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ABSTRACT

The Integral Inequalities can be used for the study of qualitative and quantitative
properties of integrals and they perform an important role in the theory of differential
equations. The study of the fractional g-integral inequalities is also of great

importance.

The purpose of this thesis is to study g-calculus analogs of some classical integral
inequalities. In particular, some of the greatest significant integral inequalities of
analysis are extended to Quantum calculus. We will work on the g-generalization of
the Holder, Hermite-Hadamard, Trapezoid, Ostrowski, Cauchy-Bunyakovsky-
Schwarz, Griss, and Griss-Chebysev integral inequalities. The analysis is based on
the notions of g-derivative and g-integral on finite intervals presented recently by the

author in [9].

Keywords: Quantum Integral Inequalities; Holder’s inequality, Hermite-Hadamard’s

inequality, Ostrowski's Inequality, Griiss-Chebysev integral inequality.



Oz

Integral esitsizlikleri, integrallerin nitel ve nicel o6zelliklerinin incelenmesi igin
kullanilabilir ve diferansiyel denklemler teorisinde temel bir rol oynar. Kesirli g-

integral esitsizliklerinin incelenmesi de biliyiik 6nem tasimaktadir.

Bu c¢alismanin amaci baz1 klasik integral esitsizliklerinin g-Kalkiiliis analoglarini
bulmaktir. Ozellikle analizin en 6nemli integral esitsizliklerinin bazilarmin kuantum
Kalkiiliis’e genellestirmelerini incelenecektir. Bunlar, Holder, Hermite-Hadamard,
Trapezoid, Ostrowski, Cauchy-Bunyakovsky-Schwarz, Griiss ve Griiss-Cebysev
integral esitsizlikleri olacaktir. Yapilan calismalar ve analizler, son zamanlarda J.
Tariboon ve S. Ntouyas v.s. aragtirmacilarin ¢alistig1 sinirli araliklarda g-ttrev ve g-

integral kavramlarina dayanmaktadir.

Anahtar Kelimeler: Quantum Integral esitsizlikleri, Holder esitsizligi, Hermite-

Hadamard esitsizligi, Ostrovski esitsizligi, Griiss-Chebysev esitsizligi, Konvekslik
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Chapter 1

INTRODUCTION

1.1 Historical Background

Calculus is theory where there is a differential h - h' and integral h —
R, h operation in such a way that(R h)" = h. This does not necessarily mean that the

notion of derivative or integral are the classical notions.

A g-calculus is a version of calculus without limits. Derivatives are differences and
anti-derivatives are sums. With a suitable generalization of integration of differential
forms on curves and surfaces, the great notions of multi-variable calculus simplify
same Stoke theorem. In fact, this expansion make a lot of proofs easier. There are many

similarity in theory since ‘curves’ are on the same basis than one forms.

Moreover, g-Calculus were found by Euler in the 18th century. Also In 1910, Jackson
[2] presented the correct from the definite g-integral. He was the first to grasp g-
calculus in a methodical approach. In the 2" half of the 20th century, there was a
substantial rise of movement in the part of the g-calculus due to requests of the g-

calculus in fields of Mathematics and Physics.

In recent years, many attentions have been given to the study of the g-calculus, which
has important and significant applications in quantum physics and in many branches

of sciences.



Integral inequalities have been an important part in the theory of differential equations.
The study of fractional g-integral inequalities is also have a great significance. Integral
Inequalities have been worked broadly via number of scholars also in the classical
analysis or in Quantum sense. See [2]-[7]

1.1.1 Development of Integral Inequality in Quantum Calculus

For a long time, studying, investigating and developing calculus had based on using
limits. Later it had appeared in a calculus without limits called g —calculus. The
quantum calculus started with F.H. Jackson in the beginning of last century as
emerging area of mathematics, although it had been discovered already and vigorously

studied by Euler.

Quantum calculus worked in from the beginning of this century represented as a link
between mathematics and physics. Most of the scientific community, which benefit

from quantum calculus, is physicists.

