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" It is shown that a theorem proved on colliding plane gravitational waves is not correct.

It is the purpose of the present note to show that
the theorem stated some time ago in ref. [1] in con-
nection with colliding plane gravitational waves is in-
correct. If we quote the equations from this reference,
the theorem states the following: :

To any colliding gravitational plane-wave metric

ds2=2eM dudv —e-U(eV dx2 +e- V" dy2), (1)
one associates a new solution with W # 0,

ds?2 =2e M du dv —e~Y(e¥ cosh Wwdx2

) 2
+e~V cosh Wdy? — 2sinh W dx dy),
where
f kL =xy > (33.)
cosh W (A2 cosh2w — 1)1/2
A cosh WdW .
=V, 3b)
f(Az cosh2W — 1)112 (

and M =M'A, A = const. (The factor 4 in the integrand
of (3b) is missing in ref. [1].) Stated in other words,
in the newly generated solution W and V are assumed
to be functionally related. We shall show that whenever
W and V are functionally dependent, which is the basic
assumption of the theorem stated above, it turns out
that the metric becomes diagonalizable, hence the
theorem fails.

Before we do this we would like to point out, for
a better understanding, that the metric function W re-
presents the polarization content of the colliding
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waves, which is however manifest prior to the collision.
This is due to the fact that the plane wave nature of (2) is
no more valid after the collision. The simplest case W
= 0 corresponds to constant linear polarization [2,3].
In order to obtain solutions (W # 0) it is necessary that
we must have W # 0 also in regions prior to collision
[4,5]. Provided this requirement is satisfied then a con-
sistent matching of solutions at the boundaries becomes
possible. The vacuum Einstein equations must be satis-
fied everywhere including the boundaries and the re-
sulting solution must be nondiagonalizable. We present-
ed exact solutions to (2) before [4,5] which satisfied
the properties that two single pulses may be diagonaliz-
ed separately whereas the two pulses cannot be simul-
taneously diagonalized in the same coordinate patch.
Having this necessary information let us turn back
to the above-state theorem: (32) and (3b) are integrat-
ed to yield (the results of ref, {1] are incorrect)

tanh V=cosatanh V',

_ 4)
tanh W =tan asinh V',

where for convenience we introduced a new parameter
by cos @ =A4~1. Note also that the choice for M as M
=M'A is also not correct in the same reference, but
should be M =M’

In conclusion, given a solution of (1) it seems that
through (4) and (U’ = U, M' = M) a new solution with
W # 0 is generated. However, all this procedure does
not give a solution other than (1): To see this, make a
coordinate rotation, )

= 1 = .1 - . - -
x=coszax+sinzay, y=-sinjaX+cosiay,
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and observe, after simple algebra, that (2) reduces to
(1) in the rotated coordinates (4, v, X, ¥). In particular,
if the-incoming waves are impulsive waves the solution
generated by the above theorem reads explicitly

-U
ds2 = 2e-M du dv — —S—— [|1 — k|2 dx2
1 —|k|?

_ ®)
+11 +k2dy2 +2idxe dy (k - k)],

where k = ela(pw + qr), with the usual notations

p=ubm), q=vi(v),

r2=1_p2’ w2=1_q2’

and U and M correspond to Khan—Penrose values.
Solution (6) is readily identified as the solution of ref,
[4] with the restriction & = §. The same rotation (5)
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reduces (6) to the Khan—Penrose solution. Since & — 3
measures the incident polarization of the waves in col-
lision we conclude that o — 8 # 0 is the crucial quantity
which generates a nontrivial solution to (2) with W # 0.
Any solution of (2) which involves a single constant
parameter (as the above theorem does) can be ruled
out by a coordinate transformation. This completes

the disproof.
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