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ABSTRACT

Euler’s integral are two functions, called Beta and Gamma functions. They play
important role in mathematics and its applications. These functions are defined through
improper integrals and their properties depend on properties of improper integrals
depending on parameter. In this thesis, proper and improper integrals are reviewed,

Beta and Gamma functions are defined and their properties are presented.

Keywords: Euler integrals, Riemann integral, improper integral, Gamma function,

Beta function.



0z

Euler integrallar1 Beta ve Gamma fonksyonlaridir. Bunlar matematik ve onun
uygulamalarinda onemli rol alirlar. Bu fonksiyonlar belirsiz integrallar olarak
tanimlanirlar ve 6zelliklerini parametreye bagli belirsiz integrallarin 6zelliklernden
alirlar. Bu tezde belirli ve belirsiz integrallar incelenmidir, Beta ve Gamma

fonksiyonlar1 tanimlanmis ve 6zellikleri verilmelidir.

Anahtar Kelimeler: Euler integrallar, Riemann integrali, belirsiz integrallar, Gamma

fonksiyonu, Beta fonksiyonu.
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Chapter 1

INTRODUCTION

In year 1729 the Swiss mathematician Leon hard Euler (1707-1783) defined the Gamma
function. This definition appears in his correspondence. He was 22 years old when he
defined this function. Discovery of gamma function was in the intersection of two
great problems of the 17th century. The first one is interpolation and the second one
establishing integral calculus, mainly setting up formula of indefinite integration. To

monitor interpolation problem consider the sums

=1
Hh=1+2
I3=14+2+3

Th,h=14+2+3+4

Ts=1+2+344+5

It is know that the nth sum is calculated by formula

This formula is spectacular, because it interpolates non-integer number (say, n = %) of

numbers from an integer number (n = 1,2,3,---) of them. For example,



This type of questions are frequent in the studies of the 17th and 18th centuries. A

familiar power function is defined for integer values of argument by
f(n)=d"=a-a--a.

Newton extended f(x) to any real x by using

This explains a basic idea of interpolation problem: definition of quantities which may
have no real meaning by reasonably interpolating them by those which have a real

meaning.

In this regard the Gamma function is spectaculars. Its properties I'(1) = 1 and
['(x+ 1) = xI'(x) allows to get I'(n) = (n— 1)! if n is integer. Thus, the gamma func-
tion interpolates non integer factorials from integer factorials. Later, gamma function
laid down on interpolation of non integer order differentiation by integer order differ-
entiation.

Euler derived gamma function in the form
1
INo) = / (—logx)*Vdx, o> 0.
0

Later this definition was modified by Adrien Marie Legendre (1752-1833) to the fa-

miliar form



Moreover, Legendre called gamma function as the second Euler’s integral, regarding

the first Euler’s integral to be the beta function

Bl = [ -0

which is related to Gamma function as

In this thesis we review the Euler’s integrals.

The Euler’s integrals are improper Riemann integrals. Therefore, before starting

the Euler’s integrals, we review proper and improper Riemann integrals in this thesis.



Chapter 2

RIEMANN INTEGRAL

2.1 Proper Riemann Integral

2.1.1 Definition

Definition 2.1. Let f be a function defined and bounded on the closed interval [a, b],
let P : xp,x1,...,X, be a partition of the interval |a, b], such that a = xo<x;<---<x, = b

and take a point x} in each sub interval [x;,x;_1]. Form the following sum

S(p, f) = f(x0) (x1 —x0) + f(x7) (2 —x1) + o+ f (1) (X — Xi—1),

or

N

S(p.f) = Y F () (ki = xi1)-

1

~

Such a sum is called a Riemann sum for the function f over the interval [a, b].

Geometrically, it gives an approximation of the area under the curve y = f(x) be-

tween x = a and x = b. The Riemann integral of f over the interval [a,b] is the limit:

b
lim S(p.f) = / F()dr,

where A, = max{x; —xo,...,x, — x,—1 }. More precisely, Riemann integral is defined

as follows [3].



a=xp X1 2 i i1 % =h

Figure 2.1: Upper integral sum.

Definition 2.2. The function f(x) is said to be Riemann integrable over [a,b] if
a number m exists such that for each € > 0 there exists a number 8 > 0 such that
lm—S(p, f)| < € for any partition p of the interval [a, b], with a norm A, < & where A,
= max {Ax;,i = 1,2,...,n} [3]. The number m is called the Riemann integral of f(x)
over integral |a,b] and denoted by m = | : f(x)dx.

Note 2.3. The integration symbol [ was first used by Gottfried Wilhelm Leibniz (1646-
1716) to represent a sum.

Example 2.4. Find the Riemann integral of the function f(x) = x® + 2x over the inter-
val [1,4].

Solution: First of all we divide the interval [1,4] into n sub interval of length A =
4-1 _ 3

= = > and construct the partition p as follows:

3 3 3 3 3
prxo=l<x=l+-<xn=l+-+-< - <x=1+-++-=4
n n n n n



Then

3i 3(i—1 3
Axi:xi_xi—1:1+_l_(1 g )):—
n n n
Take
. 3 3 3i
xXxi=14+-4++-=14+—
n n n
_—
1—times
Now
L 3 3i. |3
Y flxi)axi =Y, {(1+—)3+2(1+_)]_
i=1 i=1 n n
3[& 9 272 278 6i
:—{Z(H— 5 +—3+2+—)}
n|l= n n n
3[” 9 Y R R 6”,]
= - I+=) i+—= ) i"+—=) "+ ) 2+—-) i
n ; ”z; n* 5 ”3; z; ”z;
3 9 1) 27 D(2n+1) 27n% 1)? 6 1
== n+_n(n+ )+_2n(n+ J@n+ )4__3@4_2”4__@ _
n n 2 n 6 n 4 n 2
Simplifying, we get
B 3+9+ 9 +27+27+27+27+27+27+3+3
o 2 2n 3 2n 6n 4 2n 4n n

A(n)

Hence, by taking limit as x — oo, we get

/14(x3 +2x)dx = lim 3 (A(n)) _ %.

X—3o00



2.1.2 Existence of Riemann Integral

The following theorem establishes a necessary and sufficient condition for existence
of Riemann integral.

Theorem 2.5. Let f(x) be a bounded function on a finite interval [a,b] and let p =
{x0,x1,...,x,} be any partition of [a,b], let m; and M; be the infimum and supremum
of f(x) on the subinterval [x;_1,x;] , for i = 1,2,...,n, respectively. The function f is

Riemann integrable on |a, b] if and only if for a given € > 0 there exist & > 0 such that

U<p7f) _L(p7f) <&

whenever A, < 8, where A, = max{Ax;,i = 1,2,...,n} is the norm of p,

n

U(p,f) =) MiAx;
i=1

and

L<pvf) = ZmiAxi-
i=1

To prove this theorem we will give several definitions and lemmas [4].



a=xp X1 2 i i1 % =h

Figure 2.2: Lower integral sum.

a=xp X1 2 ®j i1 *n=h

Figure 2.3: Difference of Upper and lower integral sums.



