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ABSTRACT

In this thesis we studied af-statistical convergence. We started with the discussion of
statistical convergence. Later, we gave a brief summary of A-statistical, lacunary statis-
tical and A—statistical convergences. The concept of af-statistical convergence which
is the main interest of this thesis has been considered in the last chapter of the thesis.
In this chapter we also show that af-statistical convergence is a non-trivial extension
of statistical, A-statistical and lacunary statistical convergences. Finally, we introduced

boundedness of a sequence in the sense of af-statistical convergence.

Keywords: af—Statistical Convergence, A—Statistical Convergence, Statistical Conver-

gence, A-Statistical Convergence
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0z

Bu tezde, af-istatistiksel yakinsaklik kavrami incelenmistir. Bu kapsamda, Oncelikle
istatistiksel yakinsaklik kavrami ve bu kavrama bagli olarak, A -istatistiksel, lacunary
istatistiksel ve A—istatistiksel yakinsaklik konular1 hatirlatilmistir. Daha sonra bu tezin
esas amact olan af-istatistiksel yakinsaklik tanimi ozellikleri ve A-istatistiksel, lacu-
nary istatistiksel ve A—istatistiksel yakinsaklik ile iligkileri verilmistir. Bu kapsamda

af-istatistiksel anlaminda sinirlilik tanimi ilk kez bu ¢alismada verilmistir.

Anahtar Kelimeler: o—Istatistiksel Yakinsaklik,A—Istatistiksel Yakinsaklik, Istatistik-

sel Yakinsaklik, A-Istatistiksel Yakinsaklik
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Chapter 1

INTRODUCTION

Statistical convergence, which is the generalization of the ordinary convergence was
first introduced by Steinhaus [11] at a conference in Poland in 1951. Then it was de-
veloped by Fast [2] in 1951 and has become popular among researchers from the differ-
ent fields of mathematics. After statistical convergence different researchers introduced
some other methods. Fridy and Orhan [8], proposed and discussed lacunary statisti-
cal convergence. In this method an arbitrary lacunary sequence 6 is used to define
lacunary statistical convergence. Statistical convergence was extended to A-statistical
convergence in [10] by using a nonnegative regular matrix instead of Cesdro matrix.
Mursaleen[17] introduced the concept of A—statistical convergence [17]. Colak intro-
duced concepts of statistical convergence of order @ and A—statistical convergence of
order a in [14] and [15] respectively. All of these concepts are nontrivial extensions of
ordinary convergence. In addition, implication relations are studied for each case. For
example in the concept of lacunary statistical convergence sufficient conditions for sta-
tistical convergence and ordinary convergence are obtanied in [8]. Also they carried out
differences and implication conditions between statistical convergence. In the case of
A— statistical convergence, Mursaleen did the same as well by proving the condition for
implication between statistical convergence and A-statistical convergence. Later, using
these new type of convergences many research papers have been published by different

authors (see for example [4],[5],[6],[10],[12],[13], [16],[18] and [19].



Recently, Aktuglu introduced the concepts of @f—statistical convergence and oS- sta-

tistical convergence of order vy in [1]. In this thesis we shall focus on @B—statistical
convergence and af—statistical convergence of order y which are given in [1]. Some
new definitions such as af—statistically bounded sequences, aff—statistically Cauchy se-
quences, sequenses diverging to —oco or oo in the sense of aff—statistical convergence are

given and studied in this thesis.

In Chapter 1, we give a short summary of the theory of sequences including definition
of convergent sequences, Cauchy sequences and liminf and limsup of a sequence. We
also give basic properties of sequences and Cauchy sequences. Moreover, some needed
properties of infinite matrices and matrix transformations are discussed in Chapter 1.

Finally, density functions and their properties are studied at the last part of Chapter 1.

Chapter 2 is devoted to new type of convergences such as Statistical, A—statistical, lacu-
nary and A—statistical convergences. Definitions and discusssions about basic properties

and implications between these new type of convergences.

The last Chapter is organized as follows. First definirions of are provided of of—statistical
convergence and @f—statistical convergence of order y which are given in [1]. Next,
the relation between af—statistical convergence and new type of convergences are an-
alyzed (see also [1]). Finally, some new definitions such as boundedness in the sense
of af—statistical convergence, divergence to co and —co in the sense of @f—statistical

convergence are discussed.



Chapter 2

PRELIMINARIES

Before starting to discuss af3—statistical convergence , we consider a very short summary
about the theory of sequences and some other related topics. Furthermare in the present
Chapter, some needed properties of sequences, infinite matrices and matrix transforma-
tions and density functions are studies. These basic properies of sequences will help us
to see the differences between the known theory of sequences and their @S—statistical

cases.

2.1 Sequences

This Section is devoted to the brief summary of the theory of sequences. New type
of convergences like statistical convergence, A—statistical convergence, Lacunary sta-
tistical convergence and more generally @f—statistical convergence are all summability
methods. Therefore to compare these type of convergences by the ordinary convergence
first recall some well known properties of ordinary convergence. Starting with some
basic definition which can be easly found in any real analysis text books, related with

sequences.

Definition 1 A sequence is a function defined on the set of natural numbers N. Se-
quences get different names with respect to their range. If the range of the sequence is R
then we call this sequence a real number sequence (or real sequences). If the terms are

rational numbers Q, then we call this sequence rational number sequence (or rational



sequences). Generally we use the notation

X = (xy)

to represent sequences. For each value of n, the term x, is known as n'* term of x.The

space of all sequences is denoted by w.

