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ABSTRACT

On a Cosmic Landscape, the metric structure vested with two orthogonal space-like
Killing vectors; a class of solutions of the Einstein-Maxwell’s field equations, is
spotlighted from the global structural viewpoints of the Khan-Penrose and Bell-
Szekeres space-time continua or Cosmic Landscapes: a platform for discussing the
motion of a test particle. A solution, spring-boarded by the Ferrari-lbanez hybrid
formalism, also provides a launch-pad for discussing the motion of a test particle on a
Degenerate Cosmic Landscape. When a particle is placed along the path of two
colliding plane waves, it will be forced to follow a geodesic, defined by the properties
of the global structure, leading to either a singularity or a horizon. In the null-
coordinates, (u, v), the interaction region is bounded, so given the initial conditions the
later developments are plotted numerically. The time of fall into the singularity or

horizon is also obtained.

Keywords: Cosmic Landscape, gravitational waves, geodesics, horizons/singularities.



0z

Kozmik uzayda birbirine dik iki uzaysal Killing vektorle belirlenen Khan-Penrose ve
Bell-Szekeres (Einstein-Maxwell teorisi) uzaylari igerisinde test-partikul hareketleri
incelenmistir. Bu yonde karisik (hibrit) bir ¢6ziim uzay1 olan Ferrari-lbanez ¢6zimi
ornek alimmistir. Bir dalga carpisma uzayinda jeodeziler iizerinde hareket eden
partikiiller tekillik veya ufuk yiizeyine ulagsmaktadir. Isiksal (u, v) koordinat uzayinda
ilk sartlara bagimli hareketlerin zaman gelisimi sayisal yontemlerle ¢izilmistir. Ayni

yontemle tekillik/ufuk diizlemine varig zamani elde edilmistir.

Anahtar Kelimeler: Kozmik uzay, yer¢ekim dalgalari, jeodeziler, uzay diizlem ve

tekillikleri
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INTRODUCTION

Chapter 1

The detection of B-Mode Polarization at Degree angular scales by BICEP2 [1],

provides an undeniable proof, (see fig. 1.1) [1], a confirmation of the properties of the

gravitational waves produced in the early universe as predicted by the inflationary

theory.

Declination [deg.]

0

Right ascension [deg.]

Figure 1.1: The B-Mode Map vs. Simulation [1]

1.1 Research Background

0.3

0.3

Analysis “calibrated” using
lensed-ACDM+noise
simulations.

The simulations repeat the full
observation at the timestream
level - including all filtering
operations.

We perform various filtering
operations:

Use the sims to correct for
these

Also use the sims to derive the
final uncertainties (error bars)

The journey to this milestone in the annals of the history of sciences began a couple of

centuries ago. Passing through the corridors of the theoretical minds, and by unraveling



the hidden reality [2] of the cosmic mysteries [3] painted in its history [4, 5], where,
things that glaringly seemed humanly impossible [6, 7] to the ordinary man on the
street, are now made possible [8] through the workings of these theoretical minds; one
simply but confirms and affirms that: “what the mind can conceive, it can achieve,”
and “the quality of life we live is a function of how we think™”. This quest was
shouldered-on by a handful theoretical Giants [9], who through the weaponry of
thought experiments, formulated some testable theories and principles that seems to

govern our life and existence as we walk the sand of times [10, 4].

Gravity is the most elusive physical phenomenon that has overwhelmed the theoretical
minds for centuries, of which, the modern theorists see it as a force that is not present
in the two dimensional world but materializes along with the emergence of the illusory

third and higher dimensions [11, 12, 2].

Newton’s formalism for the Universal Law of Gravitation pictures gravity as an
attractive force that acts at a distance. The Law explains how the Moon and the
planetary systems move in orbits around their common center of gravity. In his address
to his celebrating fans and critics over his famous work on “The Mathematical
Principle of Natural Philosophy,” Newton declares; “If | have seen farther, it is by

standing on the shoulders of Giants” [9].

However, when confronted with a challenge on how gravity works, he looked at the
then visible static Cosmic Landscape, as a visionary founding father of theoretical
Physics, through the Telescopic-far-sighted power of his newly born Newtonian
formalism; but sadly and regrettably, realizing there is still a long way to completing
the cosmic puzzle; he then declared in a cold-hearted low tone:
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| do not know how | may appear to the world, but to myself | seem to have
been only like a boy, playing on the sea-shore, and diverting myself, in now
and then finding a smoother pebble or prettier shell than ordinary, whilst the

great ocean of truth lay all undiscovered before me [9].

Formulating his theory of general relativity in 1915, Einstein replaced the gravitational
force or force of gravity that acts at a distance, with the dynamics of space-time
continuum; gravity is seen to arise due to the curvature of the fabric of the space-time
continuum or cosmic landscape [13] whenever matter and energy come on stage. This
curvature deflects the trajectories or paths of particles, giving rise to a gravitational
field; a region of space-time where gravitational influence is experienced. This
disturbance on space-time continuum due to gravity is transmitted within the fabric of

the cosmos in form of gravitational waves.

Some solutions to the Einstein’s field equations enshrined in his theory of general
relativity, are centered on the concept of gravitational waves. Among these solutions
include the Khan-Penrose global structure [14], and the Bell-Szekeres global structure
[15].

1.2 The Basic Concept

1.2.1 What is Gravitational Wave?

The theory of general relativity provides that gravity is the curvature of space-time
continuum, produced by mass-energy concentrations in the fabric of space-time.
Whenever these mass-energy concentrations move or change shape, they produce
distortions in the space-time geometry. These ripples or undulations in the curvature

of space-time continuum carry energy and momentum and propagate at the speed of



light. In this light, we see a gravitational plane wave as a region of space-time
continuum confined between two parallel planes, in which the curvature is a non-zero
and propagates at the speed of light through the fabrics of cosmic landscape, in the
direction normal to the plane [16 - 19].

1.2.2 Sources of Gravitational Waves

Gravitational waves are said to be produced based on the sizes or masses of the bodies
involved over a wide range of time scales. Following [16, 20, 21], we classify
gravitational waves based on their sources and waved forms; Periodic, Bursts, and

Stochastic waves.

The Periodic waves are the sinusoidal kind of waves said to be produced by rotating
stars, binary stars, binary black holes and binaries of both stars and black holes. On
the other hand, the Bursts are waves of short cycles. They are said to be produced by
the collisions of stellar systems or black holes, collapse of stellar systems in
supernovae to form either neutron stars or black holes, the coalescence of binary stars
or neutron stars or black holes or binaries of both stellar systems and black holes, and
accretion of stellar systems or small black holes into supermassive black holes at the

galactic centers.

The stochastic waves are said to be produced by random fluctuations of long
durations. The waves are said to be produced by cosmic systems such as; radiating
binary stars, deaths of pre-galactic massive stars, vibrations of cosmic strings, and the

Big Bang.



1.2.3 Interactions

One of the spear-heading distinctions between electromagnetic waves and the
gravitational waves is that, the first ones are oscillations of the electromagnetic field
that propagate through space-time. While the latter ones on the other hand, are

oscillations of the fabric of space-time itself.

Maxwell’s field equations are said to be linear, since their solutions can be superposed,
resulting in the phenomena, that all electromagnetic waves pass through each other
without any interaction. On the other hand, Einstein’s field equations are said to be
highly non-linear, and their solutions show that, as the waves pass through each other,

there will be an emergence of a non-linear interaction through the field equations.

However, whenever two waves of electromagnetic origin pass through each other, they
will definitely experience a non-linear interaction between them due to their associated
gravitational fields; since, Einstein’s theory provides that; all forms of energy have an

associated gravitational field.

1.2.4 Singularities and Horizons

Singularities are said to occur when the mathematical expression that defines and
describes the behavior of a continuous function breaks down at some particular point.
Following [22], we categorize singularities into three basic types; Quasi-regular, non-

scalar curvature, and scalar curvature.

A scalar curvature singularity is such that, as the singular point is been approached
by some relative observers, some physical quantities diverge, and all observers feel

unbounded tidal forces. Examples include the big bang and black holes. While on



cosmic landscapes with a non-scalar curvature singularity, there is no curvature
scalar divergence, yet, some components of the Riemann tensor along an incomplete
curve do not tend to finite limits as the singularity is approached. Consequently, all
test particles that accrete into this curvature singularity experience infinite tidal forces.
However, relative observers can follow geodesics close to this singularity without any
effect. On the other hand, in a space-time with quasi-regular singularity, the
Riemann tensor appears to be completely finite in all reasonable frames. Observers
near this singularity, including those that accrete into the singularity itself, do not at

any point experience unbounded tidal forces.