Definition 2.6. We say that a partition p, is a refinement of a partition p; or p» is finer
than pp if p; C p; that is if every point of p; is used in p; [4].

Lemma 2.7 Let p and p/ be two partitions of interval [a,b] such that p C p/ [4]. Then

Up,f) <U(p,f)

and

L(p,f) <L(p,f).

Proof. Let p = {xg,x1,...,x,}. Without loss of generality, assume that p, differs from
p by division of the i’ subinterval [x; | — x;] into T; parts with the respective lengths
ALAZ - Al where T; > 1,i=1,2,...,n. Now if m'” and M"”) are the infimum and
supremum of f(x) over Al(j ) respectively, then it’s clear that m; < ml(j ) < Ml-(j ) < M, for

j=12,...T;and i = 1,2,...,n, where m; and M; are the infimum and supremum of

f(x) over [x;_1,x;], respectively. This implies that

n n T;
Lip,f) =Y mpc <Y Y m! L(p.f)
i=1 i=1j=1
and
n T; n
Y Y m Y MiAxi =U(p, f)

N
I
—_
~.
Il
—_
~
I
—_

This proves the lemma.
Lemma 2.8. If p and p’ be any two partitions of the interval [a,b] , then L(p, f) <

U( p,, f). Proof. Let p* = pU p/. Then the partition p* is a refinement of both p and



p/. By Lemma (2.7.)

L(p,f) <L(p", f) <U(p", f) <U(p, f)-

This proves the lemma [4].

Now we are ready to prove Theorem 2.5.

Proof of Theorem 2.5. Let € > 0 be given and suppose that for every € > 0, there

is € > 0 such that

Ulp.f)—Lp,f) <e

holds for each partition p of the interval [a,b] with A, < € and let

=

S(p,f) = ) f(x;)Axi,
i=1

where x7 is any point in the interval [x;_1,x;], i = 1,...,n. By the definition of L(p, f)

and U(p, f) we can write

L(p,f) <S(p,f) <U(p,f).

Let m and M be the infimum and supremum of f(x) over interval |a, b], respectively.

Then

m(b—a) <L(p,f) <S(p,f) <U(p,f) <M(b—a).

10



By the least upper bound property of the system of real numbers

supL(p. ) and infU(p. )
p

exist and satisfy
supL(p, f) < infU (p, f).
P
Now suppose that for the given € > 0 there exist 6 > 0 such that A, < & implies

For any partition of [a,b] whose norm A, < §, we have

L(p,f) <sup(p,f) < il;fU(p,f) <U(p,f).
p
Hence
lnfU(puf) - SllpL(p,f) <&
p p

Since € > 0 is arbitrary we conclude that

infU(p, f) = supL(p, f).
p p

Denote is the common value of

irl}fU(p, f) and supL(p, f)
p

11



by A. Then

|A—S(p,f)| <E&.

Thus, A is Riemann integral of f(x) on the interval [a, D).

Now we want to prove the converse of the theorem, that is, if f(x) is Riemann

integrable on [a,b] then U(p, f) — L(p, f) < € is satisfied [4].

Let f(x) be Riemann integrable. Then for each € > 0, there exist 8 > 0 such that

’A ~ Y F()Ay| < > 2.1
i=1
and
‘A =¥ A6y < 5 (2.2)
i=1

for any partition p of |a,b] with A, < & and any choice of x;,x;, € [xi—1,xi],i=1,..,n

where A = [ : f(x)dx. From Eq (2.1) and Eq (2.2) we obtain that

1 ’ " 2¢
Y1) — A < 2
i=1
Now M; — m; is the supremum of f(x) — f(x*) for x and x* in [x;_j,x;],i =1,...,n.

This means that for a given A > 0 we can choose x;- and x;-/ in [x;_1,x;], so that f (x;) —
f(x;,) > M;—m; — A, i = 1,...,n, otherwise M; —m; — A would be an upper bound

for f(x) — f(x*) for all x and x* in [x;_1,x;] which is a contraduction. In particular, if

12



A= ﬁ then we can find x;- and x;/ € [xi—1,x;] such that
n n
U(p,f)—L(p,f) =) (M; —m;)Ax Z X)) (Axi + 1)
i=1 i=1
<ny YA+ Mb—a) < Z4E ¢
3 3

Theorem 2.9. If f is continous on [a,b] then f is Riemann integrable [5]. Proof Since

f is continous on [a, b] this implies that ¥ € > 0, 3 8 > 0 such that

€

F) = f)] <

(2.3)

b—a

whenever |[x* —x**| < 8.

Now, let p = {a = x0,x1,...,x, = b} be any partition of [a,b] with ||p|| < d. Since
f is continous on [x;_1,x;]. Let m; and M; be the infimum and supremum of f re-
spectively for each sub interval [x;_;,x;] where m; = f(c;) and M; = f(d;) for some
dj,ci € [xi—1,x;]. Since |¢, — d,| < & it follows from Eq (2.3) that

€
b—a

Ml_ml:|f(cl)_f(dl)|< i:1727"'7n'

Hence

Ulp.f)~L(p.f) = Y. Mitkei— Y miAx

13



Now by Theorem 2.5 we get that f is Riemann integrable.
Theorem 2.10. If f is monotonic on [a, )] then f is Riemann integrable [5].
Proof. Let f be monotonically non-decreasing on [a,b] let € > 0 be given and let p =

a = xg,X1,...,x, = b be any partition of [a,b] with

€
HPHSW'

Since f is nondecreasing, M; = f(x;) and m; = f(x;_). Hence

N

U(p7f>_L<pvf): (Mi_mi)Axi

14



Now by Theorem 2.5 f is Riemann integrable on [a,b]. Before progressing to further
proporties of Riemann integrals, we have seen that boundedness is necessary but not

sufficient for Reimann integrablity and that continuity is sufficient but not necessary.

With a view if denomestration a condition which is both necessary and sufficient
we introduce at this point the concept of the zero set or a set of measure zero [4].
Definition 2.11. A subset A or R is said to be of mesure zero or (zero set) if for every

€ > 0 there exist a finite or countable number of open intervals I, I, ... such that
AcUmn and Z|In|<8.
i=1 n=1

Thus A is a zero set iff for every € > 0, there exist a squence {/,,} of open intervals
which covers A and satisfy Y |I,| < € [4].