The area witnessed a great expansion, because of using foundations of hypergeometric
series to the different subjects of combinatorics, quantum theory, number theory,

statistical mechanics that are continuously discovered.

Integral inequalities play an important role in the theory of differential equations and
the study of g-integral inequalities is also of great importance. Integral inequalities

have been studied by many authors in classical analysis as well as quantum analysis.

However, we have used an important theorem which is called Lagrangian Mean Value

Theorem (LMVT) is one of the fundamental theorem.



The goal of the thesis is to study g-calculus analogs of several classical integral
inequalities. We study the g-generalizations of the Holder, Hermite-Hadamard,
Trapezoid, Ostrowski, Cauchy-Bunyakovsky-Schwarz, Griss, and Griss-Chebysev

integral inequalities.

The thesis is arranged in the following order: In Chapter 2, we give some definitions
and helpful consequences that will help us to demonstrate our important results. In

Chapter 3, we build up our important consequences.



Chapter 2

BASIC OF QUANTUM CALCULUS

2.1 Prefaces and Supplementary Results

For the reader, in this section we will provide an outline of the mathematical notions

and definitions that will be used throughout the thesis.

Let us start with g-analogue of differentiation. Consider

. h(s)—h(s dh
lim 28)=hs0) _ dn
55 S—Sp ds

which gives derivative of a function h(s) at s = s,.

If s = gsy, where 0 < g < 1 is a stable number and without limits, then we go into the

world of Quantum calculus. The g-derivative of s™ is [m]s™1, and

As g-analogue of m in the sense that m is a limit of [m] as g tends to 1.
Now, we are going to give the definition of g-derivative of a function h.

Definition 2.1.1 The g-derivative has defined as following:

_ h(g@s)=h(s)
Dgh(s) = D5 " 1)

If g tends to 1, then we get ordinary derivative.

We are moving towards g-antiderivative of a function.



Definition 2.1.2 The function H(s) is a g-antiderivative of h(s) if D,H(s) = h(s).
denoted via

J h(s)dgs. (2)

Next definition is Jackson integral ,
Definition 2.1.3

Jackson Integral of h(s) is defined as

Jh(s)dgs = (1 —q) Xm=0q™h(g™s) ®)
From the above definition it is obvious that
f h(s)Dgk(s)dgs
=1-qs z q™h(q™s)Dyk(q™s)
m=0

k(q™s) — k(q™*'s)
(1—-q)q™s

= (1= 9)s ) q"h(g™s)
m=1

Definite g-integral is defined as follows:

Definition 2.1.4 [1] Assume that 0 < ¢ < d. The definite g-integral is defined as

L h(s)dgs = (1 — @)d To ™h(q™d) 4)

provided the sum converges absolutely.

Overall, formula for definite integral is given as



d (0]
| hkdss = b d)(k(qmd) - kg D),
0 m=0

Note that above definition of definite g-integral in a generic interval [c, d] gives

fc " h(s)dys = fo h(s)dys - fo h(s)dys.

Definition 2.1.5 Assume that [ := [c,d] = R beanintervaland 0 < g < 1,
h: I - R isa continuous function. Then the g-derivative of a function h: I - R at

the point s € I on [c, d] is expressed as follows,

and assume that s € I. Then

h(s) —h(gs + (1 —q)c) L
A-9G-o 7 °

Dqh(s) =

cDgh(c) =lim  Dgh(s), (2.2)
S—C

and named as g-derivative on [ of function h at s.

We say that f is g-differentiable on I provided that .D,h(s) exists forall s € 1. Recall
that if ¢ =0 in (2.1), then .Dsh = D4h, where D, is known g-derivative of the
function h(s) well-defined as

__ h(s)-h(gs)
th(s) = s (2.2)

Moreover, we must define the advanced g-derivative of function h on 1.



Definition 2.1.6

Suppose h: 1 — R is a continuous function having the 2" order g-derivative on
interval 1, which is indicated as .DZh, provided .D,h is g-differential on I with
DZh = Dy( .Dyh):1—>R. Likewise, it we can now state higher order g-

derivativeon I, .D7*: I, »R.

