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Abstract

In this paper, we introduce a unified family of Hermite-based Apostol-Bernoulli, Euler
and Genocchi polynomials. We obtain some symmetry identities between these
polynomials and the generalized sum of integer powers. We give explicit closed-form
formulae for this unified family. Furthermore, we prove a finite series relation between
this unification and 3d-Hermite polynomials.
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1 Introduction
Recently, Khan et al. [1] introduced the Hermite-based Appell polynomials via the gener-
ating function

G(x,y,z;t) = A(t) exp(Mi),

where

2

d d
M=x+2y— +3z-——
o yax Zax2

is the multiplicative operator of the 3-variable Hermite polynomials, which are defined by

o0
tn
exp(xt +yt* +2t%) = E H(x,y, 2)— (11)
n!
n=0

and
A(t) = Zant”, agp #0.
n=0

By using the Berry decoupling identity,

VB emz/ue«%m”%«\)egy [4,B] = mAY?
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they obtained the generating function of the Hermite-based Appell polynomials A, (x,
¥,2) as

oo
t”
G(x,y,z;t) = A(t) exp(xt + yt* + zt%) = E HAL(x,, Z)E.
n=0

Letting A(t) = et%l’ they defined Hermite-Bernoulli polynomials yB,(x,y, z) by

t g a3 e t"
expl(xt + yt~ + zt°) = B,(x,v,2)—, |t| <2m.
7 OP(t a4 2t n§=0jH n3,2)— 1l

For A(t) = etZT' they defined Hermite-Euler polynomials yE,(x,,z) by

2 s s t"
et+1exp(xt+yt +Zt)=z;HEn(x1y1Z)E) |t <m
p

and for A(t) = %, they defined Hermite-Genocchi polynomials G, (x,y, z) by

2t - ¢
et+1exp(xt+yt +2t°) = EOHGn(x’y’Z)E’ ¢ <.
-

Recently, the author considered the following unification of the Apostol-Bernoulli, Euler
and Genocchi polynomials

@ 2N N "
o fo -— X — . —_—
Ltk p) = (ﬁbet_ﬂb> e _;Pmﬁ(x,k,a,b)n!

(k € Nos;a,b € R\{0};a, B € C)

and obtained the explicit representation of this unified family, in terms of Gaussian hyper-
geometric function. Some symmetry identities and multiplication formula are also given
in [2]. Note that the family of polynomials P% (%,9,z; k, a, b) was investigated in [3].

We organize the paper as follows.

In Section 2, we introduce the unification of the Hermite-based generalized Apostol-
Bernoulli, Euler and Genocchi polynomials HP,(;?% (%,9,z;k,a,b) and give summation for-
mulas for this unification. In Section 3, we obtain some symmetry identities for these
polynomials. In Section 4, we give explicit closed-form formulae for this unified family.
Furthermore, we prove a finite series relation between this unification and 34-Hermite
polynomials.

2 Hermite-based generalized Apostol-Bernoulli, Euler and Genocchi
polynomials
In this paper, we consider the following general class of polynomials:

21—kt/<

* 2 3 ad (@) tVl
- XE+yte+zt° o . v
,Bbe‘—ab) € —ZHPn,,g(x,y,z,k,a,b)n!

n=0

]2(,?(%)’,2; t;k, ,3) = (

(k € No;a,b € R\{0};, B € C). (2.1)


http://www.advancesindifferenceequations.com/content/2013/1/116

Ozarslan Advances in Difference Equations 2013, 2013:116
http://www.advancesindifferenceequations.com/content/2013/1/116

For the existence of the expansion, we need
(i) |t| <27 when a e(C,k:land(g)b =1; |t| < 2w when o € Ny, k=2,3,...and
(g)b =1; |t < |blog(§)| when o € Ny, k € Nand (g)b #1(or#-1);x,9,z€R, B C,
a,b e C/{0};1* :=1;
(ii) |¢] < w when (g)b =-1;|t| < |b10g(§)| when (g)b #-1L%92zeR k=0,0,8€C,
a,be C/{0};1*:=1;
(iii) |£] < 7w when @ € Ny and (g)b =-Lxy,zeR keN,BeC, a,beC/{0};1*:=1,
where w = |w|e?, —m <0 < and log(w) = log(|w|) + i6.
For k=a=b=1and B = A in (2.1), we define the following.

