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ABSTRACT

Mikusiniski’s operational calculus is a method for interpreting and solving fractional
differential equations, formally similar to Laplace transforms but more rigorously
justified.  This formalism was established for Riemann-Liouville and Caputo
fractional calculi in the 1990s, and more recently for other types of fractional
calculus. In this thesis, we consider the operators of Riemann—Liouville and Caputo
fractional differentiation of a function with respect to another function, and discover
that the approach of Luchko can be followed, with small modifications, in the more
general settings too. We establish all the function spaces, formalisms, and identities
required to build the versions of Mikusinski’s operational calculus which cover
Riemann-Liouville and Caputo derivatives with respect to functions. In the process,
we gain a deeper understanding of some of the structures involved in applying
Mikusiniski’s operational calculus to fractional calculus, such as the existence of a
group isomorphic to R. The mathematical structure established here is used to solve
fractional differential equations using Riemann-Liouville and Caputo derivatives with
respect to functions, the solutions being written using multivariate Mittag-Leffler

functions, in agreement with the results found in other recent work.

It is useful to understand how the various operators of fractional calculus relate to
each other, especially relations between newly defined operators and classical well-
studied ones. In this work, we also focus on an important type of such relationship,
namely conjugation relations, also called transmutation relations. We define a general
abstract setting in which such relations are relevant, and indicate how they can be used
to prove many results easily in general settings such as fractional calculus with respect

to functions and weighted fractional calculus.
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Mikusinski’nin operasyonel kalkiiliis metodu, kesirli diferansiyel denklemleri
yorumlama ve ¢6zme yontemi olup, bicimsel olarak Laplace doniisiimlerime benzese
de daha detayli dogrulanmistir. Bu formalizm Riemann-Liouville ve Caputo kesirli
kalkiiliisleri icin 1990’1h yillarda belirlenmis olup, simdilerde diger kesirli kalkiiliis
cesitleri icin de kullanilmaktadir. Bu tezde, bir fonksiyonun Riemann-Liouville ve
Caputo kesirli tiirevinin diger bir fonksiyona gore operatorleri ele alinmistir ve
Luchko’nun yaklasiminin ufak degisikliklerle daha genel durumlarda da
kullanilabilecegi kesfedilmistir. Ayn1 zamanda, Mikusinski’nin operasyonel kalkiiliis
metodunun, fonksiyonlara bagli olarak Riemann-Liouville ve Caputo tiirevlerini
kapsayan tiirlerini olusturmak icin gereken tiim fonksiyon alanlari, formalizmler ve
Ozdeslikler belirlenmistir. Bu siirecte, Mikusinski’nin islemsel kalkiiliistinii kesirli
kalkiiliise uygulamada, reel sayilar kiimesine izomorfik bir grubun varligi gibi yer
alan yapilar daha derin bicimde kavranabilmigstir. Burada belirlenenen matematiksel
yap1, Riemann-Liouville ve Caputo tiirevlerini fonksiyonlara gore kullanarak kesirli
diferansiyel denklemleri ¢ozmek i¢in kullanmilmigstir. Cok degiskenli Mittag-Leffler
fonksiyonlarini kullanarak yazilan ¢oziimler, yakin zamanda diger ¢alismalarla ortaya

cikan neticelerle uyumludur.

Cesitli kesirli kalkiiliis operatorlerinin, 0zellikle yeni tanimlanmis ve hélihazirda iyice
caligilmig olanlarin, birbiriyle olan iligkisini anlamak faydalidir. Bu makale, bir diger
ad1 doniisiim iligkileri olan, operatorler arasi iligkinin onemli bir ¢esidi konjugasyon
iligkilerine odaklanmaktadir. Bu iligkilerin gecerli oldugu genel bir soyut durumu
tanimlanarak, bunlarin fonksiyonlara bagh kesirli kalkiiliis ve agirlikli kesirli kalkiiliis

gibi genel durumlarda bir¢cok neticeyi kolayca 1spatlayabilmek icin nasil
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kullanilabilecekleri belirtilmistir.

Anahtar Kelimeler: kesirli diferansiyel denklemler, Mikusifiski’nin operasyonel
kalkiiliis, fonksiyonlara gore kesirli kalkiiliis, cebirsel konjugasyon, agirlikli kesirli

kalkiiliis
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Chapter 1

INTRODUCTION

The birth of fractional calculus is accredited to the communication between Leibniz
and de I’Hopital which took place when the 17th century was drawing to its end.
Thereafter, researchers worked little on the subject in the following three centuries,
but notable strides in the field became conspicuous in the last few decades [1-5].
Despite the physical or geometrical complications involved in understanding the
meaning of fractional operators [6], there lies deep interest among researchers to
work upon the applications of fractional calculus in various disciplines [7-10],
including dynamics [11, 12] and continuum mechanics [13, 14]. The multi-faceted
nature of fractional calculus and its applications makes it vital to study the methods

and techniques which can be applied to solving fractional differential equations.

Unlike in classical calculus, fractional derivative and integral operators can be defined
in various different non-equivalent ways.  The Riemann-Liouville fractional
derivative is the most well-established and historically the most used definition.
However, it has some innate disadvantages: for fractional differential equations in this
model, the required initial conditions are intrinsically fractional, which makes the
model less useful for applications. For this reason, the Caputo fractional derivative
arose in the late 20th century to challenge Riemann—Liouville, being more suitable
for modelling physical phenomena due to requiring initial conditions in the classical

form [8].



Many other operators have been proposed and named as fractional integrals or
fractional derivatives [3,4, 15, 16], many of them being motivated by and studied for
the sake of their applications in modelling. From the mathematical viewpoint, it is
logical to study fractional calculus in a generalised framework, defining general
classes of operators rather than proving the same results over and over again for every

single operator [17].

Several of the operators defined in the past fall into the general class of fractional
operators with respect to functions [3, 18], although it is itself a subset of the class of
fractional operators with analytic kernels with respect to functions [15, 19]. Riemann—
Liouville fractional calculus with respect to functions was first defined by Osler in 1970
[18], and further studied in several textbooks [2—4]. From this definition it is simple
to obtain analogously a Caputo version [20] and a Hilfer version [21], while further
studies of fractional operators with respect to functions, using operational calculus,

can be found in [22,23].

The major focus for applications of fractional calculus lies in fractional differential
equations, which relate a function to some of its fractional derivatives, and which can
be used in the modelling and understanding of many real-world systems, especially
those involving hereditary or intermediate effects. Both ordinary and partial
differential equations can be extended to a fractional setting, and some classical
methods for solving ordinary or partial differential equations can be extended to
fractional differential equations: for example, iteration methods [24], series
methods [2, Section 8.6], transform methods [25], etc. But all these and other
techniques are not without certain innate shortcomings: for example, the Laplace

transform method cannot be used for solving equations with too swiftly increasing



forcing functions [3,5]. Meanwhile, some methods work efficiently only for relatively

simple equations, such as those with rational order [1,26].

In the 1950s, Jan Mikusifiski [27] proposed a new algebraic construction for an
operational calculus which can be used to understand the operator of differentiation
from a new perspective and to rewrite differential equations in a formal symbolic way
for easier solving. His approach was based on treating the convolution as a
multiplication operation forming a ring of continuous functions, extending the ring to
its quotient field, and interpreting derivatives and differential equations symbolically
within this field. The structure that emerges is formally equivalent to that of the
Laplace transform, but it has been argued [28] that Mikusinski’s operational calculus
is easier to make mathematically rigorous, more approachable than the distribution
theory required for a rigorous formulation of the Laplace transform, and can be
applied in certain situations where the Laplace transform cannot. Since Mikusinski,
several other researchers [29-32] have investigated other types of operational calculus

inspired by Mikusinski’s and its further extensions.

The fractional-order version of Mikusinski’s operational calculus has been developed
since the 1990s, largely by Luchko [33] together with various collaborators [34—37].
To the best of our knowledge, the first work on this topic was in 1994 by Yakubovich
and Luchko [34], in a Russian-language paper dealing with Erdélyi—-Kober operators
and some associated fractional differential equations. This was rapidly followed by
papers establishing Mikusinski’s operational calculus for Riemann—Liouville
operators [35, 38, 39], and then for Caputo operators [36] as well as other types of
fractional-calculus operators [40, 41] and other types of operational calculus [42],

with a survey paper published by Luchko in 1999, [33]. The development of



Mikusinski’s operational calculus for various fractional-calculus operators has
continued into the 2000s [37, 43, 44], always with applications to fractional

integro-differential equations of various types.

The extension of Mikusinski’s operational calculus to the setting of
fractional-calculus operators of a function with respect to another function was first
achieved in the papers on which two chapters of this thesis are based [45, 46], since
fractional differential equations using fractional derivatives with respect to functions
are gathering considerable attention in recent mathematical research, e.g. [23,47-49].
In Chapter 3, following closely the methodology used in [35] with the necessary
modifications to deal with the operators being taken with respect to a function, we
construct an adaptation of Mikusinski’s operational calculus which is applicable to
Riemann—Liouville fractional-calculus operators with respect to functions. Using this
operational calculus, we obtain solutions of fractional differential equations in the
framework of the Riemann-Liouville fractional differential operator of a function

with respect to another function.

Just as the original formalism was adapted from Riemann-Liouville derivatives to
Caputo derivatives by Luchko and Gorenflo in 1999 [36], in Chapter 4 we seek to
adapt it from Riemann-Liouville derivatives with respect to functions to Caputo
derivatives with respect to functions. As mentioned above, Caputo-type derivatives
are often more useful than Riemann-Liouville-type derivatives, and cases such as
Caputo—Hadamard have already received attention and applications in the
literature [50-52], while more general Caputo fractional differential equations with
respect to functions are also being studied mathematically [47-49]. Therefore, we

expect this work to be considered useful by researchers in both pure and applied fields



of study.

In recent decades, the study of fractional calculus has branched out to include many
other operators in addition to the Riemann—Liouville and Caputo ones, sparking debate
on what conditions should be satisfied by a fractional derivative or integral [53]. One
important way to establish an operator as part of fractional calculus is to show that it
is somehow related to the classical differintegral operators of Riemann-Liouville and
Caputo. For some operators [17,54], this has been done by means of infinite series
formulae; for others [22,55], the relationship takes the form of conjugation relations,
expressing the new operators as conjugations of the classical ones by some invertible

functional operator.

