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ABSTRACT

In this thesis first of all some elementary results related with positive linear
operators, properties of Bernstein operators, g-integers and some identities related
with g-integers and also g-Bernstein operators and their properties are studied. Later
a g-analogue of the Bernstein-Kantorovich operators, their approximation properties,
local and global approximation properties and VVoronovskaja type theorem for the g-

Bernstein-Kantorovich operators for the case 0<q<1 are examined.

Keywords: Kantorovich operators, g-type Kantorovich operators, g-Bernstein

polynomials, local and global approximation.



Oz

Bu tezde ilk dnce pozitif lineer operatorler ve bu operatorlerin 6zellikleri, bu
operatorlerle ilgili sonuclar, Bernstein operatorleri incelenmistir. Ayrica tamsayilarin
g-analogu ve bunlarla ilgili baz1 06zdeslikler verildikten sonra Bernstein
operatorlerinin  g-analogu ve oOzellikleri ¢alisilmistir. Daha sonra Bernstein-
Kantorovich operatorleri ve Bernstein-Kantorovich operatorlerinin g-analogu verilip
g-Bernstein-Kantorovich operatorlerinin yakinsaklik 6zellikleri, lokal ve global

yakinsaklik 6zellikleri ve 0<g<1 i¢in Voronovskaya tipi teorem incelenmistir

Anahtar kelimeler: Kantorovich operatorlerid, g-tipli Kantorovich operatorlerio, g-

Bernstein polinomlari, lokal ve golbal yaklagim
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NOTATIONS AND SYMBOLS

In this thesis we shall often make use of the following symbols.

£l

C(X)

Cla, b]

Is the sign indicating equal definition. "a :=b" indicates that a
equantity to be defined or explained, and b provides the definition or

explanation. "b =: a" has the same meaning,
the set of natural numbers,

the set of natural numbers including zero,
the set of real numbers,

the set of real positive numbers,

an open interval,

a closed interval,

the class of the p — Lebesgue integrable functionson X, p > 1,

1
is the norm on L? (X) defined by [If|l, := (/, 1/ (x)|dx) /e ,p=1,
the set of all real-valued and continuous functions defined on X,

the set of all real-valued and continuous functions defined on the

compact interval [a, b],
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Af(x;) is the forward difference defined as
Af(xj) = f(xj+1) — f(x;) = f(x; + h) — f(x;), with stepsize h,
Af(x) = f(x;),  ATf(x) =2 (Amf (xj))'

AR F (%) is the finite difference of order k € N, with step size h € R\{0} and

starting point x € X. Its formula is given by
k _ vk K—j (K ;
Apf(x) = Xjo(=1) i fx+jh),

1 ifn=0
(x—qla) if n=1

(x - a); ={

viii



Chapter 1

INTRODUCTION

Positive linear operators are very important in the field of approximation theory and
the theory of these operators has been an important area of research in the last few
decades, especially as it affects computer-based geometric design. In the year 1885
Weierstrass proved his (fundamental) theorem on approximation by algebraic and
trigonometric polynomials and this was the key moment in the development of
Approximation Theory. It was a complicated and a very long proof and provoked
many famous mathematicians to find simpler and more instructive proofs. Sergej N.
Bernstein was one of these famous mathematicians that constructed well-known
Bernstein polynomials:
n
Bn(f;x) = Z f (%) (Z) x*(1—x)n* (1.1)
k=0
for any f € C[0,1], x € [0,1] and n € N. As it can seen later in this thesis, if f is
continuous on the interval [0,1], its sequence of Bernstein polynomials converges

uniformly to f on [0,1], thus giving a constructive proof of Weierstrass’s Theorem.

In the last few decades interesting generalizations of Bernstein polynomials based on
the g — integers were constructed by A. Lupas [19] and by George M. Phillips
[25]. In the year 1987 Lupas proposed the following ¢-analogue of Bernstein

polynomials:



B k k(l_x)nk
Rnq(f %) = Z <n>[k](1—x+qx) (1=-x+qg"x)’ (1.2)

and in the year 1997, Phillips proposed the g- Bernstein polynomials B, ,(f; x). For

each positive integer n, and f € C[0,1]

n—k—1

,wvxy—§:<ﬁ>ﬁ] [I(l—f@. (13)

On the other hand the classical Kantorovich operator B, ,n = 1,2, ... is defined by

[18] as
n k+1/n+1
Bi(fix) = (n+1) kzo (-0 | o
- Uk +
= kZO (Z) xk (1 —x)nk —[o f (n - i) dt,
£:10,1] - R. (1.4)

These operators have been widely considered in the mathematical literature. Also,
some other generalizations have been introduced by different mathematicians (see,

for instance [7], [6], [16]).

Here in this thesis we studied a g-type generalization of Bernstein-Kantorovich

polynomial operators as follows.

k
mmm—mewf(—$§ﬁa (15)

Wheref € C[0,1], 0< g <1 and

n-1

pn,k(q:X):{ }X(l X)g s @=x)g=]]@-a°%).

s=0



We evaluate the moments of K, ,. We study local and global convergence properties

of the g- Bernstein-Kantorovich operators and prove Voronovskaja-type asymptotic

formula for the g- Bernstein-Kantorovich operators.

In chapter 2 we give some preliminary and auxiliary results related to positive linear
operators. We mentioned about the norm of an operator, uniform convergence of an
operator, a Holder-type inequality for positive linear operators, the modulus of
smoothness of order k. We give the definition of Bernstein Polynomials, g-integers
and g-parametric Bernstein Polynomials and the theorems, lemmas, propositions

related to these operators.

In chapter 3 we give the definition of classical Kantorovich operator and we give the
definition of g-Bernstein-Kantorovich operator. We found a recurrence formula for
g- Bernstein-Kantorovich operator and obtain explicit formulas for Kj ,(t,x),
K,*{,q(tz,x). We found estimations for second and fourth order central moments of
the g-Bernstein polynomials. Then we give local and global approximation theorems

and VVoronovskaja type result for g-Bernstein-Kantorovich operators.