However, sometimes, instead of forming singularities in the interaction regions, the
impulsive waves form horizons. A horizon in this sense is seen as a smooth, null hyper-

surface on which Killing vectors are involved with a one-way membrane [18].

On a general note, these forms of singularities and horizons take the center—stage in
discussing any meaningful solutions of colliding plane waves; either electromagnetic
plane waves, or gravitational plane waves, or a combination of both. If a test particle
is placed on the paths of these two impulsive waves, it will be forced to enter into the
region of interaction, following a geodesic that leads to a singularity or a horizon in a
finite interval of proper time.

1.3 The Scope

The space-time of colliding plane waves admits two space-like Killing vectors. In the
null-coordinates, (u, v), we intend to analyze the behavior of a test particle through
geodesic equations. The basic space-time continua or cosmic landscapes such as the
Khan-Penrose and Bell-Szekeres will be treated in this work. In the null-coordinates,

the interaction region is bounded; so, given the initial conditions, we intend to plot the
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developments numerically. The time of fall into the singularity will be obtained also,
numerically. The prototype space-time for colliding waves is given by
dS? = 2e ™ Mdudv — e UtVdx? — e U Vdy?

we do not intend to consider the contribution of the cross polarization of the waves.

As the write-up unfolds, we began by introducing the background that prompted this
research, which includes the basic concepts involved. Subsequently, we shall look at
the mathematical structure that involves the basic tools and equations of motion
regarding the geodesics, Killing vectors, Euler-Lagrange formalism, Newman-Penrose
formalism, and Einstein-Maxwell’s equations; these will form the second chapter. The
third chapter spot-lights the global theoretical structures; Khan-Penrose, Bell-Szekeres
and the Ferrari-lbanez degenerate solutions. These structures provide platforms for
discussing the motion of a test particle on the various Cosmic Landscapes that make
up the fourth chapter. Finally, we shall summarize and conclude our discussion in the

fifth chapter.



Chapter 2

THE MATHEMATICAL STRUCTURE

This chapter intends to provide some mathematical expressions that will play a vital
role in our discussions in the subsequent chapters. | often hear my professor and
supervisor say affirmatively, as it is acclaimed among the theoretical minds; “Tensor
is the language of General Relativity and Cosmology.” On this note, therefore, most

of the expressions in this work are coded in tensoral notations and connotations.

The chapter begins with the geodesic equations, and ran through; the Killing equations,
the Euler-Lagrange formalism, the Newman-Penrose formalism, and the Einstein-
Maxwell’s field equations.

2.1 The Geodesic Equation

Imagine an inertial observer defined by ¢, cruising steadily on a Cosmic Landscape
relative to other inertial observers on the same cosmic landscape or space-time

continuum. We express the system by

¥ =& (x%). (2.1)
For constant motion, the acceleration of the system is given by
deT
=0. 2.2
7.2 =0 (2.2)

The geodesic equation that defines the system can be expressed as

d?xP e dx?dx" 0 23)
dt2 M dr dr '

where x are the coordinates, Fﬁ,’n is the Christoffel symbol and t is the proper time.
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2.2 The Killing Equation

The Killing equation that defines the motion of a system on a Cosmic Landscape is

given by

afa afp n
axe * oxs ~ Hnlor =0

or

Ea,p + ’a;p,(r - ZFZO'ET] = 0.

In terms of covariant derivatives, Eqn. (2.4) takes the form

ch;p + Ep;a =0,

where, &, are the Killing vectors and p = (1,2,3,4) = (x,y,u, v).

We define the Killing vectors as

2.3 The Euler-Lagrange Formalism

2.3.1 The Euler-Lagrange Equations

Consider a mechanical system defined by the action

[= fL(QU (:Ii' t)dt'

where,
L = L(q;,q;), is the Lagrangian function,
q; = Generalized coordinates,
q; = Generalized velocity,
and

i = degrees of freedom.

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)



The Euler-Lagrange Equations of motion corresponding to the integral, I, is defined

by the Lagrange equations of motion

d (61:) oL — 0 29
dt aql aql o ( ' )
where, i = 1,2, ...n. By variation Principle, we have that
2.3.2 The shortest path or geodesic
Now, consider the Riemannian metric element
ds? = dx? + dy? + dz* (2.11)

which defines the motion of a system on a flat space-time of infinitesimal length (ds).
To transform our coordinates from the Cartesian to the null (u, v) coordinates, we let

x=xu,v),y=yW,v),and z = z(u,v). (2.12)
In the Lagrange formalism, the shortest path or geodesics generally is regarded as the

minimum arc length defined by the Lagrangian

L= fp\/(dx)z + (dy)? + (dz)? (2.13)

dv = d 2—<ay)2d 24 2 VW 14 +<ay>2d 2 (214
v y_au u auav”” v ve, (219

dy dy
dy = %du+%

10



a=(Z) (@) ()
~ \ou ou ou

_0x0x O0yody 0zoz

=ouav ' oudv ' duov (2.13)
e=(3) + () + (o)
— \ov ov ov) "’
such that the Lagrangian Eq. (2.13) now takes the form
p
L= f VA + 2BV’ + Cv'2du. (2.16)
g

Now, we take the derivative of the Lagrangian (2.16) with respect to v and v’ such

that
dﬁ—l(ﬂ+23'+c’2)‘%(aﬂ+263 ,+ac ’2) 2.17
dv 2 v v ov aw’ T’ ) (217)
and
acr 1 _1
=3 (A + 2Bv' + Cv'?)"2(2B + 2Cv"). (2.18)

Now, by substituting for Egs. (2.17) and (2.18) into (2.9) we obtain a new Euler-
Lagrange equation of motion given by

, 9A , 0B _, IC ,
d B+Cv l_ (5o 257 +37)

— =0. (2.19
du |\ A + 2Bv' + Cv'? 2VA + 2BV’ + Cv'? (2.19)

2.4 The Newman-Penrose Formalism
Here, we intend to look at a handful properties that will form some relevant concepts
for building our theoretical structure in the null coordinate. The formalism is structured
on four null vectors; [, n?, mP and mP, where X denotes complex conjugate. Here

l = lpdxp,n = npdxp,m = mpdxp, (2.20)
both [P, and n” are real, while mP” is complex. Pending on an event, we define

[P and nPas the ongoing and the outgoing null normals respectively, while

11



mP and mP assume the role of tangential null vectors. We adopt the two sets of

signatures and normalization curvatures
(+,—,—,-), forPn, = 1,and mPm, = -1,
and
(= + +,4), forlPn, = —1, and mPm,, = 1.
The null vectors satisfy the following conditions, for the signature (+2)
lplp = npnp = mpmp =0,

p — nP =
lmp—nmp—O,

lpnp = -1,
m”ﬁlp = +1,
PnP =1,
mPmP = —1.

For the time-like and space-like unit vectors, (tp, sP, el eg), we have
p—Lrp 4 op
[ ﬁ(t + sP),
p—Lp_cp
n? = =(tP = sP),

_Y{(, p ;P
mP ——(ee +Le¢),

V2
tPt, = —1,
sPs, = +1,
egegp = +1,
e£e¢p = +1.

