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We present black hole solutions in 2 + 1−dimensional Einstein’s theory of gravity coupled with
Born-Infeld nonlinear electrodynamic and a massless self-interacting scalar field. The model has five
free parameters: mass M , cosmological constant `, electric q and scalar r0 charges and Born-Infeld
parameter β. To attain exact solution for such a highly non-linear system we adjust, i.e. finely
tune, the parameters of the theory with the integration constants. In the limit β → 0 we recover
the results of Einstein-Maxwell-Scalar theory, obtained before. The self interacting potential admits
finite minima apt for the vacuum contribution. Hawking temperature of the model is investigated
versus properly tuned parameters. By employing this tuned-solution as basis, we obtain also a
dynamic solution which in the proper limit admits the known solution in Einstein gravity coupled
with self-interacting scalar field. Finally we establish the equations of a general scalar-tensor field
coupled to nonlinear electrodynamics field in 2+1−dimensions without searching for exact solutions.
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I. INTRODUCTION

Since the pioneering work of Banados, Teitelboim and
Zanelli (BTZ) [1, 2] the subject of 2 + 1−dimensional
black holes has attracted much attention and remained
deservedly ever a focus of interest due to many reasons.
Further to the pure BTZ black hole powered by a mass
and a negative cosmological constant the strategy has
been to add new sources such as electric / magnetic fields
from Maxwell’s theory [3], rotation [3, 4] and various
fields [5–7]. This remains the only possible extension due
to the absence of gravitational degree of freedom in the
lower dimension. In this situation scalar field coupling to
gravity, minimal or nonminimal with self-interacting po-
tential is one such attempt that may come into mind (See
[8] and references cited therein). The Brans-Dicke expe-
rience in 3 + 1−dimensions with a vast literature behind
suggests that a similarly rich structure can be established
in the 2+1−dimensions as well. In this line Henneaux et
al [9] introduced Einstein’s gravity minimally and non-
minimally coupled to a self interacting scalar field. Ein-
stein’s gravity conformally and non-minimally coupled
to a scalar field was studied by Hasanpour et al in [10]
where they presented exact solutions and their Gravity /
CFT correspondences. Also, rotating hairy black hole in
2+1−dimensions was considered in [11–17] while charged
hairy black hole was introduced in [18]. Our purpose in
this study is to employ self-interacting scalar fields and
establish new hairy black holes in 2 + 1−dimensions in
analogy with the dilatonic case [18]. In doing this, how-
ever, we replace also the linear Maxwell electrodynamics
with the nowadays fashionable non-linear electrodynam-
ics (NED). In particular, our choice of NED is the one
considered originally by Born and Infeld (BI) [19–24] with
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the hope of eliminating the electromagnetic singularities
due to point charges. The elimination of singularities in
the electromagnetic field unfortunately doesn’t imply the
removal of spacetime singularities in a theory of gravity-
coupled NED. Rather, the spacetime singularities may
undergo significant revision in the presence of NED to
replace the linear Maxwell’s theory. Herein, the singu-
larity at r = 0 remains intact but becomes modified,
both in powers of 1

r and also with the addition of a term
such as ln r. Let us add that there are special metrics
hosting gravity-coupled NED which are free of spacetime
singularities [25–35].

Our 2 + 1−dimensional model investigated in this pa-
per consists of a non-minimally coupled scalar field (with
a potential) coupled to gravity and NED field. We intro-
duce such a model first, by deriving the field equations
and solving them. Recently such a model has been con-
sidered similar to ours in which the linear Maxwell theory
has been employed [8]. Our task is to extend the linear
Maxwell Lagrangian to the NED Lagrangian of Born-
Infeld in 2 + 1−dimensions [36–38]. In particular limits
our model recovers the results obtained before. The self-
interacting potential U (ψ) , as a function of the scalar
field ψ happens in a particular solution to be highly non-
linear whereas the scalar field itself is surprisingly sim-
ple: ψ2 (r) = r0

