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ABSTRACT 

The purpose of this thesis is to investigate the properties of the combination of graph 

theory and fuzzy set theory called fuzzy graph. The crisp and fuzzy graphs are 

compared. The operations on fuzzy relations are performed. The max-min and max-

product compositions of fuzzy relations are illustrated. α-cut of fuzzy relations is 

presented. The different types of fuzzy relations are investigated. The Cartesian 

product, union and join operations on fuzzy graph are studied. Such properties of 

fuzzy graph as fuzzy and partial fuzzy subgraphs, complement of fuzzy graph, 

degrees and total degrees of vertices of fuzzy graph, regular and totally regular fuzzy 

graphs, complete fuzzy graph, and fuzzy tree are analyzed. 

Keywords: Fuzzy graph, Fuzzy compositions, Fuzzy relations, Cartesian product, 

Join and union operations, Fuzzy subgraph, Complement of fuzzy graph, Degree and 

total degree of a vertex, Regular and totally regular fuzzy graphs, Complete fuzzy 

graph, Fuzzy tree. 
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ÖZ 

Bu tezin amacı graf teorisi ve bulanık küme teorisinin sentezi olan bulanık grafın 

özellilerini araştırmaktır. Keskin ve bulanık bağıntılar kıyaslanır. Bulanık bağıntılar 

üzerinde operasyonlar irdelenir. Bulanık bağıntıların max-min ve max-çarpım  

bileşimleri gösterilir. Bulanık bağıntının alfa-kesimi sunulur. Farklı türde bulanık 

bağıntılar araştırılır. Bulanık graflar üzerinde Kartezyen çarpımı, bileşim ve 

birleştirme operasyonları irdelenir. Bulanık grafların bazı özellikleri – bulanık ve 

kısmi bulanık alt graflar, bulanık küme tümlemesi, bulanık grafın dügümlerinin  

dereceleri ve toplam dereceleri, düzenli ve tamamen düzenli bulanık graflar, tam 

bulanık graf ve bulanık ağaç gibi kavramlar incelenir.   

Anahtar Kelimeler: Bulanık graf, Bulanık bileşimler, Bulanık bağıntılar, Kartezyen 

çarpım, Bileşim ve birleştirme operasyonları, Bulanık alt graf, Bulanık graf 

tümlemesi, Düğümlerin  dereceleri ve toplam dereceleri, Düzenli ve tamamen 

düzenli bulanık graflar, Tam bulanık graf, Bulanık ağaç. 

 

 

 

 

 

 



v 
 

ACKNOWLEDGMENT 

First of all, I thank God for the successful completion of my thesis. He has been my 

guide, my protector and my leader. 

I want to extend my appreciation to my supervisor Prof. Dr. Rashad Aliyev for his 

assistance and guidance, as well as his provision of the needed resources for the 

purpose of this work and I am grateful for the effort committed to it. 

I appreciate my loving parents and siblings for their care, encouragement, prayers 

and support throughout the entire period of my study. Indeed, you have been my 

strength. 

I also express my gratitude to all my instructors and friends who have assisted me 

during my study period, those who have offered their time and willingly gave 

assistance. Thanks. 

 

 

 

 



vi 
 

TABLE OF CONTENTS 

ABSTRACT ................................................................................................................ iii 

ÖZ ............................................................................................................................... iv 

ACKNOWLEDGMENT .............................................................................................. v 

LIST OF FIGURES .................................................................................................. viii 

1 INTRODUCTION .................................................................................................... 1 

2 REVIEW OF EXISTING LITERATURE ON FUZZY GRAPHS........................... 6 

3 FUZZY RELATIONS AND GRAPHS .................................................................. 12 

3.1 Crisp Relation Versus Fuzzy Relation .............................................................. 12 

3.2 Operations on Fuzzy Relations ......................................................................... 16 

3.2.1 Unary Operations ...................................................................................... 16 

3.2.2 Binary Operations ..................................................................................... 17 

3.3 Compositions of Fuzzy Relations ..................................................................... 19 

3.3.1 Fuzzy Max-min Composition and Fuzzy Max-product Composition ...... 19 

3.4 α-cut of Fuzzy Relation ..................................................................................... 21 

3.5 Types of Fuzzy Relations .................................................................................. 23 

4 OPERATIONS ON FUZZY GRAPHS .................................................................. 32 

4.1 Characteristics of Fuzzy Graphs ....................................................................... 32 

4.2 Cartesian Product of Fuzzy Graphs ................................................................... 33 

4.3 Union and Join Operations of Fuzzy Graphs .................................................... 33 

4.4 Fuzzy Subgraph and Partial Fuzzy Subgraph ................................................... 34 

4.5 Complement of Fuzzy Graph ............................................................................ 35 

4.6 Degrees and Total Degrees of Vertices of Fuzzy Graph ................................... 36 

4.7 Complete Fuzzy Graph ...................................................................................... 38 



vii 
 

4.8 Fuzzy Tree ......................................................................................................... 40 

5 CONCLUSION ....................................................................................................... 42 

REFERENCES ........................................................................................................... 43 

 

 

 

 

 

 

 

 

 

 



viii 
 

LIST OF FIGURES 

Figure  1: Graphical Representation of Crisp Relation ............................................... 14 

Figure  2: Graphical Representation of Fuzzy Relation .............................................. 15 

Figure  3: Graph of Fuzzy Relations ........................................................................... 20 

Figure 4: Graphical Representation of Relation after Applying Fuzzy Max-min 

Composition ............................................................................................................... 21 

Figure 5: Graphical Representation of Relation after Applying Fuzzy Max-product 

Composition ............................................................................................................... 21 

Figure  6: Graph of Fuzzy Reflexive Relation ............................................................ 24 

Figure  7: Graph of Fuzzy Symmetric Relation .......................................................... 25 

Figure  8: Graph of Fuzzy Anti-Symmetric Relation ................................................. 26 

Figure  9: Graph of Fuzzy Transitive Relation ........................................................... 29 

Figure  10: Graph of Fuzzy Equivalence Relation ...................................................... 30 

Figure  11: Graph of Fuzzy Partial Order Relation ..................................................... 31 

Figure  12: Fuzzy Graph (a) and Fuzzy Subgraph (b) ................................................ 34 

Figure  13: Fuzzy Graph 𝐺 1  and its Complement �̅� 1  ................................................. 35 

Figure  14: Fuzzy Graph 𝐺 2  and its Complement �̅� 2  ................................................ 35 

Figure  15: Regular Fuzzy Graph ................................................................................ 37 

Figure  16: Totally Regular Fuzzy Graph ................................................................... 38 

Figure  17: Complete Fuzzy Graph With Three Vertices 𝐾 3  ..................................... 39 

Figure  18: Complete Fuzzy Graph With Four Vertices 𝐾 4  ...................................... 39 

Figure  19: Complete Fuzzy Graph With Five Vertices 𝐾 5  ....................................... 40 



ix 
 

Figure  20: Connected Fuzzy Graph (a) and Fuzzy Tree (b) ...................................... 40 



1 
 

Chapter 1 

1 INTRODUCTION 

Graphs are graphical models of relations where objects are made of vertices and 

relations between them are denoted as edges. The graph 𝐻 = (𝑋,𝐸) contains two 

sets of 𝑋 and 𝐸, where the elements of 𝑋 are vertices while the elements of 𝐸 are the 

edges which join endpoints (a set of related vertices) together. The connections 

depending on their structure could be unidirectional (operating in a single direction) 

or not, and in case all involved connections are defined as unidirectional, the graph is 

called a digraph. The graph can be considered as a mathematical structure to 

represent different relations. In other words, the relations defined on a finite set can 

be pictorially represented by graphs. 