The global metric in terms of the null vectors now takes the form
Jpo = —lyng —npls + mym, + mymg

or

12
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(2.22)

(2.23)

(2.24)

(2.25)



gP? = —1Pn° —nPl° + mPm° + mPm°. (2.26)

2.5 The Einstein-Maxwell’s Equations

We define the scale-invariant quantities for the electromagnetic waves as

by = doBY,
b5 = 1 (AB) %, (2.27)
by = A",

where ¢;, are scale-invariant quantities of the electromagnetic waves. Using the
Szekeres line element [15] defined by

ds? = 2e ™ Mdudv — e"Y(e"coshWdx? — 2sinhWdxdy + e~V coshWdy?), (2.28)
and by following some transformations [15, 22, 24], we obtain the Maxwell’s

Equations as

b1 = (20" =3 M,) ¢, (2.29)
Py = —A'Po + 4a’ + (p° — LE)b3, (2.30)
Py = —(u" — iGIPG — 4T3 + 5°03, (231)
Piu = — (207 = 3M,) &5, (232)

030 =5 Uy + iV,sinhW) 3 — 2 (iW, + VycoshW) s, (3.33)
bou = 5 (Uy — VsihW)dj + = (iW, — Vy,coshW)d3,  (3.34)
where
1 ag a0
¢, = EF;M(lpn +mPm?) =0 (2.35)

throughout the space-time continuum.
Also, by Following [15, 22, 24, 25], the Einstein’s field equations in component form

can be outlined as

13



Uy, = U,U, (2.36)
2U,, = U2 + W2 + VZcosh®W — 2U,M,, + 4d3b3, (2.37)
2U,, = U2 + W2 + V2cosh?W — 2U,M,, + 40505,  (2.38)
2V, = UV, + UV, — 2(V,W, + V,W,)tanhW + 2(p5d5 + dydd)sechW, (2.39)
2W,,, = U, W, + U,W,, + 2V, V,sinhWcoshW + 2i(p5d5 — dyds) (2.40)
and
2M,,, = UV, + W, W, + V,V,cosh?W. (2.41)
Finally, following [22], we obtain the scale-invariant components of the Weyl tensor

as

1
[V, — UV, + MV, )coshW + 2V, W, sinhW |

Wy = —=
0T 2
1
+3 i{(W,,, — U,W, + M,W,, — V,2ZcoshWsinhW) (2.42)
¥ =0 (2.43)
1 1
Y = EMW —2 i(V,w,, — V, W,,)coshW (2.44)
¥ =0 (2.45)
1 .
Yy =— > (Vi — UV, + MV, )coshW + 2V, W, sinhW |
1
-3 i(Wy,, — U,W,, + MW, — V,2coshWsinhW). (2.46)

It is important to note at this juncture, that whenever the gravitational waves ¥, and

Y, interact, a new Weyl component ¥, emerges.

14



Chapter 3

THE THEORETICAL GLOBAL STRUCTURES

This chapter embraces the mathematical tools and concepts developed in the preceding
chapters to build-up some global structures or space-time continua that will serve as
frameworks, within which our subsequent discussion on the particles’ motion can be
explicitly and conveniently done. Here, we begin with the Khan-Penrose space-time
continuum, which 1 suppose, is the simplest structure to construct so far. Subsequently,
we shall discuss the Bell- Szekeres global structure, and then cap-it-up by looking at

the Ferrari-1banez Degenerate solutions.
3.1 The Khan-Penrose Global Structure

In this structure [14], we consider two approaching plane impulsive gravitational
waves by using two metrics to describe them. Firstly, we shall use the Brinkmann-
Penrose-Takeno line element [22], to discuss the approaching waves on the flat
background. Secondly, we shall use the Rosen’s transformed metric [14], to discuss
the interactions of the two impulsive waves.
3.1.1 The approaching waves
Here, we shall consider two impulsive waves approaching from the opposing sides of
the space-time. We define the approaching wave from the left side of the space-time
in figure (3.1) by the line element

ds? = 2dudr + §(w)(X? — Y?)du? — dX? — dY? (3.1
where, §(u) is the impulsive wave component, u is the null coordinate and We make

u = 0 on the hyper-surface.

15



In the same vein, we define the second wave approaching from the right side by the
line element

ds? = 2dvdp + §(v)(X? — Y?)dv? —dX? — dY? (3.2)
where, 6(v) is the wave component, v is the null coordinate on the hyper-surface
where v = 0.
For the impulsive wave approaching from the left, we carry out the following
transformations

u=u,
1 1
r=v-— EG)(u)(l —wx? + E@(u)(l +u)y?,

X=(1-uo)x, (3.3)
and
Y =(1+ud))y,
where, ©(w), is the Heaviside step function. Putting Eq. (3.3) into (3.1) we obtain
ds? = 2dudv — (1 - u(i)(u))zdx2 - (1+ u@(u))zdyz. (3.4)
The component describing the gravitational wave here is given by
v, = 5. (3.5)
In the same vein, we wish to carry out a similar transformations for the opposing wave
approaching from the right side by letting

v=u,
p=u-— %@(v)(l —v)x? + %@(v)(l +v)y?,
X=(1-v0(»))x, (3.6)
and
Y =(1+v0())y.

Putting Eq. (3.6) into (3.2) gives
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ds? = 2dudv — (1 —v0()) dx? — (1+v0(v)) dy%  (3.7)
Now, we let the component describing this gravitational wave be defined by
Yo = 5(v). (3.8)
3.1.2 Regional description
We now split the space-time into four regions and impose some boundary conditions
peculiar to the regions that describe our global structure (see Figure. 3.1). Region I is
characterized by a flat background, with u < 0 and v < 0 and the line elements in
(3.4) and (3.7) now take the form
ds? = 2dudv — dx? — dy?. (3.9
Region Il is a single u-wave with boundary conditionsu > 0,v < 0 and ©@(u) = 1.
Here, the line element (3.4) takes the form
ds? = 2dudv — (1 —u)?dx? — (1 + u)?dy>. (3.10)
Region 111 is a single v-wave with the boundary conditions v > 0 and u < 0 and
©(v) = 1. By imposing these conditions, the line element Eq. (3.7) now takes the form
ds? = 2dudv — (1 —v)%dx? — (1 + v)2dy?>. (3.11)
Region 1V is the interaction region with the boundary conditions u = 0 and v = 0.

Here, we shall use the Rosen’s metric element [14] given by

2t3dudv r+ w+ r— w—
ds? = _t2 ( q) (—p) dx? — t2 ( q) (—p) dy?. (3.12)
rw(pq + rw)? r—q/\w—p r+q/\w+p

Now, we wish to transform this metric element by letting
0(u) =1,
0(v) =1,
p =ub(u) =u,

q =1v0(v) =,
1 1
rt=1-p*=(1-p?)2=010-u"z,
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1 1
wi=1-¢g’=>w=_>10-¢52=(1-v2)z

t2=1—p2—q2=r2—q2=W2—p2,
and
1
t?=1-u?—-v?=>t=_1-u?>-v?z
Using this transformations, the line element (3.12) now takes the form

3
1-— 2 _ 22)3
ds? =2 1 -u —v) > dudv
\/1—uZ\/l—vz(uv+\/1—u2\/1—v2)

(1 —uv1—v2 —vV/1—u?2)
—(1—u?—v? dx?
(=i =v) (1+uvl—v2+vV1—u2) ¥

(1+uvl—vZ+vV1—u?)
dy?
(1 —uV1l—v2 —vV1—u2)

(3.13)

(3.14)

This line element becomes the basic metric element valid for defining and describing

the geodesics of particles on the Khan-Penrose global structure (see Figure 3.1).

18



Curvature singularity

IV

Figure 3.1: The Khan-Penrose Global structure for colliding impulsive gravitational
waves in the null(u, v) coordinates. Region | is flat space-time, regions 11 and Il are
the single-waves, while region IV is the interaction region.

3.2 The Bell-Szekeres Global Structure

In this structure [15, 22], we x-ray a scenario that describes the collision and
subsequent interaction of two step electromagnetic plane waves. We shall split the
space-time into four regions as we did in Figure (3.1) as we observe the two impulsive
waves from the opposing sides of the space-time. The approaching wave in region Il
is described by a line element in Brinkmann metric form by
ds? = 2dudr + a?0(u)(X? + Y?)du? —dX? —dy? (3.15)
where
b2z = a”0(w). (3.16)
The opposing wave in region |1 is described by the line element in Brinkmann metric

form by
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ds? = 2dvdp + b?*0(v)(X? + Y?)dv? —dX? —dY? (3.17)

where
boo = b?0(v). (3.18)

Now, we shall transform our line element such that

X = xcosaub = x = ,
cosauf

Y = ycosaub = x =
y cosauf '

and
r=v-— % [cosauBsinauf (x? + y?)]. (3.19)

By imposing some boundary conditions on the various regions, we know that region |

is a flat space-time with u < 0, v < 0. The line elements in (3.15) and (3.17) now take

the form
ds? = 2dudv — dx? — dy>. (3.20)

Region 11, is a single u-wave with boundary conditions u > 0, v < 0. By imposing

these conditions, the line element (3.15) now takes the form

ds? = 2dudv — cos?au(dx? + dy?). (3.21)

Region Il isasingle v-wave with the boundary conditionsu < 0, v > 0. By imposing

these conditions on the line element (3.17) we obtain

ds? = 2dudv — cos?bv(dx? + dy?). (3.22)

Region 1V is considered here as the interaction region, therefore, we intend at this
juncture to impose some boundary conditions that will determine the properties of the

global structure. We shall begin by integrating Eq. (2.36) to obtain
U = —log(f(w) + g()),

e~V = elog(fW+g®)

therefore
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e V=flw+g). (3.23)

