infinite, refers to the number of elements it
contains. It is denoted by |G|, where G represents the group. The order represents the
cardinality or size of the group, indicating the total count of distinct elements within

it. For a finite group, the order is a positive integer, while for an infinite group, the
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order is considered to be infinite. In a group G, the order of an element g refers to the
smallest positive integer n such that raising g to the power of n results in the identity
element e of the group. This concept is denoted as g" = e. If there is no such positive

integer n that satisfies this condition, we say that g has infinite order.

Example 2.11: Consider the group U(15) = {1,2,4,7,8,11,13,14}. This group has
an order of 8, meaning it contains 8 elements. To determine the order of a specific
element, such as 13, we compute the sequence of powers: 13! =13 (mod 15), 132 =4
(mod 15), 13* =7 (mod 15), and 13* =1 (mod 15). Thus, the order of the element
13, denoted as |13, is 4.

2.5.2 Ring

Certain sets possess inherent properties that make them suitable for two fundamental
binary operations: addition and multiplication. Well-known examples include the
integers, integers modulo n, real numbers, matrices, and polynomials. When these
sets are treated as groups, the primary focus is typically on addition, with
multiplication often overlooked. However, there are numerous scenarios where it
becomes essential to consider both addition and multiplication simultaneously. To
address this need, the abstract concept of a ring arises as a powerful mathematical

tool.

Definition 2.6: A ring R is defined as a set equipped with two binary operations:
addition (denoted by a + b) and multiplication (denoted by ab). These operations
satisfy several properties for all elements a, b, and c belonging to the ring R. These

properties include:
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1. Commutativity of addition: a+b = b +a.

2. Associativity of addition: (a+b)+c=a+ (b+c).

3. Additive identity: there is an element O € R such thata+0 =a foralla € R.

4. Additive inverse: For every element a € R , there exists an element (—a) in R such that
a+(—a)=0.

5. Distributive law: a(b+c) = ab+ac, and (b+ c)a = ba + ca.

Example 2.12: Consider the set Z, = {0,1,...,n— 1} equipped with the operations
of addition and multiplication modulo n. It can be observed that Z,, forms a ring with
unity 1, where the unity element is the residue class 1 modulo n. Furthermore, within
Zy, there exists a subset of elements called units, denoted by U (n), which consists of

the elements that possess multiplicative inverses.

Example 2.13: Consider the set Z[x] consisting of all polynomials in the variable x
with integer coefficients. With the operations of ordinary addition and multiplication,
Z|x] forms a commutative ring with unity, where the unity element is the polynomial
flx)=1.

2.5.3 Field

By extending the concept of a ring, we introduce a structure known as a field. An
additional property is introduced that allows for the existence of multiplicative inverses

for nonzero elements in the field.

Definition 2.7: A field F is defined as a set equipped with two binary operations:
addition (denoted by a + b) and multiplication (denoted by ab). These operations

satisfy several properties for all elements a, b, and ¢ belonging to the field F. These
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properties include:

1. Commutativity of addition and multiplication: a+b=b+a, anda-b=>b-a

2. Associativity of addition and multiplication: (a+b)+c=a~+ (b+c) and
(a-b)-c=a-(b-c).

3. Additive and multiplicative identity: there is an element 0,1 € F such that
a+0=a,a-1=aforallacF.

4. Additive inverse: For every element a € R , there exists an element (—a)
in R such that a+ (—a) = 0.

5. Multiplicative inverse: For every element a # 0 € F, there exists an element
a 'inFsuchthata-a ' =1.

6. Distributive law: a- (b+c) =a-b+a-c.

Example 2.14: Consider the finite field GF(7) = {0,1,2,3,4,5,6} where addition
and multiplication are performend through modular arithmetic with respect to prime
number 7. For the number 2 the multiplicative inverse is: 2-4 =1 (mod 7).

2.5.4 Formal Power Series and Christol’s Theorem

To start, initialy the concept of ring of polynomials over the commutative ring R is

defined.

Definition 2.8: Let R be a commutative ring, then the set
RIX] = {anX"+a, 1 X" ' +---+a1X +ap | a; €Rand n > 0}

is the ring of polynomials over R with X being the indeterminate, and the non-zero

term a;X' with highest exponent i determines the degree of a specific polynomial.
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The addition and multiplication are naturally defined for the elements of R[X] [15].
For p,q € R[X] which are given as p(X) = a,X" +a, 1 X" ' +---+a1X +ap and
q(X) = byX" 4+ b, 1 X" '+ 4 b1 X + by, addition is: (p+q)(X) = (an +ba)X" +
(an_1+by1)X" 1+ (a1 +b1)X + (ap + bo). And multiplication is: (p x g)(X) =

apbo + (aobo +a1b0)X + (a0b2 +a1by +a2bo)X2 +...