r+r0
, in which r0 is a constant such that

0 ≤ r0 < ∞. The scalar field is bounded accordingly as
−1 ≤ ψ (r) ≤ 1, and is regular everywhere. As a matter
of fact the constant r0 is the parameter that measures
the scalar charge (i.e. the scalar hair) of the black hole
in such a model. Similar to the scalar field the static elec-
tric field E (r) also happens to be regular in our gravity-
coupled NED model in 2 + 1−dimensions. The potential
U (ψ) is plotted for chosen parameters which yields pro-
jection of a Mexican hat-type picture where the reflection
symmetry U (ψ) = U (−ψ) is manifest. The minima of
the potential may be considered to represent the vacuum
energy of the underlying model field theory. To choose
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one of the vacua we need to apply spontaneous symme-
try breaking which lies beyond our scope in this work.
In the final section of the paper we consider the general
formalism for scalar-tensor field coupled with a NED La-
grangian. Finding exact solution for this case is out of
our scope here, but in a future work we shall attempt
a thorough investigation in this direction with possible
exact solutions in 2 + 1−dimensions.

The paper is organized as follows. In Section II we in-
troduce the field equations, present a particular solution
(with details in Appendix A), investigate the limits and
study some thermodynamical properties. In Section III
we obtain a dynamic solution from the solution found in
Section II and investigate its limits. In Section IV we
apply the conformal transformation from Jordan to Ein-
stein frame and without solving the field equations we
find a general picture of the theory. The paper ends with
Conclusion in Section V.

II. FIELD EQUATIONS AND THE SOLUTIONS

We start with the action (8πG = 1 = c)

S =
1

2

∫
d3x
√
−g [R− 8∂µψ∂µψ −

Rψ2 − 2V (ψ) + L (F )
]

(1)

in which R is the Ricci scalar, ψ is the scalar field which
is coupled nonminimally to the gravity, V (ψ) is a self-
coupling potential of ψ and L (F ) is the NED Lagrangian
with the Maxwell invariant F = FαβF

αβ and electro-
magnetic 2−form F = 1

2Fµνdx
µ ∧ dxν . Let us add that

this action differs from the one considered in [8] by a
scale transformation in the scalar field and the important
fact that L (F ) here corresponds to an NED Lagrangian
rather than the Maxwell Lagrangian. Variation of the
action with respect to gµν implies

Gνµ = τνµ + T νµ − V (ψ) δνµ (2)

in which

τνµ = 8∂νψ∂µψ − 4∂λψ∂λψδ
ν
µ+(

δνµ�−∇µ∇ν +Gνµ
)
ψ2 (3)

and

T νµ =
1

2

(
Lδνµ − 4FµρF

νρLF
)

(4)

where LF = dL
dF . Variation of the action with respect to

ψ and vector potential Aµ yields the scalar field equation

�ψ =
1

8

(
Rψ +

dV

dψ

)
(5)

and nonlinear Maxwell’s equation

d
(
F̃LF

)
= 0 (6)

respectively, in which F̃ is the dual of F. Our line element
is static circularly symmetric given by

ds2 = −f (r) dt2 +
1

f (r)
dr2 + r2dθ2. (7)

The NED which we study is the well known BI theory.
The BI-Lagrangian is given by

L (F ) =
4

β2

(
1−

√
1 +

β2F

2

)
(8)

in which β ≥ 0 is the BI parameter [36] such that in the
limit β → 0 the Lagrangian reduces to the linear Maxwell
Lagrangian

lim
β→0

L (F ) = −F (9)

and in the limit β → ∞ it vanishes so that the general
relativity (GR) limit is found. We also note that our elec-
trodynamic potential is only electric and due to that in
the BI Lagrangian the term G = Fµν F̃

µν is not present.
The nonlinear Maxwell equation admits a regular electric
field of the form

E (r) =
q√

r2 + β2q2
(10)

in which q ≥ 0 is an integration constant related to the
total charge of the black hole. As we have shown in the
Appendix A, the field equations admit solution to the
field equations as follows