Definition 2.1 Let o € Ny, A be an arbitrary (real or complex) parameter and x,y,z € R.
The Hermite-based generalized Apostol-Bernoulli polynomials are defined by

n

t \" R = t
(Aet_1> exp(xt + yt +Zt):XO:HB”a (x,y,z;)»)a
-

(|t| <2m whena € Cand A =1; t| < |10g(k)|

whena € Ngand A #1;x,y,z € R;1% := 1).
It is clear that
HP,(K(x,y, z1,1,1) = yBY9(x, 5,z 1).

Some special cases of the Hermite-based generalized Apostol-Bernoulli polynomials
(some of which are definition) are listed below:

. HBS) (%, 9,2; 1) := g B, (x,y,2z; 1) is called Hermite-based Apostol-Bernoulli
polynomials.

o uBu(x,9,2;1) = yB,(x,9,2) is the Hermite-Bernoulli polynomials.

o yB,(x,0,0;1) := B, (x; 1) is the Apostol-Bernoulli polynomials (see [4—7]). When
A =1, we have the classical Bernoulli polynomials.

o B,(0;1) := B,(%) are the Apostol-Bernoulli numbers. A =1 gives the classical Bernoulli
numbers.

Setting k+1=-a=>b=1and B = A in (2.1), we get the following.

Definition 2.2 Let « and A (# —1) be an arbitrary (real or complex) parameter and
x,9,z € R. The Hermite-based generalized Apostol-Euler polynomials are defined by

2 \* R = t"
(Aet+1> exp(xt+yt +zt):XO:H5n (x,y,z;)»)a
Pa

(It| <7 when A =1 |¢| < |log(—k)| when 1 # 1,7,z € R,a € G;1% :=1).
Obviously, we have
HP;(;?[)? (x;)’; zZ; 0; _1’ 1) = Hg,ga)(x;)/, zZ; }\,)

Some special cases of the Hermite-based generalized Apostol-Euler polynomials (some
of which are definition) are listed below:

Page3of 13
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o 1ED(x, ¥,z; 1) := g&,(x,,z; A) is called Hermite-based Apostol-Euler polynomials.

o 1&4(%,y,2;1) = yE,(x,y,2z) is the Hermite-Euler polynomials.

o 1E4(x,0,0;1) := E,(x; A) is the Apostol-Euler polynomials (see [8]). For A =1, we have
the classical Euler polynomials.

. 2"5,,(%; A) := £,()) are the Apostol-Euler numbers. The case A =1 gives the classical
Euler numbers.

Choosing k = —2a =b =1 and 28 = A in (2.1), we define the following.

Definition 2.3 Let o and A (# —1) be an arbitrary (real or complex) parameter and
x,9,z € R. The Hermite-based generalized Apostol-Genocchi polynomials are defined
by

2t \* y o e @ o

_ o .

(kef+1> exp(xt+yt +Zt)— EOHQ,, (x,y,z,k)—n!
—

(|t| <m wheno € Ngand A =1; t| < |10g(—k)|

whena € Ngand A #1;x,7,z € R;1% := 1).

It is easily seen that

-1
nP ai <x,y,z; 1, 7:1> =uG, (x,9,2; ).

3

Some special cases of the Hermite-based generalized Apostol-Genocchi polynomials
(some of which are definition) are listed below:

. Hg,(})(x,y, z; 1) == G, (x, 9,z 1) is called Hermite-based Apostol-Genocchi
polynomials.

o 1G.(%,9,2,1) = G, (x,y,2) is the Hermite-Genocchi polynomials.

e 1G,(%,0,0;1) := G,(x; 1) is the Apostol-Genocchi polynomials (see [9, 10]). When
A =1, we have the classical Genocchi polynomials.

e G,(0;1) := G,(X) are the Apostol-Genocchi numbers. A =1 gives the classical
Genocchi numbers.