Convexity theory has played an important and fundamental role in the development of
various areas of applied and pure sciences. This theory provides a unified, natural and

general framework to study a wide ranges of classes of non-related problems.

Due to its importance, the concepts of convex sets and convex functions have been
extended in different ways. An important generalization of convex functions is known
as pre-invex functions, introduced in early 1980’°s which inspired many researchers to
deal with some complicated problems.

We now recall the definition of a convex function.

Definition 2.1.7
The function h on [c, d] is called

h((1 —2)c + zd) < (1 — 2)h(c) + zh(d),

the function h on [c, d] satisfying is called a convex function

forall z € [0,1].

Let us now solve some examples.

Example 2.1.1 Suppose that s € [c,d] on 0 < g < 1. Then, for s # ¢, we have



s2—(qs+ (1 —q)c)?

D,s? =

e 1-q)(s—c¢)
_ (1+q)s?-2qcs—(1—-q)c?
B s—c

=A+q)s+(1—-q)c.

For s = ¢, we have lim( .D,s?) = 2c.
S—C

Lemma 2.1.1[9] Leta € R, then we have

1—q !

Definition 2.1.8 Assume that h : I — R is a continuous function, the g-Integral on I

is expressed by

[ h(@) dgz = (1—q)(s — ) Tincoq™h(g™s + (1 — g™)c) , (2.4)

fors € I.

Besides, if a € (c, s) then the define g-integral on I is defined via

f:h(z) = fh(z) cdgt — fah(z) cdqz

C

A=q)(s =€) Y q™h(g"s +(1—g™)0)
m=0

—(A-g)(a—-c)Xn=0q"h(@ma+ (1 —-q™)c).

Note that if ¢ = 0, (2.4) turns out to classical g-Integral of h(s) which is defined as



Jy h(2) odqz = (1= )s Trzo ™h(G™s),
for s € [0, ). See [8].
Example 2.1.2 Assume that h(s) = s for s € I, then
f h(z) [,z = f z dgz

=A== ) q"@"s + (1= ™)
m=0

__(s—c)(s+qc)
- 1+q

Example 2.1.3 Assume that a € I, then

fd(Z —a) dgz = jd(z —a) gz — fa(z —a) g4z

a c c

a

femgeri ) [emaere

Cc

(a—c)(a+qc)
1+gq

_ [(d —c)(d + qc) 3

—a2+ac]
1+g¢g

ad +ac| - |

_d?+qdc—cd—qc? - (1+q)ad + (1+q)ac
B 1+gq

a? — qac + ca + qc? + (1 + q)a? — (1 + q)ac
1+gq

__ d*-(1+q)da+qa? _c(1-q)(d-a)
- 1+q 1+q ' (2:5)

Notice that if g tends to 1, then (2.5) reduced to be the classical integration which is



(d — a)?

Ld(z —a)dz = 5

Theorem 2.1.1 [9]
Assume that h:I - R is a continuous function. Then the following hold:
1. Dy [P h(2) (dgz = h(s);

2. [7 Dgh(2) (dqz = h(s) — h(a) for a € (c,s).

Theorem 2.1.2 [9]

Assume that h,k : I - R are continuous functionsand c,a e R.Fors € I,

1 [J[h(2) + k(2)] (dqz = [, h(2) dgz + [ k(2) cdyz;

2. fcs(ch)(z) cdgz = cfcs h(z) .dqz;

3. [) h(2) Dgk(2) dgz = (RIS — [7 k(qz + (1 — q)c) Dgh(2) (dgz for a €

(c,s).
For the other properties of g-derivative and g-integral on finite intervals, see [9].