Theorem 2.12 (Necessary Condition). If f is Riemann integrable on [a,b] , then the
set of its discontinuity points is a zero set [4].

Proof. Let f be Riemann integrable on [a, b] and let D be the set of discontinuity points
of f and, corresponding to each positive integer i, let D; be the set of points of [a, ] at

each of which the fluctuation of f exceeds % . Then

Let us assume that D is not a zero set, then for some integer k the set D 1 1S not a zero set,
so there exist € > 0 such every countable open covering {I,} of Dy satisfies Y~ |I,| >

e. Let {x0,x1,...,%, } be a partition of [a, b] and suppose [x;, -1,y ], [Xr,—1,%2,], -+, [X1,—1, %]

15



(g < n) are those segments of p that contain points of Dj with

q
j=1

In each of these segments the oscillation of f exceeds % Therefore,

Mt_,-—mtj>%, j=12,...,q,
where

M;j = sup{f(x) 1 x;—1 <x<x;}
and

mej = inf{f(x) : x; 1 <x<x;,}.

This impies that

U(p,f)—L(p,f) >

1 m

Since £ is independent of p , we get from Theorem 2.9 f is Riemann not integrable.
This contraduction implies that D is a zero set.

Definition 2.13 [Oscillatory Sum]. Recall that

n

L(pvf):ZmlA-xl ) U(p7f):ZMlel
i=1

i=1

16



Let ; = M; —m;. ; is called the oscillation of f on [x;_1,x;] and denoted by ®(p, [x;_1,xi]) :

n

U(p,f)—L(p,f) =Y (Mi—m)Ax; = ) wiAx
i=1

i=1

The sum )7 ;| 0;Ax; is called oscillatary sum for the function f corresponding to the
partition p and denoted by ®(p, f) [5]

Theorem 2.14(Sufficient Condition). If f is a bouded function having a zero set of
discontinuoty points on [a,b] then f is Riemann integrable on [a,b] [4]. Proof. Let
{c1,¢2,...,cn } be the finite (ordered) set of points of discontinouity of f in [a,b]. Let
€ > 0 be given we enclose the points cy,c2,...,c), respectively in p non-overlapping

intervals

[al7bl]7[a27b2]7“‘7[ap7b[7]7 (24)

such that

P €
q) :j_ZIH“J"bJ’” < m,

where as usual

M=sup{f(x):a<x<b} , m=inf{f(x):a<x<b}.

Now if f is continous on each of the subintervals

[a7a1]7[blaa2]a"'7[bp7b]7 (25)

17



there are partitions p, : r = 1,2,...,p+ 1 respectively of the sub intervals in Eq (2.5)

such that

r=12,....,p+1.

Now consider the partition p = U{p,: r=1,2,..., p+ 1}. The subintervals of p can be

divided in to two groups:

(a) All the subintervals given in Eq (2.4)

prir=12--.p+1;

(b) All the subintervals of Eq (2.5).

The total construction to the oscillatory sum ®(p, f) of the subintervals in (a) is

o(p, f) < (p+1)

2(p+1) X
and the total contribution to ®(p, f) of the subintervals in (b) is

o(p, f) < ﬁ

Thus there exist a partition p such that
€ €
o(p, f) < sty =¢

2

Now by Theorem 2.5 we get that f is Riemann integrable.

18



2.1.3 Properties of Riemann Integral
Theorem 2.15. If f; and f, are two Riemann integrable functions on [a,b] and k; and

ky are two real numbers [4], then k; fi + k» f> is also Riemann integrable on [a,b] and
b b b
/ (k1 f1(x) +kofa(x))dx = kl/ fi (x)dx-i-kz/ f2(x)dx
a a a
Proof. This follows from the equality
S(Pk1f1 +kaf2) = kiS(P, f1) +k2S(P, f2).

Theorem 2.16. Let f be Riemann integrable on [a,b] and let ¢ € (a,b) then f is
Riemann integrable on [a,c] and on [c,b] [4].

Theorem 2.17. Let f be Riemann integrable on [a, c] and on [c,d] then f is Riemann
integrable on [a, b] [4].

Theorem 2.18. If f] and f, are Riemann integrable on [a,b] and f; < f, then [4]

/abfl (x)dx < /abfz(x)dx.

Proof. This follows from the ineqality

f2(x;) = S(p, f2)

-

S(p, f1) = Y, fix))Ax; <
i=1

i=1

Theorem 2.19. Let f be Riemann integrable on [a,b] then |f]| is also Riemann inte-

grable and on [a, b] [4]

|/abf(x)dx| < /abe(x)ldx.

19



Proof. Let € > 0 be given and p be a partition of [a,b] then U(p, f) — L(p, f) < € (by
Theorem 2.5 let M; and m; be supremum and infimum of f(x) on [x;_,x;] with respect
to partition p . And let M:- and m; be supremum and infimum of | f| with respect to
partition p, respectively. It is clear that M; —m; > M; — m; fori=1,...,n. So, as a

consequence

U(p,|fl)—L(p,|fl) <U(p,f)—L(p.f) <e.

Hence we get that | f| is Riemann integrable.

Now it remains to show that ]fabf(x)dx| < ff | f(x)|dx. Since —|f| < f < |f| then

[y [ s [t

This implies

/bf(x)dx

a

< [ 1w

Theorem 2.20 (Mean Value Theorem for Integrals). Let f be continuous on [a,b] and

let M and m be supremum and infimum f on [a, b] respectively then there is ¢ € (a,b)

such that [2]

10 =5 [ oo

Proof. Since M and m are supremum and infimum of f on [a,b] and f is continuous,

20



there are x1,x, € |a,b] such that
m= f(x;) and M = f(x2). (2.6)
We know m < f(x) < M Since
b
m(b—a) < / Fx)dx < M(b—a),
a

by dividing both sides by (b —a), we get

and from Eq (2.6)

This proves the theorem.
Theorem 2.21. Let f € R(a,b), then the function F defined on (a,b) by F(x) =
[ f(t)dt is continous on [a,b] Proof. Since f € R(a,b), f is bounded on (a,b), as-

sume that IM € Rs.t |f(t)| <M,V € |a,b]. Leta < x <y <b. Then

/ayf(t)dt—/:f(t)dt

[F(y) —F(x)| =

21



/xyf(t)dt

Let € > 0 be given. Then if [y — x| < 75 we see that from Eq (2.7) that |F (y) — f(x)| <&

/a " F()dr + / " f)de <Mly—x|=M@y—x). @7

which proves the continuty of F on (a,b).

Theorem 2.22 (Fundemental Theorem of Calculus). The followin statements hold
[2]:

(a) If £ : [a,b] — R is differentiable and f € R(a,b), then [’ f (x)dx = f(b) — f(a).
(b) If f € R(a,b) and let F (x) defined as F(x) = [ f(t)dt, a < x < b. If f is continous
at ¢ € [a,b] then F is differentiable at ¢ and F (c) = f(c).

