Equistatistical Convergence

Halil Gezer

Submitted to the
Institute of Graduate Studies and Research
in partial fulfillment of the requirements for the Degree of

Doctor of Philosophy
in
Mathematics

Eastern Mediterranean University
January 2013
Gazimagusa, North Cyprus



Approval of the Institute of Graduate Studies and Research

Prof. Dr. Elvan Yilmaz
Director

I certify that this thesis satisfies the requirements as a thesis for the degree of
Doctor of Philosophy in Mathematics.

Prof. Dr. Nazim Mahmudov
Chair, Department of Mathematics

We certify that we have read this thesis and that in our opinion it is fully adequate
in scope and quality as a thesis for the degree of Doctor of Philosophy in
Mathematics.

Assoc. Prof. Dr. Hiiseyin Aktuglu
Supervisor

Examining Committee

1. Prof. Dr. Oktay Duman

2. Prof. Dr. Ogiin Dogru

3. Prof. Dr. Nazim Mahmudov

4. Assoc. Prof. Dr. Mehmet Ali Ozarslan

5. Assoc. Prof. Dr. Hiiseyin Aktuglu




ABSTRACT

In this thesis, we focus on different types of equistatistical convergences. We de-
fine some new type of convergences such as lacunary equistatistical convergence,
A-equistatistical convergence, A-equistatistical convergence, B-equistatistical con-
vergence and «f3-equistatistical convergence. We also study properties of these
new types of convergences. We construct examples for each case, to show that eq-
uistatistical convergence lies between point wise and uniform convergences. More-
over, we prove Korovkin type approximation theorems via lacunary equistatisti-
cal convergence, \-equistatistical convergence, A-equistatistical convergence, B-
equistatistical convergence and af-equistatistical convergence. In the last chapter
we introduce af- statistical convergence of order v and we prove Korovkin type

approximation theorems in the sense of af- statistical convergence.

Keywords: Statistical convergence, lacunary statistical convergence, A-statistical
convergence, A-statistical convergence, equistatistical convergence, Korovkin type

approximation theorem.
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Bu tezde esas olarak esistatistiksel yakinsaklik kavrami ele alinacaktir. Esistatistiksel
yakinsaklik noktasal istatistiksel yakinsaklik ile diizgiin istatistiksel yakinsaklik
arasinda yer alan bir yakinsama ¢esididir. Bu doktora tezindeki esas amag lacunary
esistatistiksel, ~A-esistatistiksel, A-esistatistiksel, B-esistatistiksel ve af-
esistatistiksel yakinsaklik kavramlarint vermek ve herbiri i¢in Korovkin Tipli
Teoremler ispat etmektir. Bunun yaninda bu yakinsama tiirlerinin daha anlagilir
olmasi i¢in belli bash 6zellikleride incelenecektir. Bu yakinsama tiirleri i¢in elde
edilecek Korovkin Tipli Teoremlerin Mevcut Korovkin Tipli Teoremlerle iliskileri

de verilecektir.

Anahtar Kelimeler: Istatistiksel yakinsaklik, lacunary istatistiksel yakinsaklik, A-
istatistiksel yakinsaklik, A-istatistiksel yakinsaklik, esistatistiksel yakinsaklik,

Korovkin Tipli Teorem.
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Chapter 1

INTRODUCTION

Statistical convergence (or s—convergence) is an extension of convergence which
is based on a set function ¢, called density. Recently the concept of s-convergence,
which was defined in 1951 by Steinhaus (see [43]) at a conference in Poland and
developed in the same year by Fast in [23], has gained popularity amongst re-
searchers and used in different fields of mathematics (see [12], [13], [15], [19],
20], [21], [24] and [26]). After, s—convergence some other methods are intro-
duced by different researchers. Fridy and Orhan [27] introduced and discussed
the concept of lacunary statistical convergence (or §—convergence) using an arbi-
trary lacunary sequence 6. Freedman andSember [24] used a non-negative regular
matrix (NNRM) instead of Cesdro matrix and extended s—convergence to A-
statistical convergence (or A—convergence). Mursaleen [36] initiated the concept
of A—statistical convergence (or A—convergence). For each suggested method
it is shown that they are nontrivial extensions of ordinary convergence. More-
over, for each case, implication relations are also studied. For example, Fridy
obtained sufficient conditions for implications between s—convergence and or-
dinary convergence. Similarly Fridy and Orhan introduced #—convergence and
carry out differences and implication conditions between other type of conditions.

Mursaleen did the same for A—convergence as well. He proved that under some



condition s—convergence implies A—convergence. Later Colak [12] brought an-
other dimension to this theory by introducing the concept of s—convergence of

order « ( see [9]).

Gadjiev and Orhan [28] joined this theory with Korovkin Type Approximation
Theory by proving a Korovkin type approximation thereom (KTAT) in the sense
of s—convergence. After they prove a (KTAT) via s—convergence many re-
searchers extend this idea to A—convergence, f—convergence and A—convergence

for different spaces (see [15],[16],[18],[20],[21], [22], [30] and [31]).

In 2007 Balcerzak, Dems and Komisarski [7] initiated and investigated a new
type of convergence called equistatistical convergence. The most important fea-
ture of equistatistical convergence is that it lies between pointwise and uniform
s—convergences. They also constructed examples to show that equistatistical
convergence is different from both pointwise and uniform s—convergences. This
was a new expansion for researchers and in [30] Karakug, Demirci and Duman ini-
tiated KTAT by introducing KTAT via equistatistical convergence. This encour-
age us to study equistatistical convergence for different type of convergences such
as A—convergence, f—convergence, A\—convergence and B—convergence. This
thesis covers our studies about equistatistical convergence and related KTAT.
Additionally, by using a different point of view we introduced a—statistical and
aff—equistatistical convergences of order v. We complete our thesis by KTAT’s
via af—statistical and af—equistatistical convergences. It should be mentioned

that af—statistical and af—equistatistical convergences of order v which is a



non-trivial extension of af—statistical and af—equistatistical convergence is also

considered in this thesis.

In Chapter 1, after a general introduction we give the brief description of the

whole work.

Chapter 2, contains preliminary and auxilary results which will be needed in the
rest of the thesis. The idea here is to give definition and other informations which
will help readers to follow the rest of the thesis. At the begining of this chap-
ter we explain briefly the main properties of regular matrices then we continue
with the density function. Later we give definition and some important prop-
erties of the concept of s—convergence and relations between ordinary conver-
gence. We also give definitions and properties of §—convergence and its relation
between s—convergence. Finally, we discuss A—convergence and its relations be-
tween s—convergence. At the end of the chapter give required informations about

A—convergence, equistatistical convergence and (KTAT).

Our contribution starts from Chapter 3. In this Chapter, we introduce lacunary
equistatistical convergence. By the definitions one can see that lacunary equi-
statistical convergence lies between lacunary uniform convergence and lacunary
pointwise convergence. To point out the difference we construct examples and
show that in general the converse implication does not hold. Moreover we discuss
the conditions under which lacunary equistatistical convergence and equistatisti-

cal convergence implies each other. At the end of chapter we prove a (KTAT) for



lacunary equistatistical convergence.

In Chapter 4, we introduce A—equistatistical convergence and investigate the
conditions under which equistatistical convergence and A—equistatistical conver-
gence implies each other. Also we show that A—equistatistical convergence lies
between pointwise and uniform convergences in the same sense. Moreover, we

prove (KTAT) in the sense of A\—equistatistical convergence.

Chapter 5, is about A-equistatistical convergence. In this Chapter we introduce
A-equistatistical convergence and (KTAT) for A-equistatistical convergence. We
also discuss implications conditions between A-equistatistical convergence with
equistatistical convergence, lacunary equistatistical convergence and A—equistatistical

convergence.

In Chapter 6, we introduce B-equistatistical convergence by using a sequence
of infinite matrices B;. We prove that B-equistatistical convergence lies between
pointwise and uniform convergences in the same sense. Chapter 6 is completed

by a KTAT for B-equistatistical convergence.

Chapter 7 is devoted to af—statistical and af—equistatistical convergences of
order v which were introduced in [5]. It is shown that for special cases of a(n),
B(n) and 7, aff—equistatistical convergence of order 7 («af—statistical conver-
gence of order ) reduces to equistatistical convergence (s—convergence of or-
der ), f—equistatistical convergence (f—convergence) and A—equistatistical con-

vergence (A\—statistical convergence, A—statistical convergence of order 7). Fi-



nally we prove KTAT for both af—equistatistical convergence of order ~ and

aff—statistical convergence of order 7.



Chapter 2

NOTATION AND BACKGROUND MATERIAL

The present chapter is devoted to fundamental notions and background materials
about the theory of infinite matrices, density functions, statistical type conver-
gences and KTAT. The idea here is to explain some notions that will help readers
to follow the rest of the thesis.
2.1 Infinite Matrix and Matrix Transformation
Let D C N. Then the characteristic function of D is represented by yp and
defined by
1, ke D

xp(k) = .
0; k¢ D
Example 2.1.1 If E and F denotes the odd and even natural numbers respec-

tively then clearly we have

XE = (170’ ]_,0717 ) and XF = (07 1a07)

An infinite matrix, D := (d,x) is a matrix which has infinitely many rows and
coloums. In the case of infinite matrices addition and scalar multiplications are

defined componentwise, analogously to the case of sequences. More precisely if



D = (d,) and E = (e,) are two infinite matrices then

D + E = (dnk —|— enk)

AD = (M) .

Definition 2.1.2 An infinite matriz E := (eux) , with e, > 0, for all n,k >0

is called a mon-negative infinite matrix.

Definition 2.1.3 (See [10]) Let E = (enx) be an infinite matriz and x = (z,,) be
a sequence then the E-transform of x = (xy) is denoted by Exz := ((Ex),) and

defined as

iof it converges for each n.

Example 2.1.4 Let x = (1,1,1,...), y = (0,1,0,1,...) and z = (1,0,1,0,...).

