gq-Polynomials and Location of Their Zeros

Afet Oneren

Submitted to the
Institute of Graduate Studies and Research
in partial fulfillment of the requirements for the Degree of

Doctor of Philosophy
in
Applied Mathematics and Computer Science

Eastern Mediterranean University
October 2014
Gazimagusa, North Cyprus



Approval of the Institute of Graduate Studies and Research

Prof.Dr. Elvan Yilmaz
Director

I certify that this thesis satisfies the requirements as a thesis for the degree of
Doctor of Philosophy in Applied Mathematics and Computer Science.

Prof. Dr. Nazim Mahmudov
Chair, Department of Mathematics

We certify that we have read this thesis and that in our opinion it is fully adequate
in scope and quality as a thesis of the degree of Doctor of Philosophy in Applied
Mathematics and Computer Science

Prof.Dr. Nazim Mahmudov
Supervisor

Examining Committee

1. Prof. Dr. Nazim Mahmudov

2. Prof. Dr. Veli Kurt

3. Assoc. Prof. Dr. Mehmet Ali Ozarslan

4. Prof. Dr. Giilen Bascanbaz Tunca

5. Asst. Prof. Dr. Arif Akkeles




ABSTRACT

In this thesis, we define the g-Bernoulli numbers and polynomials, g-Euler numbers
and polynomials, g-Frobenius-Euler numbers and polynomials and g-Genocchi numbers
and polynomials of higher order in two variables x and y, by using two g-exponential
functions. We also prove some properties and relationships of these polynomials and
g-analogue of the Srivastava and Pinter addition theorem. Furthermore, we represent
the figures of the g-Bernoulli, g-Euler and g-Genocchi numbers and polynomials. We
find the solutions of these g-polynomials, for n € N, x and g € C by using a computer
package Mathematica®software. Finally, we discuss the reflection symmetries of these

g-polynomials.

Keywords: g-analogues of Bernoulli - Euler - Genocchi - Frobenius-Euler numbers and

Polynomials, Srivastava Pinter addition Theorems, shapes and roots of g-polynomials
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Bu tezde, iki g-iistel fonksiyonlarini kullanarak g-Bernoulli, g-Euler, g-Frobenius-Euler
ve g-Genocchisayilart ve polinomlari iki degisken x ve y yiiksek diizenin polinomlari
tanimlanir ve bu polinomlarin bazi 6zellikleri, iligkileri ve Srivastava-Pinter ilave teo-
remin g-analogu kanitlanir. Ayrica bilgisayar kullanarak g-Bernoulli, g-Euler ve ¢-
Genocchi numaralarinin sekilleri kesfedilir ve indeks n degerleri icin g-Bernoulli, g-

Euler ve g-Genocchi polinomlarin koklerinin yapist tarif edilir.

Anahtar Kelimeler: Genellestirilmis Bernoulli-Euler- Genocchi -Frobenius-Euler sayilari

ve Polinomlar1 ve Srivastava - Pinter ilave teoremi, q-polinomlarinin kokleri ve grafikleri
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Chapter 1

INTRODUCTION

In mathematics, the Bernoulli numbers B, and polynomials B,(x), Euler numbers E,
and polynomials E,(x) and Genocchi numbers G, and polynomials G,(x) are impor-
tant topics in number theory, analysis and differential topology and have applications in

statistics, combinatorics, numerical analysis and so on.

In the 17th century, mathematician studied to find out a formula for the sum of the first

n natural numbers with k-th powers, where k is a positive integer:
Spn)=1°F42k43k 4 4 pk

The Swiss mathematician Jakob Bernoulli (1654-1705) would solve this problem with
the following equality:

n
1k+2k+3k+...+(n—l)k:k!ka(x)dx
0

where Bj(x) is the Bernoulli polynomials. Jakob Bernoulli discovered the Bernoulli
numbers, B,, famous work "Ars conjectandi” published in 1713 in related with sums
of powers of consecutive integers. Independently, Japanese mathamatician Seki Kéwa
studied with Bernoulli numbers, By, in his posthumous work "Kutsoyo Sampo" pub-

lished in 1712. Lady Ada Lovelace (1815-1852) wrote the first computer program in the



world to investigate the Bernoulli numbers. Then, G.-S. Cheon in [6] and H.M. Srivas-
tava, A. Pintér in [11] studied on the Bernoulli and Euler polynomials their properties

and relationships.

Over 7 decades ago, Carlitz studied on g-analogues of the ordinary Bernoulli numbers
B,, and polynomials B,(x) and introduced the g-Bernoulli numbers and polynomials
(see [3], [4] and [S]). Then, many other mathematicians studied with g-analogues of
Bernoulli numbers and polynomials and introduced new definitions of B, and B,(x)
such as Simsek ([33], [34] and [35]), Cenki et al. ([13], [14], [15]), Choi et al. ([16] and
[17]), Srivastava et al. [36], Ryoo et al. [32], Luo and Srivastava [12], Ozden and Simsek
[29]. N.LMahmudov in [28],[44],[45],[56],[57] introduced new generating functions to
define q analogues of B, (x) and B,,, Euler polynomials E,,(x), numbers E, and Genocchi
polynomials G,(x) and numbers G, and Frobenious-Euler numbers and polynomials. In
[20]-[27] Kim et al introduced a new notion for the g-Genocchi numbers and polyno-
mials, studied on basic properties and gaves relationships of the g-analogues of Euler
and Genocchi polynomials. Many other authors studied on this subject such as : Cenkci
et al [14], Luo and Srivastava [8], [9], [12], Simsek et al [37], Cheon [6], Srivastava et
al. [11], Nalci and Pashaev [49], Gabaury and Kurt B. [41], Kurt V. [46], Araci et al.
[51]. D.S. Kim, T. Kim, and J Seo [60] studied on the new g-extension of Frobenious-
Euler numbers and polynomials, also D.S. Kim and T. Kim[62], studied on higher order

Frobenious-Euler numbers and polynomials-Bernoulli mixed type polynomials.

In recent years, Woon [58], Veselov and Ward [59] investigated the real and complex

roots of Bernoulli polynomials There are a lot of studies on investigated roots of g-



numbers and polynomials, see [63], [64], [65], [67], [56], [57]. By using these numerical
results we can understand the structure of these g-numbers and g-polynomials, examine

the properties, give relationships and make some comparisons between them.

In this thesis, we give new definitions for the higher order g-numbers and polynomials

in two variables x and y, by using two g-exponential functions (see [2])

%) Zn [e%s) 1 1
= = —., 0 1, _ 1.1
“® nZ‘O[n]q! Do(l—(l—q)qkz) <<l ki< I1-gql (b
e qz”(” 1)Z
q<z)-2 ﬂ(1+(1 9¢'a, 0< lgl<1, zeC,  (1.2)

From this form we get ¢, (z) E;(—z) = 1. Then, we have

Dye,(2) = e4(2),

where D, is the g-derivative and defined by
(q2) - f (@)
D, f() = LT
qz—z

Two g-exponential functions (1.1) and (1.2) help us easily to prove some properties
of these g-polynomials and g-analogue of the Srivastava and Pinter addition theorem.
Moreover we investigate the shapes of the g- numbers and polynomials. We define the
structure of the real and complex roots of the g- polynomials for values of the n, g and

x € C where n is the degree of these polynomials by using a computer package Mathe-



matica .