ψ2 =
1

1 + r
r0

(11)

in which r0 ≥ 0 is a constant, and

f (r) =

[
−M +

q2

1 + β2
− 2q2 ln

(
r +

√
q2β2 + r2

2 + qβ

)]
×(

1 +
2r0
3r

)
+ r2

(
1

`2
+

2

β2

)
+

2r2r0
3qβ3

ln

[
1

r

(
qβ +

√
q2β2 + r2

)]
−

2r

β2

( r0
3r

+ 1
)√

q2β2 + r2. (12)

The self-coupled potential is given by

V (ψ) = − 1

`2
+ U (ψ) (13)
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in which

U (ψ) =

(
1

`2
− M + 2q2 lnA

3r20
+

q2

3r20 (1 + β2)

)
ψ6+

2r0
(
ψ6 − 1

)
lnB

3qβ3
+

2ψ2
(
q2β2ψ4 +

(
1− 3ψ4

)
r20
)

3r0

(
qβψ2 +

√
∆
)
β2

+

+
2ψ8

(
2q2β2 + 3βqr0 + 2r20

)
3r0β2

(
qβψ2 +

√
∆
) +

2
(
βq
(
2ψ2 + 1

)
q + 3r0ψ

2
)
ψ4
√

∆

3β2r0

(
qβψ2 +

√
∆
) , (14)

with the abbreviations

∆ =
(
r20 + q2β2

)
ψ4 + r20

(
1− 2ψ2

)
(15)

A =
r0
(
1− ψ2

)
+
√

∆

ψ2 (2 + qβ)
(16)

and

B =
qβψ2 +

√
∆

r0 (1− ψ2)
. (17)

We note that in terms of r we have

A =
r +

√
r2 + q2β2

2 + qβ
(18)

and

B =
qβ +

√
r2 + q2β2

r
(19)

which are independent from the scalar charge r0. For
qβ → 0 one obtains A→ r and B → 1. Similarly

√
∆ =

r0
r + r0

√
r2 + q2β2 (20)

which vanishes in the limit r0 → 0. The general solution
found here is a singular black hole solution whose limits
and horizons will be investigated in the rest of the paper.

A. The Limits

The solution given in (11)-(14) for different limits rep-
resents the known solutions in 2 + 1−dimensions. The
first limit is given with r0 → 0 which implies ψ → 0. In
this setting one finds

fBI (r) = lim
r0→0

f (r) =

−M +
q2

1 + β2
− 2q2 ln

(
r +

√
q2β2 + r2

2 + qβ

)

+ r2
(

1

`2
+

2

β2

)
− 2r

β2

√
q2β2 + r2. (21)

which is the black hole solution in Einstein-Born-Infeld
(EBI) theory introduced by Cataldo and Garcia (CG)
in [36]. We notice that the integration constants in the
general solution are finely tuned such that in the EBI
limit the solution admits both BTZ and CG-BTZ lim-
its without need for a redefinition of the electric charge.
Otherwise it can be seen in the Eq. (29) of Ref. [36] that
the CG-BTZ limit has different charge from the original
solution (2) of [36]. This form of the solution easily gives
BTZ and charged BTZ black holes in the limits when
β →∞ and β → 0 respectively i.e.,

fBTZ (r) = lim
β→∞

fBI (r) = −M +
r2

`2
(22)

and

fCG−BTZ (r) = lim
β→0

fBI (r) = −M +
r2

`2
− 2q2 ln r. (23)

We note that the limit of the self-coupling potential when
ψ → 0 becomes

lim
ψ→0
r0→0

V (ψ) = − 1

`2
(24)

which is nothing but the cosmological constant in the
action.

The other limit of the solution is given by β → 0 which
yields

fXZ (r) = lim
β→0

f (r) =

−M +
r2

`2
− 2q2

(
1 +

2r0
3r

)
ln r +

2r0
3r

(
q2

3
−M

)
(25)

which is the black hole solution in Einstein-Maxwell cou-
pled scalar field found by Xu and Zhao (XZ) in [8]. This
limiting solution in the further limit q → 0 becomes

lim
q→0

fXZ (r) = −M +
r2

`2
− 2r0M

3r
(26)

and when r0 → 0 gives

lim
r0→0

fXZ (r) = −M +
r2

`2
− 2q2 ln r (27)

which is the charged BTZ in its original form. To com-
plete our discussion we also give the limit of the potential
when β → 0. This can be found as

lim
β→0

V (ψ) = − 1

`2
+

(
1

`2
− M

3r20

)
ψ6−

2q2ψ6

3r20
ln

(
r0
(
1− ψ2

)
ψ2

)
−

q2ψ6
(
2ψ4 + 2ψ2 − 7

)
9r20 (1− ψ2)