Example 2 Consider the constant function f(n) = 1 then we have the following constant
sequence x, :=(1,1,1, ...,1, ...)

Example 3 Taking f(n) = (—1)" thenx, .= (-1,1,-1,...,(=1)",...)

Definition 4 Given x := (x,) and letk; <k, <...<ky... where k, € N. Then the sequence
(an,xnz, S ) is called a subsequence of x.

Example 5 Given x := (1, %, %, ), then obviously the sequence

1
s g

O —

1
’67

W =

x=(X3n)=(

is a subsequence of x := (x,).
Definition 6 A sequence x := (x,) is called bounded above if AK| € R, which satisfies
the inequality x,, < Ky for all n € N. In this case we say K is an upper bound for x.

Definition 7 We say x := (x,,) is bounded below if AK,, which satisfies the inequalityK <

Xp for all n e N . In this case we say K is a lower bound for x.

Definition 8 We say that a sequence x := (x,) is bounded if 4 K > 0, which satisfies the

inequality

lx,| < K



forallneN.

Lemma 9 We say x := (x,) is bounded if and only if it is bounded below and bounded

above.

Recall that, I, = {x € w : x;, is bounded}.

Example 10 Sequences defined by x, := % and y, 1= 2—1,1 are both bounded.

Definition 11 A sequence x := (x,) converges to a number L € R and denoted by x,, — L,
if for every € > 0 there exists a N(g) € N, such that for all n > N(g),

lx,—L| <e.

In other words, x, converges to L if Ve > 0, |x,, — L| < € holds except finitely many terms

of the sequence x. We use the notation c, to represent the space of convergent sequences,

c={x€w: x, is convergent}.

Definition 12 A sequence which is not convergent is called divergent.

Definition 13 A sequence which is convergent to O is called a null sequence. The spaces

of all null sequences is denoted by c, i.e.

co={xew:x,—0}.



Example 14 The sequence yy := % is a null sequence.

Remark 15 Obviously cy C ¢ C w.

Now we recall some basic properties of sequences which are well known and can be

found in any calculus text book.

Lemma 16 [f x := (x,) converges to L, then any subsequence x = (xn,) of x also con-

verges to L.

Lemma 17 Any convergent sequence of real numbers is bounded.

Remark 18 In general, a bounded sequence need not be convergent. In fact, the se-

quence x,, = (—=1)" is bounded but not convergent.

Theorem 19 (The Bolzano-Weierstrass Theorem) Any bounded sequence of real num-

bers has a convergent subsequence.

Theorem 20 Let x be a convergent sequence, then limit of x is unique.

Proof. Assume that x converges to different limits L; and L5, i.e.

limx,=L; and limx,=1L,.
n—>oo

n—oo
Given any & > 0, there exists N1 > 0, such that Vn > N,

E
lx, —Lq| < 5



Similar there exists N> > 0, such that Yn > N>

E
|xp, —Lo| < =

2
Take N := max{N,N>}, thenVn >N,
|Li—La| = |Ly—xy+xn— Lo
< |xn—Lil+x,— Ly
- 8+8
—_ — =&
2 2
which implies
Ly =1L,.

Definition 21 For each € > 0 and a € R. The set

K (a)={xeR,|x—a| < &}

is called the e—neighbourhood of a.

Lemma 22 Assume that x, — L. Then for every € > 0, except finitely many terms of x,

all other terms lie in K (L). In other words, the set

{(neN:|x,—L|l =&}



is finite.

Definition 23 A sequence x := (xy,) is called a Cauchy sequence if Ve >0, AN (¢) e N

such that for all n,m e N, withn,m > N (&), |x, — x| < €.

Lemma 24 Every real valued Cauchy sequence is bounded.

Theorem 25 (Cauchy Convergent Criterion) A sequence of real numbers is convergent

if and only if it is a Cauchy sequence.

Definition 26 A sequence x := (x,) of real numbers is called increasing if it satisfies the

inequality

Definition 27 A sequence x := (x,,) of real numbers is called decreasing if it satisfies the

inequality

A sequence which is increasing or decreasing is called a monotone sequence.

Example 28 The sequence x, := (%)” is decreasing.

Example 29 The sequence x, := (2)" is incraesing.



Theorem 30 (Monotone Convergence Theorem) A monotone sequence of real numbers

is convergent if and only if it is bounded.

Theorem 31 If (x,) is monotone increasing ( decreasing ) and not bounded above (be-

low), then x, — oo (x, — —00) as n — oo,

Definition 32 Given a sequence x := (x,) of real numbers. The limit superior of (x,) is
denoted by limsupx, (or lim,_,«x,) and defined as

limsupx, = Ilimx,
n—o0

Igeleup{xn n >k}

Definition 33 Given a sequence x := (x,,) of real numbers. The limit inferior of x := (xy)

is denoted by liminfx, (or lim,_ _x,) and defined as

liminfx, = lim Xn

om0

= supinf{x,:n>k}.
keN

Example 34 Consider the sequence x, := —1+(=1)". Then

0 if n is even,

-2 ifnisodd.

Thus,

limx, =0 and lim X, = —2.

n—oo —n—00



Example 35 Let x, := (—-1)" 2n1+1 then it is easy to see that

lim x,, = lim, _,_ x, =0.
n—>oo

Lemma 36 Let x and y be two real sequence then,

i) liminf x,, < limsup x,

ii) limsup(x, +y,) < limsup x, + limsupy,

iii) liminf (a, + b;) > liminf a,, + liminf b,,.

