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ABSTRACT

In this study, the ratio between the end depth and the upstream depth which is known
as the end depth ratio (EDR), is computed for the exponential (rectangular,
triangular, and parabolic), the generalized trapezoidal (rectangular, triangular, semi-
triangular, trapezoidal, semi-trapezoidal, inverted triangular and semi-inverted
triangular) and the generalized circular (without horizontal base, with horizontal base
at 4 different heights) channel cross-sections using different analytical methods for
both sub- and super critical flow regimes, since these selected cross-sections are
widely used in practice and also having experimental data sets for the comparison.
Apart from that, based on the previously suggested theories for both sub- and super
critical flow regimes the EDR and the end depth discharge (EDD) relationships for

the above-mentioned cross-sections are as well obtained.

As a novelty, two new approaches as well suggested as a part of this study that were
only requiring the continuity and the energy equations; the three velocity point
approach and the infinite number velocity points approach. These suggested
approaches eliminate the need of the end pressure coefficient that was expected to be
determined experimentally. These computed EDR and EDD values of the different
theoretical approaches and the experimental data set of relevant cross-sections were
statistically compared. Subsequently, using the brink depth, the direct discharge
simple empirical relationships are generated for both flow regimes being a part of the
main aim of this study, based on 4 different approaches that would be a toolkit for

the engineers in practice in the relevant field. These proposed relationships are as



well compared with their theoretically obtained results through the proper statistical

measuring indices for their accuracies.

Keywords: Brink, Circular, EDD, EDR, End depth, Exponential, Trapezoidal
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Bu calismada, farkli analitik yaklagimlar kullamlarak, hem nehir hem sel rejimi
akimlar i¢in pratikte ¢cokca kullanilan ve deneysel verileri de mukayese i¢in mevcut
olan Ussel (dikdortgen, Uggen ve parabolik), genel ikizkenar trapez (dikdortgen,
ucgen, trapez, yari-trapez, ters iicgen ve yari-ters licgen) ve genel dairesel (tabansiz
ve 4 farkli seviyede diiz tabam olan) geometrik enkesitler se¢ilmis ve ug derinlik ile
menba derinlik orantilart (EDR) hesaplanmustir. Ayrica, nehir rejimi ve sel rejimi
akimlar icin onceki yaklasim yontemleri de kullamlarak yukarida belirtilen enkesitler
icin EDR ve ug derinlige bagli debi (EDD) bagintilar1 da elde edilmistir. Yenilik
olarak, ayrica, bu ¢alismamin bir parcast olarak sadece siireklilik ve enerji
denklemleri kullamlarak iki yeni ¢Oziim yontemi Onerilmistir; iic iz noktasi ile
sonsuz sayida hiz noktasi yaklasimlari. Onerilen yaklasimlar igin uc¢ derinlikteki
basing  katsayisimn  deneysel olarak belirlenmesi  gereksinimine ihtiyag
duyulmamaktadir. Hesaplanmus EDR ve EDD bagintilari, benzer enkesitler igin,
mevcut teorik ve deneysel verilerle istatistiksel olarak karsilagtirilmistir. Daha sonra,
sahada ilgili konularda uygulama yapan miihendislere yonelik, her iki akis rejimi
igin, u¢ derinlige bagli olarak debiyi dogrudan hesaplayabilecek basit amprik
bagintilar, 4 farkli yaklasgim yontemi ile bu calismamin esas hedefi olarak
tiretilmigtir. Bu bagintilarin dogruluklari, teorik olarak iiretilen degerlerle uygun

istatistiksel endeksler yardimiyla karsilastirilmistir.

Anahtar kelimeler: Dairesel, EDD, EDR, Trapez, Ug derinlik, Ussel
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Chapterl

INTRODUCTION

1.1 General

In open channels flow, a free over-fall as one type of the drop structures is a
phenomenon where the flow separates at the sharp edge and forms a free nappe due
to an abrupt end (drop) in the channel bottom. This occurrence offers the use of the
free over fall as a flow measuring structure that eliminates the need of any
calibration. The depth of flow at the location where the sudden drop occurs is known
as the brink depth section or the end-depth section. This brink depth value depends
on the shape of the channel cross-section, the longitudinal slope of the channel bed
and the characteristics of the free nappe. The critical flow depth (y.) being a driving
parameter as a control section in open channels so as to determine the flow discharge
amount, since there exists a unique relationship between the critical flow depth (yc)
and the discharge (Q). Therefore, it can be used to estimate the discharge through the
rivers, streams, flumes and irrigation channels as well. Knowing that, the exact
location of the critical flow depth along the longitudinal channel cross-section is
depending on the discharge amount and the channels transversal cross-section
characteristics, it is not easy to determine it. To overcome this problem, the pivotal
experimental work by Rouse (1936) for rectangular channel cross-section in sub-
critical flow regime enlightens the researchers to relate the end depth to the critical
depth since the end depth (brink) location never changes. Since then, this feature

attracted the interest of the researchers where they apply the concept of free over-fall



in their theoretical studies and experimental observations to measure the discharge

values for both sub- and super critical flow regimes.
1.2 Hydraulic Characteristics of Free Over-fall

Measuring the flow discharge (Q) in open channels is crucial, but adequate
instruments are needed, usually making the measurement costly and time-consuming.
In open channel flow, a free over-fall is followed by an abrupt channel end where the
flow separates at the sharp edge and forms a free nappe. The free surface profile in
the immediate vicinity of a free over-fall is schematically illustrated in Figs. 1.1(a)
and 1.1(b) for general channel cross-sections along longitudinally mild and steep
slopes, respectively. Line (e-e) refers to the transversal cross-section at the end of the
channel (called the brink) where the free over-fall occurs. The depth of water at the
brink depends on the shape of the channel cross-section, the slope of the channel and
the characteristics of the free nappe. The rapidly varied flow (RVF) zone that occurs
within the region between the brink/end section (e-e) and the upstream cross-section
(u-u) is called the brink zone. As shown in Fig. 1.1(a), the critical flow depth (y)
occurs at the upstream flow section (u-u) along the mildly sloping channel and forms
a gradually varied flow (GVF) zone since the flow regime is sub-critical. Further
upstream from this GVF zone, uniform flow characteristics prevail. Fig. 1.1(b) shows
the location of the RVF zone along the steeply sloping channel where the flow
regime is super critical, as GVF never occurs. As this figure implies, normal depth
(yn) forms at the upstream flow section (u-u) provided that the longitudinal length of

the channel is sufficiently long.

From the upstream section to the brink where the RVF zone occurs, the water surface

curvature gradually decreases forming a control section. At the upstream section



where the RVF starts, the vertical component of the acceleration is weak, and the
pressure distribution can safely be assumed to be hydrostatic. However, at the end
section (brink), the pressure at the upper and the lower points of the free nappe is
zero, ensuring a strong departure from the hydrostatic pressure distribution that
prevails in open channel. Previous theoretical and experimental studies at the RVF
zone have found a relationship between the depth of the water at the end section (ye)
and the upstream water depth (yc or y,) and defined this relationship as the end depth
ratio (EDR). The gravity affects the curvature of the free nappe that extends a short
distance upstream of the end section, leading to flow acceleration that causes the
water depth at the brink to be the minimum, hence causing the EDR always to be less

than unity.

A typical free over-fall with free nappe at sub- and super critical flow regime for
uniform and non-uniform zones are detailed in Fig. 1.2 where n-n (x=-I) is
representing the end of the uniform zone (i.e. the beginning of the non-uniform zone)
and e-e (x=0) representing the end of the non-uniform flow zone (i.e. the brink).
Once the non-uniform flow zone starts, the pressure distribution differs from the
hydrostatic one and transforms gradually within this zone along the flow direction
and at the brink a pattern of a non-symmetric parabola with a maximum occurring
not at the middle but closer to the channel bottom is assumed to be formed as shown
in Fig. 1.2. This figure also details how the uniform velocity (v) and the pressure (p)

distribution along the flow direction within the non-uniform flow zone deviates.
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sections n-n (x=-1) and e-e (x=0)

By coupling the EDR with the upstream Froude number, another relationship
between the depth of water at the end section and the flow discharge (Q) can be
obtained and is referred to as the end depth discharge (EDD). This enables the free
over-fall to be used as a flow metering device in open channels (laboratory flumes,
irrigation channels, etc.). Since the critical depth (y:) bears a unique relationship with
the discharge (Q) through a critical Froude number (Fr.=1), a relationship between
the end depth (ye) and the critical depth (yc), the discharge (Q) can eventually be
related to the end depth (y.)in a free over-fall in a sub-critical flow regime. However,
in super critical flow regimes, since the normal depth (yn) is less than the critical
depth (yc), the discharge (Q) can be given by a relationship between the end depth

(Ye) and the channel bed slope (S).