Unfortunately, such connections between different fractional operators have been
greatly underappreciated in much of the recent literature. For example, conjugation
relations for fractional operators with respect to functions have been shown in the
classical textbooks [3, 4] and, under the name of transmutations, their power in
solving fractional differential equations has been noted in Erdélyi—Kober [56,57] and
more general settings [58], but they have been entirely ignored in the vast majority of
recent papers on fractional operators with respect to functions and the associated
differential equations. This has led to a lot of wasted effort, since many papers have
provided full proofs (parallel to the classical proofs) of mathematical facts about
fractional operators with respect to functions, when in fact the classical results

together with the conjugation relations would be enough for very short proofs.

The same process applies for any such mathematical connection, whether a series

formula, a conjugation relation, or anything else: they grant the ability to deduce



many facts in a generalised setting immediately from the corresponding known facts
in the classical setting, without need to waste time reproducing the proofs. The only
challenge remaining is to find the appropriate generalised setting and set up the
framework for extending known results there. A class of operators has been
defined [15] in which the methodology of series formulae can be used in its most
general possible setting. Chapter 5 of this thesis is based on a paper [59] which
established the most general possible setting for conjugation relations in fractional
calculus. We define a general abstract setting in which these relations are relevant,
and indicate how they can be used to prove many results easily in general settings

such as fractional calculus with respect to functions and weighted fractional calculus.



Chapter 2

PRELIMINARIES

Fractional calculus is defined as the study of derivatives and integrals taken to non-
integer orders, extending the concept of repeated differentiation and integration to a
more general “differintegration” with a continuous (real or complex) order parameter.
Here in this chapter, we recall some classical as well as fractional calculus definitions

which we will need to use in the subsequent chapters.

Definition 2.1: The field of fractional calculus revolves around the

Riemann-Liouville integral [3,4, 8], defined by

Rt f(x) = ﬁ/x(x—t)“lf(t)dt, x € (a,b), 2.1)

for p € C with Re(u) > 0 (or p > 0 if we assume real order) and f € L!(a,b), and two
competing fractional derivatives, usually named after Riemann—Liouville and Caputo,

defined respectively as follows:

8D () = (R AW), we(a) 22)
kg =1t (3570). e ) 23

for u € C with Re(ut) > 0 (or u > 0 if we assume real order) and n := |Re(u) | + 1.
Interpolating smoothly between these two definitions of fractional derivatives is a more

general one, usually named after Hilfer [7], which is defined as follows:

d}’l

DL f) =4y (@ (’f,li”)("“)ﬂx))) . x€l@b), @4

for u, n, f as before and 0 < Re(v) < 1 (or 0 < v < 1 if we assume real order). Note



that the case v = 0 gives the Riemann-Liouville derivative and the case v =1 gives
the Caputo derivative. A further extension of the Hilfer derivative has been studied

recently by Luchko [60], defined as follows for any m € N:

m[&Di'L’YI" ?’mf (Hlélggkdx) (le H=n-—- —me< )>

forO<u<landy, -, >0suchthat uy+y+---+yp <kfork=1,2,--- /m,and
for f in some suitable function space, such as the space anm defined in [60, Equation
(49)]. Note that the case m = 1 gives the Hilfer derivative, while the case y;, = 0 for all
k gives the Riemann—Liouville derivative. (It is presumed that this definition can also
be extended to general u € C with Re(u) > 0, just like the Hilfer derivative, but this
was not done in Luchko’s paper [60] and attempting it here would take us too far out

of our way.)

It is interesting to note that all of the above fractional derivatives are simple
compositions of Riemann-Liouville fractional integrals with the ordinary derivative
D, = %:

RDt = DyoDyo---oD o R H,

(DY =4I FoDcoDyo oDy,

IZD)‘CL’V = 121,‘:("7#) oD,oD,o---0D, 051)(517‘/)("7“)

Y

where in each case there are n repetitions of the D, operator, with n = |Re(ut)] + 1 so

that n — 1 <Re(u) < n, and similarly

LAWY Y — R R Ryl — Vi — oo
maD.ng ym_aI.,))C/lODxO”.OaI;)C/mODXOaI;n U—n Ym.

Thus, the operators of fractional integration (in the Riemann-Liouville sense) and

ordinary first-order differentiation can be understood as the basic building blocks used



to generate several different types of fractional calculus, at levels of generality up to

and including Luchko’s mth level fractional derivative.

Throughout this thesis (unless specified otherwise), the function y : RE)L — ]Rar is
assumed to be a non-negative C* function with ¥’ > 0 everywhere (therefore y
monotonically increasing) and y(0) = 0. The reason for these restrictions is that we
shall be using y as a substitution in integrals, so Y should be bijective, and we shall
be dealing with fractional powers of y(x) and their relationships with fractional

operators, so we want y(0) =0 and y(x) > 0 for all x > 0.

Definition 2.2 ( [3, 18, 20]): The uth Riemann-Liouville fractional integral of a

function f(x) with respect to y(x) is defined as
1 _ ,
Aot 0 =i [ (W0 -v0) v od  xelap), @)

where the order of integration can be real, > 0, or complex, pu € C with Re(u) > 0.

The puth Riemann-Liouville fractional derivative of a function f(x) with respect to

y(x) is defined as

1 d

VO ) AW ve@heo

0l 0= (

where the order of integration can be real, © > 0 withn—1 < u <n € N, or complex,

1€ CwithRe(u)>0andn—1<Re(u)<neN.

The pth Caputo fractional derivative of a function f(x) with respect to y(x) is defined

as

. 1 d\"
CDh ) = Il (w—ud—x) f),  x€(ab), )

where the order of integration can be real, 4 > 0 withn—1 < u <n € N, or complex,



i € CwithRe(p) >0andn—1<Re(u) <neN.

Definition 2.3 ( [23,61]): Given two functions f and g defined on the positive reals,
their y-convolution, or generalised Laplace convolution, is the function f x, g defined

as follows:
(f #yg) (x) = /0 (v (W) — w() gV (1) dr, x>0,

provided that this expression is well-defined (e.g. if the functions f and g are piecewise
continuous and of y-exponential order). Note that here the condition y(0) = 0 is

required to make this convolution operation work in a natural and desired way.

10



Chapter 3

RIEMANN-LIOUVILLE FRACTIONAL CALCULUS

WITH RESPECT TO FUNCTIONS

Our work in this Chapter will consist of following closely the methodology of Luchko
[33,35] and adapting as necessary to replace integration and differentiation with respect
to x by integration and differentiation with respect to y(x).

3.1 Function spaces for Riemann-Liouville operators

We begin by defining the function space Cy y, @ € R, which will be used in our

investigation.

Definition 3.1: For any given a € R, a function f(x), x > 0, is said to be in the space

Cq,y if there exists a real number p, p > «, such that
f) ={y(x)}* fi(x),

for some function fi(x) in C[0, o).

Clearly, Cq.y is a vector space and the set of spaces Cq y, @ € R, is ordered by

inclusion according to
Cay CCpy < a>P. 3.1

These function spaces are a straightforward analogue of the well-known spaces Cy,
(those defined by Dimovski [29,30] and used by Luchko in his works on Mikusinski’s

operational calculus for fractional derivatives such as [33]), which are a suitable setting

11



for consideration of the fractional integral and derivative operators with respect to the

function y [3,4, 18].

Theorem 3.1: The fractional integral of a function with respect to another function,
namely the operator olf;(x) with g > 0, is a linear map of the space Cq,y into itself, for

any o > —1. More specifically,
OICL/()C) . CaJl/ —> C'u+(x’]’/ C Cdv‘l"

Proof. The case pu = 0 is trivial. In the case u > 0, setting y(¢) = y(x)7 in (2.5), we

obtain

{w(x)prrr
I'(u)

where p > o and f] € C[0,e). The last integral is uniformly convergent with respect

ol 1) = /O (1 i (w(x)7) de = (Y ()} f(),

to x in every closed interval [0,X], X > 0, since p > —1 and u > 0; consequently, we

have f, € C[0,) and olfll/(x)f €Cuta,y- O

The fractional integral operator Olﬁ(x)’ u > 0, has a y-convolution representation in

the space Cg y, @ > —1:

{y!
CT(w)

where %y, is the generalised convolution operation defined [23,61, 62] by

(ofty ) () = (s vy ) (2), - () =  f€Cuy, (32

(g ) (x) = /0 (v (W) — W) FOV () d, x> 0. (33)

Using this formalism, we can generalise Theorem 3.1 as follows.

Theorem 3.2: Given two functions f € Cq y and g € CBJV with a, B > —1, their y-

convolution satisfies

12



g *wf - COH‘ﬁ"‘]J// C CameﬁJI/

Proof. We use the same technique as in the proof of Theorem 3.1, writing f(x) =

{w(x)}?fi(x) and g(x) = {y(x)}9g(x) with p > a, ¢ > B, and f1,g1 € C[0,0), and

then setting y(¢) = y(x)7 as an integral substitution:
(o)W = [ 20 (Wl =) SOV ()
= /OX(III(X) —v(0)) g1 (v (W) = (@) (W)’ fi(e)y' (1) de
= {y@yriet!

1
< [ =g (v (1= mw) i (v (o) de

The last integral is uniformly convergent with respect to x in every closed interval

[0,X], X > 0, since p,q > —1; consequently, we have g *y f € Cy i1 y- [

Corollary 3.1: The space C_; y is preserved under the operation of y-convolution:

namely, if f,g € C_q y, then gxy f € C_ y.

Using the representation (3.2) and the commutativity and associativity properties of the
generalised Laplace convolution 3.3, we obtain the well-known commutativity relation

for fractional integrals with respect to functions, in the space Cg y:
u _ u
(02l ) ) = (hyoly ) (). f € Caye > 1.

for any u > 0, v > 0. Moreover, using the Euler integral of the first kind (together with

a y-substitution in the integral) for the evaluation of (hlwf *l,,hVJ,,) (x), we obtain
<OI:/1/(x)OIl\///(x)f> (x) = (0117,a)vf) (x), f€Cay, a>—1, (3.4)

for any g > 0 and v > 0. From (3.4), it follows that

13



oty olle £ )= (oI ) (), FECay, a=—1, (35
N—

forany g >0andn e N.

Theorem 3.3: The fractional integral of a function with respect to another function
OIl/‘lj(x) is a right inverse of the fractional derivative of a function with respect to another

function ng;(x) on the function space Cqy,y, for any o« > —1 and u > 0.

Proof. Consider f € Cyy, ¢ > —l,andn—1<pu<ne Z*. Using (3.4), we obtain

(BPy oty ) (0= (ﬁ %y (oThctoty ) @)
_ (ﬁ %) (o750 f) () = £(x),

since n 1s a positive integer. 0

Definition 3.2: A function f(x), x > 0 is said to be in the space Qg’w, u >0, if we

have the inclusion

<§D¥/(x)f> (x) € Cay,

forallvwithO <v < pu.

