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ABSTRACT

In this thesis, one of the well-known spacetimes named as Zipoy-Voorhees (ZV) or
v-metric is extended to its charged version via Ernst formalism and is called the
charged ZV solution. This spacetime is then further investigated and the relevant
geodesic equations, the Newtonian limit, the solution of Maxwell equations and the
singularity analysis are all carried out in detail. These steps are later on followed by
inspecting the physical properties of the consequent y-metric, whose gravitational
lensing effect is compared with the one for the stationary ZV solution. In this regard,
the effect of deformation parameter Y on gravitational lensing and redshift is studied.
With the help of Chandrasekhar-Xanthopoulos (CX) theorem and Ernst formalism,
the charged and stationary version of ZV solution is also obtained. The metric
functions of this new solution - which came out to be utterly complicated - are
expanded up to the quadrupole terms. As a result, the closed time-like curves are
examined. Another important compitation known as the singularity analysis is carried
out for the uncharged and charged versions of ZV spacetime on 6 = /2 and 6 = &t
planes. In the end, it has been found that both solutions are quantum regular in
s-mode on the ® = & plane for 1 < y < 2. Lastly, gravitational lensing analysis is
conducted on another well-known spacetime of theoretical physics, Kerr-Newman
Anti de Sitter metric, and the effect of rotation on black holes is studied by using

observational data from M87 and SgrAx.

Keywords: Non-spherical Symmetry, Ernst Formalism, Gravitational Lensing,

Gravitational Redshift, Quantum Singularity Analysis
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Bu tezde literatiirde Zipoy-Voorhees (ZV) uzayzaman veya y-metrigi olarak bilinen
ve fiziksel yap1 parametresi sadece kiitle olan kiiresel olmayan c¢oziim, Ernst
formalizm yardimiyla yiiklii hale getirilerek, yiikli ZV uzayzamani elde edilmistir.
Bu yeni wuzayzaman iizerinde, jeodezik analizi, Newton limiti, Maxwell
denklemlerinin ¢oziimii ve tekillik analizi yapilmistir.  Daha sonra ise ilgili
uzayzamanin fiziksel oOzellikleri arastirilarak, bu yeni ¢6ziimde kiitle-cekimsel
mercekleme etkisi stasyoner ZV c¢oziimiiyle karsilagtirllmigtir.  Bu baglamda, v ile
ifade edilen geometrik deformasyon parametresinin, bahsi gecen fiziksel olay
tizerindeki etkisi incelenmigstir.  Elde edilen yeni yiikli ZV ¢oziimii iizerinde
kiitlegekimsel kirmiziya kayma olay1 da incelenmistir. ZV ¢6ziimiiniin 6nemli bagka
bir sinifi olan yiiklii ve stasyoner ZV sinifi, literatiirde Chandrasekhar-Xanthopoulos
(CX) teoremi olarak bilinen teorem kullanilarak, Ernst formalizm yardimiyla
tiretilmistir.  Bu oldukca karisik yeni ¢oziimiin metrik fonksiyonlari, kuadrapol
terimlere kadar acilarak bu c¢oOziimiin kapali zamansal jeodezik denklemleri
incelenmigtir. Bir bagka 6nemli analiz olan kuantum tekillik analizi, ZV ve yiiklii ZV
uzayzamanlarinda 6 = nt/2 ve 8 = m diizlemlerinde yapilarak, her iki ¢6ziimiin de
0 = 7 diizleminde 1 <y < 2 araliginda, s-dalga modunda kuantumsal olarak diizenli
oldugu bulunmustur. Son olarak, teorik fizigin taninmis bir bagka uzayzaman olarak
bilinen, kiiresel olmayan ve kara deliklere uygulanabilen Kerr-Newman Anti de Sitter
metriinde, kiitlecekimsel mercekleme analizi yapilarak, donmenin mercekleme
tizerindeki etkisi; M87 ve SgrAx kara deliklerinin gozlemsel verileri kullanilarak

incelenmistir.

Anahtar Kelimeler: Kiiresel Olmayan Simetri, Ernst Formalizmi, Gravitasyonel
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Chapter 1

INTRODUCTION

Without any doubt, the Schwarzschild solution of Einstein’s equations [3] plays an
important role in the historical timeline of the concepts of general relativity. This
specific solution possesses a spherical symmetry, and hence, despite its vast
importance in the theory of black holes, can be considered to be trivial. Nevertheless,
if the symmetry of concern is axial rather than spherical, the situation seems to be
way more complicated. Such a case was examined in detail by Hermann Weyl, whose

relevant ideas can be found in his article entitled “Zur Gravitationstheorie” [4] ! .

During his study, Weyl first concentrates on the fundamental quantities mass m and

electric charge e and rescales them (in c.g.s. units) as

a=xm, (1.1)

and

o= V¥ (1.2)

In turn, he names a and @’ as the gravitational radii of the mass and the electric charge,

respectively. Then, he further introduces

2
7 e

= (1.3)

mc?’

! For the English-translated versions of Schwarzschild’s and Weyl’s papers, a reader is referred to [5]
and [6], respectively.



which can be referred as the radius of an electron under appropriate conditions.

The mathematical equations constructed by Weyl relating the mass, charge and length
at different scales can be considered as an attempt of using concepts of general
relativity to explain atomic phenomena. This claim is supported by the words of Weyl

himself, which go as follows [6]:

“The acquisition of exact solutions to the equations of gravity seems important
to me with regard to the question of processes at work within the atom. After
all, it is possible that at such scales it is essential to take the non-linearity of the
exact laws of nature into account.

To this end, granted, one that still lies in the distant future, it seems to me of
interest to determine exactly the gravitational field of an axially symmetric
distribution of masses and charges according to Einstein’s theory. This will be
done here for the static case; the study leads to surprisingly simple results.”

As can be seen from the statements above, Weyl solutions possess axial symmetry.
Although one might find it tempting to use standard coordinates to study such

solutions, there are good valid reasons to look for alternatives.

1.1 Deviating from Standard Symmetries

1.1.1 Observational Aspect

The universe is filled with a variety of astronomical objects with different fundamental
properties. In a universe like ours (which is known to host a great many number of
possibilities within itself), it would not be wise to assume perfect symmetries to exist
for all its components. Although it is possible to create a list of astronomical objects
with for instance spherical symmetry, there also exist a great many which can be treated
as non-spherical compact objects. These can be thought as examples for objects of

nature deviating from standard symmetries.



The geometrical shapes of compact objects deviating from standard symmetries are
attained as a consequence of the strong gravitational effects. Non-spherical compact
objects - which are the main objects of concern in this thesis - are good examples of
such astronomical bodies. In outer space, neutron stars are generally treated as non-
spherical compact objects. The majority of these stars are thought to have oblate shapes

due to strong electromagnetic (em) and rotational effects.

Neutron stars are not the only astronomical examples we can give for non-spherical
compact objects. Since deviations from standard symmetries are thought to arise due to
immense physical effects, it is natural to treat black holes as candidates for having such
geometrical deformations. Due to strong gravitational field, black holes are expected
to exist in many different shapes, some of which can be categorised as flattened or

oblate.

In the theory of general relativity, there are two familiar solutions that are treated as
non-spherical compact objects. These are named as the Zipoy-Voorhees (ZV) [7, 8]
and Kerr-Newman [9] solutions. ZV metric describes the gravitational field around
a static, non-spherical mass distribution in empty space, whereas the Kerr-Newman
solution has rotation and charge [10, 11, 12]. The ZV solution is also known as the y-
metric, since Y is the key parameter determining the geometrical shape of the associated
compact object. For instance, if Y > 1, the solution is oblate; whereas Y < 1 refers to a

prolate shape.



y<1 y=1 y>1
Figure 1.1: The diagrams above illustrate rough

sketches of the prolate, sphere and oblate (from left
to right).

It is also important to note that the concept of cosmological constant was first
introduced in the Schwarzschild solution in 1918 by Kottler [13], and it was later on
used in rotating black holes by Carter [14]. These were important steps in both

theoretical and observational physics.

1.1.2 Theoretical Aspect

In 1966 [7], Zipoy declared that not being limited to cylindrical coordinates would be
of advantage while searching for vacuum axially symmetric solutions of Einstein’s
equations. By then, picking alternative coordinate systems to solve Einstein’s
equations with less hassle was already a familiar viewpoint (for instance, check [15]
for solutions in oblate spheroidal and toroidal coordinates). However, Zipoy’s
perspective differed in the sense that rather than concentrating on a variety of mass
distributions, he ignored the entire concept as a whole and examined the case when
there existed no mass in the vicinity. Eventually, he figured the mass term came into
play as a mathematical consequence. In the end, via coordinate transformations, he
obtained solutions for a specific class of Weyl spacetimes in prolate and oblate

spheroidal coordinates.



Zipoy was not the only one seeking solutions of vacuum Einstein equations by using
alternative coordinates. Voorhees also managed to obtain static axially symmetric
solutions to the vacuum field equations. Zipoy’s approach was criticized by Voorhees

[8] in the following aspects:

Voorhees claimed that Zipoy’s perspective was almost purely mathematical, lacking
important physical implications. Furthermore, he claimed the logical path followed
by Zipoy was not as straightforward as it should have been. Due to these reasons
combined, Voorhees provided detailed physical explanations in his own work and the

derivation steps also differed once compared with Zipoy'’s.

Voorhees expressed Schwarzschild line element in Weyl coordinates with the aid of
transformations used by Ernst in his study entitled [16] “New Formulation of the

Axially Symmetric Gravitational Field Problem”.

Today, ZV solution is very frequently used by many physicists, some of which can be
found in [17, 18, 19].

1.2 General Information on Gravitational Lensing, Redshift and
Singularity

This section is reserved for concepts such as gravitational lensing, redshift and
singularity. These events do not only carry importance in astronomy but also in
theoretical physics, especially because they act as a bridge between theoretical
concepts and observational evidences. Therefore, a brief introduction on them will be
presented here. The mathematical details can be found in the upcoming chapter.

1.2.1 Gravitational Lensing

Einstein’s theory of general relativity got its first empirical evidence in its favour after

the famous astronomical effect observed by British astronomer Arthur Eddington in



1919. During the solar eclipse that occurred on 29" of May in this year, observations of
Eddington on bending of light due to gravity was compatible with theoretical work of
Einstein[20, 21]. This is considered as the first observational confirmation of Einstein’s

theory of general relativity.

According to general relativity, the effect of gravity should also be distinctive in the
vicinity of black holes. To be more specific, in theory, if the oscillations arising due
to high temperature events occurring around a black hole cross the Earth’s past light
cone’s caustics, one expects to see some observational effects encrypted in the X-rays
emitted [22].

1.2.2 Redshift

Gravitational redshift can be defined as the Doppler effect arising due to the
gravitational attraction experienced between light and a dense compact object. When
light propagates in the vicinity of such an object, its wavelength decreases and the
effect is seen as a shift toward the red spectrum. This effect got confirmed both in
laboratory and with astrophysical observations. The laboratory confirmation was
achieved by an experiment designed by Pound and Rebka in 1959 [23]. During this
experiment, a gamma-ray beam was used rather than visible light and it was aimed to
investigate what effects would be observed, once the gamma ray beam was set to
travel close to a gravitational source. The recorded data was consistent with the
expectation of gravitational redshift evaluations of general relativity. From the
astrophysical aspect, the same affect was recognised in 1964, when the spectral lines
of quasars 3C — 48 and 3C — 273 were studied by Greenstein and Schmidt in 1964
[24]. The associated spectral lines showed evidences for gravitational redshift with

values 0.367 and 0.158, respectively.



1.2.3 Singularity

General theory of relativity contains a vast amount of information within itself.
Although it covers a great range of possibilities and objects, there is a concept known
as "singularity", which still remains as an unsolved mystery. Singularities are points
in spacetime with infinite density and no volume of occupation. It is not that easy to
picturize or mathematically or physically describe these regions with tools of general
relativity, since the theory becomes insufficient at very small scales. For instance, if
one attempts to write down geodesics at singularities, he or she would encounter
problems. Furthermore, providing definitions for observables such as energy and
gravitational force would also be problematic, as they would diverge at singularities.
Due to these and many other reasons, one of the main goals of current theorists is to
find some ways of dealing with singularities. As the theory foresees that at the centre
of every black hole, there must lie a singular point in spacetime, it would not be
insightful to not look for a precise definition of this peculiar concept. So far, quantum
gravity seems to be a promising candidate that can coalesce principles of general

relativity and quantum physics.

1.3 A Brief Prescription of The Thesis

In this thesis, a new solution to the Einstein-Maxwell (EM) equation that describes
the charged version of the ZV spacetime is presented. It’s physical properties are
investigated in detail. In chapter 2, the required mathematical background is reviewed
under the title of mathematical preliminaries. The Maxwell extension of ZV
spacetime is presented in chapter 3, together with stationary generalizations. Chapter
4 is devoted for the investigation of the physical properties of the charged ZV
spacetime. Geodesics, gravitational lensing and redshift analysis are considered in
this section. Chapter 5 is devoted for the analysis of the singularity structure both for

charged and uncharged ZV metrics. The singularity analysis is based on the principle



of quantum mechanics. The non trivial naked singularities are probed with quantum
wave packets obeying the Klein-Gordon equation. In chapter 6, gravitational lensing
is analysed for the Kerr-Newman (anti) de-Sitter spacetime with astrophysical

application. The thesis is concluded with a conclusion in chapter 7.



Chapter 2

MATHEMATICAL PRELIMINARIENS

This section is devoted for the mathematical background used throughout the thesis.

2.1 Ernst Formalisim

Ernst formalism is a formalism that aims to express Einstein’s equations in a more
compact form. Furthermore, it can be treated as the process of deriving Ernst
equations. The Ernst equations are a set of equations in general relativity that describe
the gravitational and em fields of a stationary, axisymmetric spacetime. Frederick J.
Ernst investigated the formalism in 1968 by using the Lagrangian formalism for

gravitational and em spacetime [16, 25].

This subsection aims to provide steps that can be followed for deriving Ernst equations

from the stationary axially symmetric metric with the Ernst Lagrangian.

Firstly, consider the line element

ds* = f(dt — 0de)* — f~1 {e? [dp® +d?] +p*de?}, 2.1)

which is known as the Weyl-Lewis-Papapetrou form of the stationary axially
symmetric fields [4, 26, 27]. Here, f = f(p,z), Y= Y(p,z) and ® = o(p,z) and it is

worthy to note that this metric admits two cyclic coordinates (z, ).

Although it is possible for one to obtain the entire field equations by using methods



from exterior calculus, for our interest, we will only be concentrating on equations
governing f and ®. These can be obtained by varying the Ernst Lagrangian, which is

written as

L= —of 2V V4 5p Y0 Vo 22

Here, ds% = dp? +dz* + p>d@? is the base manifold of the geometry. If we open the
differential operators inside the Lagrangian according to the base manifold, Eq.(2.2)

can be rewritten as

L= —%pf_z (f§+f§> + %p_lfz (mf, +m§) , (2.3)

where the coordinate index denotes the derivatives of the related coordinates. Now, let
us find the necessary equations by taking variations with respect to f and ® using the

Ernst Lagrangian, respectively. Varying £ with respect to f leads to the following.

——————— = 0. (2.4)

When we substitute Eq.(2.3) into the varying equation of f, Eq.(2.4) becomes

fV2F=Vf-Vf—p2f'Vo Vo. (2.5)

Varying equation of £ with respect to ® implies

— s — — = 0. (2.6)

Thus, Eq.(2.6) gives

v. (p—2 fz%)) —0. 2.7)
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For = 0, Eq.(2.5) can be integrated easily and the attained results are referred as

Weyl solutions.