This thesis consist of four chapters and is organized as follows:

In chapter 2, we give some fundamental definitions and some properties of Bernoulli
numbers B, and polynomials B,(x), Euler numbers E,, and polynomials E,(x) and Genoc-
chi numbers G, and polynomials G,(x). We discuss relationships of B,(x) and E,(x).
The classical Bernoulli numbers B,, and Bernoulli polynomials B,(x) are defined in [45]

by the generating functions given as follows:

t N
o ZB,%, It < 27

n=0
! t
(e[—l)ex

the rational numbers B,,, are Bernoulli numbers for n € Ny. The classical Euler numbers

oo l‘n
> By, il <2r
n!
n=0

E,, and polynomials E, (x) are defined in [45] by means of generating function as follows:

2 > m
o ZE,%, 1l < x
n=0

2 tx
(ef+1)e

The classical Genocchi numbers G, and polynomials G, (x) are defined in [28] by means

(S tn

D B, <
n!

n=0

of generating functions:

2t A
n=0 '

(o] l‘n

D Ga)—, <
n!

n=0

—_———
Q

>,

+ | ¥
[—

N —
Q
.
=
1]



In this chapter, we also give few values of Bernoulli numbers B,, and polynomials B, (x),
Euler numbers E, and polynomials E,(x) and Genocchi numbers G, and polynomials

Gu(x).

In chapter 3, we give some basic definitions and elementary properties related to g-
integers. We always make use of quantum concepts as follows: for more details see [1].

The g-shifted factorial is defined by

—_

n—

(a:q) = 1, (@q),= (l—qja), neN,
j

@9 = | |(1-4'a), lgI<1, acC.
Jj=0

Il
(e}

The g-numbers and g-numbers factorial is defined by

1=g%
[al, = _qq (q#1):

1

[01,!

15 [nl,!=01,2],...nl, neN, aeC

respectively. The g-polynomial coefficient is defined by

[n] :%, k<n, neN.
klg @ Dn-k (@9

N. I. Mahmudov define the (w, g)—Bernoulli numbers and polynomials in [56] as follows

[oe]

t (W) "
—_ = B, —, |t|<2m,
weg (1) -1 nZ:; " n],! il <27
(W)
e, (t)_leq(tx)eq(ty) E B, ( ,y)[ T ‘ f| < 2.



where g € C,and 0 < |g| < 1. The (w,g)—Euler numbers and polynomials is defined in

[56] as follows:

2 > (w) [ad
—_— = —, tfl<m,
weg(N+1 & " n],!
e, () e (1) = Y E(x, )— It < 7.
weg(+ 14777t Z; i

We also study on relationships between the (w, g)—Bernoulli polynomials and (w, g)—Euler
polynomials. Then we discuss some elementary properties and get new formulas which
are extensions of the formulas studied by other authors like Cheon, Srivastava and Pin-
ter, and so on. (see [6], [11]). Furthermore, we explore the shapes of the g-Bernoulli
and g-Euler numbers and polynomials. We describe the structure of the roots of the g-
Bernoulli and g-Euler polynomials for values of the n, ¢ and x € C where n is the degree
of polynomials by using a computer. In this chapter, we also give the definition of higher
order Frobenius-Euler numbers and polynomials H,; ’q/l(x) and we investigate some ele-

mentary properties of these polynomials (see [57]).

In chapter 4, we define the g-Bernoulli numbers B,, ; and g-Bernoulli polynomials B,, ; (x,y)

in x,y by means of the generating functions in [57] as follows:

t 0 P
(eq(t)— 1) - Z Bugrp M<2m

n=0 q

(e ) - )eq(”)eq(ty)—z%nq(x y)[ o W<



We also define the g-Genocchi numbers 6, , and g-Genocchi polynomials ®,, , (x,y) in

x,y by means of the generating functionsin [57] as follows:

(eq(ml) Z_]can[]q, 1 <,

n=0

2t 00
(e )+ )eq(”)eq(ty) Zcﬁnq(xy)[ e

where g € C, and 0 < |g| < 1.We give some elementary properties of the g—genocchi poly-
nomials ®,,(x,y). Also, we prove an interesting relationship between the g-Genocchi
and the g-Bernoulli polynomials. Then, we obtain g-analogous of some properties.
Moreover, we display the shapes of the g-Genocchi numbers and polynomials. Then
we investigate the roots of the g-Genocchi polynomials for values of the n, g and x € C

where n is the degree of these polynomials by using a computer package Matematica.

Throughout this thesis, we always make use the following notations and symbols:

Bernoulli numbers: B,

Bernoulli polynomials: B, (x)

Euler numbers : E,,

Euler polynomials: E,(x)

— Genocchi numbers: G,

— Genocchi polynomials: G,(x)
— g-Bernoulli numbers : B, ,

— g-Bernoulli polynomials in x,y : B, ,(x,y)



w)

— (w,q)—Bernoulli numbers of order w : %n,q

— (w,q)—Bernoulli polynomials of order w in x,y : %flqu)(x, y)

w)

— (w,q)—Euler numbers of order w : €,/

— (w,q)—Euler polynomials of order w in x,y : @,&Wq) (x,y)

g-Genocchi numbers: ©,, 4

g-Genocchi polynomials in x,y : 6, ,(x,y)

Higher order, Frobenius-Euler numbers: H,; ;

Higher order Frobenius-Euler polynomials H,; ’q’l(x)



Chapter 2

BERNOULLI, EULER AND GENOCCHI NUMBERS AND

POLYNOMIALS

In this chapter, we mention about fundamental definitions and some elementary proper-
ties of By, B,(x), E,, E,(x), G, and G,(x). For more details of this topics see [1], [6] and

[11].

2.1 Bernoulli Numbers

A sequence of rational numbers called B, plays an important role in mathematics for
instance in number theory, analysis and differential topology. The Bernoulli numbers, B,
have relationships with the Euler numbers E,,, Genocchi numbers G,, , Stirling numbers

and the tangent numbers. The first few values of B, ’s are given below:

1 1 1
By = I,Bi=—=,By=—-,B3=0,B4=——, Bs =0,
0 1 2 2 6 3 4 30 5
Bs = ! B7=0, Bg = !
6 - 42’ 7 =Y, 8 — 307

Some authors used B; = +% and this sequence is called the second Bernoulli numbers

where Bp = —% is called the first Bernoulli numbers.

And some called even-index Bernoulli numbers since B, =0 for all odd index n where

n > 1 and denoted by B, instead By,,.

Definition 1 [1] 7o find a formula for the sum of the first n natural numbers with r-th



powers, where r is a positive integer is called the power sum problem

n
Sr(n):Zk’: 17 +2" .. +n" 2.1
k=1

For small values of r one can easily derive the formulas for example

for r =1 we get

N 1
Sl(n)=2k1:1+2+...+n:n(n2+ )
k=1
for r = 2 we have
n
D2 1
Samy= Y = 124224 4P = HOF )6(”+ )
k=1
for r = 3 we have
C nn+1) 2
S3(”)=Zk3:13+23+...+n3: >

k=1

The coefficients of the sum formula (2.1) are related to the B, by Bernoulli’s formula:

1 - r+1 r+1-k
Sr(n)—m;( ) )Bkn 2.2)

where By, is Bernoulli numbers and B; = +% 1s used.