Let x be a real sequence then,

lim x,, = L & liminfx, =limsupx, = L.

n—-oo

2.2 Matrix Transformation
Definition 37 Let A and B be two infinite matrices and A be a scalar then,
) A+ B = (a,;+ bur) (matrix addition)

ii) AA = (Aayk) .

Definition 38 An infinite matrix A = (a), with non-negative entries (i.e. ay; > 0) is

called a non-negative infinite matrix.

Assume that A = (a,,;) 1s an infinite matrix such that for all x € w, the series

(o)

(Ax) = ) am.

k=1

10



converges for each n. In this case the infinite matrix A : w — w defines a transformation

on w.

Definition 39 An infinite matrix which maps a convergent sequence to a convergent
sequence is called conservative. In other words, A is conservative if and only if for each

X€c Ax€c.

Theorem 40 (Kojima-Shurer ) Let A = (a,x) be an infinite matrix. A = (a,x) is conser-

vative if and only if

(i) sup, Z]io:l lank| < o0,

(i7) ay := lim, a,; = 6 for all k,

(i) limy, 252, dng = 6.

Definition 41 An infinite matrix A is called regular if and only if for each x € c, with
x — L, lim, (Ax), = L. Necessary and sufficient conditions for regularity of an infinite

matrix A = (a;j) is given by the following Silverman-Toeplitz Theorem.

Theorem 42 (Silverman-Toeplitz conditions) Let A = (an;) be an infinite matrix. A =

(ank) is reguler if and only if

(i) sup, Z}iozl lank| < oo,

(i) For all k we have ay :=lim, a,;; =0,

(id) lim, Y22 apg = 1.

11



Example 43 The Cesaro matrix C = (cp), of order one is an infinite matrix where

S |=

if 1<k<n,
Cnk =
0 otherwise

Example 44 The matrix A = (ayx) where

1-% ifk=n-1,

Apk = nlz ifk:n,
0 otherwise
or equivalently,

1 0 0 0 0
301

71 O 0 0
05 5 0 0

9 9
A = (ank) =
0 0 -4 &

is a regular matrix.

Definition 45 Consider a sequence x, and an infinite matrix A. Then we say that x is

A-summable to L if:

lim (Ax), = L
n—oo

12



In the rest of the thesis, we will consider the matrix A, as an infinite, non-negative and

regular matrix unless it is mentoined otherwise.

2.3 Densities

As it is well known, the theory of statistical convergence and other type of conver-
gences are all based on a density function. This is why we need to explain the idea
and basic properties of densities. Therefore through this section, we give definitions and

some basic properties of density functions, which will be used in next Chapters.

Definition 46 For any subset D C N, the function xp of D is defined by:

1, keD
xp(k) := ,k=1,2,3,..

0, k¢D

1, keD
Example 47 Fora set D = {3n | n € N} the characteristic function is y p(k) :=

0, k¢ D

or as a sequence it is,

X, =(0,0,1,0,0,1,..)

Definition 48 Symmetric difference of two subsets A and B of natural numbers, N is

defined as below:

AAB = (AN\B)U(B\A).

13



2 2
~

If the symmetric difference above is finite, then we can say that they have relation

and is denoted by:

A~ B & AAB.

Definition 49 (See [3]) A set funtion

5:2N 510,17

satisfying the following conditions;
(1) if A~B then6(A)=06(B);

(2) if ANB=0, then 5(A)+6(B) <S6(AUB);
2.1)

(3) forall A,B; 6(A)+6(B)<1+06(ANB);

@) s =1.

is called an asymptotic density function.

For a given density function ¢, the set function defined by;

§(A)=1-5(IN\A)

also satisfies conditions given in (2.1). Therefore 6 is also a density function which is

called upper asymptotic density of 6.

Proposition 50 Let & be a density and 6 be its upper density then any subsets A and B

of natural numbers we have;

14



i) AC B= 6(A)<(B),
ii) AC B= 6 (A)<d(B),
iii) 3(A) +5(B) > (AU B),
iv) 8(@) = 8(@) =0,

v) 6(N) =1,

vi) A~ B =6 (A) =(B),

vii) 6(A) <6 (A).

Proof. (i) Using AN(B\A) =0 and (2) of (2.1) one can write that,

0(A)+0(B\A) <6(AU(B\A)) =46(B),

since 6 (B\A) > 0, we have,

0(A)<06(B).

(i) If A € B then B =N\B C N\A = A€, using i), we get

O(MN\B) < 6(N\A)

or equivalently,

6(A)=1-6(N\A) <1- SM\B)=65(B).

15



(iii) As a consequence of the definition we can write that,

6(A)+6(B) 2-5(N\A)-6(N\B)

2-(6(MN\A) + 6(N\B))

\%

2-(1+0(MN\A)N(N\B))).

But 6 (N\A)N(N\B)) = 6 (N\ (AU B)) gives

6(A)+6(B)>1-8(N\(AUB))=6(AUB).

(iv) Take A = ¢ and B =N in (2) of (2.1), we have

0(0)+6(N) <o(NUD)=6(N),

which implies that

0(0)=0.

Moreover if we take A = (), we have

@) =1-6(N\0)=1-6N)=0.

16



(v) This is a direct consequence of the definition of density (vi) Assume that A ~ B then

we have

M\A) A (N\B) = (N\A)\(N\B)) U ((N\B) \ (N\A))

= (B\A)U(A\B)=A~ B,

which means that

0(N\A) =0 (N\B).