Chapter 2

PRELIMINARY AND AUXILIARY RESULT

2.1 Positive Linear Operators

In this section we are going to give some basic definitions and some basic properties

related to positive linear operators. For further information on this topic see [9].

Definition 2.1.1. Consider the mapping L: X —Y such that X andY are linear
spaces of functions. L is said to be a linear operator if

L(af + Bg) = aL(f) + BL(g9)
forall f,ge X andforalla,F €ER.If f = 0,f € X impliesthat Lf > 0then L isa

positive linear operator.

Proposition 2.1.1. Assume that L : X - Y is a positive and linear operator. Then
1. L is a monotonic operator, that is , if f,g € X with f < g thenLf < Lg.

2 forall f € X we have |Lf| < L|f].

Definition 2.1.2. Assume that X,Y are two linear normed spaces of real functions
suchthat X € Y and let L : X — Y. Then to each linear operator L we can assign a

norm ||L|| defined by

ILIl: = sup{lLfIl : f € X, IfIl = 1} = sup{I[LfIl : f € X,0 <[If]l < 1}.



It can be easily verified that ||. || satisfies all the properties of a norm and so is called

the operator norm.

If we select X =Y = Cla,b] the following remark can be stated regarding the

continuity and the operator norm.

Remark 2.1.1. Let L : C[a, b] = C|a, b] be a linear and positive operator. Then L is

also continuous and ||L|| = ||Le,|| where e, = t°.

Theorem 2.1.1. Assume that L, : C[a,b] = Cla, b] is a sequence of positive linear
operators and let e; = t'. If lim,_L,e; = e; for i=0,1,2 uniformly on [a,b],
then

lim,_L,f = f uniformly on[a, b] for every f € Cla, b].

Thus from the result given above we see that the monomials e; = t', i = 0,1,2, has
an important role in the approximation theory of linear and positive operators on the

spaces of continuous functions. In general they are called test functions.

This nice and simple result was inspirational for many researchers to extend
Theorem 2.1.1 in different ways, generalizing the notion of sequence and considering
different spaces. A special field of study of approximation theory arises in this way
which is called the Korovkin-type approximation theory. A complete and

comprehensive exposure on this topic can be found in [3].

In many estimates the Cauchy-Schwarz inequality is used :

(L(f9)* < L(FHLGD,  f.g € Cla,b).
5



Following inequality is a Holder-type inequality for positive linear operators that

reduces to the Cauchy-Schwarz inequality inthecasep =q = 2.

Theorem 2.1.2. Let L : C[a, b] = C[a, b] be a positive linear operator, Le,= e,.
Forp,q > 1, %+$= 1,f € Cla,b],x € [a, b] one has
1 1

L(fgl;x) < (LASIP; )P (LUgl% x))4.
The following quantities play an important role for the positive linear operators
L : Cla, b] - C|a, b]. the moments of order n,n > 0, namely

L((e; —x)"x) = L((ep —x)™)(x),  x € [a,b],

and for n > 1 also the absolute moments of odd order n, that is

L(le; — x| x) = L(le; —x[™)(x),  x € [a,b].

Proposition 2.1.2. Let L, p, q, f and x be given in Theorem 2.1.2 and let
0 < n =n, + n, be a decomposition of the non-negative number n with n;,n, > 0.

Then

1 1
Lley — x5 0) < (L(les — x™7; %)) P (L(ley — x[™92)) /9.

Proposition 2.1.3. Let L : C[a, b] = C[a, b] be a positive linear operator such that

Le,=epand 1 < s < r.Then

(Lley — xI50) " < (L(ley — xI";0)) ", x € [a, b].

Proposition 2.1.4. For a linear operator L and k € N, we have

k-1
L((er =040 = Ll ) = ) (K)o 1L((ey =050
=0



Remark 2.1.2. (i) Note that the equality of Proposition 2.1.4. holds without the
assumption Le, = e ,i € {0,1}.
(i) The proposition means that L((e; — x)*;x) can be computed if we know

L(ey; x) and the lower order moments L((e; —x);x),0<I<k—1.

Corollary 2.1.1. Let L be a linear operator with Le,= e ,i € {0,1}. The 3" and the

4™ moments can be computed as it is given below:
L((e; —x)3%;x) = L(ez; x) — x3 — 3xL((e; — x)%; x),

L((e; —x)*x) = L(eq; x) — x* — {4xL((e; — x)3;x) + 6x%L((e; — x)?; %)}

Definition 2.1.3. The modulus of smoothness of order k is defined by
wi(f;8) = sup{|A‘;‘l|:0 <h<¥6x,x+khe€e [a,b]},

where k € N,§ € R,and f € C[a, b].

Proposition 2.1.5. see[9]

1) wi(f;0) =0.

2) wi(f;.) isapositive continuous and non-decreasing function on R,.

3) wi(f;.) is sub-additive,i.e., w,(f; 61 + 8,) < w,(f;61) + w1(f; 6,), 6; =
0,i=1,2.

4) V8 20, wi41(f58) < 2wk (f;6).

5) If f € Ca,b] then w41 (f;68) < 6. wi(f';6),6 = 0.

6) If f € C"[a, b] then w, (f; 8) < 8" supseran|f 7 (©®)].

7) V6> 0and n € N,w,(f;n8) < nfw,(f;96).

8) V& >0anda > 0,w,(f;ad) <
(1 + [a)® wy(f; 6),where [a] is the integer part of a.