Lemma2.1.2

For ¢ € R \{-1}, then we have

[{z =0 dyz = (lj;jﬂ) (s — c)¥*1, (2.6)

Proof: Assume h(s) = (s —¢)**1,s € I and a € R\{-1}, then, by Definition 2.1.5,
we get

(s =™ = (g5 + (1= Qe — )"

Dah(s) = -G -0

10



B (S _ C)a+1 _ qa+1(s _ C)a+1

1-q)(s—0)

= (1_qa+1) (s — )% (2.7)

1-q

Using g-integral on I on (2.7), the result will be (2.6) as desired. m

Example 2.1.4 Assume that s € [c,d] and 0 < g < 1. Applying g-integral by parts

and using Lemmas 2.1.1 and 2.1.2, we obtain the following.

S 1 S
z(z —¢) dz=—fz D,(z—c)? ,d,z
fc «Ca? =714q) 7 clq

1 N
- 1+qu(z—C)2|g_fC (qz+ (1 - q)c—c)? quzl

[ S
=1Tra _s(s —-c)? — quc (z—¢)? quzl

1 q*(s — c)’
2 __ T~ 7
- _S(S VT iigr e

_(s—a)?[s(1+q) +q°c
 1+q | 1+q+q% |

Lagrangian Mean Value Theorem (LMVT)
Assume that f:[c,d] - Ris a continuous function and differentiable on the open

interval(c, d). Then there exists some a € (c, d) such that

l; _ fla@)—-f(c)
f'(@) = LOTE

11



Chapter3

QUANTUM INTEGRAL INEQUALITIES DEFINED ON FINITE

INTERVALS

We give generalization of some integral inequalities in quantum sense which are

further studied in quantum calculus.

3.1 The g-Holder Integral Inequality

Let us consider the g-Holder inequality on interval I = [c, d].

Theorem 3.1.1

Assume thats € I,0 < g < 1,p,r > 1 such that%+ % = 1. Then we get

LIR@DNk@)] gz < ([T Ih@)IP cdqz)? ([ 1k(@)I" (dgz)". 3.1)

Proof: Here we use Definition 2.1.8 besides the discrete Holder inequality to prove

the g-Holder Integral inequality on I = [c, d].

j IRDIK@)| odyz
= (1=g)s=0) ) qmhlg™s + (L= qMO)llk(g™s + (1 = ™O)
m=0

= (A=) (s =) ) (h(g"s + 1 - qMO@™?)
m=0

% (Jk(@™s + (1 — ™| @™1)

12



1
0 P
< ((1 —q)(s—¢) Z |h(q™s + (1 - q’")c)lpqm>
1

x| W= =0) ) Ik(@"s + (1= gmOIq"
m=0
s 1 rS
= ([ Ih@P 2P @I gty

Hence the theorem about g-Ho6lder inequality is obtained. m

Remark 3.1.1 If ¢ = 0, then the inequality (3.1) reduce to the classical q-Holder
integral in [[2], p.604].

3.2 The g-Hermite-Hadamard Integral Inequality

Now, we will give the important integral inequality defined on [c, d], the g-Hermite-

Hadamard integral inequality.

Theorem 3.1.2
Let the function h: I - R be a convex continuous functionon/and 0 < g < 1.

Then

c+d 1 d gh(c)+h(d)
h(—) < Efc h(Z) quZ < T

. (3.2)

holds.

Proof: Using Definition 2.1.8, and using the convex condition in quantum sense with

respect to z on [c, d], we obtain

13



h((1 —z)c +zd) < (1 — 2)h(c) + zh(d) ,
forall z € [0,1].

1 1 1
f h ((1 —z)c+ zd) 0dqz < h(c)f (1-12) odgz + h(d)f Z odgyz.
0 0 0

It is clear from Example 2.1.2, that

1 1 1 _q
fO Z Oqu = :q and fO (1 —Z) Oqu = E

Definition of g-Integration on I leads

1 co
f h((1—2)c+zd) odgz = (1 —q) z q™h((1—q™)c + q™d)
0 m=0

1-q)d-c) %
= ( (j)_( ™) ) z th((l —q™)c+ qmd)
m=0

1 d
= JC h(z) cdyz,

which gives the second part of (3.2) by using (3.4).

