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ABSTRACT 

The current thesis investigates four different nonlinear systems of fractional 

differential equations and deals with the existence, uniqueness, and stability of their 

solutions. The first studied problem is a coupled system of fractional differential 

equations with four-point integral boundary conditions. Existence and uniqueness of 

solutions are established by applying the contraction mapping principle and Leray–

Schauder’s alternative theorem. Finding and results are demonstrated and supported 

with numerical examples.  

The second studied case is a boundary value problem for a coupled system of nonlinear 

fractional differential equations, where the existence and uniqueness of solutions is 

proven by using the Banach’s fixed point theorem and Schauder’s alternative. 

Furthermore, the Hyers-Ulam stability of solutions is discussed, sufficient stability 

conditions are drawn, and supporting numerical results are presented.  

In the third problem, a coupled system of Caputo type sequential fractional differential 

equations with integral boundary conditions is studied. Similarly, existence and 

uniqueness of solutions are discussed and established by employing contraction 

mapping principle and Leray–Schauder’s alternative theorem, and Hyers-Ulam 

stability of the boundary value problem is investigated.  

The last problem is a nonlinear Caputo type sequential fractional differential equation 

with non-separated non-local integral fractional boundary conditions. Existence, 

uniqueness, and Hyers-Ulam stability of solutions are discussed and established, and 

theoretical findings are presented and supported by numerical examples. 
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ÖZ 

Bu tezde, dört farklı doğrusal olmayan kesirli diferensiyel denklem sistemi araştırılmış 

ve çözümlerinin varlığı, benzersizliği ve kararlılığı çalışılmıştır. İlk çalışılan problem, 

dört noktalı integral sınır koşullarına sahip birleştirilmiş kesirli diferansiyel denklem 

sistemidir. Kasılma haritalama ilkesi ve Leray-Schauder’in alternatif teoremi 

uygulanarak çözümlerin varlığı ve benzersizliği sağlanmıştır. Elde edilen ve sonuçlar 

sayısal örneklerle gösterilmiş ve desteklenmiştir.  

İkinci çalışılan durum, Banach sabit nokta teoremi ve Schauder alternatifi kullanılarak 

çözümlerin varlığı ve benzersizliğinin kanıtlandığı birleştirilmiş doğrusal olmayan 

kesirli diferansiyel denklemler sistemi için bir sınır değer problemidir. Ayrıca, 

çözümlerin Hyers-Ulam kararlılığı tartışılmış, yeterli kararlılık koşulları verilmiş ve 

sayısal sonuçlar desteklenmiştir. 

Üçüncü problemde integral sınır koşullarına sahip eşleşmiş bir Caputo tipi ardışık 

kesirli diferansiyel denklem sistemi incelenmiştir. Benzer şekilde, daralma haritalama 

prensibi ve Leray-Schauder alternatif teoremi kullanılarak çözümlerin varlığı ve 

benzersizliği tartışılmış kurulmakta ve Sınır-Değer Probleminin Hyers-Ulam 

kararlılığı araştırılmıştır.  

Son problem, ayrılmamış lokal olmayan integral kesirli sınır koşullarıyla doğrusal 

olmayan bir Caputo tipi sıralı kesirli diferansiyel denklemdir. Çözümlerin varlığı, 

tekliği ve Hyers-Ulam kararlılığı tartışılmış ve sayısal örnekler ile elde edilen sonuçlar 

desteklenmiştir. 
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Chapter 1 

1 INTRODUCTION 

Fractional differential equations constitute a pivotal domain of theoretical research 

with a wide range of applications in many fields of science and engineering. In fact, 

the non-integer nature of differential orders in fractional calculus equips this field with 

extensive flexibility in terms of modeling sophisticated nonlinear systems. 

Applications of fractional differential equations in such nonlinear complex models 

appear in numerous branches of science, including quantum physics, thermodynamics, 

biology, biomedicine, genetics, evolutionary biology, dynamical systems, chemistry, 

electronics, and more [1-6].  

It’s worth mentioning that in majority of practical cases, boundary value problems of 

coupled fractional differential equations must be solved and hence investigating the 

existence, uniqueness, and stability of their solutions, is of great practical importance. 

In this regard, numerous research studies have examined the existence and uniqueness 

of solutions for coupled systems of differential equations with different boundary 

conditions, mostly by employing the contraction mapping principle and Schauder’s 

alternative theorem [7-28].  

Furthermore, an important emphasis of many such studies have been on integral 

boundary conditions as most of the practically important applications of fractional 

differential equations involve integral boundaries. Examples of such applications 
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include computational fluid dynamics, differential thermal analysis, biochemistry, and 

population dynamics [29-31]. Furthermore, movable integral boundary conditions 

play a key role in several subfields of engineering, structural mechanics, physics, and 

economics, as they can provide extensively more accurate models of the practical 

problems as compared to local boundary conditions [32-36]. Another critical issue 

related with applications of fractional differential equations is the stability of their 

approximated solutions. In fact, due to the highly complex and nonlinear nature of 

fractional systems, finding exact solutions is not generally liable and hence 

numerically approximated solutions must be obtained.  

In this regard, the stability of these approximated solutions must be carefully 

investigated and established. One of the prominent methods for studying the stability 

of solutions for fractional differential equations, is the Hyers–Ulam method. This 

method has been used by many studies to establish the stability of their solutions for 

coupled fractional differential systems and has also been employed in applied studies 

in biology, physics, nonlinear optimization, and numerical analysis [37,38]. The rest 

of this thesis is organized in five chapters that are briefly explained and reviewed as 

follows:  

Chapter 2 (Preliminaries and Definitions): This chapter provides basic required 

definitions, properties and the terminology of fractional calculus, fractional differential 

equations, and functional analysis, that will be used in subsequent chapters. This 

chapter aims at providing key preliminary concepts that other chapters are built upon, 

and can be skipped if the reader is familiar with the field of fractional differential 

equations. 



 

3 

Chapter 3 (Stability, Existence and Uniqueness of Boundary Value Problem for a 

Coupled System of Fractional Differential Equations): This chapter discusses a 

coupled system of fractional differential equations with boundary conditions. The 

existence and uniqueness of solutions for the given problem is established by applying 

contraction mapping principle and Leray-Schauder’s alternative theorem, and 

sufficient conditions for the Hyers-Ulam stability of solutions are found. Obtained 

results are supported by examples and illustrated in the last section. 

Chapter 4 (Existence and Stability of Coupled Sequential Fractional Differential 

System Boundary Conditions): This chapter focuses on the existence and uniqueness 

of solutions for a coupled system of Caputo type sequential fractional differential 

equations with integral boundary conditions. The existence of solutions is derived by 

applying Leray–Schauder’s alternative, while the uniqueness of solution is established 

by Banach’s contraction principle. Moreover, some necessary conditions for the 

Hyers-Ulam type stability of the solutions are developed and supporting examples are 

presented. 

Chapter 5 (Existence and Ulam-Stability of a Coupled Sequential Fractional 

Differential Equations with Integral Boundary Conditions): This chapter studies the 

existence and uniqueness of solutions for a sequential fractional differential equations 

involving Caputo derivative of order 1 < 𝛼 ≤ 2 with integral boundary conditions. 

Moreover, the Hyers-Ulam stability of the solutions is discussed and supported by 

numerical results.  

 



 

4 

Chapter 2 

2 PRELIMINARIES AND DEFINITIONS 

In this chapter we briefly review and explain the required mathematical tools including 

definitions, properties, propositions, lemmas and theorems that will be used in later 

chapters [1,2].  

2.1 Special Functions of Fractional Calculus 

Definition 2.1.1 The Gamma Function is given by  

Γ(𝜇) = ∫ 𝑠𝜇−1𝑒−𝑠𝑑𝑠, 𝑅𝑒(𝜇) > 0
∞

0

, 𝜇 ∈ ℂ 

Here 𝑠𝜇−1 = 𝑒(𝜇−1)𝑙𝑛(𝑠). 

The domain of Gamma function can be extended to the left half plane with 𝑅𝑒(𝜇) ≤

0, 𝜇 ≠ 0,−1,−2,…, by analytic continuation. 

Definition 2.1.2 (Pochhammer Symbol:(𝜓)𝑚, 𝑚 ∈ ℕ ) 

(𝜓)𝑚 = 𝜓(𝜓 + 1)… (𝜓 +𝑚 − 1),   (𝜓)0 = 1. 

Obviously, (𝜓)𝑚 = (−1)𝑚(1 − 𝜓 −𝑚)𝑚 ,moreover, (𝜓)𝑚 =
Γ(𝜓+𝑚)

Γ(𝜓)
. 

The Gamma function satisfies the following properties, where 𝜓 ∈ ℝ: 

i. Γ(𝜓 +𝑚) = (𝜓)𝑚Γ(𝜓), 

Γ(𝜓 −𝑚) =
Γ(𝜓)

(𝜓 −𝑚)𝑚
=

(−1)𝑚

(1 − 𝜓)𝑚
Γ(𝜓). 

ii. 
Γ(𝜓)

Γ(1−𝜓)
=

𝜋

𝑠𝑖𝑛𝜋𝜓
,   Γ (

1

2
) = √𝜋.  

iii. Legendre duplication formula: 
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Γ(2𝜓) =
22𝜓−1

√𝜋
Γ(𝜓)Γ (𝜓 +

1

2
). 

iv. Γ(𝜓 + 1) = 𝜓Γ(𝜓) = 𝜓(𝜓 − 1)Γ(𝜓 − 1) = ⋯ = 

𝜓(𝜓 − 1)… (2)(1)Γ(1) = 𝜓!  𝑖𝑓 𝜓 ∈ ℕ. 

Definition 2.1.3 (Binomial Coefficients): 

(
𝜉
𝑚
) =

(−1)𝑚(−𝜉)𝑚
𝑚!

=
(−1)𝑚−1𝜉Γ(𝑚 − 𝜉)

Γ(1 − 𝜉)Γ(𝑚 + 1)
, 𝑚 ∈ ℕ0, 𝜉 ∈ ℂ. 

If 𝜉 = 𝑛 ∈ ℕ then (
𝑛
𝑚
) =

(−1)𝑚(−𝑛)𝑚

𝑚!
=

𝑛!

(𝑛−𝑚)!𝑚!
 .  

For complex 휂, 𝜓 with 𝜓 ≠ −1,−2,… 

(
𝜓
휂
) =

Γ(𝜓 + 1)

Γ(휂 + 1)Γ(𝜓 − 휂 + 1)
. 

Definition 2.1.4 (The Beta Function:𝐵(𝜓, 휂)) 

 𝐵(𝜓, 휂) = ∫ 𝑚𝜓−11

0
(1 − 𝑚)𝜂−1𝑑𝑚, 𝑅𝑒(𝜓) > 0, 𝑅𝑒(휂) > 0 where 𝐵(. , . ) is called 

the Beta Function . 

For all 𝜓, 휂 > 0,  Beta function satisfy the following properties: 

i. 𝐵(𝜓, 휂) = 𝐵(휂, 𝜓). 

ii. 𝐵(𝜓, 휂) =
Γ(𝜓)Γ(𝜂)

Γ(𝜓+𝜂)
. 

iii. The Incomplete Betta function is given by 

 𝐵𝑠(𝜓, 휂) = ∫ 𝑚𝜓−1𝑠

0
(1 − 𝑚)𝜂−1𝑑𝑚, 0 < 𝑠 < 1. 

2.2 Function Spaces  

Definition 2.2.1 A sequence {𝑦𝑚} ⊂ (Χ, 𝑑) is said to be converge to 𝑦 ∈ Χ if  

lim
𝑚→∞

𝑑(𝑦𝑚, 𝑦) = 0 if and only if ∀휀 > 0, ∃𝑁(휀) ∈ ℕ such that ∀𝑚 > 𝑁(휀),

𝑑(𝑦𝑚, 𝑦) < 휀. 
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Definition 2.2.2 {𝑦𝑚} ⊂ (Χ, 𝑑) is called a Caushy sequence if ∀휀 > 0, ∃𝑁(휀) ∈ ℕ 

such that ∀𝑚, 𝑛 > 𝑁(휀), 𝑑(𝑦𝑚, 𝑦𝑛) < 휀. 

Definition 2.2.3 A metric space (Χ, 𝑑) is said to be complete if every Cauchy sequence 

in Χ is convergent to a point of Χ. 

Definition 2.2.4 Let (Χ, 𝑑) be a metric space, 𝐹: Χ → Χ is said to be Lipschitzian if 

∃𝛽 ≥ 0 with 𝑑(𝐹(𝑥), 𝐹(𝑦)) ≤ 𝛽𝑑(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ Χ.                                             (1) 

Note that Lipschitzian map is continuous, and the smallest number 𝛽 for which (1) 

holds and is said to be Lipschitz constant for 𝐹 and is denoted by 𝐿. If 𝐿 < 1, we say 

that 𝐹 is a contraction. Whereas, if 𝐿 = 1, then 𝐹 is a nonexpansive. 

Theorem 2.2.5 (Banach’s Contraction mapping principle). 

Let (𝑋, 𝑑) be a complete metric space. Let 𝑀:𝑋 → 𝑋 be a contraction(0 ≤ 𝐿 < 1), 

then  

i. 𝑀 has a unique fixed point 𝑡 ∈ 𝑋 : 𝑀(𝑡) = 𝑡. 

ii. ∀𝑢 ∈ 𝑋, we have lim
𝑘→∞

𝑀(𝑢) = 𝑡 with  

𝑑(𝑀𝑘(𝑢), 𝑡) ≤
𝐿𝑘

1 − 𝐿
𝑑(𝑡,𝑀(𝑢)). 

Where 𝐿 is Lipschitz constant for 𝐹 

Theorem 2.2.6 (Local version of Banach’s Contraction mapping principle). 

Assume that: 

i. (𝑋, 𝑑) is a complete metric space. 
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ii. 𝑀:𝐵(𝑡0, 𝑟) → 𝑋 is a contraction on 𝐵(𝑡0, 𝑟) = {𝑡 ∈ Χ: 𝑑(𝑡, 𝑡0) < 𝑟}, 𝑡0 ∈ Χ, 

r > 0, with 𝑑(𝑀(𝑡0), 𝑡0) < (1 − L)𝑟.Then 𝑀 has a unique fixed point in 

𝐵(𝑡0, 𝑟). 

Theorem 2.2.7 Assume that: 

i. (𝑋, 𝑑) is a complete metric space. 

ii. 𝑑(𝑀(𝑥),𝑀(𝑦)) ≤ 𝜓𝑑(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ 𝑋, where 𝜓: [0,∞) → [0,∞) is any  

nondecreasing function with lim
𝑚→∞

𝜓𝑚(𝑠) = 0, for a fixed 𝑠 > 0, then 𝑀 has a 

unique fixed point  𝑡 ∈ 𝑋 with lim
𝑚→∞

𝑀𝑚(𝑡0) = 𝑡, ∀𝑡0 ∈ 𝑋.  

Theorem 2.2.8 (Schauder’s Theorem) Assume that: 

i. 𝐶 ≠ ϕ, convex, closed subset of a normed linear space 𝐸. 

ii. 𝑀:𝐶 → 𝐶 is nonexpansive. 

iii. 𝑀(𝐶) is a subset of a compact subset of 𝐶. 

Then 𝑀 has a fixed point. 

Theorem 2.2.9 (Nonlinear alternative of Leray-Shauder type for contractive map) 

“Suppose that Z is an open subset of a Banach space 𝑋,  0 ∈ 𝑍 and 𝑀: �̅� → 𝑋 a 

contraction with 𝑀(�̅�) is bounded then either 

i. 𝑀 has  a fixed point in �̅�,or 

ii. ∃𝜇 ∈ (0,1) and 𝑧 ∈ 𝜕𝑍 with 𝑧 = 𝜇𝑀(𝑧) holds.” 

Theorem 2.2.10 (Arzela-Ascoli Theorem) 

“𝑀 ⊂ 𝐶(𝑋,ℝ) is compact if and only if  it is closed, bounded and equicontinuous.” 
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Chapter 3 

3 STABILITY, EXISTENCE AND UNIQUENESS OF 

BOUNDARY VALUE PROBLEM FOR A COUPLED 

SYSTEM OF FRACTIONAL DIFFERENTIAL 

EQUATIONS  

In this chapter, a coupled system of fractional differential equations with boundary 

conditions will be discussed. Currently we present three main result of this study: first 

the existence and uniqueness of solutions for the given problem is established by 

applying contraction mapping principle, then Leray-Schauder’s alternative has been 

used to obtain the existence of solutions, and finally the Hyers-Ulam stability of 

solutions is discussed and sufficient conditions for the stability are developed. 

Obtained results are supported by examples and illustrated in the last section. 

The following coupled system of fractional differential equations was studied by 

Ntouyas and Obaid [42]  

{
 
 
 

 
 
 
𝐷0+
𝛼

 
𝑐 𝑢(𝑡) = 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1],                                  

𝐷0+
𝛽

 
𝑐 𝑣(𝑡) = 𝑔(𝑡, 𝑢(𝑡), 𝑣(𝑡)), 𝑡 ∈ [0,1],                                  

𝑢(0) = 𝛾𝐼𝑝𝑢(휂) = 𝛾∫  
𝜂

0

(휂 − 𝑠)𝑝−1

Γ(𝑝)
𝑢(𝑠)𝑑𝑠, 0 < 휂 < 1,

𝑣(0) = 𝛿𝐼𝑞𝑣(휁) = 𝛿∫  
𝜁

0

(휁 − 𝑠)𝑞−1

Γ(𝑞)
𝑣(𝑠)𝑑𝑠, 0 < 휁 < 1.
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Here 𝐷0+
𝛼

 
𝑐  and 𝐷0+

𝛽
 
𝑐  are the Caputo fractional derivatives, 0 < 𝛼, 𝛽 ≤ 1, 𝑓, 𝑔 ∈

𝐶([0,1] × ℝ2, ℝ) and 𝑝, 𝑞, 𝛾, 𝛿 ∈ ℝ. 