7



9) V8 = 0is fixed, then w,(f;.) is a semi —norm on Cla,b].
2.2 Bernstein Polynomials

Let f be a function on [0,1]. For each positive integer n, we define the Bernstein

polynomial

B.(f;x) = z f (%) (")xr @ =, 2.2.1)

If f is continuous on [0,1], its sequence of Bernstein polynomials converges
uniformly to f on [0,1], which gives a constructive proof to Weierstrass’s
Theorem. We may ask a question as ” why Bernstein created these new
polynomials to prove Weierstrass’s Theorem, instead of using polynomials that
were already known before”. For example, Taylor polynomials are not
appropriate; for even setting aside questions of convergence, they are applicable
only to functions that are infinitely differentiable, and not to all continuous
functions. It is obvious from (2.2.1) that for all n > 1,

B,(f;0) = f(0) and B,(f;1) = f(1), (2.2.2)
so that a Bernstein polynomial for f interpolates f at both endpoints of the

interval [0,1]. Moreover from the binomial expansion it follows that

n

B,(1;x) = Z (M@= =@+a-0)r=1, (2.2.3)

r=0
so that the Bernstein polynomial for the constant function 1 is also 1. Also the
Bernstein polynomial for the function x is x . Indeed since
rmy (m-—1
G =G0

for 1 < r < n, the Bernstein polynomial for the function ¢ is



n

Bu(fi0) = )~ (1) ar (-

r=0
n n—1
= xZ (Z B i) x"11 —x)V" = xZ (n ; 1) x5(1—x)" 1S (2.2.4)

We call B, the Bernstein operator; it maps a function f, defined on [0,1],t0 B,f,
where the function B,, fevaluated at x is denoted by B, (f; x). The Bernstein operator
is obviously linear, since it follows from (2.2.1) that

By(Af + ug) = ABnf + uBng, (2.2.5)

for all functions f and g defined on [0, 1], and all real A and p.

It can be seen from (2.2.1) that B,, is a monotone operator. It then follows from the
monotonicity of B,, and (2.2.3) that

m<f(x) <M, x€[0,1] > m<B,(f;x) <M, x €[0,1]. (2.2.6)
Particularly, if we choose m = 0 in (2.2.6), we get

f(x)>0,x € [0,1] = B,(f;x)>0,x € [0,1]. (2.2.7)
It follows from (2.2.3),(2.2.4), and the linear property (2.2.5) that

B,(at + b;x) = ax + b, (2.2.8)
for all real numbers a and b. Thus we can say that the Bernstein operator reproduces

linear polynomials.

Theorem 2.2.1. The Bernstein polynomial can be expressed in the following form

B,(fix) = Z (") arfoyr, (2.2.9)
r=0

Where A is the forward difference operator, defined as

Af(x;) = f(x741) — f(x;) = f(x; + h) — f(x;), with step size h = 1/n.



Theorem 2.2.2. The derivative of the Bernstein polynomial B,,;(f;x) can be

expressed in the following form

B (fix)=(n+1) z Af (RLH) (F)xr@—xn (2.2.10)
r=0

for n > 0, where A is applied with step size h = 1/(n + 1). Furthermore , if f is
monotonically increasing or monotonically decreasing on [0,1], so are all its

Bernstein polynomials.

Theorem 2.2.3. Let £k be any nonnegative integer. The kth derivative of

B,k (f; x) can be expressed in terms of kth difference of f as

n

B (i) = SN e (

n!

n+ k) (Z) X (L =" (2.2.11)

r=0

For all n = 0, where A is applied with step sizeh = 1/(n + k).
2.3 The g-Integers
Definition 2.3.1. Given a value of g > 0, we define [r] , where n €N as

] == {1Vt

. v =1, (2.3.1)

and call [r] a g-integer. It is clear that the above definition can be extended if we

allow r to be any real number.

For any given value g > 0 let us define

Ny = {[n],with n € N}, (2.3.2)

and we can see from Definition 2.3.1 that

Ny,={0,1,1+q1+qg+q¢*1+q+q*+¢> ..} . (2.3.3)

10



It is clear that the set of g-integers N, generalizes the set of non-negative integers N,

that we get by putting g = 1.

Definition 2.3.2 Let g > 0 be given. We define [r]!, where r € N, as

s = {[ri[r Ul rzi (23

and call [r]! a g-factorial.

Definition 2.3.3. We define a g-binomial coefficient as

[t] L [t][t —1]..[t—r+1] (235)

rl” [r]! ’

for all real t and integers r > 0, and as zero otherwise.

In this thesis we are going to deal with g-binomial coefficients for which t = n >

r = 0, where n € N. Thus it is better to define them separately.
Definition 2.3.4. Let n and r be any two integers, we define

n Iln-1]..[n—r+1] [n]!
[ ] r]! Il n =]V

(2.3.6)

forn > r > 0, and as zero otherwise. These are called Gaussian polynomials which

are named after C.F.Gauss.

The Gaussian polynomials satisfy the Pascal-type relations

I s i 23.7)

and

11



R R @30

r r—1
Definition 2.3.5. The g-analogue of (x — a)™ is defined by the polynomial

n ifn=0,
(x —ag {(x a)(x—qa)..(x—q"ta) ifn=1.

Lemma 2.3.1. For a nonnegative integer n and a number a we have,
n
n Lo . .
(x + )t = Z []] qi/zgixi (2.3.9)
j=0

which is called the Gauss’s binomial formula.

Lemma 2.3.2. For a nonnegative integer n we have,

n+1 n+]—1] o (2:3.10)

Mg

a-xz x)”

which is called Heine’s binomial formula.
Now we have two binomial formulas, namely Gauss’s binomial formula (2.3.9)

(with x and a replaced by 1 and x respectively)

n
i n .
(1427 = 2 /U172 []] o, (2.3.11)
j=0

and Heine’s binomial formula (2.3.10)

12



1 chln+1].n+j-1]
(1—x)2_z

Now we may consider the question "What happens if we let n — o in both
formulas?”. In the ordinary calculus, i.e. when q =1, the answer is not very
interesting. It depends on the value of x, it is either infinitely large or infinitely small.
However, it is different in quantum calculus, because, for example, when |q| < 1,
the infinite product
(1+x)7=0+x)1+qx)(1+q%*x) ...
converges to some finite limit. Moreover, if we assume |g| < 1, we have
1—q" 1

Tlll_r)lgo[n] = 7111_I)Iolo 1=¢ =1= . (2.3.12)

and
omy o (=g =g ). (1 - g
Jim [1] = lim 1-q91-¢»..(0—-q)
Thus
lim [n] — ! _ (2.3.13)
n-w LJ (1—q)(1—q2) (1_q1)

So, the g-analogues of integers and binomial coefficients behave differently when n

is large as compared to their ordinary counterparts.