Also let

N[
N =

Wl
Wl
W=




and

120000
011000
B = (bu) = 2
003 300
Then simple calculations show that
(Azx) =z,

and

1
(Ay) =0, (Bz) = 3
Definition 2.1.5 Iflim,, o (Ax), = L then x is said to be A—summable to L.

Example 2.1.6 Let x and y be the same as in Example 2.1.4. Also let

03000
0303 00

3 3

A:(ank):
003030
Then
2
(Az) = (3)



and

Wl Do

(Ay) = (0, 0,

Wl N
N———

Hence x is A—summable to % but y is not A—summable.

The above examples show that, for an infinite matrix it is possible to keep a

sequence fix to transfer a divergent sequence to a convergent sequence.

Let A be an infinite matrix and let x be a sequence with limit L. In the present
part we will try to answer the following questions. Under which conditions Ax
is convergent and secondly under which conditions the limit of Az is again L.
The answer of the first question is known as the theorem of Kojima and Schur.
The answer of the second theorem is known as the Silverman-Toeplitz conditions.

Details about these theorems is given below.

Definition 2.1.7 (see [10]) An infinite matriz A is said to be conservative if Ax

1s convergent for each convergent sequence x.

Now we have the following well-known theorem which is given by Kojima-Schur

which gives necessary and sufficient conditions for a matrix to be conservative.

Theorem 2.1.8 (Kojima-Schur)(see [10])A = (ank) is conservative <



(4) sup, > pey lank] < M < oo, for some M > 0,
(7) lim,, ang = Oy for all k,

(¢d1) limy, Y00 | Qi = 0.

Example 2.1.9 The following infinite matrices are conservative,

0 100
200
2 1 g0
3 3
D = (du) =
1-+ 100
022000
1 1 1
33000
00 Loo
2 2
E:(enk):
05 3 35 00
0004+ 10

It is easly seen that conservative matrices may or may not preserve the limit of

a convergent sequelnce.

Definition 2.1.10 (see [10])An infinite matriz A is called regular if x, — L

10



implies (Ax),, — L.

Theorem 2.1.11 (Silverman-Toeplitz Conditions) (see [10], [44]) A = (ank) is

reqular <
() sup, > 57y lank| < o0,

(i1) For all k, lim,, a,, = 0,

(#47) limy, 325, apg = 1.

Example 2.1.12 (/10])The infinite matriz Cy = (i) where

Lodf 1<k<n,
Cnk =
0, otherwise

1s a NNRM which is known as Cesaro matrix of order one.

Example 2.1.13 Identity matriz I, which has infinite number of rows and coloums

1s also a NNRM.

Remark 2.1.14 The matriz ¥ in Example 2.1.9 is also a NNRM but the matrix

D, in the same example is not a regular matrix.

2.2 Densities
The objective of the present section is to introduce definition and basic properties

of density functions. Basicly a density is a function from a subset of p(N) to [0, 1].

11



Definition 2.2.1 Let C, D C N, the symmetric difference of this two sets is

denoted by C' A D and defined as

C a D= (C\D) U (D\O).

If the symmetric difference of two sets C' and D is finite then we say that C' and

D has ”~" relation, in other words

C~D<«= C A D is finite.

Definition 2.2.2 (See [2}]) The lower asymptotic density (may be called just a
density) is a function, defined for all sets of natural numbers taking values in [0, 1]

and denoted by 0 if it satisfies the following four axioms:

(d.1) if F~G then d(F)=0(G);
(d2) if FNG =10, then 6 (F)+6(G)<§(FUG);
(d3) VF,G, 6(F)+46(G)<1+6(FNG);

(d4) §(N)=1.

Definition 2.2.3 (See [24]) For a density § we define 0, the upper density asso-

ciated with 0, by

0(F)=1-8§(N\F)

for any F C N.

12



Definition 2.2.4 (See [24]) We say that the set C' C N has the natural density

with respect to 6, if

5(C) =3(C).

Definition 2.2.5 (See [24]) The term "asymptotic density” (or natural density)

1s generally used for the function

d(A) = lim inf A

n—oo n

(2.2.1)

Here by |A(n)| ,we mean the number of elements in AN{1,2,..n}. The function

d satisfies the conditions, (d1 — d4) therefore it is a density.

The definition given in 2.2.1 also be given as

d(A) = iminf(Cy.x4)n-
n—o0

Now the following question arises : Since Cesaro matrix is a NNRM is it possible
to extend this idea to any NNRM. Answer is positive. For instance see the

following definition which is given by Fredman and Sember (see [24]).

Definition 2.2.6 (see [24]) Let M be a NNRM and A C N. Then dp; defined by

I (A) = liminf(M.xa)n

n—oo

13



Satisfies conditions, therefore oy is a density. Moreover

0 (A) = limsup(M.x4)n.

n—oo

Definition 2.2.7 Let K C N be an arbitrary subset of the natural numbers then

the natural density of K is defined by

5(K) = tim K=k <nck € K|

n—o0 n

Example 2.2.8 For the set K := {ak +b: k € N} we have 6(K) = 1.

Example 2.2.9 Finite sets and natural numbers have density zero and one re-

spectively.

Example 2.2.10 The set K := {k = m?: k € N} has density zero. In fact, since
|K(n)| < +/n we conclude that

lim — = 0.

non
2.3 Statistical Convergence
This sections aims to give the definition of s—convergence and some properties
that will be needed in the sequel. We are also aimed to give some examples to

illusrate differences between ordinary convergence and s—convergence. Moreover

we give definition of s—convergence of order « (see [9] and [12]).

14



Definition 2.3.1 (see [23] and [{3]) x = (z}) is said to be statistically convergent

to L if Ye >0, K,(¢) = {k <n:l|xxy — L| > €} has natural density zero i.e.

[Kn (€]

lim,, 00 = 0. Throughout this thesis we denote s—convergence of x to L by

xp — L (stat).

Remark 2.3.2 For “ordinary convergence”, for all € > 0, K, (¢€) is finite there-

fore

xp — L = xp — L (stat).

The following example shows that the converse implication is not true in general.

Example 2.3.3 Consider the sequence

1; if k=m?
0; if k#m2
Since {k? : k € N} has density zero we have xp — 0 (stat), but clearly x is not

convergent in the ordinary sense.

Another important difference between statistical and ordinary convergence is the
following. Ordinary convergence implies boundedness, but we may have un-

bounded and statistical convergent sequences.

15



Example 2.3.4 Consider the sequence

Vi if k=m2,

0; if k#m?

For the given sequence we have x — 0 (stat), but x is not bounded.

Example 2.3.5 The sequence

CC'k:(O,l,O,].,"')

18 not statistically convergent.

Remark 2.3.6 [t is easily seen that when xy s statistically convergent to L then
it may have infinitely many terms at the outside of each e-neigbourhood of L, but

the density of its indices must be zero.

We know that the ordinary convergence implies s—convergence. For the inverse

implication Fridy proved the following theorem.

Theorem 2.3.7 (see [26]) If i, — L (stat) and Axy, = o(5) then xx — L where

Al‘k =Xk — Thy1-

The following definition was firstly given by Gadjiev and Orhan for statistical

convergence (see [28]). Later it was extended to A—statistical convergence by

16



Duman, Khan and Orhan (see [15]). Recently, s—convergence of order o was

discussed by Colak, in the following way (see also Bhunia, Das and Pal [9]).

Definition 2.3.8 (see [9] and [12]) For x = x, and 0 < o < 1 then xy is called

statistically convergent to L of order o, if Ve > 0

<n: —L| >
g ksl =Ll 2e}]

n—00 n«

It is proved that for 0 < a < f < 1 s—convergence of order « implies s-
convergence of order . Moreover the inclusion is strict for any «, f with 0 <

a < B < 1. For instance see the following example.

Example 2.3.9 (see [9]) Given 0 < a < < 1, we can pick k € N such that

a < % < B. Define the sequence x by

T = ]EN
0, k#j"

Then x is statistically convergent to 0 of order B but not statistically convergent

of order «.

17



2.4 Lacunary Statistical Convergence

An increasing sequence 6 := {k,.} C N with

kozov

hy =k, — k,—1 — oo as r — oo (see [25]).

is called lacunary sequence. In the rest of the thesis by I, we mean the intervals

ky.
kr—l :

(ky_1, k| determined by 6 and by ¢, we will represent the ratio

Example 2.4.1 0 :={k,} =2"— 1,0 :={k,} =0l =1 and 0 := {k.} = r* are

lacunary sequences.

Fridy and Orhan [27] introduced the concept of §—convergence by using an arbi-
trary lacunary sequence. They also gave the conditions that lacunary statistical
and s—convergence implies each other. The inclusion properties between lacu-
nary sequences for f—convergence discussed by Jinlu (see [29]). For the following

section our aim is to give a short summary of 6—convergence.

Definition 2.4.2 (see [27]) x is called 6—convergent to L if V € > 0,
1
hmh—|{k €l |zy—L| >} =0.

0— convergence of x to L will be denoted by x;, — L (0—stat). In other words,

if we denote the characteristic function of the set K(e) := {k € N: |xy — L| > €}

18



by the function Xk and Ag by

hi; kel
Ap = ap, = ’
0; kél,

we have h%ZXK(E)(k) = hi {k € I, : |xy — L| > €}|, that is x is said to be lacu-
kel
nary statistical convergent to L if and only if lim,(AgXk(e))r = 0.

Example 2.4.3 Let

1, k=2 —1
T =

0; E#2"—1

and let 0 := {k,} = 2" — 1. Since |{k € I, : |xx| > €}| < 1 for each r we can show

that
1
hmh— kel : |z > e} =0.
Hence x is 0—convergent to 0 but non-convergent in the usual sense.

In [27], Fridy and Orhan introduced the conditions, under which s—convergence

and #—convergence implies each other. They proved the following theorem.

Theorem 2.4.4 (see [27]) Let 6 be a lacunary sequence; then xy — L (stat)
and xp — L (0—stat) implies each other <=

1 < liminf ¢, <limsupgq, < oco.