To prove the first part of (3.2), we use the convexity property of h as follows:

%[h((l —z)c + zd) + h(zc + (1 — 2)d)|

2h<(1—z)c+zd-;zc+(1—z)d>

5

14
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Next, we take g-integral of the inequality above with respect to z on [0,1] and change

the variables to obtain

d 1 1 1
h (c -Iz_ ) < > [fo h((1—2)c+zd) (dgz + fo h(zc + (1 —2)d) ,d,z]

1 d
We get the result.

Remark 3.1.2 If g tends to 1 then inequality (3.2) becomes the Hermite-Hadmard

integral inequality

c+d 1 (¢ h(c) + h(d)
h( ; )Sd—cfc h()dz < =222,

See [4, 10].
3.3 The g-Trapezoid Integral Inequality
The following inequality is the g-Trapezoid inequality on the interval I = [c, d].

Here for the typical supremum, we use the notation || - || on [c, d].

Theorem 3.1.3
Assume that h:1 — R is a g-differentiable function with D, h continuous on [c, d]

and 0 < g < 1. Then,

[fhigz + (A= )0) cdyz — (d - ) (HEHD)| < WO ph|| (3.5)

2 — 2(1+q)

Proof : Applying g-integral by parts on interval I leads to the following,

15



d c+d
f (Z - T) Dgh(2) dyz
c

h(d) + h(c)

d
> > - fc h(qz+ (1 —q)c) d4z. (3.6)

=(d—c)<

Then by using the modulus's properties for (3.6), we get

d
f h(qz+ (1 —q)c) dgz — (d —c) (M)‘

d
< j
c
c+d

< || CDqZ” fcd |Z - cdqz. (3.7)

c+d
2

7 —

I chh(Z)I cqu

Applying Example 2.1.2 and Example 2.1.3, give us

[l = [ (55 s Lo 5
- (5959 - (9 ()
AR gy
- 26(11_2; (3.8)

Joining (3.7) with (3.8), we get (3.5) as desired. m

16



Remark 3.1.3 If g tends to 1 then inequality (3.5) reduces to the well-known

Trapezoid inequality given as

=0

h(d) + h(c) ,
—) < Il

d
f h(z)dz — (d —¢) ( >

See references therein [4, 10].

In the next thoerem, we consider the g-Trapezoid inequality with second order g-

derivative on [c, d].

Theorem 3.1.4
Assume that h : I = R is a twice g-differentiable function where .DZ7h continuous

on [c,d]and 0 < g < 1. We have

¢ (d-0o)
| hatz+ (= 090) cdyz = ahad + (1= @)c + h(e))
q*(d—c)® 2
< Tarararas | Pahll (3.9)

Proof
Appling g-Integration by parts on the interval I twice and having in mind Example

2.1.1, we get
d
f (z—=0c)(d—2) Dh(z) dyz
d
= —J (qc+d -1+ q)z) Dgh(qz+ (1 —q)c) (dyz
= [~(gc +d — (1 + Q)2)h(qz + (1 = q)0)]¢

17



d
+f h(q®z+ (1 —q*)c) Dy(qc+d— (14 q)z) dgz
C

=q(d—-c)h(qd+ (1 —q)c+ (d —c)h(a)
d
-1+ q)f h(q*z(1 - q*)c) cdqz .

Hence,

(d—-oc)
1+gq

d
| nar+ =90 gz -

(qh(gd + (1 — g)c) + h(c))

1 d
< mjc (z—c)(d —2)| D2h(z)| .dyz

cDZh| ~d
< %fc (z-)d—12) odyz. (3.10)

Using Lemma 2.1.2 and Example 2.1.4,

d d d
f (z—c)d—-2) Cdaz=df (z—10¢) quz—f z(z—c) dgz

=d[(z—c)(z+qc)d 1

d
T+a C—1+quZCDq(Z—C)2quZ

=dl(d—c)(d+qc)_

d 2
1+g c +cl

d
1+gq lZ(Z_C)ZIg _JC (qz+ (1= q)c—¢)? dgz

4 (d—c)(d+qc)— (1 +q@)ed + (1 + q)c?
B l 1+gq l

18



1 d
—m d(d—C)z —quc (Z—C)2 quZl

B d[dz +qcd —cd—qc?—(1+q)ed+ (1 +q)czl

1+q
1 2(d -0¢)3
- d(d_c)Z_u
1+gq 1+q+q?