13



If we apply equalities (2.3.12) and (2.3.13) to Gauss’s and Heine’s binomial
formulas, we get, as n — oo, the following two identities of formal power series in x

(assuming that |gq| < 1):

o]

j=0

xJ
1-9(1-q¢*..(A-q)) "’

(2.3.14)

xJ

1 o0
-z :;(1—@(1—«;2) L(A—q)

The identities given above relate the infinite products to infinite sums. They don’t
have classical analogues because when g = 1, the terms in the summations has no
meaning. It is very interesting that both of the two identities were discovered by
Euler, who lived before Gauss and Heine.

2.4 g-parametric Bernstein Polynomials

In this section a generalization of Bernstein polynomials based on the g-integers are

discussed. These polynomials were proposed by Phillips [25] as given below;

n n-r—1
n
Bnq(fix) = Zfr Mk H (1-¢q°x) (2.4.1)
r=0 s=0
where f,. = f(%) Note that an empty product in (2.4.1) denotes 1. When we put

q =1 in (2.4.1), we obtain the classical Bernstein polynomial, defined by (2.2.1).

Immediately it can be seen from (2.4.1) that

Bn,q (f: 0) = f(O) and Bn,q (f: 1) = f(l)’ (2-4-2)

which gives us the interpolation at the endpoints of the interval [0,1], as we have for

the classical Bernstein polynomials. It is obvious that B, 4, which is defined by

14



(2.4.1), is a linear operator, and with 0 < g < 1, it is a monotone operator that maps
functions defined on [0,1] to IP,,, the set of all polynomials of degree less than or
equal to n. For a fixed g € (0,1), it is proved by II’inskii and Ostrovska that for each
f € C[0,1], the sequence {Bn,q (f;x)} converges to By q(f;x) uniformly as n

approaches to infinity for 0< x <1, where

x" =
Bung (f3 %): = zﬁ)fﬂ_mmg(l—q x), 0<x<1
_ FQ), x =1

The following theorem that is given below involves g-differences which yield

Theorem 2.2.2 when g = 1.

Theorem 2.4.1. [27] The generalized Bernstein polynomial can be expressed in the

following form

n

By q(fix) = z m Agfox”, (2.4.3)

r=0

where

By = N e — AT 2 1,

with A%, = f; = £([j]/InD.

Proof. Firstly the following identity is needed,

n-r—1 n-—r
[[a-an=3 cnenel e, (244)
s=0 s=0

15



which reduces to a binomial expansion when we give g = 1. Starting with (2.4.1)
and expanding the term which consists of the product of the factors (1 — q°%), we get

the following

n n-—-r
. — ny r Vs ss-1)/2[ T T s
Bn’q(f,x)—Zfr[r]x 2( 1)°q [ S ]x.
r=0 s=0
Now, let us substitute t = r + s. Then, since

IS T=EE

the latter double sum can be written as

n

Z [7;] Xt Z(_l)t—rq(t—r)(t—r—l)/z [7{] fr = 2 [rtl] Agfoxt,

n
t=0 r=0 t=0

on using the expansion for a higher-order g-difference, which is given as

k+1

Bif(xy) = ) (=1 iqr D2 [ K (),
r=1

and the proof is completed.

From Theorem 2.4.1 we deduce that

Bpq (1) = 1. (2.4.5)

For f(x) =x we have AYfy = fo = 0 and ALfo = fi — fo = 1/[n] , and it follows
from Theorem 2.4.1 that
B q(t; x) = x. (2.4.6)

For f(x) = x* we have AYfy = fo, =0,ALf, = f1 — fo = 1/[n]?, and

16



2¢ _ £ _ _ (2 _ [11)?
Bfo=f-A+ofi+af=(5) —0+o(5)
Then we find from Theorem 2.4.1 that

x(1—x)
[n]

By q(t%x) = x* + (2.4.7)

The above expressions for B, ,(1;x), B,,(t;x) and B, ,(t* x) generalize their
counterparts for the case g=1 and , with the help of Theorem 2.1.2, lead us to the

following theorem on the convergence of the generalized Bernstein polynomials.

Theorem 2.4.2. [27] Let {q,} be sequence such that 0 < g, <1land g, - 1

as n—oo. Then, for any f€C[01], B, (f;x) converges uniformly to

f(x)on[0,1].

Proof. We saw above from (2.4.5) and (2.4.6) that B,  (f;x)=f(x) or f(x) =1
and  f(x) = x, and since g, » 1 asn - o, we see from (2.4.7) that B, , (f;X)
converges uniformly to f(x) for f(x) = x2. Also, since 0 < q,, < 1, it follows that
B,

., 1S monotone operator, and the proof is completed by applying the Bohman-

Korovkin Theorem (2.1.1).
We now state the following theorems.

Theorem 2.4.3. [27] If f(x)is convex on [0,1], then
Bng(f;x) 2 f(x),0<x <1, (2.4.8)

foralln > 1and for 0 < q < 1.
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Theorem 2.4.4. [27] If f(x) is convex on [0,1],

Bn—l,q (f52) = Bn,q (f;x), 0<x<1, (2.4.9)

for all n = 2,where B,,_; ,(f;x) and B, ,(f; x) are evaluated using the same value
of the parameter q. The g-Bernstein polynomial are equal at x = 0 and x = 1, since
they interpolate f at these points. If f € C[0,1], the inequality in (2.4.9) is strict for

0 < x <1 unless, for a given value of n, the function f is linear in each of the

[r—1] [r] } _ _
[n—l]'_[n—l]]’ for 1 <r <n-—1, when we have simply Bn_l’q(f, x) =

intervals [

Bn,q (f' x).

18



Chapter 3

APPROXIMATION THEOREMS FOR g-BERNSTEIN-
KANTOROVICH OPERATORS

3.1 g-Bernstein-Kantorovich Operators and their moments

The classical Kantorovich operator B, n=1,2,... is defined by [18]

k+1/n+1

Bi(f,x):=(n+1) Z (Z) xk(1 — x)nk f F(Odt
k=0

k/n+1

1

- Y- [ on-

k=0 0

Let the g-analogue of integration on the interval [0, a] (see [17]) be defined by

f f(®)dgt :==a(l - q)z flag™Mq", 0<qg<1. (3.1.1)
0 n=0

Let 0 < g < 1. Based on the g-integration N. Mahmudov and P. Sabancigil [23]

proposed the Kantorovich type g-Bernstein polynomial for f < C[0,1] as follows.

n 1 k k
Knq(f,x) = Z pn,k(q;x)jo f<[[7]1:z]t> dt, 0<x<1neN (3.12)
k=0

where

puac(@; ) =[] xF @07, @-0p =] [a-en. (3.1.3)
s=0
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Note that for ¢ - 1" the g-Bernstein-Kantorovich operator becomes the classical

Bernstein-Kantorovich operator.