Hence

6(A)=6(B).

(vii) Take B=N\A in (2) of (2.1), gives

OM\A)+0(A) < 6(N\A)UA)=0(N) =1

thus

S(A)<1-6(N\A) =6(A).

Definition 51 (/3]) We say that, a subset A of natural numbers has natural density if

17



and only if,

5(A)=6(A).

Example 52 Let d be a function defined from power set of natural numbers to the inter-

val [0,1] as follows,

d(A) = lim Al

n—oo n

where |A,,| denotes the number of elements in AN{1,2,3,...,n}, then d defines a natural

density.

It is not difficult to see that the function d(A) defined above satisfies the conditions for

density functions. We can also define d(A) in another way using the non-negative regular

A(m)

matrix C, the Cesaro matrix of order one, since == is n th term of the sequence (Cjx4)

we have,
d(A) = liminf(C.x4),.

Proposition 53 Let M be a non-negative, regular, infinite matrix and let 6y be defined
as follows;opy = lim inf(M.x4),,then 8y is a natural density function (i.e. satisfies (2.1)
n—0o

and furthermore,

Oy = limsup(M.xq),.

n—oo

18



Example 54 It is easy to see that,
HoMN) =1
i) S(N?) = 6({n? : neN}) = 0

iii) 6({2n : neN}) = 6({2n+ 1 : neN}) = %
Example 55 The natural density of all finite sets are zero.

Example 56 [In genaral, for a set K ={ak+b : keN}, we have

1

Example 57 Given,
xx =(1,0,0,1,1,1,1,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,...)

and the subset K = {k € N : x; = 1} of natural numbers, then for large m we have

>2m=l 4 2m=3 it m is odd,
K™ =

<2m240m3  ifm s even.

moreover,

IK(Q2™)| ~ > % if mis odd,

lim
mo2m 3 . .
<3z Iifmiseven.

therefore 6 (K) does not exist.

19



Chapter 3

NEW TYPE CONVERGENCES

The concept of new type of convergences has been initiated by Fast in [2]. After that,
there is an increasing interest to new type of convergences, among researchers. Different
type of converges has been introduced by many researchers. This section is devoted
to the definitions and properties of these new type of convergences such as statistical
convergence, lacunary statistical convergence and A—statistical convergence. The aim
here is not to give these type of convergences with all details but is to briefly explain the

1dea for each case.

3.1 Statistical Convergence

Definition 58 ([2]) Any sequence x := (xy) satisfying the condition,

ok : |xx—L| > ¢&})=0.

for every € > 0, is called statistically convergent to L and is denoted by st —lim,, x,, = L.

Recall that the natural density of all finite sets are zero. If we combine this by the fact

that ordinary convergence of a sequence to a number L, implies that

{k:|xx—L|l>¢}

is a finite set we get the following Theorem.

20



Theorem 59 Ordinary convergence implies statistical convergence.

The following remark gives the most important difference between ordinary and statisti-

cal convergence.

Remark 60 If x is statistically convergent to L, then every e—neigborhood of L, contains

all terms of the sequence except terms with their indices having density 0.

Now we are ready to consider examples of statistical convergent sequences, and also try

to show the differences between ordinary and statistical convergenses on examples.

Example 61 Let x := (x,) be the sequence

3 if n= m2,
1 - 2
= if n#m~.
Since 6({712 ‘ne N}) =0 we have st—1im, x,, = 0, but x is not convergent in the ordinary

sense.

The boundedness property is not hold by the statistical convergence. Recall that in the
sense of ordinary convergence, convergent sequences are all bounded. So, this also

shows that statistical and ordinary convergence are different from each other.

Example 62 Let x := (x,) be the sequence

n? if n=m2,
Xp =

1 if n#m?

21



It is easy to see that x is not bounded but st —lim,, x,, = 1.

Lemma 63 [2] Assume that st —limx, = Ly and st —limy, = L, then
(i) st —lim(x, +y,) = L1 + L.
(ii) st —lim(x,y,) = L1L,.

(iii) st —lim(kx,) = kL for any k € R.
Proof. (i) Given, € > 0. Then, since

E E
{n:|<xn—yn>—<L1+Lz)|Ze}c{n:|xn—L1| > 5}u{n:|yn—Lz|z 5}.

we have st —lim(x, +y,) = L1 + L. (i) Assume that st —lim x,, = L. By the definition of

statistical convergence
0A)=0(n:|x,—Li| <1} =1
On the other hand
|Xnyn — L1La| < |Xullyn — Lol + L2l |x, — L1
For each n € A, |x,| < |L|+ 1. This implies that,
|Xnyn = L1Lo| < (IL1]+ D) |yn — Lol + | L2l |xn — L. 3.1
Now given &€ > 0 and choose ¢ > 0 such that

E
0<26 < ——m8 . 3.2
|Li|+|Lo| + 1 (3-2)

22



LetFi={n:|x,—Li|<d}and Fr ={n:|y,— L] <d}thend(F1)=0(F2)=1and6(ANF1NFy)=

1. For eachn € AN F; N F» we have from 3.1 and 3.2

|xXnyn — L1Lo| < &.

Now 6{n : |x,y, — L1 Ly| > €} = 0 and st —lim(xgyx) = L1 Lo.

(iii) Take yx = A for all n € N, then it follows from (i7).

Remark 64 Asume that st-lim x = L & d(ny) such that 6 {ny : k € N} = 1 and limy x,,, =

L.