2 . (28)
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We must add that due to the modification made in the
action (1) our results are much simpler than those given
in [8] but still with a redefinition of the parameters and
by rescaling the scalar field one recovers the forms found
in [8]. To complete this section we give the form of Ricci
scalar in terms of the new parameters:

R = Πr0 + Ξ (29)

in which

Π =
4
(
2qβ (qβ + r) + r2

)
(qβ + r)

2
β2χ

− 4 (r + 2qβ)χ$

β3q (qβ + χ)
2 −

4q (2χ+ r)$

β (r + χ) (qβ + χ)
2 +

8βq3

B (r + χ) (qβ + χ)
2 , (30)

and

Ξ =
4q2

[
4q3β3 − 2 (χ− 2r) rqβ +

(
r2 + 2q2β2

)
(2χ− r)

]
χ (r + χ) r (qβ + χ)

2 −

6
(
2qβ (qβ + r) + r2

)
(qβ + χ)

2
`2

− 12q3β3

(r + χ) (qβ + χ)
2
`2

(31)

in which χ =
√
q2β2 + r2 and $ = ln

(
qβ+
√
q2β2+r2

r

)
.

One easily observes that for limr0→0R = Ξ, but to see
the structure of the singularity we expand R about r = 0
which gives

R =
8q

βr
+

4r0
qβ3

ln r+

4r0
qβ3

(1− ln (2qβ))− 6

(
2

β2
+

1

`2

)
+O (r) . (32)

This shows that the singularity is of the order 1
r which,

apart from the logarithmic term is weaker than the
Einstein-Maxwell-Scalar solution [8], which was of the
order 1

r3 .

B. Horizon(s) and Hawking temperature

The general solution given in (12), depends on the
free parameters and non-zero cosmological constant. It
admits one single horizon if Mc ≤ M, two horizons if
Md < M < Mc, one degenerate horizon if M = Md and
no horizon if M < Md. We comment that, Mc is found
analytically and is expressed as

Mc = 2q2 ln

(
1 +

2

qβ

)
+

q2

1 + β2
(33)

while Md should be found numerically for each set of pa-
rameters. In Fig. 1 and 2 we plot the metric function
f (r) versus r and the self-coupling potential U (ψ) versus
ψ to show the effect of mass in forming different cases.
We observe that to have a black hole we must have a min-
imum mass and to have two absolute minimum points

FIG. 1: Metric f (r) function versus r in terms of different
masses for the black hole. As it is clear the mass of the central

object must be bigger than a certain mass to have black hole
solution. Note that this is valid for non-zero cosmological

constant i.e., 1
`2

6= 0.

FIG. 2: The self-coupling potential U (ψ) versus ψ for different
values of M. We observe that the minima of the potential occur
when the Md < M which makes the central object a black hole.

For larger mass the minima of the potential are stronger. This is
valid for non-zero cosmological constant i.e., 1

`2
6= 0.

for the potential the solution must be a black hole which
means that M > Md. For the case in which the event
horizon is present, the Hawking temperature may be de-
termined in terms of the radius of the event horizon rh.
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The explicit form of it is expressed as

TH =
f ′ (rh)

4π
=

rh

(
qβ +

r2h
(qβ+η)

)
(r0 + rh)

η (2r0 + 3rh)π

r0 ln
(
qβ+T
rh

)
β3q

+
3

2`2


− q (r0 + 3rh) (r0 + rh)

β (2r0 + 3rh)πrh

+

[
3r2h (rh − η) + (r0 − 3qβ) r2

]
(r0 + rh)

β2 (2r0 + 3rh)πrh (qβ + η)
, (34)

in which η =
√
q2β2 + r2h. Fig. 3 displays the effect of

r0 in TH .