Lemma3.1.1: Foralln € N,x € [0,1] and 0 < g < 1 we have

m . m—j
* m — [Tl]] m ] +i
e _Z [n+ 1]™[m — 1+1Z )q 1B (£7,7).

1=

Proof. From (3.1.2) we have

k
Kia () = ank(q,x)j (o

Then we get

k
Kg(t™, x)—ankm,x)j (ﬁ) dt.

Now from the binomial expansion

WK+ g om = (7) i@ror
j=0
and
Ky ot x) = ank(q; X)J Z :Tlg)tm ]dqt

k(m J) )
§ E m—
pnk(qu) n+1 J t ]dqt .

20



Calculating the g-integration,

1 tm—j+1 1
tmid t = . 1— i
fo S 0 T oy 1)

we get

a ni n+1 [m—j+1]

m n
k(m J))
Z [n + 1]™m[m — ]+1kz_0 Pni(4;%)

j=0

multiplying the right hand side by , We get

* m — N [Tl . \ m—j [k]j .
an(t x)_Z n+1m[m ]+1 kZ 1+1) ]an,k(th)r
from binomial expansion
k m=i_ < m-—J\  k i
(@-n+1) =) ("N -0,
=0
and
m . n m-j .
o Nym [n)) m—j k)
Kn,q(t ’x)_]ZO(])[n_l_l]m[m ]+1];)l=0( i )(qk _1) [ ] pnk(qrx)

From the Definition (2.3.1) we have that

k= @20

(g-1)¢

= (@ -1'= [kl'(qg— 1",
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) n_li . n_li
[n]Lz(q ) :>(q—1)l=(q )

(@ — 1) [n]!
and from the last two equalities we get
k _ i _— n __ i [k]l
@ -D'=(@" -1 Bk
m . n m—j "
e om s m [n])/ M=J\, n_ qvi k™ _
Kn,q(t ,X) _]Z()(])[n_l_l]m[m_]_'_l]; £ ( i )(q 1) [n]i+jpn'k(q’x)
m . m-—]j n L
B m [n)/ m=j\, n AL _
_Z(j)[n+1]m[m—j+1] . ( i )(q -1 Z[n]”fpn'k(q'x)
j=0 i=0 k=0
_ i (m) [Tl]j m-J (m ])( _ 1) B (tl+] x) m
£\ T+ 11 m =+ 1] £y 1

Lemma3.1.2. Foralln € N,x € [0,1]and 0 < g < 1 we have

2q [n] 1 1
[2] [n+1] [2] [n+1]’

« (42 _ (443+q*+q) qn][n-1] 4q3+5q%+3q\ [n] 1
Kn,q(t ’x)_( [2][3] ) [n+1]2 x +( [21[3] )[n+1]2x+[3][n+1]2

Kpng(Lx)=1, K;,(tx)=

Proof:
Bpq(1,x) = 1 and we have K; ,(1,x) = 1
From Lemma 3.1.1, equalities (2.4.5), (2.4.6) and (2.4.7) and by direct calculation

we get

(qn - 1)0 Bn,q(l; x)=1.

0
l=0

0
K’tq(lx)zz [n+11° 0 0+1]
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. 1 [n]° 1\, »
ki) = (o) rrpm—or T <(0) (@" = 1)%Bng (£, 3)

+ (1)@ = DBy (e, x))

[n]* e .
+ (1) [n+1]1[nl_1+1] <(8) (@q" —1)°B,4(t ,x)>

Ky g(t, ) = Baq(1,%) + (" = 1)Byg(t,%))

1
[2][n + 1] (
[n]

+ mBn,q (t,x)

B 1 (@"—-1) [n]
TR+l 2+t et

(@ -1) [n] 1
= <[2][n 1 e 1]>x MAEESY

X 1
2in+ 1 2n+ 1]

= ((q" -1 + [2][n])

A (g+ D" -1 X 1
‘(“ AR PRy )[21[n+1]+[21[n+1]

_ ((q"—1)(q—1)+(q+1)(q”—1)> x . 1
(@—-1) [2][n+1] " [2][n + 1]

_((q”—l)(q—1+q+1)> x 1

B (g—1) [2][n+1] " [2][n+1]

X 1
2ln+ 1 [2n+1]

= (2q[n])

23



2q[n] 1
2lin+ 1" 2]+ 1]

Krt,q (t! x) =

\ 2 [n]° 2\ n
a6 = () g (B @ - 0B

+(3) @ = ' Bug 0 + () (" = 1%Bng “2"‘)>

[n]* . . )
+(i) [n+1]2[nz_1+1] <((1)) (@" — 1)°B, 4(t', x)

+ (1)@ - 1)an,q<t2.x>>

[n]? ) 2
+(§) [n+1]2[nz_2+1] <(8) (@™ — 1)°Bp4(t ,x))

1 ) 1_
Ky q(t?,x) = [3][n—+1]2<1 +2(q™ — Dx + (g™ — 1)? (x n X([n]X) ))

2[n] n » X(1—X)
+[2][n+1]2<"+(q _1)<X+ ] >>

[n]? ) X(l—X))
+[n+1]2[1]<X T

1 +2(q"—1)x+ (q" - 1)? .
[Blln+ 112 [3][n+ 1127 " [3][n+ 1]?[n]

(" — 1)*q[n — 1] 2 2[n] . 2[n](q" - 1) .
[3][n + 1]?[n] [n+1]2[2]"  [n+1]2[2][n]

2[nl(q" ~ Dgln —1] , [n]? - [n]*q[n — 1] 2
[n + 1]2[2][n] [n+112[n]"  [n+1]%[n]
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_ 1 2(¢" = 1) (q" —1)? I ) . (0
S Bln+1]2 \Blln+112 " [B]ln+112[n] * [n+1]2[2] * [n+1]2

2(q™ - 1))
m+122]) "

(q" - 1)? 2(q" - 1) N [n]
[3][n + 1]%[n]  [n+1]%[2] [n+1]?