Ahmed and Ntouyas [43] employed Banach fixed point theorem and Schauder’s fixed 

point theorem to prove the existence of the solutions of the following coupled 

fractional differential equations with coupled and uncoupled slit-strips-type integral 

boundary conditions:  

{
𝐷𝑞𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0,1],   1 < 𝑞 ≤ 2, 
𝑐

𝐷𝑝𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0,1],   1 < 𝑞 ≤ 2, 
𝑐

 

supplemented with coupled and uncoupled slit-strips-type integral boundary 

conditions, respectively, given by 

{
 
 

 
 𝑥(0) = 0,   𝑥(휁) = 𝑎∫ 𝑦(𝑠)𝑑𝑠 + 𝑏∫ 𝑦(𝑠)𝑑𝑠,   0 < 휂 < 휁 < 𝜉 < 1,

1

𝜉

𝜂

0

𝑦(0) = 0,   𝑦(휁) = 𝑎∫ 𝑥(𝑠)𝑑𝑠 + 𝑏∫ 𝑥(𝑠)𝑑𝑠,   0 < 휂 < 휁 < 𝜉 < 1,
1

𝜉

𝜂

0

 

and 

{
 
 

 
 𝑥(0) = 0,   𝑥(휁) = 𝑎∫ 𝑥(𝑠)𝑑𝑠 + 𝑏∫ 𝑥(𝑠)𝑑𝑠,   0 < 휂 < 휁 < 𝜉 < 1,

1

𝜉

𝜂

0

𝑦(0) = 0,   𝑦(휁) = 𝑎∫ 𝑦(𝑠)𝑑𝑠 + 𝑏∫ 𝑦(𝑠)𝑑𝑠,   0 < 휂 < 휁 < 𝜉 < 1.
1

𝜉

𝜂

0

 

Furthermore, Alsulami et al. [44] investigated the following coupled fractional 

differential equations with non-separated coupled boundary conditions:  

{
 c𝐷𝛼𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)), 𝑡 ∈ [0, 𝑇], 1 < 𝛼 ≤ 2,

 c𝐷𝛽𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)), 𝑡 ∈ [0, 𝑇],1 < 𝛽 ≤ 2,
 

subject to the following non-separated coupled boundary conditions: 

{
𝑥(0) = 𝜆1𝑦(𝑇), 𝑥

′(0) = 𝜆2𝑦
′(𝑇),

𝑦(0) = 𝜇1𝑥(𝑇), 𝑦
′(0) = 𝜇2𝑥

′(𝑇).
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Note that c𝐷𝛼  and  c𝐷𝛽 denote Caputo fractional derivatives of order α and β. 

Moreover, 𝜆𝑖, 𝜇𝑖, 𝑖 = 1, 2, are real constants with 𝜆𝑖𝜇𝑖 ≠ 1 and 𝑓, 𝑔: [0, 𝑇] × ℝ × ℝ →

ℝ are appropriately chosen functions. 

We study a coupled system of nonlinear fractional differential equations in this chapter 

{
𝐷𝛼𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0, 𝑇],   1 < 𝛼 ≤ 2, 
𝑐

𝐷𝛽𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0, 𝑇],   1 < 𝛽 ≤ 2, 
𝑐

                (1) 

supplemented with integral boundary conditions of the form: 

𝑥(𝑇) = 휂𝑦′(𝜌), 𝑦(𝑇) = 휁𝑥′(𝜇), 𝑥(0) = 0, 𝑦(0) = 0, 𝜌, 𝜇 ∈ [0, 𝑇], (2) 

where  c𝐷𝑘 denote the Caputo fractional derivatives of order 𝑘, 𝑘 = 𝛼, 𝛽, and 𝑓, 𝑔 ∈

𝐶([0, 𝑇] × ℝ2, ℝ)   are given continuous functions, and 휂, 휁 are real constants. 

3.1 Preliminaries 

Firstly, we recall definitions of fractional derivative and integral [1]. 

Definition3.1.1 The Riemann-Liouville fractional integral of order 𝛼 for a 

continuous function ℎ is given by 

(𝐼𝛼ℎ)(𝑠) =
1

Γ(𝛼)
∫

ℎ(𝑡)

(𝑠 − 𝑡)1−𝛼

𝑠

0

𝑑𝑡, 𝛼 > 0, 

provided that the integral exists on ℝ+. 

To define the solution for the problem (1) and (2), we prove the following auxiliary 

lemma. 

Lemma 3.1.1 Let 𝑢, 𝑣 ∈ 𝐶([0, 𝑇], ℝ) then the unique solution for the problem 

{

𝐷𝛼𝑥(𝑡) = 𝑢(𝑡),    𝑡 ∈ [0, 𝑇],   1 < 𝛼 ≤ 2, 
𝑐                                                                                  

𝐷𝛽𝑦(𝑡) = 𝑣(𝑡),    𝑡 ∈ [0, 𝑇],   1 < 𝛽 ≤ 2, 
𝑐                                                                           (3)  

𝑥(𝑇) = 휂𝑦′(𝜌), 𝑦(𝑇) = 휁𝑥′(𝜇), 𝑥(0) = 0, 𝑦(0) = 0, 𝜌, 𝜇 ∈ [0, 𝑇]                     
                                                                            

  

is 
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𝑥(𝑡) =
𝑡

Δ
(휂𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠 + 휂휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

− 휂∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠) + ∫
(𝑡 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)𝑑𝑠

𝑡

0

,                                     (4) 

and 

𝑦(𝑡) =
𝑡

Δ
(휂휁 ∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − 휁∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠 + 𝑇휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

− 𝑇∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠) + ∫
(𝑡 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)𝑑𝑠

𝑡

0

,                                     (5) 

where 𝛥 = 𝑇2 − 휂휁 ≠ 0. 

Proof. General solutions of the fractional differential equations in (3) are known [41] 

as  

𝑥(𝑡) = 𝑎𝑡 + 𝑏 +
1

Γ(𝛼)
∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝑢(𝑠)𝑑𝑠,                (6) 

𝑦(𝑡) = 𝑐𝑡 + 𝑑 +
1

Γ(𝛽)
∫ (𝑡 − 𝑠)𝛽−1
𝑡

0

𝑣(𝑠)𝑑𝑠,                (7) 

where 𝑎, 𝑏, 𝑐, 𝑑 are arbitrary constants.  

Apply conditions 𝑥(0) = 0 and 𝑦(0) = 0, and we obtain 𝑏 = 𝑑 = 0. 

Here 

𝑥′(𝑡) = 𝑎 +
1

Γ(𝛼 − 1)
∫ (𝑡 − 𝑠)𝛼−2
𝑡

0

𝑢(𝑠)𝑑𝑠,                

𝑦′(𝑡) = 𝑐 +
1

Γ(𝛽 − 1)
∫ (𝑡 − 𝑠)𝛽−2
𝑡

0

𝑣(𝑠)𝑑𝑠.                   

Considering boundary conditions 

𝑥(𝑇) = 휂𝑦′(𝜌), 𝑦(𝑇) = 휁𝑥′(𝜇) 

we get 

𝑎𝑇 + ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠 = 휂𝑐 + 휂∫
(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠, 

and 
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𝑐𝑇 + ∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠 = 𝑎휁 + 휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

, 

so 

𝑎 =
1

𝑇
(휂𝑐 + 휂∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠), 

𝑐 =
1

𝑇
(𝑎휁 + 휁∫

(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

−∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠). 

Hence, by substituting the value of 𝑎 into 𝑐, we obtain the final result for these 

constants as  

𝑐 =
1

𝑇
(
휁

𝑇
[휂𝑐 + 휂∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠]

+ 휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

−∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠), 

𝑐 −
휁휂𝑐

𝑇2
=
1

𝑇
(
휁

𝑇
[휂∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠]

+ 휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

−∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠), 

𝑐 (
𝑇2 − 휁휂

𝑇2
) =

1

𝑇
(
휁

𝑇
[휂∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠]

+ 휁 ∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

−∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠), 

𝑐 =
𝑇

𝑇2 − 휁휂
(
휁

𝑇
[휂∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠]

+ 휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

−∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠), 

𝑐 =
1

𝑇2 − 휁휂
(휂휁 ∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − 휁∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠

+ 𝑇휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

− 𝑇∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠) 
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𝑐 =
1

Δ
(휂휁 ∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − 휁∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠 + 𝑇휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

− 𝑇∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠), 

and 

𝑎 =
1

Δ
(휂𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑣(𝑠)𝑑𝑠 − 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑢(𝑠)

𝑇

0

𝑑𝑠 + 휂휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑢(𝑠)𝑑𝑠

𝜇

0

− 휂∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑣(𝑠)

𝑇

0

𝑑𝑠). 

Substituting the values of 𝑎, 𝑏, 𝑐, 𝑑 in (6), (7) we get (4) and (5).The converse follows 

by direct computation. This completes the proof.                ∎ 

3.2 Existence Results 

Let us consider the space 

𝑅 = {𝑥(𝑡),         𝑥(𝑡) ∈ 𝐶([0, 𝑇]}, 

𝑆 = {𝑦(𝑡),         𝑦(𝑡) ∈ 𝐶([0, 𝑇]}, 

endowed with norm ‖𝑥‖ = 𝑠𝑢𝑝
0≤𝑡≤𝑇

|𝑥(𝑡)| and‖𝑦‖ = 𝑠𝑢𝑝
0≤𝑡≤𝑇

|𝑦(𝑡)|  respectively. 

It is clear that both (𝑅, ‖ . ‖) and (𝑆, ‖ . ‖)  are Banach Spaces. 

Consequently, the product space(𝑅 × 𝑆, ‖(𝑥, 𝑦)‖)  is a Banach Space as well 

(endowed with  ‖(𝑥, 𝑦)‖ = ‖𝑥‖ + ‖𝑦‖ ). 

In view of Lemma (3.1.1), we define the operator 𝐺: 𝑅 × 𝑆 → 𝑅 × 𝑆 as: 

𝐺(𝑥, 𝑦)(𝑡) = (𝐺1(𝑥, 𝑦)(𝑡), 𝐺2(𝑥, 𝑦)(𝑡)), 

where 
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𝐺1(𝑥, 𝑦)(𝑡) =
𝑡

Δ
(휂𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

− 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))

𝑇

0

𝑑𝑠

+ 휂휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝜇

0

− 휂∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))

𝑇

0
𝑑𝑠)

+ ∫
(𝑡 − 𝑠)𝛼−1

Γ(𝛼)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝑡

0

,                                   (8)   

and 

𝐺2(𝑥, 𝑦)(𝑡) =
𝑡

Δ
(휂휁 ∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

− 휁 ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))

𝑇

0

𝑑𝑠

+ 𝑇휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝜇

0

− 𝑇∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))

𝑇

0
𝑑𝑠)

+ ∫
(𝑡 − 𝑠)𝛽−1

Γ(𝛽)
𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠

𝑡

0

.                                   (9)         

In the first result, we establish the existence and the uniqueness of the solutions of the 

boundary value problem (1) and (2) by using Banach’s contraction mapping principle. 

Theorem 3.2.1   Assume  𝑓, 𝑔: 𝐶([0, 𝑇] × ℝ2 → ℝ  are jointly continuous functions 

and there exist constants 𝜙,𝜓 ∈ ℝ ,such that∀ 𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ ℝ, ∀𝑡 ∈ [0, 𝑇], we have     

|𝑓(𝑡, 𝑥1, 𝑥2) − 𝑓(𝑡, 𝑦1, 𝑦2)| ≤ 𝜙(|𝑥2 − 𝑥1| + |𝑦2 − 𝑦1|), 

|𝑔(𝑡, 𝑥1, 𝑥2) − 𝑓(𝑡, 𝑦1, 𝑦2)| ≤ 𝜓(|𝑥2 − 𝑥1| + |𝑦2 − 𝑦1|). 

If 

                                     𝜙(𝑄1 + 𝑄3) + 𝜓(𝑄2 + 𝑄4) < 1, 
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then the BVP (1) and (2) has a unique solution on [0, 𝑇]. 

Where 

𝑄1 =
𝑇

|Δ|
(
𝑇𝛼+1

Γ(𝛼 + 1)
+
|휂휁|𝜇𝛼−1

Γ(𝛼)
) +

𝑇𝛼

Γ(𝛼 + 1)
  ,   

𝑄2 =
𝑇

|Δ|
(
|휂|𝑇𝜌𝛽−1

Γ(𝛽)
+

|휂|𝑇𝛽

Γ(𝛽 + 1)
),                          

𝑄3 =
𝑇

|Δ|
(
|휁|𝑇𝛼

Γ(𝛼 + 1)
+
𝑇|휁|𝜇𝛼−1

Γ(𝛼)
),                                                       (10)  

𝑄4 =
𝑇

|Δ|
(
|휂휁|𝜌𝛽−1

Γ(𝛽)
+

𝑇𝛽+1

Γ(𝛽 + 1)
) +

𝑇𝛽

Γ(𝛽 + 1)
 . 

Proof. Define 
𝑠𝑢𝑝
0≤𝑡≤𝑇

|𝑓(𝑡, 0,0)| = 𝑓0 < ∞,
𝑠𝑢𝑝
0≤𝑡≤𝑇

|𝑔(𝑡, 0,0)| = 𝑔0 < ∞ and Ω𝜀 =

{(𝑥, 𝑦) ∈ 𝑅 × 𝑆: ‖(𝑥, 𝑦)‖ ≤ 휀}, and 휀 > 0, such that 

휀 ≥
(𝑄1 + 𝑄3)𝑓0 + (𝑄2 + 𝑄4)𝑔0

1 − [𝜙(𝑄1 + 𝑄3) + 𝜓(𝑄2 + 𝑄4)]
 . 

Firstly, we show that  𝐺Ω𝜀 ⊆ Ω𝜀 . 

By our assumption, for (𝑥, 𝑦) ∈ Ω𝜀 , 𝑡 ∈ [0, 𝑇], we have 

|𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ |𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) − 𝑓(𝑡, 0,0)| + |𝑓(𝑡, 0,0)|, 

                                     ≤ 𝜙(|𝑥(𝑡)| + |𝑦(𝑡)|) + 𝑓0 ≤ 𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0, 

                                   ≤ 𝜙휀 + 𝑓0,                                            

and 

|𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ 𝜓(|𝑥(𝑡)| + |𝑦(𝑡)|) + 𝑔0 ≤ 𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0, 

                                                ≤ 𝜓휀 + 𝑔0,  

which lead to 
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|𝐺1(𝑥, 𝑦)(𝑡)| ≤
𝑇

|Δ|
(|휂|𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑑𝑠(𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0)

+ 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)

𝑇

0

𝑑𝑠(𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0)

+ |휂휁|∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑑𝑠(𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0)

𝜇

0

+ |휂|∫
(𝑇− 𝑠)𝛽−1

Γ(𝛽)
𝑑𝑠

𝑇

0

(𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0))

+
𝑠𝑢𝑝

0 ≤ 𝑡 ≤ 𝑇
∫
(𝑡 − 𝑠)𝛼−1

Γ(𝛼)
𝑑𝑠(𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0)

𝑡

0

,                                      

≤ (𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0) [
𝑇

|Δ|
(
𝑇𝛼+1

Γ(𝛼 + 1)
+
|휂휁|𝜇𝛼−1

Γ(𝛼)
) +

𝑇𝛼

Γ(𝛼 + 1)
]

+ (𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0) [
𝑇

|Δ|
(
|휂|𝑇𝜌𝛽−1

Γ(𝛽)
+

|휂|𝑇𝛽

Γ(𝛽 + 1)
)], 

                ≤ (𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0)𝑄1 + (𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0)𝑄2, 

               ≤ (𝜙휀 + 𝑓0)𝑄1 + (𝜓휀 + 𝑔0)𝑄2. 

In a like manner 

|𝐺2(𝑥, 𝑦)(𝑡)| ≤ (𝜙(‖𝑥‖ + ‖𝑦‖) + 𝑓0)𝑄3 + (𝜓(‖𝑥‖ + ‖𝑦‖) + 𝑔0)𝑄4 

                                         ≤ (𝜙휀 + 𝑓0)𝑄3 + (𝜓휀 + 𝑔0)𝑄4. 

Hence  

‖𝐺1(𝑥, 𝑦)‖ ≤ (𝜙휀 + 𝑓0)𝑄1 + (𝜓휀 + 𝑔0)𝑄2, 

and 

‖𝐺2(𝑥, 𝑦)‖ ≤ (𝜙휀 + 𝑓0)𝑄3 + (𝜓휀 + 𝑔0)𝑄4. 

Consequently, 

‖𝐺(𝑥, 𝑦)‖ ≤ (𝜙휀 + 𝑓0)(𝑄1 + 𝑄3) + (𝜓휀 + 𝑔0)(𝑄2 + 𝑄4) ≤ 휀 . 

So we get ‖𝐺(𝑥, 𝑦)‖ ≤ 휀  that is GΩ𝜀 ⊆ Ω𝜀  . 

Now let (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑅 × 𝑆, ∀𝑡 ∈ [0, 𝑇]  then we get 
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|𝐺1(𝑥1, 𝑦1)(𝑡) − 𝐺1(𝑥2, 𝑦2)(𝑡)|

≤
𝑇

|Δ|
(|휂|𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑑𝑠𝜓(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖)

+ 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)

𝑇

0

𝑑𝑠𝜙(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖)

+ |휂휁|∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑑𝑠𝜙(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖)

𝜇

0

+ |휂|∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)

𝑇

0

𝑑𝑠𝜓(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖))

+
𝑠𝑢𝑝

0 ≤ 𝑡 ≤ 𝑇
∫
(𝑡 − 𝑠)𝛼−1

Γ(𝛼)
𝑑𝑠𝜙(‖𝑥2 − 𝑥1‖

𝑡

0

+ ‖𝑦2 − 𝑦1‖),                                      

‖𝐺1(𝑥1, 𝑦1) − 𝐺1(𝑥2, 𝑦2)‖

≤ 𝑄1𝜙(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖) + 𝑄2𝜓(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖).         (11) 

Similarly  

‖𝐺2(𝑥1, 𝑦1) − 𝐺2(𝑥2, 𝑦2)‖

≤ 𝑄3𝜙(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖) + 𝑄4𝜓(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖).       (12) 

From (11) and (12) we deduced that 

‖𝐺(𝑥1, 𝑦1) − 𝐺(𝑥2, 𝑦2)‖ ≤ (𝜙(𝑄1 + 𝑄3) + 𝜓(𝑄2 + 𝑄4))(‖𝑥2 − 𝑥1‖ + ‖𝑦2 − 𝑦1‖). 

Since 𝜙(𝑄1 + 𝑄3) + 𝜓(𝑄2 + 𝑄4) < 1, therefore, the operator 𝐺 is a contraction 

operator. Hence, by Banach’s fixed-point theorem, the operator 𝐺 is has unique fixed 

point on, which is the unique solution of BVP (1) and (2) .This completes the proof.                                

The next result is based on the Leray-Schauder alternative. 

Lemma 3.2.1 (Leray-Schauder alternative [45], p.4) Let 𝐹: 𝐸 → 𝐸 be a completely 

continuous operator (i.e., a map restricted to any bounded set in 𝐸 is compact). Let 
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𝐸(𝐹) = {𝑥 ∈ 𝐸: 𝑥 = 𝜆𝐹(𝑥) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 0 < 𝜆 < 1}. Then either the set 𝐸(𝐹) is 

unbounded or 𝐹 has at least one fixed point). 

Theorem 3.2.2 Assume  𝑓, 𝑔: 𝐶([0, 𝑇] × ℝ2 → ℝ are continuous function and there 

exist 휃1, 휃2, 𝜆1, 𝜆2 ≥ 0 where 휃1, 휃2, 𝜆1, 𝜆2 are real constants and 휃0, 𝜆0 > 0 such that 

∀𝑥𝑖, 𝑦𝑖 ∈ ℝ, (𝑖 = 1,2),we have  

|𝑓(𝑡, 𝑥1, 𝑥2)| ≤ 휃0 + 휃1|𝑥1| + 휃2|𝑥2|, 

|𝑔(𝑡, 𝑥1, 𝑥2)| ≤ 𝜆0 + 𝜆1|𝑥1| + 𝜆2|𝑥2|, 

If 

(𝑄1 + 𝑄3)휃1 + (𝑄2 + 𝑄4)𝜆1 < 1, 

and 

(𝑄1 + 𝑄3)휃2 + (𝑄2 + 𝑄4)𝜆2 < 1, 

where 𝑄𝑖, 𝑖 = 1,2,3,4  are defined in (10), then the problem (1) and (2) has at least one 

solution. 