Let us now focus on Eq.(2.7). From vector calculus, one can state that there exists a

vector A such that

6-(6 xﬁ) —0 (2.8)

is satisfied. If we compare Eq.(2.7) and Eq.(2.8), we can find

p 22V =V xA. (2.9)

In cylindrical coordinates Eq.(2.9) can be written as

1 1
p2f? {ép")p +é.m, + Eéw‘%} =3 {80 [PAg: —Arg) —&:[Ag+PAgp —Ap o]

+pé(p |:AZ>p _Ap7Z:| } )
(2.10)

nn

where "," represents derivative according to the coordinate that follows it. For
achieving axial symmetry, one needs to set @y = 0. Due to this condition, the term
including é, at the right hand side of Eq.(2.10) automatically vanishes. Furthermore,

if one equates ®p and ®; in Eq.(2.10),

Wp =pf 7 [PAg: —Azg) @.11)

and

o, =pf 2 [Apo—Ag— PAgp] - (2.12)

are obtained.

11



Suppose that, for simplicity, Eq.(2.11) and Eq.(2.12) are rewritten by introducing a

new function & such that Eq.(2.11) and Eq.(2.12) become

o = —Pf (2.13)

o, =pf 2P,

In this case, =P, = pAg; — Ao and @y = Ap ¢ —Ap — pAg,p. However, one needs to

make sure that the solution to ® from pair (2.13) satisfies the integrability condition

Wp; = Wgp. (2.14)

With the introduction of ®, Eq.(2.5) and Eq.(2.7) take the forms

V2= (V)= (VD) (2.15)

and

V. ( f’2§CI>> —0. (2.16)

If we further define Z = f+ |H |2 — i®, combination of Egs.(2.15) and (2.16) results in

(ReZ—|H|*)V?*Z = (VZ)*~2HVZ.VH, (2.17)

(ReZ—|H|*)V*H =VZ.VH —2H(VH)?, (2.18)

where a bar denotes complex conjugation, Z and H represent the gravitational and
em complex potentials, respectively. Here, Eq.(2.17) and Eq.(2.18) are called Ernst

equations for em spacetimes.

It is also possible to present Ernst equations in terms of new potential representations &

12



and 1 in which & stands for gravitational and 1 for em complex potential, respectively.

This can be done by first letting

14€
7= it (2.19)

and

(2.20)

—
|
gyt

Then, Ernst equations become

(EE+mf— 1) VZE=2VE (EVE+17Vn), (2.21)

(E+nA — 1) VP =2Vn (EVE+AVn), (2.22)

in which & and n are the gravitational and em complex potentials, respectively. If one

wishes to get vacuum Ernst equation, 1 in Eq.(2.21) should be set to zero.

2.2 Quantum Singularities

A curved spacetime can be expressed using Riemann geometry. Einstein’s general
theory of relativity builds the spacetime using a C* class Hausdorff manifold M with
Lorentz metric g,,y. According to this purely mathematical definition, there seems to be
no indication of any singularity in the geometry at the first glance. However, from the
relativistic perspective, once the the exact solutions of Einstein’s equations are studied,
spacetime singularities start coming into existence. At these singular points, physical
parameters break down and known physical laws lose their validity. In other words,
they are holes in spacetime where the evolution of particles in time cannot be known,

or they are the endpoints of geodesics. This is a major problem in classical physics.

13



Singularities of spacetime can be divided into two main groups: classical and
quantum singularities. Classical singularities have been classified into three groups by
G.FR. Ellis and B.G. Schmidt [28]. From this viewpoint, spacetime singularities are
further categorised as quasi-continuous, non-scalar curvature and scalar curvature

singularities.

Now, suppose singularity z is a point. If all elements of Riemann tensor Rupcd e e, ...
in the PPON (Parallelly Propagated Orthonormal) frame derivative diverge at
singularity z, this is called a quasi-continuous singularity. This type of singularities
belong to the weakest class of singularities. If some components of Riemann tensor’s
derivative at singularity z are infinite, this is called a non-scalar curvature singularity.
If all scalars of Riemann tensor are infinite at singularity z, this is called a scalar
curvature singularity. These are the strongest among all singularities as they are
inextendible and gravitational fields, energy density and tidal forces break down at

these singularities.

In general, the singularities that we have been mentioning do not conflict with R.
Penrose’s yet unproven cosmic censorship hypothesis [29] as long as they are
concealed by the horizon (horizons). However, in some definite solutions of
Einstein’s general theory of relativity, black holes do not form and the singular point
is not covered by the horizon (horizons). These singularities are called naked

singularities [30] and they violate R. Penrose’s cosmic censorship hypothesis.

The analysis and understanding of naked singularities is one of the unresolved major
problems in general relativity. Since currently a consistent quantum gravity theory

does not exist, alternative methods are being developed. One of these can be considered

14



as the work of R.M. Wald [31] which was then further examined by G.T. Horowitz and
D. Marolf (1995) [32]. They analyzed quantum test particles that obey the Klein-
Gordon equation in static spacetimes with singularities. According to Horowitz and
Marolf, the singular character of spacetime is defined as an uncertainty in the evolution
of the wave function (). This means that when the singular character of spacetime is
in a definite uncertainty, the spatial differential operator obtained from the solution of
the Klein-Gordon equation is self-adjoint in a Hilbert space, and in this case, the space
1s quantum mechanically singular. If the operator’s extension is unique, the space is
quantum mechanically regular for this case the spatial operator is called essentially
self-adjoint operator. This analysis is known in the literature as the Horowitz-Marolf

criterion [32].

In this context, we provide the standard mathematical definition of the
Horowitz-Marolf criterion that we will use. For curved spacetime the Klein-Gordon

(KG) equation is given by

1
—— 0, [v/—gg™ o] — m2> v =0, (2.23)
(¢—_g d g
in which g,y denotes the metric tensor, g = det(g,v), 0 represents the partial derivation
for the coordinates and m is the mass of the spinless (spin-0) particle. If we separate
the time part of Eq.(2.23), the Klein-Gordon equation becomes
0’y

=7 = AV, (2.24)

where A is the spatial wave operator. Let H(L?), the Hilbert space, be formed by
functions whose squares are integrable on manifold and the operator is real, positive

and symmetric [32]. In this case, a self-adjoint extension of this operator always exists.
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Then, the solution of Eq.(2.24) can be written as

Y (1) = e ™Ay (0). (2.25)

If the operator is not essentially self-adjoint, solution (2.25) starts giving problems
when its evolution in time is investigated. Consequently, waveform (2.25) is said to
be quantum-mechanically singular according to the criteria proposed by Horowitz and
Marolf (HM). Let us now concentrate on a different case. Suppose the operator has
only one self-adjoint extension. Then, it becomes possible to find the time evolution
of wave solution (2.25) provided that the initial conditions are known. As a result, one
can conclude the spacetime is quantum mechanically regular. Shortly, the singularity
analysis of our concern directly depends on whether the relevant operator is essentially

self-adjoint or not.

Let us provide a mathematical theorem used to determine the essential self-adjointness
of an operator. Weyl discovered the method for finding the number of self-adjoint
extensions of operator A [33], and von Neumann expanded the method [34] . Now,
we define the special subspaces of the spatial opherator mentioned in the mathematical

method as defined below. The deficiency subspaces Ny are given by
Ny ={yeD(A), Ay=Z,y, ImZ, >0}, (2.26)

N_={yeD(4), Ay=Z.y, ImZ_<O0}.

The parameters (ny = dim(Ny),n_ = dim(N_)) are known as the deficiency indices
of operator A. These indices do not depend on the choice of Z; and Z_, but instead on
the location of Z in the upper or lower half of the complex plane. Usually, Z; = i\ and

Z_ = —ik are chosen, with A being a positive constant used for dimensional purposes.

16



The calculation of the deficiency indices involve finding the number of solutions to

Ay =Zy (when A = 1),

Ay iy =0. (2.27)

Theorem 2.1 (The Criteria of Essentially Self-Adjointness): For an operator A with

deficiency indices ( n4,n_), there are three possibilities [35]:

(i) When ni = n_ =0, A is essentially self-adjoint.

(ii) When ny = n_ =n > 1, A includes infinitely many self-adjoint extensions,

represented by a unitary n X n matrix.

(iii) When ny # n_,, A does no include any self adjoint extension.

According to Theorem 2.1, if there are no square integrable solutions (i.e. n, =n_ =
0) over the entire space (0,o0), operator A has a unique self-adjoint extension and is

therefore essentially self-adjoint.

2.3 Tools for Exploring Gravitatinal Lens and Redshift Effects

In literature, there are different models for calculating the gravitational lensing angle
based on the mathematical characteristics of spacetime. In this thesis, the
gravitational lensing effect of ZV spacetimes that we have developed will be
calculated using the Gauss-Bonnet theorem [36, 37], which is one of the most
important theorems connecting discrete and continuous mathematics in the intrinsic
geometry of surfaces and also the theorem is very popular in gravitational lensing

analysis.
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Now, let us mathematically state the Gauss-Bonnet theorem and reveal its connection

with gravitational lensing angle by presenting it in sequence.

Theorem 2.2 (Gauss-Bonnet Theorem): Let R be a regular region of an oriented
surface and dI'j,dI%,...,dI, are simple, positively oriented, closed and piecewise
regular boundary curves of the surface. Assuming that 01,0, ...,0,, are the set of all

external angles (jump angles) of the boundary curves, one can write [38]

) / Ko (s)ds + // Kdo+ Y 0, = 2my(R) (2.28)
=1 9T R i=1

! J

in which X is the Gaussian curvature, X (9R) denotes the Euler-Poincare characteristic
and K,(s) represents the geodesics curvature of the boundary curvatures. Note that, s
symbolizes the arc length of the boundary curves. Also, Fig. 2.1 shows the geometry

in which the Gauss-Bonnet theorem is constructed.

Figure 2.1: The generic geometry represented by
the Gauss-Bonnet theorem. Here oI'y,dI 5, ...,dI,
represent the curves that form the boundaries of the
surface and o1, 0, ..., O, are the interior angles.
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Now, we will adopt the approach of Gibbons and Werner [36] to determine the
deflection of light by gravity through the Gauss-Bonnet theorem. Let us define the
most general static metric in which the gravitational lensing event will occur first on

the equatorial plane (6 = 7t/2) as follows.

ds* = g,,dt2 — grrdr2 — gq)(pd(pz. (2.29)

Here, g1, g and gge are generic metric functions. If we apply the null geodesic

condition ds? = 0 for light traveling on null geodesics, Eq.(2.29) reduces to

g7 = dr* = §rdr? + Good ¢?, (2.30)

in which g, = g,/gn and Zop = 8¢e/ 8- Here, g°P" is called the optical metric [36].
The geodesic curvature (k) of the geometry represented by the optical metric is

defined by [38]

. 1 ag(p(p d(p agrr dr
Ke=3 g‘—rrgw{ s deds | 2.31)

The geodesic curvature, which is a measure of how much a curve deviates from being
a geodesic, is zero if a curve is a geodesic [38]. If we look at the schematic
representation of the Gibbons and Werner gravitational lensing analysis, Fig. 2.2, we
see the boundary curves Y and Cg. Since ¥ curve is a geodesic, its geodesic curvature
is zero, but the geodesic curvature of the Cr curve must be calculated. If the
spacetime is asymptotically flat and is in the large r limit (r — o), goe approaches r?
and g, goes to 1 (In other words, if r — oo, the optical metric reduces to the metric,
g% = dr* + r’d¢?), then K, approaches ‘fl—(f. Also, the Euler-Poincare characteristic is

1 for a two dimensional simply connected surface with non-empty boundary [38].
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Compact Object

Figure 2.2: The representation of the propagation
of light from a source () to an observer (O) in the
equatorial plane (6 = /2), which undergoes o
deflection due to the presence of a massive object,
with b being the impact parameter, where 7y is the
null geodesic and Cg represents the boundary curve
between the jump angles.

Now, with all this information in mind, the general Gauss-Bonnet theorem transforms

into

T+0L
/ do-+ // Kdo+ 05+ 0o = 27 (2.32)
0 R

in which 05 and 0 show the interior angles of the source and the observer, respectively.
When the spacetime is asymptotically flat, in the large r limit, each interior angle jump

to /2 [36, 37], so Eq.(2.32) is reduced to

o= —// Kdo (2.33)
R
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where the Gaussian curvature (%) of the optical metric (g°”") can be written as

1 1

1 — _
K= —ﬁ [ar <Ear\/%) +a(P (Ea¢@>] ’ (2.34)

in which g is the determinant of the optical metric. Also note that, the generalized
versions of Gauss-Bonnet theorem and the gravitational lensing analysis exist for
non-asymptotically flat, rotating and similar spacetimes [37, 39, 40]. However, the
application of the Gauss-Bonnet theorem in non-asymptotically flat spacetimes is

mathematically complicated.

One of the intriguing questions related to cosmological constant is to figure out whether
it is anyhow able to influence the path that light takes during its propagation through
spacetime. Two scientists, Rindler and Ishak (RI), conducted research relevant to this
field and the spacetime of their choice while doing so was Schwarzschild-de Sitter
(SdS)[41]. RI method is now widely used when non-asymptotically flat spacetimes are
of concern. This method is generalized for rotating spacetimes in [2]. For geometries

with the inclusion of rotation, one can write

ds® = f(r)dt* +2g(r)dtde — h(r)dr* — p(r)de>*. (2.35)

It should be noted that the metric is written assuming a constant 6 = /2. The RI
method involves the generalization of the inner product to curved spaces, which allows
for the determination of the invariant angle between two vectors. With this in mind,
the angle between two coordinate directions d and 9, as depicted in Fig. 2.3, can be
expressed as

i, AT
cos (y) = 4o = 814" (2.36)

\/(did,') (8181) \/(gijdidj) (gk18k8’) ,
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in which g;; is the metric tensor of the constant time slice of metric (2.35).

R/r=F ()

Path of light rays

0
Origin

Figure 2.3: A graphical representation of the
deflection of light caused by a massive object for
RI method [2]. In this figure, R and rq represent the
impact parameter and the closest distance of
approach, respectively. Also, the solid straight line
above shows the undistorted path of light rays,
which is determined by the solution to the
homogeneous part of the null geodesics equation.

Using Fig. 2.3, the lines d and J are expressed in the coordinates (r, @) as

d=(drde)=(A,1)de  d¢ <0,

&= (5r,0) = (1,0)5r, (2.37)

where

A(r,0) = —. (2.38)

If we substitute the information in Eq. (2.37) into the invariant formula given in Eq.
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(2.36) for using the generic line element (2.35), then Eq. (2.36) can be written as

(=1 (r)p(r)]'?

() ="l

(2.39)

Moreover, the one-sided bending angle can be calculated as € =W — @.

As discussed in the first chapter, gravitational redshift is also a very important concept
which is the observed effect occuring due to loss of em energy, once it manages to
leave the gravitational effect created by a dense source [42]. Fig. 2.4 can help to have

a naive visualisation of this event.

P

Observer

Massive Object

Figure 2.4: In this figure, A, represents the
wavelength of the em radiation emitted from the
surface of the source of gravity. An increase in the
wavelength is expected to occur, as the radiation
moves away from the source.