Due to the inclusion (3.1), the spaces Qﬁw, are ordered by inclusion in the parameter

o as follows:
u u
Quy C QBW, oa>p,
and also trivially in the parameter u as follows:

Qb y C QY ys WSV,

Remark 3.1: Consider a function g € Cq y and its fractional integral with respect to

14



v,

£) = (ot ) (3). (3.6)

Making use of property (3.4) of the fractional integral of a function with respect to
another function and Theorems 3.1 and 3.3, we get the inclusion f € ng, and the

formula

(01 w0 Py ) (x) = f(x).

This means that the fractional integral operator Olll;/(x) is a left inverse of the
Riemann—Liouville fractional differential operator gDI{[lI(x) on some subspace of Qg_‘w
which contains in particular the functions f € Q’OLW, that are representable in form

(3.6).

Remark 3.2: It is important to note that several of the results above do not represent
new formulae in the theory of fractional calculus with respect to functions, but only
new function spaces in which these formulae are valid. Results such as (3.4) and (3.5),
for example, are well known from the studies in classical textbooks such as [4, §18.2]
and [3, §2.5], but in those sources the results were stated using different function spaces
instead of the Cy,y spaces, which here we have established, in results such as Theorem
3.1, as interacting in a natural way with the operators of fractional integration with

respect to y.

Theorem 3.4: Let f € Qf ,, 0<pu <1, a > —1. Then,

(- ottoh) 1) 0= = im (o) 0. 0

- e p L RpMt
where E is the identity operator on the space €2 y. The operator £ — OII[/(x)ODl//(x) is

15



called the projector of the fractional integral operator with respect to y.

Proof. Define a function ¢ (well-defined since f € Q‘Ol,’u,) by

0(x) = (othy 6D f) ().

Using Theorem 3.1 and Remark 3.1, we obtain

¢ € Copp,y Ny y.

Applying gDﬁl(x) to the function ¢ (x) and using Theorem 3.3, we get
(8049) (0= (00l Dl ) (9= (EDh0 /) (0
so f — ¢ is in the kernel of the operator ng;/(x), which means
F0) = () +k{w(x)
for some constant k. Applying olilzx’)‘ to both sides of (3.10), we obtain

(o) @) = (oly 0 ) () +4T(w).

(3.8)

(3.9

(3.10)

(3.11)

From the inclusion (3.9), Theorem 3.1, and the condition ot > —1, we know that the

function (oI;/_” q)) (x), and therefore, due to relation (3.11), the function

(x)

(01;1@’; f) (x) too, are in the function space Cp y and thus continuous on the interval

[0,00). Furthermore,
(o3 0) () = (ol oty ik o 1) (1) = [ 608 r(2) e
w(x) () Py ()0 P y(x) O]

- (O 1,4 f) (x) — lim (M;,Z;;f) (2).

z—0

Comparing this with (3.11), we find

. 17”

e Zlg% <Olw(x)f) (Z)
T(u) ’
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which, in view of (3.10), leads us to the desired relation (3.7). ]
3.2 Operational calculus for Riemann—-Liouville operators

For the sake of simplicity we shall consider in our further discussions the case of the
space C_1 y, which turns out to be the most interesting one for applications, largely due
to the result of Corollary 3.1. Similarly to the original Mikusifiski’s type operational

calculus, we have the following theorem.

Theorem 3.5: The space C_y with the operations of y-convolution and ordinary
addition becomes a commutative rng (ring without identity) without zero divisors:
(Ctyxy, 1)

Proof. Addition and y-convolution are known to be commutative and associative,
and y-convolution is distributive over addition. The set C_; y is closed under both
operations by Corollary 3.1. The zero function gives an additive identity, and the

negation of any function in C_1 y is in C_1 y. L]

Following Mikusifiski’s reasoning, the rng C_;  can be extended to its quotient field
M_ y by quotienting the set C_j y X (C—va — {O}) with respect to the equivalence

relation

(f:8) ~ (f1,81) <= (f*y&1) (x) = (g*y /1) (). (3.12)

For the sake of convenience, the elements of the field M y can be formally considered

as convolution quotients Jgf, where the operations of addition and multiplication are

defined in M_; y, as follows:

foh_fregitexhi  f fi_freh

, . (3.13)
8 81 8*y 81 8 81 8*y8l

Theorem 3.6: The space M_;  with the operations of addition and multiplication

17



given by (3.13) is a field (M_ y,-,+).

Proof. The proof of the theorem follows the same lines as the standard derivation
from an integral domain (commutative ring without zero divisors) of its quotient field.
The only difference here is that C_y y is not a true ring since it does not have a
multiplicative identity, but the quotient field M_;, does have a multiplicative
identity, namely Iy = § for any f € C_1y. This element in the quotient field is

well-defined, according to the equivalence relation (3.12), and is an identity under

multiplication according to (3.13). [

It can easily be seen that the rng C_; y and the field of complex numbers C can be

embedded in the field M_; , by the following maps:

h
Fis [*y wy (3.14)
h/,L,l[/
h
2y TRV (3.15)
h,u,l//

respectively, where p > 0 is arbitrary, the function Ay y is defined in (3.2), and these

embeddings are well-defined because of the equivalence relation (3.12).

In view of the y-convolution formulation (3.2) of the fractional integral of a function
with respect to another function, we can identify the operator Oly‘j(x) with the element
hy y of the rng C_yy C M_y . Within the quotient field, it is possible to find an
inverse to this element, which can therefore be formally identified with the inverse of
the fractional integral, namely the fractional derivative of a function with respect to

another function. We formalise this concept in the following definition.

Definition 3.3: The algebraic inverse of the fractional integral of a function with

respect to another function OII//(x) is said to be the element S, y of the field M_;

18



which is reciprocal to the element £y, y in the field My y; that is,

by ey My (3.16)
huy  huyryhuy  hopy

Su,y

where I, = ™% denotes the multiplicative identity element of the field M_1 y,.
V™ hyy W

As we have already seen, the operator olf;(x) can be represented as a convolution in
the rng C_; y with the function 7, . This fact can now be rewritten in terms of the

algebraic inverse as follows:

We can also define fractional powers of these operators. The behaviour of the functions
hy y under convolution is well known, or follows from equation (3.5): for @ >0,n €N,

we have

My (X) = flu,w*v""*whu,ug (%) = I,y (x).
n

Extending this relation to an arbitrary positive real power of /1 y(x), we can define:

Ry (X) =y y(x), A > 0. (3.17)

Therefore, hﬁﬂl/ € C_1,y for all A > 0, and the following relations can be easily
checked:

hit *Whﬁyw = hapy *y hpuy = Mot puy = hﬁjl/ﬁ> >0, >0. (3.18)

The above relations motivate the following definition of powers of the element S,

with an arbitrary real power exponent A € R:
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A
Sl»%‘l’ - Il’/) A‘ - 07

Using this definition and the semigroup relation (3.18), we get:

S% Sty =Spy s 0B ER. (3.19)

In the following theorem, we find the relationship between the Riemann—Liouville
fractional differential operator of a function with respect to another function and

elements of the field M_ y,.

Theorem 3.7: For any u > 0, the Riemann-Liouville fractional differential operator
of a function with respect to another function ng;(x) may be represented in the field

M_y y in the following form, for f € Q™ v
gD’uL/(x)f:Su,W'f_Su,v/'mef, (3.20)

where Py y = E — Olﬁ(x)gDﬁ/(x) is the projector of the operator Olf;(x)' This means
that the Riemann-Liouville fractional differential operator of a function with respect
to another function is reduced to an operator of multiplication in the field M_ y,, with
an extra initial value term.

Proof. Given any f € QM 1y We have by definition of the projector

F) = (Puef) @)+ (ol oDl 1) ()

= (Pu ) @)+ (Dl f) (0.

Multiplying both sides of the last relation by S,y and using the definition of Sﬁﬁ/f as

20



the inverse of 7, y, we obtain the required result. O]

For the application of Mikusinski’s operational calculus to solving fractional
differential equations in the setting of Riemann-Liouville fractional derivatives with
respect to functions, it is important to identify those elements of M_ y which can be
represented by means of functions in the rng C_;y. One useful class of such

functions is given by the following theorem.

Theorem 3.8: Consider a multiple power series defining a function of several complex
variables z = (z1,...,z,) with complex coefficients, and let zo = (zj0,...,240) 7 0 be a

point at which this series is convergent. That is,

o)

F(z0) = Z dil,..‘,inzifo X - X zi{‘o =KeC.

i1 yeomrin=0

Then, for any p > 0, and for any v > 0 and A4, ..., 4, > 0, the formal power series

[}

_ )\ A\
F (S}ull/) - Su;{l/ ail7~"7il’l <Suvqlf> Koo X <S»u'7){;)

Iyeeln™=

can be represented as an element of the ring C_ y, via the following representation:

)

F(SMJI/): Z ail7~~~7inh(V+l1i1+"-+lnin),u,l[/<x)‘ (3.21)

i1 eesin=0

Proof. By using the definition of Ay y(x), we have the following formula for the
function on the right-hand side of equation (3.21):

vu—1

gx):=" Y b iviai iy @) = W@ g1(x),

i1yeesin=0

where

— i1y X)W L e in
RPN (v ) o ((wey)

C(vu+Aii e+ + Ayint)

i1 ererin=0

This function g is the composition of y with the power series function f; considered in
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[35, Theorem 6]. The estimates proved in [35, Theorem 6] imply that f; is continuous
on [0,0), its series uniformly convergent on every bounded closed interval [0,X], 0 <
X < oo, Taking compositions with y, and using the fact that y is monotonic, we obtain

the same convergence and continuity results for the function g;. Hence, g; € C[0, ).

Therefore the function on the right-hand side of equation (3.21) is a well-defined
element of C_; . Then by using the definition of S, y and its powers, the formal
power series for F (S WV) must be equivalent to this function, and therefore can be

identified as an element of C_1 y. O

Using Theorem 3.8, we can write various specific elements of the field M_;  using
representations as functions in the rng C_; . Before stating our next result, we need
to pause briefly and introduce a family of Mittag-Leffler type functions, to be used

further.

Definition 3.4 ( [63]): The original Mittag-Leffler function, with one parameter and

of one variable, is defined as follows:

Zk

E'u<Z) = k;om, Re(,u) > 0.

Its generalisations to a two-parameter Mittag-Leffler function and three-parameter

Mittag-Leffler function, also functions of one variable, are defined respectively as

follows:
=Yy % W)
Euv()=Y — 5 Re(n)>0;
oy =T (ku+v)
) k
EP (7)) = —(p)kz , Re >0
uv(2) kgok!r(ku+v) (1)

22



Definition 3.5: A multivariate Mittag-Leffler function, with n 4 1 parameters and

applied to n variables for any n € N, is defined as follows [35,36]:

E(ulv“‘7un)7‘/(z] yree 7Zn>

o ' ki kn
boT—o kileoke! o D(iky 4+ ki + V)

Note that this is not the only possible way of defining a multivariate Mittag-Leffler
function; a separate definition has also been proposed by Saxena et al. [64], which is

independent of (3.22), neither being a special case of the other.