Due to that, various practically in use cross-sectional shapes were studied
theoretically and experimentally to predict the EDR from which the end depth
discharge (EDD) relationships can be computed without applying the critical Froude
number approach. Most of the analytical methods are based on the application of
either the momentum equation and/or the continuity equation with different
assumptions, especially regarding the velocity and the pressure distributions at the
end section. In momentum approach, the accuracy of the prediction of the EDR and
the EDD values depends upon the precision of the measurement of the end pressure

coefficient that should be determined experimentally or assumed theoretically.

The situation of the free over-fall is analogous to the flow over a sharp-crested weir
without sill. Therefore, the continuity equation based on the sharp-crested weir
theory can be used to determine the EDR and the EDD relationships of the same
section with zero brink pressure effect. Many experimental works on free over-falls
with various cross-sectional shapes by different researchers with different
assumptions as discussed above have been performed to enlighten the characteristics
of this phenomenon and show the degree of accuracy of different analytical methods
as well. Even rare, there are some theoretical studies attempting to apply the energy
equation coupled with the streamline curvature for the determination of the EDR and

the EDD values.
1.3 Aim of the Study

Due to the difficulties faced while performing experiments at super critical flow
regimes and complexity of the theoretical mathematical expressions, most of the
studies dealt mainly with the theoretical application of the governing equations in

sub-critical flow regimes (i.e. inserting Froude number as unity). However, this is not



a normal condition in practice. In addition, measuring the flow depth at the critical
section is not an easy task since its occurring location is not known exactly. Yet,
there are limited numbers of free over-fall studies on steep slopes. Therefore in this
study, the ratio between the end depth and the upstream depth which is known as the
end depth ratio (EDR) is computed for those cross-sections that are widely used in
practice. To ease the derivation calculations, the selected cross-sections are grouped
into three broad categories. The exponential channel cross-section category
represents the rectangular, the triangular and the parabolic cross-sectional shapes.
The generalized trapezoidal channel cross-section category represents other than the
rectangular and the triangular, the trapezoidal, the semi-trapezoidal, the inverted
triangular and the semi-inverted triangular cross-sectional shapes. The generalized
circular channel cross-section category represents circular channel cross-sections
with no flat base and with flat base at four different heights (Z). For the above
mentioned cross-sections, different analytical methods for both sub- and super
critical flow regimes were studied. These selected cross-sections are widely used in
practice and most of them are having experimental data sets (obtained by previous
relevant studies) hence used for the comparison. This study not only solves the free
over-fall based on the previously suggested theories for both sub- and super critical
flow regimes; the energy method, the sharp-crested weir theory and the free vortex
theory in order to generate the EDR and the EDD relationships for the above-
mentioned cross-sections, but also offers two new approaches; the three velocity
points method and the infinite number velocity points method (n-velocity points) that
are only utilizing the continuity and the energy equations. These two suggested
approaches eliminate the need of the end pressure coefficient that was expected to be

determined experimentally. Subsequently, the direct discharge simple empirical



relationships being a part of the main aim of this study are computed by four
different approaches (the energy method, the free vortex theory, the three velocity
points method and the infinite number velocity points method) that would be a
toolkit for the engineers in practice in the relevant field. The results of this study are
compared with the relevant existing experimental data sets and the other relevant
theoretical results available in the literature so as to check their accuracies through
the statistical measuring indices namely the linear regression ‘R?” and the percentage

mean absolute relative error “MARE”’.



Chapter 2

LITERATURE REVIEW

2.1 General

This chapter presents an overview of flow characteristics of the free over-fall
problems in open channel for the generalized prismatic channel cross-sections. These
generalized prismatic cross-sections not only represent the different cross-sectional
shapes, but are also representative of the geometries that are often approximated for
the modeling of the natural rivers and/or directly used in flumes. The details
provided in this chapter intentionally kept as brief as possible, since all of the
relevant topics discussed here can be found in different textbooks and/or relevant
review papers like Chow, 1959; Henderson, 1966; Subramanya, 1997; Dey, 2002.
This chapter is not only reviewing the computation of the end depth ratio (EDR) and
the end depth discharge (EDD) relationships, but also discusses the application of the
different theoretical methods and experimental works of the various researchers for
different channel cross-sections in mildly and steeply sloping longitudinal channel
beds. The chapter is sub-sectioned into three broad categories based on prismatic
channel cross-sectional shapes where different theoretical methods and experimental
works of various researchers are detailed briefly for the determination of the EDR

and EDD values.

In the first sub-section, the review of the generalized exponential channel cross-

section for both sub- and super critical flow regimes (flowing over mild or steep



slopes) are discussed based on the previous theoretical and experimental studies. The
successive sub-section details the review of the generalized trapezoidal channel
cross-section whereas, the last sub-section reviews the generalized circular channels
cross-section for both sub- and super critical flow regimes based on the previous
relevant theoretical and experimental studies.

2.1.1 Exponential Channel Cross-sections

The free surface profile depends upon the discharge (Q) amount and the critical
depth (yc), but the exact location of the critical flow depth is not known for the free
over-falls. In order to overcome this difficulty, the pivotal experimental work by
Rouse (1936) for rectangular channel cross-section in sub-critical flow regime,
enlightens the researchers to create the relationship between the end depth and the
critical depth from which the discharge can be estimated, since the end depth (brink)
location never changes and being easy to measure. He related the critical flow depths
of certain discharges to their end depths that were occurring within the mildly
sloping rectangular channel cross-sections and referred to it as an end depth ratio
(EDR) which is the ratio of the water depth at the brink (ye) to the critical water
depth (yc). For sub-critical flow regimes in rectangular channel cross-sections, he
found EDR to be 0.715. Since then, this feature attracted the interest of the
researchers where they apply the concept of free over-fall in their theoretical studies
and experimental observations in order to determine the end depth ratio and the end
depth discharge (EDD) of the free over-fall in different channel cross-sections for

both sub- and super critical flow regimes.

Jaeger (1948) coupled the momentum and the energy equations using the Boussinesq
approximation to compute the EDR in horizontal rectangular channels and obtained a
value of 0.725 for sub-critical flows. Delleur et al. (1956) solved the momentum

10



equation in order to compute the EDR of the rectangular free over-falls by assuming
the pressure over the brink is a dependent variable of hydrostatic pressure. They also
carried out the experimental work to investigate the effects of slope and channel
wetted perimeter roughness on the free over-fall. They observed that, the EDR value
is influenced by the relative slope which is the ratio of the channels longitudinal bed
slope (S) to the fictitious critical slope (Sc) but it is independent on the wetted
perimeter roughness in super critical flow regimes. In sub-critical flows, the value of
the EDR was found to be 0.706 for the rectangular channel cross-sections. Diskin
(1961) used the momentum equation by assuming the zero brink pressure effect and
obtained the EDR values of 0.667, 0.731 and 0.775 for rectangular, parabolic and
triangular channel cross-sections at sub-critical flow regime, respectively.
Rajaratnam and Muralidhar (1964a) studied the flow over mildly sloping channel
beds where, they applied the momentum equation to the exponential (power-law)
channel cross-sections and derived a theoretical equation for the EDR. They
conducted various experiments in order to verify their theoretical approach and they
found the EDR values to be 0.795 and 0.772 for triangular and parabolic channels,
respectively. They also studied the exponential cross-sections of the free over-fall on
steep slope channel beds and they expressed the EDR as a function of relative slope
(S/S¢)) where the variation of the end pressure coefficients to the relative slopes was
as well presented graphically. Then on, Rajaratnam and Muralidhar (1968)
performed experimental studies on smooth rectangular cross-sections of the free
over-falls in more detail. They measured the bed pressures and the bed shear stresses
of the brink (end section) for different channel bed slopes (zero, adverse, mild and

steep).

11



Ali and Sykes (1972) applied the free vortex theory to compute the EDR of free
over-fall in sub-critical flow regime for exponential channel cross-section. The
computed values of the EDR were found to be 0.678, 0.798 and 0.747 for
rectangular, triangular and parabolic channel cross-sections, respectively. Rajaratnam
et al. (1976) presented the results of an experimental study in order to assess the
effect of slope and roughness on EDR for rectangular channel cross-sections. In sub-
critical flow regimes, the EDR values decrease with the increase in relative
roughness (the ratio of the Nikuradse equivalent sand roughness (ks) to the critical
depth (yc)). However, in super critical flow regimes, the magnitude of the EDR
decreases with the increase in relative slope (S/S¢). Kraijenhoff and Dommerholt
(1977) experimentally study the effect of the longitudinal bed slope (mild) and the
wall roughness of the rectangular cross-sections of the free over-fall. Their result
yielded that, the EDR value was not effective on the slope and the roughness, since

the average value of the EDR was found to be 0.714.

