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ABSTRACT

Adomian's Decomposition Method (ADM) was introduced about three decades ago,

it has proven to be efficient, reliable and easy to compute the solutions of non-linear
and linear differential equations. It can also be used to compute various types of
equations such as Boundary value problems, Integral equations, Equations arising in

fluid flow e.t.c.

This thesis work presents the derivation of Adomian's decomposition algorithms and
the possible solution of fractional differential equations of the multi-order type in the
Caputo sense. It consist of four chapters, Chapter 1 contains a brief introduction of
Adomian's Decomposition Method(ADM) and definitions, while the second chapter
deals with basis proofs and methodology with respect to Adomian's Decomposition
Method(ADM). In Chapter 3, we applied the method of solution to multi-order
fractional differential equations. We then discuss the results and make conclusion in

Chapter 4.

Keywords: Adomian’s Algorithm, Caputo’s Derivative, Multi-Order Fraction

Differential Equation.



Oz

Adomian’in Ayristirma Yontemi ti¢ yil once tanimlanmistir. Bu y6ntemin lineer
olmayan diferansiyel denklemlerin ¢oztimlerini hesaplamak icin verimli, gtvenilir ve
kolay oldugu kanitlanmistir. Ayrica bu yontem smir deger problemleri, Rntegel

denklemleri ve s1vi akigkan denklemleri gibi denklemleri hesaplamak i¢in kullanilir.

Bu tez ¢aligmasinda Adomian’in ayristirma yontemi algoritmalar tiiretme ve Caputo
tipli ¢ok basamakli fraksiyonel diferensiel denklemlerin olsa1 ¢oziimleri ifade
edilmistir. Bu tez dort boliimden olusmaktadir. ilk boliimde Adomian’in Ayristirma
Yontemi hakkinda gerekli temel bilgiler ve tanimlar verilmistir.  Ikinci béliimde
Adomian’in ayrigtirma yontemi’nin metodolojisi ve bu yontemle ilgili temel kanitlar

verilmistir.

Ugiincii béliimde ise bu ydntemi ¢ok basamakli kesirli diferansiyel denklemlerin
¢coziimunde uyguladik. Dordiincti boliimde ise buldugumuz sonuglari tartisip ve

sonucu yazdik.

Anahtar kelimeler: Adomianin ayrigtirma yontemi, Caputo Derivasyon, Cok

Basamakli Kesirli diferansiyel denklemler
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Chapter 1

INTRODUCTION

This Chapter consist of Preliminary concept of Adomian's Decomposition Method
(ADM) with some basic definitions. A new technique for solving Non-linear
fractional differential equation was initiated by George Adomian in the 1980's, called
Adomian's Decomposition Method (ADM) [6]. The procedure involves separating
equations concern into Linear and Non-linear parts and treated accordingly with
consideration of any given conditions. The non-linear part is decomposed into
polynomial series called Adomian's polynomial and results are generated in form of a

recursive series.

The issue of convergence of ADM is of great concern, several researchers
investigated the convergence and concluded that the method is convergent, which
produces a convergence series solution, truncating this series solution result to an

approximate solution [9], [5], [7], [6].

Furthermore Charruault et al. [6] establish that the series produced by ADM is
absolutely convergent as well as uniformly convergent. Since the series converges
rapidly, having higher order of converge is desirable. Babolian and Bizar [5]
provided a method to determine the order of convergence.

1.1 Definitions

Definition 1.1.1: Consider the following equation:
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subject to the incipient condition:
y'(0)=p i=012,..,n-1 (2)
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These equations are called multi-order fractional derivative equation, the equation
(1) and (2) are examined in Caputo sense using ADM technique as the method of
solution, because it makes the given equation to have a unique solution. Caputo
fractional integral operator is a modification of Riemman-liouville fractional integral
operator. If considered in the sense of Riemman-liouville, it is necessary to describe
the incipient conditions in terms of fractional integrals and derivatives. The
advantage of ADM s the possible avoidance of discretization which provides a
coherent numerical solution with high accuracy and minimal calculations, making it

less expensive to compute.

Definition 1.1.2: The Riemman-Liouville fractional integral operator of >0 is

express as:

jdf(X)=$J:(X—t)5_lf(t)dt' x>0, >0, (3)

The fractional derivative of f (X) in Caputo’s sense is express as:

D7 F (x)= D" f (x) =ﬁj:(x—t)"“ fdt (5)



for x>0, n-1<5<n, Vnem, feC/.

They both have various properties described in literatures [11].

Properties of the j*

iP5 = Ff6+1) e (6)
F¢+6+1)

Pict(x)=ii"f(x) (7)

i‘iT=j". (8)

D’ = f(x)- > 21" (0) (20)

Definition 1.1.3: A function f(x);x>0 is contained in the space C,, ueR,

skeR:
f(3) =T, (1 (1)

Vi (x)eC[0,x], C, =C, ife < u



Chapter 2

ADOMIAN’S DECOMPOSITION METHOD

In this Chapter we considered an important special function known as the Gamma
Function and briefly describe the method of solution.

