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ABSTRACT

In this thesis, we investigate the geodesics of the 4-dimensional (4D) linear dilaton
black hole (LDBH), which is an exact solution to the Einstein-Maxwell-Dilaton
(EMD) theory. These spacetimes have non-asymptotically flat (NAF) geometry. The
motions of massless (null) and massive particles (timelike) are studied via the
standard Lagrangian method. Due to the physical necessities, we do not consider the
spacelike geodesics. After obtaining the Euler-Lagrange (EL) equations, we
separately analyze both radial and circular motions of those geodesics. In the same
line of thought, we perform numerical simulations in order to plot many graphs for
displaying the geodesics. Exact analytical solutions are also obtained for the radial
and the angular geodesic equations. In particular, it is shown that the radial

trajectories are governed by the WeierstrassP-function (g -function/, which is an

elliptic-type special function.

Keywords: Linear dilaton black hole, Geodesics, WeierstrassP-function.



0z

Bu tezde, Einstein-Maxwell-Dilaton (EMD) teorisinin tam bir ¢6zimi olan 4-
boyutlu (4D) dogrusal dilaton kara deliginin (LDBH) jeodeziklerini arastirmaktayiz.
Bu uzay-zamanlar1 asimptotik diiz-olmayan (NAF) geometriye sahiptirler. Kutlesiz
(bos) ve kitleli pargaciklarin (zaman-gibi) jeodezik hareketleri standart Lagrange
yontemi ile incelenmistir. Fiziksel gereklilikten 6turu, uzay-gibi jeodezikleri dikkate
almadik. Euler-Lagrange (EL) denklemlerini elde ettikten sonra, radyal ve dairesel
jeodeziklerin her ikisini de ayri ayr1 analiz ettik. Bu diisiince dogrultusunda,
jeodeziklerin goruntilenmesi saglaycak birgok grafik cizebilmek icin nimerik
simulasyonlar yaptik. Radyal ve acisal jeodezik denklemleri icin tam analitik
cozimler ayrica elde edilmistir. Ozellikle, radyal yoriingelerin eliptik-tipi 6zel bir

fonksiyon olan WeierstrassP-fonksiyonu (g -fonksiyonu/ tarafindan yonetildigi

gosterdik.

Anahtar kelimeler: Lineer dilaton kara deligi, Jeodezik, WeierstrassP-fonksiyonu.
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Chapter 1

INTRODUCTION

The motion of test particles (both massive and massless) provides the only
experimentally feasible way to study the gravitational fields of objects such as black
holes (BHSs). Predictions about their observable effects (light deflection, the
perihelion shift, gravitational time—delay etc.) can be made, and also compared with
the observations. For this reason, geodesics in the BH spacetimes have always been
studied, extensively. Today, there are numerous studies about the geodesics of
various BHs in the literature (for instance, one may see [1]). Recently, exploring the
general solution to the geodesic equation in 4D spacetimes has also been attracted

much attention [2-5].

In this thesis, our main motivation is to study the geodesic structure of the LDBH
introduced in [6] whose asymptotic behavior is NAF. This BH arises as an exact
solution to the EMD theory [6,7]. One of the intriguing features of these BHs is that
their Hawking radiation (HR) is governed by isothermal processes, which occur at a
constant temperature. Namely, while a LDBH radiates, the energy transferring out of
the BH happens at such a slow rate that the thermal equilibrium is always
maintained. The thermodynamical studies on the LDBH can be seen in [8-14].We
study the motion of both massless (null geodesics) and massive particles (timelike
geodesics) on this background. To this end, we follow the standard Lagrangian

procedure as employed in [5]. We analyze the effective potential, which describes



the motion of particles along the null and timelike geodesics. We make numerical
computations and present many plots to serve fine details about the associated
geodesics. Also, we give analytical expressions for the radial and angular geodesic

equations. The radial ones are found in terms of the go-function [15].

The thesis is organized as follows. In chapter 2, we review the LDBH spacetime and
present some of its physical properties. In chapter 3, the derivation of geodesic
equations via the standard Lagrangian method is represented. Radial geodesics with
zero angular momentum are also discussed. Chapter 4 is devoted to the circular
motion of the null and timelike geodesics. The plots of those geodesics are exhibited.
Exact analytical solutions of the geodesic equations in the LDBH background are

studied in chapter 5. We draw our conclusions in chapter 6.