Proof. For part (a), let p = {xo,...,x,} be any partition of [a,b]. Since f is differen-
tiable, it is continous by mean value theorem of differentiability 3 ¢; € (x;—1,x;) such

that

f@g:fuo_ﬂ””%izlgwwn

Xi — Xi—1

Summation yields

F @) —xin) = Y (F0) — Flxi1)) = F(B) — F(a).

i=1 i=1

Hence

This implies that

L(f ,p) < f(b)— fla) SU(f,p).

22



Since f' is Riemman integrable , L(f') = U(f'). Therefore,

[ f wax= 1)~ sia).

To prove part (b) take € > 0. Since f is continous at ¢, we can find & > 0 such that
fc)—e < f(x) < f(c)+€ whenever |x—c| < d and x € [a,D]. Take ¢ satisfying |¢| < &

and c+1 € [a,b]. Then

[ e -ears [ rwars [T +e

(f(e) =)t <F(c+1)—F(c) < (f(c) +e).

This implies that

this proves the theorem.

Theorem 2.23 (Change of Variable). Let g be a real valued function on the closed
bounded interval [a,b] such that g € R(a,b). If f(x) is a continous function on [a, b],
then [5]

[ = [ e
8(a) o SO

Proof. Since f is continous function on the closed bounded interval [g(a),g(b)], the

by Theorem 2.21 there exists a function F(x) s.t F (x) = f(x), x € [a,b]. Now, let

23



Now, continuity of g/ implies the continuity of g and continuity of f and g implies the
continuity of (fog) g/ on [a,b]. By Theorem 2.21 F is continous and by fundamental
theorem of calculus we have the conclusion of theorem.

Theorem 2.24 (Integration by Parts). If x and v be differentiable on [a,b] with u,v' €

R(a,b) [5]. Then

Proof. We know that (uv)/ —u'v+vu. Souv+vue R(a,b) now by taking integral

from a to b on both sides we get
b / b / b /!
/ (uv)dx:/ vudx—l—/ uv dx
a a a
b / b !
u(b)v(b) — u(a)v(a) = / vl dx+ / w dx
a a

/!

/a ) dx = u(b)(b) — ula)v(a) — / P

2.1.4 Riemann Integral Depending on Parameter

The idea of an integral depending on a prameter is a considration of

F(y) = /Eyf(x,y)dx

24



where y is a parameter over a set T and for each y € T there corresponds a set E), and a
function gy (x) = f(x,y) which is Riemann integrable over E, in the proper or improper
senses, where 7 is a subset of IR.

Now, we consider a function f(x,y) on [a,b] X [¢,d] which is Riemann integrable on
[a,D]. We study continuity, differentiability and integrability of F(y) on [a,b].
Theorem 2.25 (Interchange of limit and integral). Let f,, be a sequence of continous
functions in [a,b] C R, such that f,, converges to f uniformly as n — oo. Then f is
Riemann integrable on [a,b] and [3]

b b
lim [ fu(x)dx= / f(x)dx

n—e f4

Proof. Since uniform limit of continous functions is continous, f is continous. There-
fore, f is Riemann integrable on [a, b]. Furthermore, from uniform continuity, for every

g > 0 there is N such that Vn > N, |f,(x) — f(x)| < 3=, for all x € [a,b]. This implies

or

Then
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Then, for all n > N.

b b
/fn(x)dx—/ f(x)dx| <e.
This means
b b
,}1_1&/ fn(x)dx:/ f(x)dx.

Theorem 2.26 (Continuity of an integral depending on a parameter). Let f : [a,b] X

[c,d] — R be continuous function [10]. Then

Fo = [(floas . yeled,

is continous at every point y € [c,d|.

Proof. Take yg € [a,b]. By continuity of f, for every € > 0 there is & > 0 such that

€

—a

|f(x7y) _f(xay0)| < b
Then

dx

/ab —¢ dx</ab(f(x,y)dx—f(x,yo))dx</abb8

b—a —a

or

< €.

[ a0
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Thus

b

b
tim [ fleydr= [ fxyo)ds.

Yy—=Y0Ja

This mean the continuity of F at yy.
Theorem 2.27 (Differentiation of an integral depending on a paramter). Let f(x,y) :
[a,D] X [c,d] — R be a continous function on [a,b] X [c,d] and has a continous partial

derivatives with respect to the parameter y € [c,d] then [10]

b X
F'(y) :/a aféy’y)dx

Proof. Let yg € [c,d]. Applying Theorem 2.26 we can calculate F'(y) as follows

Y=o y—=Yo0

= lim
Yy—=Yo

bf<x7y)_f(x’y0) _ baf(xay)
/a — x—/a 3 dx.

Theorem 2.28 (Interchange the order of integration). If the function f: [a,b] x [c,d] —

R is continous then the functions [12]

b
F(y) = / Flry)dx, c<y<d,

and
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are integrable and

/Cd (/abf(x,y)dx)dy: /ab (/Cdf(x,y)dy>dx

Proof. By Theorem 2.26 F(y) and G(x) are integrable. Let

Fo(t):/at(/cdf(x,y)dy>dx, Go(t):/cd(/atf(x,y)dx)dy, a<t<b

By Theorem 2.26 and (fundemental theorem of calculus) Fy(¢) and Go(t) are differen-

tiable on [a,b] and

i) =Gofe) = [ 16 ay

We conclude that Fy(t) = Go(z), since Fy(a) = Go(a). In particular Fy(b) = Go(b).

Hence the proof is complete.

2.2 Improper Riemann Integral
Previously, we have only considered integrals of bounded functions on a finite interval
[a,b]. We now extend the Riemann integral to unbounded functions and functions on

infinite intervals. In these cases the Riemann integral is called an improper integral.

There are two kinds of improper integrals. The first kind improper integrals con-
siders bounded functions on unbounded intervals. If f(x) is Riemann integrable on

[a,D] for any b > a , then

/:f(x)dx

is called improper integral of the first kind.
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In other words, let I be an interval of the form [a, o) or (—oo,b] and let f be a function
defined on I and Riemann integrable on every bounded and closed subinterval of 7. We

informally let
1 [2 f(x)dx = limp_e [7 f(x)dx if I = [a,00),

2. [P f(x)dx =limg s o [? f(x)dxif I = (—oco0,b] .

The second kind improper integrals considers functions f(x) on a bounded inter-
val [a,b] where f(x) is unbounded about finite number of points inside [a,b]. Then

/ ab f(x)dx is said to be improper integral of the second kind [5].