> q[n — 1] x?

=[3][%+(2<q—1>[ 1+ (g~ D221 + 2[3] + [21[3]

[n]x
[n + 1]2[2][3]

3](q — 1))

—1
+ ((q—D?*[2]+2(q—- D3]+ [2][3])%362

1
=t T RE D@D +(@* -2+ D@+ D +2(¢" +q+ D)

[n]
n+ 112123

+(@+D(@+q+1D)+2(q-1D(q*+q+1)

+((g+D@*—29+D+2(g—-D(g*+q+1)

nlln—1] ,
n + 1]2[2][3]

+ (q + D (¢? +q+1))

=m+(2q —2+q¢*—q*—q+1+2¢°+2q+2+q¢>+2¢*+1

[n
+20° - D paE

+(@®-2¢>+q+q*—2q+1+2¢3—2+q3+2¢*+2q

qln]ln-1]

VLT EE”

[n]
[n+ 112[21[3]

qlnlln —11
[n + 1]2[2][3]

1
= m-F (46]3 + 56[2 + 3q)

+ (¢ +q*+q) 2
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K (6%, %) = <4q3 +q° + q) qlnlln—1] , <4q3 +5¢° + 3q> [n]

[2]13] [n+1]? [2](3] [+ 12"

1
N e

Remark 3.1.1. It can be observed from the previous lemma that for the case q = 1,

we obtain the moments of the Bernstein-Kantorovich operators.

Lemma3.1.3Foralln e N,x € [0,1]and 0 < g < 1 we have

K* 2 <4 1 !
< (=) "”—m(’“( —x)+m),

K ‘)< © 1 !
falE =040 < o (-2 + o).

where C is a positive absolute constant.

Proof. To prove this lemma we use the estimations of the 2nd and the 4th order

central moments of the g-Bernstein polynomials.

1 c
Bag(t =020 = 5x(1=2),  Bug((t =% < 5x(1 - )

Indeed
n 1 k k 2
Kﬁ,q((t—x)Z’x) =an,k (C[}X)J(%—x) dqt
k=0 0
" K+t [k K\
:an,k(q;X)f<—[n+1] —m-i-m—x) dqt
k=0 0
N C(( dt @k Y
_;pn,k (q,x)0f<[n+1] ] +m—x> dgt
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1
k 2
+ 42 Pk (@ %) f %dqt
0
+2 Z Pk (q; %) <% - X)
k=0

= Wz P (@; %) (q%)

n ]2
n+1 ank(q )m+23n,q((t—x)2,x)

4 4 2 4
+—=x(1—x) <—(

1
B+ el <Sp(xa-0+gg) =

[n]

By using a similar calculation we have :

1

n
. 1+ qkt
Kn,q((t - x)4; x) = Z Pnk (C[ J < [n+1] ) qt
k=0

0

n

= an,k (q;x)bf <

k] [k O\
——+——x dgt
n
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AN . (gt "kl [k
= ;pn,k (qrx)of<[n+ 1] N [n][n + 1] +m_x> dat
n 1 4
. qkt q"[k]
= 4;%'« <q'X)Of<[n 1 e 1]> ot
[k]
+4zpnk(%x)]<[7_ )
n ! 4k 4
< SZan,k (q;x)f[rlcl_l_—lpdqt
k=0 0

+322pnk(q,x)f gt
+4kz=opn,k (%@!(%—X) dgt
ank(va) ]

+ 4B, ,((t —x)*x) < 32 + 32 + il x(1—x)
1 [5][n+1]*  [n+1]* * [n]?

= [—Z o (G20 + 7

n+1]*

32 32 4C
< + + x(1—x)

[n]* * [n]* * [n]?

C

< ]2 (x(l —-x)+ LZ) ]

[n]

Lemma 3.1.4 Assume that 0 < g, <1, g, — 1 and g; — a as n — o. Then we

have
_ 1+a 1
711E>noo[ ] nqn(t X;x) = — 2 x+§;
. ) 1. 2
TllLrgo[n]q K7 q,((t —x) x)——gx —§ax +x.
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Proof. To give the proof of this lemma we are going to use formulas for Ky, (t; x)

and I(,";,qn(tz; x) which was given before in lemma 3.2.

g, Kng, (6 — %) = [n], {K;q (8 x) — x}

Taking the limit,

lim [, K (6 — 20 = lim [nl,, oo oy 11
A Mgy Kng, (0 =220 =l Ilo \ oy "Gy, T, v 10, ©

_ 2qn [n]Qn 1 [n]q”

= Jim, {[n]qn <[2]qn [n+1],, 1) Tt 1]qn}
L (1 + qn +1) 1 [n]Qn

= Jim, {[n]qn <[2]qn[n + 1]qn> T [2]g, [n+ 1]qn}

. [nl,, <1+qn+1) 1 [nlg, }
= Jim, {([n +1],, 2], xr [2]4, [n+ 1]g,

1+a+1
Zx 2-

lim [n]q, Knq,((t = 20% ) = lim [n]g, K7, ((¢% — 2xt + x?); x)

= lim [n ]q nqn((tz—x —2x(t—x)) )

n—oo

= 1im [n]g, (Knq, (% ) — x% — 22Ky 0, (¢ = x); X))

n—oo

= lim [n],

n—oo

<4qn3 + an + Qn> Qn[n]qn [n - 1]qn x2
" 214,314, [n+ 13,

4q,> +5¢,° +3q,\ [nlg, 1 2
x + - X
[2]4,[3]4, [n+1]3 = [n+1]3 [3],,

— ZxK,’{,qn((t - Xx); x))

29



= lim [n],

qn(qn +2) [n]czln B [n]Qn _ ) 2
( Bl m+ig, )"

. 4q,° + 5¢,° + 3¢, [n]Qn
— lim [n],, [

21,8, JIn+13~

: 1 . .
+ i e T 3y, A lan 26K, (6 = 20i%)

= lim q,(1 - q2)(2qn + g7 +2) x* — lim (44, + 3q5 + 2q3) x?