Chapter 2

LDBH SPACETIME

In general, the metric of a static and spherically symmetric BH in 4D is given by:

ds? = — fdt? + f dr? + R*dQY? 2.1)

where

dQ?® = d6? + sing?d ¢’ (2.2)
which is the line-element of the unit 2-sphere. When the metric functions of the line-

element (2.1) are written in the following form:

f =rl(r—b) (23)

R*=rr (2.4)

the spacetime (2.1) is called as the LDBH. Here, the physical constant parameter I,

is related with the conserved charge of the LDBH as: r, = \/EQ in which Q is anon-

zero positive definite physical parameter [6]. However, these BHs have no zero
charge limit due to the associated field equations coming from the EMD theory.

More details about this issue can be found in the paper written by Clément et al. [6].

It is obvious from Eq. (2.3) that a LDBH possesses a NAF geometry and its event
horizon is r, =b. For b =0, the horizon transparently shields the null singularity at

r = 0. On the other hand, if one considers the quasi-local mass (M) definition of

3



Brown and York [16] for the line-element (1) with Egs. (2.3) and (2.4), we obtain the

following relationship

b=4M (2.5)

In general, the definition of the Hawking temperature Ty [17] is expressed in terms

of the surface gravity «:

1.. i
K:\/[_Z!ﬂ:(gngjgn,igtt,j)} (2.6)

as

T,= 27)

Using Eg. (2.6), one can compute the surface gravity « = % Thus, the Ty value of
0

the LDBH becomes:

1

T =
H Arr,

(2.8)

It is obvious from the above expression that the obtained temperature is constant;
thus AT = 0. So, the HR of the LDBH is made by the series of the isothermal

processes.

One can also compute that the invariants (Ricci scalar (R ), full contradiction of the
Ricci tensor (‘Raﬁiﬂaﬂ ) and Kretschmann scalar ('), see [18] for the details) of the

spacetime and obtains

RN = i@—%} (2.9)



s 1 (pb* 3
iRaﬂgR ’ :4_|’02[F+F) (210)

2
N=® R =i[£+6—b+ﬂj (2.11)

afuv 4r2 r.4 r3 I,.2
0

which represent that the curvature singularity is located at r =0.



Chapter 3

RADIAL GEODESICS OF THE LDBH

3.1 Derivation of the Complete Geodesics Equations of the LDBH

From EL Equations

In order to study the geodesics of the test particles in the LDBH background, in this

section we employ the standard Lagrangian method. The corresponding Lagrangian

(L) of a massive particle with unit mass in the LDBH geometry is given by

2

2L:—ft'2+rT+ ror(9+sin20¢52) (3.2

where the dot over a quantity denotes the derivative with respect to the affine

parameter o . The metric condition is in general defined by

L= (3.2)

£
2
in which &=0(-1) stands for the null (timelike) geodesics. Since (t,¢) are cyclic

coordinates, their conjugate momenta (I1,,I1¢) are

d oL dr, d

Bt =—— (f)=0 3.3

do of do da( ) 53
doL dilg d [ ., .
EE_ﬁ_a(rorsm 0¢)_0 (34)



Besides, the metric (2.1) admits a timelike Killing vector field as & =0,, which is

related to the stationarity of the metric. Thus, we obtain a conserved quantity as
follows.
g,8°u" =—tf =—E

Er, (3.5)
r-b

- t=

where E is a constant of motion and u” is known as the four-velocity vector. This
E is related to the energy of the test particles. However, due to the NAF structure of

the LDBH spacetime, E is associated with the "total energy" of the particles
detected by an external observer located at r=r,+b, instead of the spatial infinity,
which is in general valid for the asymptotically-flat geometries. On the other hand,

the spacelike Killing vector y =0, is related to the axial symmetry of the line-

element (2.1). Its conserved quantity is found by

9,52°U” =1,rsin’ 6 =1
| (3.6)

- ¢=—>
rrsin o

where | is an integration constant associated with the angular momentum of the
particles. For simplicity reasons, we project the problem onto an equilateral plane

whose @ =2 . This makes it possible to obtain the following radial EL equation:

2 2
(ﬂj —E? f [—aﬁ-j 3.7)
do rr
which can be rewritten as

1( dr

E[Ej +Veff :é:eff (38)
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where the effective potential and the effective energy read

1 ’?