Proof. The proof will be divided into two steps 

Step1: show that 𝐺: 𝑅 × 𝑆 → 𝑅 × 𝑆 is completely continuous .The continuity of the 

operator 𝐺 holds by the continuity of the functions 𝑓, 𝑔 . 

Let 𝐵 ⊆ 𝑅 × 𝑆 be a bounded. Then there exists positive constants 𝑘1, 𝑘2such that 

|𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ 𝑘1,           |𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ 𝑘2,    ∀𝑡 ∈ [0, 𝑇].  

Then ∀(𝑥, 𝑦) ∈ 𝐵, we have 

|𝐺1(𝑥, 𝑦)(𝑡)| ≤ 𝑄1𝑘1 + 𝑄2𝑘2, 

Which implies that 

‖𝐺1(𝑥, 𝑦)‖ ≤ 𝑄1𝑘1 + 𝑄2𝑘2, 

Similarly, we get 

‖𝐺2(𝑥, 𝑦)‖ ≤ 𝑄3𝑘1 + 𝑄4𝑘2, 
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Thus, from the above inequalities, it follows that the operator 𝐺 is uniformly bounded, 

since 

‖𝐺(𝑥, 𝑦)‖ ≤ (𝑄1 + 𝑄3)𝑘1 + (𝑄2 + 𝑄4)𝑘2. 

 Further, we show that the operator 𝐺 is equicontinuous.Let  ω1, ω2 ∈ [0, 𝑇] with ω1 <

ω2. This yields  

|𝐺1(𝑥, 𝑦)(ω2) − 𝐺1(𝑥, 𝑦)(ω1)|

≤
ω2 −ω1
|Δ|

(|휂|𝑇∫
(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

|𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))|𝑑𝑠

+ 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
|𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))|𝑑𝑠

𝑇

0

+ |휂휁|∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
|𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))|𝑑𝑠

𝜇

0

+ |휂|∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
|𝑔(𝑠, 𝑥(𝑠), 𝑦(𝑠))|𝑑𝑠

𝑇

0

)

+ |∫
(ω2 − 𝑠)

𝛼−1

Γ(𝛼)
𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))

ω2

0

𝑑𝑠

− ∫
(ω1 − 𝑠)

𝛼−1

Γ(𝛼)

ω1

0

𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠|                                      

                            ≤
ω2 −𝜔1
|Δ|

(|휂|𝑇𝑘2∫
(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑑𝑠 + 𝑇𝑘1∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑑𝑠

𝑇

0

+ |휂휁|𝑘1∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑑𝑠

𝜇

0

+ |휂|𝑘2∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑑𝑠

𝑇

0

)

+ |∫ (
(ω2 − 𝑠)

𝛼−1

Γ(𝛼)
−
(ω1 − 𝑠)

𝛼−1

Γ(𝛼)
)𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))

ω1

0

𝑑𝑠|

+ |∫
(ω2 − 𝑠)

𝛼−1

Γ(𝛼)

ω2

ω1

𝑓(𝑠, 𝑥(𝑠), 𝑦(𝑠))𝑑𝑠| ,

≤
ω2 −ω1
|Δ|

(
𝑘2|휂|𝑇𝜌

𝛽−1

Γ(𝛽)
+
𝑘1𝑇

𝛼+1

Γ(𝛼 + 1)
+
𝑘1|휂휁|𝜇

𝛼−1

Γ(𝛼)
+
𝑘2|휂|𝑇

𝛽

Γ(𝛽 + 1)
)

+
𝑘1
Γ(𝛼)

(∫ ((𝜔2 − 𝑠)
𝛼−1 − (𝜔1 − 𝑠)

𝛼−1)
𝜔1

0

𝑑𝑠 + ∫ (ω2 − 𝑠)
𝛼−1

𝜔2

𝜔1

𝑑𝑠). 

And we obtain 



 

20 

|𝐺1(𝑥, 𝑦)(𝜔2) − 𝐺1(𝑥, 𝑦)(𝜔1)|

≤
𝜔2 − 𝜔1
|Δ|

(
𝑘2|휂|𝑇𝜌

𝛽−1

Γ(𝛽)
+
𝑘1𝑇

𝛼+1

Γ(𝛼 + 1)
+
𝑘1|휂휁|𝜇

𝛼−1

Γ(𝛼)
+
𝑘2|휂|𝑇

𝛽

Γ(𝛽 + 1)
) 

+
𝑘1

Γ(𝛼 + 1)
[𝜔2

𝛼 − 𝜔1
𝛼].               

Hence we have ‖𝐺1(𝑥, 𝑦)(𝜔2) − 𝐺1(𝑥, 𝑦)(𝜔1)‖ → 0 independent of 𝑥 and 𝑦 as 𝜔2 →

𝜔1. Furthermore, we obtain 

|𝐺2(𝑥, 𝑦)(𝜔2) − 𝐺2(𝑥, 𝑦)(𝜔1)|

≤
𝜔2 − 𝜔1
|Δ|

(
𝑘2|휂휁|𝜌

𝛽−1

Γ(𝛽)
+
𝑘1|휁|𝑇

𝛼

Γ(𝛼 + 1)
+
𝑘1𝑇|휁|𝜇

𝛼−1

Γ(𝛼)
+
𝑘2𝑇

𝛽+1

Γ(𝛽 + 1)
) 

+
𝑘2

Γ(𝛽 + 1)
[𝜔2

𝛽 − 𝜔1
𝛽],               

which implies that ‖𝐺2(𝑥, 𝑦)(𝜔2) − 𝐺2(𝑥, 𝑦)(𝜔1)‖ → 0 independent of 𝑥 and 𝑦 as 

𝜔2 → 𝜔1. 

Therefore, operator 𝐺(𝑥, 𝑦) is equicontinuous, and thus 𝐺(𝑥, 𝑦) is completely 

continuous. 

Step 2: (Boundedness of operator) 

Finally, show that 𝑍 = {(𝑥, 𝑦) ∈ 𝑅 × 𝑆: (𝑥, 𝑦) = ℎ𝐺(𝑥, 𝑦), ℎ ∈ [0,1]} is bounded. Let 

(𝑥, 𝑦) ∈ ℝ,  with (𝑥, 𝑦) = ℎ𝐺(𝑥, 𝑦) for any 𝑡 ∈ [0, 𝑇], we have 

𝑥(𝑡) = ℎ𝐺1(𝑥, 𝑦)(𝑡), 𝑦(𝑡) = ℎ𝐺2(𝑥, 𝑦)(𝑡). 

Then  

|𝑥(𝑡)| ≤ 𝑄1(휃0 + 휃1|𝑥| + 휃2|𝑦|) + 𝑄2(𝜆0 + 𝜆1|𝑥| + 𝜆2|𝑦|), 

and 

|𝑦(𝑡)| ≤ 𝑄3(휃0 + 휃1|𝑥| + 휃2|𝑦|) + 𝑄4(𝜆0 + 𝜆1|𝑥| + 𝜆2|𝑦|). 

So we get 

‖𝑥‖ ≤ 𝑄1(휃0 + 휃1‖𝑥‖ + 휃2‖𝑦‖) + 𝑄2(𝜆0 + 𝜆1‖𝑥‖ + 𝜆2‖𝑦‖), 

and 
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                      ‖𝑦‖ ≤ 𝑄3(휃0 + 휃1‖𝑥‖ + 휃2‖𝑦‖) + 𝑄4(𝜆0 + 𝜆1‖𝑥‖ + 𝜆2‖𝑦‖), 

which imply that 

‖𝑥‖ + ‖𝑦‖ ≤ (𝑄1 + 𝑄3)휃0 + (𝑄2 + 𝑄4)𝜆0 + ((𝑄1 +𝑄3)휃1 + (𝑄2 +𝑄4)𝜆1)‖𝑥‖

+ ((𝑄1 + 𝑄3)휃2 + (𝑄2 + 𝑄4)𝜆2)‖𝑦‖. 

Therefore, 

‖(𝑥, 𝑦)‖ ≤
(𝑄1 +𝑄3)휃0 + (𝑄2 + 𝑄4)𝜆0

𝑄0
, 

where 𝑄0 = 𝑚𝑖𝑛{1 − (𝑄1 + 𝑄3)휃1 − (𝑄2 + 𝑄4)𝜆1, 1 − (𝑄1 + 𝑄3)휃2 − (𝑄2 + 𝑄4)𝜆2}, 

which proves that 𝑍 is bounded. By (Leray-Schauder theorem) the operator 𝐺 has at 

least one fixed point. Therefore, the BVP (1) and (2) has at least one solution on 

[0, 𝑇].The proof is complete.              ∎     

3.3 Hyers-Ulam Stability 

In this section, we will discuss the Hyers-Ulam stability of the solutions for the BVP 

(1) and (2) by means of integral representation of its solution given by 

𝑥(𝑡) = 𝐺1(𝑥, 𝑦)(𝑡), 𝑦(𝑡) = 𝐺2(𝑥, 𝑦)(𝑡), 

where 𝐺1 and 𝐺2 are defined by (8) and (9). 

Define the following nonlinear operators 𝑁1, 𝑁2 ∈ 𝐶([0, T], ℝ) × 𝐶([0, T], ℝ) →

𝐶([0, T], ℝ);   

𝐷𝛼𝑥(𝑡) − 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) = 𝑁1(𝑥, 𝑦)(𝑡),    𝑡 ∈ [0, 𝑇],    
𝑐

𝐷𝛽𝑦(𝑡) − 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)) = 𝑁2(𝑥, 𝑦)(𝑡),    𝑡 ∈ [0, 𝑇].    
𝑐

 

For some 휀1, 휀2 > 0, we consider the following inequality: 

‖𝑁1(𝑥, 𝑦)‖ ≤ 휀1,      ‖𝑁2(𝑥, 𝑦)‖ ≤ 휀2.                                           (13) 

Definition 3.3.1 ([46,47]) The coupled system (1) and (2) is said to be Hyers-Ulam 

stable, if there exist 𝑀1, 𝑀2 > 0,  such that for every solution(𝑥∗, 𝑦∗) ∈ 𝐶([0, 𝑇], ℝ) ×
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𝐶([0, 𝑇], ℝ) of the inequality (13),there exists a unique solution (𝑥, 𝑦) ∈

𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) of problems (1) and (2) with 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖ ≤ 𝑀1휀1 +𝑀2휀2. 

Theorem 3.3.1 Let the assumptions of Theorem 3.2.1 hold. Then the BVP (1) and (2) 

is Hyers-Ulam stable.   

Proof. Let (𝑥, 𝑦) ∈ 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) be the solution of the problems (1) and 

(2) satisfying (8) and (9). Let (𝑥∗, 𝑦∗) be any solution satisfying (13):   

𝐷𝛼𝑥∗(𝑡) = 𝑓(𝑡, 𝑥∗(𝑡), 𝑦∗(𝑡)) + 𝑁1(𝑥
∗, 𝑦∗)(𝑡),    𝑡 ∈ [0, 𝑇],    

𝑐

𝐷𝛽𝑦∗(𝑡) = 𝑔(𝑡, 𝑥∗(𝑡), 𝑦∗(𝑡)) + 𝑁2(𝑥
∗, 𝑦∗)(𝑡),    𝑡 ∈ [0, 𝑇].    

𝑐
 

So 

𝑥∗(𝑡) = 𝐺1(𝑥
∗, 𝑦∗)(𝑡)

+
𝑡

Δ
(휂𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑁2(𝑥
∗, 𝑦∗)(𝑠)𝑑𝑠

− 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑁1(𝑥

∗, 𝑦∗)(𝑠)𝑑𝑠
𝑇

0

+ 휂휁∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑁1(𝑥

∗, 𝑦∗)(𝑠)𝑑𝑠
𝜇

0

− 휂∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑁2(𝑥

∗, 𝑦∗)(𝑠)𝑑𝑠
𝑇

0

)

+ ∫
(𝑡 − 𝑠)𝛼−1

Γ(𝛼)
𝑁1(𝑥

∗, 𝑦∗)(𝑠)𝑑𝑠
𝑡

0

,                                                                           

It follows that 

|𝐺1(𝑥
∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)|

≤
𝑇

|Δ|
(|휂|𝑇∫

(𝜌 − 𝑠)𝛽−2

Γ(𝛽 − 1)

𝜌

0

𝑑𝑠휀2 + 𝑇∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑑𝑠

𝑇

0

휀1

+ |휂휁|∫
(𝜇 − 𝑠)𝛼−2

Γ(𝛼 − 1)
𝑑𝑠휀1

𝜇

0

+ |휂|∫
(𝑇 − 𝑠)𝛽−1

Γ(𝛽)
𝑑𝑠

𝑇

0

휀2)

+ ∫
(𝑇 − 𝑠)𝛼−1

Γ(𝛼)
𝑑𝑠휀1

𝑇

0

,                                      
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≤ [
𝑇

|Δ|
(
𝑇𝛼+1

Γ(𝛼 + 1)
+
|휂휁|𝜇𝛼−1

Γ(𝛼)
) +

𝑇𝛼

Γ(𝛼 + 1)
] 휀1 +

𝑇

|Δ|
(
|휂|𝑇𝜌𝛽−1

Γ(𝛽)
+

|휂|𝑇𝛽

Γ(𝛽 + 1)
) 휀2 , 

≤ 𝑄1휀1 + 𝑄2휀2. 

Similarly, 

|𝐺2(𝑥
∗, 𝑦∗)(𝑡) − 𝑦∗(𝑡)|

≤
𝑇

|Δ|
(
|휁|𝑇𝛼

Γ(𝛼 + 1)
+
𝑇|휁|𝜇𝛼−1

Γ(𝛼)
) 휀1

+ [
𝑇

|Δ|
(
|휂휁|𝜌𝛽−1

Γ(𝛽)
+

𝑇𝛽+1

Γ(𝛽 + 1)
) +

𝑇𝛽

Γ(𝛽 + 1)
] 휀2. ≤ 𝑄3휀1 + 𝑄4휀2, 

where 𝑄𝑖, 𝑖 = 1,2,3,4  are defined in (10).  

Therefore, we deduce by the fixed-point property of operator 𝐺, that is given by (8) 

and (9), which 

|𝑥(𝑡) − 𝑥∗(𝑡)| = |𝑥(𝑡) − 𝐺1(𝑥
∗, 𝑦∗)(𝑡) + 𝐺1(𝑥

∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)| 

≤ |𝐺1(𝑥, 𝑦)(𝑡) − 𝐺1(𝑥
∗, 𝑦∗)(𝑡)| + |𝐺1(𝑥

∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)|                           

≤ (𝑄1𝜙 + 𝑄2𝜓)‖(𝑥, 𝑦) − (𝑥
∗, 𝑦∗)‖ + 𝑄1휀1 + 𝑄2휀2,                              (14) 

  and similarly 

|𝑦(𝑡) − 𝑦∗(𝑡)| = |𝑦(𝑡) − 𝐺2(𝑥
∗, 𝑦∗)(𝑡) + 𝐺2(𝑥

∗, 𝑦∗)(𝑡) − 𝑦∗(𝑡)| 

≤ |𝐺2(𝑥, 𝑦)(𝑡) − 𝐺2(𝑥
∗, 𝑦∗)(𝑡)| + |𝐺2(𝑥

∗, 𝑦∗)(𝑡) − 𝑦∗(𝑡)|                           

≤ (𝑄3𝜙 + 𝑄4𝜓)‖(𝑥, 𝑦) − (𝑥
∗, 𝑦∗)‖ + 𝑄3휀1 + 𝑄4휀2,                              (15) 

From (14) and (15) it follows that 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖

≤ (𝑄1𝜙 + 𝑄2𝜓 + 𝑄3𝜙 + 𝑄4𝜓)‖(𝑥, 𝑦) − (𝑥
∗, 𝑦∗)‖ + (𝑄1 + 𝑄3)휀1

+ (𝑄2 + 𝑄4)휀2, 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖ ≤
(𝑄1 + 𝑄3)휀1 + (𝑄2 + 𝑄4)휀2

1 − ((𝑄1 + 𝑄3)𝜙 + (𝑄2 + 𝑄4)𝜓)
, 

≤ 𝑀1휀1 +𝑀2휀2. 

with 
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𝑀1 =
(𝑄1 + 𝑄3)

1 − ((𝑄1 + 𝑄3)𝜙 + (𝑄2 + 𝑄4)𝜓)
, 

𝑀2 =
(𝑄2 + 𝑄4)

1 − ((𝑄1 + 𝑄3)𝜙 + (𝑄2 + 𝑄4)𝜓)
. 

Thus sufficient conditions for the Hyers-Ulam stability of the solutions is obtained. 

∎                             

3.4 Examples 

Example 3.4.1 consider the following system of fractional differential equation 

{
 
 
 

 
 
  c𝐷3/2𝑥(𝑡) =

1

6𝜋√81 + 𝑡2
(

|𝑥(𝑡)|

3 + |𝑥(𝑡)|
+

|𝑦(𝑡)|

5 + |𝑥(𝑡)|
) ,

 c𝐷7/4𝑦(𝑡) =
1

12𝜋√64 + 𝑡2
(𝑠𝑖𝑛(𝑥(𝑡)) + 𝑠𝑖𝑛(𝑦(𝑡))) ,

∫ 𝑥′(𝑠)𝑑𝑠 = 2𝑦′(1),∫ 𝑦′(𝑠)𝑑𝑠 = −𝑥′(1/2),
1

0

        
1

0

𝑥(0) = 0, 𝑦(0) = 0,                                               

                                                          (16) 

 𝛼 =
3

2
, 𝛽 =

7

4
, 𝑇 = 1, 휂 = 2, 휁 = −1, 𝜇 =

1

2
, 𝜌 = 1. 

Using the given data , we find that Δ = 3, 𝑄1 = 1.269,𝑄2 = 1.1398,𝑄3 = 0.5167,𝑄4 =

1.554,𝜙 =
1

54𝜋
, 𝜓 =

1

48𝜋
. 

