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PACS. 04.20. - General  re la t iv i ty .  

Summary. - A more general  class of scalar p lane  waves  is p resen ted  in general  
re la t iv i ty .  I t  is shown tha t  no m a t t e r  how the  scalar field is modified, space- t ime 
possesses an essential  s ingular i ty .  

Scalar  p lane  waves  in general  r e l a t i v i t y  can be described e i ther  by  the  longi tudinal  
waves  of the  B r i n k m a n n  line e lement  

(1) d s 2 =  2du'  d v ' - -  dx ' z -  dy ' ~ -  2(x '2 ,a_ y ,2)h(u ' )du '2 , 

or by t ransverse  waves  in the  Rosen form 

(2) ds 2 = 2 exp [--  M(u)] du dv --  exp [--  U(u)] (dx ~ + dy 2) . 

Whi le  BRI*-KMANN form is sui table  to handle  superposi t ion of p lane  waves,  Rosen form 
is more convenient  to s tudy  the  collision of plane waves.  Such a space- t ime supports  
su i tab ly  a massless scalar field, which wi thou t  loss of general i ty ,  we shall  denote  by 
the  real  func t ion  q~(u). 

Pu re  g rav i t a t iona l  plane waves  on the  o ther  hand  are represen ted  by  the  Rosen 
line e lement  

(3) d s 2 =  2 e x p [ - -  M(u)]dudv- -exp[ - -  U(u)](exp[V(u)]dx2+ e x p [ - -  V(u)]dy~). 

Collision be tween  g rav i t a t iona l  p lane  (1,2) and scalar plane waves  (3) were  fo rmula ted  
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before, so that  we shall make use of the field equations directly. The Einstein field 
equations for colliding gravitational waves are 

(4) 

u~= u=u., 

2 r ~ , -  y ~ V ~ -  y , r ~ =  o, 

2u. .+ 2M. U.-- u~- r~= o, 

9.co, + 2~u, ~ o -  ~,~-  v,~ = o .  

2M,,~,+ U,,U~-- V~,V,= O, 

whose general solution was presented by SZEK~ES (2). Field equations for colliding 
real scalar fields arc 

(.5) 

U ~ =  YuU~, 

2r ~qr Z7,r 0, 

2v,,+ 2M, Uo-- U,== ~,=, 

The striking similarity between the sets of equations (4) and (5), prompts one to con- 
struck scalar field solutions from a given vacuum solution. I t  can readily be observed 
that,if (U, V, M) is a know solution for set (4), then by identifying, r = V, one ob- 
tains a solution for colliding scalar plane waves, namely for set (5). This observation 
was given in (2). 

A more general class of scalar wave solution can be obtained by the choice 

(6) ~ = V + ~ U ,  O =  U ,  - g l = M + a V - t - � 8 9  

where, ~-= real, arbitrary constant. I t  can be checked that  (r (7, ~ )  constitutes 
another solution of (5), whenever (U, V, M) is a known solution for (4). Note that  
the class of solution (6) has no V -~ 0, limit, bu t  it has, ~ = 0 limit which reduces in 
the real domain to the solution in (3). In  order to have no-scalar-wave case, we must  
have both V-= 0 and c~ = 0, simultaneously, and the resulting space-time then is 
fiat, as it should. 

Using the solutions (U, V, M) of Szekeres, (6) reads explicitly, 

(7) 

exp [ ~] __ (w § P~kll2 (r  + q~k'/~ t-2~ ' 
\w  -- p /  \ r  -- q/ 

exp [-- g?] = t 2 , 

exp [-- ~ ]  = t(~+(lz'+~a)12)'-lw=kUdr--kUd(pq -}- rW)-~'~12( w + ~)-~k'( r -4- q)-a~ 



546 

where,  the  s tandard  no ta t ions  are, as in (2) 

t 2 =  w 2 _ p 2 =  r 2 _ q ~ =  1--u*a--v~*~,  r z =  l - - p 2 ,  

p =  u'~l~O(u), b ~  v"~'~O(v), k ~ -  8 ( 1 - - 1 / ,  
X n~l 
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w: = 1 -- q2 , 

i---- 1 , 2 .  

Also note  t h a t  scaling of the  nul l  co-ordinates,  which is at  our  disposal, does not  change 
the  fea ture  of the  problem.  

Employ ing  x as a (( screening )) pa rame te r  we proceed now to cons t ruc t  regular  
scalar fields, at least  locally, since, as it  s tands in (7), t l le scalar field has undesired 
features.  

We  consider two par t icu la r  cases. 

1) Le t t i ng  e = -  kl/2 ( -  kJ2), yields in the  incoming regions wel l -behaved 
scalar p lane  waves.  The  nonvanish ing  component  Tuu=  092 (Tvv= q)2) of the  energy- 
m o m e n t u m  tensor,  T~v = ~b~ q)v-- ~ gl~v q)a ~ is also finite. For  the ~t = 2 case (impul- 

waves) one gets,  fdu T,~,= s i re  4. 

The  space- t ime metric,  however ,  possesses the  p(u) = l(q(v) = 1) s ingulari ty.  More- 
over,  the  regular  na tures  of q) and Tar in the  incoming regions is not  shared in the  
sca t ter ing  region. 

2) Let ,  ~ ~ -- (k~ + k2)/2 (for s implici ty,  also le t  / c l=  k2), one has 

exp [~5] = (w + p)-~(r + q)-a, 

which is regular  at the  space- t ime s ingular i ty  p2 + q2 = 1 of the  in te rac t ion  region. 
Unfo r tuna t e ly  ene rgy -momen tum tensor  of this scalar field diverges  for (p, q) -~ (1, 0) 
and (0, 1). Moreover ,  the  incoming wave  l imit  of this wave  diverges  for p = 1 ( =  q). 

The conclusion drawn out  is t ha t  using f reedoms at  our disposal i t  is impossible to ob- 
ta in  an everywhere  regular  scalar field wi th  a physical  ene rgy -momen tum tensor.  Local ly  
this can be a t ta ined,  bu t  globally,  for sca t ter ing  scalar waves  not.  Space- t ime emerges  
i r respect ive  of the  chosen scalar field, a lways singular.  This reflects once more  the  
singular na tu re  of coll iding g rav i t a t iona l  waves  since, af ter  all, we have  employed  
Szekeres singular solutions. This  resul t  is conform wi th  the  s ingular i ty  theorem proved  
before (4). 
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