Veff :E f (—84'?} (39)
1.,
Ey :EE (3.10)
Using the chain rule a4 = Li, we obtain
do rr, d¢
dr)’  2r?r?

(@j == (G ~Var ) (3.1

Setting r = % we can carry out the problem to the standard Kepler problem. Thus,

we have

DR S DI
do 1 r, ul

As can be seen in the later sections, this equation is going to be used in the analysis
of the circular motion.

3.2 Radial Geodesics without Angular Momentum

In the case of zero angular momentum (i.e. = 0), the motion remains in the plane
with ¢ =const., and the particle moves only in the radial direction. Therefore, Eq.

(3.7) becomes

(ﬂj CE2ief (3.13)

(o)

In the null geodesics, which refers to the motion of a photon (massless particle), the

above equation reduces to

dr 2_ )
Eap o

8



Recalling Eqg. (3.5), one can change the variable of the above differential equation
from the affine parameter o to the t time. To this end, we use da:—édt and

therefore Eq. (3.14) becomes

dt r

0

ar :i(ﬂ] (3.15)

Hence, we first obtain the following integral between the radial position of the

photon and the time, and then the solution of r(t) as follows.

——+dt j—_+jdt

—r,In(r—b)—In(c) =+(t—t,) = +At

r— A
—)In[ bj=i—t
c r,

=r(t)=b+ cexp[i% J (3.16)

o

r(t)=r, +b[1 exp[+% ﬂ

in which the integral constant C is chosen to be

c=r—-b>0 (3.17)
where 1. represents the initial position of the photon, and t corresponds to the time

measured by an external observer as his/her initial time is t; .

On the other hand, in the case of timelike geodesics(i.e. g:—l), which belongs to

the motion of a massive particle (with unit mass), Eq. (3.13) takes the following form

2 —_—
(drj —E?—f _M (3.18)
do r

0

9



which leads to

dr d’r  1dr

dodo?  r do .
dr 1 (3.19)
do? __Z_I’O

If we select the proper time 7, instead of the affine parameter o , we obtain the

radial force per unit mass as

1

d?r
PRk (3:20)

where a, represents the centrifugal acceleration due to its negative sign. It is well-

known that a, is directed toward centre of the LDBH.
Now let us consider a particle that starts its motion from rest at an initial radial point
r=r.. Using o =7 within Eq. (3.18), we obtain

r.—b
rO

E? = (3.21)

which changes Eq. (3.18) to

dr Y’ r—r
(EJ = (3.22)

Furthermore, the effective potential in radial motion can be derived from Eq. (3.20).

To this end, let us consider the conservative force definition for a test particle (m=1)

10



F:m—E—:——
2 de? 2r,
dV
F=-VV,=>F=-
dr
=V, =-[F olr:jiclr:Lm1 (3.23)
2r, 2r,
1 f
V, =—(r-b)=—
o Zr( ) 2

where the integration constant c, is properly selected as c, =—2i for the sake of
r0

the conformity with Eqg. (3.9).

By using the physical quantities given in chapter one, which are b=4M and

= \/EQ , the effective potential becomes

1 (r 4M
V, =——| ———— 3.24
eff 2\/§(Q Q J ( )

. . ro. M A L.
Upon introducing 6: f and 6: M , we can rewrite it as

—=(r-4M) (3.25)

which is depicted in Fig. 1. In this figure the horizon ¥, is the intersection of V. (f)

with the r axis. This figure shows that there is an upper bound for the motion of the

particle which tends to diverge while shifting towards spatial infinity. Depending on

the bigness of the size of M this upper bound diverges further away.

Finally, by using Egs. (3.5) and (3.13), we can obtain

[%j =%(Ez ~1) (3.26)

11



which is for the timelike geodesics. Now differentiating the square-rooted form of

the above expression with respect to t, one finds out that

dr f? 1 f?
E: ?(Ez—f) :(X)Z:{X: fz—g}

d’r d 1
- - X 2
dt? dt( )
d’r 1 _% dX

~ _=—2(X =
dt? 2( ) dt
dzr_l(x)-% dX dr _ 1dX

dt? 2 drdt 2dr’
2
X _(pp 30%)dr, o 1] c27)
dr E° jdr  dr
dr  f
— = 2E* -3f
dt? 2E2r( )

0

— M=01— M=0

Figure 1: The plot of the effective potential V., (f) versus f. The plot is

governed by [Eq. (3.25)]. For a constantM , the linear behavior of the
V. (F) is illustrated

12



In Fig. 2, we plot the variation of the coordinate time (t ) and the proper time (7)

along a timelike radial-geodesic described by the test particle, starting at restat r =r;

and falling towards the centre of the BH (singularity).