FIG. 3: Hawking temperature TH in terms of the radius of event
horizon rh for different values of r0. We note that r0 represents
the scalar field ψ and as r0 goes to zero the solution reduces to

Einstein-Born-Infeld black hole studied by Cataldo et. al in [? ].
Let us note that the negative temperature corresponds to the

non-black hole solution and therefore they are excluded.

III. A DYNAMIC SOLUTION

The solution found in previous chapter for the met-
ric function i.e., Eq. (12) consists of five parameters
which are β, r0, M, q and `2. These parameters also ap-
pear in the potential V (ψ) which makes our solution a
rigid solution i.e., when V (ψ) is introduced in the action
there is only one unique solution for the metric function
whose free parameters have already been chosen. There-
fore finding a dynamic solution which admits at least
one parameter free is needed. This task can be done by
a redefinition of the free parameters in the form of V (ψ)
given in Eq. (13). Accordingly we introduce

M = r20

(
m− 2Q2 ln

(
r0

2 + r0Qβ

))
(35)

and

q = r0Q (36)

in which m and Q are two new parameters. Upon these
change of parameters, the potential and the metric func-
tion become

V (ψ) =(
2Q2

3

[
1

2 (1 + β2)
− ln

(
1− ψ2 +

√
K

ψ2

)]
+

1

`2
− m

3

)
ψ6+

2
(
2Q2β2 + 3Qβ + 2

)
ψ8 + 2

(
β2Q2ψ4 − 3ψ4 + 1

)
ψ2

3β2
(
ψ2Qβ +

√
K
) +

2
(
2βQψ2 + 3ψ2 +Qβ

)
ψ4
√
K

3β2
(
ψ2Qβ +

√
K
) − 1

`2
+

2
(
ψ6 − 1

)
3Qβ3

ln

(
ψ2Qβ +

√
K

1− ψ2

)
(37)

and

f (r) = −r
2
0 (2r0 + 3r)

3r

[
m− Q2

1 + β2
+ 2Q2 ln

(
r +
√
H

r0

)]
+

r2

[
2

3β3Q
ln

(
r0Qβ +

√
H

r

)
+

1

`2
+

2

β2

]
−2 (r0 + 3r)

3β2

√
H,

(38)

in which K =
(
1− ψ2

)2
+β2Q2ψ4 and H = r2 +r20Q

2β2.
The form of the scalar field remains the same as it is given
in (11). We see that the potential V (ψ) is independent
of r0 and it consists of only four parameters which are β,
m,Q and `2 while in the metric function there are five
parameters including r0, β, m,Q and `2. In this sense we
have a dynamic solution with respect to r0.

Let us add that the dynamic potential found above in
the limit Q→ 0 admits

lim
Q→0

V (ψ) =
1

`2
+

(
1

`2
− β2m− 12

3β2

)
ψ6 (39)

and in order to get Einstein-scalar solution one must con-
sider the limit when β →∞. The result turns out to be

lim
Q→0
β→∞

V (ψ) =
1

`2
+

(
1

`2
− m

3

)
ψ6

which is comparable with the potential studied in [39]
provided

(
1
`2 −

m
3

)
ψ6 ≡ α3φ

6, or equivalently α3 =
1

512

(
1
`2 −

m
3

)
. We note that due to rescaling of scalar

field used in our calculation and the one used in [39] the
two are proportional i.e., ψ2 = 1

8φ
2. In addition, the met-

ric function in the same limit admits

lim
Q→0
β→∞

f (r) =
r2

`2
− r20m

3

(
3 +

2r0
r

)
(40)
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FIG. 4: Hawking temperature TH

r20
in terms of the radius of event

horizon xh = rh
r0

for varies values of Q and fixed values of `2 and

β. It is remarkable to observe that the only free parameter in the
metric function, i.e., r0 appears as a scale parameter.

FIG. 5: Metric function f

r20
in terms of x = r

r0
for fixed values of

m,β, ` and various values of Q. We see that the scalar parameter
r0, acts as a scale parameter. Also we see that the metric

presents a black hole.

which is in perfect match with the metric function Eq.
(36) found in [39].