Hager (1983) for the computation of the EDR in rectangular channel cross-sections
utilized the momentum and the extended energy equations and also took into account
the curvature of the streamlines. He obtained an equation for the ratio of the end
depth (ye) to the critical depth (yc) with respect to the upstream Froude number (Fry)
for super critical flow regimes as:

Ye __FH, . 2.1)
Yoo Fr4+Z
9

n

The above-mentioned equation yields the value of EDR to be 0.696 in sub-critical

flow regimes with unconfined nappe. The free surface profile was analyzed on the
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control volume between the upstream and downstream of the end section as well

within this work.

Montes (1992) numerically computed the pressure distribution at the end (brink)
section of the rectangular channels, based on the potential flow solution. He found

that, the pressure is zero at the channel bed and the free surface with a maximum
value of pressure p=0.18yy, aty=0.16y,. His computed curve was in good

agreement with the experimental data sets of Rouse (1932), Veronese (1948),

Replogle (1962) and Rajaratnam and Muralidhar (1968).

Ferro (1992) experimentally presented that, the value of the EDR is not influenced
due to the width changes of the rectangular channel cross-sections of the free over-
fall at sub-critical flow regimes. He reported the EDR value of 0.760 for five
different widths. Based on the computed EDR values, around 90% of the calculated
discharge values were within 5% of his experimental obtained date set. Subramanya
(1997) extended Anderson’s (1967) work based on the theoretical application of the
energy equation to compute the EDR value for exponential channel cross-section in
both sub- and super critical flow regimes. The computed EDR values were found to
be 0.694, 0.734 and 0.762 for rectangular, parabolic and triangular channel cross-
sections respectively. Also the variation of the EDR with the upstream normal
Froude number (Fr,) was presented graphically for super critical flow regimes. Davis
et al. (1998) have performed several experiments in order to investigate the effect of
the longitudinal channel bed slope (S) and the Manning-Strickler roughness
coefficient (n) for the rectangular channel cross-section of the free over-fall. They

found out that, the EDR value is dependent on the above mentioned channel
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characteristics. They were in fact the first researchers whom obtained the EDR

equations as a function of S and n.

Je _ 134.84S2 -12.66S +0.778 (2.2)
Ye

y S

Z£ = 0.846-0.219, |— (2.3)
Ye n

For the zero slopes, by substituting S = 0into Eq. (2.3), gives the EDR value of 0.846
which is well above the experimental and theoretically obtained values of the other

researchers.

Dey (2000) used the momentum equation based on the Boussinesq approximation
and theoretically obtained the EDR relationship in steeply sloping rough rectangular
channels cross-sections. The effect of the streamline curvature at the free surface was
also used to calculate the flow profile of the upstream of the end section. The
computed results obtained by Dey (2000) were within the acceptable range of the
experimental data of Rajaratnam et al. (1976). Ahmad (2002) also carried out an
experimental study of the free over-fall in sub-critical flow regimes for the triangular
channel cross-sections and obtained the value of the EDR to be 0.802. Ahmad (2003)
applied the sharp-crested weir theory by inserting a brink pressure coefficient in
order to establish higher accuracy for the discharges in both sub- and super critical
flow regimes for the rectangular channels. The EDR values found by him to be 0.780
and 0.758 in sub-critical flow regime for confined and unconfined nappes,

respectively. In super critical flow regimes, the relationship between the end depth (
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y.) and the critical depth (y,), determined from the continuity equation and was

given as:

Wl

Yo 3F

(2.4)

rn
y 3 3

© (2(-Cp)+Fr?)2 —(Fr,?-2Cp)?
where C, represents the end pressure distribution coefficient that should be evaluated

through experiments. He also found that, y,/y, value decreases with the increase in

relative slope (S/S, ). The predicted results obtained by Ahmad (2003) in fact agreed

well with the experimental datasets in the literature.

Tigrek et al. (2008) experimentally studied the rectangular free over-fall at sub- and
super critical flow regimes, both in smooth and rough surface channels. The effect of

the longitudinal channel bed slope and the channel bed roughness on the ratio of
y./y. was investigated for both flow regimes. They concluded that, the slope and
the roughness did not change the average value of y,/y, being 0.683 in sub-critical

flow regime. However, unlike the sub-critical flow regimes, for super critical flow

regimes, they found that, the longitudinal channel bed slope (S) and the roughness
coefficient (n) do affect the ratio of y, /y, similar to the earlier researchers. Using the

curve fitting technique, they suggested the following equation:

Yo _ 0.773—0.018\/§ 2.5)
Y, n

Vatankhah (2015) applied the sharp-crested weir theory for the exponential (power-
law) channel cross-sections for sub-critical flow regimes and obtained the EDR

values to be 0.715, 0.777 and 0.817 for rectangular, parabolic and triangular channel
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cross-sections, respectively. He also obtained a generalized EDD relationship of the
free over-fall in sub-critical flow regimes only.

2.1.2 Generalized Trapezoidal Channel Cross-sections

Diskin (1961) performed the earliest theoretical research and derived a general
equation for the end depth (ye) of the free over-fall for trapezoidal cross-sections in
sub- and super critical flow regimes. He applied a theoretical approach based on the
momentum equation and derived a general equation for the end depth of free over-
fall by assuming zero pressure at the brink section. He also carried out series of
experiments in trapezoidal channel cross-section and concluded that, the theoretical
results based on this approach were not sufficiently accurate so as to be used for the

flow discharge measurements.

Rajaratnam and Muralidhar (1970) used momentum equation to obtain the EDR
relationship of the trapezoidal free over-fall in mildly and steeply sloping channels.
The pressure coefficient was measured experimentally and incorporated in this
theoretical analysis. They performed some experiments as well for a wide range of
the longitudinal bed slopes, in order to validate their theoretical approach for both
flow regimes. In sub-critical flow regimes, they obtained the EDR value ranging
from 0.705 to 0.758. Whereas, in super critical flow regimes, their EDR values were

expressed as a function of the relative slope (S/S.). Furthermore, within their

studies, the free surface profiles, the bed shear stresses, the velocity and the pressure

distributions in the vicinity of the end section were investigated.

Keller and Fong (1989) theoretically studied the trapezoidal free over-fall for sub-

critical flow regime and they were the first that comprised the contribution of the
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brink depth pressure effect in the momentum equation based on Replogle (1962)
measurements, where they super impose the effect of the pressure to the rectangular
and the triangular channel cross-sections. They also conducted experiments on
horizontal slopes for trapezoidal channel cross-sections so as to validate their

computed equation of the EDR based on the theoretical approach.

Murty Bhallamudi (1994) theoretically investigated the EDR in the trapezoidal and
the exponential channel cross-sections of free over-falls based on the momentum
equation and the Boussinesq approach for sub- and super critical flow regimes and
presented a methodology for estimating the discharge (Q) from the given value of the
end depth. Water surface profiles were also computed based on the momentum
equation for different channel cross-sections that were carrying flows in sub- and

super critical regimes.

Anastasiadou-Partheniou and Hatzigiannakis (1995) studied the free over-fall in
symmetric sided trapezoidal channel cross-sections using the sharp crested weir
without crest and demonstrated a general equation of the EDR where the curvature of
the streamline at the brink was considered for both sub- and super critical flow
regimes. The predicted discharges were also presented graphically and compared
with the experimental data sets of Keller and Fong (1989) for flows in the sub-
critical regime and also experimental data sets of Diskin (1961) for flows in super
critical regime. They also suggested an approach for computing the free surface

profile between the upstream section and the brink section using the energy equation.

Ferro (1999) assumed that, the flow over a free over-fall simulates the flow over a

sharp-crested weir without a crest and deduced the end depth discharge (EDD)
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relationships for rectangular, triangular channel cross-sections for both sub- and
super critical flow regimes. Furthermore, by super imposing the flow discharge of
the rectangular and the triangular channel cross-sections, the EDD relationship of the
trapezoidal channel cross-section was obtained by him. Ahmad (2001) applied the
sharp-crested weir theory and obtained the discharge values in sub-critical flow
regimes for trapezoidal channel cross-sections with symmetric sides by considering
the quadratic pressure distribution at the brink. The computed values of the EDD
were compared with various experimental data sets of previous studies. Dey and
Ravi Kumar (2002) applied the continuity equation based on the sharp-crested weir
theory and also the momentum equation coupled with the Boussinesq approximation
so as to determine the EDR values for the inverted symmetric sided triangular (A)
cross-sections in sub-critical regime. The estimation of the discharges from the
known end depth was presented for both methods and were verified through the

relevant experiments.

Ramamurthy et al. (2004) formulated a precise relationship between the end depth
(yp) and the discharge (Q) for the trapezoidal channel cross-sections in a sub-critical
flow regime only. Ramamurthy et al. (2006) also developed a VOF (Volume of
Fluid) model for the free over-fall to predict the pressure distribution, the velocity
distribution and the water surface profile in the horizontal bed slope of the

trapezoidal channel cross-sections.