In other words, let I be an interval of the form [a,b) or (a,b] and let f be a function
defined and unbounded on / and Riemann integrable on every closed subinterval of /,

we informally let
1. [P f(x)dx =1lim._,, [ f(x)dxif I = [a,b)
2. [P f(x)dx =Tlim,_, g+ [? f(x)dxif I = (a,b] .

2.2.1 Definition

Definition 2.29. Let F(y) = [ f(x)dx suppose that F(y) exist for each y > a, if F(y)
has a finite limit L as y — oo, then the improper integral [.° f(x)dx is said to be con-
verge to L, where L represents the Riemann integral value of f(x) on [a,0) and we
write as L = [° f(x)dx. On the other hand, if L = %o then [ f(x)dx is said to be

diverge. Similarly we define the integral

a b
/ fx)dx as / fx)dx as y— oo,
e y
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and also

/oo f(x)dx = lim ’ f(x)dx+3LI£1°/bvf(x)dx.

u—oo | _y

[

Definition 2.30 [Cauchy Sequence]. A sequence {a,};,_, is a Cauchy sequence if for
any € > 0 there exists a natural number N such that for both natural numbers p and g,

where p > N and g > N,

a,—ag| < €[4

Theorem 2.31. The improper integral [° f(x)dx converges if and only if for a given
€ > 0, there exist #o such that | fttlz f(x)dx| < € whenever #; and 1, exceed fy [3].

Proof. If F(t) = [! f(x)dx has a limit L as t — oo then for a given € > 0 there exist

such that # > 9 implies

|F(t)—L| < =.

Now since ¢ and f, exceed to,

= |F(12) = F (1)

/tl : f(x)dx

<|F(ty) —L|+|F(t;) — L

Conversely: suppose that for every € > 0 there is #y such that for all #; > #y and 12 > 1o,

2 f(x)dx

t1 < &. We want to show that F(¢) has a limit as t — c. Let {g,}~ , be a
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sequence defined as follows

This means that for each € > 0,

tgn= [ f@ar— [ fwax

a

a+n
- / F@dx+ [ f)dx

a+m
a-t+n
= / f(x)dx.
a+m
This implies that
a+n
lgn — gm| = f(x)dx| <e.
a-+m

If m and n are large enough, this implies that {g,} >, ia a Cauchy sequence.

[}

Hence it converges by theorem which state the sequence {g,}'_,

converges iff for

each € > 0 there is and integer N such that |a,, —a,| < € forallm >N, n > N". Let

g=lim g
To show that
lim F(1) = g,
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we write

|F(t) — gl = |F(t) —gn+gn—8| < |F(t) = gnl + 80— 8l- (2.8)

Suppose that € > 0 is given so there exist an integers Ny and N, such that |g, —g| < §

for all n > Ny, and

|[F (1) — gn| =

/a[ f(x)dx

+n

€
< 3 (2.9

for all n > N,. If n > Ny and t = a+n > N, thus by choosing t > a+n , where
t > max{Ny,N, —a} from Eq (2.8) and Eq (2.9) we get that |F (1) — g| < €.
Definition 2.32 [Absolute Convergencel]. If [°|f(x)|dxis convergent, then [ f(x)dx

is said to be absolutely convergent [3].

2.2.2 Properties of Improper Riemann Integral
Theorem 2.33 (Comparison Test). Let f(x) and g(x) be two functions which are
bounded and integrable on [a,0) and let f(x) be positive and [g(x)| < f(x) , x > a.

Thenif [” f(x)dxis convergent, then [,° g(x)dx is also convergent and that [° g(x)dx <

[ f(x)dx [5].

Proof. Since |g(x)| < f(x) it’s clear that

| (r=gwax=o

because

U(f—-gp)>L(f—gp)>0.
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Hence by Theorem 2.15
/ F)dx— / ¢(x)dx >0,
a a
This implies that

/:g(x)dx < /aoof(x)dx.

Now if

/oof(x)dx < oo then /wg(x)dx < 0.

Example 2.34. Test the convergence of [5]

* COSX
d
/0 1 +x2 o

Solution: Let

COSX
Since |cosx| < 1, we have
COSX < 1
14+x2| 7~ 1422

Let g(x) = ﬁ Then

/°° dx . /b dx
= lim
0 14+x2 bpoefo 14x2
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lim [tan_lb—tan_lo] = g

b—yoo

So by comparison test we get that [,” % dx is convergent.

Theorem 2.35 The improper integral [° ;‘f—;,‘, where a > 0, converges if and only if
p>1[5].

Proof. We have, for p # 1,

* dx . b dx
— = lim —
a .xp b—e Jq Xp

. - o . .
Now if p < 1 then % — o0 as b — o= in this case the integral is not convergent. If

p > 1, then

“dx a”P

a X p—1

and the improper integral converges. Additionally, for p = 1, we have

/ dx _ lim [Inb —Ina] = oo
a X

b—so0
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so, for p = 1, the improper integral diverges.

Note 2.36. This integral is one of the most important integrals for the application of
comparison test.

Theorem 2.37 (Absolute convergence). If f is bounded and integrable on [a,x] for

eachx > a and if [ |f(x)|dx is convergent then [ f(x)dx is also convergent [5].

Proof. Let f(x) = [f(x) +|f(x)|]] — | f(x)| then
oo b b
| s@ax= [T +1lde= @iy bza 2.10)
By assumption [° | f(x)|dx converges as b — oo. Also
0 < f(x)+ /()] <2[f(x)].
Then
b b
0< [W+F@ldx < [ 2500
Since
b
| 21 wlax
is converges as b — oo, by comparison test, we get that
b
| U@+l
is also convergent as b — o and by Eq (2.10) we obtain that
b
| s
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is convergent as b — oo

Example 2.38. Prove that [;° %‘ dx is absolutely convergent [5].

Solution: We have

X\ e~ lim \ smx!
b—yoo

o

b1
<1 —d
_b1—r>rolo1x4x

1 y 1 1
= |z — lim =
3 boeo 33 3

Hence,

is convergent. This implies that

* sinx
—dx
1 x4

is absolutely convergent.

Now we will consider a few examples of the second kind improper integrals

Example 2.39. Test the convergence of f b dx - We have

/b dx ) b dx
=lim
a (x—a)  1=0Jays (x—a)"
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and if n = 1 we have

b
/ 9 limin(b—a)—In = oo
a (x—a)

t—0

So the integral is convergent if n < 1 and it’s divergent (non-convergent) if n > 1.

Example 2.40. Test the convergence of fol 52 dx. Since |secx| > 1 for each values of

x [5].
secx 1
X X
and
|
/ —dx=1im {lnl—lnt] =oo- (2.11)
0 X t—0

This implies that fol % is divergent and this means that the given integral is also diver-

gent.