4q,° +5q,° + 34,
+ lim x —2xK;, ((t—x);x
n—oo [Z]qn [S]qn n'Qn( )

=5(1-a)x?—9x?+2x—(1—a)x +x
3.2 Local and Global Approximation

First we consider the following K-functional:

K, (f,6%) = inf{llf —gll + 6%llg"ll: g € C*[0,1]}, &=0,

where

c?[0,1] ={g:9.9",9" € C[O1]}.

Then from the known result [10], there exists an absolute constant C, = 0 such that

K>(f,6%) < Cow,(f, 6) (3.2.1)

where

o(f,t) = sup |f(x) —f)I

[x—y|=t

and

w(f,8) = sup sup ]If(x—h)—Zf(x)+f(x+h)I

0<h<éx+he(o0,1

is the second modulus of smoothness of f € C[0,1]. Our first main result is stated

below.

30



Theorem 3.2.1. There exists an absolute constant C > 0 such that

o 5.(x) (1+q"Dx - 1]\,
|Kn,q(f;x)_f(x)| < Cwq| f, [n] +w<f" [2][n + 1] |>

where

f €C[0,1],5,(x) =<p2(x)+%,<p2(x) =x(1—-x),0<x<1land0<g<1.

Proof. Let

K g () = Ky o () + f(x) = f(anx + by),

_ 2q [n] -1t 1
where f € C[0,1],a, = rratneg A b = T

. Using the Taylor formula

t
g(®) =g(x) +g' () —x) + ] (t —s)g"(s)ds, g€ C?[01],

we have

Knq(g:%) = Knq(g; %) + g(x) — g(azx + by),

since

t
Knq(g:%) = g(x) + 9" (0K q(t;x) —xg'(x) + Kn g <f (t —s)g"(s)ds ;x>
= g(x) + g' () (anx + by) — xg'(x) + Kn g <f (t —s)g"(s)ds ;x>

anx+by,
glanx + by) = goO) + g' () (anx + by — %) + f (@px + by — 5)g" (s)ds
X

we get
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Kra(g:%) = g(0) + g'(0)(anx + by) — xg'(x) + Ky g (f (t - $)g" (s)ds ;X>
+900) = g(0) = g' () (@nx + by — x)

anx+by

— f (apx + b, —s)g"(s)ds

t

=gx) +Kpq (f (t—s)g"(s)ds ;x)
anx+by

— f (apx + b, —s)g" (s)ds

~ t
K q(g:x) — g(x) = Ky q (j (t—=s)g"(s)ds ;x)

anx+by
—f (apx + b, —s)g"' (s)ds , g € C?[0,1].
X

hence

Kiq(g:x) — g

t
<K, (j |t—s||g"(s)|ds;x)
X

+

anx+by
j |anx + by — sllg” ()\ds
pe

< |lg"1K7q((t = )% %) + lg" | (@nx + by — x)?

<llg"l {% (xa-» +%) +%x2 +ﬁ}

<llg" s (v -0 + o)

=10 5. olg”l (32.2)
—-[n] n g L

Using (3.2.2) and the uniform boundedness of K’,que get
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Kiq(f; ) = Kig(f30) = £(x) + f(anx + by,
Kpiq(f: %) — f(x)
= K q(f; ) = f OO + f(anx + by) = () + g(x) — g(x)
+ K;y q(g; %) — K g (g5 X)
= Kig(f = ;20 + (Kiq(g:0) — 9(0)) + (9(0) — £ ()

+ (f(anx + bn) - f(x))

SO
Knq(fi %) = f(x))
< |Kg(f = g 0| + |Kig(g:0) — g0 + 1f () — g(0)|
+ |f (anx + by) = F()].
On the other hand
Koa(f = 9:%) = Kng(f = g:%) + (f = 9)(x) = (f — g)(anx + by)
<SKig(f —g:0) + (f =)@ + (F — 9)x)
Kiq(f = ;0| < [Kig(f = g: 0| + 1) = gl + 1 (x) — ()]
< lfF ) — g@I + IF ) — @Il + If () — gl
=3lIf(x) — g
and we have

|x —y| < w|x —y|

la,x + b, — x| < wlayx + b,, — x| = w|(a, — 1)x + b,|
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10
[n]

8 (%)
[n]

[Knq () = FOO| < 4llf = gll + 75 8.l g" Il + 0 (fl(an — Dx + by )

<10 <I|f—g|| + IIg”II>+w(f|(an— Dx + byl)

Taking the infimum on the right hand side over all g € C2[0,1], we get

5
ngﬂ@—f@ns1mg@;%?)+wth—nx+mp

We know that

B _(1 + qn+1) B 1
= 1=y A b = e

then

B (1+qn+1)_1
|(an - 1)x+ bnl = | [2] |

[n+ 1]

By using (3.2.2) we obtain

. (f 8 (x) A+g™H-1
|Knq(f; ) = f(X)| < Cws | £, W)"“U(f [2][n + 1] D "

Corollary 3.2.1. Let g,, be a sequence such that q,, € (0,1),q,, » 1 asn — oo. For

any f € C2[0,1] we have

Jim 1K) = 1] = 0.

Next we present the direct global approximation theorem for the operators Ky ;. In
order to state the theorem we need the weighted K-functional of second order for

f € €[0,1] defined by
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Ko (f,6%) = inf{llf — gll + 62llp>g"1l: g € W?(9)},6 = 0,0%(x) = x(1 — x)

where

W?(p):={g € C[0,1]:g' € AC[0,1],  ¢?g" € C[0,1]},

and g' € AC[0,1] means that g is differentiable and g’ is absolutely continuous in

[0,1]. Moreover, the Ditzian-Totik modulus of second order is given by

w(f,8)= sup  sup |f(x—@()h) —2f(x) + f(x + ()R]
0<hs<éxthe(x)€[0,1]

It is well known that the K-functional K2_¢(f,62) and the Ditzian-Totik modulus

wy (f, 8) are equivalent (see [10])
Theorem 3.2.2. There exists an absolute constant C > 0 such that
K00~ 11 < o (.= ) + 03 (1. 75)
- —_ w )y — w T 1)
nq 2 \/m P [n]

where € C[0,1],0 < g < 1,¢%(x) =x(1 —x),Y(x) =2x+ 1.