The following characteristics of a graph are known: 

- Neighbor vertices are vertices that are adjacent to one another by having a common 

endpoint; 

- The endpoint of edge 𝑤 is vertex 𝑞 if 𝑞 is incident on 𝑤 and vice versa; 

- A proper edge is that which connects two individual vertices; 

- Simple adjacency is a term used to describe an instance where only one edge exists 

between two vertices; 
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- At other times, an edge may join a single endpoint to itself; such edge is a self-loop 

or simply loop; 

- The number of edges between a pair of vertices defines the edge-multiplicity 

between the pair of vertices. 

An application of graph theory has received a major boost and diversification into 

new fields where the representation of objects and relationships is important. The 

graph theory has received great application in such fields as communication, 

computer science, biology etc. 

As mentioned above, graphs are categorized into two classes: directed and undirected 

graphs. 

A directed graph 𝑯 = (𝑿,𝑬) consists of 𝑽 which is a set of vertices and a set of 

directed edges represented as 𝑬 where every edge is a pair of vertices with an order. 

An undirected graph by property is a graph the vertices of which are unordered pairs, 

having no direction. The edges in this instance cannot be differentiated by their 

related directional links as edge (𝑝, 𝑞) is identical to edge (𝑞,𝑝), they are only 

related as sets. 

From set theory, the fundamental concept describes an object to either be a part or 

member of a collection or not, there is an unambiguous definition as to what defines 

an element and as such, only discrete values are computed. Interestingly in fuzzy 
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sets, the applicable theories of sets require partial membership and as such cannot 

fall within the scope of the classical set theory. 

In a classical set theory, the function of 𝑋𝑄 in a set 𝑄 is described by: 

𝑋𝑄(𝑥) = �1, 𝑖𝑓 𝑥 ∈ 𝑄
0, 𝑖𝑓 𝑥 ∉ 𝑄 

which denotes distinctly the members and non-members of the set. But in the 

instance where an element is partially a member of the defined set, a membership 

grade is assigned to such member denoting the degree of membership the element 

possesses.  

The fuzzy set is a category of objects with a series of membership grade, and this 

theory was proposed by Lotfi Zadeh. It is impossible to have membership of multiple 

sets in some situations but most natural phenomenon like temperature change defy 

this, and can be described more accurately using fuzzy notations as differences which 

cannot be accurately discretized. 

The possibility and evaluation of partial membership using the degree of membership 

is the key element to fuzzy logic which is an approach of multiple-value logic where 

truth values are acceptable in the form of degrees of truth rather than a discrete 

Boolean logic.  

If 𝑄 is a set of points, and an element of set 𝑄 is denoted by 𝑞, then 𝑄 = {𝑞}. 

A fuzzy set 𝑃 in 𝑄 is described by a membership function 𝑓𝑃(𝑞) which assigns a real 

number in the range of [0,1] to every selected point in 𝑄 and the value of 𝑓𝑃(𝑞) at 
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selected point 𝑞 is the membership grade of 𝑞 in 𝑃. Generally, the closer the value of 

𝑓𝑃(𝑞) to unity (1), the higher the membership grade assigned to 𝑞 in 𝑃.  

The crisp relation is a representation of absence or presence of relationship, 

connection or association between the elements of two or more sets. This 

representation can be extended to different degrees of association (also called 

strength of association) or relationship between various elements and this extension 

is called a membership grade. 

As mentioned above, graphs provide an easy way of representing information 

regarding the relationship between multiple objects. In instances when the 

description or the relationship between objects seems to be vague, a fuzzy graph 

model is needed to describe the relation. 

A fuzzy graph is a pair 𝐺: (𝜎, 𝜇) with σ being a fuzzy subset of another set 𝑆 while 𝜇 

holds a fuzzy relation on 𝜎. It is taken that set 𝑆 is finite and nonempty while 𝜇 is 

symmetric and reflexive.  

Fuzzy graphs have a wide range of disciplinary applications such as logic, topology, 

algebra, analysis, pattern recognition, information theory, operations research, neural 

networks, planning etc. 

Because the human mind comprehends graphical data easily than complex numerical 

data, it is essential to put fuzzy graph into proper application to obtain reliable 

inferences. Amongst others, fuzzy graphs have the following advantages: 
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- They are vital in analyzing vague/fuzzy information which otherwise would be near 

impossible; 

- They are essential in making reasonable decisions over fuzzy occurrences; 

- They provide detailed information about events; 

- They can be used to model information like human cognition and evaluation which 

are complex to model as they contain fuzzy information. 
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Chapter 2 

2 REVIEW OF EXISTING LITERATURE ON FUZZY 
GRAPHS 

 

The fuzzy graph notion was firstly introduced by Rosenfield in 1975 aiming to deal 

with relations containing uncertainty. It is to note that the fuzzy graph considers the 

fuzzy analogs of different structures of the crisp graph.   

In this chapter the summary of literature review of some works on fuzzy graphs is 

presented.  

An extension of fuzzy labeling to fuzzy tree results in a new tool called fuzzy 

labeling tree [1]. The fuzzy labeling trees as well as bipartite fuzzy labeling trees 

possessing the various properties are discussed. The proposed algorithm is used to 

find the maximum spanning, strong arcs and fuzzy bridges of any fuzzy labeling 

graph. 

Some definitions and results for the calculation of the degree of any vertex and the 

distance between any two vertices of the fuzzy graph are given in [2]. The metric in 

fuzzy graph is considered. 

If-Then rules with one of the basic types of inference called Modus Ponens are used 

in fuzzy graph [3]. The experimental results show the efficiency of the proposed 

method in comparison with a classical crisp version. 
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The regular fuzzy graphs, total degree and totally regular fuzzy graphs are presented 

in [4]. The examples are solved in order to describe the difference of regular fuzzy 

graphs and totally regular fuzzy graphs. The important conditions for making the 

regular and totally regular fuzzy graphs equivalent are presented. Several features of 

regular fuzzy graphs are examined for totally regular fuzzy graphs. The examples 

make the understanding of the concepts of regular and totally regular fuzzy graphs 

easier. 

The modification of the definition of the complement of fuzzy graphs, and the 

properties of the self-complementary fuzzy graphs are investigated in [5]. The 

complement, union, join and composition operations are performed. It is shown that 

the complement of the union of two fuzzy graphs is the join of the complements of 

these graphs, and vice versa, the complement of join of two fuzzy graphs is the union 

of their complements. 

The fuzzy graphs can be successfully applied to neural networks and clustering 

problems. One of the most important properties of fuzzy graph is its connectivity. In 

[6] the criterion for the connectivity of the fuzzy graph and its complement is 

defined. The complement of fuzzy cycles is examined with some examples. Each 

node of the graphs considered in examples has the membership value 1 unless 

another membership value is specified.  

The properties of different kinds of fuzzy graph and fuzzy hypergraph as well as 

their structures are investigated in [7]. The summary of the work carried out for 

defining such properties as regular fuzzy graph, complementary fuzzy graph, bipolar 



8 
 

fuzzy hyper graph, irregular and irregular bipolar fuzzy graphs, interval-valued fuzzy 

graph etc. is briefly described. 