It’s clear that 

𝑓(𝑡, 𝑥, 𝑦) =
1

6𝜋√81 + 𝑡2
(

|𝑥(𝑡)|

3 + |𝑥(𝑡)|
+

|𝑦(𝑡)|

5 + |𝑥(𝑡)|
), 

and 

𝑔(𝑡, 𝑥, 𝑦) =
1

12𝜋√64 + 𝑡2
(𝑠𝑖𝑛(𝑥(𝑡)) + 𝑠𝑖𝑛(𝑦(𝑡))), 

 are jointly continuous functions and 𝜙(𝑄1 + 𝑄3) + 𝜓(𝑄2 + 𝑄4) < 1, 

 such that  

1

54𝜋
(1.269 + 0.5167) +

1

48𝜋
(1.1398 + 1.554) = 0.0283 < 1, 

Thus all the conditions of Theorem 3.2.1 are satisfied, then problem (16) has a unique 

solution on [0,1]. 
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Example 4.4.2 consider the following system of fractional differential equation 

{
 
 
 

 
 
  c𝐷5/3𝑥(𝑡) =

1

80 + 𝑡4
+

|𝑥(𝑡)|

120(1 + 𝑦2(𝑡))
+

1

4√2500 + 𝑡2
𝑒−3𝑡 cos(𝑦(𝑡)) , 𝑡 ∈ [0,1]                                             

 c𝐷6/5𝑦(𝑡) =
1

√16 + 𝑡2
cos 𝑡 +

1

150
𝑒−3𝑡𝑠𝑖𝑛(𝑦(𝑡)) +

1

180
𝑥(𝑡), 𝑡 ∈ [0,1]                                                                

∫ 𝑥′(𝑠)𝑑𝑠 = −3𝑦′(1/3),∫ 𝑦′(𝑠)𝑑𝑠 = 𝑥′(1),
1

0

                                                                (17)                                        
1

0

𝑥(0) = 0, 𝑦(0) = 0,                                                                                                                         

 

𝛼 =
5

3
, 𝛽 =

6

5
, 𝑇 = 1, 휂 = −3, 휁 = 1, 𝜇 = 1, 𝜌 = 1/3. 

Using the given data, we find that Δ = 3, 𝑄1 = 1.269,𝑄2 = 1.1398,𝑄3 = 0.5167,𝑄4 =

1.554,𝜙 =
1

54𝜋
, 𝜓 =

1

48𝜋
. 

It is clear that 

|𝑓(𝑡, 𝑥, 𝑦)| ≤
1

80
+

1

120
|𝑥| +

1

200
|𝑦|, 

|𝑔(𝑡, 𝑥, 𝑦)| ≤
1

4
+

1

180
|𝑥| +

1

150
|𝑦|.   

Thus 휃0 =
1

80
, 휃1 =

1

120
, 휃2 =

1

200
, 𝜆0 =

1

4
, 𝜆1 =

1

180
, 𝜆2 =

1

150
. 

We found (𝑄1 + 𝑄3)휃1 + (𝑄2 + 𝑄4)𝜆1 = 0.0298 < 1 and (𝑄1 +𝑄3)휃2 + (𝑄2 + 𝑄4)𝜆2 =

0.0269 < 1, then by Theorem 3.2.2 the problem (17) has at least one solution on [0,1]. 

3.5 Conclusion 

A coupled system of fractional differential equations with boundary conditions was 

investigated in this chapter. The existence and uniqueness of solutions for the given 

problem were discussed and proven by applying the contraction mapping principle and 

Leray-Schauder’s alternative theorem. Furthermore, the stability of obtained solutions 

was discussed using the Hyers-Ulam method and sufficient conditions for the Hyers-

Ulam stability were driven. Results of the study were successfully supported by 

numerical examples that were presented in the last section. 
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Chapter 4 

4 EXISTENCE AND STABILITY OF COUPLED 

SEQUENTIAL FRACTIONAL DIFFERENTIAL SYSTEM 

BOUNDARY CONDITIONS 

This chapter is concerned with the existence and uniqueness of solutions for a coupled 

system of Caputo type sequential fractional differential equations supplemented with 

integral boundary conditions. The existence of solutions is derived by applying Leray–

Schauder’s alternative, while the uniqueness of solution is established via Banach’s 

contraction principle. Moreover, some necessary conditions for the Hyers-Ulam type 

stability to the solutions of the boundary value problem (BVPs) are developed. Finally 

the results are supported by example. 

We study the following coupled system of Caputo type sequential fractional 

differential  

{
𝐷𝛼−1(𝐷 + 𝑘)𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0, 𝑇],   1 < 𝛼 ≤ 2, 𝑘 > 0, 
𝑐

𝐷𝛽−1(𝐷 + 𝑘)𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)),    𝑡 ∈ [0, 𝑇],   1 < 𝛽 ≤ 2, 
𝑐 𝑘 > 0,

         (1) 

supplemented with integral boundary conditions of the form: 

{
 
 

 
 ∫ 𝑥(𝑠)𝑑𝑠 = 𝜌1𝑦(휁1), ∫ 𝑥′(𝑠)𝑑𝑠 = 𝜌2𝑦′(휁2),                                        

𝑇

0

        
𝑇

0

∫ 𝑦(𝑠)𝑑𝑠 = 𝜇1𝑥(휂1), ∫ 𝑦′(𝑠)𝑑𝑠 = 𝜇2𝑥′(휂2),    휂1, 휂2 , 휁1, 휁2 ∈ [0, 𝑇],
𝑇

0

        
𝑇

0

  (2) 
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where  c𝐷𝑘 denote the Caputo fractional derivatives of order 𝑘, 𝑘 = 𝛼, 𝛽, and 

 𝑓, 𝑔: [0, 𝑇] × ℝ2 → ℝ, are given continuous functions, and 𝜌1, 𝜌2, 𝜇1, 𝜇2  are real 

constants . 

4.1 Preliminaries 

Definition 4.1.1 Due to Miller-Ross [2]  the sequential fractional derivative for a 

sufficiently smooth function ℎ(𝑡) is defined as 

𝐷𝜎ℎ(𝑡) = 𝐷𝜎1𝐷𝜎2 …𝐷𝜎𝑛ℎ(𝑡),                          (∗) 

where 𝜎 = (𝜎1, 𝜎2, . . . , 𝜎𝑛)is a multi-index. 

The operator 𝐷𝜎 in (∗) can either be Caputo or Riemann–Liouville or any other kind 

of integro-differential operator. For example 

 𝑐𝐷𝛽ℎ(𝑠) = 𝐷−(𝑚−𝛽)
𝑑𝑚

𝑑𝑠𝑚
ℎ(𝑠),      𝑚 − 1 < 𝛽 < 𝑚, 

 where 𝐷−(𝑚−𝛽) is the fractional integral operator of order (𝑚 − 𝛽).On emphasizing 

that 𝐷−𝑞ℎ(𝑠) = 𝐼𝑞ℎ(𝑠), 𝑞 = 𝑚 − 𝛽; for more details, see [1](p. 87). 

 We prove the following auxiliary lemma to find the solution for the problem (1) and 

(2). 

Lemma 4.1.1 Let  𝜓,𝜙 ∈ 𝐶([0, 𝑇], ℝ) then the unique solution of the problem: 

{
  
 

  
 
𝐷𝛼−1(𝐷 + 𝑘)𝑥(𝑡) = 𝜓(𝑡),       1 < 𝛼 ≤ 2, 
𝑐                                                          

𝐷𝛽−1(𝐷 + 𝑘)𝑦(𝑡) = 𝜙(𝑡),       1 < 𝛽 ≤ 2, 
𝑐                                                           

∫ 𝑥(𝑠)𝑑𝑠 = 𝜌1𝑦(휁1), ∫ 𝑥′(𝑠)𝑑𝑠 = 𝜌2𝑦′(휁2)                                   
𝑇

0

        
𝑇

0

∫ 𝑦(𝑠)𝑑𝑠 = 𝜇1𝑥(휂1), ∫ 𝑦′(𝑠)𝑑𝑠 = 𝜇2𝑥′(휂2),    𝑘 > 0, 𝑡 ∈ [0, 𝑇],
𝑇

0

        
𝑇

0

             (3) 

is 
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𝑥(𝑡) = Δ𝑒−𝑘𝑡 [𝜇2(𝐼
𝛼−1𝜓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ λ𝑒−𝑘𝑡 [𝜌2(𝐼
𝛽−1𝜙)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

𝑇2 − 𝜇1𝜌1
[
𝐴𝜇2
𝑘
(𝐼𝛼−1𝜓)(휂2) − 𝐴𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

−
𝐴

𝑘
∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠
𝑇

0

+ (𝐴 − 𝜌1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
𝐵𝜌2
𝑘
(𝐼𝛽−1𝜙)(휁2) − 𝐵𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

−
𝐵

𝑘
∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐵 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 + 𝜇1𝜌1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠]

+ ∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠,                                                                        (4)   

 and 
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𝑦(𝑡) = θ𝑒−𝑘𝑡 [𝜇2(𝐼
𝛼−1𝜓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ τ𝑒−𝑘𝑡 [𝜌2(𝐼
𝛽−1𝜙)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

ω
[
𝐶𝜇2
𝑘
(𝐼𝛼−1𝜓)(휂2) − 𝐶𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

−
𝐶

𝑘
∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠
𝑇

0

+ (𝐶 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
𝐷𝜌2
𝑘
(𝐼𝛽−1𝜙)(휁2) − 𝐷𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

−
𝐷

𝑘
∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐷 − 𝜇1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝜇1𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 + 𝑇𝜇1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠]

+ ∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠,                                                 (5)   

where 

𝜔 = 𝑇2 − 𝜇1𝜌1 ≠ 0, Δ =
−𝑘𝜌2𝑒

−𝑘𝜁2

𝑀
, 𝜆 =

𝑒−𝑘𝑇 − 1

𝑀
, 𝜎 = Δ𝑘𝜇2𝑒

−𝑘𝜂2 − 1 

𝑀 = (𝑒−𝑘𝑇 − 1)
2
− 𝑘2𝜇2𝜌2𝑒

−𝑘(𝜁2+𝜂2) ≠ 0, 휃 =
−𝜎

𝑒−𝑘𝑇 − 1
, 𝜏 =

𝜆

𝑒−𝑘𝑇 − 1
, 

𝐴 = [휃𝑘𝑇𝜌1𝑒
−𝑘𝜁1 + 𝑘𝜇1𝜌1Δ𝑒

−𝑘𝜂1 + (𝑒−𝑘𝑇 − 1)(Δ𝑇 + 휃𝜌1)], 

𝐵 = [𝜏𝑘𝑇𝜌1𝑒
−𝑘𝜁1 + 𝑘𝜇1𝜌1λ𝑒

−𝑘𝜂1 + (𝑒−𝑘𝑇 − 1)(λ𝑇 + 𝜏𝜌1)],      

𝐶 = [Δ𝑘𝑇𝜇1𝑒
−𝑘𝜂1 + 𝑘𝜇1𝜌1θ𝑒

−𝑘𝜁1 + (𝑒−𝑘𝑇 − 1)(θ𝑇 + Δ𝜇1)],      

𝐷 = [λ𝑘𝑇𝜇1𝑒
−𝑘𝜂1 + 𝑘𝜇1𝜌1τ𝑒

−𝑘𝜁1 + (𝑒−𝑘𝑇 − 1)(τ𝑇 + λ𝜇1)],        

Proof. The general solutions of the sequential fractional differential equations [41] in 

(3) is known as 
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𝑥(𝑡) = 𝑐0𝑒
−𝑘𝑡 + 𝑐1 +∫ 𝑒−𝑘(𝑡−𝑠)

𝑡

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠,                     (6) 

𝑦(𝑡) = 𝑑0𝑒
−𝑘𝑡 + 𝑑1 +∫ 𝑒−𝑘(𝑡−𝑠)

𝑡

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠,                     (7) 

observe  

𝑥′(𝑡) = −𝑘𝑐0𝑒
−𝑘𝑡 + (𝐼𝛼−1𝜓)(𝑡) − 𝑘∫ 𝑒−𝑘(𝑡−𝑠)

𝑡

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠,                      

𝑦′(𝑡) = −𝑘𝑑0𝑒
−𝑘𝑡 + (𝐼𝛽−1𝜙)(𝑡) − 𝑘∫ 𝑒−𝑘(𝑡−𝑠)

𝑡

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠,                     

where 𝑐𝑖, 𝑑𝑖 ∈ ℝ, 𝑖 = 0,1  are arbitrary constants. 

Apply the conditions  

∫ 𝑥′(𝑠)𝑑𝑠 = 𝜌2𝑦
′(휁2),∫ 𝑦′(𝑠)𝑑𝑠 = 𝜇2𝑥

′(휂2) ,
𝑇

0

                                   
𝑇

0

 

then we obtain: 

𝑐0 = Δ [𝜇2(𝐼
𝛼−1𝜓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ 𝜆 [𝜌2(𝐼
𝛽−1𝜙)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

], 

and 

𝑑0 = 휃 [𝜇2(𝐼
𝛼−1𝜓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ 𝜏 [𝜌2(𝐼
𝛽−1𝜙)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

] 
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In view of the conditions ∫ 𝑥(𝑠)𝑑𝑠 = 𝜌1𝑦(휁1), ∫ 𝑦(𝑠)𝑑𝑠 = 𝜇1𝑥(휂1),          
𝑇

0
        

𝑇

0
 

we get 

𝑐1 =
1

𝜔
[
𝐴𝜇2
𝑘
(𝐼𝛼−1𝜓)(휂2) − 𝐴𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠 −
𝐴

𝑘
∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠
𝑇

0

+ (𝐴 − 𝜌1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  +
𝐵𝜌2
𝑘
(𝐼𝛽−1𝜙)(휁2)

− 𝐵𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)
𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 −
𝐵

𝑘
∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐵 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 + 𝜇1𝜌1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠], 

and 

𝑑1 =
1

𝜔
[
𝐶𝜇2
𝑘
(𝐼𝛼−1𝜓)(휂2) − 𝐶𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠 −
𝐶

𝑘
∫ (𝐼𝛽−1𝜙)(𝑠)𝑑𝑠
𝑇

0

+ (𝐶 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  +
𝐷𝜌2
𝑘
(𝐼𝛽−1𝜙)(휁2)

− 𝐷𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)
𝜁2

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 −
𝐷

𝑘
∫ (𝐼𝛼−1𝜓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐷 − 𝜇1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝜇1𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝜙)(𝑠)𝑑𝑠 + 𝑇𝜇1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝜓)(𝑠)𝑑𝑠] 

Substituting the values of  𝑐0, 𝑐1, 𝑑0, 𝑑1in (6), (7) we obtain (4) and (5), which is 

complete the proof.   ∎     

4.2 Existence of Results  

Let the space 𝑍 = {𝑥(𝑡)|𝑥(𝑡) ∈ 𝐶[0, 𝑇]}  endowed with the norm ‖𝑥‖ =

𝑚𝑎𝑥{|𝑥(𝑡)|, 𝑡 ∈ [0, 𝑇]} . It is clear that (𝑍, ‖ .  ‖)  is a Banach space. Also let 𝑆 =

{𝑦(𝑡)|𝑦(𝑡) ∈ 𝐶[0, 𝑇]} endowed with the norm ‖𝑦‖ = 𝑚𝑎𝑥{|𝑦(𝑡)|, 𝑡 ∈ [0, 𝑇]}.The 
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product space (𝑍 × 𝑆, ‖(𝑥, 𝑦) ‖) is also Banach space with norm ‖(𝑥, 𝑦) ‖ = ‖𝑥‖ +

‖𝑦‖.  

In view of lemma 4.1.1 we define the operator 𝑄: 𝑍 × 𝑆 → 𝑍 × 𝑆 by 

𝑄(𝑥, 𝑦)(𝑡) = (𝑄1(𝑥, 𝑦)(𝑡), 𝑄2(𝑥, 𝑦)(𝑡)), 

where  

𝑄1(𝑥, 𝑦)(𝑡) = Δ𝑒
−𝑘𝑡 [𝜇2(𝐼

𝛼−1𝑓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)
𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

−∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ λ𝑒−𝑘𝑡 [𝜌2(𝐼
𝛽−1𝑔)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

−∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

𝜔
[
𝐴𝜇2
𝑘
(𝐼𝛼−1𝑓)(휂2) − 𝐴𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

−
𝐴

𝑘
∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠
𝑇

0

+ (𝐴 − 𝜌1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
𝐵𝜌2
𝑘
(𝐼𝛽−1𝑔)(휁2) − 𝐵𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

−
𝐵

𝑘
∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐵 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠 + 𝜇1𝜌1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠]

+ ∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠,  

and 
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𝑄2(𝑥, 𝑦)(𝑡) = θ𝑒
−𝑘𝑡 [𝜇2(𝐼

𝛼−1𝑓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)
𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ τ𝑒−𝑘𝑡 [𝜌2(𝐼
𝛽−1𝑔)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

𝜔
[
𝐶𝜇2
𝑘
(𝐼𝛼−1𝑓)(휂2) − 𝐶𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

−
𝐶

𝑘
∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠
𝑇

0

+ (𝐶 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
𝐷𝜌2
𝑘
(𝐼𝛽−1𝑔)(휁2) − 𝐷𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

−
𝐷

𝑘
∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐷 − 𝜇1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝜇1𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠 + 𝑇𝜇1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠]

+ ∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠, 

Theorem 4.2.1  Assume 𝑓, 𝑔: 𝐶([0, 𝑇] × ℝ2) → ℝ    are jointly continuous functions 

and there exist constants ℎ𝑓 , ℎ𝑔 ∈ ℝ, such that ∀ 𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ ℝ, ∀𝑡 ∈ [0, 𝑇] we 

have   

 

|𝑓(𝑡, 𝑥1, 𝑥2) − 𝑓(𝑡, 𝑦1, 𝑦2)| ≤ ℎ𝑓(|𝑥2 − 𝑥1| + |𝑦2 − 𝑦1|), 

|𝑔(𝑡, 𝑥1, 𝑥2) − 𝑓(𝑡, 𝑦1, 𝑦2)| ≤ ℎ𝑔(|𝑥2 − 𝑥1| + |𝑦2 − 𝑦1|). 