Example 65 Consider the sequences,

1 n=k%, for some k

x=n) =9 0 n=k*+1, for some k

2 otherwise

and

}l +1 otherwise
y=0n):=

0 n=k?, for some k

then x and y are not convergent in the ordinary sense but

st—limx, =2 and st—limy, = 1.

23



Using Lemma 2.1.6 we have,

st—lim(x, +y,) =3

and

st—1im(3x,) = 6.

Definition 66 A sequence x is statistically divergent to o if for any real number M,

o({lneN:x,>M})=1.

Example 67 Consider the sequence

\Vn otherwise
x=(xy):=

1 n=k*+2, for some k

then x is statistically diverges to co.

Definition 68 A sequence x is statistically divergent to —o if for any real number K,

o0({neN:x,<K})=1.

Example 69 Consider the sequence

\n n=k>+2, for some k
x=(x,):=

—n+1 otherwise

24



then x is statistically diverges to -co.

Definition 70 A sequence x := (xy) is statistically Cauchy sequence if for each & > 0,

AN (&) such that,

1
Iim—|{k<n:|x—xy|>¢e}|=0.
non

Lemma 71 A sequence x := (xy) is statistically Cauchy sequence if and only if 1D C N
with 6(D) = 1 and x is Cauch on D.

Example 72 Consider the sequence

1 n=k*+2, for some k
x=(x,):=

% otherwise

then x is statistically Cauchy sequence.

Parallel to the ordinary case, one state the following theorem,

Theorem 73 A sequence x is statistically convergent if and only if it is statistically

Cauchy sequence.

Proof. Assume that x is statistically convergent to L. By the definition there exists a
subset D of natural numbers with 6(D) = 1 and x — L on D in the ordinary sense. This

means that x is a cauch sequence on D or equivalently x is a statistical Cauchy sequence.
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Conversely, assume that x is statistical Cauch sequence then by Lemma, there exists
a subset D of natural numbers with 6(D) = 1 and x is Cauchy on D. Therefore it is

convergent on D, which means that x is statistical cauchy sequence. m

Theorem 74 ( [4]) If x is a sequence such that st —limx; = L and A x; = 0(%), then

lim Xk = L.

3.2 Lacunary Statistical Convergence
Definition 75 ([8]) A sequence 0 = {k,} satisfiying,
) ko=0

i)h, =k, —k,_1 > o0, r— o0,

is called a lacunary sequence.

For each lacunary sequence 6 one define the interval I, := (k,_, k] and the fraction

qr = k’:il . Lacunary statistical convergence has been introduced by Fridy and Orhan in

the following way.

Example 76 The sequence 6 = {k,} = {2"} is a lacunary sequence with I, := (2’ -1 or ]

and g, :=2.

Definition 77 ([8]) A sequence x is called Lacunary statistical convergent and denoted

by xy — L(6—st) if for every € > 0,

1
Iim—|{kel,: |xx—L|>€}|=0
r h,
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Lemma 78 ([8]) For a lacunary sequence 6 = {k,}, x — L implies »y — L(0—st) if

and only if liminf, g, > 1.

Lemma 79 ([8]) For a lacunary sequence 6 = {k,}, xx — L(6— st) implies x; — L if and

only if lim sup,. g, < co.

As a consequence of following Lemmas we have;

Theorem 80 ([8]) Let 6 = {k,} be a lacunary sequence. Then statistical convergence and

0—statistical convergence of x; — L are equal if and only if

I <liminf g, <limsupg, < co.
r r

Example 81 The lacunary sequence 0 = {k,} = {2"}, satisfies the conditions of the above

theorem for r > Q.

3.3 A1-Statistical Convergence

The concept of A-statistical convergence for sequences of numbers was first introduced
by Mursaleen in [17] where he showed that statistical convergence is an extension of
ordinary convergence. Fridy introduced sufficent conditions for ordinary and and sta-
tistical convergence. Also Orhan and Fridy provided #—convergence and introduced
implication conditions and also the differences between #-convergent and statistical con-
vergence. Mursaleen applied the same method for A-statistical convergence and obtained
implication conditions. Later this theory was extended by Colak, introducing statistical

convergence of order a.
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To define A-statistical convergence first we need a sequence (A,) of positive, non-decreasing
numbers such that A, — oo, as r = oo, 4 = 1 and 4,41 £ A, + 1. Assume that w is the
space of all sequences satisfying these conditions. Then for each (4,) € w and for each r,

we can define intervals,

M,=[r—A,+1,r].

Definition 82 ([/7]) A sequence x is said to be A—statistical convergent to L if, for all

>0,

1
lim ~ {lkeM, : |x—L| > €]} =0.

The A-statistical convergence of x to L is represented by the notation s — L(A— st).

Remark 83 For A, =r, A-statistical convergence coincides with statistical convergence.

3.4 A-Statistical Convergence

As we discussed in the previous sections, density was defined on Cesaro matrix A of or-
der one. Freedman and Sember [3] used a non-negative regular matrix instead of A, and
defined the concept of A-density. In [10] Kolk, used A—density to define A—statistical
convergence. Later, many mathematicians have used A—statistical convergence in their

research studies.

Definition 84 ([3]) Let A = (anr) be a nonnegative regular matrix an K C N. Then the
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set function or density
54(K) 1= lim(Aw)y = lim > ()
if the limit above exists, is called the A—density of the set K and denoted by 64(K).
Lemma 85 For an existing 64(K) or 64(N\K) we have the following relation.
0A(K) =1-04(N\K)
Remark 86 64(K) =0 when K is finite.