Beirami et al. (2006) solved the momentum equation based on the free vortex theory
and determined the EDR relationships for the flows in different channel cross-
sections at sub-critical flow regimes only. They constructed various monograms to

facilitate the prediction of the flow discharges from the given values of the end
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depths for those different channel cross-sections. They also found the pressure

coefficients at the end section using the free vortex theory.

Ahmad and Azamathulla (2012) extended the theoretical method based on the sharp-
crested weir theory for sub-critical flow regimes of the trapezoidal free over-falls to
compute the EDR and the EDD relationships for the super critical flow regimes. The
experimental data sets of Diskin (1961) were used in order to verify their theoretical
study. Furthermore, direct solution for discharge was provided graphically for
different values of side slopes. Vatankhah (2013) as well presumed that, the flow
over a free over-fall simulates the flow over sharp-crested weir (with zero crest
height), so using the continuity equation obtained the EDD relationship only for the
trapezoidal and the inverted triangular channel cross-sections in sub-critical regimes
only. He also proposed direct discharge equations in terms of the end depth for these
two cross-sections, separately.

2.1.3 Generalized Circular Channel Cross-sections

Rohwer (1943) carried out some experiments in horizontal slopes for circular

channel cross-sections in order to obtain a direct discharge relationship for the
known values of the end depth (y,) and the channel cross-sections diameter (D)
where he obtained an empirical relationship as:

Q — 8.58 D0.62 yel.82 (2.6)

In this equation, y,and Dare ininches, and Qis in gallon per minute. He limited the

validity of this equation to benup to 0.5D, since he reported that the flow depth
became unstable when it was more than the half of the channel cross-section

diameter. Using momentum equation by assuming the zero pressure at the end

19



section, Smith (1962) generated an equation for the EDR in circular channel for sub-
critical flow regimes. He conducted the experiments in order to validate his
generated theoretical equation. Rajaratnam and Muralidhar (1964b) used momentum
equation to get the EDR relationship for the circular channel cross-section in both
sub- and super critical flow regimes. In sub-critical flow regimes, the value of EDR
was found to be 0.725. However, in super critical flow regimes, they reported the

value of the EDR as a function of the relative slope (S/S_ ). They also carried out a

large number of experiments in order to verify their theoretical approach.

Ali and Ridgway (1977) applied the free vortex theory to get the relationship of the
EDR for horizontal slope for circular channel of the free over-fall. Also Subramanya
and Kumar (1993) applied the energy approach in order to compute the EDR and the
EDD relationships of the circular channel cross-section of the free over-fall for sub-
critical flow regimes. Clausnitzer and Hager (1997) used momentum equation for the
circular channel cross-sections at super critical flow regimes and obtained the

following dimensionless equation for the ratio of the end depth to the critical depth

as.
2
2 \3
Ye [ 2R 2.7)
Y. \1+2F,

where F, =Q/(gDy,*)"".

Dey (1998) analyzed the free over fall for circular channel cross-sections in order to
compute EDR relationship, by applying the momentum equation based on
Boussinesq approximation for both sub- and super critical flow regimes. In sub-

critical flow regime, the value of the EDR was found to be around 0.750 for a critical
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flow depth to diameter ratio (y./D) up to 0.82. However, in super critical flow
regimes, the EDR was expressed as a function of the longitudinal bed slope (S). The
prediction of the discharge was presented for both flow regimes. Furthermore, the
streamline curvature of the free surface was utilized to compute the flow profile

upstream of the end section of the free over fall.

Sterling and Knight (2001) experimentally studied the circular channel cross-sections
with and without a horizontal bed (flat bed) in order to obtain the EDR and the EDD
values for both sub- and super critical flow regimes. Their experiments were carried
out in PVC channel of having a length of 21.26 m. In order to investigate the
influence of the flat bed with different heights of Z with a range of0<Z <D, upon
the EDR, five different values of flat base (bed) were examined (
Z /D =0.00, 0.25, 0.33, 0.50, 0.66) for both flow regimes. They found that, the
EDR for a given cross-section geometry is 0.743 for sub-critical flow regimes.
However, in super critical flow regimes, the EDR value was expressed as a function

of the relative slope (s/s,) and the flat bed height (z ) of the channel cross sections.

Dey (2001) used sharp-crested weir theory by assuming zero pressure at the end
section to calculate the EDR and the EDD relationships of the circular channel cross-
sections only for sub-critical flow regimes. The computed EDR varies linearly from
0.72 to 0.74 for a critical depth diameter ratio (y,/D) up to 0.82. Dey (2002b) also
presented a comprehensive review of the important experimental and theoretical
studies of the free over-falls in various channel cross-sections of different
researchers. Dey (2003) used the momentum equation based on Boussinesq approach

in order to calculate the end depth ratio (EDR) and the end depth discharge (EDD)
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relationships of the inverted semi-circular channel cross-section for sub- and super
critical flow regimes. He conducted some experiments on mild and steep longitudinal
slopes in order to validate his proposed theoretical attempt. According to the
Anderson’s (1967) work, Dey et al. (2003) applied the energy equation based on the
Boussinesq assumption to compute the end depth ratio and the discharge for the
inverted semi-circular channel at sub-critical flow regimes. They also conducted

experiments in order to verify their theoretical approach.

Raikar et al. (2004) applied the artificial neural network (ANN) to determine the
EDR value for smooth inverted semi-circular channels in both sub- and super critical
flow regimes. The experimental data sets of Dey (2003) were used for training and

validating their work.

Ahmad (2005) applied the theoretical procedure to get the EDD relationships for the
inverted semi-circular channel in both sub- and super critical flow regimes using
sharp-crested weir theory. Direct prediction for discharge in super critical flow

regimes was provided graphically as a part of his study.

Pal and Goel (2006) applied a support vector machine based modeling technique to
determine the end depth ratio and discharge of a free over-fall for inverted semi-
circular and circular channels with flat bases at different heights for both sub- and
super critical flow conditions. Their computed results were verified using the

relevant previous studies.

Nabavi et al. (2011) applied the free vortex theory to predict the end pressure

distribution of the free over-fall. This method was then coupled with the momentum
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equation to determine the EDR relationship from which the EDD relationship for the
flat-based circular and the U-shaped channel cross-sections in sub-critical flow

regimes were estimated only.

Ahmad (2012) used sharp-crested weir theory with zero height to get the EDD
relationship for circular channel in both sub- and super critical flow regimes. The
computed discharges agreed well with the experimental data sets in sub-critical flow

regime.
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Chapter 3

USE OF DIFFERENT ANALYTICAL METHODS FOR

DEFINING THE FLOW AROUND THE BRINKDEPTH

3.1 General

To establish a theoretical relationship between the flow depth and the brink depth, in
literature for different channel cross-sections, fundamental theories (the conservation
of mass, the conservation of momentum and the conservation of energy) are either
applied separately or coupled with the secondary (auxiliary) theories like the
streamline equations, the sharp crested weir approach, the free vortex theory, the
pressure distribution equation of the flow, etc. The brief details of these approaches
that are available in literature are given below. Furthermore, two new approaches
(three velocity points and infinite number velocity points), as a novelty, are as well
introduced and detailed.

3.2 Existing Methodologies

3.2.1 The Momentum Approach

Referring to Fig. 3.1 (a), the control volume; which is occurring between the normal
section (n-n) and the end section (e-e) where the free nappe forms, the water surface
elevation rapidly decreases in a very short longitudinal distance. The detailed
investigations of this flow profile suggested that, in the vicinity of the end section,
the streamline curvature is considerable at the free water surface due to the strong

vertical component of the flow acceleration, though it is zero at the channel bed. At
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the downstream (end) section, the pressure above and below the dropping free nappe
is atmospheric. Hence, the pressure distribution in fact differs from the hydrostatic
one and is generally assumed to have a shape resembling a non-symmetric parabola
with a maximum occurring not at the middle but closer to the channels bottom part

(Replogle 1962).
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Figure 3.1: (a) Sketch of a typical channel cross-section (transversal) of the free over-
fall at sub- and supercritical flow regime where the region between n-n and e-e are
representing the suggested control volume; (b) the streamline patterns of a free over-fall
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Applying one-dimensional momentum equation over the control volume between the
normal and the end sections of the free over-fall for different channel cross-sections

having a longitudinal bed slope S (Fig. 3.1 (a)), yields:

F,—F, - [zdx+W sin(arctan S) = pQ(AV, - BV,) (3.1)

where F, = the pressure force at the normal section; F. = the pressure force at the
end section; z = the wall and the bed shear stresses; dx = the infinitesimal distance
along x-direction; W = the gravity force of water within the control volume; p = the
mass density of water; Q = the flow rate (discharge); S, = Boussinesq coefficient at
the normal section; . = Boussinesq coefficient at the end section; V, = the mean flow

velocity at the normal section; and V. = the mean flow velocity at the end section.