T

19



2.5 JA-Statistical Convergence

Mursaleen [36], investigated the concept of A-statistically convergence (or A—convergence)
for sequences of numbers. He proved that, under some conditions s—convergence
implies A—convergence. Conditions for inverse implication are obtained by Aktuglu,
Gezer and Ozarslan in [3]. We shall discuss details in Chapter 4, but here we will

give a brief outline of A—convergence.

Let A = (\,) be a sequence of non-decreasing and positive numbers such that

lim A\, = oo,
r—00

and M, be the closed interval [r — A\, + 1,7]. The set of all sequences satisfying

above conditions will be represented by w.
Example 2.5.1 Sequences A\, =1 and A\, = |[\/r]| are elements of w.

Definition 2.5.2 (see [36]) x is said to be A—convergent to L and denoted by

xp — L (A—stat) if Ve > 0,

1
lim/\—\{kEMr:\:ck—L\ >e}| = 0.

20



Example 2.5.3 Let A\, = |[/7]|. Then xy is A—convergent to 1 where

0; k=m3
T =

1; k+#md

Indeed for every € > 0, the set {k € M, : |y — 1| > €} has cardinality at most

one. Hence
1
hmA— {ke M, : |z —1] > €} =0.
Remark 2.5.4 Tuoking \. = r, A—convergence reduces to s—convergence.

Remark 2.5.5 Let A = (\.) € w. Then we can define a NNRM in the following

way

v ifke M,
AA:aTk:: .
0, if k ¢ M,

Theorem 2.5.6 (see [36]) x), — L (stat) implies v — L (A—stat) <

lim inf ﬁ > (.

n—oo T

Example 2.5.7 Let A, = |[\/7]| then liminf, ... 2= = 0 and consider the subse-

quence 7(j) = j*. Then % < % Define the sequence x; by

1 ifi€ Ly, j=1,2,..
xT; =

0 otherwise.

21



Then x is not A—statistical convergent.

Later Colak and Bektasg (see [13]) extended the idea of A—convergence to A—convergence

of order « in the following way.

Definition 2.5.8 (see [13]) xy, is said to be A—convergence to a complex number

L of order a for 0 < a <1, ifVe >0

1
lim — {k e M, : |z, — L| > €}].
r—oo %

They proved that for 0 < a < f < 1, A—convergence of order a implies
A—convergence of order 3. They also proved that for 0 < a < f < 1 the in-

clusion is strict.

2.6 A-Statistical Convergence

Fredman and Sember (see [24]) extended the idea of s—convergence to A-convergence
using an arbitrary NNRM A instead of Cy. We start this section by defining A-
density of a subset K of N where A is a NNRM. Parallel to the other sections,
A-convergence will not be given with details we just give definition and some

important properties.

Definition 2.6.1 (See [24]) Given K C N and a NNRM, A then the A—density
of K is given by

Oa(K) = lim > = lim(Axx (k))n (2.6.1)

keK

22



provided that the limit exists.

Definition 2.6.2 (see [24] ) © = (xy) is called A-convergent to L if Ye > 0,

K(e) ={k € N:|zy — L| > €} has A-density zero.

Example 2.6.3 Given x;, = (0,1,0,1,--+) and

N =
N[

Wl
W=
W

then x is not s-convergent but it is A-convergent to zero. Indeed if € > 1 then
the set {k: |xy — 0| > €} is empty, so we claim that it has A-density zero. If
0<e<1then K ={k:|zy—0]>¢c} ={2,4,6,---}. So xxk = (0,1,0,1,---)

and Axgx = (0,0,0,---). Hence 6, {K} =0.

Remark 2.6.4 Finite sets have A—density zero for any NNRM A.Thus every

convergent sequence is A-convergent.

2.7 Equistatistical Convergence

Balcerzak, Dems and Komisarski [7] initiated the concept of equistatistical conver-
gence which lies between statistical uniform and statistical pointwise convergence.

After Balcerzak, Dems and Komisarski, the concept of equistatistical converge,
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gained popularity among researchers (see [1], [2], [3], [30] and [31]). Now we will

give related definitions and examples about equistatistical convergence.

Definition 2.7.1 (see [7]) Let K C N be any subset of natural numbers then

KN {L2,. )

d;(K) ;

1s called the jth partial density of K.

The definitions of statistical uniform and statistical pointwise convergence has

been initiated by Duman and Orhan in more general case (see [17]).

Definition 2.7.2 (see [2] and [7]) (f.) is called s—pointwise convergent to the

function f on X and denoted by

fo— [ (stat)

if Ve > 0,and each v € X

o [E S 7 Ui(a) = (@) > )]

r—00 r

=0.

Definition 2.7.3 (see [2] and [7]) (f,.) is called s-uniform convergent to f on X

and denoted by

fo= f (stat)
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if Ve > 0,

k< @) = F@ o = €}

lim =0
r—00 r

Definition 2.7.4 (see [7]) (f.) is called equistatistically convergent to f on X

and denoted by f, — f (stat) if Ye > 0, the sequence of real valued functions

prcle) =k < 7 1fyle) — f()] 2 €l

converges uniformly to the zero function on X i.e.
1171}1 Hpr,e<-)||c(x) =0.
Theorem 2.7.5 (see [7]) It is obvious that

fo— [ (stat) implies f, — f (stat),

fo =2 f (stat) implies f, — f (stat).

Example 2.7.6 (see [7]) Define f, f, : [0,1] — R in the following way,

-
il
=

fo(z) = X{1y-
Then

fo = f (stat)
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but

fo = f (stat)

does not hold.

Example 2.7.7 (see [7])Let f,(x) = a™, © € [0,1], then f, — f (stat) but

fo— f (stat) does not hold.

2.8 Korovkin’s Theorem

Approximation theory has important applications for different areas of Functional
Analaysis, approximation of polinomials, numerical solutions for differential and
integral equations. KTAT is a base for approximation theory (see [6], [11] and
[34]). Gadjiev and Orhan [28] obtained a KTAT for s—convergence of positive
linear operators which is defined on a function space of closed, bounded and con-
tinuous intervals of real numbers. Also Duman, Khan and Orhan investigate the
KTAT in A—statistical sense (see [15]). Moreover Duman and Orhan investigate
the KTAT in statistical and A—statistical sense for different spaces (see [15],

[16] and [18]).

Definition 2.8.1 A mapping L : X — Y is called a linear operator if

L(af + Bg) = aL(f) + BL(g)

forVf,g e X and Vo, f € R where X and Y are linear spaces of functions. If
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Lf > f when f >0 then L is said to be positive operator.

Proposition 2.8.2 Let L : X — Y be a positive and linear operator, then
1. If f,g € X with f < g then Lf < Lg which means that L is monotonic.

2. For every f € X we have |[Lf| < L|f].

Theorem 2.8.3 (Bohman-Korovkin Theorem) (See [34]) Let L, : C'la,b] —
C'la,b] be a sequence of positive linear operator. If the sequence of operators

L, satisfy

lim 1L (L 2) = | opy = O
lif]f1 |L,(t; ) — 95||c[a,b] =0
0

h;fﬂ [ L (% 2) — ‘TQHC’[a,b] =

forVf € Cla,b], we have

tim 1L, (f32) — F (@)l ogegy = 0

Example 2.8.4 (see [35]) The Bernstein polinomials is an example for the linear

operators for I = [0,1], which is defined by

Bi(f) = Y 1)) )t - oy recpal.

Direct calculations show that B, (1;z) = 1, B,(t;x) = x and B, (t*;z) = x2~l—x_n—x2.
In other words Bernstein polinomials satisfies the conditions of KTAT.
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The following KTAT is given by Gadjiev and Orhan.

Theorem 2.8.5 (see [28]) Let L, : Cyrla,b] — Bla,b] be a sequence of positive

linear operator. If the sequence of operators satisfy

st —lim ||L,(1;2) = 1||; =0
st —lim||L.(t;x) — |3 =0

st —lim || L, (% z) — xZHB =0
then for any function f in Cy[a,b],

st —tim | L, (f:2) — f(2)] 5 = 0.

Later the following KTAT in A-statistical sense is given by Duman, Khan and

Orhan.

Theorem 2.8.6 (see [15]) Let {L,} be a sequence of positive linear operators

from C'[a,b] into C'[a,b], then the following statements are equivalent

(i) sta—lm |[L,(f:2) = f(@)llguy = 0. ¥ f € Cla,b],

(1) sta — li;n ILr(fis2) = fi(@)|lap = 0 for fi(x) = z', i=0,1,2.

Recently, Balcerzak, Dems and Komisarski introduce the concept of equistatisti-
cal convergence and after them Karakug, Demirci and Duman (see [30]) proved
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the following KTAT in equistatistical sense.

Theorem 2.8.7 (see [30])Let {L,} be a sequence of linear positive operators from
C(X) to C(X) where X is a compact subset of the real numbers. Then ¥ f €

C(X>’

L.(f;x) — f (stat) on X

L.(e;) — e; (stat) on X

where e;(z) = 2', i =0,1,2.

29



Chapter 3

LACUNARY EQUISTATISTICAL CONVERGENCE

3.1 Lacunary Equistatistical Convergence

Fridy and Orhan introduced the concept of #—convergence [27] by using an
arbitrary lacunary sequence. They also showed that under some conditions,
f—convergence implies s—convergence. Moreover they give necessary and suf-
ficient conditions so that #—convergence and s—convergence are equivalent to

each other.

In this chapter we mainly focus on §—convergence and the concept of lacunary eq-
uistatistical convergence which lies between pointwise and uniform #—convergence
(see [2]). We also construct examples of function sequences to point out that in
general the converse implications does not hold. We started to this chapter with

the following definitions.

Definition 3.1.1 (see [2]) Let 0 be a lacunary sequence. (f.) is said to be lacu-
nary statistical pointwise convergent to f on X if Ve > 0, and each x € X,

o K€ L 1) = f@)] 2 €} _

r—00 h’,"

0.
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Lacunary statistical pointwise convergence of f,. to f is denoted by

fe—f (60— stat)

Definition 3.1.2 (see [2]) Let 0 be a lacunary sequence. (f,) is said to be lacu-

nary statistical uniform convergent to f on X if Ve >0

{men = flog = €}
lim

r—00 hr

Lacunary statistical uniform convergence of f. to f is denoted by

fr=2f (60— stat).