[8] presents the sum distance metric in fuzzy graph. The realization of sum distance 

matrix, the diameter and radius in fuzzy graph is performed by using the algorithms 

developed by authors. The first algorithm is used to find the adjacency matrix, the 

second algorithm intends to find the sum distance from this adjacency matrix, and 

the third algorithm is applied to define the eccentric nodes, diameter and radius from 

the distance matrix. The self-centered fuzzy graph is established, and the necessary 

conditions for the existence of such graph are provided.   

The paper [9] is about the conditions under which the isolated graph exists. The 

author mentions that in order the fuzzy graph becomes the isolated fuzzy graph, it is 

necessary the condition meets the requirement that the complement of the fuzzy 

graph is a complete fuzzy graph.  

[10] investigates both edge domination and total edge domination in a fuzzy graph. 

The numbers of edge domination and total edge domination are determined for some 

classes of fuzzy graph. The fuzzy edge cardinality and its relationship with another 

parameter are considered.  

Some classes of intuitionistic fuzzy graph are put forward by the author in [11], and 

the concept of the edge domination number, total edge domination number, and 

independent edge number is introduced. The edge and total edge domination 

numbers with their related bounds are determined.  
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The paper [12] deals with the efficient analysis of inexact information. The fuzzy 

graph is used to study the fuzzy relation. The extension of fuzzy graph is done, and 

the presented fuzzy node fuzzy graph is transformed to crisp node fuzzy graph by 

applying T-norms. The relational structure of fuzzy information and some properties 

of fuzzy node fuzzy graph are considered. The fuzzy partial graph and new triangular 

forms are presented.  

In [13] the concept of total strong (weak) domination in fuzzy graphs is proposed. 

The fuzzy domination number and strong (weak) fuzzy domination number are 

defined. The domination of strong (weak) and total strong (weak) vertices is 

investigated.   

Some properties of the concept of strong intuitionistic fuzzy graphs are studied in 

[14]. The strong intuitionistic fuzzy graphs are characterized by the self-

complementary and self-weak complementary properties. The intuitionistic fuzzy 

line graphs are focused on. 

The paper [15] studies the degree, effective degree and neighborhood degree of a 

vertex in interval-valued fuzzy graphs, and discusses a strong interval-valued, a 

regular interval valued, a semi-regular and a semi-complete interval valued fuzzy 

graphs. Some examples are solved to better understand the above definitions. 

In the paper [16] the degree and the total degree of an edge are obtained. Using these 

operations, the degree of an edge in the interval-valued fuzzy graph is determined. 

The importance of the interval-valued fuzzy graph in comparison with the classical 

and fuzzy versions of the graph is justified. The Cartesian product is performed to 
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find the degree of an edge. The composition of two interval-valued fuzzy graphs is 

made. The properties of free and busy nodes in interval-valued fuzzy graph are 

considered. 

The determination of the isomorphism of two fuzzy graphs is an important problem. 

The application of the algorithm for the fuzzy graph isomorphism is discussed in 

[17]. The performance of the proposed algorithm is estimated in terms of fuzzy 

matrix equality. It is defined that the fuzzy matrices used for the isomorphic fuzzy 

graphs should be unequal.  

Being the subclass of the fuzzy graph, fuzzy planar graph have some properties [18]. 

The fuzzy dual graph and its close association with fuzzy planar graph are discussed. 

The provided examples illustrate the above graphs and fuzzy multi graphs. The 

properties of the isomorphism of the fuzzy planar graph are given.  

The irregular bipolar fuzzy graphs and their properties are given in [19]. The highly 

and neighborly irregular bipolar fuzzy graphs are related with each other. Some 

conditions are provided to bring the regular fuzzy graph to the form of regular fuzzy 

bipolar graph.  

In [20] presented method is based on fuzzy graph, and focuses on data security, in 

particular, on encrypting and decrypting images. The matrix of the pixels of the 

image generates the fuzzy graph, and then the encryption process occurs. The 

proposed method is differed from other methods by high security and speed. The 

experimental results show a high efficiency of the method tested on the images with 

different formats and sizes. 
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The coloring in fuzzy graphs has been important for several years. In [21] the 

concept of edge coloring is extended to a fuzzy graph to define k-fuzzy edge 

coloring. The applicability of Vising’s theorem for the fuzzy edge coloring problem 

is proved. The conditions for edge chromatic number of both complete fuzzy graph 

and fuzzy trees are given. 

The algorithm for obtaining the complement of the fuzzy graph and edge chromatic 

number for this graph is presented in [22].The edge chromatic number means that the 

number for coloring this fuzzy graph should be as minimal as possible. The coloring 

function based on α cut is defined for coloring the complement fuzzy graph. By 

using the proposed algorithm, all the edges of the complement fuzzy graph can be 

colored.  

Coloring a fuzzy graph by using alpha cut method is discussed in [23]. This fuzzy 

graph is depicted by vertices and edges, and namely by fuzzy vertices and fuzzy 

edges with their membership values. The properties of alpha cut sets are described by 

fuzzy chromatic number. The properties of the union, join and complement 

operations are described. It is defined that the increment of chromatic number of 

fuzzy graph occurs due to the decrement of the value of alpha cut.  

The edge coloring concept can be also effectively used for the fuzzy graph to 

overcome the possible conflicts in course time tabling problem involving such 

factors as instructors, classes and courses.  In [24] developed algorithm is convenient 

for satisfying the certain constraints related to the course time table. 
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Chapter 3 

3 FUZZY RELATIONS AND GRAPHS 

3.1 Crisp Relation Versus Fuzzy Relation 

In the classical or crisp relation, there is clarity on the existence of 

interconnectedness or relationship between the elements of multiple sets which is 

depicted by the existence (1) or inexistence (0) of a relationship. In crisp sets and 

relations, an element belongs clearly to a collection or not. There is an existence of a 

clear-cut definition of the properties of acceptable elements and as such, only 

discrete criteria are acceptable.  

In technical and practical scenarios, discrete criteria are not always applicable to 

every situation, and as such, the fuzzy (non-distinct, ambiguous) nature of group 

belonging becomes crucial. 

In fuzzy relations, less clarity exists in the discrete association between the elements 

of multiple sets, and as such, requires more complexity in computation. To identify 

the level of interconnectedness or association in a fuzzy relation, degree of 

membership is used. The fuzzy relation depicts the strength of connection between 

the elements of multiple sets. 

A fuzzy graph functions to represent an indistinctly defined dependency. Fuzzy 

relations happen to be fuzzy subsets of 𝑋 × 𝑌, a mapping from 𝑋   𝑌.  
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The relation 𝑅 ⊆  𝑆 ⨯ 𝑆 on a set 𝑆 can be identified to define a graph having vertex 

set S and edge set R. The graph has a pair (𝑆,𝑅), with 𝑆 is the set while 𝑅 is the 

relation on the set 𝑆. Also, any fuzzy relation 𝑅� related to a fuzzy subset �̃� belonging 

to set 𝑆 is described to be defining a weighted or fuzzy graph, where edge weight is 

(𝑥,𝑦) ∈ 𝑆 × 𝑆 ; 𝑅(𝑥,𝑦) ∈ [0,1]. 

Fuzzy relations due to their nature have gained natural applications in some fields of 

study. Some fields of application of fuzzy graphs are economics, medicine, 

sociology, psychology, image processing etc. 

The Cartesian product is a cross product of the crisp sets 𝑋 and 𝑌, which is denoted 

by 𝑋 × 𝑌, is the crisp set of every ordered pair whose first element per pair exists in 

𝑋 and the second exists in 𝑌. 