The gravitational redshift calculation will be based on the method developed for static
cases as presented in references [43, 44]. This method states that the formula for

gravitational redshift is given by

z 20 _1==2_1 (2.40)

in which
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where A, and A, represents emitted and observed wavelengths, respectively. Here, g
is the —#t component of the related metric tensor. Equivalently, ®, and ®, denotes

emitted and observed frequencies.
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Chapter 3

MAXWELL EXTENSION OF ZV METRICS

3.1 Review of Uncharged ZV Metric

It has already been discussed that Weyl solutions carry a vital importance in general
relativity. ZV spacetimes can be thought as an example of such solutions. These
spacetimes are static, axially symmetric and asymptotically flat, therefore, they are
considered as a specific case of Weyl solutions. ZV spacetimes also cover the familiar

Schwarzschild solutions which attain spherical symmetry [7, 8].

In the prolate spheroidal coordinate system, which is represented by the variables

(t,9,x,y), the ZV metric can be expressed as

2 2 2 dx’ dy’
ds® = —F(x,y)dt" + G(x,y)do~ + X(x,y) x2—1+ - 3.1
the metric functions are given by
Flx,y x—1\"
x+1
m\?% [ x+
Gy (Y) () @-nu-») 62)

2)1—Y2

m\?> (x+ 1)+
)((‘l‘) (2—y

1
x— 1) 7Y

where the parameter Y represents the distortion parameter. The quadrupole moment M

can be written as [45]

(3.3)
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As clearly seen in equation (3.3) , the quadrapole moment term is directly dependent
on non-spherical symmetry. The solution’s singularity structure has been analyzed in
[46], and that the solution’s singularities, which will be given by the Weyl scalar, W5,

have been found as

. 2 2\l
I (€[ L G
2(x—1)Y *Y+1(x+ 1)Y -+l

Because Eq.(3.4) diverges at the points x = £1, the singularities in spacetime occur at
these points in prolate coordinates. The ZV metric can be rewritten in Schwarzschild

coordinates by using the transformation

(3.5)

where kK = M/y. The prolate form of ZV metric (3.1) with the transformation (3.5)

reduces to
ds* = —F(r)dt* + F~'(r) [G(r,0)dr* + H(r,0)d0* + (1* — 2kr)sin*0d>¢] .  (3.6)

Here the new metric functions are

F(r) = (1—2—:‘>Y

r2 —2kr Yz_l
) 3.7
G(r,9) <r2—2kr+k23i”29) ()
2 P
H(r,e) _ (r 2k1")

(r2 — 2kr + k2sin20)¥’ -1

Also, we can find the singularity locations of line element (3.6) by using the help of
the expression (3.5). In this context, » = 2k and r = 0 are the singular points of the
metric at these coordinates. Another interesting feature of the ZV solution is that it is
a non-integrable system, and as a result, it can generate chaos [47]. For the quantum

probe analysis to be conducted, the singular surface needs to be time-like according to
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the HM criteria. Penrose diagrams prove to be useful to achieve this. We can start our
process by transforming ¢ and r in Eq. (3.6) to 7 and R via

T =tan 't +r*) +tan" ' (t — ")

(3.8)
R=tan ' (t+r*) —tan ' (t — "),
where
= / & . (3.9)
8t

To check if the singularity is timelike or nulllike, we can carry out the following

analysis.

P-1

2m\ 7 r? —2mr 2
t = l—— d 3.10
g /( r > (r2—2mr+m2sin26) 4 (3.10)

in which k£ = m. Since it is not possible to find an exact solution of this integral, we
expand the integrand near the singular surface ry = 2m by considering only the first

term. This leads to

P : (3.11)

The singularity at r = r = 2m is timelike, since the singularity appears on the vertical

axis (T'- axis) of the Penrose diagram.

3.2 Charged Extension of ZV Metric
We will demonstrate in this subsection > how to obtain charged version of the ZV
metric by using the Ernst formalism. To be more precise, the field equations will be

solved in prolate coordinate system which is found very useful for describing colliding

2 The material of this subsection was published in [17]
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gravitational waves. Once the field equation one solved in prolate coordinates then the
resulting solution is interpreted in another coordinate system. In doing so, we employ
the metric introduced by Chandrasekhar and Xanthopoulos (CX) [48, 49] and using
the method given in [50]. This allows us to describe the spacetime of colliding em

waves using a specific line element (Chandrasekhar and Xanthopoulos line element)

2 2
ds® = VA" (d% — d%) — VA8 (xdx* +x'dy?) (3.12)

in which N and  are dependent on 1 and u with A= 1—m7? and 8 = 1 — u*. This choice
can provides solutions of Ernst equations (2.21) and Eq. (2.22) with real coefficients p

and q.

Then, the particular set of solutions read
& = p&o, (3.13)

and

N = ¢, (3.14)

in which &) = & and the real coefficients satisfy

P+ =1. (3.15)

Note that ¢ denotes the charge and &y = ranhX solves to the Euler-Darboux equation
provided that X is a function of 1 and pu.

(AXJ'])M - (8X7/J>”u = Ov (316)

where a comma represents partial derivative, satisfies the Ernst system in the real
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domain. Note that, X is called the seed function. Let us choose the harmonic function

below that satisfies Eq. (3.16)

x _ (1—m Y
e —(—1+n . (3.17)

In the following sections, we will identify the constant y as the ZV — parameter. If we
compare the metric function (2.1), which is the general metric defined by the Ernst
Lagrangian, with equation (3.12), which is the general colliding wave metric given in
prolate coordinates, and map the y—coordinate in metric (3.12) to the t— coordinate
in metric (2.1), and also consider f — ¥, then we can define the metric function % as

follows

Y=~ (3.18)

The expression Z = f+ |H |2 — i®, defined in the chapter 2 to the above analogy,

becomes

Z=Y+H~. (3.19)

If we substitute the harmonic function (3.17) from previous chapter expressed in terms
of § and 1 as Z and H using Egs. (3.13) and (3.14) into Eq.(3.19), we can solve for the

P function. As a result of all these operations, the ¥ function is

1—n?

Y= .
(1+np)

(3.20)

We obtain the other unknown generic metric function N by solving the integrability

equations of metric (3.12) [50]

>
(N+1n9) = <+ 1+

S A [2uAX 1 X, — 1 (AXF +8X2)] (3.21)

d—A
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2w 2A

(N-Fln‘f’)”u = A——S_'_A——S

2 2
[2nAX X, —p (AXY, +0X7) ], (3.22)
where the comma represents the derivative with respect to the coordinate that comes
after it. When we put the harmonic function X and ¥ into the integrability equations,

we can integrate the metric function N. To sum up the final form of the line element

can be written as

2 i a7 (5 1P (A0 AP o o] Ay
ds* = M*(n) [A (5—A) (A il BT (3.23)
in which
M(M) = coshX — psinhX. (3.24)

It is important to note that the line element being considered as a solution to the
problem of colliding em waves must meet the appropriate boundary conditions in
both the incoming and interaction regions. Unfortunately, the factor (§ —A) in
Eq.(3.23) does not satisfy the necessary boundary conditions, so it is not a viable
option. This difficulty can be overcome only by redefinition of (u,m) coordinates in
terms of the null coordinates (u,v) at the cost of introducing light-like sources to
accompany the em wave. However, in the interaction region alone, it can be useful as

a solution, as we will demonstrate later.

After performing the Schwarzschild coordinate (S—coordinate) transformation,

r
Pn+1=n_1 , X=10Q,

u=cos® , y=r, (3.25)
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by supplementing the condition (—1)¥ = —1 and appropriately rescaling time (T — 7)

in the line element (3.23), we express the metric in the form

A’y K2 2
ds? = ﬁdﬁ S [szz'—vz (‘% + r2d92) + rzAsinzedq)Z] . (3.26)

where m is the mass of resulting metric. The related metric functions are

2m  m2g?
A(r)=1-="+ 550 (3.27)
2 2
(r,0) = 1— 7’" n % (q* + psin0), (3.28)

and

K(r)=(1+p) (1—M>Y—(l—p) (1—M)Y. (3.29)

We have confirmed that the line element (3.23) satisfies the EM equations and reduces
to the ZV-metric for ¢ =0 (p = 1). However, we must exclude the case of p =0
(¢ = 1) since the metric function K becomes zero in such a limit. Although we initially
imposed the condition (—1)Y = —1 on the parameter y, we have found that the metric
is valid for all values of 7y as this condition can be relaxed. In particular, we can
incorporate the transformation for y even through an analytic continuation y — it and
x — i@, while leaving the other coordinates as in the previous transformation. We note
that previous versions of charged metrics were only valid for integer parameters [51],
but the new solution (3.23) describes charged, deformed ZV objects that are valid for
all values of y. Since most planetary objects are charged, especially magnetized ones,

this metric is likely to have important astrophysical applications
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3.3 Stationary Charged/Uncharged ZV Metrics
Let us first consider the colliding EM wave metric that contains the rotational term in
order to generate the solution for the rotating and charged ZV 3 . The line element is

given by [49, 50, 53]

2 2
ds* = eNVA (d% — d%) —VAS {dez + % (dy — g2dx)*| . (3.30)

The only difference between metric (3.30), which is used to produce the solution for
the charged ZV in metric (3.12), is that it includes the g»(n, ) function that generates
the rotation. We will follow a slightly different approach than the one we used to obtain
the charged ZV in the previous section when producing the solution for the stationary
charged ZV. Firstly, starting with the complex potential that satisfies the vacuum Ernst
equation, i.e. H = 0, which contains the complex rotation potential, we will use a
method known in the literature as the Chandrasekar-Xanthopoulos (CX) theorem to

convert the metric into a charged metric.

The satisfying complex potential of vacuum Ernst equation with base metric, ds% =

% — % + A8d¢? is given by [54]

1 —isi h2X
Wi isinocos (3.31)

cosh2Xv 1+ sin? ot — sinh2X .

Here, o represents the integration constant (for colliding EM waves case, 0. measures
the second polarization of the waves in collision.) and X (n,u) is a harmonic function
that satisfies Eq. (3.16). Let us now state the CX theorem, which transfers an

uncharged solution to a charged one, for us.

3 The material of this subsection was published in [52]
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Theorem 3.1 (CX— Theorem): When we denote the Ernst potentials and metric
functions of the vacuum case as (Z,¥,®,y,N,q2) respectively, the charged versions
of the expressions represented by (Z,,¥,,®,.,Xe, Ne,q2.) can be obtained using the

relations of the following transformation [49, 55].

Zo=%,+ |H|* —i®,,

4
\Pe — (&) \P,

QZ
Xe = (T) X (3.32)

1 S [(®*—¥2)D, 20
Qe = Z(l‘l'p)zqz,u‘i'_ |:< g2 ) ! + v n} (1 _p)27

4
1 A (P> -¥*)D, 20¥
q2em = Z(1+P)2QZJ]+Z { 2 ) R v y} (1 —P)2-

in which
(P —i®— 1)
H=q . :
(1—p)(F—i®) +p+1
Q2 = g (P2 + @) +29¥ + (1 +p)?, (3.33)
P Hq =1

If we put the vacuum Ernst potentials into the g, equations for using Eq. (3.31), g2,
expressions can be written as
Qe = (1+ pz)SXn sin .,

Gren = (1+ p*)AX,sina. (3.34)

Furthermore, the other metric functions (N) are obtained using the integrability
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equations given in Eq. (3.21) and (3.22) in the previous section.

If we select the ZV seed function (Eq.(3.17)) and the seed function is substituted into
all equations with necessary integrations made, the resulting rotating and charged

metric can be found as follows:

DQ? _p(dn? 4yt 4
ds? =2 {AYZ (3—A)" s (l _ i) —Adez] —— (dy+q07(1+p2),udx)2,

4 A ) DQ?
(3.35)
in which
» (l-p 2 2 (490 2
Q= (—E+14p) +01-p) <Bcosh2X> :
(3.36)
D =/1+g3cosh2X —sinh2X (g = sin).
Also, the em complex potential H can be written as
1—p)(¥?+ %) +2p¥ — (1 - p) —2i®
! p)(er2 )erp 2( p) d (3.37)
(1=p)? (P2 +P?)+2¢°Y — (1 +p)
Note that, the vector potential A, = (0,Ay,A,,0) components are given by
Ay = Re(H)7
(3.38)
Ay =1Im(H).

We should note that the metric (3.35) can be regarded as a solution to the problem of
colliding em waves, provided that the boundary conditions are satisfied and do not
generate current sources at the junctions. However, since our goal here is not to
search for specific incoming wave profiles, we will ignore this aspect of the problem.
Alternatively, by reversing the direction of time, we can determine the waves that

collide and give rise to the metric (3.35) of the interaction region.
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3.3.1 Stationary Charged ZV — Metric in S— Coordinates

The important thing now is to look for an isometry that maps the coordinates {u,n,x,y}
in metric (3.35) to the S—coordinates {¢,r,0,¢}. To achieve this purpose, we utilize
the transformations (3.25). As (—1)Y = —1 needs to be met and the metric signature
should remain to be (—2), the distortion parameter needs to be determined accordingly.

When (—1)Y =1 is chosen, it is noticed that y = %Zi} and the signature of the metric

comes out as (—,+,+,+). In contrary, if Y= % is picked, the metric signature

then becomes (+,—,—,—). In this case, k and n can be any integer including zero.

Accordingly, line element (3.35) becomes

4 DQ? dr?
ds* = — (dt + gomyp(1 + p?)cos 6d(p)2 1 {ZI_YZAXZ (A_r + r2d92>
0

~ DQ2
+r2Agsin® 0d¢? }
(3.39)
where

2.2

Aozl—z—m+m2q ,
r r
m* 2 2 a2
L=l (¢>+ p*sin”0),
1 - 2y m 2y

DZZ_A(Y){(k_1)[1—7(1+p)} +(k+1)[1—7(1—P)] } (3.40)

1-p\? 2¢°
02— (_p> (1+a3cosh2X) =<+ (14 p)?,

cosh2X = ﬁ {(1 _ ?(H_p))zu (1 _%(1 —P)>2Y} |
0

where k = ,/1—|—q8. Also, the em vector fields can be expressed as
Ay = (A; = Re(H),0,0,Ag = Im(H)). The S— coordinate representation of complex

potential H can be written as

(1—p) [1+(gocosh2X)?| =D (2p+ (14 p)D) + 2igoD cosh2X

H=a (1—p)— (L4 D)D)+ (qol1 — p)cosh2X

(3.41)
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The associated parameters are m,q,qo and y which respectively represent the mass,

charge, NUT-type and distortion (ZV) parameter.

The important limits of new metric (3.39) are

i) go = 0= g — ZV limit

ii) go # 0 = ¢ — NUT-type stationary limit *

iii) go = 0 # g, Y= 1 — Reissner-Nordstrom (RN) limit
iv) go = 0=q, Y= 1 — Schwarzschild limit

v) go =0# g, 0 <7y < oo — Charged ZV limit [17]

Our metric is not asymptotically flat due to the presence of the cross term g;o # 0.
Similar to the NUT-metric [57, 58], it only exhibits asymptotic flatness in the plane
0 = /2. We want to emphasize that metric (3.39) is quite complex and challenging to
analyze analytically. Even the expression for \/—g in the analysis of wave equations
or Maxwell equations appears to be almost beyond analytical reach. However, the
solution given can reproduce all known limiting cases. Additionally, it is possible to
incorporate additional contributions to the metric by multiplying the choice for e?X in
(3.17) with an exponential factor involving a quadrupole term, for example.

3.3.2 Asymptotic Form of The Metric, Closed Time-Like Curves

3.3.2.1 Metric Functions for r — oo

We can introduce a new radial variable, denoted by R = rgr, which is applicable for

large values of r. Here, ry is given by

ro=(k+1)p*+k—1. (3.42)

4 A minor scaling property of the parameters in Ref. [56]
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If we expand all metric functions up to the third order of 1/R, we can obtain

3
gu~1+) aR™"

n=1

3
1o = by (1 +) bnR”>

n=1

3
grr R Co <1 +) cnR”> (3.43)

n=1
3
800 ~ Z an—n

n=-2
3

Sop R Z e,R™"

n=-—2

in which all coefficients are given in the Appendix A. And, we can expand the vector

potential A, = (A;,0,0,A¢) up to the same order as shown below.