Definition 87 ([/0]) Suppose A = (ayy) is nonnegative regular matrix, if AL such that

forall e >0

lim > (@w=0

k:|xg—L|>e

then we say that the sequence x = (xx) is A-statistical convergent to L. In this case we

will denote it as bellow ;

xg — L(A —st)

Lemma 88 ([10]) Let
Ke)=1lkeN:|xg—L|>¢&}

and let xkg() be the characteristic function of K(g) then, xk is A-statistical convergent
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to L if and only if Ve >0,

’}i_{l;)(A%K(a))n =0.

Example 89 Consider the matrix C = (cpi) where

1
n kSI’l
Cnk =
0 otherwise
or
1 00 O
11
= 5 0 0
C1: 2 2
1 1 1
333 0

which is known as Cesdro matrix. Then if we use C instead of A given at the begining

of this section, we reach the definiton of natural density see below,

1
oK)= lim (Cy.xg), = lim—|{k<n:keK}|.
n—oo n—oon
Example 90 Consider the following nonnegative regular matrix,

A=(ay) = n=1,2,3,...
0 k#n?
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and the sequence x given below,

L p=pn?
n =
1 k#n?
Then for any € > 0 and
1
K(e):{keN: %K_E 28}
we get
lim(A%K(g)) =0
Therefore
i 1
A—stlim = —.
n—oo

Remark 91 Consider A,, with the following properties

A =1
/ll’l+l S /1;1 + 1
A 2 0

and define the matrix A = (a,x) as below;

L kel

Ay

0 otherwise
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then A —statistical convergence coincides with A—statistical convergence.

Example 92 Let 6 = {k,} be a lacunary sequence then consider the matrix Ag = (a)

where

1
Ay = Ty kEIr
0, k¢l

then Ag—statistical convergence is lacunary statistical convergence.

Example 93 :Given the matrix below

e}
=
=)
=
o
o

A:ank:

and the sequences

0 n=2n
%n:

1 n#2n

we will see that » is A-statistical convergent to zero while it is not statistical convergent.

To see that it is enough to see that, if € > 1 then the set below is empty

K() =1k :|»—0| > &}.
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But if 0 <& <1 then we have

K(e)=1{1,3,5,7,..}
In this case, since

7 =(1,0,1,0,1,...)
we get

(A7) =(0,0,0,..).
Therefore, calculating the A-density of K we have,

0(K) = lim kek(e) Pk = Jim Zke{l,3,5,...} Ak = 0.
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Chapter 4

aB-STATISTICAL CONVERGENCE

This chapter is devoted to the concept of af—statistical convergence which is introduced
in ([1]). Recall that for each type of convergence, there exists a density function and
it plays a basic role in the definition of different type of convergences. The idea which
is used to define new type of convergences was the following, a sequence may have in-
finitely many terms which are not including in e—neigborhoods of the limit point for &
small enough but the set of indicies of such terms have density zero. As it is well known
this is not possible in ordinary sense. Therefore, new type of convergences defined in
this way give us a new type convergence which is different from ordinary convergence.
In many years researchers focus on convergences which are obtained from different den-
sity functions. But a careful observation shows that all density functions are based on
different class of intervals. For example statistical convergence and lacunary statistical
convergences are based on intervals [1,#] and (k,,—1,k,] respectively. In [1], it is shown
that a generalization of set of intervals gives us a generalization of these new type con-
vergences. This is the basic idea of af—statistical convergence. After this brief idea of
af—statistical convergence, we shall discuss details of this generalization of new type of

convergences.
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Now let @ and B be two sequences such that,

P1 : a),B(n) >0 VneN,
P> : B(n)>an),YneN

P3; : B(n)—a(n) — o as n— co. 4.1)

For the simplicity we shall use the notation A to represent the set of pairs of sequences

« and S satisfying (4.1) i.e. ,

A :={(a,p) | @ and B satisfies Py, P>, P3} C sXs

Definition 94 ([/])For any K C N and for each pair (a,) € A

we define :

g e [KN[a@m).p0)]
S I B —am ) @2

where |S| is the cardinality of the set S and PZ"B = [a(n),B(n)]
Lemma 95 ([/]) Let M and K be any subset of N and (a,8) € A
i) 6*P(¢) =0
it) 69P(IN) = 1

iti) If K is finite then 6*#(K) =0

v) K c M = §%P(K) < §%B(M)
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Proof. i) Taking K = ¢ in (4.2) gives,

N | OO
o= ”11_>I§°(,3(n)—a(n)+1)

. 0
lim
n—eo (B(n) —a(n)+ 1)

= 0.

ii) Using (4.2), we have

. |k N [a(n),B0)]|
n=c0 (B(n) — a(n) + 1)

B —am+1)
n=e0 (B(n) —a(n) + 1)

= 1.

6"P(N)

iii) Assume that K C N is finite with |K| = ¢,

. |K N [am),Bm)]|
n=eo (B(n) — () + 1)

S*P(K) =

lim ¢
n—eo(B(n) —a(n)+1)

0.

iv) If K C M then

Knla(n),pm] c Mnlan),fn)]

which means that

|K 0 [a(n),Bm)]| < |M N [a(m),B0)]]

36



and

[Knlat,pm]| _ |Mnlet).Bm)]
B -am+1D) = Bw-am+D’

Taking limits from both sides as n — oo we have

§YP(K) < §¥B(M).