Definition 3.1.3 (see [2]) Let 0 be a lacunary sequence. (f;)ren is said to be
lacunary equistatistical convergent to f on X if V e > 0, the sequence of real

valued functions (Sy.)ren, defined by

1

I {m e L |fm(x) — f(2)] = €}

Sre(x) =
uniformly converges to zero function on X, that is
Tlggo ||5r,e(‘)||c(x) =0

Lacunary equistatistical convergence of f,. to f is denoted by

fr—f (60— stat).
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After these definitions we have following lemma which can be proved easly.

Lemma 3.1.4 (see [2]) For a lacunary sequence 6 we have

fr— f (0 — stat) = f, — f (0 — stat),

fr = f (0 — stat) = f, — f (0 — stat).

In the previous lemma, it clear that lacunary equistatistical convergence lies be-
tween pointwise and uniform —convergence. But one can ask the following ques-
tion. "Does the converse implications hold?” Example 3.1.5 and Example 3.1.6
show that in general the inverse implications are not true. Firstly we will show
that there exists a function sequence (f,) such that it is lacunary equistatistical

convergent but not uniformly lacunary statistical convergent.

Example 3.1.5 (see [2]) Let 0 be a lacunary sequence. Consider the sequence

of continuous functions

. —[2n(n+1)]2($—%) (x—n%l) ifme(n%l,ﬂ

0 otherwise

then Ve > 0,

Spe) = [{m € I« | fn(x) > €}
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Hence h—lr — 0 as r approaches to oo uniformly in x that is f, — 0 (§—stat). But

fr =0 (0—stat) does not hold since sup,epq |fr(x)| =1, for allr € N.

Secondly we introduce a function sequence such that f, is lacunary statistical

pointwise convergent but not lacunary equistatistical convergence.

Example 3.1.6 (see [2]) Let the sequence of functions and the lacunary sequence

be as in the following

fr:0,1] = R, fo(z)=2a",

0={2"} k>1, fork=1.

Clearly f, is pointwise convergent to the function

in the ordinary sense, then obviously f, — f (0—stat). To see that f. — f (0

stat) does not hold choose e = 1. Then VK € N, In > K such that m € [2"7!,2")

ande(Qr\l/gJ),
| fn(2)] = 2] > \(@ﬂ > (\g) -2

Now the following question arises "under which conditions does lacunary equi-
statistical convergence and equistatistical convergence implies each other?” The
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following two lemmas give the answer to this qustion.

Lemma 3.1.7 (see [2]) Let 0 be a lacunary sequence then equistatistical conver-

gence implies lacunary equistatistical convergence if and only if

liminf g, > 1.

Proof. Assume f,, — f (stat) on X and liminf, ¢. > 1. Then Ja > 0 such that

1+ a < g,, for large r and

(a+1)h,”

YV e > 0, we have

Pirel) = 1 lm < ket |fna) — f(2)] 2 )

T

> € Ly () - f(0)] 2 e}

r

T {m e L 2 [fm(z) = f(2)] > £}

(0%

= msr,e (x)

uniformly in x. This proves the sufficiency. For the converse, consider the lacu-

nary sequence and the subsequence
0 ={k.} = {r*},
r(j) =7 (G >2).
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Then liminf, ¢. = 1, proceeding as in the proof of Lemma 2 of [27] (or as in [25];

p. 510) and take

1, ifi € I,(; for some j = 3,4, ...
filz) = , € X

0, otherwise

then we have
fn— 0 (stat).

But since

1 1, if r = j7 for some j = 3,4, ...
h_ |{TL S I’!‘ : |fn| > 5}| =
" 0, otherwise

fr — f (f—stat) does not hold. m

Secondly we consider the following lemma which gives conditions, under which

lacunary equistatistical convergence implies equistatistical convergence.

Lemma 3.1.8 (see [2]) Let 0 be a lacunary sequence. Lacunary equistatistical

convergence implies equistatistical convergence if and only if

limsup ¢, < o0.

Proof. Assume limsup, ¢, < oo and f, — f (6—stat), then 3 M > 0 such that
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qr < M, Vr. Given € > 0, by the assumtion we have
lim ||s,.(.)]| = 0.

=00

That is 3 an integer ry > 0 such that
Sre(x) <e,

for all » > rg, uniformly in z. Let n be an arbitrary positive integer, then 3r > 0

such that n € I,. We can write that

puc(e) = = [m < o) = (@) 2 2}

< < ks |fnle) = (@) 2 )

r—1
1 T0 T
B kr_y {21 isic(@) & ~Z+1 hzsze@)}
i= =T

T, 1 <
pn,e(I> S k?r_l + o ‘Z—H hisz 5(%’),
i=rQ

where T':= Max {hy, hs, ..., hy, } . Hence

T?”O 8([@,« — kro)
<
pms(@ o k'rfl N krfl
< Iy
k'rfl
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which proves the sufficiency. For the converse, consider the lacunary sequence

0=1{k}={r""}.

Then
limg, = oo
and
. h,
lim = 0.
r r—1

Define function sequence in the following way:

1, if k1 <i<2k._q, forsomer=1,2,...
filz) =
0, otherwise,
Then
1 1
Sre(x) = . H{m e 1. : |fm| > e} < h—k:r_l.

reX.

Hence we have f, — f (f—stat). But f, — f (stat) does not hold since

fim | {m < ¢ [fn(a) — f(a)] 2 €}

does not exists. m
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As a consequence of Lemma 3.1.7 and Lemma 3.1.8 we can state the following

theorem.

Theorem 3.1.9 (see [2]) For any lacunary sequence 0, f. — f (0—stat) and

fo = [ (stat) implies each other <

1 < liminf < limsup ¢, < oo.
T

r

3.2 Korovkin Type Theorem for Lacunary Equistatistical

Convergence

In this section we prove a KTAT via lacunary equistatistical convergence.

Theorem 3.2.1 (see [2]) Let X C R be compact subset, and let {L,} be a se-

quence of linear positive operators acting from C(X) into C(X). Also let 0 be a

lacunary sequence. If

L. (e;, ) — e;(z) (0 — stat) on X where e;(x) = 2*, i =0,1,2,

then Vf € C(X) we have

L.(f,z) — f (0 — stat).

Proof. Let f be a continuous function on X and let x be a fix point of X. For
every ¢ > 0 39 such that |f(y) — f(z)| < e, Vy € X with |y — x| < 0. Now define
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Ks={yeR:|y—x| <d} and let X5 = X N K;. Then we have,

1f(y) = f(@)] < |f(y) = @) xx () +1f () = f)] xxxs () < e+2Mxxx;(y),

where M = || f||o(x, - After some easy calculations we have

1
Xx\x;s(y) < ﬁ(y —x).

Now for all y € X we may write that

7() ~ F@)] S e+ 2y — a)”

Since {L,} is linear and positive, we have

Lo (f, ) = F(0)] < Lo([f(y) = f(@)eol; 2) + [ ()] | Lr(fo; 2) — eo(2)]

< eL.(ep;x) + 25—]\2/[ {L, ((y - z)? ;x) b+ M |L(eo; z) — eo(x)]

2M |le2 ()]
<e+ (s + M+ 252 DN |L, (eg; ) — eola)]

AM ||ey (x)
+ 52

loe) {|L,(ex; ) — 1 ()|}

< 5+BZ\LT(ei;x) —e;(x)], (3.2.1)

where B =¢+ M + % <||€2(95)”0(X) + [lex (x)HC(X) + 1) :
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Now given s > 0, choose 0 < € < s and define the following sets:

Dy(z) ={m e N: |Ln(f;2) — f(2)| = s}

Di(z) = {m € N: |Ly(e;z) —e(x)| > 33_36} , 1=0,1,2.

Using (3.2.1) we have

z) C UDg(x). (3.2.2)

Now define the following real valued functions

sral) = 5 |(m € L5 Lu(fi2) = f(@)] 2 s}

and

{m €1, |Llesx) — ei(z)] > 53;;}‘ L i=0,1,2.

Since the operators are monotonic, together with (3.2.2), we have

2
Sps(x) < 23378(96), for all z € X.

i=0
Hence we get

2

IseeOllery < 3 lstsOlly (3.2.3)



Taking limit in (3.2.3) as 7 — oo and combining the hypothesis of the theorem

we get

liy{n ”37",8(')Hc(x) =0,

which complites the proof. m
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Chapter 4

A»EQUISTATISTICAL CONVERGENCE

4.1 M-Equistatistical Convergence

Mursaleen [36] initiated the concept of A—convergence for sequences. He also
proved that under some conditions statistical convergence implies A—statistical
convergence. In this chapter firstly, conditions under which A-statistical conver-
gence implies statistical convergence are given. Secondly we introduce pointwise
and uniform convergences in A—statistical sense (see [3]). Also we introduce the
concept of A\-equistatistical convergence and showed that it lies between point-
wise and uniform convergences in the same sense. Moreover we constracted some
examples to support the idea that in general A-equistatistical convergence is dif-

ferent from A—pointwise and A—uniform convergences.

Example 4.1.1 (see [3]) A\, = In(re) is in w. Indeed \y = 1, A\, > 0, \, = 00 as

r — 00 and

Apr=In((r+1e)=In(r+1)+1<In(re) +1 =\ + 1.

we conclude that A\, = In(re) € w.

Lemma 4.1.2 Given A = (\,) € w then for each r, A, <.
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Proof. We will use the matematical induction. For r = 1, it is obvious that

A < 1.

Let the inequality be true for r = k, that is

A < k. (4.1.1)
Then we need to show that
A1 < k+ 1
Since A\ € w we have
M1 < A+ 1. (4.1.2)

Combining (4.1.1) with (4.1.2) we can write that

Hence we get the result. m

Definition 4.1.3 (see [3]) Given A = (\,) € w, S C N and k € N. The ratio

_ M0 S

A
2() = =5

is called the r — th partial, \—density of S where M, = [r — X\, + 1,7].
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Some simple properties of d} are given in the following lemma.