For By = —%, Bernoulli’s formula is stated as
1 < r+1
S n)=—— ) (=DF Byn"t1 7k 2.3
(n) m;( )(k)kn (2.3)

10



According to above sum formula (2.2) we can get some known number sets for example,

forr=0and By =1 we get N={0,1,2,3,...}.
1
0+1+1+"'+1:T(Bo'n):n
forr=1and B] = % we get {0, 1,3,6,...which are called the triangular numbers .
1 2 1,
O+1+2+...+n= E(Bo'n +2B1.n) = E(n +n)
forr=2and B, = % we get {0, 1,5,14,...} which are called the pyramidal numbers .

1
0+12+2%+...+n* = g(Bo.n3 +3B;.n>+3By.n)

1 3 1
= §(I’Z3 + 5112 + El’l)

Bernoulli numbers, B,,can be introduced by using different characterizations Three of

them are given as follows:

1. a generating function
2. arecursive equation

3. an explicit formula

Definition 2 [1] (Generating function) The Bernoulli numbers are defined by the gener-

ating functions:

t >
- ZB,,—, It < 27.
el —1 n!
n=0

11



Here the rational numbers B,,, are called Bernoulli numbers for n € N. In this equation

we replace B" by B, (n > 0) symbolically.

1
el—1

Since has simple poles att = +2zni, n=1,2,..., the expansion converges for [f| < 27.

In definition (2) let t approaches to O then we get By = 1.

Next we have

is an even function of 7.So in its power series expansion about ¢ = 0 the odd order coeffi-

cients after n = 1 are zero.

By = -

Bouy1 = 0, neNy.

Now, we obtain a reccurrence formula to compute of the Bernoulli numbers

el—1 el—1
then, we have
D B D =it ) B
n=0 n: n=0 n: n=0 n

12



now, by applying Cauchy product we get

o N k -k i n
ZZB"%(;—k)! :HZJ)B”%
p

n=0 k=0

on both sides compare coefficients of #* for n > 1 we obtain

B, < 1
-no_ By————,
nl kzz(:) Kln—k)!

therefore we get

This relation can be written symbolicaly as

B,=(1+B),, n>1.

Definition 3 [1] (Recursive equation) The binomial recursion formula for B, is given

forallne N

k
k=0 0, n>1
For n =1, we obtain the value of By
1
1

Z(k)Bk—& = 1,
k=0

B()+Bl—Bl = 1,

By = 1

13



For n =2, we obtain the value of B,

|
L

i(z)g B
k— D2
k=0 k

Bo+2B1+B,—B, = 0,

By = —=.

Definition 4 [1] (Explicit formula) An explicit formula for Bernoulli numbers is given

by

(xr+ )"
By(x) = ZZ( (J) =L

k=0 j=0

For x = O,we get the following form,

m=3 S
" jlk+1

k=0 j=0
and for, x = 1, we get the following form

ni|

d 1
By= (- l)f”( _1)1,{

k=1 j=1

2.2 Bernoulli Polynomials
In mathematics, the Bernoulli polynomials B,(x) arrise in many special functions like

Riemann zeta function,

14



and the Hurwitz zeta function

R
{(s,9) = -
;(Cﬁn)

For more details see ([1]).

Definition 5 [1] The Bernoulli polynomials B,(x) are defined by the generating function

¢ = "

—e = E Bu(x)—

el—1 n!
n=0

for each nonnegative integer n.

Definition 6 [1] The explicit formula for B, (x) is given

Byiv)=) (Z)ka"—k
k=0

for n >0 where By are the Bernoulli numbers.

Symbollically one can use

B,(x) = (B+x)".

15



The first few B,,(x) for n € N are listed below:

Bo(x) = 1,
1
Bl('x) = X—- E&
1
By(x) = - x+ -,
6
3
Bi(x) = X - Exz + =X,
Bi(x) = A} S
5
Bs(x) = X - §x4 +

2.2.1 Properties of Bernoulli Polynomials

For more details see [1]:

1. The Bernoulli polynomials at x = 0 are equal to Bernoulli numbers

B,(0) = B,.

2. If we differentiate the generating function with respect to x, we get the following

relation

B, (x) = nBy_1(x).

3. The difference relation property is given below

ABp(x) = By(x+1)= B,(x) = nx""!

where A is the difference operator.

16



4. By(1—x) = (=1)"B,(x) for n > 0.

2.3 Euler Numbers
A sequence of integers called Euler numbers, E,, are defined by Taylor series expansion

given as follow:

(o)

" 1 2
E — = = 24
nZ:(:) "n!' " cosht el +e! 24

where cosht is the hyperbolic cosine. Here we replace E” by E,, (n > 0) symbolically.
The equation (2.4) is equivalent to following identitiy

2 if n=0
(E+1Dp+(E-1),=

0 if n>0

The values of the first few E,, are given below

Ey = 1,E1=0,Ey=-1, E3=0, E4=5, E5 =0,

E¢ = —61, E;=0, Eg=1385,---
For all n > 0, the E,, with odd indexed are all zero
Epi1 =0

and the even indexed ones have alternating signs.

17



2.4 Euler Polynomials

Definition 7 [1] The Euler polynomials E,(x), is defined by the generating function:

2 OOE "
Te —Zé w0,
n=

where we replace E" by E, (n > 0) symbolically.
Definition 8 [1] An explicit formula for the E,(x) is given by

m 1 n
Ep(x) = Z; = kZé -k (Z)<x+ ky".

Now, from the above equation we get E,(x) in terms of the Ej as

n
E = —(x-=)""
0= (k) = 3)
The first few E,(x) are listed below:

Eo(x) = 1,

1
El(x) = x_§9
Exx) = x-x

3 1
E3;(x) = x3—§x2+4—1,
Eix) = x*=2+x

5 5 1
Es(x) = x5—§x4+§x3—§.

18



2.4.1 Properties of Euler Polynomials

1. The E,(x) at x = 0 are equal to Euler numbers

E,(0)=E,.

2. If we differentiate the generating function with respect to x, we get the following

relation

E,(x) = nEp_1(x).

AE,(x) = E(x+ 1)+ E(x) =2x"

where A is the difference operator.

Ey(1-x) = (=1)"E,(x)

forn>0.

2.5 Properties of Bernoulli and Euler polynomials

In recent years, Cheon [6] obtained the following results:

19



Bux+1)=y (Z)Bk(x) where n € No. 2.5)
k=0

2,

Enx+1)=) (n)Ek(x) (2.6)
k=0 k
wheren=1,2,3,...

3.

Buv)=) (Z)BkEn_ux) 2.7)
i

wheren=1,2,3,...

Here equations 2.5 and 2.6 are special cases of addition theorems given below:

En(x+y) = Z (Z)Eku)y"‘k.
k=0

and equation 2.7 is equivalent to the following idetities

n

Byx)=27"%" (Z)Bn_kEkax),

k=0

k=0 k

2'Bu(3) =) (”)BkEn_ku).

20



2.6 Genocchi Numbers and Polynomials
Definition 9 Genocchi numbers G,, are defined in [68] by means of the generating func-

tion:

where we replace G" by G, (n > 0) symbolically.