Definition 96 ([/]) We say the sequence x is afp—statistically convergent to L and denote
by x, = L (aB—st) if Ye>0

; “kePZ’ﬁ Dag— L > 8”
im

0" (ke P lu=Liz6]) = lim T

tkelan.poo] < bu - L e
n—eo B(n)—a(n)+1)

Example 97 Consider the sequence

0 n=Kk?, for some k
x=(xy):=

1 otherwise
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and take a(n) = n, B(n) = n?, then

5P ({k € PZ’ﬁ D=1 > 8})

therefore x is afp—statistical convergent to

Example 98 Consider the sequence

IA

. “kePZ’ﬁ =L > 8}‘
A B —at) + 1)

'{ke [n,nz] D=L > 8}‘
lim

n—eo n?-n+1

'{ke [n,nz] Car—L| > 8}‘

lim 5

n—eo n-—n+1
. n

lim =0

1.
n=k, for some k
otherwise
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and take a(n) = 1, B(n) = n’, then

a,B B . “kePZ’ﬁ =L = g}‘
o ({kEPn :|Xk_1|28}) = nh_)ngo B —at+D

. '{ke[l,rﬁ] Cx =L > 8}‘
= Jhim 3

n—oo n3

lim— =0
n—oo I’l3

IA

therefore x is afp—statistical convergent to 0.

Lemma 99 ([/]) Assume that x, — L (o — st) and y, — L (a3 — st) then
(i) (xXn+yn) = L1+ Ly (af —s1)
(ii) (Xnyn) = L1La (a3 — st)

(iii) (kxp) — kL (af — st) for any k € R.

Proof. (i) Given, € > 0. Since

{n:|<xn—yn>—(L1+Lz)|Zs}c{n:|xn—L1| > g}u{n:m—mz g}

we have (x, +y,) = L1 + Ly (@8 —st).
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(if) Assume that x,, — L1 (a8 —st) . By the definition of statistical convergence

§P(A) =8P (n: |x,—Li| < 1}) = 1.

On the other hand

|Xnyn — L1La| < |xpllyn — Lol + |La| X, — L1l

for each n € A, |x,| < |L|+ 1. This implies that,

|xpyn — L1La| < (IL1|+ 1) [y, — Lo + Lo |x, — Ly]. (4.3)

Now given & > 0 and choose ¢ > 0 such that

0<26<ﬁ]:%377' (4.4)
Let

Fi1={n:|x,—Li| <6}
and

Fo={n:|y,—Ls| <6}
then

§*P(F1) = 6"P(Fy) = 1
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and

SPANFINFy) =1.

For each n € AN F; N F, we have from (4.3) and (4.4)

|Xnyn — L1Lo| < €.

Now

P n: |xuyn — L1Lo| 2 €} =0

and

(xkyx) = L1Ly (ff —st).

(iii) Take y; = A for all n € N, then it follows from (ii). m
The following Lemma shows that ¢5—statistical convergence is an extension of ordinary

convergence.

Lemma 100 ([/]) Let x be a convergent sequence (in the ordinary sense) then x is

af—statistically convergent.
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Proof. Assume that x — L in the ordinary sense. Then for each £ > 0, and for all

(a,B) € A the set
{kePZ’ﬁ Dxe =L = 8}
is finite. Therefore,
SPUK Iy —LI2e})=0
which implies that

Xp — L(af —st).

Remark 101 ([/]) Choose a(n) =1 and S(n) = n then PZ’ﬂ =[1,n] and

. {ke[l,n] : |x; — L| > €]
1m

n— o0 n

5 (ke Py’ 1 — LI > g))

. fk<n:x—L| > &}
= lim

n—oo n

which is the density function used in the definition of statistical convergence. In other

words, for a(n) = 1 and B(n) = n, af—statistically convergence reduces to statistical

convergence.

Remark 102 ([/]) Assume that A, is an arbitrary sequence in w, then take a(n) =n—
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Ay + 1 and B(n) = n, it is easy to see that (a,8) € A and

B(n) —a(n)

Moreover,

§({ke PyP 1 — LI > g))

which is the density function used in

n—-(n—-A,+1)

An—1.

{ke[n—A,+1,n] : [xp-r] > &}

= lim

n—o0 n—(n-A4,+1)+1
_ oy Hke[n—A,+1,n] @ x| > €}
= 1m

n—oo /ln

the definition of A—statistical convergence. In

other words for a(n) =n— A, + 1 and B(n) = n, af—statistical convergence reduces to

A—statistical convergence.

Remark 103 ([/]) Assume that 6 = {k,} is an arbitrary lacunary sequence, then take

a(n) =ky—1+1 and B(n) = k,, it is easy to see that (a,p) € A and

Bn)—a(n) =k —k—1 +1.
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Moreover,

[{ke[kn—1 +1,kn] : Ixp-r| 2 €}

§(fke Py’ - Lz e)) = lim P
_ ke lkn—1+ 1, k] : [xp—L| > &}
= 1m h
n—oo n

_ i HREGn-1, kn] ¢ i1 > €
= 1m

n—oo hn

which is the density function used in the definition of lacunary statistical convergence.
In other words for a(n) = k,—1 +1 and B(n) = k,, aff—statistical convergence reduces to

lacunary statistical convergence.

Definition 104 A sequence x is afs—statistically divergent to oo if for any real number

M,

SP(neN:x,>M)=1.

Example 105 Consider the sequence

n otherwise
x=(xy):=

0 n=Kk, for some k
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and choose a(n) =1, B(n) = n?, then for any real number M

§P(neN: x, <K}

then x is af—statistically diverges to .