In the special cases of n =2 and n = 3, bivariate and trivariate Mittag-Leffler functions
have also been defined which are not special cases of (3.22), as they take account
of an upper parameter appearing in a Pochhammer symbol like the three-parameter
univariate Mittag-Leffler function defined above. These functions respectively have
four parameters and two variables [65] or five parameters and three variables [66], and

they have been used in solving systems of fractional differential equations [67].

Lemma 3.1: The following relations hold true between (on the left-hand side)
elements of the field M_; y and (on the right-hand side) explicit functions of x in the

function space C_1 y :

(a) Forany 4 >0and p € R,

Su,i—w—p = {y) P By (p {w()}").

(b) Forany u >0andn € N,

W = (W@} E Ly (P {y(0}).

(c) Forany u >0and yy,...,u, >0, B € R,
23



—B
Su,w
Il// - Z?:l )LiS;ff,i

= {W(X)}ﬁu_l E(,ul,u,...,unu),ﬁu (ll {W(x)}'ul'u R {w(x>}l~inﬂ) .

Proof. The relation (a) can be obtained from the geometric series expansion as

follows:
v —g1 I—‘V —g1 ipis—i — ipih('H) (x)
= {y() !

Y g = N B (p v}

For (b), we have an infinite binomial series:

I RTES > (m); (P{‘/’(x)}”)i
= {w(}™ ;) i\T(pi+np)

= {y@Y" T E (P {w()}).

Making use of the technique demonstrated in (a) and (b), it is easy to derive (c). So

we omit the straightforward details. [

The following relation can be verified easily, either by direct calculation using the fact
that iy y *y hyy = Ay vy, Or by using part (c) of the above Lemma. In our further

discussions, we will use this formula:

Y
(AW} By (a WO A w0} 5y 1{“2’1(2}7 >)(x)

= {l//(t)}vH/E(ul,...,u,,),v+7+1 (Al {‘//(x)}ul yenes M {‘//(x)}ﬂn) . (3.23)
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3.3 Applications to fractional differential equations

In this section, we will use the constructed operational calculus to solve Cauchy
problems with constant coefficients in the setting of Riemann—Liouville fractional
derivatives of a function with respect to another function. Let us begin with the

following simple problem, which is suitable for illustration of our method.

Theorem 3.9: Let u > 0 and A,c € R be fixed, and let f € C_1,y be a function. The

unique solution of the Cauchy problem
(Db ) ()= Av) = £(2), x>0, (3.24)
: 1-u —
lim (ol ) (x) =, (3.25)

in the space Q" Ly is given by:

y(x) = /0 () - v0)* B (A (w0 - w0)) FOv )
+e{y I Epy (A {y(0)}) . (3.26)

Proof. Making use of relations (3.20) and (3.7), we can write the Cauchy problem

(3.24) — (3.25) in the form of an algebraic equation in the field M1 y:

c

I(p)

Sy y—Ay=f+5% Yo, where yo(x) = = {y(x) " (3.27)

The unique solution of the algebraic equation (3.27) in the field M_ y is as follows:

Iy Su,y
= . ’ Y. 3.28
YT Sy —A erSu-,l//—7L 0 (329

Using Lemma 3.1(a) and the embedding of the rng C_1 y in the field M y,, we obtain:

Iy
__v s

— [ w0~y B (A (w0~ v)) rOW )

yi(x):
(3.29)
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Using relation (3.23), for the second part of (3.28) we get:

yz(x) = Sﬁ;‘_fk Yo :yO‘f‘S“WL_A Y0
= F(Cu) (W) 4 A {y () P gy (A {y(0)}*) (3.30)

= c{y@ P By (A w0}

Combining (3.29) and (3.30), we obtain the solution (3.26). It remains to check the

. . u
inclusion y € Q—Ul/'

By using the following fractional relation for two-parameter Mittag-Leffler functions:

(8Dy 0 YO Eu A Ly (0}) ) ()
= {l//(x)}'ui‘FlEu,u—v (7L {l//(x)}“) )

u

along with the Definitions 3.1 and 3.2, we can easily deduce the inclusion y; € Q7 v

From representation (3.29) and Theorem 3.8, the inclusion y; € C_yy follows.
Multiplying relation (3.29) by (Suy—A) and then by hy y(x) and taking into

account relation (3.16), we get:

310 =2 (ofly 1) @)+ (olly f) (0. (3.31)

Using (3.31) and Remark 3.1, we conclude the inclusion y; € ot Ly Summing y; and

¥2, we finally obtain y € Q‘iu,,- .

Corollary 3.2: Consider a special case of the initial value problem (3.24)-(3.25):

(Db ) @)=y =1,0<p <1, x>0, (332)
: I—p —
tim (o) (2) = 1. (3-33)
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We consider three further special cases according to different choices of the function

v(x):

N\‘:

(@) If y(x) = v/, then y(x) = x2 W DE, 4 (x%) +x2 By o1 (x2).
(b) If y(x) = x, then y(x) = x“*IEM“ (M) +xHEy e (x4).
(c) If w(x) = 12, then y(x) = x>H=VE, () + X2 Ey 11 (62H).
Proof. Considering part (b), from the (3.26) found above, we have
X
y(x) = x“_lEH# (x*) +/ ‘L'”_IE“#(T“)CZT
0

oo T,uk+u—1

:x“_lE .x“ +/ —dT
b ) 0 ,;()F(NIH-N)

A+

— M= E # -
=l +Z T(uk+u+1)

= x“_lE”# (M) +xHEy g ().

Similarly, taking compositions as appropriate, one can prove parts (a) and (c). 0

Theorem 3.10: Let A;,..., A, and yy,..., U, and ¢ be constants satisfying 0 < py; <

.. < Uy, <1,andlet f € C_; y be a given function. The unique solution of the Cauchy

problem
Y (RD“’ y) () = f(x), x>0, (3.34)
i=1
lim (015,(5"Y) (x) =c, (3.35)
}g%(oll(‘ﬁ’y) (x)=0,1<i<n-—1, (3.36)

in the space Q" Ly is given by:
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X Hn—1 ' n—1
y(x):C%E(unul,..,un T (__{ (x )}l«ln—liz)

i=1

X{W(t)}un_l i . n—1
+/0 A,—nE(#”iﬂl""7un7unfl)7un _E{W(I)}‘u H

i=1

< f((w(x) —w()) ¥'(r)de, (3.37)

where, to make the notation more succinct, we have introduced the notation

n—1

E(a17"'7an71)7h <Zi) . 1 :E(a17"‘7an*1)7b <Z17.‘. ’Zn_l>-

1=
Proof. Making use of relations (3.20) and (3.7), the Cauchy problem (3.34) — (3.36)

can be reduced to the following algebraic equation in the field M1 y:

Y ASH v = RSl v where ) = s Lo G38)

()

The unique solution of (3.38) in the field M_ y, is given by:

I 2 gHn/H
S - R o V;/iz/u Y0 (3.39)
im1 AiSyly izlllsﬂ»‘l/

Now we reduce the solution (3.39) to the form (3.37). Using Lemma 3.1(c), for the

first part we obtain:
—Mn
- I‘I/ _ Sll v

n oM/ n—1 =& o(li—4
l:l)LlSlile < Zl 1, /Jl‘I/ "

L0 ; L\ G40
:/0 TE(ﬂn_ﬂl:-~-7I~1n_.unfl)uun (‘Z{V’(t)}“ “)

i=1

< (W) — w(n)) w'(0) .

Furthermore, using relation (3.23), for the second part of (3.39) we find:
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AuSiy! ol ASiy

-mzm—z

y2(x) i= ————— -
n Skt = YRR

n—1
J— c ,unfl )V] 2,lln7ﬂj71
= X —c — X
G (V! e £ 7 (v
A' L n—1
X E (41 ol — 1) 20— 1 (_l_n {w(x)} “’) .
,unfl 2{ n—1
X i .
ZC£EL%L__EWWWMw%_MIMM(_Z_ﬁMk”W M) : (3.41)
n n i=1

where in the last step we used the identity discussed in [67] for summing multivariate

Mittag-Leffler functions based on multinomial coefficient identities.

Combining (3.40) and (3.41), we obtain the solution (3.37). Using the same technique
as in the previous result, it is easy deduce the inclusion y € ot Ly So we omit the

straightforward details. [

Corollary 3.3: Let A,B,C,a,f3,7,c be constants satisfying 0 < o < f < y< 1, and

let f € C_1,y be a given function. The unique solution of the Cauchy problem

A(ED% ) 0 +B (§D0,v) @ +C (§D,v) @) = f@), x>0,
lim (0151@‘3‘)1) (x) = lim (0’11/?5 y) (x) =0, igl(l) (015/@7;)/) (x) =c,

x—0 x—0

in the space Q" Ly is given by:

1) = SN By (W) = S w0y )

C
+gi£xﬁmﬂ}yy&%m%ﬁw(‘%{WUﬂya,—g{w@ﬂ75>
< £ (W) —w()) v () dr,

where Ey oy B:y is the bivariate Mittag-Leffler function defined and studied in [65].

Proof. This is simply the n = 2 case of Theorem 3.10. [
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Chapter 4

CAPUTO FRACTIONAL CALCULUS WITH RESPECT

TO FUNCTIONS

In this chapter, we set up appropriate function spaces for Caputo fractional
differentiation of one function with respect to another function, and prove some
properties and relationships relevant to these operators. We also define the algebraic
structures and elements needed for Mikusinski’s operational calculus in the context of
these operators, and demonstrate how this operational calculus formalism can be used

to solve different types of fractional differential equations.

4.1 Function spaces for Caputo derivatives

The Caputo fractional derivative of a function with respect to y (2.7) is not defined on
the whole space C v, since it requires at least n times differentiability of the function
with respect to y. Therefore, we now introduce a new function space within Cq

which is suitable for dealing with this type of fractional derivative.