3
A, ~ 0 (—1 +) oc,,R_”>
n=1
3
Ap ~ Bo (1 + Z BnR—n>
n=1

(3.44)
In Appendix A, more information about a,,, 3, can be found. If k=1 and p =1
are picked, ZV line element is obtained, whereas y = 1 results in the Schwarzschild
spacetime.

3.3.2.2 Possible Existence of Closed, Time-Like Curves

Well known Godel’s approach [59], closed time-like curves can be explored in
stationary metrics by projecting the metric onto the (¢, @) sector through the selection

of r = const. and 0 = const.. This process is carried out as follows.

ds®> = &Y (dt — od)? — e 2¥ P Aysin®0d¢? (3.45)

Note that ¢*¥ = S{‘TD and ® = —qompy(1 + p?)cos®. Moreover, t = —a@ in which a

represents a positive parameter such that a << 1. By this way, it has been ensured that
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¢ = 0 and ¢ = 2 are achieved. Hence, the Killing vectors d; and dy turn out to be

proportional. Finally,

(a+ o) = r*Age *¥sin*0 > 0 (3.46)

is achieved. By satisfying equation (3.46), a closed time-like curve can be obtained,
given that r is constant and 0 < Yy < oo. In Figure 3.1, we depict the plot of e=2¥ versus
vy for small r, and the area enclosed between the two curves represents a possible range
for the variables. It is worth noting that a particular instance of the stationary metric,
referred to as the NUT-Curzon metric without charge [60], was also previously shown

to exhibit analogous closed time-like curves.

2y
—
(6)]
|

.
.
.
.
'
[+ '
...............
[ .

Figure 3.1: The plot of e~2¥ versus 7 takes into
account the minimum (k = 1) and maximum spin
(k = +/2) values. The region between the two
curves indicates that our inequality can be satisfied
by choosing a small value of r and a reasonable
value of y. Moreover, it is possible to satisfy the
addition of a constant to the metric function ®.
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Chapter 4

PHYSICAL PROPERTIES OF CHARGED ZV-METRICS

In this chapter, we will perform astrophysical applications and analyze important

physical properties of the newly obtained class, charged ZV solution.”

4.1 Newtonian Limit
To observe the Newtonian limit, as is customary, we extract the g, component of metric

(3.26) and represent it in a certain form

AY
gtt:ﬁ%1+2¢. (41)

Here, The asymptotic form of the Newtonian potential is given by ¢ = ¢(r), and when

we expanded to the order of r—3, the weak potential can be written as

2

otr) = =0 3% o+ 2y 1)] - W2 (%) [+ ame 4 260- 2] + 0 5 ).

4.2)

In equation (4.2), the first term includes monopole-related concepts, whereas the
second and third are linked to dipole and quadrupole terms, respectively. In addition,
if there is no charge in the vicinity, the second term vanishes due to transformation of

r [56]. The chargeless case however is out of scope of this thesis.

There are a couple of points worth mentioning at this point. When potential (4.2) is

examined in detail, it is seen that one can obtain RN potential by taking the distortion

> All the analyses to be performed in this chapter have been published in [17]
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parameter as 1. Additionally, Bertotti-Robinson (BR) potential [61, 62] also seems to

be a special case of (4.2), provided that the pure em limit is applied [50].

4.2 Electromagnetic Sources for The Metric
In this subsection, we will analyze the solutions of the Maxwell equations under the

assumptions of pure magnetic and pure electric sources for the charged ZV metric.

4.2.1 Pure Magnetic Case

The choice of vector potential is

A, = (0,0,0,Cocos8). 4.3)

Here, Cy represents the magnetic charge, which is directly proportional to g. The
magnetic field writes Foy = —Cosin® from Fy = d,Ay — dyA,,, which satisfies the only

relevant source-free Maxwell equation

V,F® = 0. (4.4)

The magnetic field invariant can be written as
2C3 2
_ v _ M0 A—(y-1)2 P -1
I=FnF® = S0~ 0gr -l (4.5)
When y = 1, the expression simplifies to the case of RN. The presence of any
divergence in the em field can be readily detected by analyzing this invariant, which is

significantly influenced by y. Moreover, directional singularities in the em field can be

identified by examining the zeros of X at specific y values (y> < 1).

It is noteworthy that even though the em invariant diverges at r = 0, it remains regular

for Y+ 1, in contrast to the case when Y= 1. This can be demonstrated by expressing

K as K = r 'Ky, and upon substituting r = 0, the invariant becomes
2

1= %(m2q2>—(y—1)2(m2q2 + m?p? sin? 6)\(2_1 < oo, where Ky # 0. Additionally, we
0
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observe that the constant Cp can be fixed as Cg = 8m>y’p*q” using the Einstein
equations R,y = —Ty = %g#VFaBF of _ FuaFY, which  results in
T; = ﬁdiag(—l, —1,1,1). Although this solution does not correspond to a magnetic
dipole, we recall that at large distances, the magnetic charge ¢ plays the role of a
dipole, as shown by the expansion (4.2) multiplied by the Legendre polynomial
P, = cosH.

4.2.2 Pure Electric Case

For this case, we select the vector potential as

A,U = (f(r)’07070)7 (46)

in which the function f(r) is unknown and must be obtained by fulfilling the Maxwell
equation V,F"" = 0. When we put the vector potential of this case into the em tensor,

the radial component of Eq.(4.4) becomes

o (vV—g8"¢"f) =0, (4.7)

where ’ denotes derivation with respect to r. If we write the related metric functions

into the Eq.(4.7), the non-zero component of the pure electric vector potential is

r Ay—ld
ﬂm:q/ r (4.8)

rrK? ’

in which Cj is the integration constant. It can be observed that determining the precise
expression for f(r) is entirely dependent on the value of y. When we select the
spherically symmetric case with Y= 1, it is straightforward to note that the potential

of the pure electric RN solution is obtained.

The invariant of the field can be calculated as
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202
[=F F* = —#—IQA—W—I)QZYZ—H (4.9)

The expression for the electric invariant, up to an anticipated change in sign, is
consistent with the magnetic invariant. Similar to the magnetic case, the value of the
constant C; can be obtained as C% = 8m*Yy’p’4?, and the energy-momentum tensor is

given by 7)) = ﬁdiag(l, 1,—1,—1). By substituting the constant C; into the integral

(4.8) and performing the integration, the electric potential can be expressed as

\/Eq <1 . m(]:‘l’)>Y
Al = 0 pk0)

(4.10)

Below, one can find graphical representations showing how electric potential varies
in terms of the radial distance. There exist four different graphs, each with a fixed
charge but changing vy values. The plots show that the effect of distortion parameter is

inversely proportional with the radial distance.
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Figure 4.1: These figures represent how electric potential varies with radial distance
within a charged ZV spacetime. For each case, mass is taken as m = 1 and ¢ is fixed
for within each figure as 0.2, 0.4, 0.6 and 0.8, respectively.

4.3 Singularity Structure

To understand the singularities in our metric, we need to compute the Kretchmann
scalar RyvocBR”WB- However, due to technical difficulties, we are using an alternative
approach that involves investigating the Newman-Penrose (NP) component [63] ¥,
within the null-tetrad formalism. Typically, the singularities of ¥, can give us an
indication of the overall spacetime singularities. However, even this approach is not
straightforward and presents significant challenges. To accomplish this, we have opted

a null-tetrad basis of 1— forms.
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V21 = A(r)dt — C(r)sin®d¢ = v/ 21,dx",

V2n = A(r)dt +C(r)sin0d® = /2n,dx",
7 dr Somdi 4.11)
2m=B(r,0) | —=+ird0 | = vV2m,d

m = B(r, )(\/Z-I—lr ) mydxt,

dr
V2in=B(r,0 (— —irde> = V2 dx",
in which A(r), B(r,0) and C(r) are given by

A(r) ="K,

C(r)=KrA'?, (4.12)

Py 1P
B(r,8) =KA™='z 2"

The non-zero spin coefficients in the null-tetrad (I,,n,,my,m,) of NP can be written

as

1 1 d d
B__% [\/_ <;+Z(ln(3))> +;%(l”(3))} ’
B VA d icot®
" 2 /2Bdr (in(4C)) 2V/2rB’ (4.13)
n:_ﬂi(ln(AC))—f—ﬂ |
2V2Bdr 2V2rB’

Kzﬂi (ln<é)>_ icot®
2V/2B dr C 2V2rB’

V:—ﬂi (ln(é)>— icot®
2V2Bdr C 2V2rB’

The Weyl W calculated as
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Al-f—'y—’yz K/ A/
¥2(n0) =1 zr {ZrA 3(E) DT =) (A>
2

1 x K'N K'Y
0-Pr-2 (3) e i -
1 YA 2K 72 A K" A"
+Z(1—YZ)(1+2Y—2YZ A sk Tnatr 2 Y(Y DN
" 2.2
+%(1 —YZ)%—I—(YZ# (c0s29— pAl:; sin26> },
(4.14)

in which prime represents derivative with respect to r of the related metric functions.

If we put the metric functions into the Eq.(4.14), W, can be written as

1+y— m B
wair0) = 2 e ma) = -2 - )]+ 2T
+Y(Y— D(y—v —2)m?*(r —mq?)? N (1 =) (> —2)m? [m(sin29+q2c0s26) — r]2

7OA2 70y2
B (1= (1 +2y—2v")m?(mg* —r) [r—m(sinze—l—qzcoszﬂ)] N (1 —7%)(4m—3r)
roAY 3y
1! ! / m _ r—m 2 . F—m
L (et 1)
1— 2m2
—I—( }fz)f (c0s29 p 5 sznze) }

(4.15)

Analyzing W(r,0) shows that singularities occur at r = 0, as well as the roots of
A(r) =0 and X(r,0) = 0. Notably, we observed that the outermost singularity arises

from the root of A(r) = 0, which is given by

ra=m(1+p). (4.16)

The root of £(r,0) = 0 is

rs = m(1+ pcosH), 4.17)

which is inside of ra. Thus, it should be noted that any investigation into the

singularities of the metric must first encounter r, = m(1 4 p) as the outermost
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singularity. Furthermore, it is worth mentioning that K(r) is non-zero for r > 0 and
0 < p < 1, and therefore, the presence of K(r) in the curvature expression does not
give rise to any additional singularities. We would like to highlight that K(r) is the
metric function that arises when the Maxwell field is added to the gravitational ZV —
metric, and that K(r) becomes a constant when there is no em source present. Lastly,
it is interesting to observe that directional singularities occur for y> < 3 based on the
behaviour of the power of X(r,0), which becomes positive beyond this interval in
order to avoid any divergence. Also, we can prove that the surface represented by
S(r) =r—ry for ri = m(1+ p) is timelike by analyzing the normal vector to the

surface in the limit of r — r:

L (ds\* =l
R ) e
_ (4.18)
1 m? p*sin*0 vl (r—ry)(r—r-) 1+Y_YZ<0
- K? r%r r%r 7

in which r_ = m(1—p) and K = (2p)"(1+ p)' ™ < co, in the limit of r — r. Since
(VS)2 < 0, normal vector to singular surface S is spacelike means that the singular

surface S is timelike.

4.4 Restricted Geodesic Analysis for The ZV Spacetime

Since the gravitational lensing effect that we will calculate in the following section will
be analysed in the equatorial plane, it is necessary to find null geodesics within this
plane. In order to check if there are specific limitations on the distortion parameter,
we will concentrate on the case when 6 = /2. With this choice, the effect of ¢ on
the time-like circular geodesics will be studies. Afterwards, the specific condition
7 =0, © # 0 will be studied, which will correspond to circular null-geodesics, via

linear approximation.
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4.4.1 Charge Effect on The Time-Like Geodesics with 7 = 6 =0

The space-time line element, when subjected to these limitations, becomes

ds® = A(r)dr* — r*Cy(r)sin*0d¢?, (4.19)

in which A(r) and Cy(r) can be determined from the general form of metric (3.26), a

simplified Lagrangian can be formulated to depict the system as follows

1, 1
L=3A 2 5rzco(r)sm%ac'pz, (4.20)

where a dot denotes derivative with respect to an affine parameter. Regarding the time-

like circular geodesics, the square of the angular velocity can be expressed as

’ B ('PZ B A/
2 r2C)sin’0’

4.21)
in which a prime shows derivative with respect to r. If we select K ~ 1, and scale the
asymptotic expansion of each term (detailed expansions of which are provided in the

next section), we obtain the following outcome

3m my ,

20 M S ™
O~ 350 (1+ (=7 +-"q +) (4.22)

It is possible to derive Kepler’s law under certain conditions. This becomes possible
when the distortion parameter and © are chosen as 1 and m/2, respectively.

Additionally, when there is no charge, our results match with ref. [64].

4.4.2 The Circular Null-Geodesics
In this case, by setting the reduced line element (4.19) to zero, it follows that the

magnitude of the angular frequency squared is

, §? A

_r_ 4 423
2 r2Cysin?0 (4.23)
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After substituting the values from the metric (3.26), we get

1 2 2 2y 2v-1
> —(1——m+mq) (4.24)

Alternatively, we can express this as

) (r=r)!

Q" 2y-1

= kAo (r—ra) (4.25)
in which r; = m(1 — p) and ro = m(1+ p). For the case where p = 1 and ¢ = 0, the
findings correspond to those of the uncharged ZV model. This indicates that in order
to assign a meaningful value to ®?, it is necessary to have Y > 1/2. If y < 1/2, then
®? becomes infinite at the outer root r = ra, and we need to avoid this scenario. It is

worth noting that this conclusion applies not only to 6 # 1/2, but also to 6 = 1t/2.

4.4.3 The Linearized Circular Geodesics with 7/ = 0, in The Vicinity of 6 = /2

We can now express the geodesic Lagrangian in the following form

1., 1 o1
L= 5Az2 - Er213(r, 0)6> — 5rzsmzeco(r)cpz. (4.26)

The Euler-Lagrange equations yields

E
f— — 4.27
= 4.27)
po L (4.28)
¢= Co(r)r?sin®6’ '

in which E and [ are integration constants. When we apply the null condition ds> = 0,
we arrive at the constraint
E? 2

2 A2
T ) L — 42
r°B(r,6) A Co(r)r’sin®0 (4.29)

To derive the ©—equation in terms of the affine parameter, we differentiate the
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aforementioned equation. Our approach involves assuming that §% ~ 0 holds true for
0 ~ /2. After carrying out the derivation, the constraint condition is expressed as a

relation between the constants of motion, which is given by

E? N (r—r)2 1 (r—ry)>!
2~ K4 2+4y )

(4.30)

This expression is valid when y > 1/2. It should be pointed out that when we choose

0 ~ /2, we obtain

2 m2 p2

r2

2
Zzl——m+m—2zA+
ror

(4.31)

By making certain expansions, we can express the second-order equation for 0 in the

following form

2n? 12cos0

20 (e 20-7) EPALLN R V- PN
(r—ry) (r—ra) (l—l—(l Yz> r2A)eNK4r2(271)sin39'

(4.32)

The upper limit of distortion parameter needs to be ¥ < 1 in order for achieving
finiteness for the term at the left hand side of equation (4.32). We had previously
stated that Y > 1/2 is also a necessary condition meaning one is constraint to the
region with 1/2 <y < 1 in the the equatorial plane. Therefore, this range will be used
throughout the gravitational lensing analysis for 6 = /2.