For F being a field, then the field of fractions of F[X] consists of elements f/g where
f,g € F[X] and g # 0. This field of fractions over F is denoted by F(X). Any other
property of the algebraic structures, whenever used in some other theorems, is assumed

and not proven here.

Definition 2.9: For a ring R, the set
R[X]) = {ao+a1X +aX>+... | a; € Rand i > 0}

forms a ring, where each element represents a formal power series.

In the context of formal power series, the concept of convergence is not applicable or
relevant [11]. Addition and multiplication is performed by treating the series similarly
to polynomials. For p,q € R[[X]] where p(X) = 2 a;X' and g(X) = E2biX’ we
have, (p+q)(X) =E52y(ai+5;)X and (p x ¢)(X) =X (ZF_oaxbn—k)X". Following

we let F be a field and have the definition of formal Laurent series.

Definition 2.10: Let F be a field, the set
F((X))={Z2yaiX'|a; € Fand N € Z}

is defined as the field of formal Laurent series.
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Similar to the fields C, or R that we define algebraicity of elements of thereof, the

definition of algebraicity for formal Laurent series follows

Definition 2.11: Let p € R((X)) with coefficients over R(X). Then p is said to be
algebraic over R(X) if there exists elements fy(X), f1(X) ... fn(X) € R(X) not all zero,

such that fo+ fip' +---+ fup" =0
The following we have examples of algebraic formal power series.

Example 2.15: Let f be the formal power series over [F, given by

FX) =X+X2+ x4 4. =Y x?.

i>0

We can observe that this series is algebraic since,
f(X?) = f(X)-X,

therefore, f(X)2+f(X) LxX=0

Example 2.16: Let T'(X) = Y,>0t,X", where (t,),>0 represents the sequence already

defined on the Example 2.5. Now, lets analyze the expression of 7'(X):

T(X)=) t.X"
n>0
— Z thxzn + Z t2n+1X2n+l
n>0 n>0
=Y X" +X Y (ta+ )X
n>0 n>0
=T(X*)+XT(X*)+X

1-X2%

From this expression, we can deduce, over the field [F,, that the series is algebraic.

Example 2.17: Let F(X) over the non-negative integers N and be defined by
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F(X)=14+X42X>4+3X3+5x*+...
It can be seen that the coefficients of the series are fibonaci series, then we have

F(X)=) EX"

n>0

=F+FA+) FEX"
n>?2

=1+X+ Z (Fh1+F0)X"
n>2

=14+X+X Y F X" '+X*Y F_x"?

n>2 n>2

=1+X+X(FX)—1)+X*F(X)

= 1 +XF(X)+X?F(X)
B 1
S 1-X—-X2

We arrange the equality to get
(1-X—-X)F(X)—1=0.

Hence the series F(X) is algebraic over N.

The former two examples are instances of formal power series defined over finite fields,
for which the Christol’s theorem is used to show the algebraicity of it in terms of its

relation with p-automatic sequences.

We represent formal Laurent series Y~y a,X" by the equivalance class

{ Y ara X", k}

n>0

The equivalence relation is established by shifting the terms of a formal Laurent
series [4]. Specifically, for any given formal Laurent series S, j,k € N, and n € Z, the

equivalence relation is defined as:
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[stvn_J] = [XkS7n_k]7

where S belongs to the ring of formal Laurent series F[[X]].

Definition 2.12: Operations on equivalance classes of formal Laurent Series are
defined as follows:

For addition:
[S,n] +[T,n] = [S+T,n].
For multiplication:

[S,n]+[T,m] = [ST,n+ m].

Definition 2.13: For 0 <i < g we define a linear transformation
Lig : Fo[[X]] = Fq[[X]]
with

Fi,q ( Z aan> = Z aqn+an.

n>0 n>0

Lemma 2.6: For a formal power series F € F[[X]] withi,g € N,g>1and 0 <i<g,

the following property holds

FX)=Y aX"= Y XTi (F(X))".

n>0 0<i<q

Proof. For a given F € F,[[X]] we have
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F(X)=Y aX"
n>0

- Z ZaanrinHi

0<i<gn>0

- Z XiZaqn+in”

0<i<g n>0

=Y X’( ) aqn+,-X”)q

0<i<gq n>0

= Y XTi,(F(X)).

0<i<q

Lemma 2.7: For formal power series F,G € F,[[X]] withi,geN,¢g>1and0<i<g,

the following property holds

Tig(F?-G) = F-Ti4(G).