T, LDBH Proper time

I'n=1
b=1

t, LDBH Coordinate time
Horizon

Time
Figure 2: Plot of how the massive particle falls into » = 0 singularity of
the LDBH spacetime. The plots are governed by Egs. (3.20) and (3.27).

Also, we would like to emphasize that energy-related constant of motion of the

particle can be found from Eg. (3.2). Name6ly, for a massive particle starting from

rest, one reads

which yields

fi2 2
O:E(E - )
S

1 ro

13

(3.28)

(3.29)



In Fig. 3, we plot E® versus r, for different values of r,. It is clear from this figure

that energy vanishes at the horizon r, =b, which is chosen as 1 in this figure..

100 - Fo=0.01

Fo=10.1

80

60

40+

20+

Figure 3: A plot E* versus I, [Eq. (3.29)] of a massive particle, starting
from rest at r;, which moves along timelike geodesics for different values of
I,. Here b=1.
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Chapter 4

CIRCULAR GEODESICS OF THE LDBH

4.1 Geodesics with Angular Momentum

In this section, we study the circular motion of both null and timelike geodesics [see

Eq. (3.12)] by considering du =0 in which r, =u_" is the circular orbit of the

u=uc

particle. Therefore, the associated condition corresponds to

2 2,2 . 2
Q| B fIhur, kel g (4.1)
dg ) | ! r, u.?

Now, taking derivative of both sides with respect to ¢ one finds

L e e (| B
dg )\ dg? )~ dg ( r ul

which results in

2 2,2 _ 2
d_li:li U2 Ezro_l bu ro—r"f (43)
d¢~ 2du 1 r u’

As usual, the above equation is used for having equilibrium. Namely, the net force

exerting on the particle should be terminated. This in turn implies the vanishing of

d?u

the acceleration, i.e., W =0. Thus we have

15



-0 (4.4)

d { 2{Ezro2 [1—bu}{ rozgﬂ}
——Ju 2 h———3
du 1 I, ul

which yields the following expressions for the constants of motion that are required

for having the equilibrium.

1-bu,)
T Gl " 45
“d u.’r.b (4.9
and
r (2E2u.r. +&—2bu
nggiq:— o( eqUclo T € cé‘) (46)
u, (3bu, —2)

Substituting Eq. (4.5) into Eq. (4.6), we further obtain

r (2E2 u,r, +g—2bucg)

(2 __ eq-c'o
* u, (3bu, —2)
2
r, 2ucrog(21—buc) +g—2bucgJ
u,“br,
- u, (3bu, —2)

T _2r0 (1-bu, )’
"~ u, (3bu, —2) u.rb

+1—2buc}

e, 2r, (1-bu, )’ +u.r,b—2b%u’r,
~ u, (3bu, - 2) ur.b
e,

= u2rh (3b(l)Jc =) [2I’0 (b2u02 +1-2bu, ) +Urb— 2b2Uc2roJ

_ —&

- u.’b(3bu, —2)[

2r, —3u,r,b]

—eT,
= 0 2—3u.b
u.?b(3bu, —2)[ ub]=

16



. 3 2r, (1-bu, )’ +u,r,b—2b%.7r,
- u,(3bu, -2) urb

—&r

er,
- Uczrob(?fbuc 2) |:2ro (b%u,? +1—2buc)+ucrob—2b2uczro]

_ —&

" u.’b(3bu, —2) (2, ~3uc1h] (4.7)

—&f,
=% 12-3up
uczb(sbuc—z)[ b}

2 5
€q u 2b

c

It is easy to see that for the physical particles (&=0,-1) both Eezq and Eﬁq cannot

take positive values. It means that the stable (equilibrium) circular motion does not

2

E
exist in the LDBH background. Additionally, if one computes the ratio of —*, we