The subscripts ‘n” and ‘e’ denoting the flow conditions at the upstream normal
section where x=-1 and the downstream end section where x=0, respectively. For

simplicity, feand £, are assumed to be unity (Dey 2003; Nabavi et al. 2011).

To simplify the theoretical analysis, a state of pseudo-uniform flow is assumed
within the control volume where, by definition, the wall and the bed shear stresses
are compensated by the stream-wise component of the gravity force of water. Hence,
the pressure force difference becomes equal to the rate of change of momentum
within the control volume. In sub-critical flow regimes, an error of around 1% in
estimation of the EDR is obtained due to exclusion of the wall and bed shear stresses
(Henderson 1966). Since in super critical flow regimes, the stream-wise component
of the gravity force is considerable, the accuracy of the theoretical results depending
on, how the wall and the bed shear stresses were balanced by the longitudinal

component of the gravity force of water. Nevertheless, the assumption of pseudo-
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uniform flow for super critical flow regimes are yielding acceptable results (Dey

1998; and Murty Bhallamudi 1994). Hence, the simplified form of Eq. (3.1) is:

F,—F =pQ(V,-V,) 3.2)

Introducing F, = yV, A, , F, = 7K, VA, Ve=Q/A, Vo=Q/A, into Eq. (3.2), yields:

1 1
VA — 7K, VLA = pQ°(— —— 3.3
7YYo — 7K VA = Q (Ae Px) (3.3)

where » = the specific weight of water; A, = the flow area at the normal section; Ac =
the flow area at the end section; Q = the flow rate (discharge); Ke = the pressure
coefficient at the end section. While generating the equation, a pressure coefficient

(K,) at the end section has to be introduced. This pressure coefficient should be

determined either by experimental data sets or by application of the Boussinesq
approach or by applying the free vortex theory (as detailed below), since there exists
a relationship between the pressure coefficient with these approaches.
3.2.2 The Boussinesq Approximation Theory
Fig. 3.1 (a) details a free surface flow with a convex upward water surface over a
free over-fall, where the radius of curvature of the free surface (rs) is given by:

d’y
1_ dx® (3.4)

r, 213/2
{1+(dyj }
dx

The free surface curvature at the vicinity of the brink varies from a finite value at the

free surface to zero at the channel bed as given in Fig. 3.1 (b) (Dey 2003; Dey et al.

2003; Murty Bhallamudi 1994; Subramanya 1997). So, for the infinitesimal length of

27



the free surface, the radius of this streamline curvature (rs) can be simplified and

approximated as:

- (3.5)

where rs = the radius of curvature of the streamline and y = the flow depth at any

distance x within the control volume measured from the brink.

d’y

Noting that, the convex upward water surface > yielding negative values.
X

According to Boussinesq appproximation (Dey 2002b; Dey 2003; Jaeger 1957), a
linear variation of the streamline curvature with depth is assumed. Hence, the radius
of curvature of the streamline at any point at a height y above the channel bottom is
given by:

2
1_dyh (3.6)

—

o
>

N
<

where h = the coordinate normal to channel bottom.

The normal acceleration (ay) based on this assumption is given as:

a, =—=Kky (3.7)

k=—. (3.8)
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and V = the mean flow velocity at the distance x within the control volume.

On curvilinear flows with the normal acceleration (ay), the general pressure

distribution (p) using the integration of the Euler equation, can be expressed as:

2
P, J'V— dr + constant (3.9)
Y rg

where Z = the elevation measured above the datum; and g = the acceleration due to

gravity.

Using Egs. (3.7) and (3.8), Eq. (3.9) is integrated so as to determine the effective

piezometric head (yep) at the end section:

1vey. d'y

: 3.10
3 g dx? (3.10)

yep = ye +

3.2.3 The Conservation of Energy Approach
Referring to Fig. 3.1 (a), the specific energy (E) at section x=0 (denoted by suffix

‘e”) is obtained as:

2

V
E.=y +a —= 3.11
e yep a, 29 ( )

where o, = the velocity correlation coefficient at the end section; and V,= the mean

flow velocity at the end section (x = 0).

Inserting Eq. (3.10) and substituting V, =Q/A, into Eq. (3.11), the following

equation for the specific energy at the end section is generated:
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2 2 2
1Q%. dy, Q

E =vy + .
o = Ve 3 gA’ dx* °29A

(3.12)

where y, =the flow depth at the end section.

According to Subramanya (1997), the water surface is a continuously failing curve
along the flow direction that starts within the channel somewhere upstream of the
brink (end), passes through the brink and ends up as a trajectory of a gravity fall.
Therefore, the rate of change of slope of the free surface at the end section is

expressed as:

= 9. A (3.13)

The upstream Froude number (Fry) is defined as:

12
Fr,. = QT,

n _9]/2—'%3/2 (3.14)

where T, = the top width of the flow at the normal section.

Substituting Egs. (3.13) and (3.14) into Eg. (3.12) and normalizing this computed

equation with respect to the upstream normal depth (yn), yields:

Ee _E Ye +a A?Frnz

Y, 3V, C2TY,A

(3.15)

where y = the flow depth at the normal section.
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In a similar way, referring to Fig. 3.1 (a), the specific energy at the normal section
(x=-1) is obtained and then, by substituting Eqg. (3.14) into this computed equation

and normalizing it with the upstream normal depth (yn), gives:

2
B 1o AFG (3.16)

where ¢, = the velocity correlation coefficient at the normal section.

In accordance with Anderson (1967) and Subramanya (1997), since the frictional
head losses along the short distance on the control volume of the free over-fall are
negligible, the specific energy between the upstream normal section and the
downstream end section can be safely assumed to be equal. Therefore, by equating

Egs. 3.16 and 3.17, gives:

3 2 2
2%, AP AL ). (3.17)
3y, 2T,A%y, 2Ty,

Noting that, both «, and ¢, are assumed to be unity.

3.2.4 The Free Vortex Theory

As previously pointed out and detailed in Fig. 3.1 (b), the streamline curvature is
substantial at the vicinity of the end section of the free over-fall. In order to insert the
effect of the streamline curvature into the above mentioned fundamental equations,
the substantial streamline curvature has been considered by utilizing the free vortex
theory. According to this theory, the approximate centrifugal pressure head at any
streamtube was obtained through the Newton’s law of acceleration as hiui?/(rig)
(Chow 1959). Therefore, at the end section, the pressure head corresponding to any

streamtube i can be given as:
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0,-y[1-4) 318

where d; = the pressure head of the streamtube i; y; = the flow depth of the streamtube
I; ui = the flow velocity of the streamtube i; r; = the radius of curvature of the
streamtube i; and g = the acceleration due to gravity. Since the pressure head at the
bottom of the end section is zero, the radius of streamline curvature at the channel

bottom of the end section (ren) can be expressed as:

2
r, =2 (3.19)

g

where u,, = the flow velocity at the channel bottom of the end section.

Energy grade line (EGL)

-
©

fall on amild or steep (longitudinal) slope

According to Ali and Sykes (1972), the velocity head at the upper and the lower

nappe can be obtained by applying the Bernoulli’s theorem:
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——=H, -y, (3.20)
29

2
S _ (3.21)
29

where u,= the flow velocity at the top of the channels end section, u, = the flow
velocity at the bottom of the channels end section. Note that, the subscripts ‘et’ and
‘eb’ denote the flow conditions at the channel top of the end section and the channel
bottom of the end section, respectively. Therefore, the general velocity head at any

flow depth of the end section y; can be expressed as:

u.’ :
B H, -y, +(y, (3.22)
29 Ye

where y, = the flow depth at the normal section. Noting that H, =y, +V,?/(2g) is

the total energy head at the upstream normal section.

Solving Egs. (3.19) and (3.21) simultaneously, yields r, =2H_ . Then, by applying

Bernoulli’s equation between the upstream and the downstream sections and using
the Free Vortex theory as Ui ri = Ueb Fen = constant, the radius of the curvature of the

streamtube i at the end section is computed as:
2H _,/2gH
[ = V<9 (3.23)

\/ZQ{Hn—yw(yi)yn}
Yo
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If ye is divided into ‘n’ number of parallel streamlines, by substituting Egs. (3.22)

and (3.23) into Eq. (3.18), the pressure head ( d.) for each streamline is obtained:

32
Yi |:Hn Y +(3y/|)yn}

d =y - H 32 - (3.24)
For general case, wheny =y, the pressure force at the end section is:
3/2
y{Hn -y, +(y)yn}
he ye

Fo=r[ 1y- — dy (3.25)
A coefficient of pressure force K. at the end section is given as:

K, = Fe 5 (3.26)

0.5yh,

3.2.5 Sharp-Crested Weir Approach

The flow over a free over-fall in different channel cross-sections can be assumed to
be similar to the flow over a sharp-crested weir of the same section with zero height
(Anastasiadou-Partheniou and Hatzigiannakis 1995; Ferro 1999; Ahmad 2003;
Vatankhah 2013; Vatankhah 2015) as detailed in Figs. 3.3 (a) and (b). Therefore, the
theoretical procedure applied for computing the discharge over a sharp-crested weir
without sill can also be used for free over-falls so as to obtain the end depth ratio
(EDR). It should be noted that, the discharge coefficient of the weir (Cq= C; C..C))
depends on the longitudinal head loss correction coefficient (Cy), the contraction
coefficient (C.) and the velocity head correction coefficient (C,) (Vatankhah 2015).