Consider the following equation.

2.1 The Gamma Function

The Gamma Function F(n) can be defined as:
(n)=[es"ds, neR (12)
0

It is convergent on the plane Re(n)>0.

Lemma 2.1.1: if peC with Re(n)>0 then

I(p+1)=pl(p) (13)

Proof: Using integration by part:

r(n+l1)= Ie‘ss”ds =—e%" |7 +njess”‘1ds =nr’(n)] (14)
0

Where I'(1)=1 and for n=2,3,...



2.2 Method of Solution
Equation (1) is express in Adomian’s form and pattern as follows:

D7y (t)+Ly(t)+Ny(t)=p(t) (15)
L is the linear operator,

N is the non-linear operator,

D/ is the fractional derivative of order &,

p(t) is the source term.

ADM s base on applying j° to equation (15) . Substitution of equation(l?) into

equation (15) we have:

00 00

D7y () =p(1)-L3 % (-2 A (16)
Where Ny(t):éﬁk and LY(t)=kZi;yk (t) (17)

A is the Adomian’s polynomial. We shall derive it by using Taylor series expansion

with generalization of multi variable function
Let f =¢(iz‘yij (18)
i—0
Consider the power series expansion of the function f (l) about the point A,
F(A)=A+A(L—A)+ A (A =A) + A(L—A) +.. (19)
We determine the values of A, A, A A,...
If L-4,=0=>A4=4 (20)

=1 (h=A) (21)



The derivative of equation (19) is as follows:

df (1)

a1 A+2A (A —2) +3A (A —2)" +4A (A~ 7)) +...

Similarly, if :

We consider again the second and third derivative after which we generalize.

: ;fx(zﬂ) = 2R, +6A, (4 = 4) +12A, (A — 4)* +B80A (4 — )" +... .
Similarly, if
_, (A _ C1(d*f ()
A=ty —7 —2A2:>2A2—2( PE |ﬂ_oj
dsdfz(f)ZGAM‘%)+24A4(ﬂk—ﬂo)+60&(&—ﬂo)z+120A3(A—Ao)3+....
Similarly, if :
_, 9 () _1(d% (3)
GV _6A33A3_6[ d 'MJ'

If we continue in same manner, we obtain:

Al

where f = go(

ﬂ‘yij the multi- variable function, we have

o
i=0



o)

these are the Adomian Algorithms.

Substitute equation (17) into (15) we get:

D7y (t)=g(t)-L2y,(t)-2 A, (30)
p=0 p=0
n-1
but j°D7 = f (X)—; fp(0+)X;p!,x>0 . operating j on equation (30) we have:
n-1 w
Y(t)=Zy-( ) +J g —JGLzyp Z (31)
=0 o
n-1 i
(H)=2y' (0+) Fi79 ()=, (0)=i"Ny (1), (32)
where y, = Zy (O+)| +j g() (33)
Therefore :
ylz_j&Lyo_jC}Ab (34)
Y, ==1"Ly = J7A (35)
Y. =—i’Ly,— A, (36)
Y, =—i°Ly,— J°A,... . (37)

The result is given in series form:

y(t)=2.Y,(1). (38)

We generate the Adomian’s Polynomial with the derived algorithms as follows:

7



1
Ap :—||:

when p=0 we have:

(Zn Y, ﬂno (39)

0

A =é{d—now(ﬂ°yo)} : =o(Y,) (40)

= A =¢(Yy,) when p=1 we get:

11 d (& d
_1fd iy _q 9 . 41
l!{dﬂq)(;n yIJ:L_O {dnw(ny ! yO)lz—O ( )
= A =Y,0(Y,) ,when p=2 we get:
1 d2 [ 2 . ]:| 1|: d2 2 0 :|
=0 D'y || =2 (. +ny+n'y 42
AZ 2||:d772 Z:OJ =0 2 d772 ( ? O) n=0 ( )
2
= A= y2¢(y0) y (YO) , when p =3 we get:

i=0

Aazi d_?’(p in'y :1 d_gqo(nsy +772y +77y+770y) (43)
3' dns I n=0 6 d773 ’ ’ i n=0

3

=>A= y3¢'(yo)+y1y2§0u(yo)y_¢

3 "(Y,) »when p =4 we have:

1[d* (& 1| d*
A :E{dn“ ¢(§" ! H :m{dn“ ol ey +"y+"0y°)} )

n=0

4

y ¢"(Y,) , when p=5 we

. ; 1
= A=Y, (yo)+(y1y3¢ (Yo)+5; y§)+yfyz¢ (Yo)+

have:
_ _i d_5 5 4 3 2 0
= Zn yi|| = s @(71°Ys +11"Ya +1°Y5 477y, 1y +1°Ys )
po O dnp 0

(45)



. ,, ,, 1 )1
=A, =Y (y0)+(yly4(p (Yo)+Y.Ys0 (yo)+§yfy3¢ j+§yly§¢ (Vo)

Y1

l iv \
+5yfy2<o (yo)+§¢ (Yo)

Consider A, 1=1273,...