4.4.4 The Particle Motion in The Equatorial Plane

In this subsection, we will examine the motion of electrically and magnetically charged
test particles in the charged ZV spacetime separately.

4.4.4.1 The Magnetic Case

The Lagrangian that governs the movement of a test particle, possessing a charge of Q

and unit mass, is described as
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1 didx’ dx*
L= g oA,
28 e ar Ty

(4.33)
In the equation above, T represents proper time. Therefore, the differentiations are
carried out with respect to proper time. The vector potential of our choice is A, =

(0,0,0,CycosB), which yields to the following Euler-Lagrange equations.

dt
£00 (%> = E = const. (4.34)
do
200 | + QCycos0 = [ = const. (4.35)

The 6— equation is automatically fulfilled in the equatorial plane. We now decide to
set 6 = /2, which eliminates the test particle’s coupling term with the metric. As
a result, the analysis will be equivalent to that of a neutral particle. The time-like

geodesics condition provides us with the following expression

E? dr\> P
1= tg, (—) +— (4.36)
800 dt 800
which is identical to
dr\® A AT
BE2=ar-Ixpr () 2 (1410 ) 4.37
drt + K2 + K2r? ( )
As we have selected 8 = 1t/2, we can infer that
2
¥ = (1 . @> : (4.38)
r
2 2.2
a=(1-2) -7 (4.39)
r r

For circular geodesics, the derivative of r with respect to T is equal to zero, indicating

from equation (4.37) that the condition V = E must be satisfied. The potential acting on
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a neutral particle (or a charged particle under the influence of a magnetically charged

ZV star) can be expressed as

A'Y/Z 2AY-1 1/2
V(r) = (1+ s ) . (4.40)

K

In order to be able to make comments about the allowed values for the angular
momenta, one needs to make sure that ‘é—‘: = 0 is satisfied. Furthermore, for achieving
circular geodesics, V = E is a necessity. Although circular geodesics are not of
interest in this context, we will adhere to the overall structure of an effective potential,

which can be defined as

dr

2
Wopp=E>—1— | — 4.41
eff (dT) (4.41)

After substituting (fl—;)z with the expression given in equation (4.37), the effective

potential can be written as

1, LAY, AT A

As a special case, we can examine the scenario when Y= 1 (RN geometry) and p = %

In this case, the effective potential reduces to

m 12 2m
Veff:_7+r_2 (1——) . (4.43)

r
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Figure 4.2: Produce a plot of the effective potential (4.41) using specific parameters
m=1, E =1, and [ = 15. Additionally, include the special parameter y = 1 for
comparison with the spherical case.

Fig. 4.2 displays the radial variation of the effective potential (4.42) for various y
values, while keeping E, [, and m constant. The figure also reveals that as the distance
approaches infinity, the impact of y weakens. In contrast, the effect of Y is stronger in
closer regions. Additionally, an important consequence of the charge is that an increase

in its value leads to a rise in the potential barrier.
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4.4.4.2 The Electric Case
Assuming an electrically charged particle with a charge of Q and a mass of one unit,

the Lagrangian that describes its motion for 6 = /2 is given by
1 diddx’ dt
=—gwv——+QAy— 4.44
28 gy ar TG (444)
in which expression (4.6) provides the value of Ay(r). Applying the Euler-Lagrange

equations yields

. K?
i =~ (E—0A), (4.45)
and
o PAY

Here, we have two integration constants, £ and [/, representing energy and angular
momentum respectively. It is worth noting that for 6 = 1t/2, the equation involving 6
becomes trivially satisfied. By following a similar process as in the magnetic scenario,

we arrive at the effective potential

1 1A\ AY 2AY-!
VeffZE(Ez—l)-l—i (E) [—(E—QAO)Z‘FF (1+W>} . (4.47)

The effective potential is represented by the equation given above, where ¥ and A

correspond to the values in equations (3.27) and (3.28) respectively.

Fig. 4.3 displays plots of the effective potential against the radial distance r. As
expected, the influence of the deformation parameter y becomes weaker at larger
distances, with more pronounced effects in the closer regions. Similar to the magnetic

case, an increase in the electric charge results in a higher potential barrier.
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Vett

Veff

Interestingly, when the charge Q equals zero, the effective potential for the electric

case coincides with that of the magnetic case.
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Figure 4.3: The radial variation of the effective potential for a test particle carrying a
charge of Q = 1, situated on the equatorial plane, is shown for various y and g values.
The plots are generated for fixed valuesof m =1, E =1, and [ = 15.

4.4.5 Gravitational Lensing in Charged ZV Spacetime
In this subsection, we will calculate the lensing angle of the charged ZV solution

using the Gauss-Bonnet theorem, whose mathematical and physical foundations were
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provided in the previous section (section 2.3). In the preceding section, we focused on

circular, null geodesics that can be projected onto the 6 = /2 plane. It should be

noted that 8 = /2 is the symmetry plane of ZV objects and geodesics can be

projected onto this plane. The existence of circular geodesics also allows for their

perturbation into elliptical orbits, which will be utilized in this section. To this end,

we introduce the optical metric of the spacetime (3.26), which is projected onto the

0 = m/2 plane

dt? = g,dr’ + Gopd9?,
in which
_ K4A72—2y—121—72’

grr

The square root of determinant for this metric can be written as

VB = kAL

As shown in section 2.3, total deflection angle d is given by

T oo
/ / KdS = -8,
0 Jrg

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

where dS = \/gdrd@.Here, the value of the lower limit 7, in the integral depends on the

angle and represents the minimum distance from the source, which can be determined

using the null geodesic equation. Specifically, for the problem invariant (4.52) gives

T oo T oo 2P K’ 1 A
KdS:—/ / o0, {AI_ZZZ (1—|—2r——|—r(—— )—)}drd .
A /;:g 0 rg K 2 ¥ A ¢
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To evaluate K, we require expansions for the metric functions, which are provided as

follow
2 2 2m?
A":l—ﬂ—}—%[qz—}—Z(n—l)}—%n(n—l)(3q2+2)
A, , (4.54)
m 4 2
+r—4n(n—1) {Eq +2¢g +§(n—2)} +...,
S A (g = 1), (4.55)
m2q2
K~2p|1l——y(y—1 4.56
p|1- S e 56
A 2m mq? 2m  m?
—~—(1l—-—— | [1+——— (g —4 4.57
A r2 ( r ) { + r rz( )} + ’ ( )
X' 2m 1_’_m_’_mz N 458)
Y 2 roor? T '
K ¢m? m
B Iy (1—— —2) 45
g = s =D (1-—(r=2))+ (4.59)

in which "a prime" showes dir. Note that the higher-order expansions are presented in

the event that additional corrections are necessary.

To find the minimum value of r,, we can solve the null geodesics equation. For this

purpose, we rewrite the line element in the following form (for 6 = 7/2)

ds* = A(r)dt* — B(r)dr* — r*C(r)d¢?, (4.60)

where A(r),B(r) and C(r) are metric functions to be wrote from (3.26). By defining

the geodesic Lagrangian with respect to an affine parameter A

1 1 1
L= -Ai2— —Bi* — —F2Cp>. 4.61
> SBr = ¢ 4.61)

Here, = %, results in the first integrals
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dt

A— =FE = ) 4.62
7 const. , (4.62)
d

Crzd—(;: = L = const. , (4.63)
so that

A [ dt 1 FE

— =) =-== 4.64

Cr? (d(p) b L’ (4.64)

in which b denotes the impact parameter. Now, if we switch to the new variable u =

1/r, and solve for (%)2 using the expression for ds?, we obtain
du\* c/C ,
=) == = - 4.65
() = (). 469

The derivative of this expression with respect to ¢ gives us the equation for geodesics.
If we put the related charged ZV metric functions in to the Eq.(4.65), the null geodesic

equation of charged can be written as
d*u 16m(y—1)p*

= fu=3mu®+

i = {2—3mu[1-3y+(1+7v)¢*]

FmPu? [=3 =323 +y)(—1+2y)] +Y(3+ 12y +2p*(—4+57) }.
(4.66)

It can be observed from this equation that when y = 1, the contribution of the charge is

of order 1/b%, which is neglected. After solving the homogeneous equation
d’u

W +u=0. (4.67)

Here, the solution of Eq.(4.67) is u = sin@/b. If we substitute u = sin@/b into

Eq.(4.66) and solve, we can find a term of order 1/ b*

sing  32mp*
U=—-

b b?

m

b2

(Yy—1)+ — (1 +cos®). (4.68)

Eq. (4.68) can be identified as 1/r,.
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Upon revisiting Egs. (2.33) and (2.34) and utilizing the aforementioned limit for the

GB integral, we can derive the deflection angle (up to the order of 1/b%) as

dmy w 1

§= TJrﬁ(my)2 {64194 (1 _X() 4-—-—=Z qz]. (4.69)

Wheny=1, g =0 (p =1) is applied, the deflection angle g of Schwarzschild can be

retrieved

dm  15m*n

O =4+

(4.70)

Similarly, in the RN limit where Y= 1 and g # 0, the deflection angle can be expressed

as OpN:

4m  15m’m 30%n
Sry = —— -
RN =TT T

4.71)

in which Q = mgq. Eq. (4.69) reveals that by introducing the distortion parameter 7, the

new mass can be defined as M = myy.

4.4.5.1 Gravitational Lensing in Stationary Uncharged ZV Spacetime

Now, let us compare the gravitational lensing effect created by the pure rotating ZV
solution with the absence of gravitational lensing effect created by the pure charged ZV
solution. To do so, we will utilize the metric from [19], but adjust the sign convention

to match our own
627\.—2\|IZ

ds* =e™Vdr* — dr? — e 2Vx2 402

4.72)
— (e MY Ar7sin®0 — 0?e?Y) do* — 20e*Vdtd,

in which
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_ 1 _
e 2V — 5 (1= po)AY+ (1+ po)A~"],

Y2
e = (é) : (4.73)
T

W = —2mYygocosO.

Here, p(z) +q(2) =1and

Ao 2m
r
(4.74)
2 2
r=1- 24 D sine.
r I

In here, g is called the NUT-like parameter and it needs to obey 0 < go < 1. This
parameter contributes to the rotation of the spacetime and disappears for 8 = /2. To
avoid confusion with the charged metric parameter p, we denote it as pgy (and gg) in
reference to Refs. [19, 56]. When pg = 1, this metric reduces to the well-known ZV
metric. It is worth mentioning that Ref. [19] refers to py as the ’quasi-NUT’
parameter, which is related to gop = /1 — p(z), while Ref. [56] introduces it as a
differential ’spinning’ parameter. The reason behind this is that unlike the NUT
parameter [ (with 0 < [ < o), pg is strongly bounded by pg < 1. From a physical
perspective, this parameter may be applicable only to large-scale astrophysical

systems, such as spiral galaxies.

When we fix 6 = 1/2, the optical metric of line element (4.72) becomes

2\
)y
ds? — ¢4V (eA dr? +Ar2d(p2> , (4.75)

otherwise

dt? = Gdr® + Gopd 9. (4.76)
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For this case GB theorem gives

e 1
8: ar —_ar 9 dd . 477
/0/ [ (¢g— Vg"’“’)] e @77

We would like to highlight that this simplification is feasible because even though the
optical metric (4.76) is not asymptotically flat (AF) in general, it becomes AF when

0=m/2.

To establish the value of the lower limit of integration r,, we employ the null geodesics
equation from (4.65) with the variable u = 1/r. By utilizing the impact parameter b and

differentiating once again, we arrive at the following result

(4.78)

By using the homogeneous solution, as in the case of the charged ZV, we can calculate

1

the lower limit of the r— integral up to the order of ~ 5, which is given by
1 sin®@ m .9
P +3 (2poy—sin’g) . (4.79)

After integrating (4.77) and setting the limits for r, followed by an additional

integration with respect to @, we can derive the deflection angle

2

5— dmypo n m? poyn

m
) P (dpoy—1) + ™ (4po+Ty—8p2y) (4.80)

4p?

It should be noted that the deflection angle derived is only applicable for 6 = mt/2. It is
worth noting that when y= 1 (spherical symmetry) and po = 1 (go =0 - zero NUT-like

parameter), the result reduces to Jg.
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4.4.6 Gravitational Redshift in Charged ZV Spacetime
According to Eq.(2.41) the explicit expression for the gravitational redshift of charged

ZV spacetime is found as

z:<1+p)<1_w>y_(l_p)<1_M>Y_1. 4.81)
<1_2_m+ﬁ>Y/2

r 72

4.4.7 Applications in Astrophysics
This subsection is reserved for calculation of bending angles for the compact stars
listed in Table 4.1 whose physical parameter values are given. The lensing analyses

are conducted for charged and stationary uncharged ZV spacetimes [65, 66].

Another goal of this subsection is to provide graphical representations of our
gravitational lensing calculations. However, for practical purposes, sticking to
standard international (SI) units for the plots sound more reasonable. Therefore, it has
been made sure that in all relevant equations, the necessary conversions are made by
multiplying M with Gc™2, in which G = 6.67408 x 10~ "mkg='s~2 and

1

c=3x108ms~!. It is important to record that the bending angle comes out in

radians.

Table 4.1: Compact star masses and radii numerical values [1]. Here, M, is the mass
of the sun

| Compact Stars | M | Radius (km) |
Vela X-1 1.77M, 9.56
SAXJ 1808.4-3658 | 0.9M, 7.95
Her X-1 0.85M, 8.10
4U 1538-52 0.87M, 7.86

Below, one can find graphs of & versus b/Rg,, with different distortion parameter

values. In the plots, Rs;, and 0 stand for the estimated radius of the charged compact
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object and the associated bending angle, respectively. On the x-axis, instead of using
b directly, it was replaced by b/Ryy,,, since for gravitational lensing analysis, we are

interested in the path of light around the star, not the ones that may reach beyond R
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Figure 4.4: The graph shows how the deflection angle & varies with b/Rg;,, for
the astronomical object 4U 1538-52. There are different curves on the plot, which
correspond to different values of 7y, ranging from y = 0.6 on the left to Yy =1 on the
right. It is important to note that for all curves, the charge parameters have been set
tog=p=1/ V2. The solid line represents the charged case, while the dashed line
represents the uncharged case.
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Figure 4.5: The plot shows how the deflection angle § changes with /Ry, for the
astronomical object HerX-1, with separate curves for the charged (solid line) and

uncharged (dashed line) cases.
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Figure 4.6: Here is a plot of the deflection angle § as a function of b/Ry,, for the
astronomical object SAXJ1808.4-3658 with the charged (solid line) and uncharged
(dashed line) cases.
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Figure 4.7: The plot illustrates how the deflection angle § varies with b/Rg,, for the
astronomical object VelaX-1. The graph displays separate curves for the charged case
(solid line) and uncharged case (dotted line), allowing for a direct comparison between
the two scenarios.
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If Figures 4.4-4.7 are examined in detail, it can be observed that for the spherically
symmetrical case, the charged and uncharged cases have the same bending angle curve.
This must carry importance in the sense that the path that light follows seems to be

unaffected by the charge in the vicinity.

On the other hand, in the upcoming figure (Figure 4.8), one can see the effect of

distortion parameter on the bending angle in an easier way.

4U1538-52
04 L S T T T T T T T T T T T T T 0.47‘ A\l T T T T T T T T T T ]
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Rstar Rstar
SAXJ1808.4-3658 VelaX-1
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0.05 ° s 1.0 ;{\ ...... o5 ]
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0.03 © 0.6 ]
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0.01 02! '-.,....N.,',j;:..“.._“_:'_' _________
0007 i 6 s 10 %03 i 6 : 10
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Figure 4.8: The plots with overlapping curves of & vs /Ry, for all objects listed in
Table 4.1, choosing p =g = % for charged ZV. The graphs plotted different distortion

values (Y's) for understanding effect of geometric distortion on gravitational lensing.
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It is crucial to investigate the gravitational lensing effects that arise when a
non-spherical compact object is in a stationary case. To accomplish this, we
numerically study the bending angle calculated in Eq. (4.80) for the compact objects

listed in Table 4.1.