Definition 4.1: Let ¢ € R, n € Z[, and let y: R" — R be as defined above. The

space Cy y is defined to be the set of all functions f': R* — R such that

f["].:( 1 .i)nfec
YY) de v

It is immediately clear that Cg ,, is a vector space, and that ng, = Ca,y. We note

further properties of these function spaces in the following lemmas.
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Lemma 4.1 ([45]): The y-convolution acts on the function spaces Cq y, & > —1, as

follows:

(f€Cay 8€Chy) = g4y f € Carprry CCrys  @B=-1 (4D

Therefore, since the fractional integral operator with respect to ¥ has a y-convolution

representation in the space Cqy, y, namely:

x) 1!
(o) () = (s # £) () hw(ﬂ:%, fE€Cay, a>—1, 42)

it follows that this operator maps Cgy into itself, for any o > —1. More specifically,

015/()() “Coy = Cura,y CCayy, o>—1, u>0.

Lemma4.2: Letox > —1landne Z™.

(@) If f € Cl . then fy)(0) := limy_yo £y (x) is finite for all k = 0,1,2,...,n— 1,

and the function

flx) ifx>0,
fx) =
7(0) ifx=0,

is in the function space C"~1[0, ).

(b) If f € Cg, . then f € C"(0,00) NC" 1[0, 00).

(c) A function f is in the function space CZW if and only if it can be written in the
following form for some function g € Cy,y and some constants co,c1,...,Cp—1 €

R:

Y

n—1 X k
109 = (o) O+ T o Y

where in factg:flgf'] and ¢y :fl[,f}(O) fork=0,1,....,.n—1.
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(d) If &> 0, then C}, ,, C Crray C Covy-

Proof. We prove the three parts of the lemma one by one as follows.

(a) By definition of the function space C}, ,,, we know that flgf} € Cq,y. Let us fix

o,y
X > 0, and note that flE?] € C[n,X] for any n € (0,X), so by the Fundamental

Theorem of Calculus we have

/fl,, fyde = £ ) — i),

where both sides of the above equation are continuous functions of n € (0,X].

Moreover, since

lim f t)dt = / t)dt < +oo,
n—0
we get
fu 10y = tim ) = fyx / £ (O (0)dr < oo,
7 1507 ¥
thus

n 1] / fI// dl+fn 1]( )

Now we can let x = X be a free variable, and define f[" 1 0) := f&f*l}(O), to
obtain that fl;l =11 i5 continuous on [0,00). Repeating the above argument another

time, we have

X [n—1] / [n—2] [n—2]
/nfl,/ ' () de = 22 ) — ),

and

32



[n2 /fl;tl dt+f"2]()

/ /w w) dude + £y /f[” e

By a process of finite descent, we finally obtain the representation
1) = (ol s") )+ Z } Lox20, @)
where
80) = 1lim fl () < 4o0,  0<k<n—1
v 0"V ’ - ’

and this completes the proof.
(b) Since fl[;] € Cq,y and y € C*(0,0), we have flgf'] € C(0,00) and therefore f €
C"(0,00). The fact that f € C"~![0,0) was already shown in part (a) above.

(c) Assuming f € Cy, ,,, the left-to-right implication is already proved by Eq. (4.3)

oLy
above. The converse can be checked by a simple verification.

(d) If f € Cyy then g = flgf} € Cq,y, so by Lemma 4.1, 0117/(x)g € Cura,y CCay.
Then from the representation (4.3), the result follows provided that k > o for
k=0,1,....n—1. [

Theorem 4.1: If n € Zar and f € C" then the Caputo fractional derivative of f

Ly

with respect to Y is well-defined to any order 1 with 0 < p < n, and we have

C 1y, n—1<u<n;
CH ’
0Pyf €
C*10,0) CCyyy, n—k—1<u<n—k k=1,....,n—1.
Proof. For n—1 < u < n, the uth Caputo derivative with respect to V¥ is exactly the

(n— p)th integral with respect to y of the function flgf }, which is in C_; y, by definition

of the C" y Space, so the result follows from the last part of Lemma 4.1.
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Forn—k—1l<u<n—k k=1,....n—1, we know f € C"(0,00) N C"~'[0,0) by
Lemma 4.2(b), and then by mapping properties of the Riemann—Liouville fractional
integral with respect to v, it follows that gD’JI(x) f € € 10,00). The inclusion

C*71[0,00) C C_y y follows from Eq. (3.1). O

Theorem 4.2: If n € Z" and f € C" then the Riemann-Liouville and Caputo

Ly
fractional derivatives of f with respect to Y, to any order 4 withn—1 < u < n, are

connected by the following relation:
RpM Cl k—p >
(804 ) (0= (6D ) +Z o +k ey X200 @

Proof. Making use of Eq. (4.3), we obtain

n n—1 k
v ) (Offm‘i { (ot 8') 0+ X 0 Y0 }) ()
(e 1 d\" [ e [0 o AW}

= (60y0/) ) +Z i © @ *, x>0
F(1+4+k-— u) ’ -

where in the last line we have used the well-known rules for fractional differintegration
of power functions, and their generalisations to fractional differintegration with respect

to Y, namely:

I'v+1
ol (W) = S ), o> 1o
I'(v+1) _
R N vV—u
D - - >0,v>-—1 0.
0 {W( >} (V u+1) {III(X)} y u =0, > , X >
O
Remark 4.1: If f € C* Ly then we can see from (4.4) that the Riemann-Liouville

fractional derivative of f with respect to ¥ is usually not in the space C_1 y, since the
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Caputo derivative with respect to ¥ is in this space but (4.4) also involves negative

powers of y(x). There are three particular cases which are exceptions:

(a) If u =n €N, then
RpMH _C M —
0Dy =0 Dyy/ =Sy € Coty
(b) If £ (0) =0 forallk=0,...,n— 1, then
Rt  +_C plt
0Dy =0 Dy ) €C-ry-
(c) f0< u <1, then ng;/(x) f € C_1,y because in this case Eq. (4.4) becomes

(5050 7) @) = (5% ) 0+ 2y .

(I—n)

Theorem4.3: If ¢ > —landn—1<u<neZ", and f € C.y» then

n—1 k
(08§ Dy ) (5) = £ - kZOf v (0)%, x>0, 4.5)

Proof. This follows directly from the definition of Caputo derivatives with respect to
v, the semigroup property for fractional integrals with respect to y, and the relation

(4.3) proved above. ]

Remark 4.2: The formulae that we have proved above, such as (4.4) and (4.5), are
already seen in the existing literature on fractional calculus with respect to functions
[3,20]. Our new contribution is in proving these results in the setting of the new
function spaces defined in Definition 3.1. This is important because one of the key
uses of Mikusinski’s operational calculus is in extending the formalism of Laplace
transforms to a broader class of functions: differential equations can be solved using
this method even if the functions involved do not have Laplace transforms. Therefore,

it is necessary to prove that the various results concerning fractional operators hold

35



true in the function spaces that are relevant for this work.

Theorem 4.4: Letn € Zg. If  is a function in C" | , with £(0) = ... = fy/(0) =0,

and g is a function in Cl_w,, then their y-convolution & = f xy g is in CTI’IW and
satisfies h(0) = ... = hit)(0) =0,
Proof. Firstly, consider the case n = 0. Then g € C[0,) by Lemma 4.2(b), so h €

Cl0,00) with 2(0) =0, and

By (x) = /O L Ly () — (1) FOW () e+ ——g (w1 (0)) F) W ()

() dr V')
N /0 gy (v (W) = w() £V (1) dr + 8(0) £ (x)

— g xy () +2(0)f(x), x>0

Since both f and gg,l,] are in the space C_1 y, we have from (4.1) that hg,l,] €C_yy, S0

the result is proved in the case n = 0.

For n = 1, it follows from Lemma 4.2(b) that f € C[0,). Using f(0) = 0 along with
the argument used above for hw = (g*y f) E;], we find hg,l,} (0) =0and
2] ] i
h = * +2(0
V)= (8 =y (0
B IDR ) PR || PR
gy *y fy (%) + 8y (x)£(0) +(0) fy (x)

= el A+ A @), x>o0.

Since gE,l,} € C_1,y and fl[,,l] € C_1,y, we have that hgﬁ} € C_1,y. Now the case n = 11is

solved.

Repeating the above methodology n times, we reach h(0) = ... = hgﬂ (0) =0 and the

expression
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hy ) = gy xy £y (1) +8(0) ) (), x>0,

Cl’H—l

which means that & € C .

as required. 0

4.2 Operational calculus for Caputo fractional derivatives

The function space C_ y turns out to be a particularly suitable setting for operational
calculus performed using the operators of fractional calculus with respect to the
function y. Chapter 3 of this thesis establishes appropriate algebraic structures on
this function space as part of the setup for applying Mikusifiski’s operational calculus
to Riemann—Liouville fractional derivatives with respect to a function. The
groundwork for the following theorem was also laid in Chapter 3, but we state it

formally for the first time as follows.

Theorem 4.5: The elements hy y and Sy for u > 0, together with the identity
element Iy, comprise a multiplicative group within the field My which is
isomorphic to the group (R, +).

Proof. Firstly, the behaviour of the functions 4, y under y-convolution is well known:

hﬁyu/:fl‘uw*w..*Wh“.%:hn“7w(x), “ >O,n€N.

Therefore, it makes sense to define fractional (positive real) “powers” of Ay, y within

C_1,y as follows:

By =hywy,  p>0,v>0. (4.6)

For negative powers of Ay y, we use the multiplicative inverse Sy, y € M_ y, since

hL_L,llI/ = Su,y. Then, we have all real powers of both &y,  and S, y, given as follows:
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I
hvu,y, V>0, i v >0,

hyp,y’
v v
hyy = Iy, v =0, Suy = Iy, v=0,
Iy ) )
&% v <0; Kh,w?w, v <O0.

Therefore, the set of all iy, y and Sy,  with > 0, together with the identity element

Iy, is exactly the set of all real powers of any one (non-identity) of these elements.

Given the composition properties or index laws as follows:
by *yhvy =huvy,  SpyrySvy =Survy, M,V >0,

we know that this set forms a multiplicative group within the field My which is

isomorphic to the group of real numbers under addition. [

Any Riemann—Liouville fractional integral with respect to ¥ can be represented by an

element of the field M_ y, via

Iy
(x)f =< f € M*l,l[/u 4.7)

m
ol
Su,y

v

but what about the Caputo fractional derivative with respect to y? The following
theorem shows how this too can be embedded in the field M_; y for appropriate

functions f.

Theorem 4.6: Letn € Z" and n—1 < u <n. For any f € C" we define a new

Ly

function fy; y by

n—1 k
Sy =Y f&f‘](O)%, x>0. (4.8)
k=0 :

Then the Caputo derivative of f with respect to y is given by the following relation in
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the field My y:
0Dy =Suy f = Suy £ (4.9)
0 l[/(x) u,y w,y w,y- :
Proof. From Eq. (4.5), using the new f; y notation, we have

(ofts 6 Dby ) () = F() = fuy®),  x=0.
Multiplying by Sy, y on both sides of this equation, we obtain the required result. [

For the application of Mikusiniski’s operational calculus to solving fractional
differential equations in the setting of Caputo fractional derivatives with respect to
functions, it is important to identify those elements of M_;, which can be
represented by means of functions in the rng C_1 . One useful class of such elements

is given by the following result.