Lemma 4.1.4 (see [3]) For each A\ = (\,) € w and r € N, d satisfies,
i) d)(0) = 0.
i) dy(N) =

iii) A, BCN, ANB=0= d)AUB) =d)A)+ d\B).

In the following lemma we give the conditions under which A—convergence implies

s—convergence.

Lemma 4.1.5 (see [3]) Assume that X = (\,;) € w and that the sequence (r—X\,)

15 bounded, then A\—convergence implies s—convergence.

Proof. By Lemma (4.1.2) we have

1
< — for each 7.

M

i

Given ¢ > 0, there exists K > 0, such that, » — A, < K, for all r. Therefore

1 1
;\{kérrka—Ll}ZélﬁA—l{kST:|xk—L|}26|

T

1
A—|{/€<7‘—A + 1 fog = L} > ¢f

—_

K+1

for each r. Taking limit as » — oo, completes the proof. m
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Example 4.1.6 (see [3]) Consider the sequence

then \—convergence implies s—convergence.

Theorem 4.1.7 (see [3]) Let A = (\,) € w with

lim inf Ar > 0 and (r — \,) is bounded

r—oo T

then s—convergence and A\— convergence implies each other.

Proof. Combining Lemma 4.1.5 with Theorem 2.5.6 completes the proof. =

Let A = (\,) € w and let (f,) be a sequence of real valued functions then we can

give the following definitions;

Definition 4.1.8 (see [3]) (f.) is called A—pointwise convergent to f on X and

denoted by

fr— f (A — stat)

if Ve > 0, and for each x € X

Tim @ ({m : [ fn() = f(2)] > €})
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Definition 4.1.9 (see [3]) (f,) is called A—uniform convergent to f on X and

denoted by
fr=f (A= stat)
if Ve >0,

tim @} ({m o) = @) 2 2}) =0.

Definition 4.1.10 (see [3]) (f.) is called \-equistatistically convergent to f on

X and denoted by
fr—f (A—stat)
if Ve > 0,
ure() = dy ({m = | fu(2) = f(2)] = €})
converges uniformly to 0 on X, i.e.

T () = 0.

Remark 4.1.11 In the case \, = r, A—pointwise, A—uniform and A\— equistatistical
convergence reduce to s—pointwise, s—uniform and equistatistical convergence,

respectively.
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As a consequence of above definitions we can state the following lemma which
proves that, A—equistatistical convergence lies between A—pointwise and A—uniform

convergences.

Lemma 4.1.12 (see [3]) Let A = (\,) € w. Then we have

fr = f (A —stat) = f, = f (A — stat),

fr = f (\—stat) = f. — f (A — stat).

In general the inverse implications does not hold. The following two exam-
ples show that 3 (f.) such that, f,. is A—equistatistical convergence but not

A—statistically uniform convergent.

Example 4.1.13 (see [3]) Let (\,) be as in the Example 4.1.1 . Define f(x) =0,

r € [0,1] and f, : [0,1] = R, fr:X(#ﬁ,—l)' Let e > 0, and x € [0,1]. Then

we have

which means that f. — f (A—=stat) but since sup,¢o ) [fr(z) — f(2)| =1, fr = f

(A—stat) does not hold.
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Example 4.1.14 (see [3]) Let A = (\;) € w and f.(x) be as in the Example

3.1.5. Then for every e > 0

ure(2) == dy ({m 2 | fru(2) — f(2)] = €})

<

[{m € M, : | fm(2)] = €}

IA

1
A
1
)\——>Oasr—>oo

uniformly in x. This implies that f, — 0 (A—stat). But f, = f (A—stat) does

not hold since

sup |fr(x)| =1, for allr.
z€[0,1]

Theorem 4.1.15 (see [3]) Consider the real valued functions f., f on X and
let zq be a fized point in X. If f. — f (A—stat) and f,. is continuous at g, then

f 1s continuous at xg.

Proof. Let € > 0 be given, Vx € X define
D.(z) ={m e N: |fn(z) — f(z)] = }.
Since f, — f (A—stat), Ik € N, with
}‘ < L Ve e X
9’ ’

BD; (@) =+ |{m € My 1fulw) — ()] 2

3
Ak 3
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Now define

Re(x) = {m: [fm(x) = f(z)| <e}, v € X

As a consequence of Lemma 4.1.4 (i7) and (ii7),

dp(Re(x)) >

N —

Since f; is continuous at xo 30 > 0 with
|fi(x) — fi(zo)] < %,W € My, and = € B(x,9).

Fix © € B(z¢,6). Combining dj(R:(x)) > 5 and dp(R:(z)) > 3 with Lemma

€ €
3 2 3

4.1.4, R% ()N R% (x0) # 0.

Now let an arbitrary element p in R (x) N Rs(x9), then we have

[f(z) = flzo)| < e,

which completes the proof. m

Example 4.1.16 (see [3]) Let (\,) be as in the Example 4.1.1 and f,(x) = z”,

x € 10,1], r € N. Then obviously f, is A—statistical pointwise convergent to the
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function

Since f is not continuous at 1, f. — f (A—stat) does not hold from the previous

theorem.

Implication relationships between A equi-statistical and equistatistical conver-

gence will be given in next theorem and remark.

Theorem 4.1.17 (see [3]) f, — [ (stat) implies f,. — [ (A—stat) <=

lim inf Ar > 0. (4.1.3)

=00 T

Proof. Given € > 0. Since M, C [1,7], we can write that

{m <r:|fm(z) = f(z)| Z e} D{m e M, : [fm(x) - f(x)] = €}

Using the above inclusion we get

i m < Unle) — F@)] 2 ) 2 L € M- |fule) — f(@)] 2 <)

> %/\% [{m € M, : |fm(z) — f(z)| > e}
> 250 (s V) = S2)] 2 2)).



Considering 4.1.3 and taking the limit when n tends to infinity the implication

follows.

To show the converse, assume that liminf, ., 2= = 0. Then Ja subsequence n(r)

with

Using the choosen subsequence we can define the following function sequence

1, if i € My, for some r =1,2,3, ...
filz) = reX

0, otherwise

then we have f, — f (stat). But since

1 1, if k € My, for some r
N {m € My : |fin(2)] = e} =
0, otherwise,

fr = f (A—stat) does not hold. m

Remark 4.1.18 (see [3]) If (r — \,) is bounded then

fr = f (A= stat) = f. — [ (stat).

4.2 Korovkin Type Theorem for \-Equistatistical Convergence

Now our aim is to prove a KTAT for A-equistatistical convergence.
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Theorem 4.2.1 (see [3]) Let X C R be compact and C(X) be the space of all
continuous real valued functions from X to X. Also let X € w. Suppose that {L,}

is a sequence of positive linear operators defined on C(X). If
L.(e;;x) — e;(x) (A-stat), i =0,1,2
where e;(x) = 2'. Then V f € C(X),

L.(f;x2) — f (A — stat).

Proof. Let f be a continuous function on X and let x € X be fixed,Ve > 0
30 > 0 such that |f(y) — f(z)| < e, Yy € X with |y — x| < §. Now define

Ks={yeR:|y—z| <0} and let X5 = X N Ks. Then,
1f(y) = F@) < [f(y) = @) xx @) + 1 (1) = @) xxxs (1) < e4+2M o, (1),
where M = || f||o(x) - After some easy calculations we have

1
xx\x;(y) < ﬁ(y —z).

Now for all y € X we may write that

7() ~ F@)] < e+ 2y~ a)”
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Since {L,} is linear and positive, we have

Lo (f,2) = f(2)] < Lo(f(y) — f(2)eol s 2) + | f(2)[|Lr(fo; 2) — eo()]
< e+BZ |L,(e5; ) — es(x)], (4.2.1)
where B = ¢+ M + 2L (|lea]| + |le1 ()] + 1) .

Vs > 0, choose 0 < € < s and define

Dy(x) = {m e N: |Ln(f;x) = f(z)| = s}

Di(z) = {m e N:|Ly(e;z) —ei(x)| > 33—B€} ,1=0,1,2.

Using (4.2.1) we can have

Dy(z) C UD;(x). (4.2.2)

Now define the following real valued functions

na(e) = - [m € My 5 |Ln(f53) = f(a)| 2 )]

and

1
u, (z) = X ,1=0,1,2.

3B

{meﬂﬂtwm@ﬂﬁ—@@st_g}
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Since the operators are monotonic, together with (4.2.2) we have

Hence we get

2

[[ttr,s() ||0(X Z TS('>HC(X)'

(4.2.3)

Taking limit in 4.2.3 as r — oo and combining the hypothesis of the theorem we

get

liin ||UT7S(-)||C(X) =0.
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Chapter 5

A-EQUISTATISTICAL CONVERGENCE

5.1 A-Equistatistical Convergence

In this chapter our aim is to extend the idea of equistatistical convergence to
A-equistatistical convergence by using an arbitrary NNRM A (see [1]). We will
also discuss the relations between A-statistical pointwise, A-statistical uniform

and A-equistatistical convergence.

Definition 5.1.1 (see [1]) Let K C N and A be a NNRM, then

521([() = ZakaK(k>

is called the mth partial A-density of K. When m tends to infinity and the limit

exists this definition coincises with the Definition 2.6.1.

Definition 5.1.2 (see [1]) Let A = (ami) be @ NNRM. Then (f,) is called A-

statistically pointwise convergent to f on X and denoted by

fn — f (A - Stat}
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if Ye >0 andVr € X,
oa({n € N:[fu(z) — f(z)| = €}) = 0.

Definition 5.1.3 (see [1]) Let A = (ami) be a NNRM. (f,,) is called A-statistically

uniform convergent to f on X and denoted by
fn=2 f (A— stat)
ifVe>0,

5 ({n € N 1ful@) = F@llogy = 2}) = 0.