A=0(Y,) (46)
A=Yo () (47)
A=1.0(%0)+ 26 () (48)
A=Y (%) + 1020 (36) + 2 (%) (49)
A= ()00 (30)+ 3,32 | 303,07 ()4 407 () (50)
A = ys¢'(yo)+(y1y4+yzy3)¢"(yo)+(%yfy3+%y§ylj¢'"(yo)+ .

%yfyzco”(yohéw‘“(yo) )



Chapter 3

APPLICATIONS

This chapter is the heart of this thesis work where we considered the application of
Adomian's Decomposition Method (ADM) to four different Fractional multi-order
differential equations of linear and non-linear type. The results and other analysis

were discussed in Chapter 4.
3.1 Solutions of Some Examples

The first three examples considered in this section are linear multi-order fractional
differential equations, while the last example has a non-linear term.
3.1.1 Example 1

Consider the following Initial value problem:
dé

dt

éera)a-a day — o (52)
dt®

with the incipient conditions:

w=1y(0)=0,y (0)

1 (53)

Applying j° on equation (52) we have:

90~ 1| 52 |0 (54
V)-2y" ()50 S )0 (59
y(t)-y(0)-y (0)t+a* 7 j*7y(t)+a* 7 j*7y(0)=0 (56)



y(t)-y(0)-y (O)t+a*7j*7y(t)+a* 7 j*7y(0)=0
y(t)=y(0)+y (0)t-a" 1 7y(t)-0""J*7y(0)
where vy, is defined as:

m-1

S0 )5

i=0
given y,(t) as:

y(t)=y(0)+y (0)t-a*“j*y(0).

Using the initial conditions, we have: y,(t)=t
Yiu (t) =-0""’ jéﬂi Yi (t)

when i =0, it follows that
=07 1y (1)

6-c +

Y, =—o joet.

Using Caputo Integral Operator, we have:

. 1 f 6-5-1 A
— L_(é_&).!(x—t) tdt} 6>0, x>0

ylz‘”é{r<ol—6>§(x‘”é_d_ltd‘}

oo 1 X _l 6-6-1 oo
=— [F(G—o‘-)-([(l x) X ltdt}.

Letazl, dt=xda, t=ax when t=0, a=0whent=%x, a=1

X

11

(57)
(58)

(59)

(60)

(61)

(62)
(63)

(64)

(65)



We have:

6—6'_ 1 i _a 6-c-1 ¥~ lax2da
e _r(o—5)£(1 ) d } (66)
—*° T(6-) ! (1-a)"" ada} (67)
ool X7 T(6-0)0(2)
| T(6-0) T(6-5+2) } (68)

Therefore let t =x we have y, given below as:

_wéfd'téféurl
- 69
r(6-6+2) ( )
when i =1
Y. = _a)é_ﬁjé_if yit (70)
o _a)ﬁfd'tdfo‘”rl

___ 6Gi60 _ 71

o= {F(6—5+2)} (1)

Using Caputo Integral Operator we have:

6*6’t6*6+l

_a,é—{r(él_(})j(x-t)@“{h}dt} 6>0, x>0

y, == {F (61_ . E(x_t)‘”—l L‘(“;_—;ZJ dt} (72)

’ T 0-6-1.6-5+
:F(6—6)F(6—&+2)-([(X_t) t (73)
0)2(676) X t 6-6-1 o
— 1__ 0-6-146-6+1 .
r(o—g)r(o_mz)!( xj S (74)

12



Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1

X
we have:
2(6-5) j~ (1_ 8)67671 Xofdf1aafd+1xé—c‘r+lxda (75)
r(6-6)T(60-c+2)3
2(6-c) j‘(l— a)@,gfl X2(0_5)+1a6—c'r+1da (76)
r(6-6)r(6-c+2)3
20-0)y20-0)1 1 6-6-1 6.6
G e ) ™)
I'(6-6)T(6-6+2);

F(6-0)l(6-0+2) T(2(6-0)+2) (78)

Therefore let t =x we have y, given below as:

a)z(é—o'—)t 2(6-5)+1

_ 79
& r(2(6-c)+2) (79)
when i=2:
Ys = _a)é_(fjé_& y,t (80)
- _a)?_(é—&)tz(é—ﬁ)ﬂ
— 0—0 ;0-0 . 81
= T 2(6-0)+2) (81)

Using Caputo Integral Operator we have:

_w3(6—0) X 6-5-1., 265}t
- )" )y 82
1"(6—&)1“(6—&+2)-£(X ) (82)