Lemma 4.3: Let F be a function of several complex variables z = (z1,...,z,) defined
by a multiple power series with complex coefficients, and let zg = (z19,...,240) be a

point, with all zzo # 0, at which this multiple power series is convergent, say

[o]

F(zo)= Y cipindiox...x2p=KeC.

i1,ensin=0

Then, for any uy,...,,, v > 0, the formal power series
F (Sﬂ7W) = S—V,l[l Z Cilv“win (S_“lvl//)ll X X (S_HMW)IH
i1 yereyin=0

can be interpreted as an element of the commutative rng C_; ,, namely as the following

function:

o)

F(Su,u/) = Z Ci|,...,i,,hv+u1i1+...+unin,l//(x)- (4.10)

i1 yensin=0

Proof. This follows directly from Theorem 3.8 after a simple substitution of
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parameters. 0

The result of Lemma 4.3 enables several elements of the field M_; y, expressed
initially using division within this field, to be interpreted as functions in the rng
C_1,y. Some examples are given in Lemma 3.1, and we continue that work with the

following results.

Theorem 4.7: (a) If 4 >0and v,w € R and m € Z™", then

S/Yl—’ll/_ X (m—v)u—1 m .
Goy—0) ~ WO B (0¥ (0},

where E; B (z) is the three-parameter Mittag-Leffler function due to Prabhakar
[68].

(b) If w,uy, o, v >0and oy, € R, then

S—V
R -1
—Ml/ﬁw —w/p\" {y(r™
(11#_“’15#,11/ — Sy )

X Eﬁl,uz,vu (wl {W(x)}“l » (02 {W(x)}'uz) )

where Eg B 7/(x, y) is the bivariate Mittag-Leffler function due to [65].

Proof. We proceed one by one, following the methodology of Lemma 3.1 and earlier

works such as [35, 36].

(a) This result is a slight generalisation of Lemma 3.1(b), and the proof is similar:
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wy wy _ i (m)iwis—iw—m
m _ m .
(Suy—0)"  (y-osgy)" S & *Y

h(m—v—i—i)/.t,l//(x)

-ty (i@ (W@}’
v} i;’)i!F(/.Li—i-(m—v)u)

= {y@} R (e {w ().

(b) This result follows from some manipulation of series, this time trinomial double
series rather than binomial series. We omit the straightforward details. [

4.3 Applications to fractional differential equations
In this section, we will show how the version of Mikusinski’s operational calculus
constructed above can help to solve Cauchy problems with constant coefficients in the

setting of Caputo fractional derivatives of a function with respect to another function.

Example 4.1: As a preliminary illustration of the method, let us begin with the

following very simple problem using these fractional derivatives:

(ng/L«x)y) (x) =Ay(x) = f(x), x>0, (4.11)
ygl’;l(o):ck, k=0,1,....n—1, (4.12)
where A,cq,ci,...,cp—1 € Rand g > 0 with n — 1 < u < n are given constants, we

assume f€C_yifueNor f e Cl_wl if u ¢ N, and we seek a solution function y

lying within C" Ly

By Theorem 4.6, the fractional differential equation (4.11) is equivalent to an algebraic

equation in M_ y, as follows:
Sy y=Ay=Suy yuy+/f,
where the function y  is completely given by the initial conditions (4.12):
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n—1 X k
y,u,q/(x): ch{‘l’](c')} ]
k=0 :

Therefore, the unique solution in the field M_; y can be expressed algebraically as

follows:

— . ’ . . 4.13
y S,u, 7 [+ Sli,ll/ ) Yu,p ( )

To obtain a classical solution of the initial value problem (4.11)—(4.12), we need the
right-hand side of this relation to be interpretable as a function in the space C™; ”

Using Theorem 4.7(a) and the definition of multiplication in the rng C_1 y,, we obtain

for the first term in (4.13):

yi(x) = Sﬂi—*"_,t f = /0 () - y(0)* B (2 (v - v0)*) FOv ()

(4.14)

Note that this is the exact solution of the same fractional differential equation (4.11)

with homogeneous initial conditions, i.e. with all ¢, = 0.

Meanwhile, the second term in (4.13) is a solution of the homogeneous version of the
fractional differential equation (4.11) with the given initial conditions (4.12). It can be

written as follows:

n—1 n—1 —(k+1)/p
=Y by i y(x) =) Shy
=0 Iy —ASuy ’ S0 Iy —ASuy
n—1
= Ck{‘V(x>}kEu7k+l (A {wx)}H),
k=0

where in the last step we have again made use of Theorem 4.7(a). Combining the

expressions obtained so far for y; (x) and y,(x), we get the solution of the initial value

42



problem (4.11)—(4.12) in the form
y(x) = /0 () v0)* B (A (w0 - w0)) FOv )

n—1
+l§6€k{‘l’(X)}kEu,k+1 (A {w(0)1H).

Now we consider the general linear constant-coefficient fractional differential equation

using Caputo fractional derivatives with respect to a function y.

Theorem 4.8: Letm € Z*, > g > ... > Wy, > 0 withn; — 1 < w; < n; € Z™ for
i=1,....mandn—1<u<necZ" and let A,...,A, € R and cy,...,c, € R be

constants. Consider the initial value problem

(Db ) () - Y (6Dt ) 0 =F0), x>0, (@.15)

~

ijﬂ(O):ck, kZO,l,...,l’l—l, (416)

where the function f is assumed to lie in C_y y if 4 € N or in ct Ly if u ¢ N, and the
unknown function y is to be determined in the space C" v This initial value problem

has a unique solution in the space C" , ,, which can be written as

Ly
n—1
yx) =y1(x)+ Y can(x), x>0,
k=0
where yj(x) is the solution of the fractional differential equation (4.15) with

homogeneous initial conditions (i.e. with all ¢, = 0) and the set of functions u(x)

satisfies

Explicitly, the function y is given by
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/{w () !

XE(u gy, g (M AW ) = w ()R A Ly () —w () f()w (1) dr,

and each function u; is given by

k m
ae) = YL L3 dyyhn
' i=l+1

X E (oo ti— ) ke 1 — g (A LW Q) R A {w ()} E)

where the numbers [ly,l,...,l,—1 are determined from the following condition

depending on the monotonically decreasing sequence of numbers n; = | ;| +1 € Z*:

nlk Zk+17

ny+1 < k7

or [ =0if n; <k for all i, or similarly [}, = m if n; > k+ 1 for all i.

Proof. We seek a solution function y € C™ so the initial value problem (4.15)-

Ly
(4.16) is equivalent, via Theorem 4.6, to an algebraic equation in M_ y, as follows:
m
Sy Y =Sy Yy — Y A Sy Y =Sy Yuy) = 1, (4.17)
i=1
where

k ni—1 k

Y (x Z Ck ;o Y Z Ck

The algebraic equation (4.17) has a unique solution in M_ y,, which, using the power

formalisms of Theorem 4.5, can be written as follows:

Wi/ 1
Iy _ +Su7w‘yu7w—21m:11i5uw Vi

S _\m A‘.Sui/“ S _\m )‘.S:u‘l/“ (418)
wy — Xt AiSuy wy — Lz AiSuly

y=y1+y=

First half: y, (x). We have
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Iq/ S;]V/
V1= —— - f = " f, (4.19)
Suy— Xt AiSﬁi{/ﬁl Iy =Y, /lisl(ffwul)/u

so by lemma 3.1(c), we can interpret the field element y; € M_ y as the following

function in the rng C_1 y:

/{w wi!

XE(IJ*Ill =), (AI{W( ) (Z)}/J—/Jl ,...,Am{l//(x>—l//(l)}'u_“m)f(l‘)l[//(l)dl‘.

In the case u ¢ N, we have f € Cl—l.y/ by assumption, and y; is the y-convolution of f
with a function in C_ y,, so Theorem 4.4 gives y; € Cll y- In the case i € N, we have
f € C_1,y by assumption, and y; is the y-convolution of f with a smooth function in

Cil,v/’ so again Theorem 4.4 gives y| € Cl—Lv/'

We now aim to show that y; € C" Ly Multiplying the identity (4.19) by the rightmost

denominator, we obtain
yi(x) = (ofly o f) (x +Z/l (ofls v ) (), (4.20)

where all the orders of integration are positive and the smallest among them is pt — ;.

This can be rewritten as

Cfl,llfu uec N7
() = (o M) (), ore (4.21)

Cll,l[/’ nu ¢N

Substituting the expression (4.21) for y; back into the right-hand side of (4.20), and
using the semigroup property of Riemann-Liouville fractional integrals with respect

to v, we achieve the following as the next stage:
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. o C_lvll” I.L c N,
1@ = (olp" 0y ) (), e (4.22)

Clly/; »U“¢N

Repeating the same arguments a total of p = L“_Lmj + 1 times, we arrive ultimately at

the following representation for yy:

C_UI,, ueN,
w1 = (ot 19p) (), g€ (4.23)

Cll[’[? ‘LL¢N

In the case 4 = n € N, it now follows using Lemma 4.2(c) that y; € C" " and also
that y;(0) =...= (yl)ngl] (0)=0.Inthecase u ¢ N, n—1 < u < n, we have (4.23)
giving y as the y-convolution of ¢, € ct Ly with the function A = hy, y € C" Wthh

satisfies h(0) = ... = hﬁ,’}‘z} (0) = 0. By Theorem 4.4, this means y; € C"; ,, and also

Second half: y,(x). Using the definitions (4.8) for the functions yy y(x), yu, y(x), we

have the following expression for yz, the second half of (4 18)'

k
Suwz k ZASMHWZ k
y2(x) =
SIJ v— Z A Sﬂz/.u
S A Sﬂz/.u

N s 121 {y(x)}
= Z crig(x), up(x) = : x :

k=0 Sﬂ v— Z l Sﬂt/# .

Applying the relations from Theorem 4.5, and then Lemma 3.1(c), we obtain
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m .
F asiy

i=l+1
< i/ 1
Suy — Z liSu:w
i=1

m —(k+1+p—pi)/ 1
:hk+1,y/‘|‘ Z l £V

up= | Iy + -hk+171,,

i—lk+1 — Y S, (L—u)/u
{W( + Z A {l[/ k+,ll—,ui
k! i=l+1

X Bty et 1y (WP A {y ()} H)

By the way the numbers [ are defined, we have, for all i = [; + 1,...,m, the inequality
n; < k and therefore K+t — t; > u. This guarantees that u; € C" | " fork=0,...,n—1

and also the relations

1ody
ll//(x).a uk<0>:6kl7 k,l:O,...,n—l.