Now, we let
1
f= >~ sin®au,
1
g=5- sin’bv . (3.24)

Atu=0v=>0V=W =M =0, and ¢, = b, we find from Eq. (3.24) that

_1 i 2 =0 _1
f—E—sm au,u = =>f—§,
and
1 n 1 ) 2 . 2
ng_sm bv,v¢0:>g=§+cos bv —1,cos*bv — 1 = —sin“bv,
therefore
1
9g=-3 + cos?bv. (3.25)

Putting Eq. (3.25) into (3.23) yields

1 1
U= -log (E —5 coszbv) = —log(cos?bv),

or

U = —2log cos?bv. (3.26)

At v=0u=0,V =W =M =0 and ¢, = a; Eq. (3.24) shows that

R bv,v =0 =
= — = = [ —
g > sSim-ov,v g >

1 1 )
f= 5 sinfan,u+0=>g = 5 + cos?au — 1,cos’au — 1 = —sin®au,
hence
1
f= -5+ cos?au. (3.27)

Putting Eq. (3.27) into (3.23) yields
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1 1
U= —log (— Sto+ coszau) = —log(cos?au),

or
U = —2logcos?au. (3.28)
Now, we let, W =M =0, &, = a, ¢, = b; from Eqs. (2.29-2.41) we obtain
U = —logcos(au — bv) — log cos(au + bv) (3.29)
and
V =logcos(au — bv) — log cos(au + bv). (3.30)
Therefore, the metric of the interaction region (IV) now takes the form
ds? = 2dudv — cos?(au — bv)dx? — cos?(au + bv)dy?. (3.31)
This is the basic line element (3.31) valid for defining and describing the geodesics of

any test particle on the Bell-Szekeres global structure.
3.3 The Ferrari-lbanez Degenerate Solutions

3.3.1 The metric description

This is a type D class of solutions of Einstein’s problems, where two space-like Killing
vectors play a vital role in the formation of Cauchy horizons and singularities, in
respect to the boundary conditions. The basic idea here is to metal-cast a
Schwarzschild black-hole-like solution into the mold of Khan-Penrose Global
structure, with the sole aim of describing the nature of the Cauchy horizons and the
singularities formed in the interaction region; giving rise to the two degenerate
solutions.

Here, the line element that defines this global structure [22, 26, 27], is given by

ds? = {(1 + 2psiny + sin?yP)(dyp? — dA?)

_ ( 1 —sin®y

— 2nsi 2
1+ 2psiny + sin21p> (dx = 2nsiny)

— cos?A(1 + 2psiny + sin?yP)dy?, (3.32)
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where

XH = XM, 1), (3.33)
while, {, p and n are constants; satisfying the condition that p2+n? = 1. Now, we let
{ =1,1 = 0,and p = %1, such that the line element (3.32) reduces to

1- psim/)> do?

ds? = (1 + psiny)?(dy? — dA?) — (1 T psiny

— cos?A(1 + psiny)?dy?. (3.34)

We now carry out some transformations by changing our coordinates. Here, we let

Y=t
A=z, (3.35)
XH* = XH(t, 2).

In the light of this transformation, the line element (3.34) can be expresses as

1 — psint
L) dx?
1+ psint

ds? = (1 + psint)?(dt? — dz?) — (
— cos?z(1 + psint)?dy?. (3.36)
Now, we wish to change the metric signature by invoking the properties of Egs. (2.21)
and (2.22) such that
G == =)= g = (= ++ ). (3.37)
At this point, the line element (3.36) takes the form

1 — psint

ds? = —(1 + psint)?(dt? — dz?) + ( )dx2 + cos?z(1 + psint)?dy?,

1+ psint
and

1 — psint

2 _ P 2 2 _ 2 2

ds* = (1+ psint)*(dz* — dt*) + (1 n psint) dx
+ cos?z(1 + psint)?dy?. (3.38)

This metric element defined by Eqn. (3.38) is valid for the formation of Cauchy

horizons when p = 1, and for the formation of singularities when p = —1.
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3.3.2 Metric transformation

Following the Khan-Penrose global structure discussed in section (3.1), region (1V)
becomes the interaction region, where horizons and singularities are formed. In order
to metal-cast our line element to be valid for defining and imposing the properties of

the Khan-Penrose global structure, we wish to carry out the following transformations

by letting
u = (t — Z)
> )
o= (t + Z>
> )
Z=v—u, (3.39)
t=u+v,
dt = du + dv,
dz = dv — du,
and

(dz? — dt?) = (dv? — 2dudv + du?) — (du? + 2dudv + dv?) = —4dudv,
therefore
(dz? — dt?) = —4dudv. (3.40)
In the light of these transformations in Egs. (3.39) and (3.40), our line element (3.38)

now takes the form

1 — psin(u + v) 5
1+ psin(u + v)

ds? = —4[1 + p sin(u + v)]?dudv + I

+ cos?(u — v)[1 + psin(u + v)]2dy>. (3.41)
In order to completely transform the line element (3.41) suitable for the Khan-Penrose
structure, we now define the Heaviside step function as function of u and v such that

® =0(u)and 0 =0(v). (3.42)
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Now, we let u - u@(u) and v —» vO(v), such that the line element (3.41) takes the
form
ds? = —4[1 + psin(u®(w) + v@(v))]zd(u(é)(u))d(v@(v))

1-— psin(u@(u) + v(&)(v)) dyc?
1+ psin(u@(u) + v(&)(v)) g

+ cos?(u®(u) — vO(v))[1 + psin(ud(u) + v@(v))]zdyz. (3.43)
3.3.3 Regional description
Now, we shall split the space-time continuum into four regions (see Figure 3.2) as we

impose some boundary conditions on the line element (3.43). Region | is a flat space-

time with u < 0, v < 0. Region Il is a single u-wave space-time with 0 < u < g,v <
0. Region 111 is a single v-wave space-time withu < 0,0 < v < % Finally, Region IV

becomes our interaction region with 0 < u,0 < v,u+v < g .
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Figure 3.2: The Ferrari-Ibanez Degenerate Global Structure in the null (u, v)
coordinates for two impulsive waves. Region | is a flat space-time, Regions Il
and 111 are the single wave space-times, while Region IV is the interaction

region.
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Chapter 4

TIME-LIKE GEODESICS

Here, we spotlight and discuss the motion of a test particle defined by the line element
ds? = 2e ™ Mdudv — e V*Vdx? — e V"Vdy? (4.1)

We intend to spot-light the prototype space-time element and the particle’s motion

from the stand points of the two Global structures of colliding gravitational plane

waves discussed in sections (3.1) and (3.2); the Khan-Penrose and the Bell-Szekeres

Cosmic Landscapes or space-time continua. Subsequently, we shall have a close look

at the particle’s motion on a Ferrari-lbanez degenerate Cosmic Landscape.

4.1 Geodesics on the Khan-Penrose Cosmic Landscape

In this section, we wish to spotlight our prototype line element (4.1) on the planform

of the Khan-Penrose Cosmic Landscape by deriving suitable equations that will define

and describe the motion of our test particle within the confines of the global structure.

We shall consider and cross-examine the global structure using the lensing power of

two sets of twin-coordinate systems; the null (w,v) coordinates and the (x,y)

coordinates respectively.

4.1.1 Khan-Penrose in (u, v) null coordinates

Here we aim at deriving the Equation of motion of the test particle in the null (u, v)

coordinates. Looking closely at our line element (4.1), it is clear that our Lagrangian

can be defined in this context as

1
L=[2eMuv—e V(%2 +eVy?)]. (4.2)
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Recall that in Egs. (2.8) and (2.9), we showed the relationship between the line element

and the Lagrangian of a mechanical system with respect to the variation principle,
where

[as= car

and

6fds=6f£dt=0. (4.3)
Now, putting Egs. (4.2) into (4.3) we obtain
1
6[[2e‘M1’w —eUeVx?2+eVyH)]2dr =0 (4.4)

where, v isa function of u ; v = v(u). We now express Eq. (4.4) in terms of u as

1
) f[Ze‘Mv’ —e Y(e"x?+eVy'?)]2du = 0. (4.5)

Herein, '=

gl=

and u is not an affine parameter. From Eq. (4.5), it is clear that our

Lagrangian now takes the form

1
L=[2eMp' —e Y(x?+e"y'?)]2.

(4.6)
By imposing Egs. (2.17) and (2.18), on the Lagrangian (4.6), we obtain
% = —%e‘”“’x’ = A = constant (4.7)
and
N
Dy —Ze y' = B = constant (4.8)

where, A and B are constants.