If        

             ℎ𝑓(𝑁1 + 𝑁3) + ℎ𝑔(𝑁2 + 𝑁4) < 1, 

then the boundary value problem (1),(2) has a unique solution on [0, 𝑇], where 
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𝑁1

= [
(𝛼 + 1)|𝛥𝜇2|𝑒

−𝑘𝑇휂2
𝛼(𝛼휂2

−1 + 𝑘) + |𝜆|𝑒−𝑘𝑇𝑇𝛼(𝛼 + 1 + 𝑘𝑇)

𝛤(𝛼 + 2)
] +

𝑇𝛼

𝛤(𝛼 + 1)

+  [
|𝐴𝜇2|휂2

𝛼(𝛼 + 1)(𝛼휂2
−1 + 𝑘) + 𝑇𝛼(|𝐵|(𝛼 + 1) + 𝑘𝑇|𝐵 − 𝑇|) + 𝑘(𝛼 + 1)|𝜇1𝜌1|휂1

𝛼

𝑘𝛤(𝛼 + 2)|𝑇2 − 𝜇1𝜌1|
], 

 

𝑁2

= [
(𝛽 + 1)𝑇𝛽(|𝛥|𝑒−𝑘𝑇 + 𝑘𝑇) + |𝜆𝜌2|𝑒

−𝑘𝑇휁2
𝛽(𝛽 + 1)(𝛽휁2

−1 + 𝑘)

𝛤(𝛽 + 2)
]

+  [
𝑇𝛽−1(|𝐴|(𝛽2 + 𝛽) + 𝑘|𝐴 − 𝜌1|𝑇

2) + (𝛽 + 1)|𝐵𝜌2|휁2
𝛽(𝛽휁2

−1 + 𝑘) + 𝑘|𝑇𝜌1|휁1
𝛽

𝑘𝛤(𝛽 + 2)|𝑇2 − 𝜇1𝜌1|
], 

𝑁3

= [
(𝛼 + 1)|휃𝜇2|𝑒

−𝑘𝑇휂2
𝛼(𝛼휂2

−1 + 𝑘) + |𝜏|𝑒−𝑘𝑇𝑇𝛼(𝛼 + 1 + 𝑘𝑇)

𝛤(𝛼 + 2)
]

+  [
|𝐶𝜇2|휂2

𝛼(𝛼 + 1)(𝛼휂2
−1 + 𝑘) + 𝑇𝛼(|𝐷|(𝛼 + 1) + 𝑘𝑇|𝐷 − 𝜇1|) + 𝑘(𝛼 + 1)|𝜇1𝑇|휂1

𝛼

𝑘𝛤(𝛼 + 2)|𝑇2 − 𝜇1𝜌1|
], 

𝑁4

= [
(𝛽 + 1)𝑇𝛽(|휃|𝑒−𝑘𝑇 + 𝑘𝑇) + |𝜏𝜌2|𝑒

−𝑘𝑇휁2
𝛽(𝛽 + 1)(𝛽휁2

−1 + 𝑘)

𝛤(𝛽 + 2)
] + 

𝑇𝛽

𝛤(𝛽 + 1)

+ [
𝑇𝛽−1(|𝐶|(𝛽2 + 𝛽) + 𝑘|𝐶 − 𝑇|𝑇2) + (𝛽 + 1)|𝐷𝜌2|휁2

𝛽(𝛽휁2
−1 + 𝑘) + 𝑘|𝜇1𝜌1|휁1

𝛽

𝑘𝛤(𝛽 + 2)|𝑇2 − 𝜇1𝜌1|
], 

Proof. Define 
𝑠𝑢𝑝
0≤𝑡≤𝑇

𝑓(𝑡, 0,0) = 𝑓0 < ∞, 𝑠𝑢𝑝
0≤𝑡≤𝑇

𝑔(𝑡, 0,0) = 𝑔0 < ∞ and Ω𝑟 =

{(𝑥, 𝑦) ∈ 𝑍 × 𝑆: ‖(𝑥, 𝑦)‖ ≤ 𝑟}, and 𝑟 > 0, such that 

𝑟 ≥
(𝑁1 + 𝑁3)𝑓0 + (𝑁2 + 𝑁4)𝑔0

1 − [ℎ𝑓(𝑁1 + 𝑁3) + ℎ𝑔(𝑁2 + 𝑁4)]
 . 

 Firstly, show that  𝑄𝛺𝑟 ⊆ 𝛺𝑟. 

By our assumption, for (𝑥, 𝑦) ∈ 𝛺𝑟 , 𝑡 ∈ [0, 𝑇], we have 

|𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ |𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) − 𝑓(𝑡, 0,0)| + |𝑓(𝑡, 0,0)|, 

                                     ≤ ℎ𝑓(|𝑥(𝑡)| + |𝑦(𝑡)|) + 𝑓0 ≤ ℎ𝑓(‖𝑥‖ + ‖𝑦‖) + 𝑓0, 
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                                                        ≤ ℎ𝑓𝑟 + 𝑓0,                                                        (8)                                            

and 

|𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ ℎ𝑔(|𝑥(𝑡)| + |𝑦(𝑡)|) + 𝑔0 ≤ ℎ𝑔(‖𝑥‖ + ‖𝑦‖) + 𝑔0, 

                                                  ≤ ℎ𝑔𝑟 + 𝑔0,                                                             (9)                                    

which lead to 

|𝑄1(𝑥, 𝑦)(𝑡)| ≤ |Δ|𝑒
−𝑘𝑇 [|𝜇2|(𝐼

𝛼−1|𝑓|)(휂2) + 𝑘|𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)
𝜂2

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ |λ|𝑒−𝑘𝑇 [|𝜌2|(𝐼
𝛽−1|𝑔|)(휁2) + 𝑘|𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

|𝜔|
[
|𝐴𝜇2|

𝑘
(𝐼𝛼−1|𝑓|)(휂2) + |𝐴𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠

+
|𝐴|

𝑘
∫ (𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠
𝑇

0

+ |𝐴 − 𝜌1|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+
|𝐵𝜌2|

𝑘
(𝐼𝛽−1|𝑔|)(휁2) + |𝐵𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠

+
|𝐵|

𝑘
∫ (𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠
𝑇

0

+ |𝐵 − 𝑇|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇|𝜌1|∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠

+ |𝜇1𝜌1|∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠]

+
𝑠𝑢𝑝

0 ≤ 𝑡 ≤ 𝑇
∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠.  

Using (8) and (9) to get 
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|𝑄1(𝑥, 𝑦)(𝑡)| ≤ [|Δ|𝑒
−𝑘𝑇𝜇2 ((𝐼

𝛼−11)(휂2) + 𝑘∫ 𝑒−𝑘(𝜂2−𝑠)
𝜂2

0

(𝐼𝛼−11)(𝑠)𝑑𝑠)

+ |λ|𝑒−𝑘𝑇 (∫ (𝐼𝛼−11)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

)

+
1

|𝜔|
(
|𝐴𝜇2|

𝑘
(𝐼𝛼−11)(휂2) + |𝐴𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−11)(𝑠)𝑑𝑠

+
|𝐵|

𝑘
∫ (𝐼𝛼−11)(𝑠)𝑑𝑠
𝑇

0

+ |𝐵 − 𝑇|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ |𝜇1𝜌1|∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−11)(𝑠)𝑑𝑠) + ∫ 𝑒−𝑘(𝑇−𝑠)
𝑇

0

(𝐼𝛼−11)(𝑠)𝑑𝑠] ‖𝑓‖

+ [|Δ|𝑒−𝑘𝑇 (∫ (𝐼𝛽−11)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

)

+ |λ|𝑒−𝑘𝑇 (|𝜌2|(𝐼
𝛽−11)(휁2) + 𝑘|𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−11)(𝑠)𝑑𝑠)

+
1

|𝜔|
(
|𝐴|

𝑘
∫ (𝐼𝛽−11)(𝑠)𝑑𝑠
𝑇

0

+ |𝐴 − 𝜌1|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
|𝐵𝜌2|

𝑘
(𝐼𝛽−11)(휁2) + |𝐵𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−11)(𝑠)𝑑𝑠)] ‖𝑔‖ 

≤ [
(𝛼 + 1)|𝛥𝜇2|𝑒

−𝑘𝑇휂2
𝛼(𝛼휂2

−1 + 𝑘) + |𝜆|𝑒−𝑘𝑇𝑇𝛼(𝛼 + 1 + 𝑘𝑇)

𝛤(𝛼 + 2)
+

𝑇𝛼

𝛤(𝛼 + 1)

+
|𝐴𝜇2|휂2

𝛼(𝛼 + 1)(𝛼휂2
−1 + 𝑘) + 𝑇𝛼(|𝐵|(𝛼 + 1) + 𝑘𝑇|𝐵 − 𝑇|) + 𝑘(𝛼 + 1)|𝜇1𝜌1|휂1

𝛼

𝑘𝛤(𝛼 + 2)|𝜔|
] ‖𝑓‖

+ [
(𝛽 + 1)𝑇𝛽(|𝛥|𝑒−𝑘𝑇 + 𝑘𝑇) + |𝜆𝜌2|𝑒

−𝑘𝑇휁2
𝛽(𝛽 + 1)(𝛽휁2

−1 + 𝑘)

𝛤(𝛽 + 2)

+
𝑇𝛽−1(|𝐴|(𝛽2 + 𝛽) + 𝑘|𝐴 − 𝜌1|𝑇

2) + (𝛽 + 1)|𝐵𝜌2|휁2
𝛽(𝛽휁2

−1 + 𝑘) + 𝑘|𝑇𝜌1|휁1
𝛽

𝑘𝛤(𝛽 + 2)|𝜔|
] ‖𝑔‖,  

Hence, by (8) we have   

‖𝑄1(𝑥, 𝑦)‖ ≤ (ℎ𝑓𝑁1 + ℎ𝑔𝑁2)𝑟 + (𝑁1𝑓0 +𝑁2𝑔0) ≤
𝑟

2
 ,                 (10) 

In similar way we get 

‖𝑄2(𝑥, 𝑦)‖ ≤ (ℎ𝑓𝑁3 + ℎ𝑔𝑁4)𝑟 + (𝑁3𝑓0 +𝑁4𝑔0) ≤
𝑟

2
 ,                (11) 
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From (10) and (11) we obtain 

                                                              ‖𝑄(𝑥, 𝑦)‖ ≤ 𝑟,  

Now show that 𝑄 is a contraction. 

 Let(𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑍 × 𝑆, ∀𝑡 ∈ [0, 𝑇], then we get 

‖𝑄1(𝑥1, 𝑦1) − 𝑄1(𝑥2, 𝑦2)‖

≤ ℎ𝑓𝑁1(‖𝑥1 − 𝑥2‖ + ‖𝑦1 − 𝑦2‖) + ℎ𝑔𝑁2(‖𝑥1 − 𝑥2‖ + ‖𝑦1 − 𝑦2‖),      (12) 

‖𝑄2(𝑥1, 𝑦1) − 𝑄2(𝑥2, 𝑦2)‖

≤ ℎ𝑓𝑁3(‖𝑥1 − 𝑥2‖ + ‖𝑦1 − 𝑦2‖) + ℎ𝑔𝑁4(‖𝑥1 − 𝑥2‖ + ‖𝑦1 − 𝑦2‖).      (13) 

From (12) and (13) we deduced that 

‖𝑄(𝑥1, 𝑦1) − 𝑄(𝑥2, 𝑦2)‖ ≤ (ℎ𝑓(𝑁1 +𝑁3) + ℎ𝑔(𝑁2 +𝑁4)) (‖𝑥1 − 𝑥2‖ + ‖𝑦1 − 𝑦2‖)     

Since ℎ𝑓(𝑁1 +𝑁3) + ℎ𝑔(𝑁2 +𝑁4) < 1, therefore, 𝑄 is a contraction operator. So, by 

Banach’s fixed point theorem, the operator 𝑄 has a unique fixed point on[0, 𝑇], which 

is the unique solution of the problem (1) and (2) ,which is complete the proof.           ∎ 

The second result is based on the Leray-Schauder alternative. 

Theorem 4.2.2 Assume 𝑓, 𝑔: 𝐶([0, 𝑇] × ℝ2) → ℝ  are continuous function and there 

exists a positive real constants  𝛿i, 𝜙i(i = 0,1,2) such that ∀𝑥𝑖 ∈ ℝ, (𝑖 = 1,2)we have  

|𝑓(𝑡, 𝑥1, 𝑥2)| ≤ 𝛿0 + 𝛿1|𝑥1| + 𝛿2|𝑥2|, 

|𝑔(𝑡, 𝑥1, 𝑥2)| ≤ 𝜙0 + 𝜙1|𝑥1| + 𝜙2|𝑥2|. 

If 

(𝑄1 + 𝑄3)𝛿1 + (𝑄2 +𝑄4)𝜙1 < 1, 

and 

(𝑄1 + 𝑄3)𝛿2 + (𝑄2 +𝑄4)𝜙2 < 1, 

then the problem (1) and  (2) has at least one solution. 

Proof. The proof will be divided into several steps 
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Step1: Show that 𝑄 is completely continuous .The continuity of the operator holds 

true because of continuity of the function 𝑓, 𝑔. 

Let R be a bounded set in 𝛺𝑟 = {(𝑥, 𝑦) ∈ 𝑍 × 𝑆: ‖(𝑥, 𝑦)‖ ≤ 𝑟}, then there exists 

positive constants q1, q2 such that 

|𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ 𝑞1,           |𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ 𝑞2,    ∀𝑡 ∈ [0, 𝑇], 

then for any(𝑥, 𝑦) ∈ 𝑅 we have|𝑄1(𝑥, 𝑦)(𝑡)| ≤ 𝑁1𝑞1 +𝑁2𝑞2, 

which implies that  ‖𝑄1(𝑥, 𝑦)‖ ≤ 𝑁1𝑞1 +𝑁2𝑞2. 

Similarly, we get  ‖𝑄2(𝑥, 𝑦)‖ ≤ 𝑁3𝑞1 +𝑁4𝑞2. 

Thus, it follows from the above inequalities that the operator  𝑄 is uniformly bounded, 

since 

‖𝑄(𝑥, 𝑦)‖ ≤ (𝑁1 +𝑁3)𝑞1 + (𝑁2 +𝑁4)𝑞2. 

Next, we show that the operator is equicontinuous. 

Let 𝑡1, 𝑡2 ∈ [0, 𝑇] with 𝑡1 < 𝑡2., then we have 

|𝑄1(𝑥, 𝑦)(t2) − 𝑄1(𝑥, 𝑦)(t1)|

≤ |Δ|𝑒−𝑘(t2−t1) [|𝜇2|(𝐼
𝛼−1|𝑓|)(휂2) + 𝑘|𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ |λ|𝑒−𝑘(t2−t1) [|𝜌2|(𝐼
𝛽−1|𝑔|)(휁2) + 𝑘|𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1|𝑔|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ ∫ 𝑒−𝑘(t2−𝑠)
t2

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠 + ∫ 𝑒−𝑘(t1−𝑠)
t1

0

(𝐼𝛼−1|𝑓|)(𝑠)𝑑𝑠. 



 

39 

≤ |Δ|𝑒−𝑘(t2−t1) [|𝜇2𝑞1|(𝐼
𝛼−11)(휂2) + 𝑘|𝜇2𝑞1|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−11)(𝑠)𝑑𝑠

+ 𝑞2∫ (𝐼𝛽−11)(𝑠)𝑑𝑠 +
𝑇

0

𝑘𝑞2∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ |λ|𝑒−𝑘(t2−t1) [|𝜌2𝑞2|(𝐼
𝛽−11)(휁2) + 𝑘|𝜌2𝑞2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−11)(𝑠)𝑑𝑠

+ 𝑞1∫ (𝐼𝛼−11)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘𝑞1∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ 𝑞1  [(∫ 𝑒−𝑘(t2−𝑠) − 𝑒−𝑘(t1−𝑠)
t1

0

) (𝐼𝛼−11)(𝑠)𝑑𝑠

+ ∫ 𝑒−𝑘(t2−𝑠)
t2

t1

(𝐼𝛼−11)(𝑠)𝑑𝑠]  . 

Hence we have ‖𝑄1(𝑥, 𝑦)(𝑡2) − 𝑄1(𝑥, 𝑦)(𝑡1)‖ → 0 independent of 𝑥 and 𝑦 as 𝑡2 → 𝑡1. 

Similarly, ‖𝑄2(𝑥, 𝑦)(𝑡2) − 𝑄2(𝑥, 𝑦)(𝑡1)‖ → 0 independent of 𝑥 and y as t2 → t1. 

Therefore, the operator 𝑄(𝑥, 𝑦) is equicontinuous, and thus the operator 𝑄(𝑥, 𝑦)  is 

completely continuous. 

Step 2: (Boundedness of operator) 

Finally, show that 휀 = {(𝑥, 𝑦) ∈ 𝑍 × 𝑆: (𝑥, 𝑦) = 𝑁𝑄(𝑥, 𝑦), 𝑁 ∈ (0,1)} is bounded. 

Let  

𝑥(𝑡) = 𝑁𝑄1(𝑥, 𝑦)(𝑡), 𝑦(𝑡) = 𝑁𝑄2(𝑥, 𝑦)(𝑡), 

then 

|𝑥(𝑡)| ≤ 𝑁1(𝛿0 + 𝛿1|𝑥| + 𝛿2|𝑦|) + 𝑁2(𝜙0 + 𝜙1|𝑥| + 𝜙2|𝑦|), 

and 

|𝑦(𝑡)| ≤ 𝑁3(𝛿0 + 𝛿1|𝑥| + 𝛿2|𝑦|) + 𝑁4(𝜙0 + 𝜙1|𝑥| + 𝜙2|𝑦|). 

So we get 

‖𝑥‖ ≤ 𝑁1(𝛿0 + 𝛿1|𝑥| + 𝛿2|𝑦|) + 𝑁2(𝜙0 +𝜙1|𝑥| + 𝜙2|𝑦|),                (14) 

and 

‖𝑦‖ ≤ 𝑁3(𝛿0 + 𝛿1|𝑥| + 𝛿2|𝑦|) + 𝑁4(𝜙0 + 𝜙1|𝑥| + 𝜙2|𝑦|).               (15) 
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From (14), (15) we obtain 

‖𝑥‖ + ‖𝑦‖ ≤ (𝑁1 +𝑁3)𝛿0 + (𝑁2 +𝑁4)𝜙0 + ((𝑁1 +𝑁3)𝛿1 + (𝑁2 +𝑁4)𝜙1)‖𝑥‖

+ ((𝑁1 +𝑁3)𝛿2 + (𝑁2 +𝑁4)𝜙2)‖𝑦‖. 

Therefore;  

‖(𝑥, 𝑦)‖ ≤
(𝑁1 +𝑁3)𝛿0 + (𝑁2 +𝑁4)𝜙0

𝑁0
, 

where 𝑁0 = 𝑚𝑖𝑛{1 − (𝑁1 +𝑁3)𝛿1 − (𝑁2 +𝑁4)𝜙1, 1 − (𝑁1 +𝑁3)𝛿2 − (𝑁2 + 𝑁4)𝜙2} that 

is   휀 is bounded. by (Leray-Schauder theorem) the existence of solution of boundary 

value problems  holds true on [0, 𝑇]. 

4.3 Hyers-Ulam Stability of System (1) 

This section is devoted to the investigation of Hyers-Ulam stability for our proposed 

system. Consider the following inequality: 

{
𝐷𝛼−1(𝐷 + 𝑘)𝑥(𝑡) − 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑟1,    𝑡 ∈ [0, 𝑇],    
𝑐

𝐷𝛽−1(𝐷 + 𝑘)𝑦(𝑡) − 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑟2,    𝑡 ∈ [0, 𝑇],     
𝑐

                    (16) 

where 𝑟1, 𝑟2 are given two positive real numbers. 

 

Definition 4.3.1 The boundary value problem (1) is Hyers-Ulam stable if there exist 

𝑁𝑖, 𝑖 = 1,2,3,4 such that for given 𝑟1, 𝑟2 > 0 and for each solution (𝑥, 𝑦) ∈ 𝐶([0, 𝑇] ×

ℝ2, ℝ) of inequality(16), there exists a solution (𝑥∗, 𝑦∗) ∈ 𝐶([0, 𝑇] × ℝ2, ℝ) of 

problem (1) with  

{
|𝑥(𝑡) − 𝑥∗(𝑡)| ≤ 𝑁1 𝑟1 + 𝑁2 𝑟2,    𝑡 ∈ [0, 𝑇],
|𝑦(𝑡) − 𝑦∗(𝑡)| ≤ 𝑁3 𝑟1 + 𝑁4 𝑟2,    𝑡 ∈ [0, 𝑇].