𝑋 × 𝑌 = {(𝑥, 𝑦),𝑥 ∈ 𝑋,𝑦 ∈ 𝑌} 

It is to note that if 𝑋 ≠ 𝑌,  then 𝑋 × 𝑌 ≠ 𝑌 × 𝑋. 

The crisp relation from the set 𝑋 to the set 𝑌 is represented below according to the 

Cartesian product  𝑋 × 𝑌, where 𝑋 = {𝑥 1 , 𝑥 2 , 𝑥 3 }, and 𝑌 = {𝑦 1 ,𝑦 2 ,𝑦 3 }: 

R y1  y 2  y 3  

x1  1 1 1 

x 2  1 1 1 

x 3  1 1 1 
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The graphical representation of the crisp relation is given in Figure 1. 

 

 

 

 

 

The fuzzy relations refer to fuzzy sets that are defined on universal sets of Cartesian 

products (Figure 1). The membership function of the relation 𝑅 for the pair (𝑥,𝑦),

𝑅(𝑥, 𝑦) = 1 shows that two elements in consideration 𝑥 and 𝑦 are fully related while 

𝑅(𝑥, 𝑦) = 0 shows that they are fully unrelated. Values in between 0 and 1 denote a 

partial relationship. It is needful to know that in the Cartesian product there are 

distinct sets called the dimensions of the relation.  

Assume that 𝑋 and 𝑌 are fuzzy sets described as 𝑋 = 0.1/𝑥 1 + 0.4/𝑥 2 + 1/𝑥 3 , and  

𝑌 = 0.8/𝑦 1 + 0.3/𝑦 2 + 0.2/𝑦 3 . The Cartesian product of 𝑋 and 𝑌 consists of pairs 

from 𝑋 to 𝑌 with the minimum corresponding membership functions are given 

below:  

𝑋 × 𝑌 = {[(𝑥 1 ,𝑦 1 )/min (0.1,0.8)], [(𝑥 2 , 𝑦 1 )/min (0.4,0.8)], [(𝑥 3 ,𝑦 1 )/𝑚in (1,0.8)],

[(𝑥 1 ,𝑦 2 )/min (0.1,0.3)], [(𝑥 2 ,𝑦 2 )/min (0.4,0.3)], [(𝑥 3 ,𝑦 2 )/min (1,0.3)],

Figure 1: Graphical Representation of Crisp Relation  
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[(𝑥 1 ,𝑦 3 )/min (0.1,0.2)], [(𝑥 2 ,𝑦 3 )/min (0.4,0.2)], [(𝑥 3 , 𝑦 3 )/min (1,0.2)]} =

{[(𝑥 1 ,𝑦 1 )/0.1], [(𝑥 2 ,𝑦 1 )/0.4], [(𝑥 3 ,𝑦 1 )/0.8], [(𝑥 1 ,𝑦 2 )/0.1], [(𝑥 2 ,𝑦 2 )/

0.3], [(𝑥 3 ,𝑦 2 )/0.3], [(𝑥 1 ,𝑦 3 )/0.1], [(𝑥 2 ,𝑦 3 )/0.2], [(𝑥 3 , 𝑦 3 )/0.2)]}. 

The fuzzy relation according to the Cartesian product of 𝑋 × 𝑌 of above sets 

𝑋 = {𝑥 1 , 𝑥 2 , 𝑥 3 }, and  𝑌 = {𝑦 1 ,𝑦 2 ,𝑦 3 } is given below, and graphically is 

represented in Figure 2: 

 

 

 

 

 

 

 

 

R y1  y 2  y 3  

x  0.1 0.1 0.1 

x 2  0.4 0.3 0.2 

x 3  0.8 0.3 0.2 

1

Figure 2: Graphical Representation of Fuzzy Relation 
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Let’s consider another example with the fuzzy relation. Assume the sets 𝑋 and 𝑌 are 

given: 𝑋 = {3,4,5}, 𝑌 = {3,4,5,6,7}, and the membership functions between the 

elements of the sets 𝑋 and 𝑌 are defined as follows: 

𝜇𝑅(𝑥,𝑦) = �(𝑦 − 𝑥)/(𝑦 + 𝑥 + 2), 𝑖𝑓 𝑦 > 𝑥
0, 𝑖𝑓 𝑦 ≤ 𝑥 

This can be further expressed as the following matrix representing the membership 

grades between the elements of the sets 𝑋 and 𝑌: 

 

 

3.2 Operations on Fuzzy Relations 

3.2.1 Unary Operations 

Unary operations, relating to a single item are of importance in fuzzy operation and 

relations. This identifies a mathematical computation performed on a single element 

or member of a set per time. Some of these operations are specific to fuzzy relations 

while others are generated as fuzzy extension of a crisp counterpart. The inverse or 

transpose of a fuzzy relation is a peculiar operation from the specific unary 

operations for fuzzy relations [25]. 

The following fuzzy relation  𝑅−1  ⊆  𝑌 ×  𝑋  is the inverse of 𝑅 ⊆  𝑌|𝑋 × 𝑌  if the 

following condition holds: 

𝑅−1(𝑦, 𝑥) = 𝑅(𝑥,𝑦) 

for all pairs (𝑦, 𝑥) ∈ 𝑌 × 𝑋.  

Also, noteworthy is it that for all (𝑦, 𝑥)  ∈ 𝑌 ×  𝑋, 

𝑅−1(𝑦, 𝑥) = 𝑅(𝑥,𝑦)  ↔  𝜇𝑅−1(𝑦, 𝑥) = 𝜇𝑅(𝑥,𝑦) 
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3.2.2 Binary Operations 

Because fuzzy relations are known to be special cases of fuzzy sets, operations that 

are possible on fuzzy relations are equally possible on fuzzy sets as well. Examples 

of such operations are standard fuzzy union and standard fuzzy intersection [25]. 

Standard Fuzzy Union: In a situation when 𝐴 ⊆ 𝑋 × 𝑌 and 𝐵 ⊆ 𝑋 × 𝑌 fuzzy 

relations have some compatibility, the standard fuzzy union of A and B is a fuzzy 

relation 

𝐴 ∪ 𝐵 ⊆ 𝑋 × 𝑌 

with degree of membership 

𝜇𝐴∪𝐵(𝑥,𝑦) = ∨ (𝜇𝐴(𝑥,𝑦),  𝜇𝐵(𝑥,𝑦)) 

for all pairs (𝑥,𝑦)  ∈ 𝑋 × 𝑌. Below the fuzzy relations and their defined standard 

fuzzy union are given. 

 

∪ 

 

 

= 

 

𝑅 2  y1  y 2  y 3  

x1  0.2 0.3 0.1 

x 2  0.4 0.5 0.2 

x 3  0.5 0.1 0.3 

𝑅 1  
y1  y 2  y 3  

x1  0.1 0.4 0.2 

x 2  0.5 0.3 0.1 

x 3  0.6 0.2 0.1 

𝑅 1 ∪ 𝑅 2  y1  y 2  y 3  

x1  0.2 0.4 0.2 

x 2  0.5 0.5 0.2 

x 3  0.6 0.2 0.3 
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Standard Fuzzy Intersection: In a situation when 𝐴 ⊆ 𝑋 × 𝑌 and 𝐵 ⊆ 𝑋 × 𝑌 fuzzy 

relations have some compatibility, the standard fuzzy intersection of A and B is a 

fuzzy relation 

𝐴 ∩ 𝐵 ⊆ 𝑋 × 𝑌 

with degree of membership 

𝜇𝐴∩𝐵(𝑥,𝑦) = ∧ (𝜇𝐴(𝑥,𝑦),  𝜇𝐵(𝑥,𝑦)) 

for all pairs (𝑥,𝑦)  ∈ 𝑋 × 𝑌. 