Now, looking at Eq. (4.7) closely, we see that

1
-U+Vv.,.r
——e x' =4,
L
_e—U+VxI _AL,



therefore
(e UtVx"2 = A%L2, (4.9)
Putting our Lagrangian (4.6) into Eq. (4.9), we obtain
(e—U+Vxl)2 — AZ[ze—le _ e—U+Vx12 _ e—U—VyIZ]
e—2U+2Vx12 — AZ[Ze—MvI _ e—U+Vx12 _ e—U—VyIZ]_ (410)

In the same vein, looking at Eq. (4.8), we see that

1
- ZG_U_V_’)/’ =B
—e UVy' =B
~(e7UVyN2 =pB2L2, (4.11)

Putting our Lagrangian (4.6) into Eq. (4.1) shows that
(e7UVy"N2 = B?[2e ™My’ — e UtVx'2 — g7 UVy'2]
ne 2Um2Vy2 = B2[2e ™My’ — @7 UHV 2 — o=U=Vy2] (4.12)
At this juncture, we can solve for x'? and y'? from Egs. (4.10) and (4.12), and by doing

that we obtain

2A2€_M+U_2V

2 I
X = e U+ A2e V + Bzer (4.13)

and

ZBZe—M+U+2V

2 = " 4.14
Y e‘U+AZe‘V+BZer ( )

Now, substituting for x'2and y'? as expressed in Eqgs. (4.13) and (4.14), our Lagrangian

defined in (4.6) now takes the form

2A2 —-M+U-2V
L= IZe‘Mv’ —e U (eV ¢ v’

e U+ A%e”V + B%eV

1
2

+eV

ZBZe—M+U+2V
' (4.15)

e U+ A2eV + BZeV ©
By expanding the Lagrangian (4.15), we obtain
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1
2

.(4.16)

2A2€—M—V ZBZB_M+V
e U+ A%2e™V + B2eV e U+ A%2e”V + B2eV )

L= <2e‘Mv’ — v’

We now simplify the Lagrangian (4.16) to obtain

L=

1
207 M-Uyp" £ 242 M=Vy' 4 2B2e~MtVy! _2A2e=M=Vy! _2B2e=M+Vy/\2
e U+ A2e~V + B2eV '

Hence,

2e~M-Uy’ 2
= . 4.17
£ <e‘U + A%e7V + BZeV> ( )
This is our Lagrangian in the (u,v) coordinates. We now wish to spotlight our

Lagrangian (4.17) in terms of Egs. (2.8) and (2.19), such that

2e M-Uy’ 2
I= = du. 4.18
fﬁdu f(e‘” + A2e7V + BZeV> u ( )
We now define a function f (u, v) such that

1

20 M=Uyp’ 2
= 4.19
f <e‘U + A%2e7V + BZeV> ’ (4-19)

where A and B are arbitrary constants. We can express Eq. (4.19) as

1

< 2e~M-Uy’ )5
f= . (4.20)

e U+ A2e~V + B2eV

We now define our action (4.18) in terms of this function as
I = f f(u, v)Vv'du. (4.21)

d . . .
Here, v’ = == ,v = v(w) and our Lagrangian is given

L= f(uv)Vv. (4.22)
We now impose Eqg. (2.9) on the Lagrangian (4.22) to obtain

d (6/3) oL 423

du\ov') ov’ (4:23)
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where

and

d (613)
du \ov'

Eq. (4.23) now takes the form

2\/_

du

(fu +v fv) -

(ot o)~ = fw
(v')2

We now multiply Eq. (4.26) by 2+/v" to obtain

such that

fu=

where

n

’ fv ’
fu+va_§7=2va:

fvll ) fvll )
§7+Vfw :ﬁ=fu_va

v =v(u)

,_dv
v_du

2
,  d°v

T du?

f=fwv)

f v
2\/_ (vl)%

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

At this point, it is clear that Eq. (4.29) is the equation that defines and describes the

geodesic motion of the particle on the Khan-Penrose Cosmic Landscape or space-time

continuum in the null (u, v) coordinates.
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4.1.2 Khan-Penrose in (x, y)coordinates

Here we intend to derive the equation of motion that defines and describes the
geodesics of our test particle as it cruises on the Khan-Penrose Cosmic Landscape in
the in (x,y) coordinates. To achieve this task, we wish to carry out certain
transformations that will guarantee our safe ride to the desired equation of motion in

the require coordinates (x, y). First of all, we let

T=u\/1—v2+v\/1—u2,

and

o=uy1—v%2—-vyJ1—-u? (4.31)

Such that our line element (4.1) transforms into

1 1 3 5
ds?=(1-12)"21—-0%)"2dt> - (1-12)3(1 - 0%)"2do?, (4.32)

and
1 1 3 5 l
] ds = j [(1 — 12711 = 62)7F — (1 —12)i(1 — 2)73 0'2]2 dr (4.33)

where, o' = Z—: . We shall now change our coordinates by carrying out the following

transformations, let

T = sinx,
o = siny,
cosy
"= 7, 4.34
o=V (4.34)

and
cos®x + sin’x = 1.

Following these transformations, the action in Eq. (4.33) now transforms into

1
1 1 3 _5 cos?y J?
I =f (cosx) 2 (cosy) 2 — (cosx)2 (cosy) 2 coszxyz cosxdx. (4.35)
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But

3 5 COSZ 1 1
(cosx)2 (cosy) 2 . Y _ (cosx)™2 (cosy) 2, (4.36)

0s%x

the action in (4.35) takes the form

N[~

I = f {(cosx)_% (cosy)_% - (cosx)_% (cosy)_%yz} cosxdx (4.37)

Simplifying (4.37) we obtain

1

1
I = f {(1 —v%)(cosx cosy) 2 }2 cosxdx

1 1
= j {(1 — y2)2(cosx cosy)_Z} cosxdx , (4.38)
therefore
3 1 1

= f(cosx)4 (cosy) 2(1 —y?)z dx. (4.39)

It is clear from the action in (4.39) that the Lagrangian is given by

3 1 1

L = (cosx)*(cosy) 2(1 — y?)2 (4.40)

where, in this case, the Lagrangian is a function of both x and y

L=L(yy), y=y). (4.41)
The equation of motion
In order to obtain our equation of motion using the Lagrangian (4.40), we impose Egs.

(2.9) and (2.19) such that

d (6/3) oL 0 442
dx\oy) dy (442)
Here,

oL 1 3 5 1

o = = 1 2N (o

3y 2 (cosx)*(cosy) #(1 — y*)2(—siny),

L 1 3 _5 1
3 = Zsiny(cosx)ft(cosy) 2(1 — y2)2 (4.43)
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and

oL 1 3 1 1
55 = 3 cos)(cosy) F(A — ) 2(-29)

oL _1 3 1
E = —y (1 —y%)"2(cosx)*(cosy) %, (4.44)

d (0L _1 3 1 _3 3 1
2 (5y) = =9 (1= 9 2cosx)(cosy) * = 5251~ 5) 2(cosx)H(cosy)
_ir 3 _1 _1
—y(1—y?)72 [— Zsinx. (cosx) %(cosy) =
1 _5 3
+ Zsiny.y(cosy) 4(cosx)4-]. (4.45)
Now, putting Egs. (4.43) and (4.45) into (4.42) gives
_1 3 _1 _3 3 _1
¥ (1 = y?)"2(cosx)*(cosy) % + y?y(1 — y?)"2(cosx)3(cosy) %
y 1 1 1 5 3
+ 7 (1 — y?) 2| —3sinx(cosx) %(cosy)” % + siny.y(cosy) 4(cosx)4]
1 _S 3 1
+ Zsiny(cosy) 2(cosx)*(1 — y?)z = 0. (4.46)

Multiplying Eq. (4.46) by 4(1 — y2)2(cosx) +(cosy)s gives

4y*y

1=y + y[—3tanx + ytany] + tany(1 — y*) =0,

4y +

which implies that

. 4yPy . 2 Y B
A+ 72 3ytanx + y“tany + tany — y“tany = 0. (4.47)
But,
4y°y 4y 45

4y = 1—y*+y%) = . 4.48
A 1—5;2( y 4y 1—y2 (4.48)

Putting Eq. (4.48) into (4.47) gives
1—y2 3ytanx + tany = 0 (4.49)
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Hence,
4y = (1 — y?)(Bytanx — tany), (4.50)

or
1
j = 2 (1 — y»)(Bytanx — tany). (4.51)

It is clear at this point that Eq. (4.51) is the equation that defines and describes the
geodesic motion of the particle on the Khan-Penrose Cosmic Landscape or space-time

continuum in (x, y) coordinates.
4.2 Geodesics on the Bell-Szekeres Cosmic Landscape

Here, we intend to x-ray and to explore the unique properties of the Bell-Szekeres global
structure as derive the equations of motion that define and describe the geodesics of our test

particle as it cruises steadily on this Cosmic Landscape. Now, let us take a close look at the
line element (4.1) that defines our test particle. In order to discuss the geodesics of the
particle on the Bell-Szekeres Cosmic Landscape or space-time continuum, we need to
metal-cast our line element (4.1) into the mould-like metric of the form in Eq. (3.31),
which is the basic line element valid for defining and describing geodesics on this

Cosmic Landscape.