As discussed in the previous section, the pressure distribution at the brink section
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resembles slightly skewed parabolic shape with its mean value considerably less than
the hydrostatic one (Replogle 1962); so, the curve for the actual pressure distribution
profile is expected to lie under the linearly hydrostatic pressure profile. In order to
apply the fundamental equations (the conservation of mass, momentum, or energy),
the pressure distribution at the brink is either assumed to be zero all over the end
section or a correction factor with a positive value has to be inserted to the
hydrostatic pressure distribution (Rajaratnam and Muralidhar 1964; Keller and Fong

1989; Dey 2002b).

Therefore, an elemental infinitesimal discharge (dQ) equation for the different

channel cross-sections of the free over-fall is generated as:

0.5
dQ =cfccc{29[Hn - y—&j] dA (3.27)
y

where dQ = the elemental infinitesimal discharge; g = the acceleration due to gravity;
y = the specific weight of water; P. = the mean pressure value at the end section; Hy
= the total energy head at the upstream normal section; y = the flow depth at the
distance x within the control volume measured from the brink towards upstream; and

dA = the elemental infinitesimal flow area.
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(@) Energy grade line (EGL) (b)

Mild or steep slope

Figure 3.3: (a) Sketch of a free over-fall at sub- and supercritical flow regime; (b)
flow over a sharp-crested weir with a sill *w’

The longitudinal head losses along the relatively short sloping distances of the free
over-falls are negligible. Hence, the longitudinal head loss correction coefficient (Cy)
can be safely assumed to be unity. Due to the contraction of the failing nappe, the
contraction correction coefficient is introduced so as to take into account the
convergence of the streamline as C. = AJA.. As previously pointed out, the
streamlines are considerably inclined towards the brink section along the flow
direction; thus, the importance of the streamline curvature effect is either considered
by some researchers like Murty Bhallamudi (1994), Dey (1998) and Dey (2003) or
completely neglected as in the studies of Ahmad (2005), Ahmad (2012) and
Vatankhah (2013). Hence in this study, a correction coefficient (C,) is introduced
into the sharp-crested weir equation. So, the equation of the discharge (Q) for an
elemental tape of thickness dy at a height y measured from the channel bottom is

given as:

_Ac y“{z (H - —EHOBTd 3.28
Q=1 Jo| 29 Ho -y || Ty (3.28)
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where Q = the flow discharge; A = the flow area at downstream the end section; A, =
the flow area at the upstream normal section; y, = the upstream normal flow depth
and T = the top width of water in contact with atmospheric pressure (the free

surface flow width).

It should be noted that, if the end pressure effect and the streamline curvature at the

vicinity of the brink are both neglected, the above equation reduces to:

Q =% ["(20(H4, - ))** Tdy (3:29)

3.3 Suggested Solution Methodologies

3.3.1 The Three Velocity Points Method

In order to eliminate the use the pressure effect in the solutions, a new method is
proposed so as to generate the end depth ratio (EDR) relationship using the mass
balance (continuity) equation between the upstream and the downstream sections. As
shown in Fig. 3.4, to obtain a closer EDR value, the velocity distribution profile at
the brink section is considered by sub-sectioning the end section into two parts at its
geometric center (centroid). Hence, having 3 different velocity values at 3 different
respective depths at the end section. Applying Bernoulli equation between the
upstream section and the brink section for the three different velocity locations (at
the top, at the geometric center and at the bottom) at the brink section, these velocity
values are computed. The frictional head losses along the longitudinal cross-section
within the examined portion which is short in comparison, are assumed negligible
and also all the streamlines at the brink section are assumed to be parallel to each

other.
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Referring to Fig. 3.4, based on the Bernoulli equation, the selected velocity equations

at the brink section can be expressed as:

Vet =+/29(Hp - Yn) (3.30)

Vec = v29(Hp-Y) (3.31)

Vep = +/20H, (3.32)

where EGL = the energy grade line, H, = the total energy head with respect to the
channels bottom, y, = the flow depth at the upstream normal section, y = the
centroidal depth at the end section, measured from the channel bottom to the centroid
of that relevant cross-section, ve: = the average velocity at the top of the end section,
Vec = the average velocity at the centroidal depth of the end section, ve, = the average
velocity at the bottom of the end section and g = the acceleration due to gravity.
Note that the subscripts ‘n’ and ‘e’ denote the flow conditions at the upstream normal

section and at the end section (brink), respectively. Similarly, the subscripts ‘et’, ‘ec’

and ‘eb’ refers to the top, the center and the bottom of the end section, respectively.
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Figure 3.4: Sketch of a typical channel cross-section (transversal) of the free over-fall on a
mild or steep (longitudinal) slope with the proposed three velocity locations for the
velocity distribution profile at the brink ‘y,’

According to continuity equation, the average discharge (Q) is determined as:

Vot 1V, Vet V,
Q= e 2 = Aet-ec"'—ec 2 . Aec-eb (3.33)

where Actec IS the sub-sectional flow area between the top and the centroid of the end
section and Accep is the sub-sectional flow area between the centroid and the bottom

of the end section.

Using Egs. (3.30), (3.31) and (3.32), incorporating the upstream normal Froude
number (Fr,) based on Eqg. (3.14) and inserting the proper equations of each sub-
sectional flow area based on the defined channel cross-section into Eq. (3.33), the
generalized end depth ratio (EDR) relationship can be computed.

3.3.2 The Infinite Number Velocity Points Method (n-Velocity Points Method)
The three velocity points method is mathematically expanded for infinite (pre-

assumed) number of velocity points (np) so as to achieve more accurate results and
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referred as n-velocity points method. As shown in Fig. 3.5, in order to have infinite
(pre-assumed) number of velocity points, the velocity distribution profile at the brink
section is sub-sectioned into np-1 parts. Applying the Bernoulli equation between the
upstream section and the brink section for np number of velocity locations over the

brink section, the respective velocity values are computed.
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Figure 3.5: Sketch of a typical channel cross-section (transversal) of the free over-fall

on a mild or steep (longitudinal) slope showing the representative sub-section (np-1)

and how the velocity locations are established to form the velocity distribution profile
at the brink ‘ye’

Referring to Fig. 3.5, based on the Bernoulli equation, the selected velocity equations

at the brink section can be written as:

2
V, 0
vi = [20] -+ 3.34
1 g[Zg anYnJ ( )
2
Vv 1
Vo = |29 D+ 3.35
2 gLZQ np_l}’n} ( )
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2 .
Vv -1
.= 2 n_ 4 3.36
Vi \/g[Zg anYnJ (3.36)

2
Vv np-2
Vnp-1 = \/29[ zng + nF[))—l ynJ (3.37)

2
v np-1
v 29| L+ 3.38
np = \/9[29 npl)’nJ (3.38)

where EGL = the energy grade line, H, = the total energy head with respect to the
channels bottom, y, = the flow depth at the upstream normal section, vi = the
velocity at the top of the end section, vy, = the velocity at the bottom of the end
section and g = the acceleration due to gravity. Note that the subscripts ‘n’ and ‘e’
denote the flow conditions at the upstream normal section and at the end section

(brink), respectively.

According to continuity equation, the generalized average discharge (Q) is obtained

as:

vty Vo vI

1+V
2 Ayto(2) + A(Z)to(B) +..+ Tnp-1"np

Q= A(np -1)to (n)

A(I)tO (i+1) +..+
np-1

Vi +v;
= Z ! '+ Aliyto (i+1) (3.39)
i=1
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where Anyo(2) = the sub-sectional flow area between the top and the second points
of the end section, Ap)(3) = the sub-sectional flow area between the second and the

third points of the end section, and App.1yt0 (p) = the sub-sectional flow area

between the np-1™ point and the bottom of the end section.

Using Egs. (3.34), (3.35), (3.36), (3.37), and (3.38), incorporating the upstream
Froude number based on Eq. (3.14) and inserting proper equations of each sub-
sectional flow area based on the defined channel cross-section into Eq. (3.19), the

end depth ratio (EDR) can be expressed mathematically as a series expansion.
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Chapter4

DIFFERENT ANALYTICAL SOLUTIONSOF THE
END DEPTHRATIO (EDR) FOR VARIOUS CHANNEL

CROSS-SECTIONS

4.1 General

This chapter presents both the previously applied different theoretical methods and
the two proposed approaches for computing the end depth ratio (EDR) relationships
of the free over-fall for the exponential, the generalized trapezoidal and the
generalized flat base circular channel cross-sections for both sub- and super critical

flow regimes.