13



3(0 o’ X 6-6-1
_ 0-o 1y 20-0) gt 83
r(6—5) 2(6-5)+2 J( j " (82)

Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1

X
we have:
_a)3(0 ) 1 1 0-6-1  6-5-1,2(6-5)+1 d 84
_r(é—ﬁ)F(z( )+2.([ a X ax xda ( )
0 o‘ 1
_ 1 6-5-1 360'+l 2(6-0)+1
1“(6—6) 2(6-0)+2 ! Y e )
=@ T(0-0)r(2(6-0)+2) (86)

:—a) 7 A0 (87)

When i =3
Ys _wéiﬁjéiﬁyst (88)
00 3(6-0)
_ __,0-6;0-¢ 89
Yoz r'(3(6-5)+2) (89)
Using Caputo Integral Operator, we have
X o _3(6-5):3(0-5)+1
~°° Al — _|.(x—t)°_"_1 “__ tv dt{5>0,x>0
r6-¢); r'(3(6-0)+2)
y, = —&)4(6_6—) i(x—t)é_&_lts(é_&)ﬂdt (90)
' T(6-06)r(3(6-05)+2)4

14



4(0 U X 6-6-1
_ 0-0143(0-) 91
Vs r (6 — 6') O O' + 2 -([ ( ) X ( )

Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1
X

Therefore we have:

400‘
061 oal 3(6-)+1

-_,.a

- d 92
Ve =0T (3(0=0)+2)1 o (2)
40 o‘ 1 6 N 4 l 3( 1
_ —G - O 6+ 0— o‘+ d 93
=T (6-o)r(3(6- o+z£ ° (99)
ot T(6-0)r(3(6-0)+2) (94)
r(6-6)r(3(6-c)+2) T (4(6-05)+2)
Therefore let t =x we have y, as given below:
a)4(6—6)t4(6—6)+1
=T (a(6-0)+2) (%)

with the recursive relativity, the terms of the decomposition series are:

_a)(é—6)t(d—6)+l

A (R %)
=t ()
R (%8
et (%)

Substituting Yy, Y1, Y,, Y5, Ys-- into equation(38) we have:

15



_0 o aAe-o) 26-0)a 0N 30-a)

a)4(dfﬁ)t 4(6-6)+1

y (t)zr((d_5)+2)+r(2(d—5)+2)_1“(3(6—5)+2)

The series model of the solution is given as:

ti(6—6)+1

y(t)= (-1 &7 (GG

Let 6=2, and 6 =0 we have:

"TaG-0)+2)

(100)

(102)

(102)

Which is simple harmonic oscillator’s solution expressed further as:

y(t)=Lsin(wt)

(0]

(103)

which mean the frictional force is zero and the motion is periodic. Since it is a simple

harmonic oscillator it has a constant total energy. The plane phase blue print is

always closed curve (ellipse) for various values of v and x, it is periodic because it

moves in clock-wise direction.

Figure 1. Solution of Example 1

16



Figure 1a is the solution of example 1 when 1<6<2, and & =0 while Figure 1b is

also a display of the solution of example 1 when 0 <& <land 6=0 respectively.

It was observed that when we set =0 and vary 6 there was an increase in

frequency with increase in the values of 6 within the interval 1<0<2 as display in

Figure 1a above. Similarly when we set 6=2, and vary ¢ we discovered that the

frequency decrease with decreases in the values & within the interval 0 <& <1 as

display in Figure 1b above. It is clear that our results for the two cases considered is

in agreement with the solution obtained in other literatures using other various

methods [1] .

3.1.2 Example 2

Consider the Initial value problem:

d°y " doy

- = =0
dt® dt’®

equation(104) depends on the incipient conditions:

k=1y (0)=1y(0)=0.

(105)

Applying j° to equation(104) we have:

3

2 v de
-y y" (o) o[k S Y =g
10- S0 )18

i
o

m-1

O WAL WADRE

>

y(t)-y(0)-y (0)t-K*"y(t)-K""y(0)=0

17
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(106)

(107)

(108)



where Y, is defined as :

m-1

Zy(”) (OJ’)tn—n!—l— jég(t).

n=0

Then,
y(t)=y(0)+y (0)t+kj*“y(t)+ki°“y(0)
where

Yo (t)=y(0)+y (0)t+kj*y(0).

Considering the equation (105)
Yo(t)=t

and
Yoot (1) =K7Y, (1)

when n=(0),
Va(t) =Ko (t)

y, (t)=kj*“t.