The solution (38) is a black hole solution whose Hawk-

FIG. 6: U (ψ) in terms of ψ for various values of Q. The other
parameters are fixed as shown in the figure. For Q very small, U
is proportional to ψ6 while for larger Q deviation from ψ6 occurs.

ing temperature is obtained as

TH
r20

=
(1 + xh)xh (1 + 3xh)

Qβ3π (2 + 3xh)

(
1 +

√
1 +

x2
h

Q2β2

)+

xh (1 + xh)

Qβ3π (2 + 3xh)
ln

Qβ
xh

1 +

√
1 +

x2h
Q2β2

+

3Q (1 + xh)
(
x2
h

Qβ − xh −
1
3

)
πxβ (2 + 3xh)

+
3

2

(1 + xh)xh
π (2 + 3xh) `2

, (41)

in which xh = rh
r0
. Fig. 4 is a plot of TH

r20
versus xh

for different values of Q but fixed values for other free
parameters. As one observes from the latter expression,
the free parameter of the metric function i.e., r0 acts as
a universal scaling. This is not surprising because the
metric function may also be written as

f

r20
= −

2Q2
(
2
3 + x

)
ln
(
x+

√
Q2β2 + x2

)
x

+

2x2 ln

(
Qβ+
√
Q2β2+x2

x

)
3β3Q

+ x2
(

1

`2
+

2

β2

)
−

(2 + 3x)

3x

(
m− Q2

1 + β2

)
− 2 (1 + 3x)

√
Q2β2 + x2

3β2

(42)

in which x = r
r0
. In Fig. 5 we plot f

r20
in terms of x for

m = 1, β = 2, ` = 2 and various values of Q. We also plot
U (ψ) versus ψ for various parameters in Fig. 6. In this
figure the general behavior of the potential is depicted in
terms of ψ but different values for Q. For small Q it is
proportional to ψ6 which is in agreement with Ref. [39].
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IV. A GENERAL FORMALISM

In 3 + 1−dimensions the first scalar-tensor black holes
were studied in [40–42]. Following the method employed
in [40–42] we give a general picture of the scalar-tensor
black holes in 2 + 1−dimensions without solving the field
equations explicitly. We start with the 2+1−dimensional
scalar-tensor action given by

S =
1

16πG

∫
d3x
√
−g̃×[

W (Φ) R̃− Z (Φ) g̃µν∂µΦ∂νΦ− 2U (Φ)
]
+Sm [Ψm; g̃µν ]

(43)

in which Φ is the scalar field, W (Φ) , Z (Φ) and U (Φ)
are functions of Φ and

Sm [Ψm; g̃µν ] =
1

16πG

∫
d3x
√
−g̃L (F ) (44)

is the matter field (Ψm)-coupled NED action. Then we
apply the following conformal transformation [43]

gµν = W (Φ)
2
g̃µν (45)

in order to go from the Jordan frame with metric tensor
g̃µν to Einstein frame with metric tensor gµν . We intro-
duce a dilaton field ϕ satisfying(

d lnW (Φ)

dΦ

)2

+
Z (Φ)

2W
=

(
dϕ

dΦ

)2

, (46)

with the new potential

V (ϕ) =
U (Φ)

2W (Φ)
3 (47)

and with the new notation

A (ϕ) =
1

W (Φ)
(48)

the action (43) in Einstein frame takes the form

S =
1

16πG

∫
d3x
√
−g×[

R− 2gµν∂µϕ∂νϕ− 4V (ϕ) +A (ϕ)
3
L (X)

]
. (49)

We note that in order that the dilaton carries positive
energy in 2+1−dimensions we must have both conditions
W (Φ) > 0 and consequently from (46)

2

(
dW

dΦ

)2

+ ZW ≥ 0 (50)

satisfied. Comparing the actions (43) and (1), one reads
from (1), W = 1− Φ2 and Z = 8 with Φ2 given in (11).
One can easily check that both conditions given above are

satisfied (note that in (1) ψ plays the role of Φ in (43)).
Let’s add also that the matter action gets the form