Figures 4.9-4.12 exhibit the variation in bending angle as a function of idealized radial
distance for different values of the 'y parameter. These plots display the bending angles
for the uncharged stationary case, as well as for the uncharged and charged ZV cases.
By displaying these plots together, the "spin" of the non-spherical compact objects can

be better understood.

There seems to be no significant distinction between the charged and uncharged cases
of ZV line elements, based on the figures drawn for the Y = 1 choice. Additionally,
an inverse relationship between the spin of the spacetime and the bending angle is

observed.

It is important to note that the plots for the stationary uncharged case were generated

using a specific value of pg = gg = % Similarly, the plots for the static charged case

were generated using p =g = %
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Figure 4.9: These figures represent how the bending angle 6 changes with respect
to b/Ryq,, for 4U1538-52. Within each graph, one can notice the specific conditions
o #0, g #0, and g = 0 are applied. These correspond to uncharged stationary, static
charged and static uncharged spacetimes, respectively. The deformation parameter 7y is
kept fixed at each graph.
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Figure 4.10: These figures represent how the bending angle & changes with respect to
b/R.qr for HerX-1. Within each graph, uncharged stationary, static charged and static
uncharged spacetimes are drawn, respectively. The deformation parameter 7y is kept
fixed at each graph.
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Figure 4.11: The graphs are created to depict the variation in bending angle 6 with
respect to b/ Ry, for the compact object SAXJ1808.4-3658. The star is analyzed under
three different scenarios: uncharged stationary (® # 0), static charged (¢ # 0), and
static uncharged (¢ = 0). It should be noted that the bending angle for the stationary
state is lower than the static cases for each specific y value.
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Figure 4.12: These figures represent how the bending angle & changes with respect to
b/R.qr for VelaX-1. Within each graph, uncharged stationary, static charged and static
uncharged spacetimes are drawn, respectively. The deformation parameter v is kept
fixed at each graph.

Figure 4.13 shows the role of y on the bending angle for two different ZV cases.
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Figure 4.13: These diagrams show the graphical representations of the bending angle &
against the normalized radial distance b/Ry,,. The astronomical objects of concern are
compact stars that can be found in Table 4.1. Here, the distortion parameter is not fixed
and the graphs are drawn for the stationary state of the uncharged ZV line element.

The graphs are produced for different values of the deformation parameter 7.

Additionally, the impact of charge is demonstrated by comparing the gravitational

redshift with the uncharged scenario.
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Figure 4.18: These figures illustrate how redshift z varies as a function of RS’t —. The
astronomical bodies chosen here can be found in Table 4.1. from the figures, one can

check how 7v affects z. The line element picked is the charged ZV case and we have

chosen p =g = \/LE
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Chapter 5

SINGULARITY ANALYSIS

In this chapter, we will examine the quantum regularity of the naked singularity of
the charged ZV spacetime that we found using the Ernst formalism, using the HM

criterion that we defined both physically and mathematically in Chapter 2, with the aid

of spinless waves © .

The spatial component of the massive KG equation (Eq.(2.23)) can be derived for the

metric specified in Eq.(3.26) can be written as
P KAAnYEr-l g

o2 r2sin® 09

— KAyl <% +A (r)> aﬁ + KA.
r r

A= _ K 4AD-TY Iyl

( . 8) K421 92

0 7
56 r2sin?@ 0¢?

5.1
By plugging in Eq.(5.1) into Eq.(2.27), we get
2 —4A2y— -1 —4pA2y—1 2
IPUTEY Y S N AN S
or? r2sin® 00 20 r2sin’@ 0¢? 5.2)

_K—4AZY—YZEYZ—1 (% A (r)) ai + K 2AY? + i} vy =0.
r r

If we suppose that the solution can be separated into the form of y = f(r,0) e™®,
where k is associated with the orbital quantum number and can take any integer value,

then we can rewrite Eq.(5.2) in the following manner

6 All the analyses to be performed in this chapter have been published in [67]
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_K—4A2y772+1zy2,1 ﬁ _ K_4A2'Y_YZZ'YZ—1 i “in a_f K—4AZY—1fk2
or? r2sin® 00 00 25in2 0

(5.3)
KNI PER (% Y (r)) N if] =0,

or
Our aim is to investigate the farthest singularity located at a distance of rp = m(1+ p).
To accomplish this, we will limit the direction of our investigation to specific values
of 6 by setting f(r,00 = constant) = R(r). At first, we will check the 8 = /2 case, in

which Eq.(5.3) takes the form

r?A(r) d? r? r
N e )

R d? "R dr

~2RA(DAY V(D EE (o 2)i irZK‘*(r)AYZ*ZY(r)zl*YZ(m/z)} Tk =0.
(5.4)

In the subsequent phase, we will investigate the outermost singularity using waves
that propagate along the axis of symmetry, specifically, 6 = 0 or 6 = . However,
in this phase, Eq.(5.3) becomes undefined for all values of k except for k = 0, which
corresponds to the s-wave mode. To address this limitation, we will only consider the

restricted condition of kK = 0, which allows us to express Eq.(5.3) in the following form

{rzA(r) d’R N r? (2A(r) N (r)) dR

R dr "R dr

r

(5.5)
PR3 (n)AT ()2 (1,00 F i K (1) AT ()2 (1,0)| =0,

To verify the square integrability of the solutions of Eqgs.(5.4) and (5.5) for both positive
and negative signs, we calculate the squared norm, where the function space on each
hypersurface ¥, at constant time ¢ is defined as H = {R :|| R ||< eo}. The line element

describing the static spacetime in a general (n + 2)-dimensional scenario is given by

ds* = —V2dt* + hjjdx'dx’, (5.6)
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where V' is the metric function of time component. The squared norm for the generic

metric is given by [30]

2
IR||? = %/ VIRR " v/, (5.7)

%

Here, q% is a positive constant and £;; represents the spatial component of the line
element, where /& denotes the determinant of the spatial part. In this context, if neither
of the solutions to Equations (5.4) and (5.5) can be integrated over all space, then the

spatial operator A has a distinct self-adjoint extension.

It is crucial to highlight the function space chosen for the analysis. Our selection is the
standard square integrable L> Hilbert space used in quantum mechanics. Alternatively,
Ishibashi and Hosoya proposed the first Sobolev space H'! [30]. However, Sobolev
space differs from the conventional quantum-mechanical Hilbert space in terms of the
norm definition. In Sobolev space, the norm must be square integrable for both the
wave function and its derivative. On the other hand, the natural linear function space of
quantum mechanics, which we employ in this study, only considers the wave function
in the norm calculation. Consequently, the self-adjointness of the spatial part of the
Hamiltonian operator A is subject to a stringent condition. In contrast, using Sobolev
space weakens this condition by incorporating derivatives. The square-integrability
of the wave function does not always guarantee that the same should hold true for its

derivative [30, 32, 68].

In the subsequent subsections, we will examine the quantum nature of the non-trivial
naked singularities that emerge in the charged and uncharged ZV metrics. We will
study the outermost singularity on the equatorial plane, which is valid for all y values,

except for zero and one. This analysis will be followed by investigating the quantum
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properties of the directional singularities that form at the poles.

5.1 Probing The Outermost Singularity at 6 = 7t/2 Plane

The goal of this subsection is to examine the outermost singularity at ra = m(1+ p),

for both the charged and uncharged ZV metrics.

5.1.1 For The Charged ZV Solution

If we put 8 = /2 into Eq.(5.4), Eq.(5.4) becomes

24 2
A k

P GO NI ooy KA KA R =0,
r

Ar?

(5.8)

in which £(r,n/2) =o(r) = 1— 22 + "rizz We will analyse the solution to Eq.(5.8) in

two distinct limiting scenarios, namely r — oo and r — m(1 4+ p) (in the vicinity of the

singularity).

When r — oo, the metric functions exhibit the following behavior:

o(r)=A(r)=1-— sz,

K ~2p.

For this limiting case, Eq.(5.8) reduces to

2
R+ ;R’ + ((2p)*m* £ (2p)*i) R =0.

The solution of the Eq.(5.10) is provided by

C C
R(r) = =L sinkr + —= coskr,
r r

(5.9)

(5.10)

(5.11)

in which x = /(2p)2m? £ (2p)*i and C}, C, are integration constants. By inserting

Eq. (5.11) into Eq. (5.7), we obtain

82



IR2~ [~ RROdr 5.12)
const (1 — sz)z'Yil .

For practical purposes, it is assumed that C; = C; = 1. To evaluate the integral, the
denominator is first expanded using the binomial expansion for large values of r,
considering only the dominant terms. Since sin(kr) and cos(xr) are complex-valued

trigonometric functions, RR* is transformed into the following form using the

expression v/a + bi = + ( \z\+a n \/Iz\ ), where |z| = Va2 + b2,

IR N/ rcosh(2Kr) dH—/ rsin(2ic;r) ar, (5.13)
const ¥ — 2m (Z’Y_ 1) const \T — 2m(2y_ 1)

where K| = :I:\/2p\/17~12 +(2p)* —2pm? and K, = :I:\/2p\/n~12 + (2p)*+2pm?. To
analyze the convergence of the first integral in Eq. (5.13), we can apply the comparison

test. The hyperbolic function can be expressed as a series expansion given by

cosh (2k;r) = ’;0 eI (5.14)
The first integral can be written as
/°° rcosh(2K1r) J /°° < ) i 2K1r 2n
—_—  dr = —
const ¥ — 2m(2’Y— 1) const 2m(27— 1 n=0 (515)

. (W) ‘”

in which b = 2n+ 1. To determine the convergence behavior of the final integral, we

can apply the comparison test. To do so, we examine the following inequality

t+2m(2y—1) _ (t42m(2y— 1))1’.

0<
t t

(5.16)

1+2m(2y—1)
t

Here, t = r —2m(2y—1). We can evaluate the integral of as
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/ (%) di = (142m(2y = DInft]) [y = oo (517)

According to the comparison test, if the integral fc°° (%) dt diverges, then the

(t+2m(2y-1))"
t

integral f dt also diverges.  Additionally, we can analyze the

convergence of the series in front of the integral using the ratio test. By constructing

(2))?

the expression p = limy o0 |25 | = limy, o0 507
n

= 0 and examining the value of p
for convergence analysis, we see that when 0 = p < 1, the limit converges and hence
the series converges according to the ratio test. To evaluate the second integral, which
is an improper integral, we can use the comparison test. We replace sin (2i,r) with its
power series expansion,

sin (2&yr) = ) (—1)"sign(k2) (5.18)

in which w, = \/ 2p+/i% + (2p)* + 2 pi? and sign is the signum function. The second

integral can be expressed as

[ r > (2w, r>2n+1
"/cm(r—zmm—l)){,Zo(‘” ) R 1, }‘”

(5.19)
(2n+ 1)’ const I’—2m(2’Y— 1) ’

where a = 2n + 2. Similar to the previous calculations, applying the integral

comparison test for the second integral also yields divergence. However, since

2
p= lim,Hoo\aZ:‘ | = limy—ye ( 2w)) =0 < 1, it is convergent according to the

2n+3)(2n+2)

ratio test.

When the value of r approaches rp = m(1 + p), Eq. (5.8) reduces to
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2R 1 dR  p? | +£K2AY2

ez s K2m2AT V1 4 igAAY 21| R — 0.
dr? +r—rA dr (1+p)? r A :

(5.20)

We will split this equation into three separate equations by taking into account the rate

of change in relation to the deformation parameter 7. For this purpose, we have

d’R 1 dR .
W+—r—rAE+lHy(r>R_0’ (5.21)
where
— B 0<y<1/2
(r=ra)> ¥ ’
H = p 5.22
Y(r) (r—rA)—lerzY*Yz ,'Y> 1/2 ) ( )
(T V=12
in which
:l:ipzkz(Zmp)Yz’2
1 =
(1 —|—p)2r§{2_2
(22 PP+ p)22mp)T !
Pr == (1 +p) rivz—éw—z (5.23)
2,7/4 4y 2
53:& (1+p)4(2p> ¥ k :
(2mp)7/4 I+p m*(1+p)?)
The solutions of Eq. (5.21) for each interval are
arKo(1(r —ra)"/2) + (a2)oFi (: 1ima(r — ra)¥) 0<y<1/2
_ Po2y+
R(r) =94 askoms(r—ra) =2 ) + (as)oFi G ima(r — ra) P =21) oy >1/2
asKoMs(r—ra)'/®) + (a)oFi (; 1;Me(r —ra)'/*) Y=1/2
(5.24)

In this equation, a; through ag represent integration constants, Ky refers to the first
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kind modified Bessel function, oF; refers to the confluent hypergeometric function,

2(—1 7/4 —i 2(—1 3/4 i

ni

—16;.

The square norm for each case can be written as

(

by oo 221 .
2p p~ Y (14p) ra RR*dr
(1 p) (2mp)27—72r272*47*2 fconst (r—ra) 217 ,0<y< 1/2
A -0 271
R|~ ¢ (20 )\ 2 (11p) R 2ypps
" <] p> (2mp)—20P AP 412 Jeonst (r=12) RR*dr ,y>1/2
2 3/2 —-1/2,7/2
2p \“PZ(4p) T A _RRYd B
\ (W) (2mp)3/4 A fconst (r_rA)§/4 Y= 1/2

(5.25)

To conduct the integration operation, the content of RR* for each integral in Eq.
(5.25) is expressed by using the series expansion of each respective special function,

as described in [69],

= (k)2
K()——zniz()+iﬁ (k+1) (5.26)
0(z) = Sl k:022k<k!)2w , )

where V is the psi function. To evaluate the integrals near the singularity (r — ra ), the
variable of integration is changed to u = r —ra. As a result, the new variable u becomes
very small. Since the integrand involves the multiplication of power series, we can
utilize the Cauchy product law of power series to perform an analytic calculation of
these integrals. Moreover, since u is small, we can approximate the dominant term as

Ko(z) ~ —In5lp(z). Let us define the Cauchy product that we will use below.

Definition 5.1 (The Cauchy Product of Power Series): Consider the power series
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Yo oand", and )" b,Z". Thus, the Cauchy product of these series can be defined as
oo oo e} n
Yoad' | | Yo" | =Y [ | X (ajbn-)) Z nd”, (5.27)
n=0 n=0 n=0 j=0

in which ¢, = J _oajb,—; [70].

To simplify the analysis, we set the integration constants a; through ag equal to 1. By
using the Cauchy product of power series, we can perform analytic calculations of the

integrals.

Firstly, we analyze the integral for which the deformation parameter lies within the

range of 0 <y < 1/2. The corresponding square norm can be written as

o 0 P2 2\
2 SNiu niu du
HR“ M Z * const (ln 2 ) < 2 ) I,th_'Y2

k=0

+0€1ZCI/

const

v /2 n
Nniu du
_2061 Z Cy . <ln 5 > <u72> m,

ldu

. (5.28)

where o = (12_)4Y(P2272(1+P)2721 1

k 1
, k=Y a——, C AT
2mpyr P 2P 42 L1-0 ey < = Ei—0 (T 7

and ¢, =Y { (%)’ (ﬁ)z} {(1)31%?]‘)! }

The first and third integrals are both convergent, as shown by the expressions

0 k(1 — nlbc
/c Fin(bx)dx = U (1(lj<_)l§)l [be]) (5.29)
and
0 1+k nlbel(— nlbe
/c O R () ([i)i(k)32+(1+k)l D) a0
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which are both finite. The convergence of the second integral can be established by
using the comparison test. For this purpose, u is very small and positive, the following
inequality can be defined as

W) < 7). (5.31)

)2

: -1 : :
Furthermore, since | ?}nst u @) gy = @1—1)2 %t (o0, it follows that the integral

f O wWr=r-")gy also converges. Therefore, for 0 <y < 1/2, the solution is square

const

integrable and the spacetime singularity remains quantum singular.