Using Caputo Integral Operator we have:

1 f 6-5-1 o
k{l‘(é—&)-([(x_t) tdt},o >0,x>0

ylzk{ 1 j(x—t)é_d_ltdt},6>0,x>0
0

X 6-6-1
=k }-f@‘£j X igt |,6>0,x>0.
F(O—O') 0 X

18
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(110)

(112)

(112)

(113)

(114)

(115)

(116)

(117)



Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1
X

we have:
k_ L I(l—a)f""l X" Yax’da (118)
_F(ﬁ_a-)o
X e ag (119)
_r(é—&)g( -a) " ada
| K7 T(6-0)r(2)| (120)
T(6-5) I'(6-6+2)

Therefore let t =x we have vy, as given below as:

kt(6-o+)
[r(6—5+2)} (121
when n=1
Y, (1) =Ky, (t) (122)
e 129)

Using Caputo Integral Operator we have:

kt(ﬁfo’”rl)

k{l‘(él—a-) _I(x—t)”l {m}dt},é >0,x>0

1 h 6oa| Kkt
Y, :k{rm_&)!(x—t) {m}dt} (124)
{rm_&)ﬁza_ma ! (X_t)éﬂté_ﬁldt} 1)

19



_ {F(O I(l——jo x”lt”*ldt} . (126)

Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1

X
we have:
_ ey a27)
0 o} o o-—1 o-+1X0 &+1Xda 127
el |
B 1
f6-o 6 — Jl a”lx“‘”l”*lda} (128)
L O
B k2 2 6— o‘ 1 0 o-—l .
_F(o &)(6—6+2 ! da} (129)

k2x?0-o) r(6-6)r(6-c+2)

130
F(6-0)[(6-5+2) T(2(6-6)+2) (130)
Therefore let t =x we have y, as given below:
k2x2(6—6')+1
- 131
T (2(6-0)+2) (131)
when n=2 ,
Vs (t)=Ki*7¥,(t) (132)
then
o, kXA
Ya(t) =K . (133)

r(2(6-6)+2)

Using Caputo Integral Operator we have:

20



X o 2,,2(6-6)+1
N J(x-t" K dt|,6>0,x>0
r(6-6)3 r(2(6-6)+2)

(x—t)ﬁ‘d‘ltzm‘d)“dt} (134)

k® X t o 6-6-142(0-5)+1
:{r(6—5)r(2(6—5)+2)!(17) Ko dt}' (139)

Letazl, dt=xda, t=ax when t=0, a=0whent=x, a=1

X
we have:
_ K .l[(l— a) " x*ax*xda (136)
| T(6-0)1(2(6-05)+2)4
| k3 Jl‘(l_ a)ﬁ—d’—l X3(6—a')+1a2(6—5—)+1da (137)
[(6-0)T(2(6-5)+2)3
I kexAe r(6-6)r(2(6-0)+2) 38)
[(6-0)T(2(6-6)+2) T(3(6-5)+2)
Therefore let t =x we have y, as given below:
k3t3(6—&)+l
Y; = (139)

r(3(6-5)+2)

With the recursive relativity, the terms of the decomposition series are given below:

kt(6—6)+1 k2t2(6—6)+1 k3t3(@_5)+1

(140)

The series model of the solution is given as:
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Let 6=1 & =0 we have:

t kt> k%3

G e T

Which is the solution of exponential growth equation given by:

(k)

y(t)=Y.e

(141)

(142)

(143)

Figure 2. Solution to Example 2
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If 6=1and & =0 equation (104) becomes the equation of exponential growth.

Figure represent the solution of Example 2 when 1<6<2 and 0< 5 <1.

3.1.3 Example 3
Consider the following I.V.P:

@ B B
dy _ 4%y 4%y _g4

dt*  ~dtA  dt?

With incipient conditions:

y(0)=p ,i=0123,....,n-1

Applying j* to equation (144) we have:

n—

it ol dAy  dPy
905y 001 a S0 |-

1
i=0

Where:

S8y )

1
i=0 i—0 i

The equation (144) becomes:

Recall equation (45), we have:
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(145)

(146)

(147)

(148)



Zp..—— 3" y(t) aZp.”l —bj“ 7y (t) Z/O.“'BZ.—= (149)

Where in the Caputo sense we have:

ta’*ﬁ- +i

a-p __ 150
Zp, Zp, a—f+i+l) ( )
that is:
Jaﬂltlz J‘ aﬁllt (151)
O
o ,61 tl X a-f-1 Jo- . ltl
j oA = j 1—— St (152)
O
Let u=§, dt = xdu, t=ux when t=0, u=0 when t=Xx, u=1, we have:
sa-p b ti h a p£-1 a A1 U
j J.l u xdu (153)
! )% i!
. ti i a-p-1 X @A
T |'-(|; (1-u) ARy du (154)
o tl a—ﬂ1+i 1 a |
it “!1 u)“ A (155)
a-p+i _ i
__x T(a-p)r(i+) (156)
[(a-p,)i! T(a-pB+1+i)
a-p+i _ 1
__ X T(e-f) (157)
[(a—-p£)i'T (a-pB+1+i)
a-p+i
=X (158)
I(a-pf+1+i)i!
therefore:
a L +i
a-p __ 159
Zpl Zpl ﬂ1+|+1) ( )
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Similarly:

Then the equation (146) becomes:

n-1 ti . 1-1 XOI*,Bﬁi .