 

Remark 4.3.1 (𝑥, 𝑦) is a solution of inequality (16) if there exist functions 𝐻𝑖 ∈

𝐶([0, 𝑇], ℝ), i = 1,2 which depend upon 𝑥, 𝑦 respectively, such that 

|𝐻1(𝑡)| ≤ 𝑟1,      |𝐻2(𝑡)| ≤ 𝑟2,       𝑡 ∈ [0, 𝑇].  

{
𝐷𝛼−1(𝐷 + 𝑘)𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) + 𝐻1(𝑡),    𝑡 ∈ [0, 𝑇],    
𝑐

𝐷𝛽−1(𝐷 + 𝑘)𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)) + 𝐻2(𝑡),    𝑡 ∈ [0, 𝑇].     
𝑐
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Remark 4.3.2 If  (𝑥, 𝑦) represent a solution of inequality (16), then (𝑥, 𝑦) is a solution 

of the following inequality  

{
|𝑥(𝑡) − 𝑥∗(𝑡)| ≤ 𝑁1 r1 + 𝑁2 r2,    𝑡 ∈ [0, 𝑇],
|𝑦(𝑡) − 𝑦∗(𝑡)| ≤ 𝑁3 r1 + 𝑁4 r2,    𝑡 ∈ [0, 𝑇].

 

As from Remark 4.3.1, we have 

{
𝐷𝛼−1(𝐷 + 𝑘)𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑦(𝑡)) + 𝐻1(𝑡),    𝑡 ∈ [0, 𝑇],    
𝑐

𝐷𝛽−1(𝐷 + 𝑘)𝑦(𝑡) = 𝑔(𝑡, 𝑥(𝑡), 𝑦(𝑡)) + 𝐻2(𝑡),    𝑡 ∈ [0, 𝑇].     
𝑐

 

With the help of Definition 4.3.1 and Remark 4.3.1 we verified Remark 4.3.2, in the 

following lines 

|𝑥(𝑡) − Δ𝑒−𝑘𝑡 [𝜇2(𝐼
𝛼−1𝑓)(휂2) − 𝑘𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

− ∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

− λ𝑒−𝑘𝑡 [𝜌2(𝐼
𝛽−1𝑔)(휁2) − 𝑘𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

− ∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

−
1

𝑇2 − 𝜇1𝜌1
[
𝐴𝜇2
𝑘
(𝐼𝛼−1𝑓)(휂2) − 𝐴𝜇2∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠

−
𝐴

𝑘
∫ (𝐼𝛽−1𝑔)(𝑠)𝑑𝑠
𝑇

0

+ (𝐴 − 𝜌1)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
𝐵𝜌2
𝑘
(𝐼𝛽−1𝑔)(휁2) − 𝐵𝜌2∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

−
𝐵

𝑘
∫ (𝐼𝛼−1𝑓)(𝑠)𝑑𝑠
𝑇

0

+ (𝐵 − 𝑇)∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇𝜌1∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1𝑔)(𝑠)𝑑𝑠

+ 𝜇1𝜌1∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠]−∫ 𝑒−𝑘(𝑡−𝑠)
𝑡

0

(𝐼𝛼−1𝑓)(𝑠)𝑑𝑠|, 



 

42 

≤ |Δ|𝑒−𝑘𝑇 [|𝜇2|(𝐼
𝛼−1|𝐻1(𝑡)|)(휂2) + 𝑘|𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠 +
𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+ |λ|𝑒−𝑘𝑇 [|𝜌2|(𝐼
𝛽−1|𝐻2(𝑡)|)(휁2) + 𝑘|𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠

+ ∫ (𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

]

+
1

|𝜔|
[
|𝐴𝜇2|

𝑘
(𝐼𝛼−1|𝐻1(𝑡)|) (휂2) + |𝐴𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠

+
|𝐴|

𝑘
∫ (𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠 
𝑇

0

+ |𝐴 − 𝜌1|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

 

+
|𝐵𝜌2|

𝑘
(𝐼𝛽−1|𝐻2(𝑡)|)(휁2) + |𝐵𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠 

+
|𝐵|

𝑘
∫ (𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠
𝑇

0

+ |𝐵 − 𝑇|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ 𝑇|𝜌1|∫ 𝑒−𝑘(𝜁1−𝑠)
𝜁1

0

(𝐼𝛽−1|𝐻2(𝑡)|)(𝑠)𝑑𝑠 + |𝜇1𝜌1|∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠]

+ ∫ 𝑒−𝑘(𝑇−𝑠)
𝑇

0

(𝐼𝛼−1|𝐻1(𝑡)|)(𝑠)𝑑𝑠,                                                                                             (17) 



 

43 

≤ r1 [|Δ|𝑒
−𝑘𝑇𝜇2 ((𝐼

𝛼−11)(휂2) + 𝑘∫ 𝑒−𝑘(𝜂2−𝑠)
𝜂2

0

(𝐼𝛼−11)(𝑠)𝑑𝑠)

+ |λ|𝑒−𝑘𝑇 (∫ (𝐼𝛼−11)(𝑠)𝑑𝑠
𝑇

0

+ 𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

)

+
1

|𝜔|
(
|𝐴𝜇2|

𝑘
(𝐼𝛼−11)(휂2) + |𝐴𝜇2|∫ 𝑒−𝑘(𝜂2−𝑠)

𝜂2

0

(𝐼𝛼−11)(𝑠)𝑑𝑠

+
|𝐵|

𝑘
∫ (𝐼𝛼−11)(𝑠)𝑑𝑠
𝑇

0

+ |𝐵 − 𝑇|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛼−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

+ |𝜇1𝜌1|∫ 𝑒−𝑘(𝜂1−𝑠)
𝜂1

0

(𝐼𝛼−11)(𝑠)𝑑𝑠) + ∫ 𝑒−𝑘(𝑇−𝑠)
𝑇

0

(𝐼𝛼−11)(𝑠)𝑑𝑠]

+ r2 [|Δ|𝑒
−𝑘𝑇 (∫ (𝐼𝛽−11)(𝑠)𝑑𝑠 +

𝑇

0

𝑘∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

)

+ |λ|𝑒−𝑘𝑇 (|𝜌2|(𝐼
𝛽−11)(휁2) + 𝑘|𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−11)(𝑠)𝑑𝑠)

+
1

|𝜔|
(
|𝐴|

𝑘
∫ (𝐼𝛽−11)(𝑠)𝑑𝑠
𝑇

0

+ |𝐴 − 𝜌1|∫ ∫ 𝑒−𝑘(𝑥−𝑠)
𝑥

0

(𝐼𝛽−11)(𝑠)𝑑𝑠𝑑𝑥
𝑇

0

  

+
|𝐵𝜌2|

𝑘
(𝐼𝛽−11)(휁2) + |𝐵𝜌2|∫ 𝑒−𝑘(𝜁2−𝑠)

𝜁2

0

(𝐼𝛽−11)(𝑠)𝑑𝑠)]

=  𝐫𝟏N1 + 𝐫𝟐N2 .    

By the same method we can obtain that  

 |𝑦(𝑡) − 𝑦∗(𝑡)| ≤ 𝑁3 𝑟1 +𝑁4 𝑟2,                                                  (18) 

where Ni, i = 1,2,3,4 are mentioned before. Hence Remark 4.3.2 is verified, with the 

help of (17) and (18). Thus the nonlinear sequential coupled system of Caputo 

fractional differential equations is Hyers-Ulam stable and consequently, by the system 

(1) is Hyers-Ulam –stable.  

4.4 Example 

 Consider the following system of fractional differential equation 
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{
 
 
 
 

 
 
 
  c𝐷1/2(𝐷 + 1)𝑥(𝑡) =

1

8𝜋√49 + 𝑡2
(

|𝑥(𝑡)|

1 + |𝑥(𝑡)|
+ sin 𝑦(𝑡)) +

1

4
, 𝑡 ∈ [0,1]

 c𝐷1/3(𝐷 + 1)𝑦(𝑡) =
1

2𝜋(4 + 𝑡)2
(𝑠𝑖𝑛(𝑥(𝑡)) +

𝑦(𝑡)

1 + |𝑥(𝑡)|
) + 1, 𝑡 ∈ [0,1]

∫ 𝑥(𝑠)𝑑𝑠 = 𝑦(1/2),∫ 𝑥′(𝑠)𝑑𝑠 = −2𝑦′(1/2),
1

0

                                                       
1

0

∫ 𝑦(𝑠)𝑑𝑠 = −3𝑥(1/3),∫ 𝑦′(𝑠)𝑑𝑠 = 𝑥′(1).  
1

0

        
1

0

                                                     

                 (19) 

Here 

𝑘 = 1, 𝛼 =
3

2
, 𝛽 =

4

3
, 𝑇 = 1, 𝜌1 = 1, 휁1 =

1

2
, 𝜌2 = −2, 휁2 =

1

2
, 𝜇1 = −3, 휂1 =

1

3
, 𝜇2 = 1,

휂2 = 1. 

 We found 

𝑁1 = 4.5398,𝑁2 = 4.9766,𝑁3 = 2.7046,𝑁4 = 5.872, ℎ𝑓 =
1

56𝜋
, ℎ𝑔 =

1

32𝜋
. 

It’s clear that f, g  are jointly continuous functions where 

𝑓(𝑡, 𝑥, 𝑦) =
1

8𝜋√49 + 𝑡2
(

|𝑥(𝑡)|

1 + |𝑥(𝑡)|
+ sin𝑦(𝑡)) +

1

4
 , 

𝑔(𝑡, 𝑥, 𝑦) =
1

2𝜋(4 + 𝑡)2
(𝑠𝑖𝑛(𝑥(𝑡)) +

𝑦(𝑡)

1 + |𝑥(𝑡)|
) + 1 . 

Now, check that  ℎ𝑓(𝑁1 +𝑁3) + ℎ𝑔(𝑁2 +𝑁4) < 1. 

Hence 

1

56𝜋
(7.2444) +

1

32𝜋
(10.8486) = 0.149 < 1. 

Thus all the conditions of Theorem 4.2.1 are satisfied, then problem (19) has a unique 

solution on [0,1]. 

4.5 Conclusion 

The current chapter studied a coupled system of Caputo type sequential fractional 

differential equations with integral boundary conditions. Solutions of the system were 

examined in details and their existence and uniqueness were established by employing 
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Banach’s fixed-point theorem and Schauder’s alternative. The Hyers-Ulam stability of 

solutions was also discussed and supporting numerical results were presented. 
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Chapter 5 

5 EXISTENCE AND ULAM-HYERS STABILITY OF 

COUPLED SEQUENTIAL FRACTIONAL DIFFERENTIAL 

EQUATIONS WITH INTEGRAL BOUNDARY 

CONDITIONS 

In this chapter we study the existence and uniqueness of solutions for sequential 

fractional differential equations involving Caputo derivative of order 1 < 𝛼 ≤ 2 with 

integral boundary conditions. Moreover, we discuss Hyers-Ulam stability for the 

problem at hand. Finally, an example is provided to illustrate the theoretical results. 

We study the following nonlinear sequential fractional differential equation subject to 

non-separated non-local integral fractional boundary conditions 

{
 
 
 

 
 
 

(𝐷𝛼 + 𝜆𝐷𝛼−1)𝑥(𝑡) = 𝑓1(𝑡, 𝑥(𝑡), 𝑦(𝑡)), 1 < 𝛼 ≤ 2, 0 ≤ 𝑡 ≤ 𝑇,

(𝐷𝛽 + 𝜆𝐷𝛽−1)𝑦(𝑡) = 𝑓2(𝑡, 𝑥(𝑡), 𝑦(𝑡)), 1 < 𝛽 ≤ 2, 0 ≤ 𝑡 ≤ 𝑇,

𝜈1𝑥(휂) + 𝜇1𝑥(𝑇) = ∫ ℎ1(𝑥(𝑠))𝑑𝑠
𝑇

0

, 𝜈1𝑦(휂) + 𝜇1𝑦(𝑇) = ∫ ℎ2(𝑦(𝑠))𝑑𝑠,
𝑇

0

𝜈2𝑥
′(휂) + 𝜇2𝑥

′(𝑇) = ∫ 𝑔1(𝑥(𝑠))𝑑𝑠
𝑇

0

, 𝜈2𝑦
′(휂) + 𝜇2𝑦

′(𝑇) = ∫ 𝑔2(𝑦(𝑠))𝑑𝑠,
𝑇

0

(1) 

where 𝐷𝛼 , 𝐷𝛽 denote the Caputo derivative, 0 < 휂 < 𝑇, 𝜆 ∈ ℝ₊, 𝜈₁, 𝜈₂, 𝜇₁, 𝜇₂ ∈ ℝ. 

In Section 1, we recall some basic concepts of fractional calculus and obtain the 

integral solution for the linear variants of the given problems. Section 2 contains the 

existence results for problem (1)obtained by applying Leray-Schauder's nonlinear 
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alternative, Banach's contraction mapping principle. In Section 3, Ulam-Hyers 

stability for the problem (1) is studied. Finally, in Section 4, an example is provided 

to illustrate the theoretical results. 

5.1 Preliminaries 

We begin this section with prove an auxiliary lemma, which plays a key role in 

defining a fixed-point problem associated with the given problem. 

Lemma 5.1.1 [1] Let 𝛼 > 0. Then the differential equation 𝐷0+
𝛼 𝑓(𝑡) = 0 has solutions 

𝑓(𝑡) = 𝑐₀ + 𝑐₁𝑡 + 𝑐₂𝑡²+. . . +𝑐𝑛−1𝑡ⁿ⁻¹, 

and 

𝐼0+
𝛼 𝐷0+

𝛼 𝑓(𝑡) = 𝑓(𝑡) = 𝑐₀ + 𝑐₁𝑡 + 𝑐₂𝑡²+. . . +𝑐𝑛−1𝑡ⁿ⁻¹,                              (2) 

where  𝑐𝑖 ∈ ℝ 𝑎𝑛𝑑 𝑖 = 1,2, . . . , 𝑛 = [𝛼] + 1. 

Let 𝐶([0, 𝑇]; ℝ) denote the Banach space of all continuous functions from [0,T] to ℝ 

equipped with the sup-norm ‖𝑥‖∞ = 𝑠𝑢𝑝{|𝑥(𝑡)|: 0 ≤ 𝑡 ≤ 𝑇}. For computational 

convenience, in what follows we use the following notations: 

 𝑎₁₁ ∶= 𝜈₁𝑒−𝜆𝜂 + 𝜇₁𝑒−𝜆𝑇 , 𝑎₁₂: = 𝜈₁
1

𝜆
(1 − 𝑒−𝜆𝜂) + 𝜇₁

1

𝜆
(1 − 𝑒−𝜆𝑇) 

 𝑎₂₁ ∶= −𝜆𝜈₂𝑒−𝜆𝜂 − 𝜆𝜇₂𝑒−𝜆𝑇,   𝑎₂₂: = 𝜈₂𝑒−𝜆𝜂 + 𝜇₂𝑒−𝜆𝑇 , 

 𝛥 ∶= 𝑎₁₁𝑎₂₂ − 𝑎₁₂𝑎₂₁, 𝛥 ≠ 0, 

 𝜙₁(𝑡)  = (
𝑎₁₂

𝛥
𝑒−𝜆𝑡 −

𝑎₁₁

𝛥

1

𝜆
(1 − 𝑒−𝜆𝑡)), 

 𝜙₂(𝑡)  = (
𝑎₂₁

𝛥

1

𝜆
(1 − 𝑒−𝜆𝑡) −

𝑎₂₂

𝛥
𝑒−𝜆𝑡). 

Lemma 5.1.2 Let 𝜌, 𝛾₁, 𝛾₂ ∈ 𝐶([0, 𝑇]; ℝ). Then following boundary value problem 

. {

(𝐷𝛼 + 𝜆𝐷𝛼−1)𝑧(𝑡) = 𝜌(𝑡), 1 < 𝛼 ≤ 2, 0 ≤ 𝑡 ≤ 𝑇,

𝜈₁𝑧(휂) + 𝜇₁𝑧(𝑇) = ∫ 𝛾₁(𝑠)𝑑𝑠
𝑇

0
,

𝜈₂𝑧′(휂) + 𝜇₂𝑧′(𝑇) = ∫ 𝛾₂(𝑠)𝑑𝑠
𝑇

0
,

                              (3) 
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is equivalent to the fractional integral equation 

𝑧(𝑡) = ∫ (𝑡 − 𝑠)𝛼−1
𝑡

0

𝐸1,𝛼(−𝜆; 𝑡 − 𝑠)𝜌(𝑠)𝑑𝑠 +∑𝜈𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ (휂 − 𝑠)𝛼−𝑗
𝜂

0

(𝐸1,𝛼+𝑗−1(−𝜆; 휂

− 𝑠)𝜌(𝑠)𝑑𝑠 +∑𝜇𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ (𝑇 − 𝑠)𝛼−𝑗
𝑇

0

𝐸1,𝛼+𝑗−1(−𝜆; 𝑇 − 𝑠)𝜌(𝑠)𝑑𝑠

−∑𝜙𝑗(𝑡)

2

𝑗=1

∫ 𝛾𝑗(𝑠)𝑑𝑠
𝑇

0

. 

Proof. Applying 𝐼𝛼−1 to both sides of (3)and using (2) we get 

𝐼𝛼−1𝐷𝛼−1(𝐷 + 𝜆)𝑧(𝑡) = 𝐼𝛼−1𝜌(𝑡), 

(𝐷 + 𝜆)𝑧(𝑡) = 𝑐₀ + 𝐼𝛼−1𝜌(𝑡). 

We solve the above linear ordinary differential equation 

𝑧(𝑡) = 𝑐₁𝑒−𝜆𝑡 + 𝑐₀
1

𝜆
− 𝑐₀

1

𝜆
𝑒−𝜆𝑡 + ∫ 𝑒−𝜆(𝑡−𝑠)

𝑡

0
𝐼𝛼−1𝑟(𝑠)𝑑𝑠 = 𝑐₁𝑒−𝜆𝑡 + 𝑐₀

1

𝜆
(1 − 𝑒−𝜆𝑡) +

∫ (𝑡 − 𝑟)𝛼−1
𝑡

0
𝐸1,𝛼(−𝜆; 𝑡 − 𝑟)𝜌(𝑟)𝑑𝑟                                   (5) 

It is clear that 

𝑧′(𝑡) = −𝜆𝑐₁𝑒𝑡 + 𝑐₀𝑒−𝜆𝑡 + ∫ (𝑡 − 𝑟)𝛼−2
𝑡

0
𝐸1,𝛼−1(−𝜆; 𝑡 − 𝑟)𝜌(𝑟)𝑑𝑟               (6) 

The first boundary condition implies that 

𝜈₁𝑧(휂) + 𝜇₁𝑧(𝑇)

= 𝜈₁𝑐₁𝑒−𝜆𝜂 + 𝜈₁𝑐₀
1

𝜆
(1 − 𝑒−𝜆𝜂) + 𝜈₁∫ (휂 − 𝑟)𝛼−1

𝜂

0

𝐸1,𝛼(−𝜆; 휂

− 𝑟)𝜌(𝑟)𝑑𝑟 + 𝜇₁𝑐₁𝑒−𝜆𝑇 + 𝜇₁𝑐₀
1

𝜆
(1 − 𝑒−𝜆𝑇)

+ 𝜇₁∫ (𝑇 − 𝑟)𝛼−1
𝑇

0

𝐸1,𝛼(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟 = ∫ 𝛾₁(𝑠
𝜉

0

)𝑑𝑠. 