Moving on, let us examine the scenario where ¥ > 1/2 but not equal to 1. In this

instance, the square norm takes

o0 0 P—2y+1 -2\
R 2 ~ l 2“314 T]3 'YZ—Z’Yd
IR[|” ~a Z Ck - ( n > > u u

k=0
tor e | (ma ) (5.32)
1=0 const
oo 0 —2v+1
20, Y ¢, MM <u72—2v+1>”uv2—27du
n=0 const 2

W2 (g )P

27 _n "
(2mp)=2r2? 312

The first and third integrals exhibit a close

in which o = (%)

resemblance to the previous case and thus converge. As for the second integral, we
. . . 2 +1)(y=1)2 .
can evaluate it using the expression fc(:; st W D=2 gy = %&m, which

can be shown to be square integrable. Hence, the spacetime singularity is quantum

mechanically singular as long as 1/2 <y < 1.

Lastly, we will examine the scenario where Y= 1/2. In this case, the square norm

equation can be written as
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k
o0 0 1/8 1/8
Nsu Nsu du
R|? ~03 Y Ck In*
|| ” kgo const( 2 2 I/l3/4

oy Z ¢ <n6u1/4>l du (5.33)

const ud/4

1/8 n
—2a320n/ ( Nsu )(u1/4) u3_74_

const

2 p3/2(1+p) 1/2, 7/

2
= ()52

Tip . Similar to the prior situations, the first and third

integrals are square integrable for the case when y = 1/2. The second integral can be

evaluated using the comparison test. To do this, we establish the following inequality

ul/A=3/4 < 304, (5.34)

Using this inequality, we can show that f ul/4=3/4qdy is also square integrable.

con, Tf

Specifically, we can evaluate this integral as f onst 4 w3t du = 4!/ 0 st

(. Asa
result, the spacetime singularity is quantum mechanically singular for y=1/2.

5.1.2 The Uncharged ZV Solution

If we set g to zero and apply a scaling factor of + — 2 to the time coordinate, we can

express Eq. (5.4) in the following form
2A /
R’ + MR’ —AYZ ol v -|-A Vi +iAL* | R =0, (5.35)

ol sz

where Ay, =1 — 27’", Oy =1-— 2—’” + and ’r’ denotes the derivation with respect to
r. We will analyze the solution to Eq. (5.35) separately in two limits: as r approaches

infinity, and as r approaches the singularity at r = 2m.

When r — o and using the approximate metric functions provided in Eq. (5.9), Eq.

(5.35) becomes simplified to
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2
R'+ZR + (i* £i)R=0. (5.36)
r

The solutions of Eq. (5.36) is

C C
R(r) = = sinvr+ —2 cosvr, (5.37)

in which v = v/m2 £i and Cs, Cg are integration constants. Given that the solution
obtained is analogous to the solution derived in Eq. (5.11), it is clear that it is non-

square integrable.

When considering the scenario where r — 2m, a new variable x can be introduced,
defined by x = r — 2m — 0. Subsequently, the metric functions can be represented in

terms of this new variable as

6.0(x) X N m?
ya’ X)= 29
xX+2m - (x+2m) (5.38)
X
Aar(x) = x+2m’

By inserting the metric functions outlined previously into the differential equation
(5.35), and by considering the leading terms while also taking into account the
varying range of the parameter v, the differential equation (5.35) can be transformed
into

1
R+ )—CR’ +ax'R =0, (5.39)

where
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;

ii(4m2)v(%)72‘1x72—27—1 3 <Yy<ooand Y#1

ax = § (277 (ﬁ)xyz—z 0<y<] (5.40)

The general solution of Eq. (5.39) can be written as

2+/asign(u+ 1)x1142-2) Gty (2\/5sign(,u+ 1)x,u+2-2) . (5.41)
+2 u-+2

R =

It should be noted that C; and Cg represent constants of integration, while J and Y
denote the Bessel functions of the first and second kinds, respectively. Additionally,
the signum function sing(u+ 1) is also present in the expression. The properties of the

Bessel functions as x approaches O for real v > 0 are described in [71] as

W~ gy (5)

2n($)+9] ,v=0and y=0.5772 (5.42)
Yy(x) ~

_M(z)v VA

Consequently, the solution can be expressed as

R(x) ~ C; + Cyln(x), (5.43)

where C| = % + 2;& + %ln <%> and G, = %(/H-Z) . If we substitute Eq.

(5.43) into the squared norm (5.7), Eq. (5.7) becomes

0
IR|[? ~ (m) 2V +2 ()7 427 / ) + Cyln(x) 2dx

const.

0 0 0
~ (m)zyiyzﬂ {A/ xyz_zydx—i—B/ xyz_zyln(x)dx—FC/ K202 (x)dx}
const. const. const.
(5.44)
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in which A = (2)72+2Y612, B = (2)Y2+2Y+IC_'1€2 and C = (2)Y2+2Y622. The spatial
component of the Hamiltonian operator A is not essentially self-adjoint for the
following reasons: Firstly, the results of integrals are dependent on terms of the form
x“Inb(x). Secondly, lim,_,0x?In®(x) is convergent for a > 0. Finally, the square norm

converges only when y # 1.

To sum up we can draw the conclusion that we have not found any quantum mechanical

healing for 8 = 1/2 direction for both ZV cases.

5.2 Quantum Singularities on The North-Pole (6 = 0):

The direction dependence of singularities is important for ZV solution. We know that
the solution regularity depends on the distortion parameter. Some important
symmetry directions can be noted as the north and south poles in which 8 = 0 and
0 = m, respectively. We indicate the quantum probe of outermost singularity
ra = m(1+ p) from the north pole.

5.2.1 For The Charged ZV Solution:

As previously mentioned, directional singularities along the symmetry axis will only
be studied using s-waves. In this specific scenario, where k = 0, Eq.(5.5) can be

expressed as
2A !
R'+ (Z—QR’ — K* [Ai? £iK*A" R =0. (5.45)
r

Let us begin by examining the situation where r — co. In this case, we use the
approximate metric functions described in Eq.(5.9) and Eq.(5.45), resulting in the

following expression

2
R+ ;R’ + ((2p)*m* £ (2p)*i) R =0. (5.46)
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Eq.(5.46) is identical to Eq.(5.10), which has already been analyzed and determined
to have a divergent square norm. As a result, the spatial wave operator is not square

integrable.

Let us now analyze the scenario where r — rp = m(1 + p). By focusing on the

dominant terms in relation to the value of ¥, Eq.(5.45) can be expressed as

d’R 1 dR
dr2 ' r—rydr

+Uy(r)R =0, (5.47)

where
iby
U = 548
y(r) TEPACE (5.48)
. . 2p 4y r4AY
in which by = (14 p)* <1+p) Gnp
The solution of Eq.(5.47) can be written as
R(r) = dsKo(vi(r—ra) ™) 4 (da)oFi (; 1;v2 (r—ra)*™%), (5.49)
where v| = \/172\((%11)3/4 and vo = 4(;11712)2. The square norm becomes
2p H qy [ RR*dr
R2~<—) 1+ p)*2mp)*" 17 Y/ . (5.50)
H H l+p ( ) ( ) const (r_ A)zy_l

Here, d3 and dj are taken to be one for simplicity of calculations. By substituting the
variable of integration with u = r — r and utilizing the fact that u approaches zero in
the proximity of r — rp, the integrals are evaluated. If we use the Cauchy product as

in the previous case, the square norm can be written as
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oo 0 1—y 1-y\ ¥
_ viu Viu du
w g ] (750) (M)
k:ZO const 2 2 ur-1

_ - 0 2—2'Yl du (551)
-i-OCle:')Cl - (Vzu ) 2 .

oo 0 11—y
— 200 ZE)CH (lnv—lu2 ) (u2—2y)” —uibi]
n—

const

4y
in which oy = <%) (1+ P)4(2mp)27_1riy. Due to the significance of the power of
u in the analysis, we divide the deformation parameter 'y into two distinct subcategories:
0 <y<1andvy> 1. Itis worth noting that the other components comprising the /n

function are also convergent, as demonstrated in the previous section.

Let us begin by analyzing the scenario where 0 <y < 1. In this situation, the power of
u, which is (1 —v), is consistently positive. As u is both positive and exceedingly

small, we can establish the inequality u*(1=1~(2v=1) < ;,=(2v=1) " Since the integral

0 1-2yg, _ u** 0/ oo ;i : 0,,21(1—y)—(2y-1
Joons ' Ydu = Ty |const® (e is convergent, the integral [ const®u (=== gy

is also convergent, as required by the comparison test. Consequently, when the
deformation parameter falls within the interval of 0 < y < 1, the directional

singularities along the axis transform into quantum singularities.

Let us now turn our attention to the case where y > 1. Here, (1 — ) is negative, and
the comparison test inequality can be expressed as u~ (2~ < ,2(1-Y=(2v=1)  Upon

careful examination, it is revealed that for y > 1, the integral

0 - 2-2y . . .
onst ul = Hdu = b2t—2’Y O w5t — oo fails to be square integrable. The solution came out to

be classically regular for y > 2 and quantum regular when y > 1.

5.2.2 For The Uncharged ZV Solution

When g = 0, Eq.(5.45) becomes
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1" (rzAZ")/ / Y22 | A2y
R+ WR — [AZm" £iA R =0. (5.52)
When r — o Eq.(5.52) transforms into

2
R"+ =R+ (m* +i)R=0. (5.53)
r

This equation is identical to Eq.(5.10), for which it has been shown that the solution is

not square integrable.

Now, we consider the case of r — 2m < x = r — 2m — 0. If we substitute the metric

functions into Eq.(5.53), Eq.(5.53) reduces to

1
R'+-R +bx ?R=0, (5.54)
X

where b = +i(4m?)Y. The solution of Eq.(5.54) is

2v/bsign(1—2y) |_ 2v/bsign(1—2y) |
R(x):quo< S;gf(zy V0 Y)+q4Yo< S;gf(zy Y, Y), (5.55)

in which g3 and ¢4 are integration constants. If we employ the asymptotic
approximations of the Bessel functions as given in Eq.(5.42), then Eq.(5.55) can be

simplified to

R(x) ~ g3+ qaln(x). (5.56)

Here, §3 = % + 2\;& + 2%ln (m;f—(H) and g4 = £ (2 —2y) . The squared norm

for solution (5.56) can be written as

0
IRIP ~ G [ 2 2gs s guin(oPas
const. (557)

0 0 0
NA/ xlzydx—i-B/ xleln(x)dx—i—C’/ X2 (x)dx
C

onst. const. const.
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in which A = 2m)*™ @2, B = 2m)*"' 34 and C = 2m)*"" ' 2. Due to the
x4InP (x) terms in the last two integrals being proportional, with b = 1,2, the limit of
limy_,ox°In®(x) is finite. Additionally, since y # 1, the square norm of the solution
converges, indicating quantum mechanical singularity. It has also been found that the
solution is not square integrable for y > 1. For the choice y < 1 on the other hand, the

square-integrability condition is satisfied.

Based on this analysis, the classically singular region within the directional singularity
of the uncharged ZV metric, specifically within the range 1 <1y < 2, is transformed

into a quantum mechanically regular region.

Finally, Fig.5.1 summarizes the results of quantum probes made from the equatorial

plane and north pole, respectively, in ZV spacetime with and without charge.
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classically singular

l

~ A\ \ ~
j O"'\\'I‘II' "\:r’\\-’r’-\:l'r-*\‘. ;y
1 l 2 classically regular
guantum singular
classically singular
A AN = £\ = D . :‘y
1 2 classically regular

guantum healing ( regular)

Figure 5.1: As shown in Figure 5.1, spinless waves
sent from the equatorial plane (6 = w/2) and the
north pole (8 = 0) to both charged and uncharged
ZV spacetimes do not generate quantum regularity
in the equatorial plane (6 = /2) in both ZV
spacetimes. However, s-waves sent from the north
pole (6 = 0) generate regularity in the region
1 <1y < 2, which is classically singular, in both ZV
spacetimes.
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Chapter 6

KERR-NEWMAN (ANTI) DE SITTER (KN(A)dS)

SPACETIME

This section is about gravitational lensing analysis via RI approach in a non-AF
KNAJdS spacetime. It is aimed to use the theoretically evaluated bending angle

formulae for two different black holes. ’

6.1 The Briefly Mathematical and Physical Structures of
Kerr-Newman (anti) de Sitter (KN(A)dS) Spacetime

The corresponding metric in the Boyer-Lindquist coordinates is given by [73]

. 2 . 2
A, 20 Agsin®@ 2 +d? dr*  de?
dszz——z (dt_asm d(p) ;. Besin (adt—r +a d(p) +p2( r +_)’

0 = p2 = A, Ag
(6.1)
in which
a’ a’
p? =r* +a*cos* 6, A9:1—l—2cos2e, 3:1_1_2’
P (6.2)
A= (*+d?) (1 + 1_2) —2mr +é*.

Here, the parameter a represents rotation, while e and m denote charge and mass,
respectively. The curvature radius, /, is determined by A = —3/ ~2[73, 74]. The mass
M and angular momentum L of the KN(A)dS can be calculated using Komar integrals
with the assistance of Killing vectors d;/Z and dy [75]. By referencing AdS space as

the background, one can derive

7 The material of this chapter was published in [72]
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(6.3)

It is possible to also figure out the charge of KNAdS line element via finding the em
field tensor flux for r — o [76] as

Qe = (6.4)

(| o

The Einstein-Maxwell field equations are satisfied by the metric ((6.1)) when coupled

with the em vector potential (1-form) given by
er _ae sin” @

Al: A(P_

_Ea 9 (65)

poE
where Ag is angular component of the em vector potential. Alternatively, one could
verify that the em potential produces the resultant field strength tensor: In addition, the
vierbein fields [74] for the metric (6.1) may be defined by

)
e’ \/A_’(dz—“sm ed(p), el=P qr

p ) VA, 6.6)
. 2 2 ’
ezz\/%dﬂ, e3:—”A9pS‘“e (adt—r +a d(p).
0 =

Alternatively, it is possible to verify that the em potential equation (6.5) produces the

resultant field strength tensor as

2 2 ) . 2 2
2 0 26
poelPr—2r) <dt—%d(p> Adr+ 0D (adt— rta d(p) Ad,

p* E p* E
(6.7)
on the other hand
2 2
e(p”—2r 2eracos
F = ( > >(eo/\el)—T(ez/\e3). (6.8)
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To determine the magnetic fields generated by the KN(A)dS spacetime, one may

calculate the non-zero contravariant components of the em field tensor:

2 2
prr =) (02 g2y, po— _efring,
(6.9)
£ro ea(zigpz) ol Fo — 2F“;—g’rEcote.

The magnetic field elements of the KN(A)dS solution can be extracted from equation

(6.9) by employing the subsequent formula, as cited in references [77, 78]:

1
B, = EE,VNoanF“T (6.10)

in which u¥ represents the 4-velocity vector and the covariant Levi-Civita tensor
(Riemannian volume form) is defined by E,var = | gl 1/ 28yvm with &9 = +1 [79, 80].