Proof. Let

Kia(f3%) = Kp o (f;0) + £ () — f(anx + by),

_ 24 _In BRI S
where f € C[0,1],a, = v el and b,, = Tratrl Using the Taylor formula

9(t) = g() + g’ Gt —x) + f (t - )g"(s)ds, g€ W(p),
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we have

Kiq(g;%) = g(x) + Kp g <f (t—=x)g"(s)ds ;x>

anXx+bn
_ f (anx + by — $)g" (s)ds g € W(p),
X

Hence

|Kiq(g:%) — g(x)|

t
SK;,q(f |t—s||g"<s)|ds;x>
pe

anx+by
+ j |a,x + b, —s||g" (s)|ds |. (3.2.3)
X

Since the function 82 is concave on [0,1], we have foru = t + t(x — t),t € [0,1], the
following estimate

|t—s|_r|x—t|< T|x — t| |x — ¢t]
62(s) ~ 62(s)  82(t) +1(62(x) — 62(D) ~ SR

Hence, by (3.2.3), we find

|Kiq(g:%) — g(x)|

<||62 ””K* Jtlt_sld .
= |long nq ; 5721(5) S|,X

anX+bn |q x + b, — S|
+liszg"l| [ nk ¥ on ‘
nd 52(s)
62 "
< ”;’—g” (Kio (& = 2)% %) + (apx + by — %))
54 (x)
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< %{%(X(l — x) +i) +nix2 +i}

[n]

<o)

Since
629" 1l < llp*g"|l + . llg"l
[n+1]
we have
Koo = 9] < 2 (20" + 2= llg" 1), (3.2.4)

Using (3.2.4) and the uniform boundedness of Kﬁqwe get
|Knq (f; X) = ()]
< |Kng(f = g:0)| + |Kng(g: ) — g()| + If (%) — g(x)]

+ |f(anx + bn) - f(x)l

10
< 4l = gll + 2 (20" + o2 llg" ) + 1@ + ) = FGOL

Taking the infimum on the right hand side over all g € W?(¢), we obtain

1
K5 g (f; ) = f(x)]| < 10Ky, (fm) + |f (anx + by) — F(OI. (3.2.5)

On the other hand
I (@nx +by) = FCI = |f (% + 9GO ((an = Dx + b)) = f ()]

" (t)(— Lra™ 1 )— ®)
PO\ soRh 0" T voam 1))
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. . 1+qn+1 1
- (f' ‘_lp(x)[Z][n + 1 T Yeoln+ 1]D

(K& =X\ . 2x+1
S”‘P(f' ) )Sww(pr(x)[zun])' (3:26)

Hence, by (3.2.5) and (3.2.6), using the equivalence of K; , (f, [71]) and the Ditzian-

Totik modulus w;p (f, \/%) we get the desired estimate.

Next we give the proof of Voronovskaja type result for g-Bernstein-Kantorovich

operators.

Theorem 3.2.3. Assume that g, € (0,1),q, » 1 and g} - a as n — co. For any

f € €?[0,1] the following equality holds

lim [nlg, (Knq, (i 2) = f)

R RN R

uniformly on [0,1].

Proof. Let f € €?[0,1] and x € [0,1] be fixed. By the Taylor formula we may write

1 .
f@®=fx)+fx)Et—x)+ Ef ()t —x)? + r(t;x)(t — x)?, (3.2.7)
where r(t;x) is the Peano form of the remainder, r(.;x) € C[0,1] and

lim,_,, 7(t; x) = 0. Applying K5 ;. to (3.2.7) we get

1 .
Knq,(fix) = f(x) + f’(x)K,”{,qn((t - x); x) + Ef (0K q, (£ — x)?; x)

+ Ky g, (r(t; ) (t — x)?; %)
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nqn(f x) — f(x)

1 .
= f' 0K g, (¢ = x5 %) + 5 f (0K g, (€ = x)% %)

+ Kpp g, (r(t; ) (t = x)?%; x)

multiplying both side by [n], we get
[nlg,, (Ko (F ) = £(20))

1.
= f’(x)[n] nqn(t x'x) + Ef (x)[n] nqn((t - x)z x)

+ [nlg, Kn g, (r(t; x)( — x)?; x)

By the Cauchy-Schwartz inequality, we have

Ky 0, (r(t: 2)( — )% %) <JK;q (2 (6 x); x)J Kz ((t— 2% ). (3.2.8)

Observe that 72(x;x) = 0 and r2(.;x) € C[0,1] . Then it follows from Corollary
3.2.1 that

11m Kna,(r2(t;x);0) =12(x;0) = 0 (3.2.9)
uniformly with respect to x € [0,1]. Then from (3.2.8) and (3.2.9) we get

immediately

lim [n],, Knq, (r(6;2)(t —x)%x) = 0. (3.2.10)

n—oo

Now from (3.2.10) and Lemma 3.1.4 we get

lim [n]g, (K0, () = £ ()

1+a +1)+1 ..()( 1, 2 2 4 )
X+ 2f X 3% —gaxttx [

= /00 (=
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Chapter 4

CONCLUSION

As a result here in this thesis we studied a g-generalization of Bernstein-Kantorovich

polynomial operators

n 1 k k
Kia(Fi0:= ) pus@i) | f (%) gt
k=0

where f € C[0,1], 0< g <1 and
n k n—k n I S
R G SRS N (RO

We calculated the moments of K .. We studied local and global convergence
properties of the g- Bernstein-Kantorovich operators and proved Voronovskaja-type
asymptotic formula for these operators. We found a recurrence formula for g-
Bernstein-Kantorovich operator and obtain explicit formulas for K ,(t,x),
K,’;,q(tz,x). We found estimations for second and fourth order central moments of

the g-Bernstein Kantorovich polynomials.
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