It follows that 
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(𝜈₁𝑒−𝜆𝜂 + 𝜇₁𝑒−𝜆𝑇)𝑐₁ + (𝜈₁
1

𝜆
(1 − 𝑒−𝜆𝜂) + 𝜇₁

1

𝜆
(1 − 𝑒−𝜆𝑇))𝑐₀

= ∫ 𝛾₁(𝑠
𝜉

0

)𝑑𝑠 − 𝜈₁∫ (휂 − 𝑟)𝛼−1
𝜂

0

𝐸1,𝛼(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

− 𝜇₁∫ (𝑇 − 𝑟)𝛼−1
𝑇

0

𝐸1,𝛼(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟. 

The second boundary condition with (6) implies that 

𝜈₂𝑧′(휂) + 𝜇₂𝑧′(𝑇)

= 𝜈₂(−𝜆𝑐₁𝑒−𝜆𝜂 + 𝑐₀𝑒−𝜆𝜂) + 𝜈₂∫ (휂 − 𝑟)𝛼−2
𝜂

0

𝐸1,𝛼−1(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

+ 𝜇₂(−𝜆𝑐₁𝑒−𝜆𝑇 + 𝑐₀𝑒−𝜆𝑇) + 𝜇₂∫ (𝑇 − 𝑟)𝛼−2
𝑇

0

𝐸1,𝛼−1(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟

= ∫ 𝛾₂
𝑇

𝜁

(𝑠)𝑑𝑠. 

Thus 

𝑎₁₁𝑐₁ + 𝑎₁₂𝑐₀ = ∫ 𝛾₁(𝑠
𝑇

0

)𝑑𝑠 − 𝜈₁∫ (휂 − 𝑟)𝛼−1
𝜂

0

𝐸1,𝛼(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

− 𝜇₁∫ (𝑇 − 𝑟)𝛼−1
𝑇

0

𝐸1,𝛼(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟, 

𝑎₂₁𝑐₁ + 𝑎₂₂𝑐₀ = ∫ 𝛾₂(𝑠
𝑇

0

)𝑑𝑠 − 𝜈₂∫ (휂 − 𝑟)𝛼−2
𝜂

0

𝐸1,𝛼−1(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

− 𝜇₂∫ (𝑇 − 𝑟)𝛼−2
𝑇

0

𝐸1,𝛼−1(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟. 

Solving the above system of equations for 𝑐₀ and 𝑐₁, we get 

𝑐0 =
𝑎11

𝛥
(∫ 𝛾₂(𝑠

𝑇

0
)𝑑𝑠 − 𝜈₂∫ (휂 − 𝑟)𝛼−2

𝜂

0
𝐸1,𝛼−1(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟 − 𝜇₂ ∫ (𝑇 −

𝑇

0

𝑟)𝛼−2 𝐸1,𝛼−1(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟) −
𝑎21

𝛥
(∫ 𝛾₁(𝑠

𝑇

0
)𝑑𝑠 − 𝜈₁∫ (휂 − 𝑟)𝛼−1

𝜂

0
𝐸1,𝛼(−𝜆; 휂 −

𝑟)𝜌(𝑟)𝑑𝑟 − 𝜇₁ ∫ (𝑇 − 𝑟)𝛼−1
𝑇

0
𝐸1,𝛼(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟),  
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𝑐1 =
𝑎22
𝛥
(∫ 𝛾₁(𝑠

𝑇

0

)𝑑𝑠 − 𝜈₁∫ (휂 − 𝑟)𝛼−1
𝜂

0

𝐸1,𝛼(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

− 𝜇₁∫ (𝑇 − 𝑟)𝛼−1
𝑇

0

𝐸1,𝛼(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟)

−
𝑎12
𝛥
(∫ 𝛾₂(𝑠

𝑇

0

)𝑑𝑠 − 𝜈₂∫ (휂 − 𝑟)𝛼−2
𝜂

0

𝐸1,𝛼−1(−𝜆; 휂 − 𝑟)𝜌(𝑟)𝑑𝑟

− 𝜇₂∫ (𝑇 − 𝑟)𝛼−2
𝑇

0

𝐸1,𝛼−1(−𝜆; 𝑇 − 𝑟)𝜌(𝑟)𝑑𝑟). 

Inserting 𝑐₀ and 𝑐₁ in (5) we obtain the desired formula (4). 

Conversely, assume that 𝑢 satisfies (4). By a direct computation, it follows that the 

solution given by (4)satisfies (3).                                      ∎ 

Lemma 5.1.3 For any 𝑔, ℎ ∈ 𝐶([0, 𝑇]; ℝ), 𝛾 > 0, we have 

|∫ (𝑡 − 𝑠)𝛾−1
𝑡

0

𝐸1,𝛾(−𝜆; 𝑡 − 𝑠)(𝑔(𝑠) − ℎ(𝑠))𝑑𝑠| ≤ 𝑡
𝛾𝐸1,𝛾+1(−𝜆; 𝑡)‖𝑔 − ℎ‖∞. 

Proof. Indeed, 

|∫ (𝑡 − 𝑠)𝛾−1
𝑡

0

𝐸1,𝛾(−𝜆; 𝑡 − 𝑠)(𝑔(𝑠) − ℎ(𝑠))𝑑𝑠|

≤∑
𝜆𝑘

𝛤(𝑘 + 𝛾)

∞

𝑘=0

∫ (𝑡 − 𝑠)𝑘+𝛾−1
𝑡

0

|𝑔(𝑠) − ℎ(𝑠)|𝑑𝑠

≤∑
𝜆𝑘𝑡𝑘+𝛾

𝛤(𝑘 + 𝛾 + 1)

∞

𝑘=0

= 𝑡𝛾𝐸1,𝛾+1(|𝜆|; 𝑡)‖𝑔 − ℎ‖∞.                                ∎ 

5.2 Main Results 

By Lemma 5.1.2, we introduce a fixed point problem associated with the problem as 

follows: 

(𝑥, 𝑦) = (𝑇₁, 𝑇₂)(𝑥, 𝑦) = 𝑇(𝑥, 𝑦): 𝐶([0, 𝑇];ℝ) × 𝐶([0, 𝑇];ℝ) → 𝐶([0, 𝑇];ℝ) × 𝐶([0, 𝑇]; ℝ), 

where 
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𝑇₁(𝑥, 𝑦)(𝑡) = ∫ (𝑡 − 𝑟)𝛼−1
𝑡

0

𝐸1,𝛼(−𝜆; 𝑡 − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜈𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ 휂 − 𝑠)𝛼−𝑗
𝜂

0

𝐸1,𝛼+𝑗−1(−𝜆; 휂 − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜇𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ (𝑇 − 𝑠)𝛼−𝑗
𝑇

0

𝐸1,𝛼+𝑗−1(−𝜆; 𝑇 − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜙𝑗(𝑡)

2

𝑗=1

∫ ℎ𝑗(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟.
𝑇

0

                                                           (6) 

𝑇2(𝑥, 𝑦)(𝑡) = ∫ (𝑡 − 𝑟)𝛽−1
𝑡

0

𝐸1,𝛽(−𝜆; 𝑡 − 𝑟)𝑓2(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜈𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ 휂 − 𝑠)𝛽−𝑗
𝜂

0

𝐸1,𝛽+𝑗−1(−𝜆; 휂 − 𝑟)𝑓2(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜇𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ (𝑇 − 𝑠)𝛽−𝑗
𝑇

0

𝐸1,𝛽+𝑗−1(−𝜆; 𝑇 − 𝑟)𝑓2(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

+∑𝜙𝑗(𝑡)

2

𝑗=1

∫ 𝑔𝑗(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟.
𝑇

0

                                                           (7) 

Evidently, the existence of fixed points of the operator 𝑇 is equivalent to the 

existence of solutions for problem (1) for 𝛾 = 𝛼, 𝛽, let 

𝑅𝛾: = 𝑚𝑎𝑥 {
(𝑇𝛾𝐸1,𝛾+1(|𝜆|; 𝑇) + ∑ |𝜈𝑗| |𝜙𝑗(𝑡)| 휂

𝛾−𝑗𝐸1,𝛾+𝑗−1(|𝜆|; 휂)
2
𝑗=1

+∑ |𝜇
𝑗
| |𝜙

𝑗
(𝑡)|2

𝑗=1 𝑇𝛾−𝑗𝐸1,𝛾+𝑗−1(|𝜆|; 𝑇)), (‖𝜙₁‖ + ‖𝜙₂‖)𝑇
}. 

Here, we prove the existence and uniqueness of solutions for problem(1). We apply 

a fixed-point theorem due to Banach. 

Theorem 5.2.1 Let 𝑓𝑖 , ℎ𝑖 , 𝑔𝑖: [0, 𝑇] × ℝ × ℝ → ℝ be continuous functions such that 

the following conditions hold: 

(𝐴1) There exists 𝐿𝑓 , 𝐿ℎ, 𝐿𝑔 > 0 such that 

|𝑓𝑖(𝑡, 𝑥₁, 𝑦₁) − 𝑓𝑖(𝑡, 𝑥₂, 𝑦₂)| ≤ 𝐿𝑓(|𝑥₁ − 𝑥₂| + |𝑦₁ − 𝑦₂|), 
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|ℎ𝑖(𝑡, 𝑥₁, 𝑦₁) − ℎ𝑖(𝑡, 𝑥₂, 𝑦₂)| ≤ 𝐿ℎ(|𝑥₁ − 𝑥₂| + |𝑦₁ − 𝑦₂|), 

|𝑔𝑖(𝑡, 𝑥₁, 𝑦₁) − 𝑔𝑖(𝑡, 𝑥₂, 𝑦₂)| ≤ 𝐿𝑔(|𝑥₁ − 𝑥₂| + |𝑦₁ − 𝑦₂|), 

∀(𝑡, 𝑥₁, 𝑦₁), (𝑡, 𝑥₂, 𝑦₂) ∈ [0, 𝑇] ×ℝ ×ℝ. 

(𝐴2)                            1 − 2(𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 > 0, 1 − 2(𝐿𝑓 + 𝐿𝑔)𝑅

𝛽 > 0. 

Then problem (1) has a unique solution in 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ). 

Proof. Consider a ball 

𝐵𝑟: = 𝑢 ∈ 𝐶([0, 𝑇], ℝ): ‖𝑢‖∞ ≤ 𝑟 

with radius 

𝑟 ≥ 𝑚𝑎𝑥 {
(𝑀𝑓 +𝑀ℎ)𝑅

𝛼

1 − 2(𝐿𝑓 + 𝐿ℎ)𝑅
𝛼
,
((𝑀𝑓 +𝑀𝑔)𝑅

𝛽

1 − 2(𝐿𝑓 + 𝐿𝑔)𝑅
𝛽
}, 

where 

𝑀𝑓: = 𝑚𝑎𝑥(‖𝑓₁(𝑡, 0,0)‖∞, ‖𝑓₂(𝑡, 0,0)‖∞), 

𝑀ℎ: = 𝑚𝑎𝑥(‖ℎ₁(𝑡, 0,0)‖∞, ‖ℎ₂(𝑡, 0,0)‖∞), 

𝑀𝑔: = 𝑚𝑎𝑥(‖𝑔₁(𝑡, 0,0)‖∞, ‖𝑔₂(𝑡, 0,0)‖∞). 

It is clear that for all 𝑥, 𝑦 ∈ ℝ 

|𝑓𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝐿𝑓(|𝑥| + |𝑦|) + 𝑀𝑓 , 

|ℎ𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝐿ℎ(|𝑥| + |𝑦|) + 𝑀ℎ, 

|𝑔𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝐿𝑔(|𝑥| + |𝑦|) + 𝑀𝑔. 

Using this inequality and Lemma 5.1.3, from (6) it follows that 

|𝑇₁(𝑥, 𝑦)(𝑡)| ≤ 𝑡𝛼𝐸1,𝛼+1(|𝜆|; 𝑡)‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖ +∑|𝜈𝑗||𝜙𝑗(𝑡)|휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

‖𝑓𝑖(

⋅, 𝑥(⋅), 𝑦(⋅))‖ +∑|𝜇𝑗||𝜙𝑗(𝑡)|

2

𝑗=1

𝑇𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖∞

+∑|𝜙𝑗(𝑡)|

2

𝑗=1

∫ |ℎ𝑖(𝑟, 𝑥(𝑟), 𝑦(𝑟))|𝑑𝑟.
𝑇

0
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≤ (𝑡𝛼𝐸1,𝛼+1(−𝜆; 𝑡) +∑|𝜈𝑗||𝜙𝑗(𝑡)|휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

+∑|𝜇𝑗||𝜙𝑗(𝑡)|

2

𝑗=1

𝑇𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)) × (𝐿𝑓(|𝑥| + |𝑦|) + 𝑀𝑓) + (‖𝜙₁‖

+ ‖𝜙₂‖)𝑇(𝐿ℎ(|𝑥| + |𝑦|) + 𝑀ℎ) ≤ ((𝐿𝑓 + 𝐿ℎ)𝑟 + 𝑀𝑓 +𝑀ℎ)𝑅
𝛼

≤
𝑟

2
.                                                                                                                        (8) 

In the like manner we have 

|𝑇₂(𝑥, 𝑦)(𝑡)| ≤ ((𝐿𝑓 + 𝐿ℎ)𝑟 + 𝑀𝑓 +𝑀ℎ)𝑅
𝛽 ≤

𝑟

2
.                                                                   (9) 

From (8) and (9) it follows that 𝑇𝐵𝑟 ⊂ 𝐵𝑟 . Next, using  condition (𝐴₁), we obtain 

|𝑇₁(𝑥₁, 𝑦₁)(𝑡) − 𝑇₁(𝑥₂, 𝑦₂)(𝑡)| ≤ 𝑅𝛼‖𝑓₁(⋅, 𝑥₁(⋅), 𝑦₁(⋅)) − 𝑓₁(⋅, 𝑥₂(⋅), 𝑦₂(⋅))‖∞

≤ (𝐿𝑓 + 𝐿ℎ)𝑅
𝛼‖(𝑥₁, 𝑦₁) − (𝑥₂, 𝑦₂)‖∞.                                                (10) 

Similarly, 

|𝑇₂(𝑥₁, 𝑦₁)(𝑡) − 𝑇₂(𝑥₂, 𝑦₂)(𝑡)| ≤ 𝑅𝛽‖𝑓₂(⋅, 𝑥₁(⋅), 𝑦₁(⋅)) − 𝑓₂(⋅, 𝑥₂(⋅), 𝑦₂(⋅))‖∞

≤ (𝐿𝑓 + 𝐿𝑔)𝑅
𝛽‖(𝑥₁, 𝑦₁) − (𝑥₂, 𝑦₂)‖∞.                                                (11) 

It follows from (10) and (11) that 

‖𝑇(𝑥₁, 𝑦₁) − 𝑇(𝑥₂, 𝑦₂)‖ ≤ [(𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 + (𝐿𝑓 + 𝐿𝑔)𝑅

𝛽]‖(𝑥₁, 𝑦₁) − (𝑥₂, 𝑦₂)‖∞. 

By (𝐴₂) the operator 𝑇 is a contraction. Thus by the Banach fixed point theorem 𝑇 has 

a unique fixed point in 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ). This completes the proof.         ∎ 

In the next result, we prove the existence of solutions for problem(1) by applying the 

Leray-Schauder alternative. 

Theorem 5.2.2 Let  𝑓. [0, 𝑇] × ℝ × ℝ → ℝ be a continuous function such that the 

following condition holds: 
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(𝐴₃) There exists 𝛾𝑓 , 𝛾ℎ, 𝛾𝑔 ∈ 𝐶([0, 𝑇], ℝ₊) and a nondecreasing function 𝜓:ℝ₊ → ℝ₊ 

such that 

|𝑓𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝛾𝑓(𝑡)𝜓𝑓(|𝑥| + |𝑦|), ∀(𝑡, 𝑢) ∈ [0, 𝑇] × 𝑅. 

                        |ℎ𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝛾ℎ(𝑡)𝜓ℎ(|𝑥| + |𝑦|), 

                        |𝑔𝑖(𝑡, 𝑥, 𝑦)| ≤ 𝛾𝑔(𝑡)𝜓𝑔(|𝑥| + |𝑦|). 

(𝐴4) There exists 𝑀 > 0  such that 

‖(𝑥, 𝑦)‖∞

(‖𝛾𝑓‖∞𝜓𝑓(‖(𝑥, 𝑦)‖∞) + ‖𝛾ℎ‖∞𝜓ℎ(‖(𝑥, 𝑦)‖∞))𝑅
𝛼 + (‖𝛾𝑓‖∞𝜓𝑓(‖(𝑥, 𝑦)‖∞) + ‖𝛾𝑔‖∞𝜓𝑔(‖(𝑥, 𝑦)‖∞))𝑅

𝛽))

≤ 1. 

Then  BVP (1)  has at least one solution. 

Proof. Step 1: Show that 𝑇: 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) → 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) 

maps bounded sets into bounded sets and is continuous. 

Let 𝐵𝑟be a bounded set in 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ).Then 

|𝑓₁(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ ‖𝛾𝑓‖𝜓𝑓(𝑟), |𝑓₂(𝑡, 𝑥(𝑡), 𝑦(𝑡))| ≤ ‖𝛾𝑓‖𝜓𝑓(𝑟), 

and by Lemma 5.1.3, 

|𝑇₁(𝑥, 𝑦)(𝑡)| ≤ 𝑡𝛼𝐸1,𝛼+1(|𝜆|; 𝑡)‖𝑓₁(⋅, 𝑥(⋅), 𝑦(⋅))‖

+∑|𝜈𝑗| |𝜙𝑗(𝑡)| 휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖

+∑|𝜇
𝑗
| |𝜙

𝑗
(𝑡)|

2

𝑗=1

𝑇𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖∞

+∑|𝜙
𝑗
(𝑡)|

2

𝑗=1

∫ |ℎ𝑖(𝑟, 𝑥(𝑟), 𝑦(𝑟))|𝑑𝑟
𝑇

0

 



 

55 

≤ (𝑡𝛼𝐸1,𝛼+1(|𝜆|; 𝑡) +∑|𝜈𝑗| |𝜙𝑗(𝑡)| 휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

+∑|𝜇
𝑗
| |𝜙

𝑗
(𝑡)|

2

𝑗=1

𝑇𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)) × (𝛾𝑓(𝑡)𝜓𝑓(|𝑥| + |𝑦|) + 𝑀𝑓)

+ (‖𝜙₁‖ + ‖𝜙₂‖)𝑇(𝐿ℎ(|𝑥| + |𝑦|) + 𝑀ℎ)

≤ (‖𝛾𝑓‖𝜓𝑓(‖(𝑥, 𝑦)‖) + ‖𝛾ℎ‖𝜓ℎ(‖(𝑥, 𝑦)‖))𝑅
𝛼. 