2.2.3 Improper Riemann Integral Depending on Parameter

Suppose that the improper integral
FO) = [ sy
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over I C R converges for all values of the parameter y € E # @ and assume that the
integral (2.11) has only one singularity that is either I = [a,o0) or I = (—o0,b] or f
unbounded as a function of x in the interval I = [a,b) or I = (a,b]

Definition 2.41. We say that the improper integral Eq (2.11) depending on the param-
eter y € E converges uniformly for y € E if there exist a function g : E — R such that

[12]

b
1) lim sup e(y) ~ [ f(x)dx| =0 if 1=a,),
Y= yeE a
b
2) lim supe(v)~ | f(xy)dx| =0 if 1= (=],
a— °°yEE a
3) lim sup|¢(r) — [ fx,v)dx| =0 if 1=[ab)
C—>b7y€E a
b
4) lim sup|g(») ~ [ fry)dx| =0 if 1=(abl.
C—>a+yeE Cc

Theorem 2.42 (Weierstrass test). Let I be one of the four intervals in the definition
(2.41) and let E # 0. Assume that a function 7 : I X E — R [12]. Proof. Let I = [a, ).

From

[1tewias< [ o< [

We obtain that, under fixed y € E, the function

b
w(by) = [ leey)ldx, b>a
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is bounded and increasing. Therefore, the improper integral [ g(x,y)dx converges
absolutly at every y € E. Furthermore,

0 <sup
yeE

/a wg(x,y)dx— /a bg(xyy)dx

o]

infty
<sup [ Jgley)lar< [ fva
yeE Jb b

0 =sup
yeE

/b wg(x,y)dx

Since [, f(x)dx converges, limj_,o [, f(x)dx = 0. This implies that the improper
integral [ g(x,y)dx converges uniformly for y € E. The other cases of the interval /
can be handled similarly.

Example 2.43. The integral [;° )ﬁxyz converges uniformly for each value of y € R

since Vy € R

/°° dx < /°° dx 1
a« X4y " Ja 2 a’
where the Weierstrass test is used [10].

Example 2.44. The integral [;” e *dy converges only for y > 0 and moreover it con-

verges uniformly. This follows from [10]

o0 b l—e ™™ 1
0< / e Vdx=1im [ e Pdx= lim =
1 b—e J 1 b—yoo y y
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Chapter 3

EULER’S INTEGRALS

The Beta and Gamma functions are two functions which are famous as Euler’s inte-

grals. The Beta and Gamma functions are defined as
1
B(m,n) :/ X1 —x)"Lax, m,n € R,
0
and
(o) :/ x* e dx, ocR.
0

These integrals are very important and have wide applications in mathematics, physics,
statistics and other applied siences. Furthermore, Beta and Gamma functions are de-

fined as two improper integrals , depending on a parameter [10].

3.1 Gamma Function

3.1.1 Definition
In 1729 the Gamma function was defined by Leonhard Euler for the first time as fol-

lows:
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Then Euler defned the Gamma funtion as follows:

n%n!

['(a) :,}i_r&a(oc-kl)...(oc—kn)'

Later the following definition of Gamma function was adopted:

(o) :/ x* e dx.
0

By integration by part we have

(o]

/ x* e dx = {—xa_le_x] +(n+1)/ x*2e ¥ dx.
0 0 0

Here
a—1 o—1
lim =~ = lim s _ =0
x—0 X x—>01_|_x_|_%_|_._|_%
and
o—1
lim > = 0.
X—o0 e.x_l
So,
(o) = (o — 1)/ x* e dx = (o— DI(o—1). (3.1)
0

Assuming that o is a positive integer, we can repeat the formula in (3.1) o-times and

obtain

INa) = (a—1)(0c—2)~--3-2-/0we_xdx,
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implying

Therefore, sometimes, the Gamma function is called a generalized factorial function.

3.1.2 Properties of Gamma Function
The Gamma function has the following basic properties [10] [5]:
1. (1) =1
2. T(a+1) =ol'(a) o>0
3. T(n)=(n—1)! neN
4. limy_,o+ T'(0t) = oo, o e N.

Proof. To prove this limit, we consider

oo 1 1 /1
o) :/ e dx > / e dx > —/ 2 .,
0 0 0

e

Hence,
1 1
lim T(a) > = lim [ x* 'dx
a—0t € a—0tJo
1 all
=— lim {—}
e G%OJF o 0
11
1
e | o
Thus
. 1
lim I'(a)) = lim — =0
o—0t a—0t
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5. Do) =2 [ 22 e dx

Proof. Let t = x2. Then df = 2xdx and x = t%- ‘We obtain that

2/ Zocl—x Z/tzzozl—z _/(xl—z OL).
0

(o) = fy (—Iny)*'dy.

Proof. Let x = —Iny. Then dx = —% and y = e~ . We obtain that

1 0 oo
/ (—Iny)* ldy = —/ x* e dx = / x* e dx =T(a)
0 oo 0

3.2 Beta Function

There is an important integral which can be expressed in terms of the Gamma function.

3.2.1 Definition

The function
B(m,n) = ————, m,n > 0.

is called the Beta function [10].

Theorem 3.1. Form >0 and n > 0,

Bm) = [ 6711 a-1as = ST

Proof. We know that
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and by Proposition 2.1 we have

/ e ldr =2 / e gy (3.4)
0 0
and similarly
T(m) =2 / Yrle gy, (3.5)
0

Hence by multiplying Eq (3.4) and Eq (3.5) we get that

Since two integrals are independent, we can write
I'(m)I'(m) = 4/ / xzn_lyzm_]e_(x2+y2)dxdy.
0 JO

Using polar cordinates letting x = rcos 0, y = rsin® and dxdy = rdrd6, where 0 < 0 <

% and r > 0, we have

[(n)C(m) =4 / ’ / p2tm) =1 =r inm=1 9 0052~ 0drdo
0 JO

(S

sinzmlecosznlede) <2/ rz("J“m)le’zdr)
0

:(2/0

S

sin”" 19 cos? ! ede) L(m+n). (3.6)

:<2/0

Hence we must to show that 2 [* sin”" ! 0cos?'~!0d0 = B(m,n). Let t = sin*0. If
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0=0,thent =0if 6 = %, thent = 1, and dt = 2c0s0sin0d0. Therefore,

2/2 sin?" 10 cos** 1046
0

(1 —t)‘% 2dt

I

[\
S—
>

-
—~

[

|

-
SN—
=
N =

_/ M (1 =) ar. (3.7)

So from Eq (3.3), Eq (3.6) and Eq (3.7), we obtain that I'(n)I["(m) = B(m,n)T(m,n),

and this implies that B =

3.2.2 Properties of Beta Function

The beta function has properties [5] [10]:
(@). B(m,n) = B(n,m),
(b). B(m,n) = Zfo% sin®” 1 0cos>"~1 040,
(©). B(m,n) =B(m+1,n)+B(m,n+1),
(d). mB(m,n+1) =nP(m+1,n),

tml

©). Blm,n) = fg {rymadt

(0. Bim+1,n) = 725B(m,n),

Proof (a). In
B(m,n) / K ) ldx
substitute 1 —x =y. Then x =y — 1, dx = —dy. Respectively,
B(m,n) / Kl ) lax
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1
= —/0 (1—y)™ 1y ldy

= /01an (1=y)"""dy = B(n,m).