Below the fuzzy relations and their standard fuzzy intersection are given. 

 

 

∩ 

 

 

= 

 

𝑅 1  
y1  y 2  y 3  

x1  0.2 0.5 0.1 

x 2  0.1 0.6 0.3 

x 3  0.8 0.1 0.1 

𝑅 2  y1  y 2  y 3  

x1  0.1 0.4 0.5 

x 2  0.3 0.2 0.4 

x 3  0.6 0.2 0.2 

𝑅 ∩ 𝑅  
y  y  y  

x  0.1 0.4 0.1 

x  0.1 0.2 0.3 

x  0.6 0.1 0.1 

1 2
1 2 3

1

2

3
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3.3 Compositions of Fuzzy Relations 

3.3.1 Fuzzy Max-min Composition and Fuzzy Max-product Composition 

If 𝑅1(𝑥,𝑦), (𝑥,𝑦) ∈ 𝑋 × 𝑌  and 𝑅2(𝑦, 𝑧), (𝑦, 𝑧) ∈ 𝑌 × 𝑍 are two fuzzy relations, the 

fuzzy max-min composition will be defined as follows [25]: 

𝑅1   𝑅2 = �(𝑥, 𝑧),
max
𝑦 �min�𝜇𝑅1(𝑥,𝑦), 𝜇𝑅2(𝑦, 𝑧)��� 𝑥 ∈ 𝑋,𝑦 ∈ 𝑌, 𝑧 ∈ 𝑍 

The fuzzy max-product composition is mathematically described as 

𝑅1 •  𝑅2(𝑥, 𝑧) = ��(𝑥, 𝑧),
𝑚𝑎𝑥
𝑦 �𝜇𝑅1(𝑥,𝑦) .  𝜇𝑅2(𝑦, 𝑧)���  𝑥 ∈ 𝑋,𝑦 ∈ 𝑌, 𝑧 ∈ 𝑍} 

Let’s apply fuzzy max-min composition and fuzzy max-product composition on 

fuzzy relations. Suppose the following fuzzy relations from the set 𝑋 to the set 𝑌 and 

from the set 𝑌 to the set 𝑍 are given which are graphically depicted in Figure 3: 

 

 

 

 

 

 

 

 

 

 

 𝑅2 z1  z 2  z 3  

y1  0.1 0.5 0.7 

y 2  0.6 0.9 0.5 

y 3  0.3 0.2 0.7 

𝑅1 y1  y 2  y 3  

x1  0.9 0.1 0.2 

x 2  0.8 0.5 0.4 

x 3  0.6 0.4 0.1 
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After using the fuzzy max-min composition we have the relation 

 

 

 

 

After using the fuzzy max-product composition we have the following relation: 

 

 

 

 

𝑅 z1  z 2  z 3  

x1  0.2 0.5 0.7 

x 2  0.5 0.5 0.7 

x 3  0.4 0.5 0.6 

𝑅 z1  z 2  z 3  

x1  0.09 0.45 0.63 

x 2  0.30 0.45 0.56 

x 3  0.24 0.36 0.42 

Figure 3: Graph of Fuzzy Relations 
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The new relations after applying the fuzzy max-min and fuzzy max-product 

compositions are graphically represented in Figure 4 and Figure 5, respectively. 

 

 

 

 

 

 

 

 

 

 

3.4 α-cut of Fuzzy Relation 

If 𝑅 ⊆ 𝐴 × 𝐵, and 𝑅∝ is a α-cut relation, it follows directly that [25] 

𝑅∝ = {(𝑥, 𝑦)|𝜇𝑅(𝑥,𝑦) ≥∝, 𝑥 ∈ 𝐴,𝑦 ∈ 𝐵} 

Below the fuzzy relation R and α-cut of fuzzy relation R with the coefficients of 

α=0.3, α=0.6, and α=0.9 are given. 

 

Figure 4: Graphical Representation of Relation after Applying Fuzzy Max-min 
Composition 

Figure 1: Graphical Representation of Relation after Applying Fuzzy Max-
product Composition 

5: 
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 0.1 0.3 0.9 0.4 

 0.2 0.0 1 0.7 

𝑀𝑅 = 0.6 0.5 0.2 0.3 

 0.4 0.3 0.1 0.4 

 

     

 0 1 1 1 

 0 0 1 1 

𝑀𝑅 0.3 = 1 1 0 1 

 1 1 0 1 

 

     

 0 0 1 0 

 0 0 1 1 

𝑀𝑅 0.6 = 1 0 0 0 

 0 0 0 0 
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 0 0 1 0 

 0 0 1 0 

𝑀𝑅 0.9 = 0 0 0 0 

 0 0 0 0 

 

3.5 Types of Fuzzy Relations 

The following types of fuzzy relations exist to be defined on 𝐴 × A. 

- Fuzzy Reflexive Relation: 𝑅 is defined to be fuzzy reflexive relation in 𝑋 × 𝑋 if 

𝜇𝑅(𝑥, 𝑥) = 1 for all 𝑥 that exist in 𝐴 (∀𝑥 ∈ 𝐴). 

The following is the fuzzy reflexive relation:  

 

 

 

 

 

The graphical representation of above fuzzy reflexive relation is in Figure 6: 

 

 

𝑅 x1  x 2  x 3  x 4  

x1  1 0.7 0.8 0.3 

x 2  0.8 1 0.6 0.3 

x 3  0.5 0.3 1 0.4 

x 4  0.3 0.5 0.4 1 
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- Fuzzy Symmetric Relation: 𝑅 is fuzzy symmetric relation, if 

𝑅(𝑥, 𝑦) = 𝑅(𝑦, 𝑥), for ∀(𝑥, 𝑦) ∈ 𝐴 × 𝐴 

The following is the fuzzy symmetric relation: 

 

 

 

 

 

 

 

 

 

 

The graphical representation of above fuzzy symmetric relation is in Figure 7: 

 

 

 

𝑅 x1  x 2  x 3  x 4  

x1  1 0.5 0.3 0.7 

x 2  0.5 1 0.6 0.2 

x 3  0.3 0.6 1 0.1 

x 4  0.7 0.2 0.1 1 

Figure 6: Graph of Fuzzy Reflexive Relation 
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Figure 7: 

- Fuzzy Anti-symmetric Relation: Conversely, any fuzzy relation is described to be 

anti-symmetric (𝑥 ≠ 𝑦), if: 

𝜇𝑅(𝑥, 𝑦)  ≠ 𝜇𝑅(𝑦, 𝑥), for ∀(𝑥,𝑦) ∈ 𝐴 × 𝐴 

or 

𝜇𝑅(𝑥, 𝑦) = 𝜇𝑅(𝑦, 𝑥) = 0,  for ∀(𝑥,𝑦) ∈ 𝐴 × 𝐴 

The following is fuzzy anti-symmetric relation:  

 

 

 

 

 

 

 

 

 

The graphical representation of above fuzzy anti-symmetric relation is in Figure 8: 

 

𝑅 x1  x 2  x 3  x 4  

x1  0 0.2 0.6 0.3 

x 2  0.1 0 0.3 0.7 

x 3  0.3 0.5 0 0.5 

x 4  0.2 0.8 0.4 0 

Figure 7: Graph of Fuzzy Symmetric Relation 
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   Figure 8.  