The exponential channel is a general channel cross-section which is defined
mathematically with a single exponential equation where three widely known
prismatic shapes can be generated (rectangular, parabolic, and symmetric sided

triangular).

The generalized trapezoidal channel cross-section is a geometric shape that is defined
mathematically with a 2"¢ degree equation where six widely known prismatic
channel cross-sectional shapes can be generated (rectangular, symmetric sided
triangular, symmetric sided trapezoidal, semi-trapezoidal, symmetric sided inverted

triangular (A)and semi-inverted triangular).
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Similarly, the generalized circular channel cross-section having a flat base is a
geometric shape that reduces to the circular, semi-inverted circular and partially full
circular channel with varying flat base cross-sections (both for less than half full and

more than half full).
4.2 The Channel Cross-sections

4.2.1 Exponential Channel Cross-sections

The exponential (power-law) channel cross-section on mild or steep slope shown in
Fig. 4.1, is a channel of which its cross-section is defined mathematically with a
single exponential equation (Eq. (4.1)) where, by changing the coefficient #1 and the
exponent 72, three widely known prismatic channel cross-section shapes can be
generated (rectangular, parabolic, and triangular (symmetric)). The general flow
cross-sectional area is expressed in such a way that, the flow depth ‘y’ becomes

directly proportional to this area and is given as:

A=ny" (4.1)

Mild or steep slope

<+«— Sufficiently long ——»

Longitudinal cross-section Transversal cross-section

Figure 4.1: Sketch of the exponential channel cross-section (transversal) of the free
over-fall on a mild or a steep (longitudinal) slope
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The coefficient #1 and the exponent #, are the parametric constants used for defining

the channel cross-sectional shapes and their details are given in Table 4.1.

Table 4.1: The coefficient #1 and the exponent 7, constants that are used for
generating the relevant cross-sections

Cross-sections Type Cross-sections Shape N 72

Rectangular % v B 1

Parabolic

2T/(3y°%) | 1.5

Triangular (symmetric)

4.2.2 Generalized Trapezoidal Channel Cross-sections

The generalized trapezoidal channel cross-section is defined mathematically with 29
degree equation (Eq. (4.2)) where, by changing the coefficients #s and 74 and the
exponent #s, Six widely known prismatic channel cross-sectional shapes can be
generated (rectangular, triangular (symmetric), trapezoidal (symmetric), semi-

trapezoidal, inverted triangular (A) (symmetric) and semi-inverted triangular). This

45



equation is based on the general flow area that is directly proportional to the flow
depth ‘y’. The sketches of the two distinct generalized trapezoidal channel cross-
sections with symmetric sides slopes ‘m’ (1 Vertical: m Horizontal) on mild or steep

slope are shown in Figs. 4.2 (a) and (b).

A= gy + (1) gy (4.2)

Mild or steep slope B
<«— Sufficiently long —

Longitudinal cross-section Transversal cross-section

Longitudinal cross-section Transversal cross-section

Figure 4.2: Sketch of the free over-fall at (a) the trapezoidal cross-sectionwith
symmetric sides; (b) the inverted-triangular (A-shaped) cross-section with symmetric
sides (transversal) on mild or steep (longitudinal) slope
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The coefficients 73 and 74 and the exponent #s are the parametric constants used for

defining the channel cross-sectional shapes and their details are given in Table 4.2.

Table 4.2: The coefficients #3 and #4 and the exponent s constants that are used for

generating the relevant cross-sections

s

N4

m/2

m/2

N3

Cross-section Shape

Ay

.....

Cross-sections Type

Rectangular

Triangular (symmetric)

Trapezoidal (symmetric)

Semi-trapezoidal

Semi-inverted triangular
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4.2.3 Generalized Circular Channel Cross-sections

A generalized circular channel cross-section with flat base on mild or steep slope is
shown in Fig. 4.3. This generalized circular channel represents a group of widely
existing geometric cross-sectional shapes (the circular, the inverted semi-circular and
partially full circular channel with varying flat base cross-sections (both for less than
half full and more than half full)) where the flow cross-sectional area is related to the
flow depth (y), the diameter (D), and the depth of the flat base from lower extremity

of the generalized circular channel cross-section ( Z ), and defined as:

D2, - s
A==—(o()-0@)) (4.3)
p() = sin® (21 1)+ 22 —=1)(I - 12)°® (4.4)
p(Z)= sint (2Z-1)+2(2Z -1)(Z -2%)* (4.5)
vz oYL 2 6.s
l=y+Z, D_D+D’I y+Z7Z (4.6)
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Mild or steep slope

«+—— Sufficiently long —»

Transversal cross-section

Longitudinal cross-section

Figure 4.3: Sketch of free over-fall on the generalized circular channel cross-section
(transversal) having flat base of the free over-fall on a mild or a steep (longitudinal)
slope

4.3 End Depth Ratio (EDR) for Various Channel Cross-sections

4.3.1 Previously Applied Theories

4.3.1.1 The Energy Method

Using Eq. (3.17) along with the appropriate expressions for A,, T, and A. for each
cross-section, the generalized end depth ratio (EDR) which is the relationship
between the end depth and the upstream depth (normal depth or critical depth), is
computed for the exponential (Eq. (4.7)), the generalized trapezoidal (Eg. (4.9)) and

the generalized circular channel cross-sections (Eq. (4.12)) separately, as follows:

2 Fr? 5

~EDR+—"—(EDR " -1)-1=0 (4.7)

3 21,

where

EDR =Je (4.8)
Yo
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Note that, Eq. (4.7) was already solved and presented in Subramanya (1994).

_1\" 3pyp 2 _1\s 2y 2
p— 1+(-1)"N_)*Fr 2 2_(1+( D*N)F’ g 49)
3 (2+4(-1)" N, )(EDR +(-1)" N_EDR?)*  (2+4(-1)" N, )
where
EDR=Ye - Ne (4.10)
Y. N,
N, =2Yn. N, ==Ye (4.11)
Un 4
~ A~ 3 A~ ~
o(1,)-p(2)) Fr.? o(1,)-p(2) | Fr.?
2EDR + N ( ) — —( — O)SA ~1=0 (4.12)
16(1, 1, (p(i)-9(@)) §, 16 =107V,
where
EDR=Ye - Ye (4.13)
Yo o Va
o Yoo Ye.s5 Z
g Ve 2 4.14
Jo=5i Y= 5 (4.14)
=9, +Z;1 =Y +Z (4.15)

Egs. (4.7), (4.9), and (4.12) are the general relationships and can be applied to either

sub-critical or supercritical flow regime. In the case of sub-critical flow regimes,
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Fr =Fr.=1, N =N, =" and | = |,=9,+Z . It should be noted that, the

subscripts ‘e’, “c’ and ‘n’ are referring to the flow conditions at the end section, the
critical section and the normal section, respectively.

4.3.1.2 Momentum Equation Coupled with the Free Vortex Theory

By inserting Egs. (3.14), (3.25), and (3.26) into Eqg. (3.3) and replacing the
appropriate relationships for A,, T, and A. of each channel cross-section type, the
generalized EDR relationships are calculated for the exponential (Eq. (4.16)), the
generalized trapezoidal (Eq. (4.17)) and the generalized circular channel cross-

sections (Eq. (4.18)) as:

35 ]
Frnzj
2 2 (2
I:rn )+£ (1_|_Frn 2 1,

2n," 35" 2, [ Fr2 j”’
1+
i 2,

2 2
_|: (;72 +1)Frn +1j| EDR’72 + {M} = O (416)
m, m,

EDR (21, +1)

1—£(1+
5
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1_&[“ (L+ ()" Nn)Frnz}L
5 (2+4(-1)™N,)

(1+ (_1)775 Nn)Frnz jS_s -

8 [1+ @+ (-1 N, )Fr? ]2 B ([ (2+4(-1)™N,)

35 (2+4(-1)"N.,) L+ (~1)" Nn)FI’n2 5
L (2+4(-)™N,)
2 3
[ EDR 1N, EDR
2 3
CHODPNJFL N 1,
1+2(=1)™N_)(EDR +(-1) N_EDR? 3 2
(1+2( ) ]

(o) -0@))1, - -(E -2 -, - 1,)")
-k (€0(fe)—§0(2))(fe —%)+%ke ((2 _7Eys (- fez)l.s)

(el -0@)) P’ _(co(fn)—co(i) _1} 0
8(l,—1,)°° o(l,)-o(Z)

where

n _

- + = ~ —
Y, 16(|n B |n2)o.5 §

A, (e(i) - (@) Fr,?
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4.3.1.3 The Sharp Crested Weir Theory