— - _agj %A t)-— . _b a=p, t
y(t) gp. Ay (t) agp. Fapriy y(t)
_b|71 Xa—ﬂ2+i O

;pi C(a—p,+i+1)

Let
n-1 ti
4 (t) = ;Pi ﬁ
1-1 ta—/)’lﬂ
v (t)= = o [(a-g+i+1)
s—1 ta—ﬁ2+l
t =
s (1) “ A I(a-pB,+i+1)
Then:

y(t)—va(t)—aj“ "y (t)—ay, (t)—bj* "y (t) —by, (1) =0

y(t)=w, (t)+ai* y(t)+ay, (t)+bj* 2y (t)+by,(t) L

By rearranging:

y(t) =y, (t)+ay, (t)+by, (t)+aj“ y(t)+bj*y(t)

Therefore the terms of y(t)is determined by:
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(160)

(162)

(162)

(163)

(164)

(165)

(166)

(167)



Yo = (1) +ay, (t)+by, () (168)

Yoo = (@Y (1) £0y (1) i (1) 21 (169)

With the recursive relativity, the term of the decomposition series are given below:
Y, = (a7 +bj“ )y, (t) (170)
vk=0,

=y, = (@i +bj" 7 s (t) +ay, (t) + by (t) (272)

Also when k =1 we have:

Y, =(aj“” +bj“ " )y, (1) (172)
vk =1

=y, =(aj 7 +bj" 7 )(a) 7 +0j“ 7 Yy, (t) +ay, (t)+ by (1) (173)

=y, = (a7 +0j“ )y (t) +a, (t) +bys (1) (174)

Also when k =2 we have:

=y, =(a“” +bj 7 )(aj*” +bj“ " ) (8 +bj* " )y, (t)+ay, (t) + by, (t)

(176)
_(AiaB L phiah )
A —(aj +Dj ) y, (1) +aw, (t)+by; (t) (177)
Also when k =3 we have:
Yo =(aj“7 +0j" ")y, (1) (178)

vk =3,
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Yo = (8“7 +bj“ )y (1) + s, (1) +bys () (179)

Vo= (@i +bj" )"y, (1), 9K (180)

Vi = (@7 +bj* %)y, (t) + aw, (t) + by, (t) (181)

Expanding the operator using binomial formula a series solution is obtained:

k

y(t)= iZ (( j )ajbk_j jeosr )‘//1 (t)+ay, (t)+bys (1) (182)

k=0 j=0

200000
1s0000

100000
50000 &

1.5

15
Figure 3. Solution to Example 3

The solution of Example 3 is display above for the values of 0.5</ <15 and

B,=0 whena =2 p =g and 3, =0 in equation(144) we obtained the solution of

Bagley Torvik equation. From Figure 3 above, we discover that the amplitude

increases with increase in g within the interval0.5< 3 <1.5. The examples
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considered so far shows the efficiency of the method of solutions for three different

multi-order fractional differential equations.
3.1.4 Example 4

Now consider the non-linear case:

d’y
dt?

y(1)3Y 120 1<4<2 0<o<f (183)

with the incipient condition y'(0)=0 i=0,1,..,m-1

Applying qu we have:

| d? d°
J{Wg’—y(t) dtg —1}:0 (184)

From equation (17):

y(t)dUY=Ny(t) , Ny(t):iAp and jé[iApj:jéAp (185)
dta p=0 p=0
We have:
| d%y d°y
| —L—y(t)—=-1|=0
. {dtﬁf y()dt" }
iP9Y S A - (1)=0 (187)
at” "= 7
n-1 , ti . .
y(t)-2.y'(0)5; - iA, - (1)=0 (188)
i=0 -
Applying initial condition, we have:
y(t)- i, - i (1)=0 (189)

Therefore:
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y(t)=i’A +j’(1)=0 (190)
The terms of y(t) are determined by:
Yo(t)=i"(2) (191)

yp+l (t) = jygAp (192)

The general formula for the Adomian’s Polynomial will be used to calculate the non-

linear function.

A, = ;'dd;{ {i HH (193)

Taking the derivative using chain rule we have:

1 d”
Aly /’L‘D“ 194
S| B ()
1& . Ny~
==>(1)ity; (p=0)D7Y,, (195)
P:i=0
1 p! . _
—le - j)D?y, . 196
P (- ) (P~ 3D, (1%6)
therefore:
1 & 5
Ap :_Izyj Dt yp—j (197)
P:i=0
Thus
A=Y DfYo (198)
A1 = letéyO +Yo Dtﬁ Y1 (199)
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A =Y,D7Y, + YDy, + Y, D7y,

A =YDy, +Y,D7y, +¥,D7Y, + YD Ys

Using the recursive relation, we have:

Yo = jé (1)

Letbzl, dt=xdb t=bx when t=0, b=0 whent=x, b=1, we have:

X

1
(¢

(1-b)" " x*xdb

)—J

O L

)

Where ¢F(¢) :F(é+l) and let t =x, we have:
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(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)



= a, therefore

When p =0 :

yl(t): J¢(Ab) ) Ab = yth&yo

therefore:

Y1 (t) = jﬁl:ythdyOJ

T o (2= VI
Using the identity Dk’ = ko
r(5—¢+1)
: p+1)
— Dy, =-Dfayt’ =-a, F(F&(q);jl)t(“ ?