 

- Fuzzy Transitive Relation: 𝑅 is fuzzy transitive relation if 

∀(𝑥,𝑦), (𝑦, 𝑧), (𝑥, 𝑧) ∈ 𝐴 × 𝐴 

𝜇𝑅(𝑥, 𝑧) ≥ max [min(𝜇𝑅(𝑥,𝑦), 𝜇𝑅(𝑦, 𝑧))] = 𝜇𝑅• 𝑅 (x, z) 

Let 𝑅 be the fuzzy relation given below: 

 

 

 

 

 

 

𝑅 x1  x 2  x 3  x 4  

x1  0.2 1 0.4 0.6 

x 2  0.1 0.7 0.3 0.5 

x 3  0.1 1 0.4 0.5 

x 4  0.1 0.4 0.3 0.4 

Figure 8: Graph of Fuzzy Anti-symmetric Relation 
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Then, 𝑅 𝑅 becomes  

 

 

 

     

 

 

 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.2,0.2),𝑚𝑖𝑛(1,0.1),𝑚𝑖𝑛(0.4,0.1),𝑚𝑖𝑛(0.6,0.1)]

= 𝑀𝑎𝑥[0.2,0.1,0.1,0.1] = 0.2 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.2,1),𝑚𝑖𝑛(1,0.7),𝑚𝑖𝑛(0.4,1),𝑚𝑖𝑛(0.6,0.4)] 

= 𝑀𝑎𝑥[0.2,0.7,0.4,0.4] = 0.7 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.2,0.4),𝑚𝑖𝑛(1,0.3),𝑚𝑖𝑛(0.4,0.4),𝑚𝑖𝑛(0.6,0.3)]

= 𝑀𝑎𝑥[0.2,0.3,0.4,0.3] = 0.4 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.2,0.6),𝑚𝑖𝑛(1,0.5),𝑚𝑖𝑛(0.4,0.5),𝑚𝑖𝑛(0.6,0.4)]=

𝑀𝑎𝑥[0.2,0.5,0.4,0.4] = 0.5 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.2),𝑚𝑖𝑛(0.7,0.1),𝑚𝑖𝑛(0.3,0.1),𝑚𝑖𝑛(0.5,0.1)]

= 𝑀𝑎𝑥[0.1,0.1,0.1,0.1] = 0.1 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,1),𝑚𝑖𝑛(0.7,0.7),𝑚𝑖𝑛(0.3,1),𝑚𝑖𝑛(0.5,0.4)] = 

𝑀𝑎𝑥[0.1,0.7,0.3,0.4] = 0.7 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.4),𝑚𝑖𝑛(0.7,0.3),𝑚𝑖𝑛(0.3,0.4),𝑚𝑖𝑛(0.5,0.3)]

= 𝑀𝑎𝑥[0.1,0.3,0.3,0.3] = 0.3 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.6),𝑚𝑖𝑛(0.7,0.5),𝑚𝑖𝑛(0.3,0.5),𝑚𝑖𝑛(0.5,0.4)] = 

𝑀𝑎𝑥[0.1,0.5,0.3,0.4] = 0.5 

𝑅 x1  x 2  x 3  x 4  

x1  0.2 1 0.4 0.6 

x 2  0.1 0.7 0.3 0.5 

x 3  0.1 1 0.4 0.5 

x 4  0.1 0.4 0.3 0.4 

𝑅 x1  x 2  x 3  x 4  

x1  0.2 1 0.4 0.6 

x 2  0.1 0.7 0.3 0.5 

x 3  0.1 1 0.4 0.5 

x 4  0.1 0.4 0.3 0.4 
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𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.2),𝑚𝑖𝑛(1,0.1),𝑚𝑖𝑛(0.4,0.1),𝑚𝑖𝑛(0.5,0.1)] = 

𝑀𝑎𝑥[0.1,0.1,0.1,0.1] = 0.1 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,1),𝑚𝑖𝑛(1,0.7),𝑚𝑖𝑛(0.4,1),𝑚𝑖𝑛(0.5,0.4)] = 

𝑀𝑎𝑥[0.1,0.7,0.4,0.4] = 0.7 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.4),𝑚𝑖𝑛(1,0.3),𝑚𝑖𝑛(0.4,0.4),𝑚𝑖𝑛(0.5,0.3)]= 

𝑀𝑎𝑥[0.1,0.3,0.4,0.3] = 0.4 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.6),𝑚𝑖𝑛(1,0.5),𝑚𝑖𝑛(0.4,0.5),𝑚𝑖𝑛(0.5,0.4)] = 

𝑀𝑎𝑥[0.1,0.5,0.4,0.4] = 0.5 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.2),𝑚𝑖𝑛(0.4,0.1),𝑚𝑖𝑛(0.3,0.1),𝑚𝑖𝑛(0.4,0.1)] = 

𝑀𝑎𝑥[0.1,0.1,0.1,0.1] = 0.1 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,1),𝑚𝑖𝑛(0.4,0.7),𝑚𝑖𝑛(0.3,1),𝑚𝑖𝑛(0.4,0.4)] = 

𝑀𝑎𝑥[0.1,0.4,0.3,0.4] = 0.4 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.4),𝑚𝑖𝑛(0.4,0.3),𝑚𝑖𝑛(0.3,0.4),𝑚𝑖𝑛(0.4,0.3)] = 

𝑀𝑎𝑥[0.1,0.3,0.3,0.3] = 0.3 

𝑀𝑎𝑥[𝑚𝑖𝑛(0.1,0.6),𝑚𝑖𝑛(0.4,0.5),𝑚𝑖𝑛(0.3,0.5),𝑚𝑖𝑛(0.4,0.4)] = 

𝑀𝑎𝑥[0.1,0.4,0.3,0.4] = 0.4 

So the final form is 

 

 

 

 

𝑅 𝑅 x1  x 2  x 3  x 4  

x1  0.2 0.7 0.4 0.5 

x 2  0.1 0.7 0.3 0.5 

x 3  0.1 0.7 0.4 0.5 

x 4  0.1 0.4 0.3 0.4 
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It can be observed that 𝜇R R(𝑥,𝑦) ≤ 𝜇R(𝑥,𝑦) holds for all𝑥,𝑦 ∈ 𝑋. 

In Figure 9 the graph of fuzzy transitive relation 𝑅is depicted. 

 

 

 

 

 

Fiure 9:  

- Fuzzy Equivalence Relation: Any fuzzy relation 𝑅 with reflexive, symmetric and 

transitive properties is a fuzzy equivalence relation. 

The following is the fuzzy equivalence relation:  

 

 

 

 

 
 

 

The graphical representation of above fuzzy equivalence relation is in Figure 10: 

𝑅 x1  x 2  x 3  x 4  

x1  1 0.9 0.8 1 

x 2  0.9 1 0.8 0.9 

x 3  0.8 0.8 1 0.8 

x 4  1 0.9 0.8 1 

Figure 9: Graph of Fuzzy Transitive Relation 
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Figure 10: 

 

- Fuzzy Partial Order Relation: Any fuzzy relation 𝑅 with reflexive, anti-

symmetric and transitive properties is a fuzzy partial order relation.  