The values of the first few G,, are listed below:

G = 1,G,=-1,G3=0,G4=-1,G5=0,Gg = -3,
G7; = 0,Gg=17,G9=0,G9=-155,

Giy1 = 0,Gyp=2073,---

The odd indexed of G,, for n > 1 is zero

G221 =0

and even ones have the following relationships with B, and E),

Gn=2(1-2"")B,, = 2nEs, 1.

Definition 10 In [68] Ryoo, C.S. define the Genocchi polynomials for x € R, as follows:

2t - "
=Y Gy, <
el +1 oy n!
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Also, the following recurrence relation is given

Gu()= (Z)ka"—k.

k=0

where Gy, is Genocchi numbers. For x = 0, we obtain G,(0) = G,,.

The first few Genocchi polynomials are listed below:

G1(x) L,

Gy(x) = 2x-1,

Gs3(x) = 3x*-3x,
Gi(x) = 4x—6x*+1,
Gs(x) = 5x*—10x+5x,

Ge(x) = 6x—15x*+15x% -3,

Gi(x) = 7x0-21x+35x -2lx, -

22



Chapter 3

THE q-ANALOGUES OF BERNOULLI AND EULER

POLYNOMIALS

The main aim of this chapter is to give new definitions of two dimensional (w,q)-
Bernoulli and (w, g)-Euler numbers and polynomials by using generating functions and
study on relationships between the (w,g)—Bernoulli polynomials and (w, g)-Euler poly-
nomials. We also discuss some elementary properties and get new formulas which are
extensions of the formulas studied by other authors like Cheon, Srivastava and Pinter,
and so on. (see [6], [11]). Furthermore, we explore the shapes of the g-Bernoulli and ¢-
Euler numbers and polynomials. We describe the structure of the roots of the g-Bernoulli
and g-Euler polynomials for values of the n, g and x € C where n is the degree of poly-
nomials by using a computer. In this chapter, we also give the definition of higher order
Frobenius-Euler numbers and polynomials H,,’ ’;(x) and we investigate some elementary
properties of these polynomials (see [57]).

3.1 The g-integers

In this section we will give basic definitions related to g-integers. For more details see

[1].

Definition 11 [1]Let f(x) be an arbitrary function and g € R*\{1}. Then the following

23



statement is called g-derivative of the function f(x).

D _
Dy f(x)= Zf:ix) S (q;;_ﬁ S2 (3.1)

Let c and d are any two constants then D, is a linear operator on the space of polynomials

since it satisfies the following property:

Dy(cf(x) +dg(x)) = cDyf(x)+dDy(x).

Definition 12 [1] g-shifted factorial: The following expression is defined as g-shifted

factorial

(a;q)o

n—1 .
1, @umn=l%ﬂ—q%& neN,
J:

(@;q)co

Ho(l—qja), lgf<1, aeC
]:

Definition 13 [1] g-integer: The g-analogue of n is defined by

n ifg=1
[n]l, : = (3.2)
T =1l4g+tq++q"" if g#1
and [0], : =0. (3.3)
where n € N and g € R* .
Definition 14 The set of g-integers N is defined by
N, ={[n], with neN}. (3.4)
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By putting g = 1 we get the set of nonnegative integers N.

Definition 15 [1] g-factorial: The following expression is defined as g-analogue of n!

1 if n=0
inl =l = - (3.5)
(2] 0] if n= 1,23,

where n € N and g € R*.

Definition 16 The following expression is defined as q-analogue of the function (x —a)"

1 if n=0
(x—a)! = ) (3.6)

q
(x—a)(x—ga)...(x—q¢"'a) if n>1

Definition 17 [1] g-binomial coefficient: The g-analogue of binomial coefficient is de-

fined by
n]  _[nlln-1]...[n—k+1]
[k]q S (k]! (3.7)
[n]g! | n
[kl =k, [n—k]q (3.8)

where n,ke N and 0 <k <n.

Lemma 18 Gauss’s Binomial formula: The following expression is defined as q-analogue

of the function (x+y)"

k

n

nl  lige- e

<x+y>2=2[ ] gDy e, (3.9)
k=019

25



Lemma 19 [1] Heine’s Binomial formula: The following formula

1 O nlln+lin+k-1]
(l—x)Z_HkZ::; i x*, neNy.

is called Heine’s Binomial formula.

(3.10)

From lemma 18, let replace x by 1 and y by x.then we have the following Gauss’s Bino-

mial formula[1]

k

n
(+wp=>" [”] gD e,
k=0 q

Now, let n — oo then we obtain infinite product given as follow:
(1+2)7 =1+ +g0)(1 +¢*x)--

Also, when |g| < 1, we have

I-¢" 1
lim [n], = lim — 0 = ——
n—oo n—>001—q l—q

which converges some finite limit and

lim

n—oo

n _ [nl[n—1]---[n—k+1]
k|, = A (k]!

—a" _ =1y 1 = gkt
i A= —¢")--(=g""")

e (1—g)(1—g?)...(1-g")
1

li .
o (T=g)(1 =) (1-¢b)

26
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Now, assume that |g| < 1, if we apply 3.11 and 3.12 to Gauss’s and Heine’s binomial

formulas then we get the following two expressions:

(o] | xk
107 = ) gV 3.13
(9 kZ::‘)q (1-g)(1=g*---(1-¢~) (3.13)
and
1 > +
- 3.14
(l_x)go ;(1—q)(1—q2)...(1_qk) ( )

The two identities above that are found by Euler relate infinite products to infinite sums.
When ¢ = 1, the formulas 3.13 and 3.14 are undefined so they have not got ordinary
analogues.The formula 3.13 is called Euler’s first identity, £1, and the formula 3.14 is

called Euler’s second identity, E2 .

Moreover, the formula E2 3.14 becomes

k
S o 5 ()

= . . (3.15)
; (I-g)(1—-¢?...(0-¢") ; (%)(%)_,_(%)

R

- ; (k]!

which corresponds Taylor’s expansion of the ordinary exponential function:

n

> X
=)

k=0

Definition 20 [1] A g-analogue of the ordinary exponential function e* is defined by

©0 k
XL A N
e, = eq(x) = kzz(:) Tk
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Then from 3.14 and 3.15 we have

-
—_

Qo

(I-x)g’
or

X 1
4T U=(—gu

1
where |x| < T and |g| < 1.

One can define another g-exponential function by using E1 3.13.

Definition 21 [1] Another g-analogue of the classical exponential function e* is

b k
1 X
Ef=E,(0)= ) ¢** D _—=1+1-gx), 1.
7= Eq(x) ;q T I+ -9x),, lql<

From definitions 20 and 21 we can easily see that
eq(X)Ey(—x) = 1.

Moreover, we have

k1 S
Pacd) = Z[k]' Z 1 Z[k i~ 2

k=0

28



and

> s k-1
_ R nDex” _ L1y LK]X
Puba) Z::g i ;q [KT!
(o) _1 o0
_ Zqz(k D(k— 2) k-1 x* quk(k l)qki
- k=111~ & Tl

S0, we have

Dyey(x) = ey(x) and DyE (x) = Ey(gx).