IA

Hk e P x> M”

A B et + 1)
. ‘{k € [1,112] DX > M}‘
n—oo n2

. ‘{k € [1,n2] DX > M}‘
n—00 n3

nl@m nz_(:; L L

Remark 106 Since afS—statistical convergence includes statistical, A—statistical and la-

cunary statistical convergences, any sequence x which is statistically divergent to oo, is

af—statistically diverges to oo, for the appropriate choice of a and B.

Definition 107 A sequence x is aff—statistically divergent to —oo if for any real number

K,

§P(neN:x, <K} =1.

Example 108 Consider the sequence

0
x=(xy):=

n=kx, for some k

—n otherwise
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and choose sequences a(n) =1, 5(n) = n> then for any reel number K,

a frertonen
(5,,3({neN:xn<K}) = nh_{Eo Bn)—a(n)+1)

|{ke IR <K”

= lim
n—oo I’l3

i |{k€ [1,n3] Cxp < K}’

n—oo n3

IA

X is afp—statistically diverges to —oo for any real number K.

Remark 109 Since afS—statistical convergence includes statistical, A—statistical and la-
cunary statistical convergences, any sequence x which is statistically divergent to —co,

is aff—statistically diverges to —oo, for the appropriate choice of a and 5.

Definition 110 A sequence x := (xi) is called afs—statistically bounded if there exists a

positive constant M, such that

8B (n : |x,| > M}) = 0.

Example 111 Choose a(n) = 1, 8(n) = n’ and consider the sequence

0 otherwise
x=(xp):=

n n==k, for some k
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then for any M > 0,

@B
SB((n: x> M) = lim ‘{kepn 1l >M}‘
n—eo  (B(n)—a(n)+1)

‘{ke [1.23] ¢ Ll > M}‘

= lim
n—oo I’l3

n—oo n3

. n
Iim — =0,
n—oo n3

IA

which means that x is afS—statistically bounded.

Definition 112 A sequence x is said to be aff—statistically convergent of order vy to L

and denoted by x, > L (af” —st), if Ye>0

Hk ePP L > s}‘

M B a1y

Lemma 113 ([/)If 0<y <6 <1 and x, > L (af—st) then x, > L (af—st).
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Chapter S

CONCLUTION

aB-statistical convergence is studied in this thesis. First, the definitions of density, ma-
trix transitions and sequence are studied in order to discuss the concept of statistical
convergence. Then, a brief summary of A-statistical, lacunary statistical and A-statistical

convergences is given.

In the last chapter the concept of af-statistical convergence, which is the main interest
of this thesis has been considered. It is shown that @/-statistical convergence is a non-
trivial extension of statistical,A-statistical and lacunary statistical convergences. Finally,
we introduced boundedness of a sequences in the sense of af-statistical convergence,

which is firstly discussed in this thesis.

48



REFERENCES

[1] H. Aktuglu, Korovkin type approximation theorems proved via ¢—statistical con-
vergence, Journal of Computational and Applied Mathematics 259 (2014) 174—

181.

[2] H. Fast, Sur la convergence statistique, Collog. Math. 2 (1951), 241-244.

[3] A. R. Freedman and J. J. Sember, Densities and summability, Pacific J. Math. 95

(1981), 293-305.

[4] J. A. Fridy, On statistical convergence, Analysis, 5 (1985), 301-313.

[5] J. A. Fridy, Statistical limit points, Proc. Amer. Math. Soc. 118(1993), 1187-1192.

[6] J. A. Fridy and H. 1. Miller, A matrix characterization of statistical convergence,

Analysis 11 (1991), 59-66.

[7] J. A. Fridy and C. Orhan, Statistical limit superior and limit inferior, Proc. Amer.

Math. Soc. 125 (1997), 3625-3631.

[8] J. A. Fridy and C. Orhan, Lacunary statistical convergence, Pacific Journal of Math-

ematics, vol. 160, No.1, 1993.

[9] A. D. Gadjiev and C. Orhan, Some approximation theorems via statistical conver-

gence, Rocky Mountain J. Math. 32 (2002), 129-138.

[10] E. Kolk, The statistical convergence in Banach spaces, Acta Et Commentationes

Tartuensis 928 (1991), 41-52.

49



[11] H. Steinhaus, Sur la convergence ordinarie et la convergence asymptotique, Collog.

Math., 2 (1951), 73-74.
[12] M. Stoll, Introduction to Real Analysis, 2nd Ed.,

[13] H. Aktuglu, H. Gezer, Lacunary equistatistical convergence of positive linear op-

erators, Central European Journal of Mathematics, 7 (2009) 558-567.

[14] R. Colak, Statistical convergence of Order @, Modern Methods in Analysis and Its

Applications, New Delhi, India: Anamaya Pub, (2010), 121-129.

[15] R. Colak, C. A. Bektas, A—statistical convergence of order «, Acta Math. scientia

(2011), 31B(3), 953-959.

[16] H.I. Miller, A measure theoretical subsequence characterization of statistical con-

vergence, Trans. Amer. Math. Soc. 347 (1995), 1811-1819.
[17] M. Mursaleen, A—statistical convergence, Math. Slovaca, 50, (2000), 111-115.

[18] D. Rath, B. C. Tripathy, On statistically convergent and statistically Cauchy se-

quences. Indian J Pure and Appl Math, 25(4) (1994), 381-386.

[19] T. galét, On statistically convergent sequences of real numbers, Math Slovaca, 30

(1980), 139-150.

50