So therefore:
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(210)

(211)

(212)

(213)

(214)

(215)

(216)

(217)



3 h 41 (24-0)
e

8 Hy X\ el
r(qz)r(g_¢3+1)£(l ()

Let b=—, dt=xdb t=bx when t=0, b=0whent=X%, b=1, we have:

1
J' 1— b ¢-1 2¢ o‘X¢ 1b(2¢ U)d
0

(1-b)"* b )b

aoxaqi—a F(é)F(Zé—&ﬂ)
F(&)F(é—&ﬂ) F(&+2q§—6+1)

ax#e T(24-0+1)
r(¢3—5+1) r(3¢3—5+1)

Let Xx=t, we have:

atie  T(24-5+1)
F(¢?—6+1) F(3¢?—6+1)

at¥e  T(26-c+1)
r(¢3—5+1) r(3¢3—6+1)

So let =a, we have:

Y1 (t) = aitw_&
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(219)

(220)

(221)

(222)

(223)

(224)

(225)

(226)



Whenp=1:

Y, (t) = j(};Au A1 = letdyo + yODt&yl (227)
Y, (1) =3[ D7 Yo + YoD7¥: |, (228)
Similarly,

F(q?+1)

229
F(&—&+1 ( )

Dtéyo = _Dtdaoté =-q,

SN—

Dy, =Dfat¥’ =a, (230)

| . al(4+1 r(3 1
=Y, (t)= J¢[—a1t3“ —a°A<¢+ ) 7 —ath (3(¢¢ 2::1)) ts‘““] (231)

_ h #-1 44-26 &l ( ) 4¢ 26 all“(3q§—6+1)
RO [ = r<sw+1>}‘“

(232)
1 O gt r(¢+1)  r(3p-o+1)
=%t _F—¢)J; —aat” r(&—5+1)+r(3¢3—25+1) o (23)
_ F(é—‘_l) F(3¢2_6+1) —a,3 | ¢l 425
yz(‘){r(gz_m)*r(3¢3_25+1) e @)

Letb:%, dt=xdb t=bx when t=0, b=0 when t=X%, b=1, we have:

B G I C . I XS T e
yz(t){ i e } ()Q( —j x# 2t (235)

r ¢—5+1) r(3¢—25+1)
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O o) a0 0) | T(9)1
__ F(é+l> F(3¢?—5‘+1)__ala01 ¢-1 5425426
y2(t)—_F(é_6+1>+r(3¢3_26+1)_F(&)l(l—b) X5H27p %20y
) T [aap
O oaet) Tsizoey)| rig) A0
o (0) rA(;z+1) +r(3A¢3—5+1) g r(&)rg4¢3—25+1)
r(¢—5+1) r(3¢—25+1) r(¢) r(5¢—25+1)
o (0) FA(¢?+1) +r(3f13—5+1) —a1a0x5¢3-2ir(4¢3—26+1)
r(¢—5+1) r(3¢—25+1) r(5¢—25+1)

F(é+1)

r(3¢3—5+1) “aa i

J‘(l_ b)é—lxé—lxw—z&bw—zd xdb

Letx=t we have:

Let

Y, (t) _[1_,

F(¢?+1)

+

r(3p-o+1) }—aiaots‘“"l“(4g$—26+l)

(¢3—6-+1) F(3¢3—26+1)

r(5¢3—25+1)

r(4¢3—25+1) )

{FF@+Q

+

r(3-o-+1) }

(¢3—6+l) 1"(3¢3—26+1)

r(5¢3—2&+1)

34

(236)

(237)

(238)

(239)

(240)

(241)
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Therefore:

_ 5425
Y, = _azt ’

When p =2 we have:

Ys(t)=§*A, = J*[ .0 Yo + ¥,D7 Y, + DY, |

Where:
o —al(é+1) .
DY, :—Dto;aot‘ﬁ _—Fz;_(:i-:]_)) 90
i r(36-5+1) .
Dtd- yl = Dt5a1t3¢—5' — a]j:_‘((3¢?¢ 50-—:;]-)) t3¢—26‘

—a,l (5(,;3 _25 +1) 2o

D7y, =-D{at” =

r(5¢-35+1)

o {5920 ar(¢-1) 0 1 ot al(3p-o+1)
W)= T r(g-o+y r(3¢-25+1)
3 g 8, (54-25+1) 2o

r(5¢-35+1)
_a teé—s& aor(&—l) n ztsﬁsawtw%_
0 j T r(g-o+) r(sp-25+1)

ys(t)=1] azr(5¢3—25-+1) o

+a, i 16920

] r(5¢-35+1)