In addition, by using E1(3.13) and E2 (3.14) we have

s (1-1/g)
er/q(x) = Z(1_1/q)(1—1/q2)...(1—1/(]k)

k=0
=Yg (-ate
e (1-9(1-¢»..(1-¢"

and so we obtain

el/q(x) = Eq(x)-

Definition 22 [1] The following identity is called q-Jackson integral of f(x)

[ reodx= -y dstdt.
k=0

3.2 (w,g)-Bernoulli polynomials and the (w, g)-Euler polynomials

In this section, we define the (w, g)-Bernoulli numbers 23,({2 and polynomials 23,%) (x,y)

and the (w, g)-Euler numbers @; and polynomials (\E(W) (x,y) as follows. see [57]
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Definition 23 [57] The (w,q)-Bernoulli numbers %flqu) and (w,q)-Bernoulli polynomials

QS(W) (x,y) in two dimensions x,y are defined by the generating functions respectively:

(e

t (w) "
—_ = B, ——, |t|<2m,
weg () — 1 ; g 1S
! Z w
wer (0= eq (tx) ey (ty) = B, (x y)[ ]q! lt| < 27

in a suitable neighborhood of t =0, where g € C, and 0 < |q| < 1.

Definition 24 [57] The (w,q)-Euler numbers @flwq) and (w, q)-Euler polynomials @fq) (x,y)

in two dimensions x,y are defined by the generating functions respectively:

(o)

2 _ (W) "

— = —, il <m,
weg(N+1 & "1 n],!

e (1) g (1) = Z €0 (xy) ——, l<n

wegy () + []'

in a suitable neighborhood of t =0, where g € C, and 0 < |q| < 1.

From the previous definitions, one can easilly observe the following

By = 81l (0, lim B0 (ry) =B (x+y).  lim By =B,
=1 q—=1

Gy = €ng ). lim €9 0ey) = B (x+y),  lim €)= E,".
g1 =1

Here B,(iw) (x) and Eflw)(x) denote the w-Bernoulli and w-Euler polynomials which are

defined by

(o)

! tx (w)
wet—le ZB (x)[ nl,!

n=0
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and

(o]

2 tx (w) "
= E —_— .
we' + le Z n (%) [n],!

n=0

3.3 Properties of (w,g)-Bernoulli and the (w, g)-Euler polynomials
In this section, we discuss some fundamental properties and their proofs for the %(W) (x,y)

and Cﬁ(w) (x,y) which are g-extensions of properties of B(W) (x) and E (W)(x)

Lemma 25 [57] For all x € C, let y = 0 then QS,({Vq) (x,y) and @(W) (x,y) satisfies following

properties respectively

n
W= S g -k
%ni”q(x)_Z[k] Bk, (3.16)
=0t 9
and
) [ )
— —k
c") (x)_;)[ k]q@kgx" . (3.17)

Proof. [57] The proof of (3.16) is based on the following identity

<w) !
Z By (x) B wey (1) -1 ¢q (%)

it & Xt
— %(W)

; "] y! £ [nl,)
_ii%(w) lk tn—k n—k
= k

e e 9 [k],! [n—k],!

(o¢] n

tn
-y [k] Bk L
n=0 k=0 "lg 114!

m Similarly, (3.17) can be proved.



Lemma 26 [57] (g-analogue of Differential relations) If we take g-derivative of %S{Vq) (x)

and (E;Wq) (x) then we have following identities respectively:

Dy B (x) =[] B (), (3.18)
and
Dy € (0 = [n], € (x). (3.19)

forall x,y € C.

Proof. [57] To prove (3.18) lets take the first g-derivative of the following expression

with respect to x

we, (1) —1 ¢q (1)

Then, we have

.
_tgasggm[f] ,

:;%2@14 ) tnl]q!
- ;[n]q%;@l e
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Therefore,
Dy B (x) =[]y B (x).
m Similarly, one can be proved for (w, g)-Euler polynomials (3.19).

Lemma 27 [57] (g-analogue of Difference Equation) For all x € C we have

w8\ (x, 1)~ B (x,0) = [n], "7,

Proof. [57] Let us use the following identities to prove the lemma

meq (tx) €q () - Weq (tx) we, -1 €q (tx) (weq (t)— 1)
= tey(tx)
Indeed,
i (w8l (x. 1) =B (x, 0)) i ti f"x"y
n=0 [n ]q ot [I’l]q
_ i tnxn—l
) = n—=1]!
(o) l,}’l
= [n],x"!
Z;) 7 Inly!

It remains to compare the coefficients of % ]
4!
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Lemma 28 [57] (g-analogue of Difference Equation) For all x,y € C we have

W (x,1)+ € (x,0) =

Proof. [57] Let us use the following identities to prove the lemma

eq(tx)ey (1) + eq (tx) eq (tx) (weq M+ 1)

weg (1) +1

t
weg, (1) + 1

weg (1) +1

2e, (tx)

Indeed,

() OIS S SN o PO
20 D+ ) o =2 2 = 2

Lemma 29 [57] (g-analogue of Theorem of complement) For all x € C we have

n

n Li(h— —
k=0 q

Proof. [57] Let us use the following identities to prove the lemma

" tEq (1) —t
_ _Z zn(n 1) t) X tn
- n l/q

I
M8
%IH

M
-1 k k(k 1)58(1/14/) n—k )
[k]q( ) kl/q( )x _[I’l]q'
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It remains to compare the coeffcients of ﬁn, ]
A
3.4 g-analoques of the addition theorems
In this section, we study on relationships between the stij) (x,y) and @(W) (x,y). We also

discuss some elementary properties and get new formulas which are extensions of the

formulas studied by other authors like Cheon, Srivastava and Pinter, and so on. (see [6],

[11], [9D.

Theorem 30 [57] For n € Ny, the following relationship

(W) _ 1 & n
g(0y) = 5 ”ZH

k=0

X(fglw)k p (my).

8" (x)+w2[ ] m/B (x)}

holds true between the QS(W) (x,y) and (E (x, y).

Proof. [57] Using the following identity

t 2 t
wey (%) +1 "
T wem—1e
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we have

) ) wr'
Z% (”)[]"22(E o) "[]'Zm"[n]q!
(w)
xZ% (x)[],

ZW (my) s ZW (x)—

=11+ 1.

It is clear that

(o)

L = 2ZL(W)( my) n[],z (W)()
- 222” B E] [nt;q!'

n=0 k=0

On the other hand

WZ%(W)( ) o ,ZZ[}] - (W)( )’)m

n=0 j=0
_ W) n=k|  tneow) "
——w;o;H% oS ez
Jor.
= —me_"Z[ ] ¢ (my)Z[ ] 8" (x)m
j=0 k=0
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Therefore, we obtain the following relationship between %5{2 (x,y) and (Eﬁ,tvq) (x,y)

> " l & [n
DB —— = 5] [ ] m
n=0 [”]‘1! 2n:0 k=0 k q
k
X EB,(;V; (X)+m ka[ ] meB%) (x)]
j=01/1q
(w)
x@n kg (my) —[ %

m Next, the following corollary gives us some special cases of Theorem 30.

Corollary 31 The following relationships given in [9] holds true .