Proof. For F,G as give, we have
q .
[iq(F9-G) =Tig (( )3 “ka> ( )y ijJ))
k>0 Jj=0

Fi,q(( Y ax (];)bJ-XJ))

(£, )

n>0 k,j>0,
gk+j=n

= Z X" ( Z akbj)
k,j=0,
qk+ j=qn+i

= ZX"( Y akbq(n—k)+i)

n>0 0<k<n

= ) Xt ( Y byin-i+iX "k>

k>0 n>k

=Y aka( Y quxn)

k>0 n>0

— F-T;,(G).
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O

We extend the definition of the I'; ,(S) operator to B; ,([S,aq]) = [I'i4(S),a] which is

defined over the equivalance classes of formal Larent series.

Then, for A,B € F((X)), all ¢,i € Nand 0 <i < ¢ similarly to Lemma 2.7 we have

Bi4(A-B?) =B, ,(A)-B (2.3)

Lemma 2.8: Let F € F,[[X]] be formal power series, where g = p". F is algebraic over

F,(X) if and only if there exists non-zero polynomials Ag(X),...,A;(X), such that

AoF +A1F9+ ...+ A,A7 = 0.

Lemma 2.9: The sequence a = (a,),>0 defined over the finite field F, is g-automatic
if and only if there exists a finite set of formal power series § satisfying the following
conditions: For every formal power series F(X) = Y,,~0a,X" associated with a, we
have F € §. For every G € § and every 0 <i < ¢, I'; ,(G) belongs to §.

Proof. Consider the set K,(a) = {a' a? ... a'}, where a/ represents the j-th element
of the g-kernel of the sequence a.

—: We construct the set for § as follows

3:{Za;',x":1gigr},

n>0

and we see that if we let a = a!, then F € 3.

<=: By observing that ¥,,~0a’,X" € §, we can deduce that the cardinality of K,(a) is
less than or equal to the cardinality of §§. Therefore, we can conclude that the g-kernel
is a finite set. L
Following is the Christol’s theorem, which as stated at the beginning, establishes a

relation between algebraicity of elements of F((X)) and a corresponding p-automatic
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sequence.

Theorem 2.7: Let a = (g;);>0 be a sequence over A, with A being a non-empty finite
set. Let ¢ = p" for some prime p € P and n € N. Then the sequence a is a
p-automatic if and only if there exists an injective map § : A — [F, and n > 1 such

that the formal power series Y~ 8 (a;)X" is algebraic over the F,(X).

Proof. —: To make B an injective map we pick n such that |A| < p". By
the [3][p.109, proposition 3.5] we know that the sequence a = (a,),>0 is also
g-automatic. Then by Theorem 2.6 we let the K,(a) = {a',a%,...,a%}, wherea = a!.

Define the formal power series as follows

Fi(X)=Y a}Xx" for1<j<d.

n>0
Then,
FX)= Y Y al,xmr (2.4)
0<r<(g—1)0<m
= Y x'Yd,. xm (2.5)

0<r<(g—1)  0<m

By 2.4 we see that the F;(X) is on a span of vector space generated by the bases
vectors Fy(X?),F>(X?),...Fy(X?). But similarly, we have that F;(X?) is linear
combination of the bases vectors Fj (qu),Fz(qu),...Fd(qu). Applying the same
reasoning, we can conclude that for any j in the range 1 < j < d and any k in the

. k . . .
range 0 < k < d, the power series F; (X") can be expressed as linear combinations of

1 d+

the base vectors F; (X ¢! ), F> (qu+ )y-n e Fy (X9 1). However, the dimension of the

d+1
)

vector space spanned by the base vectors F (X qdﬂ),Fz (X7 ). FaX qu) over the
field F,(X) is at most d. Consequently, the power series Fj(X),Fj(X?),... ,Fj(qu)

are linearly dependent over IF,(X). Specifically, when j = 1, we can deduce that

Fi(X) is algebraic over IF,(X).
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<=: Let F(X) = ¥;>0a:X' be algebraic over F,(X). Then by Lemma 2.8 we know

that there exists polynomials Ag(X),...,A;(X) with Ag(X) # 0 such that

Y AX)F(X)? =0.

0<i<t

Let G = F(X), with G = ZlgigtCqui, where C; = —A,-Agifz. For
N = max(degA(, max;degC;), define
F={HeF,((X):H=Y DG’ ,D;eF,[X], degD; <N}.
0<i<t
Let H € §, then

B, (H) =B;, (D0G+ Y D,-qu>

1<i<t

:Bi7q< y (DOCiJrD,-)G‘Ii)

1<i<t

= Ei’q(DQCi—f—Di)qu.

1<i<t

Here the degDy, degD;, degC; < N, then deg(DoC; + D;) < 2N therefore

By the Lemma 2.9 we have that the sequence a is g-automatic. 0
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