35

t3q§—26

(243)

( 244)

(245)

(246)

(247)

(248)
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ag(&—g r@é—5+g

i a,I"(54-25+1) ;
I(é—5+g+air@é—z§+g

" I(5&—3&+1)

(250)
}

aJ(é—g r@é—5+g %r@é—25+g
yi(t)=la,— +a’ _ +a, _
r(¢—5+1) r(3¢—25+1) r(5¢—35+1)
x #&)I(x —t)" ot
(251)
v0)=la aolr(é—l) " r(3A¢3—&+1) +a0a21“(5A¢3—25'+1)
r(¢—5+1) 1(3¢—25+1) I(5¢—35+1)
(1) e
GOl
(252)

Letb:%, dt=xdb t=bx when t=0, b=0 when t=X%, b=1, we have:

)= aor(&—l) L r(3¢3—5+1) . azl“(5¢3—26+1)
Vs _'%I(é—5+g air@é—25+g &)r@ﬁ—35+g
y = (1¢?) j)‘(l_b )¢3—1 x 19-30p 64354
(253)
) aJ(&4) Zr@é—5+g %r@é—25+g
ys(t){azr(qz_m)*ai r(3p-20+1) ° T(59-30+1) (250
X7¢3—3d 1 31 6iss
x 2 [(1-b)" " b2 db
TOI
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aor(g;_l) (3(3 O'+1 azl" 5¢ 20+1
y3(t):aZFAV1+ai 34— 25 1 r(54-30+1)
(¢—O'+) (¢ o+ ¢ 54 (255)
x 193 F ¢)F 66— 35+1)
( ) F(7¢ 30'+1)
va()=| & a01:(¢?j1) o F(S?_(}jl) +a0a2r(5f3_2f§+1)}
r(g-o+1)  r(3j-20+1) ° r(50-30+1) -

X 75_3&1—1(6&—35-4_1)
F(7¢3—36-+1)

X

Let x=t we have:

aor(é—l) r(3¢?—5+1) azr(5¢3—25+1) t7“3’361“(6¢3—36+1)
Ys (t)= a, A +a12 ~ _ +a, A _ A _
r(¢-o+1) F(3¢—20'+1) r(5¢—3a+1) r(74-30+1)
(257)
Let:
aor(é—l) ) r(3¢3—5+1) azl“(5¢3—26+1) )
{a? Mg-0v1) *T(s-20+1) * T(sp-3041) | (25%)
Therefore
s =at’ (259)
The solution is in series form express below as:
y(t)=—at’ +at® —at™? +at" - (260)
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0.5
1.0

Figure 4. Solution of Example 4

The solution obtained is in conformity with the solution obtained by Shawagfeh [16]

when & =0, but the solution above is obtained by varying the value of(} within the

interval 0.5< ¢ <2 and& =0. This solution is only considered for four terms, more

terms can be consider to improve the solution.

38



Chapter 4

DISCUSSION OF RESULTS

4.1 Conclusion

The effectiveness of ADM technique on multi-order fractional differential equations
of both linear and non linear type was explored. Four different examples were
considered, the results obtained were compared to those existing in literature for

evaluation purpose.

Several of researchers have applied ADM technique to solve several problems
existing in real life situation as written in Chapter 1, which contains the preamble.
Since the introduction of the technique about three decade ago, sources confirm the
effectiveness, efficient and the accuracy of ADM technique.

However, this thesis work only highlighted it advantages without comparing it pros

and cons.

In the second Chapter, rudimentary analysis of ADM technique with the
consideration of a very important special function known as the gamma function was
reviewed. In Chapter 3 we considered four examples and the estimation of these
examples were easily carried out and computed without the aid of computer. The
solution obtained in the study is in the form of convergence series which exhibit

some recursive relationship.
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It is evidently clear that there exist a relationship of some sorts between the simple
harmonic motion and the sine wave as shown in this thesis work, therefore this study
is applicable in the music industries for fine tuning and production of various musical
instruments such as microphones, loudspeaker, acoustic instruments like guitars,
pianos, violins e.t.c. Also in the auto-mobile industries, the technology behind the

shock absorbers of our vehicles depends greatly on this study or similar studies.

Electrical power generation is also an area of application due to electromagnetic
wave. The operation of gravimeters for the detection of differences in the value of
gravity at that location, known as gravity surveys is extensively useful in the oil, gas
and mining industry to locate crude oil and precious metal deposit. The fourth
examined equation displays an important advantage of ADM technique, inspite of
the easy computation there is no need for linearization or assumption of any sort

In general, the Adomian's Decomposition Method (ADM) is a convenient tool, it can
be applied directly to problems. It also demonstrates computational ease which can

be computed manually.
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