C k
By (x+y) = Z (Z) (Bk )+ Eyk‘l) Ep-i (%),

k=0

1 <& (n) kak(x)+kak(x—1+%)

B,(x+y) = o

k=0 +hkm (1 +m(x— 1))

X Ep— (my)
forneNgand me N

Corollary 32 [45] The following relationship holds true

& n 1 _ [k] —
EBn,q (x’ y) — %k,q (O’y) + q2 (k 1)(k 2) _qyk 1 (320)
k 2
k=0 q
XE,_t g (£,0). (3.21)

forn e Ny

Corollary 33 [45] For all x,y € C and n € Ny the following relationships between B, ,(x,y)
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and €, ,(x,y) holds true.

n
n 1
By (1,0)= ) [k] By Cppg (1,0) + (%l,q + E)x@n_l,q (x,0), (3.22)
k=0 q
(k#1)
= [n 1
B,y (0.)= ) [k] BrgCrtg (o,y>+(581,q+E)X@n_l,q«),y). (3.23)
k=0 q
(k#1)

The formulas (3.20)-(3.23) are g-analogues of the Cheon’s main result [6]. Notice that

By = —ﬁ, see [30], and for ¢ — 17 the extra term will be zero .
q

Theorem 34 [57] For n € Ny, the following relationship

n

(w) _ n | S Fy (o 1 (W)

€ (xy) = Z[k mw (W@kjl’q(x%)—csktl,qu))
k=0 q

(w)
X8~ kg (my).

holds true between the cef;fq) (x,y) and %S’Vq) (x,y).

Proof. [57] Using the following identity

eq(tx)-

we,(L)—1
eq(tx) ey (ty) W M

t/m
t/m

t
XW@ (Zmy) .

weg (1) +1
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Indeed, we have

o0 (o)

(W) () "
NG (xy)m_—chz W [Zmn[n]q! 1]
n=0 n=0

()
Z% (my) — ]q!

:mZ(WZH k) (x) - L(W)(x)]
n=1

-1

q

M
k=10 [y @)
m gk,q (X) 65n+1 q( )) 1]q

39




Corollary 35 The following relationships given in [9] holds true

o2
En(x+y)= )] m(Z) (! = Eer1 09) Bak (),
k=0

n k—n+1
n\m
E"(“y)zz(k) k1

k=0
1-m kel 1-m
2(x+ —) —Er (x+ —) —Ei (x)]
m m

X Bn—k (my) .

X

forneNyand meN.

Next, the following corollaries gives us some special cases of Theorem 34. The relations

are g-extensions of previous corollarry studied by Luo in [9].

Corollary 36 [44] For n € N the following relationship holds true.

2

n
n k
g (x,y) = Z [k Ji T, (¥ = €tr1,4(0.9)) Bygg (x,0).

k=0

Corollary 37 [44] For n € Ny the following relationship holds true.

" [n 2
g (x,0) = _§ [ kL T l]q@k+1,q%n_k,q (x,0),

n
n 2
@n,q (O,y) = _§ [k]q [k + l]q ®k+1,q§Bn—k,q (O,y)-

3.5 Location of zeros of the g-Bernoulli polynomials
We can understand the structure of B, ,(x) and B, ;, by using computer experiments. By

this way. we can easily study with 8, ,(x) and B, ;. Also, we can examine the structure
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and properties and make some comparisons. These results are used in many areas, for

instance pure mathematics, applied mathematics, mathematical physics and so on .

In this section, we represent the figures of the g-Bernoulli polynomials. Then we find
the solutions of the B, ,(x) = 0 by using a computer package Mathematica®software.

Finally, we discuss the reflection symmetries of the B, , (x)see [57].

In figures 3.1-3.3 the graphs of g-Bernoulli polynomials 8B, ,(x) for g = 0.5,0.9 and

0.9999,n =1, 5, 10, 15 and 20 where —1 < x < 2 is given.

Bng(¥)
gl I ‘ ‘ I I I ]
| = Bios(X¥) 1
6 i = Bsos(X) i
F = Bio05(X) R
ar —  Busos(®) ]
B20,05(X) |

I I I I I I I I I I I I | I I I I | I I I I | I
-1.0 -0.5 0.0 05 1.0 15

Figure 3.1. Shape of Bn,0.5(x)

N
o
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Bng(¥)

3 I I I I I
3 B1,09(X¥)
I Bs,0.9(X)
2 L
F B10,0.9(X)
i Bis,09(X)

B2o,0.9(X)

2= | | | | | | | | | | | | | | | |
-1.0 -0.5 0.0 0.5 10 15 2.0
Figure 3.2. Shape of 3B,,9.9(x)
Bng(¥)
I I T T I I I
5 —
0 N 4 ~
] /
L = B109999(X)
sk = Bs0.9909(X)
= Bi00.9999(X)
i = Bi509009(X)
[ = B20,099999(X)
= | | | | | | | | | | L |
-1.0 -05 0.0 0.5 1.0 15

Figure 3.3. Shape of B,, 99999
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The roots of the B, ,(x), are plotted in figures 3.4-3.12 for n = 10,15,20 and g =

,%,05, where xe Cand -1 <x<2.
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-o2p e 04T @ ‘ ]
0.0 0.2 04 0.6 0.8 1.0 0.0 0.5 1.0
Figure 3.4. Zeros of B1,0.5(x) Figure 3.5. Zeros of Bj¢,0.9(x)
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Figure 3.8. Zeros of Bj5,0.9(x)
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Figure 3.12. Zeros of B2 0.9999(x)

In figures 3.4-3.12, B, ,(x), x € C have Im(x) = 0 reflection symmetry. In table 3.1,

the real roots of B, ,(x), g = 0.5, are shown. In Table 3.2, the real roots of B, ,(x),

Table 3.1. Approximate solutions of B, o5(x) =0

Degree n Real Zeros
10 -0.0416672, 0.296755,0.501855, 1.0
15 -0.0569424, 0.49992, 1.0
20 -0.0730929, 0.282403, 0.500003, 1.0

g = 0.9, are shown. In figure 3.13, the 3 dimensional graph of the roots of B y(x), xeC

Table 3.2. Approximate solutions of B, 09999(x) =0, x e R

Degree n Real Zeros

10
15
20

-0.369208,-0.210514, 0.290877, 0.789895, 1.29165, 1.61001
-0.562566, -0.394066, 0.105868, 0.60595, 1.10587, 1.6059,
-0.4876, -0.249796, 0.250325, 0.750206, 1.25032
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forg=0.5andn=1,...,20 is given Let REp, (v denotes the number of real roots and

e o .‘ s / " ,,

gL

Figure 3.13. 3D shape of B,,=20,0.5(x)

CMs, ,(x) denotes the number of complex roots then we obtain following identity

n= RE%n,q(x) + CMQSn,q(x)’

where n is the degree of B, ,(x). See Tables 3.1 and 3.2.