(b). This is Theorem 3.1

(c). We have

B(m+1,n)+PB(m,n+1) :/lem (1 —x)"_ldx+/()1xm_1 (1 —x)"dx
1
:/0 (1 =) x4 (1 —x)]dx

= /le’"l (1—x)""Ydx = B(m,n).
(d). We have
B(m+1,n) = /lxm (1—x)" ldx.
0

Let u =x" and dv = (1 —x)" 'dx. Then

du=mx""'dxand v = —%(1 —x)". By integration by parts formula,

1 Lo !
B(m—i—l,n):/o xm(l—x)"ldx:—x—m(l—x)”}o—kg/oxml (1—x)"dx

n

1
:ﬂ/ xmfl(l—x)”dx:ﬂﬁ(m,n—l—l).
nJo n
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(e). Substitute x = ;% then dx = ﬁ and ¢ = {*-- This implies

[
o (I1+t)m+n

(f). See proof d.

3.3 Some Important Examples

Example 3.2. F(%) = /7. To prove we consider

1 o] o]
I'z)= / X2 eV dx = 2/ e dt.
2 0 0

To go on, we need polar coordinates. Consider the double integral

I:/ / e_xz_yzdxdy.
0 0

By chainging to polar coordinates x = rcos® and y = rsin®, 0 <r <o, 0 € [0,7],

°° % 2 T [ 2 T
I:/ / e’ rdrdﬂz—/ re " dr=—-
o Jo 2 Jo 4

Also,

2

I:/ / e*xze*yzdxdy: {/ exzdx] :
0 JO 0
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Therefore,

/°° e dx = ﬁ
0 2

Thus,

1 ® 2 N
I=z)=2 dt =2 =
) /oe 2

VT

Example 3.3. Evaluate I'(3). We have

Example 3.4. Evaluate [} sin*@cos’ 040. We have

n

2 1
/2 sin*@cos’ 040 = B(§,3)
0 272

1r3)rE) 1] 32
T2 )y T2|91s53vE)
2 222272

Example 3.5. Evaluate [ /tanxdx. We have

3 : | |
/2 \/tanxdx:/2 sin% cos_%dx: — B(é,—)
0 0 27474
1 T(3)T(3) 3.1 1 =@
e =TT =5 v
2 I(1) 47747 2 sin(g)

Example 3.6. Prove I'(m)['(1 —m) = % To prove [11], consider

T(m)[(1 —m) = Sm(’fm)

48



ot o ya  Jdx oo xa—l T
/ dr = = dr=—"_.
. o l+x x o 1+x sin(mm)
Hence,
['(l—m)= / x Me " dx
0
= t/ (xt)™™e ™ dx (by letting x = xt)
0

Then

I'(m)IT'(1—m) = (/wt’"_le—t dt) <t/w(xt)_me_x’ dx)
0 0
= /oo <t /oo(xt)me’“ dx) e 't dr
0 0
= /oo /ooe_t(H])x_m dx dt
0 JO

:/“’ -1 |:et(1+x):| My
o 1+x 0




3.4 Some Properties of Gamma function
1. Show that 2" F(n+%) =1-3-5---(2n—1)y/n where n e N[5].
2. Show that I'(3 —x)T'(3 +x) = (1 — x®)msec(nx)[5].

Proof (1). We have

F(n+%) :F(n—%+1) _ (n—%)r(n—%) - (n—%)(n—%)l—'(n—%)-

Proessing this n-times, we obtain that

F(’H‘E) = (”—E)(n—i)("—i)'“i EF(E)'

So,
2"nﬁ+%):123~-@n—1xV%y
(2) We have
r(%—x):r(%—xﬂ)—(%—x)r(%—x) (3.8)
and
D(+3) = (5 42005 +2). (3.9)

Multiplying (3.8) and (3.9) we obtain

[(= —x)(= +x) = (= —x)(z —x)[(5 +x). (3.10)
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Since I'(m)I'(1 —m) = 7o we obtain

_n
sin(mm

[z —x)[(2+x)=(=—x%) = (= —x?})msecTx. (3.11)

Theorem 3.7. The Gamma function is convergent for n > 0 [5].

Proof. We have

oo 1 1)
/ t”_le_tdt:/ t"_le_’dt—f—/ "o tdr.
0 0 1

Now we choose the first integral for convergence at 0 and the second integral for con-

vergent at oo .

Test the convergence at 0 : Let f(t) =¢" !¢~ and let g(t) = lll,n. We have % =

e " and we see that e’ — 1 ast — 0. Thus

1 1 1
tHdt = —dt
/0 g() /0 py—

is convergent iff 1 —n < 0. So fol "~ le~'dt convergent at O for n > 0.

Test the convergence at oo: Since ¢/ > "~ for any value of n when 7 is heightly
large. So t"T! < ¢ implies that "T!e™" < 1 and this means that " le™" < =2 — tlz

But [ tlz dt is convergent by integral test. So [;°#""le~" is also convergent iff n > 0.

So

/ et dr
0

51



converges for n > 0.
Theorem 3.8. The Beta function (m,n) is convergent for m,n > 0.

Proof. To test the convergence of the Beta function we have

1

/1tml<l—t)n1dt:/2 m— 1 n 1dt+/ fm= 1 n ldl
0 0

now to test

Convergence at 0: Let f(¢) =™ (1 —¢)"! and g(t) = t1 —. Then ﬁ) (1—

t)"~1. Tt is clear that (1 —¢)"~ —>1ast—>0andf2 di, m< 1

m> 0. So

M=)

is also converges at 0 for m > 0.

tmfl

Convergence at (1): f(¢) can be written in the form f(¢) = (eI Let g(t) =

and it’s clear /"1 — 1 ast — 1. So

ﬁlg(t)dt = ﬁl (l—dﬁdt

2 2

f) _ om—
(1,,1)17:1' Now % =1

converges iff 1 —n < 1 i.e n > 0. Thus we get that

1
/ M1 =) Lar
0
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exists for all m,n > 0.