Finally we define the unified Hermite-based Apostol polynomials by

l—ktk

2.3 e t"
t+yt t
S gt _ nE,O wPunp(x, 9,2k, a, b);

(k € Nos;a,b € R\{0}; B € C).

stk p) =

Thus itis clear that P, g(x,y,z;k,a,b) = HP,% (%,9,2;k, a, b) and that we have the following
observations at once:
o gP,; (% 9,21,1,1) = gBB,(x,7,z; A) are the Hermite-based Apostol-Bernoulli
polynomials.
o gPus(%,9,2,0,-1,1) = y€(x,9,2; 1) are the Hermite-based Apostol-Euler polynomials.
. HP,,, 3 (%921, ‘71, 1) = gG.(x,y,2z; 1) are the Hermite-based Apostol-Genocchi
polynomials.
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For the other generalization, we refer [11-25] and [26]. Now we give some relations
between the above mentioned Apostol polynomials.
Using (2.1), we get the following identity at once.

Theorem 2.1 Let «,k € Ng; a,b € R\{0}; B € C be such that the conditions (i)-(iii) are
satisfied. Then, the following relation

n
n
E ( >HPff),,3(x,y, z k,a, b)HP%)(M, v,w;k,a,b) = HP% x+u,y+v,z+wk,a,b)
r g ’ :
r=0

holds true.

Corollary 2.2 For each n € N, the following relation

n

Z <Z>H8fﬁ)k(x,y, 0B v, wid) = yBE P (x + u,y + v,z + wi )
k=0

holds true for the Hermite-based generalized Apostol-Bernoulli polynomials.

Corollary 2.3 For each n € N, the following relation

n
n
E <k>H5,(,a)k(X,y, Z;)»)HE,Eﬂ)(u, vwiA) = gE Y P (x + u,y + v,z + wid)
k=0

holds true for the Hermite-based generalized Apostol-Euler polynomials.

Corollary 2.4 For each n € N, the following relation

n
n
> (k>HQ§i)k(x,y, MG (v, Wi k) = nG@ P o+ 1,y +v,2 + w; 1)
k=0

holds true for the Hermite-based generalized Apostol-Genocchi polynomials.

Theorem 2.5 For each n € N, the following relation

n
+ +V 2+ W
S0 ()it iy = 20 (54,2 02
k=0

holds true between the Hermite-based generalized Apostol-Bernoulli and Euler polynomi-
als.

Proof By direct calculations, we have
ad X+U y+v z+w (2"
Soub (5
s 2 4 8 !

Y e (5 e (52 (5]

t\* 2, 3 2 \* 2, .3
Aet—l) exp(xt +yt* + zt )<)\.€t+1> exp(ut + ve* + we’)

<
|
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ZHB “)(x,y,z,k)— ZHE (u,v, w,)»)

n=0

n

o o t
ZZ ( )HB,(qfk(x,y, HMES (v, wik)

n=0 k=0

Comparing the coefficients of ;—n, on both sides, we get the result. O

3 Symmetry identities for the unified family
For each k € Ny, the sum Si(n) = Z?:o i* is known as the power sum and we have the
following generating relation:

e(n+1)t -1
ZSk(n)— =l+e+e¥ 4+ 4= — O
el -1
For an arbitrary real or complex A, the generalized sum of integer powers Si(n, 1) is de-
fined, in [27], via the following generating relation:

k (n+1)t
Ae -1
ZSk(n x) T

It clear that Si(n,1) = Sg(n).
For each k € Ny, the sum My(n) = > (-1 1)%ik is known as the sum of alternative integer
powers. The following generating relation is straightforward:

: (n+1)
E n d 1
My(n) gy =1 e et = (1) = (t#
k=0 ) e+1

For an arbitrary real or complex A, the generalized sum of alternative integer powers
M (n, 1) is defined, in [27], by

o k (n+1)
1 A(-€)
My (n, A =
Z ln )k! ret +1
k=0
Clearly My (n,1) = My(n). On the other hand, if # is even, then
Sk(n,=1) = Mi(n,1). (3.1)

We start by obtaining certain symmetry identities, which includes the results given in
[28-32] and [27], when y =z = 0.