_y d2+(q—1—1—q)cd+(—q+1+q)czl_(d—c)2 'd(1+q)+qzcl

1+q¢ 1+q | 1+q+4?

_d(d—-0)? (d—c)?[d(1+q)+ q°c]
- 1+¢q 1+q | 1+q+¢>

_(@d—0)?[d(1+q+q*)—d(1+q)+q’c]
- 1+ +q+q?)

:(d—c)z(d+dq+dq2—d—dq—qzc)
1+ +q+4q?)

_ q%(d-c)?
(1+q)(1+q+q?)’

(3.11)

Joining (3.10) with (3.11), we realize that the inequality (3.9) is true. m

Remark 3.1.4
If g tends to 1, then Inequality (3.9) reduced to the Trapezoid inequality expressed

in terms of second derivative that is,

d—0c) d—c) .
—— (h(d) + h(c)) <! 126) 17|

fdh(z)dz -

See [4, 10].

19



3.4 The g-Ostrowski Integral Inequality
We consider g-Ostrowski integral inequality on the interval I, as following,
Theorem 3.1.5 Assume that h : I — R is a g-differentiable functionand D h

continuous on [c, d], then

1 d
‘h(S) _Ef h(Z) quZ

, (_Ba-Dc+(tqd 2 (a?+6q-1)
q 4 —q q-
< || Dgh||(d —©) [—1+q< = ) + e ] (3.12)

Proof: Using the Lagrangian Mean Value Theorem, for s, z € I, it follows that

1 d
_ ‘ﬁ f (h(s) — h(2)) odyz

1 d
h(s) —ﬁf h(z) .d,z

1 d
< — _
S7z CJ; |h(s) = h(2)| d4z
|| Dghll ¢
<t oA s
Dgh d
_| s [ ([ —2) dgz+ [((z—5) cdyz| (3.13)

Recalling Example 2.1.2 and Example 2.1.3 for s,z € I, we get

J:(s —z) dgz + Jsd(z —5) dqz

_ qs? — 2qcs + qc? N dz—(1+q)ds+q52_c(l—q)(d—s)
1+gq 1+gq 1+gq

2q 2 Bg—1Dc+ @ +q)d . +qcz+d2—(1—q)cd
2q 1+¢q

20



2q Bg—1Dc+ 1A +qd\° qc?+d?—(1—-q)cd
= ——-7»|s — +
1+q 4q 1+gq

_ (Bq- 1D%c? +2cd(3q— 1)1+ q) + (1 + q)?d?
8q(1+q)

T 1+4g

2q ( (Bqg—1Dc+ 1+ q)d>2
L T

N 8q%c?+8qd? —8q(1 — q@)cd — (3q — 1)?c? — 2c¢d(3q — 1)(1 + q) — (1 + q)?d?
8q(1+q)

T 1+4g

2q ( (3qg—1Dc+ (1+ q)d>2
A1 (o o

N (8q% — (3q — 1)*)c? — (49(1 — q) + (3q — 1))(1 + q)2cd + (8¢ — (1 — q)*)d?
8q(1+q)

2q (3qg—1Dc+ (1 +q)d\
———— S_
1+gq 4q

N (8g2 —9q% + 6q — 1)c? — (4qg — 4q*> +3q +3q*> — 1 —q)2cd + (8¢ — 1 — 2q — q?)d?
8q(1+q)

2q (3qg—1Dc+ (1 +q)d\
=—| s —
1+g¢q 4q

(—q* +6q — 1)c* — (—q* + 6q — 1)2cd + (—q* + 6 — 1)d?
+
8q(1+q)

(d — ¢)2. (3.14)

_2q Bg-Dec+ (1 +q)d\* (—q*+6q—1)
_1+q<s_ 4q ) (1+q)8q

We reach to the inequality (3.12). m
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Remark 3.1.5 If q leads to 1, then inequality (3.12) reduced to the classical Ostrowski

integral inequality such that

2

c+d
< |2 (22 (- o
~ |4 d—c '

1 d
‘h(S) - ﬁf h(Z) dz

See [4, 10].
3.5 The g-Korkine Identity

We are going to prove g-Korkine identity on interval 1.