€q

have

E2  (1-bu,)’
E_zq:( r,’ ) “9
0

which is independent of ¢.
4.2 Null Geodesics of the Circular Motion

To analyze the circular motion of the null geodesics, we first set £ =0 in Egs. (4.1)

and (4.4). Thus, one arrives at

3
d_u :—qu:O = Uu=0 = r=w (4.9)
d¢u:uc 2

and according to the ratio (4.8), one reads

2
Eeq_ 1

2 2
feq r

(4.10)

17



Furthermore, we want to study on the stability of light orbits. To this end, we use the

geodesic equation of the null geodesics given in Eq. (3.7). So, the reduced equation

(£=0) becomes

1(drY f E?2
g—z(aj YT (410

0

: o : - :
Setting o = n enables us to rewrite the above expression in the following form

2
[f—éj Wy = B (4.12)
where
- f 4M r 1
V, =—=—°+| —-1|=—(7-1 4.1
“rr rr02(4M j FrOZ(r ) (4.13)
2
@eﬁzi—z (4.14)

I . . .
where T = TV The stable circular orbits become possible when we have

dv,
dr

dV,,

dr?
r=r, r=r,

C C

=0 @ >0 (4.15)

The peak value of \7eff the corresponds to the spatial infinity. Fig. 4 represents the

plots for V. versus  for different values of r,. These figures manifest that there

are no stable circular orbits for photons.

18
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p"v 0
o =5
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6 -0.6
8 -08

Figure 4: The plot of \7eff versus I [see EQ. (4.13)]. For various I,

values, it is seen that there exists unstable orbits for the massless
particles (photons). However, the instability tends to disappear for the

greater values r, while F—oo.
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For r, =1, the orbital motions of the photon are illustrated in Fig. 5.

10

-10

15

-15-

(b)

(©)

Figure 5: Circular orbits of the photons. The simulations which are made in the
famous mathematical program Maple 18 [19] are governed by Eq. (3.11) with £=0.
During simulations, the initial speed of the photon is assumed to be 1, and the Runge-
Kutta method is employed. The far region (a), the middle region (b) and the near
horizon region behaviors of the photon are shown. Parameters are chosen to be M =1

(. r,=4)and ¢* =

10.

20



4.3 Timelike Geodesics of the Circular Motion

To finalize our study about the stability of the equilibrium circular motion for a
massive particle, we also take account of the effective potential (3.9) for the
dynamical motion of the massive particle. Let us recall that for a stable circular

motion the requirements are given in Eq. (4.15). Fig. 6 exhibits the effective potential

in terms of 7 for r;=0.1,0.5,1and5, respectively. We see that similar to the

unstable circular orbits for the photons, there is no stable circular orbit for the

massive particles, whose their plots are presented in detail in the Fig. 7.

150

100

Figure 6: The V4 plot versus f for massive particles with different values of r, .
No stable orbits exist. Here M =1.

21



In Fig. 7, we give the both plots of the V,; of the massive particles with unit mass

and its corresponding circular orbits, in the same framework.

Fo=105

ro=1

®)

©

Figure 7: Circular orbits of the massive particles for various r, values. The

simulations are performed with the Maple 18 [19] and they are governed by Eg.
(3.11) with £=-1. During simulations, the initial speed of the massive particle is
assumed to be 0, and the Runge-Kutta method is employed. Parameters are chosen to

be M=1 (.. r,=4) and ¢*=10.

22



Finally, using Eq. (3.20) one can also derive the circular velocity of the massive

. . . _ V2 .
particles with unit mass by using the fact that F = —. Thus one finds
r

vV, = |— (4.16)

Its associated plots are given in Fig. 8. It can be easily seen that the circular velocity

of the massive particles tends to decrease when the charge parameter r, gets larger

values.
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Figure 8: Plots of the circular velocity v, versus radial distance r for

different values of the r,. The blue dashed line indicates the event horizon
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Chapter 5

ANALYTIC SOLUTION TO THE GEODESIC
EQUATIONS OF THE LDBH GEOMETRY

5.1 EL Equations with Mino Proper Time
In this section, we reconsider the Lagrangian (3.1) by using the Mino proper time

(7/) [20] which is governed by the following differential expression for the LDBH.
do=rrdy (5.1