Theorem 3.1 Let c,d,m € N, n € Ny be such that the conditions (i)-(iil) are satisfied with
t replaced by ct and dt. Then we have the following symmetry identity:

Z (:’) n=r grik Pilmrﬂ (dx, dzy, Bzk,a, b)
r=0

r b
X Z(;)Sl(c—l;<§) >HP, Lp (cX Y,z k,a, b)
=0
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n

2 <’:)d” r¢r ko rﬁ(cx,c y,¢zk, a,b)

r b
x (;>S,<d—1; (g) ) D (dX, &Y, d*Z;k,a, b).
1=0

*

Proof Let

o (1-k)(2m-1) g2km—k ecdxt+y(cdt)2+z(cdt)3 ( IBb ecdt _ ab) ecdXt+ Y (cdt)®+Z(cdt)®

(ﬂbect _ ab)m(lghedt _ ﬂb)m

G(t) :=

Expanding G(¢) into a series, we get

G(t) _ 1 2likcktk mecdxt+y(cdt)2+z(cdt)3 IBbeCdt - ab
" chmgklm1) \ Bhect _ gb Bbedt _ gb
- 1
< 2R\ oedX+ Y (cdt+ Z(cde)?

Bbedt _ gb

1 > e || & B\ ()
_ (1m) 2. 3., 1. P
= D |:X(; uP, (dx,d’y, d’z k, a,b) . IZO:S[ c=L( - T

n= =

o r
X |:ZHP(W' b (cX, Y, 37k, a, b) (d:!) i|

r=0
Now, using Corollary 2 in [33, p.890], we get

G(t) = Ckmdkm Z [Z( > "t P,, ”g(dx, d*y,d*z k,a, b)

n=0 L r=0
r b n
X 12: (;)Sl<c—1; (g) )Hpr_l,s (cX Y, 3z k, a,b):| ;. (3.2)
=0

In a similar manner,
1-k gk tk m b cdt b
G(t) _ 1 270d%t ecdxt+y(cdt)2+z(cdt)3 IB e —a
= lm ckon=1) \ Bhect _ gb Bbedt _ gb

1-k k gk N\ m-1
< 270t pedX+ Y (cdt+ Z(cde)?
Bhedt _ gb

ckmdkm Z |:Z( >d" ek Pn rﬂ(cx’c »C Z:k g,b)

n=0 L r=0
4 r ,3 (m t"
x Z<1>Sl<d_1‘<a> ) uP") (dX,sz,d3Z;k,a,b)] - (3.3)
=0

From (3.2) and (3.3), we get the result. O

Fork=a=>b=1and B = A we get the following corollary at once.


http://www.advancesindifferenceequations.com/content/2013/1/116

Ozarslan Advances in Difference Equations 2013, 2013:116
http://www.advancesindifferenceequations.com/content/2013/1/116

Corollary 3.2 Forall c,d,m € N, n € Ny, A € C, we have the following symmetry identity
for the Hermite based generalized Apostol-Bernoulli polynomials:

Z <;:> ' d B (dx, d*y, dz, 1)
r=0

r

r

X (1>Sl(c — I;A)HBY_"[D (cX, a2y, cBZ,A)
I

-0
"\ (n
= (r) A" B (cx, Py, Az, 1)

r=0

,
x (’l" ) Si(d = 1;)uBY ) (dX, d2Y,dZ, 1),
=0

Fork+1=-a=>b=1and f = A we get, by considering (3.1) that

Corollary 3.3 Forallm e N, n e Ny, 1 € C, we have for each pair of positive even integers
¢ and d, or for each pair of positive odd integers c and d,

3 <’: ) A ) (d, dPy, dPz, )
r=0

r

r _

X (1>M;(c - l;A)HSr(Tl 2 (cX, 2y, 3z, A)
1=0

n
n
= <r) d" £ (cx,c*y,c’z, 1)
=0

7

X (;>M;(d ~LARED (AX, Y, d>Z, ).
1=0

Letting k = —2a = b =1 and 28 = A and taking into account (3.1) that we have the follow-

ing.