We begin by carrying out the following transformations. We let
e ™™ =1,
e YtV = cos?(au — bv), (4.52)
e V7V = cos?(au + bv).
In the light of these transformations in (4.52), the line element (4.1) now takes the form
ds? = 2dudv — cos?(au — bv) dx? — cos?(au + bv) dy?,  (4.53)
where, a and b, are constants. The line element (4.53) now conforms to the basic

structure of the Bell-Szekeres Cosmic Landscape and valid for defining and describing
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the geodesics of any test particle like ours. However, in order to spotlight the geodesics
with high degree of clarity and precision, there need for diversified viewpoints. To
achieve this, we shall derive the equations of motion fo the particle in different

coordinates.

We now carry out the following transformations by changing variables, let
Y = au + by,

0 = au — by,

Y+ 0 =2au,
and
dy + dé = 2adu. (4.54)
Also, let
Y — 0 = 2bv,
di — d6 = 2bdv,
and
dy? — d6? = 4abdudv,
hence

1
— 2 _ 2
dudv = 7 (dy? — d6?). (4.55)

Following these transformations in Egs. (4.54) and (4.55), the line element (4.53) now

takes the form
1
ds? = >ah (dyp? — dB?) — cos? 0 dx? — cos? Y dy?>. (4.56)

The line element (4.56) now becomes our working line element that defines and
describes the geodesics of our test particle in the four coordinates we intend to work

on. We now define our new coordinates by
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Xt =Xt,0,x,y). (4.57)
By imposing section (2.4) on the line element (4.56), we now define the Lagrangian
of the system by

171 1

L=512a

(dy? — dB?) — cos? 6 dx? — cos? Y dyz], (4.58)
or
1 1 /)2 12 2 o2 2 > 2
in[ﬂ(lp —0)—cos 6 x* — cos lpdy], (4.59)

where, ( = %).

The Equations of motion

At this juncture, we shall fully utilize the Lagrangian formalism discussed in section
(2.4) in order to obtain the equations of motion that define and describe the geodesics
of our test particle on this Cosmic Landscape in terms of the four coordinates
¥, 0,x,y).

4.2.1 Motion along the x — coordinate

We now impose section (2.4) on the Langrangian (4.59) by taking derivatives with

respect to x such that

oL _ 4.60
ox (4.60)
0L 1
— = —=(2c0s%0 %) = — cos?0 x. 4.61
37 2(005 0 x) cos“0 x (4.61)
and
d (OL) =0 4.62
ds\ox/ (4.62)
which implies that
0L
3% a, ,a, = constant (4.63)

Comparing Egs. (4.61) and (4.63) shows that
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cos?0 x = a,,. (4.64)
Hence,

P 4.65
x_cosze' (4.65)

This is the equation of motion along the x-coordinate.
4.2.2 Motion along the y — coordinate

Here, we take the derivative of the Lagrangian (4.59) with respect to y, such that

oL _ 0 4.66
ay - ) ( " )
61:_1( 2)cos*Yy = 2y 4.67
3y 2 cos“Yy =—cosYy, (4.67)
and
d (613) =0 4.68
ds\ay/ (4.68)
which implies that
0L
(’)_y = f,, S, = constant. (4.69)
Comparing Egs. (4.67) with (4.69) shows that
cos*Yy = B,. (4.70)
Hence,
Bo
y = . 4.71
y cos?y ( )

This is the equation of motion that defines and describes the motion of our test particle
on this Cosmic Landscape along the y—coordinate.
4.2.3 Motion along the ¥ — coordinate

Here, we take the derivative of the Lagrangian (4.59) with respect to 1, such that
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oL 1 @ s
2 cosysin Py*=),

which implies that

oL .
Fi cosypsinypy?,

and

a5 =224

which implies that

Also,

d oLy 1 .
ds\oy) 2ab?
By imposing Eq. (2.8), we obtain

1 .
- [ y 2 =
>ab Y — cos YPsin Yy 0.

But we know from Eq. (4.71) that

and

Putting (4.78) into (4.77), gives

iz,[) —cos Ysiny '802
2ab cos*
and
1 . , Siny
%lp = cos3yp
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(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)



Hence,

- , Siny
Y = 2abp, o5ty

(4.81)

This is the equation of motion that defines and describes the motion of our test particle
along the y-coordinate as it cruises steadily on this Cosmic Landscape.

4.2.4 Motion along the 8 — coordinate

Here, we take the derivatives of Lagrangian (4.59) with respect to 8, such that

0L

1
— __ e .2
39 5 (2cos 60)(—sin 6)x=,

which implies that

0L

39 = €08 Osin Ox2, (4.82)

also

which implies that

oL _ 1 2] 4.83

26 2ab’ (4.83)
and

d<aL>— L g 4.84

ds\go/)  2ab (4.84)

Putting Eq. (4.82) and (4.84) into (2.8), we obtain

- ﬁé — cos Psin 8x% = 0. (4.85)
Recall from Eqn. (4.36) that
__%
"~ cos26’
and
2
%2 = C:; 5 (4.86)



Putting Eq. (4.86) into (4.85) yields

1 . _ a,?
ﬁﬁ + cos Bsin 6 5570 =0, (4.87)
and
L,z 20 4.89
2ab %o o530~ (4-89)
Hence,
§ = —2aba,? 20 (4.90)
T A% osig '

This is the equation of motion that defines and describes the geodesics of our test

particle along the 6-coordinate.

At this juncture, we have concluded the derivation of required equations of motion.
On a general note, there seems to be four equations that define and describe the motion
of our test particle here, as it moves steadily within the Bell-Szekeres Cosmic

Landscape or space-time continuum. The four equations are Egs. (4.65), (4.71),(4.81)

and (4.90)
;= —0 4.65
X = o526’ (4
Bo
) = ———, 4.71
y cos?y ( )
_ , Siny
¥ =2abB," — 0’ (4.81)
and
6 = —2ab , Sin 0 (4.90)
T T 53 '

4.3 Geodesics on a Degenerate Cosmic Landscape
Here, we take a close look at the basic properties of this global structure and the roles

that Killing vectors along with their associated constants play in the formation of

41



horizons and singularities as we spotlight the geodesics of our test particle on this

Cosmic Landscape.

In order to discuss the geodesics of our test particle within this framework, we need to
transform the metric line element (4.1) into the form in Eq. (3.38), which is valid for
defining and describing the geodesics of any test particle on the Degenerate Cosmic

Landscape. We now begin with some suitable transformations as we let
1
e ™™ = > (1 + psint)?,

UV (1 - psint)
¢ — \1+ psint/)’

e U™V = —cos?z(1 + psint)?, (4.91)
and
dudv = dz? — dt>.
In the light of these transformations (4.91), our line element (4.1) now takes the form

1 — psint

ds? = (1 + psint)?(dz? — dt? +<—) 2
S ( psint)”(dz ) 1+ psint

+ cos?z(1 + psint)?dy?. (4.92)

This line element (4.92) becomes our working metric element for defining and

describing the geodesics of our test particle as it moves steadily on this Cosmic

Landscape.