Definition 5.1.4 (see [1]) Let A = (ami) be a NNRM. Then (f,) is called A-

equistatistically convergent to f on X if Ve >0,
hme(r) = 04 ({n e N:|fo(x) = f(x)| 2 €}), ze€X
converges uniformly to the function zero on X, i.e,

nll_{noo Hhm,s<-)||o(x) = 0.

The A-equistatistical convergence of f,, to f will be denoted by f, — f (A—stat).

Remark 5.1.5 Tuking A = A, as in Remark 2.5.5, A—equistatistical conver-
gence includes \— equistatistical convergence . Also if we take A = Ag which is de-
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fined in Definition 2.4.2 lacunary equistatistical convergence is obtained as a spe-
cial case of A—equistatistical convergence. Moreover taking A = C, A—equistatistical

convergence reduces to equistatistical convergence.

Lemma 5.1.6 (see [1/)Let X C R and f,, f : X = R, for all n € N, then we

have

i) fo— f (A= stat) = f, — f (A — stat)

it) fo =2 f (A—stat) = f, — [ (A — stat).

In general, reverse implications are not true. For instance see examples below.

Example 5.1.7 (see [1]) Let A = (ami) be the NNRM with the following condi-

tions;

Omp, < b, k=1,2,... and lim b,, = 0.

m— 00

Also let (f) be as in Example 3.1.5 .Then we have f, - 0 (A—stat) but f, = 0

(A—stat) fails to hold. To see that f, = 0 (A—stat) does not hold choose € = 1.

Then we have

||fn||C[0,1] = Ssup |fn($)| = 1; vn.
xz€[0,1]
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Hence

Sa{n €N: | fulley 2 1} = 3a {N} =1 #0.

Now we need to verify that f, - 0 (A—stat). Ve >0 and ¥V x € [0,1] it is easly

seen that
{neN:|fulz)| = e} < 1.
Thus for every e > 0 and x € [0, 1]
hme(x) =03 ({n € N: |fu(z)| = €}) < by
Hence
T i (2)] < i b = 0

Example 5.1.8 (see [1]) Let A = (a,) be the NNRM

% n<k<3n-1
A —

0 otherwise.

Also let f,, :[0,1] = R, defined by

falz) = X{L}
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Then for each € > 0 and for every x € [0,1],

1
om’

hme(x) = 04 ({n € N: |fulz)] 2 €}) <

Thus f, - 0 (A—stat). But it is obvious that f, = 0 (A—stat) does not hold.

Example 5.1.9 (see [1]) Consider Cy and f, : [0,1] — R, where f,(z) = x™.

Taking € = ;11, then Vn € N, dm > n such that for any x € (”\L/%, 1) ,
1
{1,2,...,m} C {n eN:|fu(z)| > Z_l}
it follows that
m m 1

1 =60 ({1,2,...,m}) <o, ({n eN:|fu(z)] > Z_l})
and hence f, is not equistatistically convergent to the zero function.
5.2 Korovkin Type Theorem for A-Equistatistical Convergence
KTAT is proved for A-equistatistical convergence in the following theorem.
Theorem 5.2.1 (see [1])Let X C R, be compact, and let {L,} be a sequence of
linear positive operators from C(X) into C(X) . If

L.(ei;2) — e;(z) (A — stat) on X where e;(z) = ', i =0,1,2,
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then for all f € C(X)

L.(f;x) = f (A — stat) on X.

Proof. Let f € C(X) and z € X be fixed, Ve > 0, 35 > 0 with | f(y) — f(z)| < e,
Vy € X satisfying |y — x| < 4 since f is continuous at z. For X5 = [x — §, 2 + §]N

X we can write that

Fly) — f@)] < s+zM%.

Yy € Y, where M := ||f||C(X) . By the positivity of L,,

Lo (f, ) = ()] < Lo([f(y) = F(x)eol; ) + [ ()] [ Lo (fo; ) = eo()]

< 5—|—BZ|LT(ei;x) —e;(x)], (5.2.1)

where B =¢ + M + %;—]\24 (le2l] + llex (z)[ +1) .

V s >0, take ¢ > 0 with € < s and define

O, (z) :={m e N: [Ln(f;2) — f(2)] = s}

A §s—¢
P! = 2| L cx) —e; >
w(z) {m eN:|[L(e;x) —e(x)| > 35

} (i=0,1,2)

Using (5.2.1) we have

d,(z) C Ucpg(x). (5.2.2)



Also define the following real valued functions:

hs(x) = 04 ({m € N = | L (f, 2) = f(2)] = s})

and

thote) =3 ({m € N: Ln(enn) — ol = S5 )

i =0,1,2. Then by the monotonicity and (5.2.2) we have

and

2
(- HC(X) ZHh?i”,S(')”C(X)' (5.2.3)
i=0

Taking limit in (5.2.3) and using the hypothesis of the theorem we conclude that
li;n Hhr,8(~)||c(x) =0

whence the result. =

Remark 5.2.2 [f we take A = C} in the previous Therorem then we reduce to
the result of Karakus, Demirci and Duman (see [30]) which is given in Theorem
2.8.7. Also if we take A = Ay then it reduces to the result of Aktuglu and Gezer
(see [2]) which is given in Theorem 3.2.1. Moreover letting A = Ay then we obtain
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the results of Ozarslan, Aktuglu and Gezer (see [3]) which is given in Theorem

4.2.1.
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Chapter 6

B-EQUISTATISTICAL CONVERGENCE

6.1 B-Equistatistical Convergence

Up to here, we discuss some type of convergences and among them A—convergence
has an important role because it is the most general method and includes all other
methods. In fact all other methods considered in this thesis can be obtained
from A—convergence for different choice of A. In this view of point, it seems
A—convergence is large enough and can not be extended. But using [33] and
[37], it is shown that by using sequences of NNRM we can take one more step to
extend this type of convergences. By using this idea A—convergence is extended
to B— statistical convergence ( or B—convergence) by Mursaleen and Edely in
[37]. Let B = (B;) be a sequence of infinite matrices B; = (by,;(j)). A bounded

sequence x is said to be B-summable to L if

m—00

lim (Bjz),, = lim Z bms(j)xs = L, uniformly in j.
m—r0o0

The method B is called regular method (RM) if it preserves the limit of each
convergent sequence. Necessary and sufficient conditions for regular methods is
given as in the following theorem.

Theorem 6.1.1 (see [42] and [8] ) The method B = (B;) is reqular <
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i) Supy, ;2 |bms (5)] < 00
it) lim,, > bms(J) = 1, uniformly in j,

i4i) limy, by,s(7) = 0, Vs > 1, uniformly in j.

If bys(j) > 0,¥Ym, s and j then the method B is called non-negative (NN).

A subset S = {s1 < s <---} CN;is said to have B-density L if

o5(S) = hnrlnz bms(j) = L, uniformly in j.

seES

Definition 6.1.2 Let B be a NN and RM, then x is called B-statistical convergent

to L if Ve > 0,

p({s:|zs—L| >¢€})=0.

Obviously, s—convergence, A—convergence and B—convergence are all different
from each other (see for example [1] and [14]). But taking B; = A for each j
where A is a NNRM then B—convergence reduces to A—convergence. Similarly

taking B; = C) for each j, then B-convergence coincides with s—convergence.

Recently, the concept of B-convergence and their applications are studied in (see

[14] and [37]).

Let X CR, f, fo: X = Rand B=(B;) be NN and RM then;

Definition 6.1.3 (f,,) is said to be B-statistically pointwise convergent to f on
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X and denoted by f, — f (B—stat) if Ve > 0 and Vz € X,

os({n € N: |fu(z) — f(2)] = €}) = 0.

Definition 6.1.4 (f,) is said to be B-statistically uniform convergent to f on X

and denoted by f, = f (B—stat) if Ye >0,

o({n € N |Ifu(2) = f@)lope = e }) =0,

Definition 6.1.5 (f,,) is said to be B-equistatistically convergent to f on X and
denoted by f, — f (B—stat) if Ve > 0, the sequence of real valued functions

(\wms)meN where

W, o(2) =0 ({n€N:|fulz) - f(z)] > ¢}), v€ X
uniformly converges to the zero function on X for each j, i.e.

lim ||W7, .

lim ’ (.)HC(X) =0 for all j.

Remark 6.1.6 Note that taking B; = A for each j, where A is a NNRM, then the
above definitions reduce to A—statistical pointwise, A—statistical uniform and A-
equistatistical convergence (see [1]) respectively. If we take B; = Cy then the above
definitions reduce to statistical pointwise, statistical uniform and equ-istatistical
convergence (see [7]) respectively. Also if we take B; = Ay for each j, then the
above definitions reduce to lacunary statistical pointwise, lacunary statistical uni-
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form and lacunary equ-statistical convergence (see [2]) respectively. Moreover if
we take B; = Ay for each j, then the above definitions reduce to A\—statistical
pointwise, A\—statistical uniform and M\—equistatistical convergence (see [3]) re-

spectively.

Lemma 6.1.7 i) f, = f (B—stat) = f, - f (B—stat),

it) fn — f (B—stat) = f, — f (B—stat).

The following examples shows that, in general the inverse implications does not

hold, for instance see the following examples.

Example 6.1.8 Consider the NN and RM such that

1 . .
T mj < s<2mj

B = (B;j) = bms(j) =
0, otherwise

and let f, : [0,1] — R, defined as

—4" (@ — (@ — ), @ € [5r, 5]

fn(x) =

0, otherwise.

Then f, — 0 (B—stat) but f, = 0 (B—stat) does not hold. In fact, ¥V ¢ > 0 and

Vo € [0,1], the set [{n e N: |fu(x)] > e} < 1. Thus Ve >0 and z € [0,1]

U, (2) =05 ({neN:|fu(x)| 2e}) < —,V .
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When m tends to infinity on both sides we conclude that

lim |97, (@) ooy = 0. V5

m—r0o0

Hence fn — 0 (B—stat). But ||fullcpy = SuPeep |fa(®)| = 1 Vn, and choose

e=1,

o {n € N [ fullegoy = 1} = s {N} = 1.