Lemma 3.1.1

Assume that h, k : I - R are two continuous functions on I and 0 < q < 1, then

d ~d
%f f (h(s) = h(W)) (k(s) = k(W) cdgs cdqw

d d d
= (d—c)f h(s)k(s) cdg4s — <f h(s) qus> (f k(s) qus>. (3.15)

Proof

Using Definition 2.1.8, we get

d rd
[ [ @) = hw) () = kw)) s cdqw
d rd
=j j [A(s)k(s) — h(s)k(W) — h(W)k(s) + h(W)k(W)] dgs dqw

=(1-q(d-o0) Z q"h(@™d + (1 —q™)c) k(q™d + (1 —q™)c)(d — )

m=0
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~(1- 9@~ c) (Z ah(@md + (1 - qm)c)> (Z qm(q"d + (1~ qm)c>>
m=0

m=0
[ee]

—(1—-q)*(d —c)? <Z q™k(@™d + (1 - qm)C)) (Z q™h(q™d + (1 - qm)C))

m=0 =0

+H1-@@=) ) qmh(@"d + (1 - qMOk(@"d + (1 - gMe)(d — )

m=0

d d d
=2(d — c)f h(s)k(s) (dgs — 2 <f h(s) qus> <f k(s) qus>,

from which one can obtain the inequality (3.15). m
3.6 The g-Cauchy-Bunyakovsky-Schwarz Integral Inequality

Now, let us prove the g-Cauchy-Bunyakovsky-Schwartz integral inequality for

double integrals on [c, d].

Lemma 3.1.2: Assume that h, k : I - R are two continuous functions on I and

0 <q<1.Then

d rd
f f h(s,w)k(s,w) cdgs dqw
c C

1

d rd 31 rd rd 2
f f h*(s,w) cdgs quwl [f f k*(s,w) cdgs quwl . (3.16)
c c c c

<

Proof: Using Definition 2.1.8 and doubling g-integral on I as

d rd
j j h(s,w) cdgs dqw
Cc C

d [ee]
= f ((1 —q)(d—c¢) Z q"h(q™d + (1 —q™)c, W)) cdqw

m=0
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= (1-9*(@=c)? ) Y q™h("d + (- qMeq'b+(1-q)e),

m=0 i=0

using the discrete Cauchy-Schwarz inequality, we get

d d 2
(f f h(s,w)g(s,w) .dgs quw>

((1 — A= )" Y qmrhGgmd + (1 - qMeqid + (1= q)0)

m=0 i=0

2
X k(q™d(1—q™)c,q'd + (1 — qi)c)>

INGE

< ((1 — A=) )

m=0 i

g™ h2(q™d + (1 — q™)c,q'd + (1 — q¢%)c) )

Il
o

8

((1 —*(d =0’ Z D AT+ (L= e gl + (1 - q")c>)
=0

i=

o

1 1
2

_ Udfth(s,w) odys cdqwf <fdfdk2(s,w) odqs quw> .

Here we get (3.16)

Remark 3.1.6 If g tends to 1, then Lemmas 3.1.1 and 3.1.2 are reduced to the usual
Korkine identity and Cauchy-Bunyakovsky-Schwarz Integral Inequality for dual

integrals, respectively. See [4] and [10].