By imposing Eq. (2.7) n the line element (4.92), we obtain the translational Killing

vectors for regions Il anod I11 as

$) = Oy, (4.93)

and
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By imposing Egs. (2.4) - (2.6) on the line element (4.92), we obtain the Killing vectors

fully operational in region IV as

&(3 = cosy 0, + siny tanz 9, (4.95)
and

&l = —siny 0, + cosy tanz 0y, . (4.96)

It is clear from the line element (4.92) that the Lagrangian of this mechanic system is

defined by
L= 1wf(z‘z iy y 22 42y Coszzwfyz - L, @9
2 2urq 2 2
where,
wy =1+ psint,
w, =1—psint, (4.98)
and
€ = 1 for time — like geodesic,
€ = 0 for null geodesic, (4.99)

€ = —1 for space — like geodesic.
Since we are considering a time-like geodesic of a test particle on a given space-time
continuum, we shall take e = 1. Based on this, the metric condition for the geodesic
that defines and describes the trajectory of our test particle on the Degenerate Cosmic

Landscape now takes the form

. wr
w?(z? — i2) + ;ZJ'CZ + coslzw?y? = —1. (4.100)
1

We now impose the Lagrangian formalism of section (2.4) on our Lagrangian (4.97)
in order to derive the equations of motion that define and describe the geodesics of our

test particle. First, we consider motion along the x-coordinate. Here, we obtain
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dL

T K, = constant, (4.101)
and
zgfxzzsz, (4.102)
therefore
i=gk (4.103)
w>

This is equation of motion of our test particle along the x-coordinate. Also, by applying

the same method for the motion along the y-coordinate we obtain

ar =K, = tant 4.104
I y = constant, (4.104)
and
cos?zwiy® = K,, (4.105)
therefore
' Ky 4.106
y= cos?zwi’ (4.106)

This is the equation of motion that defines and describes the geodesics of our test
particle along the y-coordinate. Also, by applying the same procedure, we obtain
equation of motion along the z-coordinate as

ar
and

dL ) 2.2
— = —(0S zZ Sin zw{y*, (4.108)
dz

which implies that

dc K2

- = —cos z sin z w? (4.109)

cos*zwy’
therefore
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dL  sinz Ky

By imposing Eq. (2.9), we obtain

which implies that<-

We now define a function, 3, such that

and

and

therefore

Now, we let

and

this implies that

dz  cos3z wi’
(dL) dL
dz) dz
: 2
,.~_ Sinz Ky
—(wiz)=——5F—5.
dt C0S°>Z wy
3 =wfz,
2
a )= - sinz Ky
dt cos3z w?

U = C0SZz,

du = —sinzdz,

45

(4.110)

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)



&2 du 2 2
$2 =42 | K} +K2, (4.119)

&2 ZU_Z 2 2
¥ =—K +K;, (4.120)
KZ
§2=K2 - COSYZZ, (4.121)
and
Ky
S= [KF-—=. (4.122)

2
wii= |Kz—— (4.123)
1 Z  cos?z’ '
1 , K2
)= — |K2 ——2—. 4124
z w2y % cos?z ( )

This is the equation of motion that defines and describes the geodesics of our test

therefore

particle along the z-coordinate on this Cosmic Landscape. However, since the
associated constant for the Killing vector along the z-coordinate in this case could be
a function of both y and z, we now let

K2 = K2+KZ2. (4.125)

In the light of this transformation, Eq. (4.124) now takes the form

7 = ! K2+K?2 Kl% 4126
Z= w2 Y % cos?z’ (4.126)
or
; = - K2<1 - )+K2 4127
Z= w?| cos?z z (4.127)
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where

cos’z +sin’z=1= cos’z—1= —sin?z, (4.128)
and
SR e CLliCaa) I 4.129
2T w? "\ Teosz z (4.129)
where
cos’z—1 3 —sin?z — ran? 4130
cos?z  cos?z an-z, (4.130)
therefore
7 = - K2 — K2 2 4131
Z—/W—12 7 — Kjtan®z. (4.131)

This becomes equation of motion that defines and describes the geodesics of our tests

particle along the z-coordinate in terms of Eq. (4.125).

To obtain the equation of motion along the t-coordinate, we wish to substitute for the

other parameters into the metric condition (4.100). Now, let
2,2 2:2 . W2 5 2 2.2
wize —wit +;x + cos“zwiy® = —1, (4.132)
1

and

: . wy . .
wit? =1+ wiz? + —=x? + cos?zwiy?,

w
KZ
Kz ——2 2 2
. 2 wo Wi K
wlt? =1+ w?| —25Z2 | + —=— K2 + cos?zw? —4y =
wy Wy W cos*zwr;
2
2 K 5
z 2 wn
: cos?z 1 y
wit? =1+ —+—KZ + ———,
: w, cos2zw;
2 2 2
wit? =1+ Z+w—1 21 Ky
X )
wi  wy wicos?z  cos?zw
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hence

2

K w.
2§12 = 1 4 —Z 4+ —LK2 4.133
wi wlz w, x ( )
Solving for ¢ from Eq. (4.133), we obtain
, 1 K2
t? =—|1+—+—K7 |, (4.134)
wy wyi W,
and
. 1 wy K?
t=— [1+—KZ+—. (4.135)
wy wy w

This is the equation of motion that defines and describes the geodesics of our test
particle on this Cosmic Landscape along the t-coordinate. However, in terms of Eq.

(4.125) we obtain

2
o 1

) 1 w K2+K?

t=—\/1+—1K,?+ Yy 2. (4.136)
w-

To conclude this section, we need to note that there are four equations that define and

describe the motion of the particle here, as it moves steadily on a Degenerate Cosmic

Landscape or space-time continuum. The four equations are

1.x= %Kx, (4.103)
2.9 = e, (4.106)
3a.7 = wilz K2 — % , (4.124)
3.2 = > |[KZ = Kjtan’z , (4.131)
4a.t=wi1\/1+%1<,§+£—2212, (4.135)

and
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. 1 K2+KZ
4b. t = —\/1 + Z—:&? + 2= (4.136)

w1 1

4.4 Discussion

Here, we seek to find solutions to the equations of motion that we obtained in sections
(4.1) — ((4.3) as we discuss how they define and describe the geodesics of our test
particle on the various Cosmic Landscapes. We shall begin by solving the equations
of motion on the Bell-Szekeres Cosmic Landscape, since it appears to be the simplest.
We shall proceed to solve and discuss the highly non-linear equation of the particle’s
motion on the Khan-Penrose Comic Landscape. We shall proceed to spot-light the the
geodesics of the particle on the Degenerate Cosmic Landscape; the Ferrari-lbanez
space-time continuum,

4.4.1 The Bell-Szekeres Cosmic Landscape solutions

Here, we intend to reduce the four equations of motion for our test particle obtained in
section (4.2) to a simple and manageable two-dimensional equation along the ¥ and 6
coordinates. Recall that our working line element (4.55) valid for the geodesics of our

test particle on the Bell-Szekeres Cosmic Landscape is given by
1
ds? = %ab (dy? — dB?) — cos? 8 dx? — cos? P dy?. (4.137)
We now divide the line element (4.137) by ds? to obtain
1 . .
1= P (% — 02) — cos? 0 %% — cos? P y?, (4.138)

where, ( = %). To collapse this line element into an equation of motion along the ¥

and 6 coordinates only, we fix both x and y as constants. Recall also, that Eq. (4.65)
defines and describes the geodesics of our test particle on this Cosmic Landscape along
the x-coordinate, such that

cos? 0 x? = a, = constant. (4.139)
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In the same vein, Eq. (4.71) provides the geodesic equation for our test particle along
the y-coordinate, such that

cos?py? = B, = constant. (4.140)
Substituting for Egs. (4.139) and (4.140) into the line element (4.138), makes it

collapse drastically into

2ab — (y% — 62). (4.141)

The Lagrangian valid for this transformed system is now defined by

2ab — (y% — 62). (4.142)

We now impose the properties of section (2.4) on Lagrangian (4.142) to obtain

) = constant, (4.143)
and
6 = constant. (4.144)
Dividing (4.143) by (4.144), we obtain
% = constant, (4.155)
this implies that
dy
i constant. (4.156)
Hence,
Y =kKb+71, (4.157)

where, k and ¢, are constants, ¥ is a function of 8. Eq. (4.157) is now our simplified
equation of motion that defines and describes the geodesic of our test particle as it
moves steadily along the y and 6 coordinates on this Cosmic Landscape. A numerical

solution to Eq. (4.157) is obtained for 0 <y <1 and 0 < 6 < 1, which gives a
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straight line graph (see Figure 4.1). The line defines and describes the path or geodesic

of our test particle as it moves straight into the horizon on this Cosmic Landscape.

¥

Figure 4.1: Geodesic of a test particle on Bell-Szekeres Cosmic Landscape along the
0 and Y coordinatesfor0 <y <land0<6 <1.