Therefore f, =% 0 (B—stat) does not hold.

Example 6.1.9 Consider f, : [0,1] — R, Vn, defined by

fo(x) = 2"
and the function by
0, 0<z <1
flz) =
1, r=1

L 1<s<m

m’

bms(j): 921727
0, otherwise

Then f, — f (B—stat). But f, — f (B—stat) does not hold. To see that take
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€= %, then Vn € N, dm > n such that x € (”\L/g, 1> , tmplies that

(.2mpc {neN: 1)1 5

which gives that for each j

)

DO | —

1= ({1,2,....,m}) < g, <{n eN:|fu(z)] >
This proves that f, — f (B—stat) does not hold.

6.2 Korovkin Type Theorem for B-Equistatistical Convergence

Dirik and Demirci (see [14]) introduce the concept of KTAT in the sense of B—convergence.
They also show that KTAT given in B—statistical sense and statistical sense are
different from each other. Our aim is to give KTAT in the sense of B—equistatistical

convergermnce.

Theorem 6.2.1 Let B = (B;) be a NN and RM, and let X be a compact subset

of R. Suppose that {L,} is a sequence of positive linear operators define on C(X).

If
L.(e;;w) — e;(z) (B — stat) on X where e;(x) = 2', i =0,1,2,
then Vf € C(X)

L.(f;z) — f (B — stat) on X.
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Proof. Let f € C(X) and z € X be fixed, Ve > 0, 30 > 0 such that
|f(y) — f(z)] < e, Vy € X satistying |y — x| < d. For X5 = [z -,z 4+ NX

we can write that

(y — x)?
5z

[f(y) — f(x)] < e+2M

Vy € Y, where M := |[f{|¢x) - Since L, is positive and linear

Lo (f,2) = F(0)] < Lo([f(y) = F(x)eol; ) + [ ()] [ Lo (fo; ) = eo()]

2
< 5+BZ|LT(ei;x) —e;(2)] (6.2.1)
=0
where B = ¢+ M + 4F (|22 + [|=]| + 1) .

On the other hand, Vs > 0, take ¢ > 0 with € < s and define,

O, (z) :={m e N: [Ln(f;2) — f(2)] = s}

S — &

Pl (x) := {m eN:|Ly(e;x) —ei(x)| > 35 } (1=0,1,2)

Using (6.2.1) we have

d,(z) C Ucpg(x). (6.2.2)

Also for each 7, define the following real valued functions

U (x) = 0, ({m € Nt |[Lu(f,2) = f(2)] = s})
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and

¥le) = 3, ({m € N o) i) = 571

i =0,1,2. Then by the monotonicity of the operatos §j5, and (6.2.2) we have
2 .
\Pg‘,s(l‘) < Z\Pi,s,i(l‘)a j = 172a T Vr € X7
i=0
which implies the inequality

2
H\II?J",5(>HC(X) S Z H‘Ijg“,s,z(>HC()Q ) j = 17 27 o (623)
=0

Taking limit in (6.2.3) as 7 — oo and using the hypothesis of the theorem we

conclude that

:Ov ]:1727 .

tim |97, ()|,

whence the result. =

Remark 6.2.2 If B = (B;) = A for each j then we reduce to the Theorem 5.2.1.
If B = (B;) = Cy for each j then we set Theorem 2.8.7. Also if B = (B;) = Ay
for each j then we obtain Theorem 3.2.1. Finally if B = (B;) = A\ for each j

then we get Theorem 4.2.1.
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Chapter 7

af-EQUISTATISTICAL CONVERGENCE

In this Chapter we consider af-statistical and af-equistatistical convergences
which were initiated by Aktuglu in [5]. A careful observation shows that most
of the convergence methods considered so far have some common points. First
of all each methods is based on a set function called density. Secondly, for each
method there is a sequence of intervals that are effecting convergence of the
sequences, for example s—convergence uses intervals [1,n|. Moreover, end points
of this intervals can be considered as a sequence of positive integers such as a(n)
and B(n) with G(n) — a(n) — oo as n — oo. An other observation was that,
each density function has deneminator which is the lenght of the interval used
for this method. By considering these common points we decided to define a
convergence method which depends on intervals [a(n), f(n)]. In this chapter,
by combining all these observations and we introduce a new type convergence
which is called af-statistical convergence (or af-convergence ). Using parallel
idea for the existing methods also we introduce af-equistatistical convergence for
sequence of functions. We show that af3-convergence is a non-trivial extension of

ordinary and statistical convergences.
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We also show that, for special choices of a(n) and (n), a-convergence reduces
to some well known methods such as s—convergence etc. Moreover we prove two
different KTAT’s via aS-convergence and af3-equistatistical convergence. Finally,
we compare our results with other KTAT which are already given by different

authors.

Let a(n) and f(n) be two sequences of positive numbers satisfying following

conditions;

P, : a and g are both non-decreasing.
Py : B(n) > a(n).

Ps:B(n) —a(n) — coasn — oo

and let A denotes the set of pairs («, 3) satisfying P;, P, and P.
7.1 «ap-Statistical Convergence
Definition 7.1.1 (see [5/)For K C N, 0 < v <1 and each pair (o, 5) € A, we

define §%P(K,~) in the following way,

o, . }K N PT(LX”B|
0%(K, ) = lim, (B(n) — a(n) + 1)

where |S| represents the cardinality of S and PP is the closed interval [a(n), B(n)].

After the above definition we can state the following lemma.

Lemma 7.1.2 (see [5]) Let K and M be two subsets of N and 0 < v < <1
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then for all (c, B) we have

i) 6%P(0,~) = 0.

ii) 0% (N, 1) = 1.

iii) If K is finite then 6P (K,~) = 0.

i) If K C M = §“P(K,~) < 0% (M,~).

v) 64P(K,6) < 6*P(K, 7).
Now we are ready to give the following definition.

Definition 7.1.3 (see [5]) x is said to be aS—statistically convergent of order

to L and denoted by x,, — L (af"—stat), if Ve > 0,

o,B e — I3 = lim ‘{kEPg’B’xk_Lyzg}}:
0P ({k : [or, — L| > €} ,7) nl_mo (B(n) —a(n) + 1)

When v = 1, we say that = is af—statistical convergent to L and denoted by

x, — L (af—stat).

Remark 7.1.4 (see [5]) If0 <y <6 <1 and

x, — L (a7 — stat)

then

T, — L (af — stat).
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As a direct consequence of Lemma 7.1.2 (¢ii) we have the following lemma.

Lemma 7.1.5 (see [5])Assume that v — L (ordinary sense) and («, ) € A then

x, — L (af—stat).

The following example shows that Definition 7.1.3 is a non-trivial generalisation

of both ordinary and s—convergence.

Example 7.1.6 (see [5])Let 0 < v < 1 be fizred. Taking a(n) =1 and 5(n) = n%,

then

§P({k : |z — L| > £} ,7) = lim er [Mﬂ il 25}’.

n—00 n

Especially for v = %, we have

21 . _ >
8P ({k : |z — L] > 5},%) — lim {k e [l,n]: |op — L[ > 5}|

n— 00 n

Now consider the sequence

1: n==k? for somek

0: otherwise.

It is obvious that x, — 0 (stat) but since

o HEE[L Yl 2 el

n— 00 n

1
6" ({k : |oal 2 e}, 5) = 1,

foralle >0, z, —> 0 (aﬂé—stat) does not hold.
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7.2 «af-Equistatistical Convergence
The main aim of this section is to introduce af—equistatistical convergence of or-
der v which lies between af—pointwise convergence of order v and a5 —statistical

uniform convergence of order ~.

Definition 7.2.1 (see [5]) A function sequence f, is said to be af—statistically
pointwise convergent to f on X of order vy and denoted by fr — f (af7—stat) if

for every € > 0, and for each x € X

0 ({k + | ful(z) — f(x)| = €} ,7)

o HEe R if) — f@l z ]
s (B —a(w) + 1) |

For v =1, f, is said to be af—statistically pointwise convergent to f on X and

denoted by fr — f (af—stat).

Definition 7.2.2 (see [5]) A function sequence f,. is said to be af—uniform
convergent to f on X of order v and denoted by fr = f (af?—stat) if for every

e >0,

(Sa’ﬁ({k () = F(@) o = ‘5} )

o ke P (@) = F@)llo) = 2}
e (B(n) —a(n) +1)7
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For v = 1, f, is said to be af—statistically uniform convergent to f on X and

denoted by fr = f (aB—stat).

Definition 7.2.3 (see [5]) A function sequence f, is said to be af—equistatistically
convergent to f on X of order vy and denoted by fi, — f (aB7Y—stat) if for every

e > 0, the sequence of real valued functions (g) ), defined by

(@) = [{m € P2 |fu(2) — f(2)| > £}
(B(r) — a(r) + 1)

uniformly converges to the zero function on X, i.e.

lim ||g7 . 0.

r—00

(’)HC’(X) -

For v =1, f, is said to be af—equistatistically convergent to f on X and denoted

by fr = f (af—stat).
As a direct consequence of the definitions we have the following lemma.
Lemma 7.2.4 (see [5]) For 0 < v <1 and each pair (o, ) € A we have

fr = f(ap? — stat) = fr, — f(af? — stat) = fr — f(af” — stat).

The following examples shows that the converse implications does not hold in

general.
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Example 7.2.5 (see [5]) Let (a, ) € A and 0 < v < 1 and consider the sequence

of continuous functions which is defined in Example 3.1.5. Then for every e > 0,

0<y <1,

) (o) = L € PP eI ful) = f@)] 2 €
e (B(r) = alr) +1)7

7—>Oasr—>oo,

NCGEGER)

uniformly in x which gives that fr — 0 (af8Y—stat). But fi, = 0 (af?—stat) does

not hold since sup,¢o 1) | fr(z)| =1 for all r.