The following is the fuzzy partial order relation:  

 

 

 

 

 

The graphical representation of above fuzzy partial order relation is in Figure 11: 

 

 

 

𝑅 x1  x 2  x 3  x 4  

x1  1 0.6 0.1 0 

x 2  0.3 1 0.1 0 

x 3  0 0 1 0 

x 4  0.1 0.1 0.1 1 

Figure 10: Graph of Fuzzy Equivalence Relation 
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Figure 11: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11: Graph of Fuzzy Partial Order Relation 
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Chapter 4 

4 OPERATIONS ON FUZZY GRAPHS 

4.1 Characteristics of Fuzzy Graphs 

Various operations are permitted on fuzzy graphs. We try to describe a partial fuzzy 

subgraph of graph (𝑥v, 𝑥x) by the partial fuzzy subgraph of graph (𝑉,𝑋) where 𝑋 are 

edges. If we have 𝐺 = (𝑉,𝑋) as a graph, the partial fuzzy subgraph in 𝐺 can be 

described as the ordered pair (𝜇,𝜌) with 𝜇 being a fuzzy subset of V and 𝜌 being a 

symmetric fuzzy relation on 𝑉. Barring a loss of generality, 𝜌 also could have been 

evaluated as the fuzzy subset of X and as such, (𝜇,𝜌) can also be evaluated to be a 

partial fuzzy subgraph of  𝐺. 

We assume that (𝜇𝑖 ,𝜌𝑖) is a partial fuzzy subgraph of 𝐺𝑖 = (𝑉𝑖,𝑋𝑖) where 0 < 𝑖 ≤ 2.  

The various operations of Cartesian product, union and join are defined on (𝜇1,𝜌1) 

and (𝜇2,𝜌2). We refer to the edge between two known vertices 𝑢 and 𝑣 as (𝑢𝑣) 

because the vertex of the graph from any Cartesian product is always an ordered pair, 

where 𝑖 = 1, 2, if graph 𝐺 is obtained from 𝐺1 and 𝐺2 using any of the operations of 

join and union, we obtain the necessary and sufficient conditions for any arbitrary 

partial fuzzy subgraph of 𝐺 to be obtained from partial fuzzy subgraphs of 𝐺1 and 𝐺2 

through same operations. 

 

 



33 
 

4.2 Cartesian Product of Fuzzy Graphs 

Consider the following Cartesian product 

𝐺 = 𝐺1 × 𝐺2 = (𝑉,𝑋) of graphs 𝐺1 = (𝑉1,𝑋1) and 𝐺2 = (𝑉2,𝑋2). 

Then 𝑉 = 𝑉1 × 𝑉2 and 

𝑋 = {(𝑢,𝑢2)(𝑢, 𝑣2)| 𝑢 ∈  𝑉1,𝑢2𝑣2  ∈  𝑋2} ∪ {(𝑢1,𝑤)(𝑣1,𝑤)|𝑤 ∈  𝑉2,𝑢1𝑢2 ∈  𝑋1} 

𝜇𝑖 is a the fuzzy subset of 𝑉𝑖 and 𝜌𝑖 is also a fuzzy subset of 𝑋𝑖, where 0 < 𝑖 ≤ 2. 

The fuzzy subsets in 𝜇1 × 𝜇2 of 𝑉 and 𝜌1𝜌2 of 𝑋 is thus defined: 

∀ (𝑢1,𝑢2) ∈  𝑉, (𝜇1 × 𝜇2)(𝑢1,𝑢2) =  𝜇1(𝑢1) ∧ 𝜇2(𝑢2) ; 

∀𝑢 ∈ 𝑉1,∀𝑢2𝑣2 ∈  𝑋2,𝜌1𝜌2( (𝑢,𝑢2, )(𝑢, 𝑣2) =  𝜇1(𝑢) ∧ 𝜌2(𝑢2𝑣2). 

4.3 Union and Join Operations of Fuzzy Graphs 

Union Operation: If 𝐺1: (𝜎1,𝜇1) and 𝐺2: (𝜎2,𝜇2) are fuzzy graphs having 𝐺1∗: 

(𝑉1,𝐸1) just as 𝐺2∗: (𝑉2,𝐸2). 𝐺=𝐺1 ∪ 𝐺2: (𝜎1 ∪  𝜎2, 𝜇1 ∪  𝜇2) is a fuzzy graph which 

describes the union of two fuzzy graphs 𝐺1 and 𝐺2, which is also described as 

(𝜎1 ∪  𝜎2)(𝑢) =  �𝜎1
(𝑢) 𝑖𝑓 𝑢 ∈ 𝑉1− 𝑉2

𝜎2(𝑢) 𝑖𝑓 𝑢 ∈ 𝑉2− 𝑉1
 

and 

(𝜇1 ∪  𝜇2)(𝑢𝑣) =  �𝜇1
(𝑢) 𝑖𝑓 𝑢𝑣 ∈ 𝐸1− 𝐸2

𝜇2(𝑢) 𝑖𝑓 𝑢𝑣 ∈ 𝐸2− 𝐸1
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Join Operation: For the join operation 𝐺1∗  + 𝐺2∗  = (𝑉1 ∪ 𝑉2,𝐸1 ∪ 𝐸2 ∪  𝐸′) of 

graphs having arcs 𝐸′ connecting nodes 𝑉1 and 𝑉2 (assuming that 𝑉1 ∩ 𝑉2 = ∅). 

Hence, the join of two fuzzy graphs is a fuzzy graph [26]. 

Joining fuzzy graphs 𝐺1 and 𝐺2(𝐺1 +𝐺2) produces another fuzzy graph G: (𝜎1 + 𝜎2,

𝜇1 + 𝜇2) which can be further defined by (𝜎1 + 𝜎2)(𝑢) = (𝜎1 ∪ 𝜎2)(𝑢), where 𝑢 ∈

𝑉1 ∪ 𝑉2 and as such 

(𝜇1 + 𝜇2)(𝑢𝑣) = �(𝜇1 ∪ 𝜇2)(𝑢𝑣)    𝑖𝑓 𝑢𝑣 ∈ 𝐸1 ∪ 𝐸2
𝜎1(𝑢) ∧  𝜎2(𝑣)    𝑖𝑓 𝑢𝑣 ∈ 𝐸′  

4.4 Fuzzy Subgraph and Partial Fuzzy Subgraph 

𝑄: (𝑆,𝑈) is a partial fuzzy subgraph of 𝐺: (𝜎, 𝜇) if 𝑆(𝑢) ≤  𝜎(𝑢)∀ 𝑢 and 𝑈(𝑢, 𝑣) ≤

 𝜇(𝑢, 𝑣) ∀ 𝑢 and 𝑣, and as such, any partial fuzzy subgraph (𝑄: (𝑆,𝑈)) is described 

to be a subgraph of 𝐺: (𝜎, 𝜇) if for each 𝑢 in 𝑆∗and 𝑈(𝑢, 𝑣) =  𝜇(𝑢, 𝑣) for each arc 

(𝑢, 𝑣) in 𝑈∗, 𝑠(𝑢) = 𝜎(𝑢). The fuzzy subgraph 𝑄: (𝑆,𝑈) covers 𝐺: (𝜎, 𝜇) if 𝑆 =  𝜎. 

By definition, 𝐻 = (𝐶,𝐷, 𝑓) is a fuzzy subgraph of 𝐹 = (𝐴,𝐵,𝑓) if 𝐶 ⊆ 𝐴 and 

𝐷 ⊆ 𝐵. 

In Figure 12 the fuzzy graph (a) and its possible fuzzy subgraph (b) are described. 