4.4.2 The Khan-Penrose Cosmic Landscape Solutions

Here, we seek to solve the equations of motion for our test particle obtained in section
(4.1). However, since the equations are highly non-linear, we intend to evaluate the
equations numerically as we discuss the geodesics of our test particle cruising steadily

on the Khan-Penrose Cosmic Landscape.

Recall that, Eqns. (4.29) and (4.51) are the geodesic equations that define and describe
the paths or the particle’s motion on this Cosmic Landscape in terms of the null
coordinates (u, v) and the Cartesian coordinates (x,y) respectively. However, since
the impulsive waves in this structure are best described in the null coordinates(u, v),

we shall discuss the geodesic of our test particle using Eqn. (4.29).
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Now, recall that Eq. (4.29), is given as

v = [fu — V' fol, (4.158)

where, isa f is a function defined by

|~

Ze—M—U 2

_ , 4.159
! e U+ A%2e™V + B2eV ( )

Aand B are both canstants. To simplify further, we let A = B = 0. The function

(4.159) reduces into

1
f=v2(e M2 (4.160)
Now, comparing the line element (4.1) that defines our test particle with the line
element (3.14) shows that

3
v (1-u?—v?)2

- V1—utV1—vZ(uv + V1 —u2V1 — v2)

e (4.161)

2 )

where,

f=fv),andv =v(u) (4.162)
Now, setting 0 <u < 1,0 <v <1, and initial conditions u =0,v=0and v’ =
0.1. Our equation of motion (4.158) is solved numerically using Maple (see Figure 4.2
and figure 4.3 respectively). In our plots, we used v, for the initial speed of our test

particle and we considered initial speed range of vy = 0.1n, n =0 ...N.
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Figure 4.1 the geodesics of a test particle on the Khan-Penrose Cosmic Landscape for

initial speeds v, = 0.1n,n = 0 ... 10. The geodesics curved towards right of the path
with v, = 1, as they hit the curved singularity.

Figure (4.2) shows geodesics of our test particles with initial speed ranging from v, =
0.1 to 1.0. It is clear that the trajectories tend to curve at the tail end of their journey
as they approach their touch line; the curvature singularity. However, the geodesic for
which v, = 1.0, appears to straighten up given rise to a straight line trajectory into the

curvature singularity.
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Figure 4.3: the geodesics of a test particle on the Khan-Penrose Cosmic Landscape for

initial speeds vy = 0.1n,n = 0 ... 25. The geodesics curved towards right or left of a
path along which v, = 1, as they hit the curved singularity.

Figure (4.3) shows a wider spectrum of geodesics of our test particles with initial speed
range from v, = 0.1 to 2.5. It is clear that the trajectories tend to curve at the tail end
of their journey towards the right side as they approach their touch line; the curvature
singularity, while at v, = 1.0 gave rise to a straight line trajectory into the singularity
just as it is reflected in Figure (4.2). However, as we increase the initial speed above
1.0, the trajectories begin to curve again, but this time, towards the left side. As the
initial speed increases, the geodesics seems to vanish before reaching the singularity.
4.4.3 The Degenerate Cosmic Landscape solutions

Here, we consider the solutions to the equations of motion developed in section (4.3) for our

test particle on a Degenerate Cosmic Landscape. We intend to have a close look at how

horizons and singularities are formed on this Cosmic Landscape.
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4.4.3.1 The Horizons

Following the condition for the formation of horizons stated in section (3.3), we know

that as our test particle approaches t = g oru+v=

ISHIE

; horizons are formed along

the geodesic when p = 41 as a basic condition imposed on our working line element

(4.92).

Now, we carry out some transformations on geodesic equations developed in section

(4.3) as we let
/w’1 =2ande =0

We define a function % such that

2 1
_dt_g'
dt = %dt = = 9
=3dr=50= 350
and
dt_ dz
dr_gdt
this implies that
dz_ldz_l
dt  %dt %
where,
1 K?2
—_ KZ__y
* wi * cos’z

By Eq. (4.163) it is clear that (4.169) takes the form
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(4.164)

(4.165)

(4.166)

(4.167)

(4.168)

(4.169)



Y, (4.170)

Now, we consider a situation where w, = 0.

Case 'K, # 0> %> © (4.171)
and
% | T _ =§ |3_>oo =0 (4.172)
dt tozwi=2w2=0 ~ %
Casell: kK, =0=%=1[1+%=1/217K2 (4.173)
and

/ K3
2 _
dz X K cos?z 1 \]Kzzcoszz - K} (4.174)

% 4+KZ+K2°

E‘g_ [4 + K2 " cosz

In terms of KZ = K7 + K, , we obtain

K2 1
dZ_%_\/KZZ-I_K)%_COSyZZ \/KZZ+<1_COSZZ)KJ%

T = . (4.175)
at %5 JA+KZ+KZ J4+KZ + K2
But
1 cos’z—1 —sin?z ran? (4176)
—_ = = = —tan“z, .
cos?z cos?z cos?z an-z
this implies that
dz K? — Kitan?z 4177
dt 7 |4+ KZ+KZ (4.177)

4.4.3.2 The Singularities

In the same way, following the basic conditions for the formation of singularities

discussed in section (3.3), we know that as our test particle approaches t = g oru+
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v= g , singularities are formed along the geodesic when p = —1 as a condition we

imposed on our working line element (4.92).

Now, recall that

1 2 Kﬁ K2
dz X wiN"?  cos?z KZ — COSyZZ
d_t = g = == (4178)
1 2 Wi 2 2 2, Wi 2 2
W_lz wy +F2Kx+KZ wy +W2Kx +KZ
Following the imposed conditions where
p= —1,t=§,w1 =0,and w, = 2, (4.179)
we obtain
dz - K%
?  cos*z
— =X 05z (4.180)
dt /K2
and in terms of K7 = K7 + K, Eq. (4.180) takes the form
K2 1
4 2 2
o K2R - [k (1- ) K
_ cO0S*“Zz — ( coS Z) (4.181)

dt ~ JKZ+ K2 JKZ + K2
where

1 cos’z—1 —sin’z

1-— = —tan?z (4.182)

cos?z cos?z cos?z

therefore

dz K? — K}tan’z
= . (4.183))

dt | K2+ K2
It is clear from Eq. (4.183) that for both cases I and Il where K, = 0 and K, #

0,fort= g and p = —1, the slope of the trajectory that leads to the formation of

singularities remains the same; it does not depend on K, hence
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dz | _ K2? — K2tan?z )
E t—>%,w1=0,w2=2 - KZZ+K5 . (4‘ 84)
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Chapter 5

SUMMARY AND CONCLUSION

5 Summary and conclusion

We have gradually come to our proposed destination, of which, I can confidently and
affirmatively say with the wise men of great renown; “a thousand miles’ journey
begins with a step.” To wrap it up, it is expedient for us to recount some of the mile-

stones that ear-marked our trajectory.

We began by looking at the BICEP2 Report on the newly detected B-Mode
Polarization of the gravitational waves formed in the Baby Universe, which prompted
this research, after which, we looked at the background and the basic concept of
Gravitational wave. We proceeded by hand-picking some vital tools and equations to
build-up a mathematical structure, with which we constructed some theoretical Global
Structures: the Khan-Penrose, Bell-Szekeres and the Ferrari-lbanez global structures
that served as the Cosmic Landscapes or space-time continua, upon which a test
particle is considered as an inertial observer. We analyzed and discussed the time-like

geodesic of the particle on the various Cosmic Landscapes or space-time continua.

When electromagnetic plane waves collide, gravitational waves are always generated.
These impulsive waves occur along the boundaries of region IV only or may appear
throughout the interaction region. When a particle is placed along the path of two

colliding plane waves, it will be forced to follow a geodesic, defined by the properties
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of the Global structure, leading to either curvature singularities or horizons pending on
the initial conditions. In the null coordinates,(u, v), the interaction region is bounded,;

so given the initial conditions the later developments are plotted numerically.

The time-like geodesic of the particles on a Bell-Szekeres Cosmic Landscape appears
to be steady, defined by a straight line trajectory that leads into the horizon. The
gradient of the path is constant. On the other hand, the geodesics on the Khan-Penrose
Cosmic Landscape appear to curve towards either sides away from the trajectory on
which the initial speed of the test particle is given as v, = 1.0. It is clearly and
evidently seen that all the geodesics vanish or appear to vanish at the end of their
journey as they approach the touch-line; the curvature singularity within the
interaction region. Finally, the Degenerate Cosmic Landscape gave rise to the
formation of both Horizons and singularities. Horizons are formed when p = +1,

while Singularities are formed when p = —1.
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