Thus, the modified Lagrangian becomes

2 2 2 2
L:_li at 1 dr +1 a0 +lsin26? d¢ (5.2)
2rr,\ dy 2rr, f \dy 2\ dy 2 dy

and its corresponding metric condition is in the same form with Eq. (3.2). After

applying the EL method, we obtain

2
df_fdtj_, _ d_rn (5.3)
dy\ rr,dy dyr A
9 [sing92 |9 = 92_ ﬁz (5.4)
dy dy dy sin“g

in which A=rf, a and g are the integration constants. In addition to them, we

have
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2 2
d’o _ sin&cos&[dij

7=

dy dy
2
= 260'd0’ = 2sinfcosl a4 de - 0':d—0 (5.5)
dy dy
7]
20'd6’ =257 [ £ 4o
-[ P I sin®g
therefore
2 2
a9 :K—[_ij (5.6)
dy sin@

where K is another integration constant. Finally, with the aid of the metric

condition, one can derive the radial equation as follows.

4.2 2 2
_Lrr rg o et il ke _ﬂz +Lsinco _[34 3
2, A 2rr, f 2 sin“g ) 2 sin"g 2

frr, 1 2
——Lat+— 1+ K- T =¢
ref rr, f 0 s (5.7)
2
:—ﬂa2+ir2:g—K
A Al

= =(¢—K)Ar, +(arm,)’
5.2 Exact Analytical Solution of the Radial Geodesics

Following the method in which the details are given by [21,22], we make a

transformation for the r -coordinate as
r=—+2 (5.8)

where s==1 and z satisfies the following condition

=0 (5.9)

r=z

(e —K)Ar, +(arr, )2
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which is equivalent to

22(a2r02+g—K)+zb(K—5)=0

- (5.10)
=z==
Y
where
E=b(e-K) (5.12)
Y=a’r?+e-K (5.12)
Then, Eq. (5.7) becomes
dx Y
K_J by b 5139
dy
where
2,2
b
b, =20 5.14
= (5.14)
b, =§b2 — szh, (5.15)
Letting another transformation, which is given by
X = i(ﬂ—% (5.16)
z{ b, 3
we then put Eq. (5.13) into the following form :
du Y’ b? b,
— | =AU (5.17)
dy 12 216

The above equation has two solutions. One of them is
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U =—-2 (5.18)

which admits x = and consequently r =0, so that it is a trivial solution. Another
z

solution can be found in terms of the ¢ -function [15] as

u, =% g)(L+5,3b22,—b23j (5.19)

J6
where ¢ is an integration constant. Thus, the exact solution for the radial geodesics
of the LDBH results in

r:§+z:z 3S—b2+1 (5.20)
X 12U, -b,

After a straightforward computational simplifications, we have managed to express it

as follows.

_ 3 (5.21)

Y—2@(7+5,3Y2,—Y3]

NG

[1]

r=r(n)=2|

The significant cases about this solution are summarized below.

() If =0, which meansthat K=¢ = r(y)=0.

(ii) If Y=0, which means that K =a’r’+s = r(y)—> .
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5.3 Exact Analytical Solution of the Angular Geodesics

One can easily integrate the #-equation (5.6) to obtain the analytical solution as in

the following form.
O0=60(y)=m+cos™ (<) (5.22)

in which
¢=\B(r+Aa) (5.23)

A

where 4 is yet another integration constant. After substituting the above solution

into the ¢-equation (5.4), we find out

=4y )= +BS (5.24)

where ¢, is also an integration constant.
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Chapter 6

CONCLUSION

In this thesis, we have considered geodesic structure of the LDBH, which is a
solution to the EMD theory. Using the conventional Lagrangian procedure, the radial
and angular geodesics of photons and massive test particles have been obtained.
Then, we have studied the radial and circular motions, numerically. We have shown
that the effective potentials of both null and timelike geodesics admits unstable
motions. The associated circular motion of the photon is exhibited in Fig. (5).
Furthermore, depending on the initial position of the massive particle, its spiral like
attractive trajectories have been depicted in the Figs. (7). Besides, the circular

velocity of the massive particles is also examined. Finally, the exact analytical
solution of the general (¢=0,—11) radial geodesics with the particular time, which
is the so-called Mino proper time is given in terms of the g -function. Also, we have

represented the angular solutions as a function of the Mino time.

As a final remark, it would be interesting to extend my work to the geodesics of the
rotating LDBHSs. Because of this reason, | plan to investigate the effect of the
rotation parameter on the related geodesics. This is going to be my future study in the

near future.
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