3.6 Location of zeros of the g-Euler polynomials
In this section, we demonstrate the figures and find the solutions of €, , (x) = 0 by using
a computer package Mathematica®software. Then, according to shapes of the roots of

€, (x) we analyze the reflection symmetries. [57]

In figures 3.14, 3.15 and 3.16, the shapes of the €, ; (x) for n =20 and % < g <1 are shown
. In figures 3.17-3.19, the roots of the €, ,(x) are plotted for n = 20 and g = %, 1%,05

where x € C In table 3.3, the real roots of €, ,(x), ,x € C, for n = 10 and 20 and g = 0.9
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are shown. In figure 3.20, the 3 dimensional graph of the roots of g-Euler polynomials

Table 3.3. Approximate solutions of €, 9999(x) =0, x€R

Degree n | Real zeros of €, ,(x) =0 for g = 0.9
10 -1.36555, -1.0152, -0.000225011, 0.999775, 2.01449, 2.36694
20 -2.58148, -2.00239, -1.00048, -0.000475024, 0.999525, 1.99953, 3.00139

€, (x), for g = 09,n=1,.. 20and x€ Cis given.
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Figure 3.20. 3D shape of €,=20,0.9999(x)

In figure 3.17, for g = % and n = 20 the €, ;(x) has no complex roots.

In figures 3.17-3.19, €, ,(x) , x € C have Im(x) = 0 reflection symmetry.

3.7 Higher order q-Frobenius-Euler Numbers and Polynomials
In this section, Let 1 € C with 4 # 1, n > 0 and @ € R. Now, we consider g-extension
of higher order Frobenius-Euler numbers H,; ’; and polynomials, H), ’;(x). We give some

properties of higher order g—Frobenius-Euler numbers H,,’ ’; and polynomials H,; ’; (x).

Definition 38 The higher order q-Bernoulli polynomials, By ,(x), are defined in [38]

given as follows:

n

S "o o \*
;Bn,qm o = (eq@- 1) ey 1),

q'

forgeCandlqg| <1
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Definition 39 The higher order g-Euler polynomials, Ej; (x), are defined in [38] given

as follows:

N 2 )\
;:()En,q(x) T (eq(t)_ 1) e, (1x).

forqeCandlq| < 1.

Definition 40 The higher order q-Frobenius-Euler numbers, H,, ’;, and polynomials H, ’;(x)

are defined, by means of the generating functions as follows:

1-a | iH‘”—tn <2
= ? s JT,
eq(H)—A "4 [n],!

n=0

and

-1\ ~ 0 ol p
(eq(;) _ /1) eq(tx) = HZ::OHn,q (x) [n],! , 1< 2nm.

forqeCandlq| < 1.

Note that lirr% Hf,‘,’;(x) = H%"(x), where H*(x) are the ordinary higher order Frobenius-
q—)

Euler polynomials defined in [62] as follows:

1-2)\* xt N ad, 1
(et—/l) e :nzzoﬂn (0. Il <2m.

Definition 41 The higher order q-Frobenius-Euler polynomials H,, ’;(x, y) in x,y are de-
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fined, by the generating functions as follows:

1-2
(—) eq(tx)ey(ty) = Z A, y) <o
!

eq()—A

forqeCandlq| < 1.

Lemma 42 The following identity is true for n > 0,

GIOEDY AL AR

n=0

Proof. From the previous definition , we easily see that

" "x"
Z o= Sy
! !
[nl,! ~ &4 " nl,! S,
By Cauchy product, we get
i - e 17k Rk
kg1 -kl !
o e S kl,! [kl !
[Se] n
lJ’l
WY REER
Simolkly R Indg!

now, let us compare the coefficients of ] 7, We have

Hig=), [k] H o

k=0
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Lemma 43 (Differential relation)

DyHyy (x) = [nlg Hyy .

Proof. Let’s take g-derivative of g-Frobenius-Euler polynomials H,(f,’qﬂ(x),with respect to

X, we get

iD H* 00— - D ( -4 )ae (tx)
L4 P \ey,0-2) 1
(o] tn
= 1) Hy ()
n=0 [n],!
0 tn+1
= ) Hide
n=0 g
= inﬁ (X) a
Ll 1],
[oe] tn
= > [nl,HY, (%)
| "L ]!

then, by comparing coefficients on both sides we get

A ,A k
Hy ' (x) = [n], Hz_l,qx :

Lemma 44 (Difference equation) For n > O,we have

Hy (x, 1) = AH ) (x,0) = (1 = DHipp ' (x,0).
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Proof. By using following identities we obtain

1-2 \" 1-2 \" 1-2 \"
( ) eq(tx)eq(t)—/l(—) e (tx) (eq(tx)—/l)(m) e (tx)
q

eq(t) -4 €q(l‘)—/l
1-2)"
2 R
(eg(-2)
1-1 \*!
= (1_/1)(€q(l‘)—ﬂ) e(j(t.X)
So, we get
Hiy(x, 1) = AH{G (x,0) = (1 - DHig (2, 0).
|
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Chapter 4

ON TWO DIMENSIONAL q-BERNOULLI AND q-GENOCCHI

NUMBERS AND POLYNOMIALS

The main aim of this chapter is to investigate two dimensional generalized g-Genocchi
polynomials. We discuss g-extensions of some properties of ®, ,(x,y) like Srivastava
and Pintér’s results given in [11]. It should be mentioned that probabilistics proof
the Srivastava-Pintér addition theorems were given recently in [39]. Furthermore, we
demonstrate the figures and find the solutions of ®,,(x) by using a computer package
Mathematica®software. Then, according to shapes of the roots of ®, ,(x) we analyze

the reflection symmetries . (see [57])

Definition 45 In [56] the g-Bernoulli numbers B, , and polynomials B, ,(x,y) in two

dimensions x,y are defined by the generating functions:

t 0 n
(eqm—l)zz%n,qm, 1< 2x,

n=0 q:
t 00 P
(eq(rT)e‘f (tx) eq (1y) = nzz() B,,,4 (x,y) ER i1 < 2r.

Definition 46 In [56] the gq-Genocchi numbers ©,, , and polynomials ®, 4(x,y) in two
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dimensions x,y are defined by the generating functions:

2t = "
= 63 AT 1 10 |t|<7T,
(eq(t)+1) nz_;) "n),!

2
( (t)t+1)eq(l‘x)€q(fy) Z(ﬁnq(xy) o 1 < .

From the previous definitions, one can easilly observe the followings

Brg =B (0,0), lim By (x,y)=By(x+y), lim By, =By,
g—1- q—1"

65n,q = (Sn,q 0,0, qlinll‘ 65n,q (x,y) =Gp(x+y), qlinll 65n,q = Gy,

Here B, (x) and G, (x) denote the classical Bernoulli and Genocchi polynomials are de-

fined by

(et_l) ZB(x)— and (erzil)e”‘=nZzoGn<x>%

4.1 Properties of g-Genocchi polynomials
In this section, we discuss some fundamental properties and their proofs for the g-

Genocchi polynomials 6, 4 (x,y).

First of all we idefine a new g-extension of the following funtion (x®y)".

Definition 47 [56] The function (x®y)" has the following g-extension given as follow

n
(xEBy)Z = Z [Z] xky"_k, n € Ny.
k=0 q
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One can easily derive the following fundamental properties of the g-Genocchi polyno-

mials from Definition 46.

Property 1. Summation formulas for the q-Genocchi polynomials:

Lemma 48 [56] The following formula is g-extension of summation formula

n

n _
Gpq(x,y) = Z [k} Or.q (X@Y)Z k.
q

k=0

Proof. [56] Let us use the following identity to prove lemma

iy i lnyn

2t -
(eq(t)_l_1)€q(tx)€q(fy)22®kq[k]q'Z[n] 24T,

thk tnknk
_Z T 'Z(kok]'[n k] !]