Thus, the functions ug(x),...,u,—1(x) generate the space of solutions for the
homogeneous version of the fractional differential equation (4.15), while the solution

of our initial value problem (4.15)—(4.16) is given by
x)+ Z cru(x) € wa,,

exactly as stated. [

Remark 4.3: In a recent work of Restrepo et al [49], the initial value problem
(4.15)—(4.16) is considered. In fact, they consider a more general problem with
variable coefficients, and in [49, §4] they consider the constant-coefficient version
exactly the same to our (4.15)—(4.16). Comparing the result of our Theorem 4.8 above
with their [49, Theorem 4.2], we see that both approaches end up with exactly the

same solution function.
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Of course this is to be expected, since both works are considering the same problem and
it has a unique solution. But it acts as a useful confirmation that our work is correct
and that the approach of using Mikusiniski’s operational calculus to solve fractional
differential equations is valid. Note that, as well as the methods used here and in [49]
being different, the function spaces in which uniqueness is proved are also different.
Indeed, much of the difficult work in our proof above was to ensure that the obtained
solution function is in the claimed function space, and this is a new contribution of

ours.

Remark 4.4: In some situations, the results of Theorem 4.8 can also be used for a
modified version of the initial value problem (4.15)—(4.16) in which
Riemann-Liouville fractional derivatives of a function with respect to another
function are used instead of Caputo ones. In particular, as we have seen in Remark
4.1, it is known that ODw(x)y(x) = ODw(x)y(x) either if u = n € N or if the following

condition is valid:

1 d\*

In the case where 0 < u < 1, again by Remark 4.1, we can use

<§D‘Ll;/(x)y> (x) = <8Df,1,(x))’> (x) + —F()i(g)u)

to reduce an initial value problem using Riemann-Liouville fractional derivatives of

{wx)} ™,

a function with respect to another function to a different initial value problem of the
type (4.15)—(4.16) using Caputo derivatives, since the function y(0)h_ y that forms

the difference between these operators is a function in the space C_ y,.
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Chapter 5

GENERAL CONJUGATED FRACTIONAL CALCULUS

In this chapter, we focus specifically on operators which can be expressed as
conjugations of classical fractional integrals and derivatives, and to define a general
setting in which the methodology of conjugation relations can be applied. We shall
see that any operator with a conjugation relation will naturally have varieties of
Riemann—Liouville, Caputo, and Hilfer type stemming from the fractional integral
type operator. As illustrative examples, we shall consider some well-known families,
including fractional integrals and derivatives with respect to functions and also
weighted fractional integrals and derivatives. These will help to relate our work
directly to ideas and problems which are current topics of concern in the literature.
5.1 The general setup

Throughout this chapter, [a,b] is a fixed interval in R. Let . be an invertible linear
bijection . : X — Y, where Y is any vector space (usually a space of functions) and
X is the space of all real-valued or complex-valued functions defined on the interval
[a,b]. We can now define a first-order “derivative” operator D acting on the subspace
of Y which is the .-image of the space of differentiable functions on [a,b], and a

“fractional integral” operator I* acting on the space . (Ll a, b]) C Y, as follows:
D:ZYO%OLS/I, M= S oRMo 7t

where [ can be any positive real number or any complex number with positive real
part. Starting from these operators, we can immediately define “fractional derivative”

operators of Riemann—Liouville, Caputo, and Hilfer types, on the space
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< (AC"[a,b]) C Y, as follows:
Dt :=DoDo.-.oDol"* = oDl o 71
‘D* :=T"HoDoDo---oD=.70\Dl 0.7

HptV .= V0= oDoDo---oDoT!"VH) = o HptV o o1

where in all cases  can be any positive real number or any complex number with
non-negative real part, and n := |Re(u)| + 1 € N is the number of repetitions of the
D operator, and in the last case v lies in [0, 1] or has real part in (0,1). The above
conjugation relations for *D* and *DH and YD follow immediately from those for
D and I#, as we can illustrate using the notation of commutative diagrams borrowed

from category theory:

PO i
R o d" [dx" d" [dx" R Mo
S S S S S S
]I/J—n Dn 4 . DI‘[ 7 ]I,J_n 7
Rpu (‘/;]D;u
Pl

Similarly, any type of operator which is defined by combining ordinary derivatives and
fractional integrals can now be conjugated via . to the setting of Y. This includes
Luchko’s mth level fractional derivative, considered above; its equivalent in the new

setting is the following operator:
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MLV — TN o Dol oDo---ol oD O]Im—l-l_')/l_'“_'ym’

where 0 < u <land 7y, --,%p>0suchthatu+y+---+p <kfork=1,2,--- m.

A suitable domain for this operator would be . (X} ) C ¥ where X!, is as defined

in [60, Equation (49)], i.e.:

FXy) = {f [N oDo-olmoDol" K 1=""Mnf &7 (ACla, b))} .

We observe that function spaces defined using derivative and integral operators
(ordinary or fractional) always have natural analogues in the space Y given by
mapping them along .. For example, it is straightforward to define the space

(X0, following [60, Equation (47)], as
S (Xpp) = {f e (Z (L'a,b])) : DoIN T thf =Nt +hoDf k=1,---,n},

and then it follows from [60, §3.5] that "FDH-Y1> % = RDH on this restricted space. A
commutative diagram can also be drawn to relate the new operator "LIDH:Y ¥ with
the original one "LDI """ n. however, as this diagram would be very large and would
not demonstrate any concepts not already shown in the existing commutative diagrams

above, we omit it here.

In what follows, we shall use the convention that the new fractional integrals and
derivatives of Riemann—Liouville type are the same as each other with inverted
orders: ®D~# = I, which enables both of these to be defined for all u € C, without
restrictions on Re(u). This makes sense because it is true for the original
Riemann—Liouville operators: XD Hr (x) is the analytic continuation in the complex

variable p (from the right half-plane to the left half-plane) of X1 Rr (x).

Semigroup properties in the generalised fractional differintegrals now follow
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immediately from the well-known semigroup properties of Riemann—Liouville

differintegrals.

Theorem 5.1: For any u,v € C with Re(v) > 0 and any n € N, we have the following

semigroup relations:
MY f =TTV f,
DI f =",

where in the first case f € .7 (L'[a,b]) C Y if Re(it) > 0 or the appropriate subset of
this space if Re(t) < 0, and in the second case f is in the appropriate space according
to whether Re(pt) > nor 0 <Re(u) <norRe(u) <O0.

Proof. The corresponding results in Riemann—Liouville fractional calculus are already
known, so these results follow immediately from the conjugation relations. They can

also be illustrated by commutative diagrams:

+v —n
o ps

Other composition formulae for fractional differintegrals are not semigroup properties
— for example, the inversion formulae for the integral of a derivative — but they can
still be quite straightforwardly extended to more general fractional differintegrals via

conjugation relations.

Theorem 5.2: For any u € C with Re(u) > 0, and defining n = |Re(u) |+ 1 € N, we
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have:

HuRD/,tf:f_:Z‘;y ((XI:(Z)ﬁ_kk)—l) . (y—lR]D)”"‘_lf> (a),
H“CD“f:f—:Z;y ((x;—'“)k) - (y—‘Dkf) (a),

where f € .7 (AC"[a,b]) C Y.
Proof. These results follow from the corresponding well-known inversion formulae

for the original Riemann-Liouville and Caputo derivatives of a function f € AC"|[a, D],

namely:

n—1 (x_ a)u—k—l

(EDE1f ) @),

=
~
=
a
o
=
=
S
I
\
~
S
|
|
=
|
2
~
N

Dif) (@),

The above results have made use of the .’-image of power functions. We can also
quickly establish a result on the generalised fractional differintegrals of these

-images, as follows.

Theorem 53: Define /iy = 7 (f45) € ¥ for all p € C and

eu:o =7 (Ey (0(x—a)*)) €Y forall y,® € C with Re(it) > 0. Then we have the

following relations:
I* (hy) = hy4y, w,veC, Re(v)>—1,
D (epo) = Wepsw, M, € C, Re(u) > 0.
Proof. These follow immediately from the corresponding relations for

Riemann—Liouville and Caputo differintegrals of power functions and Mittag-Leffler

functions:
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x—a)Y x—a)’TH
I;Ig(( ) ):F((V—l—,l,)l—i-l), ,LL,VE(C, Re(V)>—];

CDY(Ey (o(x—a)")) = 0Ey (w(x—a)*),  p,weC, Re(u)>0.

5.2 Specific cases

The above work can be seen as creating a theory of fractional powers (I* and D)
of a modified first-order derivative operator D which is defined by conjugation of the
usual derivative %. Then the question arises: what particular cases of such modified
operators D are actually useful in practice? As it turns out, some of the basic operations
of calculus, used every day in differential equations, can be written in this way of
conjugations, and therefore their fractional powers can be defined using the theory
outlined above. We investigate some examples in the following subsections.

5.2.1 Left-sided and right-sided fractional calculus

Let us consider the operator D = —%, simply the negation of the original derivative
operator. This can be written as a conjugation when we define . by (/' f)(x) =
f(—x), or indeed by (Zf)(x) = f(c —x) for any constant c. In particular, defining
(. f)(x) = f(a+ b —x) is a natural choice, because then conjugation by . precisely
swaps the left-sided and right-sided fractional integral operators on the interval [a, b],

as noted in [4, Eq. (2.19)].

Therefore, the model of fractional calculus we obtain by starting from the original (left-
sided) operators (2.1)—(2.3) and conjugating by the operator . defined by (.7 f)(x) =

f(a+ b —x) is precisely the corresponding right-sided operators:
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b
BRI f(x) = ﬁ / (1 — )R f(o)dr,

8Dl () = (1) (R (),
df’l

Dl 1) = (18057 (570 ).

v {4 (R (v
1 1) = (-1 (4 (A0 ) ).

where x € (a,b) in every case and n = |Re(u)| + 1 € N for the fractional derivatives.

This is a very simple example of a conjugation relation, but a useful one, as it means we
do not need to waste time proving the same results twice for left-sided and right-sided
fractional calculus: it is usually enough to prove them once for left-sided operators and
then the corresponding results for right-sided operators will follow automatically.
5.2.2 Fractional calculus with respect to functions

Let us consider the operator D = A(x) - %, where A is a positive function. This type

of operator would be frequently used in any setting of differential equations with non-

constant coefficients, and it can be written as a conjugation as follows.