To sum up, the non-zero components of the magnetic fields can be written as

_ 2ear (r2 + az) cosO
r= p4Ar

6.11)

5 _eal*(p* —2r?)sin®
O Tp*(atcos?6—12)

(6.12)

in which the net magnetic field relation: B = /B2 —|—B%. It is important to highlight
that the formulas describing the magnetic and electric field components in the Kerr-
Newman spacetime with the inclusion of the cosmological constant for a zero-angular-
momentum observer (ZAMO) were derived in Ref. [81]. When the cosmological
constant A is extremely small and the detector is located far away from the black hole,

such that a << r, Eq. (6.11) can be approximated as

B, ~ L

N2€a0056+4eamcose+o(l), 6.13)

r3 r rd
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where this simplification leads to the radial component of the magnetic field in the
Kerr-Newmann solution, as described in the Ref. [82]. It is important to mention that
the Biot-Savart law in electrodynamics states that a charged particle with mass m and
charge e moving in a circular orbit with angular momentum L possesses the magnetic

dipole moment given by

=X (6.14)

in which X is the gyromagnetic moment [82]. The magnetic dipole moment g can be
written as

— 3 u . e e —_— u

polWé)é—i 6.15)

73

Consequently, the radial component of this field can be expressed as B, = B-ér=
21 -ér/ r3. By comparing the leading-order term of the radial magnetic field derived

from Eq. (6.13) with the expression given in Eq. (6.15), we obtain

fi=ed="—=2". (6.16)

Note that, X = 2 for the charged slow-rotating KN(A)dS spacetime.

The (positive) roots of the metric function A, = 0 gives the horizons of metric (6.1).
Therefore, the horizons are found by [74]

1
A= (rz +a2) (1 — gAr2> —2mr+é?

Lola (3 o2\ OM 3 ., 5
:—§A {r —(K—a )r -l—Tr—K(a -l—e) (6.17)

= G ) ) (=) (7= ) =0,

in which the roots r;4 and r__ form a pair of complex conjugates, while ry and
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r_ are two distinct positive real roots, where r is greater than r_. As a result, the
value r = r corresponds to the event horizon. Also, the Hawking temperature of the

KN(A)dS space time can be written as
B 31{‘|r + (a2 —|—€2) ri — (2 (a2 + ez)

= 6.18
" Anl?r, (ri + a2) (6.18)
6.1.1 Gravitational Lensing in KN(A)dS Spacetime
The generic light ray equation of metric (2.35) can be written as
d*u u* dx(u)
— =2 — 6.19
O S (©6.19)
where u = % and K(u) is given by
2 +p(r) f(r
wy= S OTPON) a2 2 ag(LE], (620

h(r) [g(r)E+ f(r)L)]

in which E and L are the energy and angular momentum of photon, respectively.

If we put the metric function in (6.1) into the generic null geodesic equation formula

Eq. (6.19), Eq. (6.19) reduces to

d’u 3Mu?  2e%u?

d_(p2 +Bu = 2z 2 (6.21)
: : a> a
in which § = —97 -+ uZL(;fEa) ando =1+ %Aaz.
By using the linear solution of Eq. (6.21) as u = Sin(}/&p) , where R denotes the impact

parameter, an approximate solution can be obtained. Upon substituting this solution

into Eq. (6.21), the approximate solution of the differential equation is derived as

B sin(\/B(p) 1 3(PCOS(\/B(P)
u(e) = R +4R3 { ((1 —|—Cosz(\/B(P)> 4MR + € (W

_sin(\/B(P) cos’(1/Bo) _ ZSin(\/B(P)> } ‘

(6.22)

Bo o
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And, Eq. (2.38) gives
P : cos®(v/Bo)  sin(2/Bo)sin(1/Bo)
~15 {4MR\/Bsm(2\/B(p) +é? < N - /Boz

3gsin(y/Bo) cos(v/Bo) \ | _
o2 - \/BOCZ >}_E\/BCOS(\/B(P)'

A(r,9)

(6.23)

In order to analyze the influence of the black hole model’s geometry and physical
parameters (such as charge, mass, and spin) on the equation for the closest approach
distance, denoted as rp, an analysis is conducted at ¢ = w/2. Subsequently, the

reciprocal of the closest approach distance is evaluated as

1 :sin(\/RBTC/Z) + ! {((1 +cosz(\/B7t/2)> 4AMR+

ro 4R3
2 3ncos(v/Br/2)  sin(/Br/2)cos*(/Br/2)  2sin(y/Br/2)
2/Ba o Bo '

(6.24)

In order for being able to check astrophysical applications of our results, let us
investigate what happens for ¢ = 0. For the cases when %’ << 1 and AR? << 1

[41, 83, 84], the radial coordinate and its first derivative with respect to ¢ can be

written as
_ Ba’R? o 2VB
Then, Eq. (2.39) gives
A — tan P 2M BPPR*A  4M?* a’A - 2
ane =tan¥Wp~ ————<1— — —
* 7 B2aR M2 2BRE 3 302
(6.26)

e 282 244N 24°A1) Y2
e L i vt ool

When we apply the standard approximate expansion of square root, Eq. (6.26) reduces

to
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tane = tan Wy ~

2M { BP’R*A  2M?*  &’A {1+ 21

B3/203R 24M2  o2BRZ 6 302
2M? 2¢> 24*A  2a*A Moat
f | o ——— | .
B0 R4 2 32 3p2 al9Bl19/2R17

(6.27)

Note that, If a — 0, Eq.(6.27) gives the same result for the linear case in [65].

At this stage, it is necessary to decide how to handle the parameter . As evident from
Eq. (6.21), this dimensionless parameter contains information about the propagation
of light rays through the spacetime under consideration. By using the definition of the

impact parameter and considering R = L/E [85], we can express [ as

Ad> R+a
= —— . 6.28
p 30(2+R—a ( )

Now, we explore significant astrophysical implementations. We conduct a numerical
examination to observe the impact of electric charge in the presence of a cosmological
constant by analyzing the bending angles obtained for different rotation limits, denoted
as j (= ac*/GM). The numerical analysis is specifically focused on two black holes,

and their respective characteristics are documented in [72].

In our numerical analysis, we adopt @ = O as the reference point for measuring the
one-sided bending angle. This reference point corresponds to a significantly large
distance from the source. We plot the bending angle € as a function of x = R/R,,
where R, represents the radius of the charged compact star. It is worth noting that
we convert the geometrized units to standard international units (SI units). The mass
(M) and electric charge (Q) are converted to SI units by multiplying the mass by G¢ =2

and the charge by G!/2¢ 2 (47[80)_1/2 .Here, G = 6.67408 x 10~ "'m3kg~'s~2 denotes
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the gravitational constant, ¢ = 3 x 103ms~! represents the speed of light, and €y =
8.85418 x 10~"2C>N~'m? corresponds to the free space permittivity. Consequently,

the one-sided bending angle is measured in radians.
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Figure 6.1: The plots illustrate the bending angles € as a function of x = R/R, for
both the M87 and Sgr A* black holes. In the case of Sgr A*, the graphs are generated
assuming a mass of 4.1 x 106M@. The Schwarzschild radius is taken as 1.27 x 10'%,
and the charge is approximately 10'°C. For the M87 black hole, the graphs are plotted
based on a mass of 6.5 x 10°M.,, an observable radius of 16.8M pc, and a tidal charge
of 9.35 x 10?>C. Additionally, as mentioned earlier, j = 1 represents the maximum-
rotation scenario, while j = 0 corresponds to the non-rotating case.
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Chapter 7

CONCLUSION

In this thesis, we have used the Ernst formalism to generate the Maxwell extensions of
ZN metrics. The ZV metrics are known to arise from the interaction of aligned, static
rods [86]. However, our approach surpasses the concept of finite rods and explores
the realm of infinite plane waves. By exploiting the symmetry in this limit, we are
able to discover additional exact solutions using the power of the Ernst formalism.
It is worth mentioning that the relationship between the two dimensional colliding
wave spacetime and the three dimensional spherical coordinates can be viewed as a

holographic manifestation.

Furthermore, it is important to emphasize that our study also paves the way for
transforming the infinite class of EM solutions with the second polarization [55] into
the ZV space, as we have demonstrated in this paper. This transformation will also

involve the spinning of the source.

Regarding non-spherical, charged compact objects, the obtained solution (3.26) is
significant for astrophysical implications. The observable universe indicates that most
planets and stellar objects possess magnetic fields. Our Earth, for instance, possesses
a relatively weak magnetic field on the order of B ~ 0.5G, which is nonetheless
crucial for supporting life. Similarly, most of other planets exhibit magnetic fields that
are either stronger or weaker than the Earth’s. On the other hand, gravastars possess

extremely high magnetic fields on the order of ~ 10'*G. When we combine the
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existence of these magnetic fields with the non-spherical topology of planets/stars, we
naturally encounter the case of the charged ZV metric. This metric is characterized by
three parameters: m, g, and y. For Y > 1, the object is oblate; whereas for Y < 1, it is
prolate. Notably, the spherically symmetric RN solution is obtained at Y= 1, and its
uniqueness dictates that any other class of EM solutions must agree at y =1 as well.
The source of our metric can be purely electric or purely magnetic. The motion of test
particles in the effective potential has been investigated for both cases. Combining
electric and magnetic fields in a more realistic scenario, which requires a separate
study, can further enhance our understanding. Furthermore, in the calculation of the
Newtonian potential in the charged ZV spacetime, the charge contributed to the
quadrupole moment, along with the contribution of the dipole moment and singularity

analysis resulted in the charge shifting the ZV singularity.

Gravitational lensing analysis was performed in this thesis as an astrophysical
application, utilizing the GB theorem with the aid of geodesic analysis in the
equatorial plane, based on compact objects with known physical parameters. The
effect of the geometric deformation parameter on the lensing of charged ZV and
uncharged ZV, as well as stationary ZV spacetimes, was investigated using the limit
obtained. Additionally, the gravitational redshift value was calculated in the charged

ZV spacetime.

To use the CX theorem, is investigated the stationary charged ZV spacetime and the
expansions of all metric functions and EM potentials of this new solution are up to the
quadrupole moment term. Moreover, it is observed that the stationary solution reduces

to the charged ZV, ZV, RN, and Schwarzschild limits under certain conditions.
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In this theses, the possibility of traversing backward in time within our newfound
universe is contemplated. However, it is important to emphasize that this speculation
is limited to our physical realm alone, as the preservation of chronological order

should prohibit such a phenomenon within the context of biological time.

After performing a quantum probe using two different directions of scalar waves on
the ZV charged singularity located beyond the outermost regions of ZV spacetime, it
has been observed that quantum healing is direction dependent in both spacetimes. It
is found that only in the ® = 0 plane and 0 < y < 1 range, both solutions, which are

classically singular, are quantum mechanically regular for s-wave mode.

Finally, in the lensing analysis performed using the RI method in the well known non-
spherically symmetric KN(A)DS spacetime, the general lensing formula obtained has
been calculated in the limit where rotation and charge are zero, matching the expression
found by RI in the Schwarzschild-de Sitter spacetime. This derived general formula
has been applied to M87 and Sgr A* black holes to investigate the effect of rotation on
gravitational lensing. The astrophysical analyse confirmed the theoretical prediction
that rotation enhances the lensing effect. Additionally, it is observed that the impact of
the cosmological constant on lensing is quite small in this analysis, depending on the

chosen value.
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Appendix A: Asymptotic Expansion Coefficients for Metric

Functions and em Potentials

The coefficients of the metric functions asymptotically expanded in (A.1 —A.5) are
shown below.
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The coefficients of the em potentials are given by

_ plk+1)
W= k-1
o = 2Ym (k(p2—1)+p2+1)
k+1
_2'Ym2p ) B ) B . i
0 =" (2yp* (K + (k=2)(k+ 1)p* +k—2) +k ((k+2)p* —k+2) +p* — 1)

o = 2y’ ro (ro (P*+3) (k(p* = 1) +p*+ 1) + 12yp* (K + (k= 2)(k+ 1)p* +k —2))

3(k+1)

_ 4731;6’”3 ((k(2k+15) —23) + (k+ 1)(2k— 1)p?)

. 4P P’ (k—1) ((—14k)(1 4 2k) + (=23 +k(—15 +2k)) p°)

3(k+1)
5 -1
= ke Dprrk—17
B1 = dymp’

Bo =2ym’p® (Y+k (p* +1) (v(p* = 1) =2) + p? (v(p* +6) —2) +2)

4 3.2
By — — royg”’ (P2 +3)ro—3y(k(p* — 1) + p* +6p>+ 1))
3.4 k—2
+ Loy’m 1; (k—2) (2(k—2)p* + K+ (k+1)p*+1)

124

(A.6)

(A7)



	ABSTRACT
	ÖZ
	DEDICATION
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF SYMBOLS
	LIST OF ABBREVIATIONS
	1 INTRODUCTION
	1.1 Deviating from Standard Symmetries
	1.1.1 Observational Aspect
	1.1.2 Theoretical Aspect

	1.2 General Information on Gravitational Lensing, Redshift and Singularity
	1.2.1 Gravitational Lensing
	1.2.2 Redshift
	1.2.3 Singularity

	1.3 A Brief Prescription of The Thesis

	2 Mathematical Preliminariens
	2.1 Ernst Formalisim
	2.2 Quantum Singularities
	2.3 Tools for Exploring Gravitatinal Lens and Redshift Effects

	3 Maxwell Extension of ZV Metrics
	3.1 Review of Uncharged ZV Metric
	3.2 Charged Extension of ZV Metric
	3.3 Stationary Charged/Uncharged ZV Metrics
	3.3.1 Stationary Charged ZV- Metric in S- Coordinates
	3.3.2 Asymptotic Form of The Metric, Closed Time-Like Curves
	3.3.2.1 Metric Functions for r
	3.3.2.2 Possible Existence of Closed, Time-Like Curves



	4 Physical Properties of Charged ZV-metrics
	4.1 Newtonian Limit
	4.2  Electromagnetic Sources for The Metric
	4.2.1 Pure Magnetic Case
	4.2.2 Pure Electric Case

	4.3 Singularity Structure
	4.4 Restricted Geodesic Analysis for The ZV Spacetime
	4.4.1 Charge Effect on The Time-Like Geodesics with ==0
	4.4.2 The Circular Null-Geodesics
	4.4.3 The Linearized Circular Geodesics with =0, in The Vicinity of =/2
	4.4.4 The Particle Motion in The Equatorial Plane 
	4.4.4.1 The Magnetic Case
	4.4.4.2 The Electric Case

	4.4.5 Gravitational Lensing in Charged ZV Spacetime
	4.4.5.1 Gravitational Lensing in Stationary Uncharged ZV Spacetime

	4.4.6 Gravitational Redshift in Charged ZV Spacetime
	4.4.7 Applications in Astrophysics


	5 Singularity Analysis
	5.1 Probing The Outermost Singularity at =/2 Plane 
	5.1.1 For The Charged ZV Solution
	5.1.2 The Uncharged ZV Solution

	5.2 Quantum Singularities on The North-Pole (=0):
	5.2.1 For The Charged ZV Solution:
	5.2.2 For The Uncharged ZV Solution


	6 Kerr-Newman (anti) de Sitter (KN(A)dS) spacetime
	6.1 The Briefly Mathematical and Physical Structures of Kerr-Newman (anti) de Sitter (KN(A)dS) Spacetime 
	6.1.1 Gravitational Lensing in KN(A)dS Spacetime


	7 Conclusion
	REFERENCES
	APPENDICES
	A Asymptotic Expansion Coefficients for Metric Functions and em Potentials