Corollary 3.4 Forallm e N, n e Ny, » € C, we have for each pair of positive even integers
¢ and d, or for each pair of positive odd integers c and d, that

n

3 <’: ) A G (dx, dy, dPz, 1)

r=0

r

r _

X (1>M[(c - I;A)HQ% D (CX, 2y, cBZ,A)
1=0

n
n
= (r) a7y gin (cx,c*y, 2, 1)
=0

r

x <;>M;(d—1;A)H D (dX,d2Y,d*Z, 1)
1=0
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4 Closed-form formulae for Hermite-based generalized Apostol polynomials
In this section, taking into account the relations

(@) 217\ tyt2 4263 502 (@) t"
@ . e — KLAYL=+2l” @ . _
f;l,b (x,y,Z,t,k,ﬁ) = <ﬁb€t—(lb> € = pr Hpn,ﬂ(x1y1Z;k,a;b)n!,

n

FY,y,z: 6k, B) = 7214%]( e’“*ﬂzmgzi P, p(x z'kab)t—
ab Y, 2515 K, . ,Bbet—ab nzOH nB\X% Y, 25K, a, Vl!’

we observe the following fact:

[f()(x Yy z tkﬂ)] = xy,z 8k B).

A

(4.1)

Using (4.1), we start by proving the following closed form summation formula

Theorem 4.1 Let the conditions (i)-(iii) be satisfied. The following summation formula:

flab>
o

X z
- (XHP;(f_)l,ﬁ(x’y’Z;kra’b)HPlJrl,ﬂ (&) 0[1’ E;k;ﬂr b)] =

QIR
Ql\e

"\ (n
Z (l) |:Hpn 1+1ﬁ(x’%z,k a, b)HPZﬁ<

=0

holds true.

Proof Taking logarithms on both sides of (4.1) and then differentiating with respect to ¢

we get

8]2(,‘2) x5tk B)
T e

—aab(x,y,z,tkﬁ) ot

Inserting the corresponding generating relations, we obtain

tl
ZnHPnﬁx,y,z, i ZHP“‘< k,a,b)E
n=1
aZP (x zkab)—ZlP JERL N L
= HEy,g 2V %5 » .IOHlﬁaOl(x”, l!r
and hence

S B e zkan’S wbi( 52 Zkab )

'V 25 a, - y = K4, ’n

= ’”1‘3 Y 'loH M\ o' o Al

—ai P (x z'kab)ﬁi P XY 2 kab t—l
- H Vl:ﬁ ;)/; y Ry, Uy n! H l+1,;5' a’a’a’ 4, l!'

n=0


http://www.advancesindifferenceequations.com/content/2013/1/116

Ozarslan Advances in Difference Equations 2013, 2013:116
http://www.advancesindifferenceequations.com/content/2013/1/116

Using the fact that (see [34, p.101, Lemma 3])

o0 [o¢] o0 n
YN AmD =YY A(n-11), (4.2)
n=0 [=0 n=0 [=0
we get
o0 n tn
Z|: <H)HP;°‘_)Z+1ﬁ(x,y,z;k,a,b)HPI,ﬂ(x A sk, a, h):|
[ ’ o n!
n=0 L /=0
N Xy z t"
= Z|:Z (I>HP£Z)W(9C,)’,Z; k;ﬂ, b)HPHLﬁ <a, &, a—;k, a, b):| ;
n=0 L /=0 .
O

Whence the result.