Sm =
1

16πG

∫
d3xA (ϕ)

3√−gL (X) (51)

in which

X = A (ϕ)
−4
FµνFαβg

αµgβν . (52)

Using the action (49) and (51) together, one finds the
field equations given by

Rµν = 2∂µϕ∂νϕ+ 4V (ϕ) gµν−
2LX
A

(
FµβF

β
ν − gµνFαβFαβ

)
−A (ϕ)

3
L (X) gµν , (53)

d

(
F̃LX
A (ϕ)

)
= 0 (54)

and

�ϕ =
dV (ϕ)

dϕ
+
d lnA (ϕ)

dϕ
A (ϕ)

3

(
XLX −

3

4
L

)
(55)

in which LX = dL
dX . The static and spherically symmetric

line element is chosen to be

ds2 = −f (r) e−2δ(r)dt2 +
dr2

f (r)
+ r2dθ2 (56)

in which f and δ are only function of r. This line ele-
ment with two unknown functions f (r) and δ (r) with
the field Eqs. (53)-(55) constitute our 2+1−dimensional
general scalar-tensor field equations coupled to an NED
Lagrangian. The field equations can be written explicitly
as

dδ

dr
= −2r

(
dϕ

dr

)2

(57)

df

dr
= −r

(
4V + 2f

(
dϕ

dr

)2

+A3 (2XLX − L)

)
(58)

and

d

dr

(
re−δf

dϕ

dr

)
=

re−δ
(
dV

dϕ
+
d lnA

dϕ
A (ϕ)

3

(
XLX −

3

4
L

))
. (59)

It is observed that for static, spherical symmetry with
δ (r) = cons., ϕ reduces to a constant which can be
considered as the cosmological constant. For a general
scalar-tensor model, however, δ (r) 6= cons. must be de-
termined as well.
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Let’s add that the nonlinear Maxwell equation with an
electric field ansatz

F = E (r) dt ∧ dr (60)

implies

E2 =
C2

0e
−2δA4

A2 + C2
0β

2
(61)

in which C2
0 is an integration constant. This also implies

that FµνF
µν =

−2C2
0A

4

A2+C2
0β

2 and X =
−2C2

0

A2+C2
0β

2 . With V = 0

one finds that the right hand side of (59) is positive if
dA
dϕ > 0. This is what we would like to consider and then

d
dr

(
re−δf dϕdr

)
> 0 which means that if ϕ is increasing /

decreasing function with respect to r the metric function
f admits at most a single root to be identified as the
event horizon of the black hole. Note that XLX − 3

4L
for L given by (8) is positive definite. Different ansatzes
other than (60) leads naturally to new solutions which is
not our concern here. Once more we refer to [40–42] for
the details of the requirements we have applied here.

V. CONCLUSION

A field theory model of Einstein-Scalar-Born-Infeld is
considered in 2 + 1−dimensions. In the first part of the
paper we obtain a rigid solution to the field equations.
Depending on the parameters this naturally admits black
hole and non-black hole solutions. This is depicted in Fig.
1 numerically, in which the mass plays a crucial role.
The scalar hair dependence of both the self-interacting
potential U (ψ) and the Hawking temperature are also
displayed. The self-interacting potential U (ψ) is highly
non-linear with reflection symmetry U (ψ) = U (−ψ).
When U (ψ) admits no minima it asymptotes to an in-
finite potential well of quantum mechanics. With the
proper choice of parameters the minima are produced
as displayed in Fig. 2. In the limit of (BI parameter)
β → 0 our results reduce mainly, up to minor scalings,
to the ones obtained in Ref. [8]. Our contribution there-
fore is to extend the hairy black holes of linear-Maxwell
theory to nonlinear BI theory in the presence of a self-
interacting scalar field. We must admit that exact solu-
tions were obtained at the price of tuning the integration
constants. Without such choices finding solution for such
a non-linear model field theory remains out of our reach.
However, by using this solution a more physical, dynamic
solution can be constructed. Let’s add that with the BI
addition it is observed from Eq. (32) that the singularity
at r = 0 modifies from 1

r3 of linear Maxwell theory [8] to
the form given by (32).