Similarly 

|𝑇₂(𝑥, 𝑦)(𝑡)| ≤ (‖𝛾𝑓‖𝜓𝑓(‖(𝑥, 𝑦)‖) + ‖𝛾𝑔‖𝜓𝑔(‖(𝑥, 𝑦)‖))𝑅
𝛽. 

It follows that 𝑇(𝐵𝑟) is bounded. 

Step 2: Next we show that 𝑇 maps bounded sets into equicontinuous sets of 

𝐶([0, 𝑇], ℝ). 

Let 𝑡₁, 𝑡₂ ∈ [0, 𝑇] with 𝑡₁ < 𝑡₂ and (𝑥, 𝑦) ∈ 𝐵𝑟. Then we obtain 

|𝑇₁(𝑥, 𝑦)(𝑡₁) − 𝑇₁(𝑥, 𝑦)(𝑡₂)|

≤ |∫ (𝑡₁ − 𝑟)𝛼−1
𝑡₁

0

𝐸1,𝛼(−𝜆; 𝑡₁ − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟

− ∫ (𝑡₂ − 𝑟)𝛼−1
𝑡₂

0

𝐸1,𝛼(−𝜆; 𝑡₂ − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟|

+∑|𝜈𝑗| |𝜙𝑗(𝑡₁) − 𝜙𝑗(𝑡₂)| 휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖

+∑|𝜇
𝑗
|

2

𝑗=1

|𝜙𝑗(𝑡₁) − 𝜙𝑗(𝑡₂)|𝑇
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)‖𝑓𝑖(⋅, 𝑥(⋅), 𝑦(⋅))‖∞

+∑|𝜙𝑗(𝑡₁) − 𝜙𝑗(𝑡₂)|

2

𝑗=1

∫ |ℎ𝑖(𝑟, 𝑥(𝑟), 𝑦(𝑟))|𝑑𝑟
𝑇

0

.                                   (12) 

It is clear that the last three terms approach to zero independently of (𝑥, 𝑦) ∈ 𝐵𝑟 as 

𝑡₁ → 𝑡₂. Now, we estimate the first term of (12) 
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|∫ (𝑡₁ − 𝑟)𝛼−1
𝑡₁

0

𝐸1,𝛼(−𝜆; 𝑡₁ − 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟 − ∫ (𝑡₂ − 𝑟)𝛼−1
𝑡₂

0

𝐸1,𝛼(−𝜆; 𝑡₂

− 𝑟)𝑓₁(𝑟, 𝑥(𝑟), 𝑦(𝑟))𝑑𝑟| 

     = |∫ 𝑒−𝜆(𝑡₁−𝑠)
𝑡₁

0

(𝐼𝛼−1𝑓₁(⋅, 𝑥(⋅), 𝑦(⋅)))(𝑠)𝑑𝑠 − ∫ 𝑒−𝜆(𝑡₂−𝑠)
𝑡₂

0

(𝐼𝛼−1𝑓₁(⋅, 𝑥(⋅), 𝑦(⋅)))(𝑠)𝑑𝑠| 

     ≤ |∫  
𝑡₂

𝑡₁

𝑒−𝜆(𝑡₁−𝑠)(𝐼𝛼−1𝑓₁(⋅, 𝑥(⋅), 𝑦(⋅)))(𝑠)𝑑𝑠|

+ |∫ [𝑒−𝜆(𝑡₂−𝑠)
𝑡₁

0

− 𝑒−𝜆(𝑡₁−𝑠)](𝐼𝛼−1𝑓₁(⋅, 𝑥(⋅), 𝑦(⋅)))(𝑠)𝑑𝑠|. 

Obviously, the right-hand side of the above inequality tends to zero independently of (𝑥, 𝑦) ∈

𝐵𝑟 as 𝑡₁ → 𝑡₂. A Similar result is true for 𝑇₁(𝑥, 𝑦). As 𝑇 is uniformly bounded and 

equicontinuous, therefore it follows by the Arzelá-Ascoli theorem that 𝑇: 𝐶([0, 𝑇], ℝ) ×

𝐶([0, 𝑇], ℝ) → 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) is completely continuous. 

The result will follow from the Leray-Schauder nonlinear alternative once we have proved the 

boundedness of the set of all solutions to equations 𝑢 = 휃𝑇𝑢 for 0 ≤ 휃 ≤ 1. 

Let (𝑥, 𝑦) be a solution. Then, using the computations employed in proving that T is bounded, 

we have 

|(𝑥, 𝑦)(𝑡)| = 휃|𝑇(𝑥, 𝑦)(𝑡)|

≤ (‖𝛾𝑓‖𝜓𝑓(‖(𝑥, 𝑦)‖) + ‖𝛾ℎ‖𝜓ℎ(‖(𝑥, 𝑦)‖))𝑅
𝛼 + (‖𝛾𝑓‖𝜓𝑓(‖(𝑥, 𝑦)‖)

+ ‖𝛾𝑔‖𝜓𝑔(‖(𝑥, 𝑦)‖))𝑅
𝛽 . 

Consequently, we have 

‖(𝑥, 𝑦)‖∞

(‖𝛾𝑓‖∞𝜓𝑓(‖(𝑥, 𝑦)‖∞) + ‖𝛾ℎ‖∞𝜓ℎ(‖(𝑥, 𝑦)‖∞))𝑅
𝛼 + (‖𝛾𝑓‖∞𝜓𝑓(‖(𝑥, 𝑦)‖∞) + ‖𝛾𝑔‖∞𝜓𝑔(‖(𝑥, 𝑦)‖∞))𝑅

𝛽))

≤ 1. 

In view of (𝐴₄), there exists 𝑀 such that ‖𝑢‖𝐶 ≠ 𝑀. Let us set 

𝑈 = {𝑢 ∈ 𝐶([0, 𝑇], ℝ): ‖𝑢‖𝐶 < 𝑀}. 
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Note that the operator 𝑇: 𝑈 → 𝐶([0, 𝑇], ℝ) is continuous and completely continuous. From the 

choice of 𝑈, there is no 𝑢 ∈ 𝜕𝑈 such that 𝑢 = 휃𝑇𝑢 for some 0 < 휃 < 1. Consequently, by the 

nonlinear alternative of Leray-Schauder type, we deduce that 𝑇 has a fixed point 𝑢 ∈ 𝑈 which 

is a solution of problem (1). This completes the proof.                                                          ∎ 

5.3 Ulam -Stability 

In this section, we discuss the Ulam stability for problem (1) by means of integral 

representation of its solution given by 

𝑥(𝑡) = 𝑇₁(𝑥, 𝑦)(𝑡), 𝑦(𝑡) = 𝑇₂(𝑥, 𝑦)(𝑡), 

where 𝑇₁ and 𝑇₂ are defined by (6) and (7). 

Define the following nonlinear operators 𝑄₁, 𝑄₂: 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) → 𝐶([0, 𝑇], ℝ): 

𝑄₁(𝑥, 𝑦)(𝑡): = (𝐷𝛼 + 𝜆𝐷𝛼−1)𝑥(𝑡) − 𝑓₁(𝑡, 𝑥(𝑡), 𝑦(𝑡)), 

𝑄₂(𝑥, 𝑦)(𝑡): = (𝐷𝛽 + 𝜆𝐷𝛽−1)𝑥(𝑡) − 𝑓₂(𝑡, 𝑥(𝑡), 𝑦(𝑡)) 

For some 휀₁, 휀₂ > 0, we consider the following inequality: 

{‖𝑄₁(𝑥, 𝑦)‖ ≤ 휀₁, ‖𝑄₂(𝑥, 𝑦)‖ ≤ 휀₂.                                                 (13) 

Definition 5.3.1 The coupled system (1)  is said to be Ulam-Hyers stable, if there exist 

𝑉₁, 𝑉₂ > 0 such that for every solution (𝑥∗, 𝑦∗) ∈ 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) of the inequality 

(13), there exists a unique solution (𝑥, 𝑦) ∈ 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) of problem (1) with 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞ ≤ 𝑉₁휀₁ + 𝑉₂휀₂.                                        (14) 

Theorem 5.3.1 Let the assumptions of Theorem 5.2.1 hold. Then problem (1)   is 

Ulam-Hyers stable. 

Proof. Let (𝑥, 𝑦) ∈ 𝐶([0, 𝑇], ℝ) × 𝐶([0, 𝑇], ℝ) be the solution of problem (1) 

satisfying (6)and (7). Let (𝑥∗, 𝑦∗) be any solution satisfying(13): 

(𝐷𝛼 + 𝜆𝐷𝛼−1)𝑥∗(𝑡) = 𝑓₁(𝑡, 𝑥∗(𝑡), 𝑦∗(𝑡)) + 𝑄₁(𝑥∗, 𝑦∗)(𝑡), 

(𝐷𝛽 + 𝜆𝐷𝛽−1)𝑥∗(𝑡) = 𝑓₂(𝑡, 𝑥∗(𝑡), 𝑦∗(𝑡)) + 𝑄₂(𝑥∗, 𝑦∗)(𝑡). 
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So 

𝑥∗(𝑡) = 𝑇₁(𝑥∗, 𝑦∗)(𝑡) + ∫ (𝑡 − 𝑟)𝛼−1
𝑡

0

𝐸1,𝛼(−𝜆; 𝑡 − 𝑟)𝑄₁(𝑥
∗, 𝑦∗)(𝑟)𝑑𝑟

+∑𝜈𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ 휂 − 𝑠)𝛼−𝑗
𝜂

0

𝐸1,𝛼+𝑗−1(−𝜆; 휂 − 𝑟)𝑄₁(𝑥
∗, 𝑦∗)(𝑟)𝑑𝑟

+∑𝜇𝑗𝜙𝑗(𝑡)

2

𝑗=1

∫ (𝑇 − 𝑠)𝛼−𝑗
𝑇

0

𝐸1,𝛼+𝑗−1𝐸1,𝛼+𝑗−1(−𝜆; 𝑇 − 𝑟)𝑄₁(𝑥
∗, 𝑦∗)(𝑟)𝑑𝑟. 

It follows that 

|𝑇₁(𝑥∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)|

≤ ∫ (𝑡 − 𝑟)𝛼−1
𝑡

0

𝐸1,𝛼(|𝜆|; 𝑡 − 𝑟)𝑑𝑟휀₁

+∑|𝜈𝑗|‖𝜙𝑗(𝑡)‖

2

𝑗=1

∫ 휂 − 𝑠)𝛼−𝑗
𝜂

0

𝐸1,𝛼+𝑗−1(|𝜆|; 휂 − 𝑟)𝑑𝑟휀₁

+∑|𝜇𝑗|‖𝜙𝑗(𝑡)‖

2

𝑗=1

∫ (𝑇 − 𝑠)𝛼−𝑗
𝑇

0

𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇 − 𝑟)𝑑𝑟휀₁

≤ (𝑇𝛼𝐸1,𝛼+1(|𝜆|; 𝑇) +∑|𝜈𝑗|‖𝜙𝑗(𝑡)‖휂
𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 휂)

2

𝑗=1

+∑|𝜇𝑗|‖𝜙𝑗(𝑡)‖

2

𝑗=1

𝑇𝛼−𝑗𝐸1,𝛼+𝑗−1(|𝜆|; 𝑇)) 휀₁ =:𝑈
𝛼휀₁. 

Similarly, 

|𝑇₂(𝑥∗, 𝑦∗)(𝑡) − 𝑦∗(𝑡)|

≤ (𝑇𝛽𝐸1,𝛽+1(|𝜆|; 𝑇) +∑|𝜈𝑗|‖𝜙𝑗(𝑡)‖

2

𝑗=1

휂𝛽−𝑗𝐸1,𝛽+𝑗−1(|𝜆|; 휂)

+∑|𝜇𝑗|‖𝜙𝑗(𝑡)‖

2

𝑗=1

𝑇𝛽−𝑗𝐸1,𝛽+𝑗−1(|𝜆|; 𝑇)) 휀₂ =:𝑈
𝛽휀₁. 

Therefore, we deduce by the fixed-point property of the operator 𝑇,given by (6)and (7), that 
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|𝑥(𝑡) − 𝑥∗(𝑡)| = |𝑥(𝑡) − 𝑇₁(𝑥∗, 𝑦∗)(𝑡) + 𝑇₁(𝑥∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)|

≤ |𝑇₁(𝑥, 𝑦)(𝑡) − 𝑇₁(𝑥∗, 𝑦∗)(𝑡)| + |𝑇₁(𝑥∗, 𝑦∗)(𝑡) − 𝑥∗(𝑡)|

≤ (𝐿𝑓 + 𝐿ℎ)𝑅
𝛼‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞ + 𝑈

𝛼휀₁,                                   (15) 

and similarly 

|𝑦(𝑡) − 𝑦∗(𝑡)| = |𝑦(𝑡) − 𝑇₂(𝑥∗, 𝑦∗)(𝑡) + 𝑇₂(𝑥∗, 𝑦∗)(𝑡) − 𝑦∗(𝑡)|

≤ (𝐿𝑓 + 𝐿𝑔)𝑅
𝛽‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞ + 𝑈

𝛽휀₂.                                    (16) 

From (15) and (16) it follows that 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞

≤ ((𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 + (𝐿𝑓 + 𝐿𝑔)𝑅

𝛽)‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞ + 𝑈
𝛼휀₁ + 𝑈𝛽휀₂, 

and 

‖(𝑥, 𝑦) − (𝑥∗, 𝑦∗)‖∞ ≤
𝑈𝛼휀₁ + 𝑈𝛽휀₂

1 − ((𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 + (𝐿𝑓 + 𝐿𝑔)𝑅

𝛽
= 𝑉₁휀₁ + 𝑉₂휀₂, 

with 

𝑉₁ =
𝑈𝛼

1 − ((𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 + (𝐿𝑓 + 𝐿𝑔)𝑅

𝛽
, 

𝑉₂ =
𝑈𝛽

1 − ((𝐿𝑓 + 𝐿ℎ)𝑅
𝛼 + (𝐿𝑓 + 𝐿𝑔)𝑅

𝛽
. 

Thus, we obtain the Ulam-Hyers stability condition.                                                        ∎ 

5.4 Application 

We consider the following fractional order coupled system: 

{
 
 
 
 

 
 
 
 (𝐷𝛼 + 𝜆𝐷𝛼−1)𝑥(𝑡) = 𝐿𝑓

|𝑦(𝑡)|

1 + |𝑦(𝑡)|
, 1 < 𝛼 ≤ 2, 0 ≤ 𝑡 ≤ 𝑇,

(𝐷𝛽 + 𝜆𝐷𝛽−1)𝑦(𝑡) = 𝐿𝑓(𝑠𝑖𝑛𝑥(𝑡) + (𝑐𝑜𝑠𝑡)𝑥(𝑡)), 1 < 𝛽 ≤ 2, 0 ≤ 𝑡 ≤ 𝑇,

𝜈₁𝑥(휂) + 𝜇₁𝑥(𝑇) = 𝐿ℎ∫
|𝑥(𝑡)|

11 + |𝑥(𝑡)|
𝑑𝑠

𝑇

0

, 𝜈₁𝑦(휂) + 𝜇₁𝑦(𝑇) = 𝐿ℎ∫ (𝑠𝑖𝑛𝑦(𝑡) + 𝑐𝑜𝑠𝑦(𝑡))𝑑𝑠,
𝑇

0

𝜈₂𝑥′(휂) + 𝜇₂𝑥′(𝑇) = 𝐿𝑔∫
|𝑥(𝑡)|

21 + |𝑥(𝑡)|
𝑑𝑠

𝑇

0

, 𝜈₂𝑦′(휂) + 𝜇₂𝑦′(𝑇) = 𝐿𝑔∫ (𝑠𝑖𝑛𝑦(𝑡) + 𝑐𝑜𝑠𝑦(𝑡))𝑑𝑠,
𝑇

0

 

Here 

𝑓₁(𝑡, 𝑥, 𝑦) = 𝐿𝑓
|𝑦|

1 + |𝑦|
, 𝑓₂(𝑡, 𝑥, 𝑦) = 𝐿𝑓(𝑠𝑖𝑛𝑥 + (𝑐𝑜𝑠𝑡)𝑥), ℎ₁(𝑥) = 𝐿ℎ

|𝑥|

11 + |𝑥|
, 
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ℎ₂(𝑦) = 𝐿ℎ(𝑠𝑖𝑛𝑦 + 𝑐𝑜𝑠𝑦), 𝑔₁(𝑥) = 𝐿𝑔
|𝑥|

21 + |𝑥|
, 𝑔₂(𝑦) = 𝐿𝑔(𝑠𝑖𝑛𝑦 + 𝑐𝑜𝑠𝑦) 

As 

|𝑓₁(𝑡, 𝑥₁, 𝑦₁) − 𝑓₁(𝑡, 𝑥₂, 𝑦₂)| ≤ 𝐿𝑓|𝑦₁ − 𝑦₂|, |𝑓₂(𝑡, 𝑥₁, 𝑦₁) − 𝑓₂(𝑡, 𝑥₂, 𝑦₂)| ≤ 𝐿𝑓|𝑥₁ − 𝑥₂|, 

|ℎ₁(𝑡, 𝑥₁) − ℎ₁(𝑡, 𝑥₂)| ≤ 𝐿ℎ|𝑥₁ − 𝑥₂|, |ℎ₂(𝑡, 𝑦₁) − ℎ₂(𝑡, 𝑦₂)| ≤ 𝐿ℎ|𝑦₁ − 𝑦₂|, 

|𝑔₁(𝑡, 𝑥₁) − 𝑔₁(𝑡, 𝑥₂)| ≤ 𝐿𝑔|𝑥₁ − 𝑥₂|, |𝑔₂(𝑡, 𝑦₁) − 𝑔₂(𝑡, 𝑦₂)| ≤ 𝐿𝑔|𝑦₁ − 𝑦₂|, 

therefore (𝐴₁) is satisfied. It is obvious that 𝐿𝑓 , 𝐿ℎ , 𝐿𝑔 > 0 can be chosen so that condition 

(𝐴₂) is satisfied. Therefore, coupled system (1)  has a unique solution and Ulam-Hyers stable. 

5.5 Conclusion 

Here we have studied the existence and uniqueness of the solutions as well as the Ulam-Hyers 

stability for a coupled sequential fractional system with integral boundary conditions. As a 

future work, one can generalize a different concepts of stability and existence results to an 

impulsive fractional system, a neutral time-delay system/inclusion, and a time-delay 

system/inclusion with finite delay. neutral time-delay system/inclusion, and a time-delay with 

finite delay. 
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