Example 7.2.6 (see [5]) Consider the functions f, : [0,1] — R, r € R, with

fr(@)=2", alr)=2"1+1 and B(r) = 2". Also let

Then it is obvious that f. — f (afY—stat) for any 0 < v < 1, but fr — f
(af7—stat) does not hold for any 0 < v < 1. Indeed take € = 1 then for all

No € N, there exists v > Ny such that for all m € P*? := [27=1 +1,2"] and

e (94
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in other words for all x ( 27\"/27 1) and 0 < v <1,

_ [{me B2 e = 5}

.
gr, %<.T> o (27’—1)7
_ 2r—1 _ 1
T ey
Hence
; y
Tim {|g? .0l ¢, = O

7.3 Korovkin Type Theorem for af-Equistatistical Convergence and

af - Statistical Convergence

In this section our aim is to give a KTAT theorem for af—convergence and
af—equistatistical convergence. We will also explain for the different choises of
a(n), f(n) and v, af—convergence and aff—equistatistical convergence are non
trivial extensions of s—convergence, s—convergence of order v, A—convergence,

A—convergence of order v and #—convergence.

Theorem 7.3.1 (see [5]) Let (o, 3) € A, 0 <y <1 and let L, : C(X) — C(X)

be a sequence of positive linear operators satisfying

L.(e;,z) — e;(x) (af” — stat), i =0,1,2

where e;(x) = z*, then for all f € C(X),

L.(f,z) —» [ (ap7 — stat).
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Proof. Let f € C(X) and € X be fixed. We can write that for every ¢ > 0,
there exists a number § > 0 such that |f(y) — f(x)| < ¢ for all y € X satisfying
ly — x| < § since f is continuous at z. For X5 = [v — d, 2 + d] N X we can write

that

|f(y) — f(@)] = |f(y) = f(@) xx5000 + [F W) = F(@)] Xx\X500)-

Then we have

(y— =)’

[f(y) = f(@)] < e+ 2M

For all y € Y, where M := || f||o(x) - Using the fact that L, is positive and linear

we have

Lo (f, @) = f(@)] < Lo([f(y) = f(@)eol s 2) + [ f(2)] [ L (fo; ) — eo()]
<eL.(ep;x) + 25—]\2/[ {L, ((y- z)? ;x) } + M |L,(eo; z) — eo()]

<e+BY |Li(esx) — ei)] (7.3.1)

=0

where B =¢+ M + % (Hez(ﬂU)Hc(X) + [les (x)HC(X) ™ 1) :

For a given s > 0, choose € > 0 such that ¢ < s and define the following sets:

Ky(z) = {r e N: [L.(f;x) = f(x)| = s}

K'(z):= {r e N:|L(e;;2) —ei(x)] > sg—Bs} (1=0,1,2)
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Using (7.3.1) we have

K,(z) C Uzc;‘@:). (7.3.2)

Also define the following real valued functions

T (x) = 1 a,B . ) — fx 5
Uns(0) = ey oy € PR Le(fn) = f@)] 2 5}

and

. 1 s—¢€
Tt () = kEPa’ﬁerei,x —ei(x)] >
) = e e P ) - o) 2 S E
i =0,1,2. Then by the monotonicity and (7.3.2) we have
2
gz%s(:v) < Zggjs(a:), for all x € X,
i=0
which implies the inequality
2
l93sOllogy < 21955 Ol (7:3:3)
i=0

Taking limit in (7.3.3) as m — oo and using the hpothesis of the theorem we

conclude that

lim ||97n,s('>Hc(X) =0
which completes the proof. m
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Taking v = 1 in the previous theorem, we have the following corollary.

Corollary 7.3.2 (see [5])Let (a, ) € A and let L, : C(X) — C(X) be a se-

quence of positive linear operators satisfying

L.(e;,x) — e;(x) (af — stat),i=0,1,2

where e;(x) = 2*, then for all f € C(X),

L.(f,z) » f («af — stat).

Corollary 7.3.3 (see [5]) Let (a,5) € A and let L, : C(X) — C(X) be a

sequence of positive linear operators satisfying

L.(e;,x) = e;(x) (af” — stat),i=0,1,2

where e;(z) = 2*, then for all f € C(X),

L.(f,x) > f (af — stat).

Proof. Using Theorem 7.3.1 and the fact that L.(e;,z) — e;(z) (af7Y—stat)

implies L,(e;, x) — e;(x) (af—stat), completes the proof. m

Theorem 7.3.4 (see [5]) Let (a, ) € A, 0 <~y <1 andlet L, : C(X) — C(X)
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be a sequence of positive linear operators satisfying

L.(e;,z) = e;(x) (af” — stat) i =0,1,2

where e;(x) = 2*, then for dall f € C(X),

L.(f,x) = f (af” — stat).

Proof. Let f € C(X) and x € X be fixed. We can write that for every ¢ > 0,
there exists a number § > 0 such that |f(y) — f(x)| < ¢ for all y € X satisfying
ly — x| < § since f is continuous at z. For X5 = [v — §, 2 + d] N X we can write

that

|f(y) = f(@)] = |f(y) = f(@) Xxs500) + [F W) = F(@)] Xx\X500)-

Then we have

(y— =)’
52

[fy) = fl@)] <e+2M

For all y € Y, where M := [[f||o(x) - Using the fact that L, is positive and linear

we have

Lo (f; ) = F(@)| < Lo([f(y) = f(@)eol; ) + [ (@) [Lr(fo; ) — eo(2)]

<c+BY |Li(esx) — ei()] (7.3.4)

=0
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where B =¢+ M + 4/ <”x2”C(X) +lzllewx + 1) . By taking supremum over X

we have

1L, (f:2) = FON < e+ BY |ILo(es ) = e()]] -

i=0
Vs > 0, choose € > 0 such that ¢ < s and define the following sets:

Ky(x) = {r e N:[|[L,(f;2) = f(2)] = s}

Ki(z) = {r EN: | Lo(es.) — e = } (i=0,1,2) (7.3.5)

Using (7.3.5) we have

2

K,(z) ¢ | JK:()

1=0

which completes the proof. m

Taking v = 1 in the previous theorem, we have the following corollary.

Corollary 7.3.5 (see [5])Let (o, ) € A, 0 <~y <1 andlet L, : C(X) = C(X)

be a sequence of positive linear operators satisfying

L.(e;,x) = e(x) (aff — stat) i =0,1,2
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where e;(x) = 2*, then for all f € C(X),

L.(f,z) = f (af — stat).

In the following remarks we will explain that the results obtained in this chapter
are new results. Also they are non-trivial extensions of results which are done by

different authors in the past.

Remark 7.3.6 (see [5]) Taking a(n) =1 and 3(n) = n, and v = 1, then P*F =

[1,n] and

57 ({k - g — L] > €} 1) = lim (=210 = L1 2 2}

n—00 n

This shows that the case of a(n) = 1, f(n) = n and v = 1, aff—convergence
reduces to s—convergence. Therefore if we take a(n) =1, f(n) =n and v =1
then Theorem 7.3.1 reduces to Theorem 2.1 of [30] and Theorem 7.5.4 reduces to

Theorem 1 of [28].

Remark 7.3.7 (see [5]) For a(n) = 1 and f(n) = n, and 0 < v < 1, then

Pf?ﬁ: [Ln]v

<n: — >
5 (ko — L] 2 <} ) = i E=R I ZH 2SN

n—00 n”y

which the definition coincides with the definition of s—convergence of order ~.
Therefore Theorem 7.3.1 reduces to a KTAT wvia equistatistical convergence of
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order~y and Theorem 7.3.4, reduces to a KTAT via statistical uniform convergence

of order 7.

Remark 7.3.8 (see [5]) Let A\, € w and choose a(n) =n— A\, + 1, f(n) =n

and v =1 then
PP =[n -\, +1,n].
Moreover

6P ({k : |lap, — L] > €}, 1)

o HEeln=d+ 1) o — L] > <}

n—00 An

which shows that af—convergence of order v reduces to A\—convergence for the
case of a(n) =n — X\, + 1, B(n) = n and v = 1. Therefore if we take a(n) =
n—M+1, B(n) =n and v = 1 then Theorem 7.5.1, reduces to Theorem 1 of

[41]. Similarly Theorem 7.3.4, will be a special case of Theorem 3.1 of [1].

Remark 7.3.9 (see [5]) Let A\, € w and choose a(n) =n— A\, + 1, B(n) =n

and 0 <y <1 then we have

0% ({k : oy, — L] > €} ,7)

— lim Hken—XA,+1,n]: |z — L| > e}

n—00 )

which shows that af—convergence of order v reduces to \—convergence of order

85



~. Therefore Theorem 7.3.1, reduces to a KTAT via A\— equistatistical convergence

of order v and Theorem 2, reduces to a KTAT via A\—convergence of order 7.

Remark 7.3.10 (see [5]) Take a(r) = k.—1 + 1, B(r) = k. and v = 1 then

PP = [k._y + 1, k.| where k, is a lacunary sequence. Since

(krfla kr] NN = [krfl + 1) kr] N N>

we have

0% ({k : lox — L] > €} ,7)
: — >
ok ke + 1k s oy — L] > €}

~ oo ht
_ iy F € (o1 K] ¢ o — L] 2 €}
r—00 A ’

We conclude that in the case o(r) = k._1+1, 5(r) = k, and v = 1, aff—convergence

of order «y reduces to 0—convergence. Therefore if we take a(r) = k._1 + 1,

B(r) = k. and v = 1 then Theorem 7.3.1, reduces to Theorem 3.1 of [2] and

Theorem 7.3.4, will be a special case of Theorem 3.1 of [1].

Remark 7.3.11 (see [5]) For a(r) = k,—1 + 1, (r) = ky, and 0 < v < 1 we
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have

047 ({k : |z, — L| > €}, 7)
: — >
o ke b+ Lk o — L] > <)

r—00 h:,?
MBI > )
r—00 A '

Therefore Theorem 7.3.1, reduces to a KTAT via 0— equistatistical convergence of
order v and Theorem 7.3.4, reduces to a KTAT via lacunary statistical uniform

convergence of order .
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