In the second part of the paper we use the rigid solu-
tion, found in the first part to construct a dynamic black
hole solution (38). The free parameter in the dynamic
metric function is the scalar charge r0. In Figs. 4 and 5

we show that this parameter can be considered as a scal-
ing parameter. The form of the potential U (ψ) is also
investigated in Fig. 6 and it is shown that the specific po-
tential of U (ψ) ∼ ψ6 studied in [39] is also recovered. A
general discussion for scalar-tensor coupled NED theory
is also included in the paper briefly, leaving the details
to a future correspondence.

Appendix: A

The field equations explicitly become

Gtt − τ tt − T tt + V = 0, (A.1)

Grr − τ rr − T rr + V = 0, (A.2)

Gθθ − τθθ − T θθ + V = 0 (A.3)

and

1

r
[fψ′ + rf ′ψ′ + rfψ′′]− 1

8
Rψ − 1

8

dV

dψ
= 0. (A.4)

Herein

Gtt = Grr =
f ′

2r
, Gθθ =

1

2
f ′′, (A.5)

τ tt =
1

2r

(
−4rfψ′2 + 4rfψψ′′ + 2ψψ′ (2f + rf ′) + f ′ψ2

)
(A.6)

τ rr =
(f ′ψ + 4fψ′) (2rψ′ + ψ)

2r
(A.7)

τθθ = −2fψ′2 + 2f ′ψψ′ + 2fψψ′′ +
1

2
f ′′ψ2 (A.8)

R = −rf
′′ + 2f ′

r
(A.9)

T tt = T rr =
2β
(
−r2β2 + βr

√
q2 + r2β2 − q2

)
r
√
q2 + r2β2

(A.10)

and

T θθ =
2β2

(
−βr +

√
q2 + r2β2

)
√
q2 + r2β2

. (A.11)

After some simplification the field equation can be writ-
ten as

1

2r

(
−4rfψψ′′ + 4rfψ′2 − 2ψψ′ (2f + rf ′)− f ′ψ2

)
+
f ′

2r
− T tt + V = 0 (A.12)



9

f ′

2r
− (2rψ′ + ψ) (4fψ′ + f ′ψ)

2r
− T tt + V = 0 (A.13)

1

2
f ′′ + 2fψ′2 − 2f ′ψψ′ − 2fψψ′′−

1

2
f ′′ψ2 − T θθ + V = 0 (A.14)

and Eq. (A.4). Next, we subtract (A.13) from (A.12)
which simply gives

− ψψ′′ + 3ψ′2 = 0. (A.15)

This equation admits a solution of the form

ψ2 =
1

c1r + c2
(A.16)

in which c1 and c2 are two integration constants. Hence
by redefinition of constants one may write

ψ2 =
µ2

1 + r
r0

, (A.17)

in which µ and r0 > 0 are two new constants related to c1
and c2, both nonzero. Upon finding ψ2, one may subtract
(A.12) from (A.14) to find a differential equation for only

f (r) i.e.

r
(
1− ψ2

)
f ′′ +

[
ψ2 − 2rψψ′ − 1

]
f ′+

4fψψ′ + 2r
(
T tt − T 2

2

)
= 0, (A.18)

or explicitly

1

2
(r + r0)

(
r − r0

[
µ2 − 1

])
rf ′′+(

r0
(
µ2 − 1

)(
r +

1

2
r0

)
− r2

2

)
f ′−

r0µ
2f + r (r + r0)

2 (
T tt − T 2

2

)
= 0. (A.19)

In this DE there exist four parameters, β, q, µ and r0.The
complete solution to this equation is complicated in gen-
eral but by setting µ = 1 a special solution interesting
enough is given by Eq. (12) in the text which includes
two new integration constants that are shown by `2 and
M. Up to here, without specifying the form of the po-
tential V (ψ) we found ψ and f. Finally one may use one
of the Eqs. (A.12)-(A.14) to find the exact form of the
potential V (ψ). The consistency of the metric function,
scalar field and potential can be seen when they satisfy
perfectly the last equation (A.4).
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