Corollary 4.2 Letk=a=b=1and B = A. Forall m e N, n € Ny, 1 € C, we have the fol-

lowing closed form summation formula for the generalized Apostol-Bernoulli polynomials:

n

n . xy z
) ( k) [Hs,i)k+1 @, z:MHBk(E, 2 ;;x)

k=0

—aHB;“‘_L(x,y,z;A)Bkﬂ(x 2z A)} 0.
o Ol o

Corollary 4.3 Letk+1=-a=b=1and B =A.ForallmeN, ne Ny, A € C, we have the

following closed form summation formula for the generalized Apostol-Euler polynomials:

- Xy z
Z<k>[H5 e X 2,25 )Hsk(a,a,;;o
k=0
_aHE k(x)y)zy)")gk+1(x y E;)\v>:|=0
o

Corollary 4.4 Let k=-2a=b=1and 2B = . Forallm e N, n € Ny, A € C, we have the

following closed form summation formula for the generalized Apostol-Genocchi polynomi-

0 (Z) [Hg,i ot (x,y,z,x)Hgk( g;x)

k=
3 X z
- aHgi,_)k(x,j/, z; )")gk+l< Z )\‘)} 0.
Ol o

als:

RlI=

Ql\e

Theorem 4.5 Let the conditions (i)-(iii) be satisfied. Then we have the following relation
between Hermite based Apostol polynomials and 3d-Hermite polynomials:
HP (X,Y,Z;k,a,b)

n+mﬁ

n,m
= Z (”) (”;)HM(X %Y -y,Z- z)HPn+m iy, zk, a,b).

r
r,l=0

Page 10 0of 13
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Proof From (2.1), we can write that

21K (g 4 W)\ "
< ﬁbec(w _ Lzb ) gzt Z HPy, 5(x,y, zk,a, b)( )
n=0

pm
l

Z 1P (.9, z:k,a, b)

n,m=0

Therefore, we get

21k (¢ 4+ w)k\ @ . 2 3 — W
- _ —x(t+w)—y(t+w) = —z(t+w) () : rw
(ﬁbe”W —) =€ H;O HPypn (%, 9,23k, a2, b) priy

Multiplying both sides by eXt+W+Y €W +Z(t+w)’ \e have

-k k
(21 (t + W) )O[eX(t+w)+Y(t+w)2+Z(t+w)3

ﬁbe”w _ le
Koo (T P+ TP N pla) " w”
= X Ew)+ (Y=y)(t+w)* +(Z=2) (t+w Z HPmmyﬁ(x,y,Z;k,a,h);W‘
n,m=0 s
Taking into account (1.1) and (4.3), then using (4.2), we get
g g g
il "o m
(@) : t" w
Z Hpn+m,ﬁ(X’ Y,Z,k,ﬂ,b);ﬁ
n,m=0
¢
Z HPn+mﬂ(x7y7zrk;ﬂ b Z r+l X x,Y — y,Z );7
n,m=0 * =0 . L

" w”

oo nm
n\ (m o
=y 3 (r><l)Hr(i)l(X—x,Y—y,Z—z)HPfH)m_r_l(x,y,z;k,zz,b)aﬁ.

n,m=0 r,/=0

Whence the result.

Corollary 4.6 Letk=a=b=1and B =A. Forall c,d,m e N, n € Ny, . € C, we have the
following summation formula between the Hermite-based generalized Apostol-Bernoulli

polynomials and 3d-Hermite polynomials:

o) (X,Y,Z; )

n+m

n,m n m
:Z(k)(1> k+l(X %Y-y2- Z)HBn+m k— l(xry:Z;)\)-
k,1=0

Corollary 4.7 Let k +1=-a=b=1and B =A. For all m e N, n € Ny, A € C, we have
the following summation formula between the Hermite-based generalized Apostol-Euler

polynomials and 3d-Hermite polynomials:

HE®

n+m

n,m n m )
= Z (k) ( l )H]((:i)[(x - X, Y _y,Z b Z)Hg£l+)n’l—k—l(x’yrz; )\)'

k,1=0

(X,Y,Z; 1)

(4.3)

O
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Corollary 4.8 Let k=-2a=b=1and 2p = A. For all m e N, n € Ny, A € C, we have the
following summation formula between the Hermite-based generalized Apostol-Genocchi
polynomials and 3d-Hermite polynomials:

HG, (X, Y, Z; )
n,m n m
= Z (k) ( ! )Hl(i)[(X -xY-y,Z- Z)Hg;(ﬁ;fk,l(x,y, z ).
k,1=0
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