Now we express g-Chebysev function T (h, k) on interval I by
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1 d
T(h k) = ﬁf h(s)k(s) cdgs

a a
_<ﬁf h(s) qus> <dL—cf k(s) qus>. (3.17)

3.7 The g-Grdss Integral Inequality

Using Lemmas 3.1.1 and 3.1.2 joined (3.17), we get g-Gruss integral inequality on
interval [c, d]. The theorem is almost same with the classical Griss integral inequality

as in [4.10]. Thus, we omit it.

1 d 1 d 1 d
‘m’f; h(S)k(S) cqu - (d — C_]; h(S) qu5> <ﬁ£ k(S) quS>

(My —mg)(My —my),

<

N

Where my < f(s) < Mgand my < g(s) < M,

Theorem 3.1.6
Assume that h, k : I - R are two continuous functions on [c, d] such that

O <h(s)<@,y<k(s)<r forall s € [c,d],D,p,y,7 € R .

Then, the following inequality holds:

1 d 1 d 1 d
|Ej; h(S)g(s) quS - <m£ h(s) qus) (mj; k(s) qus)

<-(@—-0)(r-7) (3.19)
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3.8 The g-Griuss-Chebysev Integral Inequality

It is now the time to prove our next and last inequality the g-Grlss-Chebysev integral

inequality on interval [c, d].

Theorem 3.1.7 Assume that h,k : I - R be L, L,-Lipschitzian continuous functions

on [c, d] such that

|h(s) — k(W)| < Li|s —wl, |k(s) —k(w)| < L,|s —w], (3.20)

for all s,w € [c,d]. Then we get the inequality

1 d d d
’mf h(s)k(s) (dgs — <f h(s) qus> <f k(s) qus>

qLiL; 2
< Gt (d = o)?. (3.21)

Proof: Remember that g-Korkine identity on the interval I was

d d d
(d —c)] h(s)k(s) cdgqs — (J h(s) qus> <f k(s) qus>

=2 [T [ (h(s) = Rw)) (k(s) — k(W) cdgs cdqw. (3.22)

Using (3.20), for all s,w € [c, d], we have

|(h(s) = RW)(k(s) — k(W)))| < LyLy(s — w)? (3.23)
The double g-integral on (3.23) on I X I gives

d rd
f J |(A(s) — h(W)) (k(s) = kW))| cdys cdqw
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d rd
< Llef f (s —w)? (dgs dgw
c c

d rd
= Llef f (s* = 2sw +w?) dgs dgw

c c

2

=1L,L, [Z(d -0) fcdsz cdgs —2 (fcds qus) ] . (3.24)

Indeed,

d d
j s? (dgs = j (s—cH+0)? dgs
c c

d d d
= f (s —c)? dgs+ Zcf (s—c¢) dgs+c? f cdgs
C c Cc

_ (d=¢)? ) (d —c)?

= 2(d —
1+q+q? ¢ 1+gq teld=o)

_(d-o)((1+q)d?+2q2cd+q(1+q*)c?)

(1+q)(1+q+q?) (3:25)
Recall that if g tends to 1, then (3.25) turns out to be the integral
d d3 _ C3
J s?ds = .
c 3
Then, it is obvious that,
d , d 2 qa-o*
(d - C) fc S quS - (fc S quS) = m (326)

Therefore, from (3.24) and (3.26), we get
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2q(d — c)*
LL,.
(1+q+q*A+q)?

a rd
[ [ 10653 = e (s) = k)] s cdqw <

By use of (3.22), we reach to (3.21). m

Remark 3.1.8 Assume that g tends to 1, then inequality (3.21) reduced to classical

Griss-Chebysev integral inequality given as :

1 d 1 d 1 d

LiLy
12

< (d — ¢)?.

For more details, See [4,10].
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Chapter 4

CONCLUSION

We discussed in this thesis some integral inequalities from perspective of quantum
calculus. We studied g-analogues of some integral inequalities such as Holder,
Hermite-Hadamard, Trapezoid, Ostrowski, Cauchy-Bunyakovsky-Schwarz, Gruss,
and Griss-Chebysev. In our thesis we had focused on proving some theorems related

to g-integral inequalities. Also some examples are given to illustrate the results.
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