If we let . = Qy be an operator of right composition with a bijective differentiable

function y, namely . (f) = f o y, then the chain rule gives

I d
y'(x) dx

d _ d _
D:y0£oy IZQWOaOqul:

Therefore, putting y = [ % (where the constant of integration can be chosen freely,
e.g. in order to ensure y(a) = 0 if desired), we can obtain all fractional powers of the
operator D = A(x) - %, in a natural way that preserves properties such as semigroup

and composition relations.
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The model of fractional calculus thus obtained is called fractional calculus with respect
to functions, and it is a general class of operators which includes, according to specific
choices of y, the Hadamard and Katugampola fractional calculi. Studies of this class
started from the work of Erdélyi [69] and Osler [18], with more detailed overviews in
the textbooks of Samko et al [4, §18.2] and Kilbas et al [3, §2.5]. The operators of

fractional differintegration in this setting are given explicitly as follows:

100 = s [ (v v v

T(u)
Py (w’l(x) ic) Ty 0
Py 0 =l ‘3<w’1(x) ) 160

Hppv ooy kv (1 d\" g v
1000 = 0 (s ) (S ),

where n = |[Re(u)| + 1 € N for the fractional derivatives, and these operators are the
conjugations of the Riemann-Liouville operators with constant of differintegration a =
y(c). Note that the Caputo and Hilfer type derivatives in this setting were defined
long after the Riemann—Liouville type operators [20,21], but it is clear (at least from
the conjugation viewpoint) that they are a natural and obvious modification after the

Riemann—Liouville type operators have already been defined.

Fractional differential equations with respect to functions can therefore be seen as the
fractional version of differential equations with variable coefficients that are solvable
using substitution methods. Such fractional differential equations have attracted
interest in recent years [45,49, 70], and various methods for their solution have been
used. We emphasise here that all problems involving these operators can be greatly
simplified by using conjugation relations, which enable the solutions to be deduced

directly from those for classical fractional differential equations [23,71].
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It is also worth noting that, by using the ideas of this subsection together with the
previous one, we are able to construct meaningful fractional powers of the modified
derivative operator D = A(x) - % for any measurable function A, either positive (from
this subsection) or negative (from combining this subsection with the previous one).
5.2.3 Weighted fractional calculus

Let us consider the operator D = B(x) + %, where B is a function. This type of operator
is frequently useful in differential equations, e.g. in integrating factor methods, and it
can be written as a conjugation as follows.

If we let .7 = Mv;&) be an operator of division by a weight function w, namely

~

(1) (x) = ﬁ)), then the product rule gives

w(x

U VS s (. _

D= oqe? =M g oM =y T o
Therefore, putting w = exp ( i B) (where the constant of integration can be chosen
freely, e.g. in order to ensure w(a) = 1 if desired), we can obtain all fractional powers
of the operator D = B(x) + %, in a natural way that preserves properties such as

semigroup and composition relations.

The model of fractional calculus thus obtained is called weighted (or scaled) fractional
calculus, and it is a general class of operators which includes, according to specific
choices of w, the tempered and Kober—Erdélyi fractional calculi. This is a subclass of
weighted fractional calculus with respect to functions, discussed in the next subsection
below. Again, its conjugation relations have been noted in the literature [72] but have
not been used in some recent studies [73,74], so we feel it is important to emphasise
the power and usefulness of these conjugation relations. The operators of fractional

differintegration in this setting are given explicitly as follows:
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’ n
HD”’vx)f(x) — YR <i+—w (x ) I(l_v)(n_“)f(x),

a™ xw( T atx,w(x)

where n = |Re(u)| + 1 € N for the fractional derivatives.

Weighted fractional differential equations can therefore be seen as the fractional
version of differential equations with derivatives modified by addition. Such
fractional differential equations have attracted interest in recent years [75], with
applications in variational calculus and probabilistic processes [72, 76], and their
solution is greatly simplified by using conjugation relations [55].

5.2.4 Weighted fractional calculus with respect to functions

Let us consider the operator D = B(x) +A(x) - %, where A and B are functions. This
type of operator can be seen as the general first-order differential operator, and it can
be written as a conjugation as follows.

If we let . = M~}

wix) © Qy be an operator of right composition with a bijective

differentiable function y followed by division by a weight function w, namely

(Zf)(x) =1L %SC), then the product rule and chain rule give

d _ _ d wi(x) d
D=7 oqo IZMW&)OQwOaOQWIOMwu): ( ()+—).

Therefore, putting y = [ % and w = exp ( [B /A) (where the constants of integration
can both be chosen freely, according to desired initial conditions on ¥ and w), we can

obtain all fractional powers of the operator D = B(x) + A(x) - %, in a natural way that

58



preserves properties such as semigroup and composition relations.

The model of fractional calculus thus obtained is called weighted (or scaled)
fractional calculus with respect to functions, and it is a general class of operators
which includes, according to specific choices of ¥ and w, the Hadamard-type and
Erdélyi—Kober fractional calculi. The definition was first introduced by Agrawal in
2012 [77], and there have been just a few further studies of this class in its full
generality [55,72,74,76]. The operators of fractional differintegration in this setting

are given explicitly as follows:
1 X
Ryl — — #
IW( )w(x )f(x) = F(,LL)W(X)/C (W(X) ‘V(ﬂ)

1 d wi(x) -
Dy winf ) = (w’—(x) {a () D ey ()
R

Cnit _
Doy )i f () =

H Ly R V(n—u) "R (1-V)(n—p)
cDW(x)’W(x)f(x) = cll,, ( w(x) ]) ch/(x),w(x) f(x),

where n = |[Re(u)] + 1 € N for the fractional derivatives, and these operators are the

conjugations of the Riemann-Liouville operators with constant of differintegration a =

v(c).

We note in passing that, although Hilfer fractional derivatives with respect to functions
have been intensively studied, this current work is (to the best of our knowledge) the
first time that a weighted Hilfer fractional derivative with respect to a function has been
H sV

presented in the literature. So our operator 7. W) () is new, albeit a natural definition

when the Riemann—Liouville and Caputo type derivatives are already defined [76,77].

Weighted fractional differential equations with respect to functions can therefore be

seen as the fractional version of differential equations with variable coefficients
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modified by addition: the combination of both of the previous two subsections into
one even more general class. These operators have been studied from the viewpoint of
variational calculus [76] and probability theory [72], but some recent work on
them [74] has failed to take account of the power of the conjugation relations, which

has been further discussed recently [55] to emphasise the approach.
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Chapter 6

CONCLUSION

This thesis contains the results of three publications [45, 46, 59], divided into three
chapters following the introduction and preliminaries. In Chapter 3, we have
established a new extension of the concept of Mikusinski’s operational calculus,
already well-known for classical derivatives and integrals, and also in the last two
decades for fractional derivatives and integrals of various types. Our work is devoted
to the extension of this mathematical formalism to the class of fractional derivatives
and integrals of one function with respect to another function. This is a class of
operators which covers, for example, the Hadamard and Katugampola models of

fractional calculus, which have various applications in modelling.

Mikusinski’s operational calculus is a useful method for solving differential
equations, formally similar to the method of Laplace transforms, but easier to justify
rigorously, and applicable in some problems where Laplace transforms cannot be
used. Therefore, the new extension defined in Chapter 3 can be used similarly to solve
differential equations using fractional derivative operators with respect to functions.
In this work, we have demonstrated the application of this operational calculus to
solve some linear fractional differential equations with constant coefficients and

Riemann—Liouville derivative operators with respect to functions.

In Chapter 4, we have studied the theory and practice of Mikusinski’s operational
calculus as it applies to Caputo fractional derivatives of a function with respect to
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another function. This is a continuation of our Chapter 3 in which we applied
Mikusinski’s operational calculus to Riemann-Liouville fractional derivatives of a
function with respect to another function; however, this new setting requires different
function spaces and different sets of results both for the functional relations and for

the solutions of fractional differential equations.

Additionally, we have elucidated some of the general theory of Mikusinski’s
operational calculus in fractional calculus, e.g. in Theorem 4.5 above where we have
described clearly the group structure generated by the field elements corresponding to
the operations of fractional integration and differentiation. We have also related this
theory to several types of Mittag-Leffler functions, including some recently defined

ones which have emerged naturally from solving differential equations.

In order to demonstrate the usefulness of the formalism constructed here, we have used
it to solve some fractional differential equations posed using Caputo derivatives with
respect to functions. We compared our results with those of another recent work which
studied such differential equations using the method of successive approximations, and

found that their results are consistent with ours.

Finally in Chapter 5, we have provided a brief glimpse at the power of conjugation
relations in fractional calculus. With an abstract linear map ., conjugation relations
allow the notion of fractional integrals and fractional derivatives to be extended to a
much more general setting, while keeping many of their fundamental properties such
as semigroup and composition relations and analogues of power and Mittag-Leffler
functions. As concrete applications of this abstract framework, we have considered the

general classes of fractional calculus with respect to functions and weighted fractional
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calculus. These settings and their combination allow us to define fractional powers of
any first-order differential operator B(x) +A(x) - % in a natural way, and also to include
many useful fractional calculi, including Hadamard, tempered, and Erdélyi—Kober, as

special cases.

The use of ideas from abstract algebra in understanding fractional calculus has already
been promoted in the operational calculus of Mikusinski [33], which has recently been
applied to more general operators, such as Hilfer derivatives [37], fractional calculus
with respect to functions [45,46], or Sonine kernels and their generalisations [78,79].
The author of reference [80] investigated the use of Mikusifiski’s operational calculus
in the general conjugated fractional calculus and found that the structures and results
established by Luchko in classical fractional calculus can be transferred to the more
general setting via the conjugating bijection with minimal modifications necessary.
Here we see how a little algebraic understanding can be very helpful in finding deep
results and connections in fractional calculus. In future work, we hope to extend and

enrich the connections between abstract algebra and fractional calculus.

It will also be possible to combine the work done here with other directions of
generalisation in fractional calculus. Some general classes of operators are related to
classical fractional calculus via conjugation relations, but others are related via series
formulae [15] or other kernel generalisations such as Sonine kernels [81]. Some work
has already begun on combining general analytic kernels with conjugation
relations [19], and this sort of combination can be extended further by using the more

general setting for conjugations proposed herein [82].

As the moral of this work, we would like to emphasise the necessity of taking into
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account connections between different operators when doing any mathematical work
with new types of fractional calculus. Newly invented operators should be critically
examined to understand how they fit into the existing structure, and such connections
can enable many of their properties to be immediately seen without need for detailed
proofs. This is not to say that operators with connections to old ones are useless — on
the contrary, even a minor modification of an existing operator may discover some real
applications to make itself useful — but, from the mathematical point of view, these
connections and overall structure should always be borne in mind, for more clean and

efficient mathematical work.
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