Theorem 3.9. (Dirichlet’s integral). The equality

_ I'(ay) T(ay) ---T'(ay)
a;—1 az 1 a,—1 1

X, dxydxy - -dxy, =

// / *n T n Iai+ay+---+a,+1)

holds, where the integral is extended to all positive values of the variables subject to
condition x; +x3 +---+x, < 1[5].
Proof. First consider the double integral [ [x]'~ : X532 1dx1dx2 where x; +xp < 1 Let

us denote the integral by I,. We have

1—x
12—// xi ! x5 ldxldx2

I'(a1) T'(az)

1
— al— 1 d 1
/ x| = 2[3(a1,a2—|— )= Tl tart 1)

If the condition be x; +x2 < h, then putting 7 = u and 2 = v we see that

b= [ [ ddn =t [ [t tauay

— F(al) F(Clz) h(d1+az)
F(al +ay + 1) '

Now consider the triple integral

13—/// a=1 a2 ! a3 1dX1dX2dX3,
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where x| +x +x3 < 1. Then

! 1=x I=x1=x ar—1 _ar—1 _az3—1
L= / / / XXXy dxy dxo dxs
0 JO 0

| T(a)T(a3)
_ a;—1 2 3 1— a2+a3d
| s 5 (=)

_ F(az) F(a3) F(al) F(az +az+ 1)
[(ay+a3+1) ’ [(ay+ay+az+1)

_ Ta1) T(az) T(a3)

Ia+ay+az+1)

Thus the theorem is true for double and triple integrals. Now assume that the theorem

is true for n'" integrals, this means that

_ _ _ I'(a;) I'(az) ---T'(a
///x?l 1xgz L. _X'Zn ]dxndxn—l"-dxzdm — F(a(l +)a2(+.)..+a(_:)1)
n

where x| +xp +---+x, < 1.

Now we must prove that it’s true for all (n+ 1) integralse have

_ a—1 _ar,—1 a,—1 _any1—1
. —//--~/x1 XX dxpi1 dxy,---dxy dx;

= /lxal1 I'(az) I'(as) ---T(an) I'(an+1) (1 _xl)a2+a3+---+an+1dxl
0o ' Tlax+az+-+apg+am1+1)

I'(a2) T(a3) - -T(ans1)  Tla)(azt+az+---+an1+1)
T(a+a3+--+apr1+1) Tlai+a+--+ap+ap—1+1)

54



_ T(a)T(aa)---T(an41)
C(ai+ax+az+---+app1+1)

Hence, the theorem holds for all values of n.

3.5 Applications of Beta and Gamma Functions

As we mentioned previously, Gamma and Beta functions have a great usage and appli-
cability in statistics. Before dealing with this issue, we introduce some definitions [7].
Definition 3.10 [Random Variable]. A random variable (statistical variable) is a func-
tion from the sample space into the system of real numbers. Random variables are

divided into two groups:

1. Discrete random variable is a random variable which takes discrete values finite

or (countable) suchas x =0, 1,...

2. Continous random variable is a random variable which takes continous values or

(uncountable) such as (a < x < b) [7].
Probability distribution:
a. Discreate random variable: If the random variable x is defined on the discrete

experiment, then its probability distribution is called discrete probability distri-

bution.

b. Continous random variable: If the random variable x is defined on the continous

expriment then its distribution is called a continous probability distribution [7].

Definition 3.11 [Probability density function].
A function f(x) is said to be a probability distribution function, or the density function

if it satisfies the following conditions:

1. ¥ f(x) = 1 for discrete type;
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2. [%. f(x)dx =1 for continous type (f(x) be Riemman integrable) [7].

Gamma distribution function:

In the Gamma function, substitute y = % and obtain

where dy = %x. Then

ooxO(.*l e B
F(oc):/o de:l.

Since o > 0, B > 0 and I'(a) > O we see that

flx) =

0, else where,

is a probability density function of a random variable of the continuous type.

A distribution of a random variable x that has a probability density function of this
form is said to be Gamma distribution with parameters o and 3 [7].
Remark 3.12. The Gamma distribution is the probability model for waiting times. For
instance, in life testing.
Chi-Square ()?2):

A random variable  of the continous type that has the p.d.f

=
NI~
L
Q
DII=

, 0<x<oo,

(STt

—
[\
NI

f=4 "

0, else where,
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is said to have chi-square distribution. A function f(x) of this form called a chi-square
probability distribution function. This is a particular case of Gamma distribution when
o=5andf=2[7]

Definition 3.13 [Degree of freedom]. A positive integer normally equal to the number
of independent observations in a sample minus the number of population parameters
to be estimated from the sample [7].

Example 3.14. Let x be X%m) with r = 10 degrees of freedom. Find P(3.25 <x <20.5)
[7].

Solution: We have

P(3.25 <x<20.5)
= P(x < 20.5) — P(x < 3.25)

=.975-0.025=0.95

Exponential distribution:
A random variable x is said to have on exponential distribution with parameter f§ > 0

if the density function of x is [1]

e B, 0<x<oo,

oI=

fx) =

[} ==

else where,

The situations when we use exponential distribution:
The exponential density function is often useful for modeling the length of life of elec-

tronics. Suppose that the lenght of time a componenet already has operated does not
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affect its chance of operating for at least » additional time units, that is, the probability
that the component will operate for more than a + b time units, given that it has already
operated for at least a time units, is the same as the probability that a new component

will operate for at least b time units if the new component is put into service at time 0.

A fuse is an example of a component for which this assumption often is reasonable.
We will see in the following example that the exponentioal distribution provides a
modle for the distriution of the life time of such a component [1].

Example 3.15. The lifetime (in hours) x of an electronic component is a random

variable with density function given by

X
ﬁe‘ 00 | x>0,

fx) =

0, else where,

Three of these components operate independently in a piece of equipment. The equip-
ment fails if at least two of the components fail. Find the probability that the equipment
will operate for at least 200 hourse without failure [1].

Solution: Let

A =P{y>200} = /Z;ﬁel_&;dy:ez
P{work match} = P{AAA +AA}
= P{AAA} + P{AA}
= (P{A})* +(P{A})?

=(e )+ (e?)P=eCtet
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Example 3.16. Let x be an exponential probability density function, show thatif a > 0
and b > 0 then p(x > a+blx > a) = p(x > D) [1]
Solution:

p(x>a+b)

b —
p(x>a+blx>a) P> a)

because the intersection of the events (x > a+b) and (x > b) is the event (x > a+Db).

Now
© 1 _x 2|7 _ (ath)
p(x>a+b):/ —e Pdx=e¢ P =e P
a+bB a+b
Similarly,
] _x _x|™ _(a
p(x>a):/ —e Pdx=e¢ P| =¢ B
a P a

—(a+b)
e B o

P(x>a+b|x>a)= 7B

Note 3.17. This property of the exponential is often called memoryless property of the

distribution.
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