 

(a)               (b) 

 

Figure 12:  

0.4 0.2 

0.6 0.8 

0.2 0.1 

0.4 0.5 
Figure 12: Fuzzy Graph (a) and Fuzzy Subgraph (b) 



35 
 

Figure 14: Fuzzy Graph 𝐺2 and its Complement �̅�2 

Figure 13: Fuzzy Graph 𝐺  and its Complement �̅�  

4.5 Complement of Fuzzy Graph 

The complement of the fuzzy graph 𝐺: (𝜎, 𝜇) is a fuzzy graph �̅�: (𝜎�, �̅�), where 𝜎� ≡

𝜎, and [27] 

�̅�(𝑢, 𝑣) = 𝜎(𝑢)⋀𝜎(𝑣) −  𝜇(𝑢, 𝑣)∀ 𝑢, 𝑣 ∈ 𝑉 

Figures 13 and 14 show the fuzzy graph 𝐺 1  and its complement �̅� 1 , and fuzzy graph 

𝐺 2  and its complement �̅� 2 , respectively. 
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4.6 Degrees and Total Degrees of Vertices of Fuzzy Graph 

A vertex and an edge are said to be incident to each other when the vertex 𝜎(𝑢𝑖)  

happens to be an end vertex of the edge 𝜇(𝑢𝑖 , 𝑣𝑗) in a fuzzy graph 𝐺: (𝜎, 𝜇). The 

degree of the aforementioned vertex 𝜎(𝑢𝑖) is described to be the summation of the 

degree of membership of edges incident at the vertex 𝜎(𝑢𝑖). The degree of a vertex is 

denoted by 𝑑(𝜎(𝑢𝑖)). 

The Degree of a Vertex: If 𝐺: (𝜎, 𝜇) is a fuzzy graph on 𝐺∗: (𝑉,𝐸). The degree of 

vertex u is 𝑑𝐺(𝑢) = ∑ 𝜇(𝑢𝑣)𝑢≠𝑣  [28].  

The Total Degree of a Vertex: If 𝐺: (𝜎, 𝜇) is a fuzzy graph on 𝐺∗: (𝑉,𝐸). The total 

degree of vertex 𝑢 ∈ 𝑉 is 𝑡𝑑𝐺(𝑢) = ∑ 𝜇(𝑢𝑣) +𝑢≠𝑣 𝜎(𝑢) [28]. 

Regular Fuzzy Graph: Let 𝐺: (𝜎, 𝜇) to be a fuzzy graph on 𝐺∗: (𝑉,𝐸), and if the 

degree k is the same for all the vertices of 𝐺, then 𝐺 is called a regular fuzzy graph 

[28]. 

Totally Regular Fuzzy Graph: Let 𝐺: (𝜎, 𝜇) to be a fuzzy graph on 𝐺∗: (𝑉,𝐸), and 

if the total degrees of the graph 𝐺 are same, then 𝐺 is called totally regular fuzzy 

graph [29]. 

The graph in Figure 15 is regular fuzzy graph since the degrees of all the vertices of 

the graph are same, but this graph is not totally regular fuzzy graph because the 

vertices have distinct total degrees. 
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The degrees and total degrees of the vertices of above regular fuzzy graph are 

calculated below: 

Degree:𝑣1 = 0.5 + 0.2 = 0.7 

Degree:𝑣2 = 0.5 + 0.2 = 0.7 

Degree:𝑣3 = 0.5 + 0.2 = 0.7 

Degree:𝑣4 = 0.5 + 0.2 = 0.7 

Total degree:𝑣1 = 0.9 + 0.5 + 0.2 = 1.6 

Total degree:𝑣2 = 0.1 + 0.5 + 0.2 = 0.8 

Total degree:𝑣3 = 0.4 + 0.5 + 0.2 = 1.1 

𝑣1(0.9) 

0.5 0.2 

0.2 0.5 

𝑣2(0.1) 𝑣4(0.3) 

𝑣3(0.4) 

Figure 15: Regular Fuzzy Graph 
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Total degree:𝑣4 = 0.3 + 0.5 + 0.2 = 1 

The graph in Figure 16 is the totally regular fuzzy graph because all the vertices have 

the same total degrees. 

 

 

 

 

 

 

 
 

The total degrees of all the vertices of the graph in Figure 16 are same:  

Total degree:𝑣1 = 0.6 + 0.5 + 0.1 = 1.2 

Total degree:𝑣2 = 0.9 + 0.1 + 0.2 = 1.2 

Total degree:𝑣3 = 0.6 + 0.4 + 0.2 = 1.2 

Total degree:𝑣4 = 0.3 + 0.5 + 0.4 = 1.2 

4.7 Complete Fuzzy Graph 

The graph 𝐺: (𝜇,𝜌) is complete fuzzy graph if the following condition holds: 

𝜌(𝑢, 𝑣) = 𝜇(𝑢)Λ 𝜇(𝑣)∀𝑢, 𝑣 ∈ 𝑉 

0.5 0.1 

0.4 0.2 

𝑣1(0.6) 

𝑣2(0.9) 𝑣4(0.3) 

𝑣3(0.6) 
Figure 16: Totally Regular Fuzzy Graph 
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Figures 17, 18, and 19 represent complete fuzzy graphs with three vertices (𝐾 3 ), four 

vertices (𝐾 4 ), and five vertices (𝐾 5 ), respectively. 

 

 

 

 

 

 

 

 
Figure 17:  
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Figure 17: Complete Fuzzy Graph with Three Vertices 𝐾  

Figure 18: Complete Fuzzy Graph with Four Vertices 𝐾  
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4.8 Fuzzy Tree 

Fuzzy tree is defined as a part of connected fuzzy graph 𝐺: (𝜎, 𝜇) to be a fuzzy 

spanning subgraph 𝐹: (𝜎, 𝑣). For all the edges (𝑢, 𝑣) not in 𝐹, must be 𝜇  (𝑢, 𝑣) <

𝑣∞(𝑢, 𝑣)[30]. 

In Figure 20 the connected fuzzy graph (a), and fuzzy tree (b) formed from this 

connected fuzzy graph are represented. 

 

 

(a)                                                                      (b) 
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Figure 19: Complete Fuzzy Graph with Five Vertices 𝐾  

Figure 20: Connected Fuzzy Graph (a) and Fuzzy Tree (b) 
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The fuzzy tree in Figure 20 is formed by deletion of two edges from the connected 

fuzzy graph defined as follows: 

𝜇(𝑢, 𝑣) = 0.4 < 0.6 = 𝑣∞(𝑢, 𝑣) 

𝜇(𝑣,𝑤) = 0.7 < 0.9 = 𝑣∞(𝑣,𝑤) 
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Chapter 5 

CONCLUSION 

In this master thesis the various properties of fuzzy graphs are studied. The fuzzy 

relations and fuzzy graphs are described, and some of their major characteristics are 

identified. The comparison of crisp and fuzzy relations is done. The unary and binary 

operations on fuzzy relations are carried out. The compositions of fuzzy relations 

including the fuzzy max-min composition and fuzzy max-product composition are 

obtained. The fuzzy relations are also described by using α-cut concept. 

Furthermore, the operations on fuzzy graphs and their properties considered. The 

Cartesian product, the union and join operations on fuzzy graphs are represented. 

The fuzzy subgraph, partial fuzzy subgraph and the complement of fuzzy graph are 

discussed. The degrees and total degrees of vertices of fuzzy graph are defined. The 

properties of regular and totally regular fuzzy graphs are studied. Finally, the 

complete fuzzy graph and the fuzzy tree are discussed. 
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