=0 -0
(o] tn
- St S\ o
k=0 q n=0 \ k=0 q
_i(ﬁ ii(x@ )n k "
B k=0 . klg! &= > [12]g!
. n n—k tn
= ¢
;)kzo[k . kq(X@y)q [ ] |

Lemma 49 [56] We have following identity

n
n _
G g (x,) = § [k] G g (0y"*
k=0 q

forall x,yeC.
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Proof. [56] By using following identity we get

2t - " "
( )eq ()eq) = Y OngDy > o
q° = q-

eg (1) +1

Y

Lemma 50 [56] For all x,y € C we have

n
n -
UMGEDY [k] IVE S
q

k=0

Proof. [56] The proof is readily derived from Definition 46. m

,Property 2. Difference equation:

Lemma 51 [56] We have following difference property
G (X, 1)+ 6,4 (x,0) = 2[n], X"

forall x,y e C
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Proof. [56] By using following identity we get

2t
eq(H+1

Gng(x, 1)+ 6y (x,0) = ( ) eq(tx)ey (1) + ( ) eq (tx)

e () +1

:( 2t )eq(tx)(eq(t)+ 1)

eq()+1

= 2tey(tx)
— 1"

=0 1!

" xn—l

o [n—1],!

o0 zszn—l

o [n],!

[n]q

n

_ S n—1 !
= ZZx [n], [n]q!'

n=1

Property 3. Differential relation:

Lemma 52 [56] We have

Dq,x(ﬁn,q (x) = [I’l]q (5n—l,q (x).

forall x,y € C.
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Proof. [56] It follows from the following relation

n=0
=3 by g ()
n=0 ! [I’l]q'

4.2 Explicit relationship between the g-Genocchi and the
g-Bernoulli polynomials

In this section we prove relationships between the g-Genocchi polynomials ®,, 4 (x,y)

and the g-Bernoulli polynomials B, , (x,y).

Theorem 53 [56] For n € Ny, the q-Genocchi and the q-Bernoulli polynomials has the

following relationship

1

_ 1
— (®k+1,q (x, %) — Opr1q (x))

¢ n
Pt = Z[ kT,

k=0 k

X QSn—k,q (my) .

Proof. [56] Using the following identity

meq (tx) eq (ty)
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we have

Zcﬁnq(x y)

Z(ﬁ”q(x) [Zmn[’;]' 1]

n—1

S[n] ., f
® (x) (ﬁn ( )
[Z[k]q ba 4 x][ nlg!

) n |
~ m [n]q.

q
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Corollary 54 [28] For n € Ng, m € N the following relationship holds true.

n n 2
Gur+) = ) | | (ke DY = Grarg ) Bk (). (4.1)
k=0| F
n n 1
Gn(x+y) = &l Tkt 1) 4.2)
s vy got)-Guareg 1)
X[20c+ DGi|y+==1|= Gt [y +—=1|=Gr1 ) (4.3)
m m
X By _,q (mx)

between the ordinary Genocchi polynomials and the ordinary Bernoulli polynomials.

Corollary 55 [28] For n € Ny the ©,4(x,y) and B, ,(x,y) has the following relation-

ship:

n
n 2 Tk(k=1) K
Ong(x.y) = Zlk]q[k+1]q[[k+1]qq2( W = G140

k=0
X%n—k,q (x) .

In Corollary 55, by setting y = 0 we obtain the following explicit relationships:

Corollary 56 [28] For n € Ny the 6, ,(x) and B, 4(x) has the following relationship..

2

—6 B,
q[k"'l]q k+1,q°n k,q(x),

Gg () = - Z [Z

k=0
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Corollary 57 [28] For n € Ny the ©, 4 and B, , has the following relationship:

(ﬁk+l,q QSn—k,q-

ua=-3;

[k+ 1,

Theorem 58 [56] For n € Ny, the B, ,(x,y) and the ©, ,(x,y) has the following rela-

tionship:

1 L n k—n
23n,q (X,y) = E K m
q

m Bt1,4(x) + mk

X k

k 1 j
X ZO [j]q—[j+l]q mJ%jH,q(x)
j:

X®n—k,q (my) .

Proof. [56] Using the following identity

2t

t t
meq(tx)eq(ty) = q(t)—leq( )m

¢ )eq(%)+l

Xe, (—m
a\;, Y
we have

S B ) = L S0
ng\X%Y) =3 ng\X) —~
oy [n]q! 2tn=0 [n]q!
X > 6, 4@my)
o mn [n]q! o mn [n]q'

1 © " "
+ Y nZ:O B, 4 (x) W nZ:o ©p,q (my) Wn]q!

211 +12.
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It is clear that

1 — " "
L= Zz QSn,q (X)WZ ®n,q (my) m
22%n+1q<x> T ,Zoan(my) T

tn
222[ } k+1] T, Bt ) Ok (m) £

n=0 k=0

On the other hand

n

1
k|, lk+1],

f—
m n%kH,q (x)

n—k| "
il ®jq( y)[ ;!

Let use the following combinatorial property

560

and replace k by j we have
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lwe _, i n
n=0 j=0 q
n—j . n
n—]] 1 ‘ f
X Bier1,4(X) ——-
P k |, [k+1], [n],!
then replace j by n—k and k by j we obtain
1w -n = [n
L = Ezm k ®, kq(my)
n=0 k=0 q
n—j
k 1 "
X ] — By g () —
Therefore
i% +1 = 15“ [ ]
’ 2
n=0 n=0 k=0
1 £ .
X | Bt g (1) + [ — /B 1 4 (%)
k+11, 1 ZO i i+1,
I’l
X®n kq(my)
[n],!

]

4.3 Location of zeros of the g-Genocchi polynomials

In this section, we demonstrate the figures of the g-Genocchi polynomials ®,, , (x).and
find the solutions of the &, , (x) = 0 by using a computer package Mathematica®software.
Then, according to shapes of the roots of ®,,(x) we analyze the reflection symmetries

of the ;4 (x) ( see[56]).
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In figures 4.1-4.3, the shapes of the ®, 4 (x) for n = 20 and % < g <1 are shown.
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Figure 4.3, Shape of @20,0.9999()6)

The roots of the ,, , (x), are plotted in figures 4.4, 4.5 and 4.6 forn =20 and g = L 19—0, 0.9

2

, where x € C.

In figures 4.4, 4.5 and 4.6, for n = 20, ¢ = 1/2,0.9 and 0.9999 ©, ,(x), x € C have

Im(x) = 0 reflection symmetry.

In table 4.1, the real roots of ®, 4 (x), for n =20 and ¢ = 0.5,0.9 and 0.9 are given.

Table 4.1. Approximate solutions of ®, ,(x) =0, x€R
q Real zeros of ©,,,(x) = 0 for n = 20
0.5 | 0.504495, 0.630159, 0.99995
0.9 | -0.99901, 0.02681, 1.027078

0.9 | -2.357442, -1.5004759, -0.50045, 0.4995, 1.4995, 2.4995759, 3.3565
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Re(x)

Let n is the degree of 6, (x), REg, (x) denotes the number of real roots and CM@)M( x)

denotes the number of complex roots then we obtain following relationship:

See Table 4.1.

n=REg, ,x)+CMes, ),
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