4.3.1.3.1 The Continuity Equation

Fig. 4.4 shows a schematic representation of the free surface flow profile of the
symmetric sided trapezoidal channel cross-section of the free over-fall. As discussed
earlier, the flow over a free over-fall in any channel cross-section can be assumed to
be similar to the flow over a sharp-crested weir of the same section with zero height
(without a sill) (Anastasiadou-Partheniou and Hatzigiannakis 1995; Ferro 1999;
Ahmad 2003; Vatankhah 2013; Vatankhah 2015). Therefore, the theoretical
procedure that is applied to compute the discharge over a sharp-crested weir without
a sill can also be used for the free over-fall to obtain the EDR relationships. From
previous studies (Fathy & Shaarawi 1954, and Reploigle 1962) it is known that, the
pressure distribution at the brink section forms a slightly skewed parabolic shape
with its mean value considerably less than the hydrostatic one; therefore, the formed
curve area of the actual pressure distribution is definitely smaller than the hydrostatic
pressure profile area. Hence, contradictory to a sharp-crested weir, where the
pressure distribution all over the end section (at the weir) is assumed to be zero
(Ahmad 2003), a linear pressure distribution is proposed to form a right angle (but
not isosceles) triangle having its height equal to the brink depth (ye) and having its
maximum value (Cpye) at the channel bed as shown in Fig. 4.4 (Delleur et al. 1956).
Noting that, C, is the brink pressure distribution coefficient which is less than a unity
and was evaluated from experimental dataset of Rajaratnam and Muralidhar (1970).
In accordance with the above proposed approach, the flow velocity at any depth at
the brink section of the free over-fall can be computed by applying the energy
equation between the upstream section and the brink section (see the Appendix for

further mathematical details). Therefore using Eq. (A-2), an elemental infinitesimal
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discharge (dQ) equation for an elemental tape of thickness dhe at a height he below

the energy grade line (EGL) for the trapezoidal free over-fall is generated as follows:

Q:é% 1ik ‘l {Zgﬂl—thE+cp04m—%)B%[B+2m(Hn—hgﬂdm(423

n

29

where Q = the flow discharge; A. = the flow area at the brink; A, = the flow area at
the upstream; k = the local energy loss coefficient due to the streamline curvature at
the vicinity of the brink; y, = the upstream flow depth; v, = the flow velocity at the
upstream; C, = the pressure coefficient; he = the vertical distance measured from the
total energy head; H, = the total energy head at the upstream section; y. = the brink
depth; B = the bottom width; m = the side slope (m:1; horizontal : vertical); and dhe
= the elemental infinitesimal depth. Note that the subscripts ‘n’ and ‘e’ denote the

flow conditions at the upstream section and the end section, respectively.

Brink
e JEGL_F "
$vin/(29) m T Y
— = 1 g D
Hn ' RVF ~
yn - v\
dh'
yn Sl ! SRRRRRRRR !
Mild or steep slope Coy, le— B —
<«— Sufficiently long—>
Longitudinal cross-section Transversal cross-section

Figure 4.4: Sketch of a free over-fall along the longitudinal symmetric sides
trapezoidal channel cross-sectionwith the proposed brink pressure distribution and its
transversal (cross-sectional) details
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substantial at the free surface profile and zero at the bottom of the channel (Sharifi et

al.

2009). Hence, the effect of the streamline curvature at the brink section is

considered by introducing a correction factor only to the free-water surface.

Subsequently, the following equation can be established to give the value of the

discharge at the free over-fall as:

. (1om(C,y, -
Q: \/@Ae \/1+k
15(1_Cp)2 Aq +6m£cp(yn

—[53(0p “)(H,-C,y.)" - am(H, —cpye)”}

H,)+5B(C, —1))[cp(yn —ye)+ﬁ)
29

VZ 25
— 4+
ot

(4.22)

By equating and simplifying Egs. (4.22) and (3.14), an EDR equation for the

generalized trapezoidal free over-fall is obtained as:

N, (EDR)’ +EDR
30(1-C

) (12N, ) Fr,

+
{[SV/l(Nn)WZLS(Nn) _4Nn{//22.5(Nn):|_

where
Y. N,. my. . my
EDR==-=—%; N,=—%; N, =—"
y, N, B B
2+4N
N)=(C. -1 n
w,(N,)=(C, )[ 1+NJ

l//?)ls)(_l_l\il(r])[Nn (6W3(Nn)_10W2(Nn))+5W1(Nn):|}

N

(4.23)

(4.24)

(4.25)
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2 2+4N,
w,(N,)=Fr +(1—Cp(EDR))( TN J (4.26)
2+4N
N )=Fr?+C_(1-EDR n 4.27
l//3( n) n p( )( 1+ Nn ] ( )

Eq. (4.23) can be simplified for rectangular and triangular channel cross-sections by
taking N, = 0 and N, = oo, respectively. So, substituting N, = 0 and N, = oo separately
into Eq. (4.23) and simplifying, the EDR equation for the rectangular (Eq. (4.28))

and for the triangular (Eqg. (4.29)) channel cross-sections are generated.

3(1-C )Fr,
EDR — ? =0 (4.28)
[Fri+20-c EDRﬂm—~—£—{FQ2+2C (L-EDR)]"
P J1+k P

30(1-C,)°Fr,
[Fr,?+4@-C,EDR)]"

EDR’ - =0 (4.29)

Fr2+4C, (1-EDR) "
_[ n D( )] I:Frnz+4Cp(1—EDR)+10(1—Cp)]

Vi1+k

Since, the magnitude of the local energy loss coefficient (k) is not known, EDR
cannot be computed for the given values of C, and N,, implying that the Egs. (4.23),
(4.28) and (4.29) are not sufficient to solve these equations at this step.

4.3.1.3.2 The Energy Equation

By applying the energy equation on the streamline at the vicinity of the brink section

(between the upstream and the downstream sections), another independent equation
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is generated that considers the local energy head loss (h;) by taking into account the

effect of the streamline curvature and given as:

2

H o=d, +~ +h (4.30)
29

where de = the hydrostatic pressure head at the brink, v. = the flow velocity at the end

section (brink); and h,= the local energy head loss.

Inserting Eq. (3.14) and h; = kve%/2g into Eq. (4.30) and simplifying leads to:

{ﬂ{—a* NP, +1}}(Nn £DR? + EDR): + LHRLE NP, (4.31)

Y, 2+4N, 2+4N

n

To obtain a relationship for an imaginary equivalent hydrostatic pressure head at the
brink (de) based on Cyy. by using the experimental data of Rajaratham and
Muralidhar (1970), the suggested volume of the linearly varying pressure distribution
as detailed in Fig. 4.4 is equated with the volume of the hydrostatic pressure
distribution with the depth d.. Hence, Eq. (4.32) is obtained for the generalized

trapezoidal channel cross-sections.

3 2
ZN{CP EDR3—($j ]+3{Cp EDRZ—[ﬁ] ]_o (4.32)
Yn Yn

Egs. (4.31) and (4.32) are reduced to a single 3 degree polynomial, for the

rectangular channel cross-sections by substituting N,= 0.
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1 2 2
C2 EDR® |1+ |EDR? + (1K) =0 (4.33)
p 2 2

Similarly, for the triangular channel cross-sections, a single 5™ degree polynomial is

obtained by substituting N, = oo.

1 2 2
C: EDR® | 1+ |EDR* + (1+k) - = 0 (4.34)
" 4 4

Since, an independent equation is established using the energy equation, the
aforementioned equations (Eqgs. (4.23), (4.28) and (4.29)) can be solved by using the

pressure coefficient (Cp) values suggested by Rajaratnam and Muralidhar (1970)

where,
0.281-0.1184N, 0<N, <0.79

Cp =| 0.1875 0.79< N, <2.34 (4.35)
0.2136-0.01116N, 2.34 < N, <£10.00
0.102 10< N, <00

where N = my./B.

4.3.2 The Suggested Approaches

4.3.2.1 Three Velocity Points Method

Using Egs. (3.30), (3.31), and (3.32) and substituting the upstream Froude number
Fr, from Eq. (3.14) and the proper relationships of the flow area for each cross-
section into Eq. (3.33), the generalized EDR relationships are obtained based on this
new approach for the exponential (Eg. (4.36)), the generalized trapezoidal (Eg.

(4.37)) and the generalized circular channel cross-sections (Eq. (4.40)) as:
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EDR = 2Ft, (4.36)

277 n 2
Fr. + /Fr2_+444;7+(1/Fr2+_2 —-Fr) —z
) "o, +1 R m+l) |

] [1+(0=N, ] Fr,

=0 (4.37)
[05+(-1)"N, |

f,(N,) +,(N,) - 36 N “EDR?+ 2(-1)"*N EDR + 1

f,(N,) = [ 20(-1)* N, *EDR*+ 60N,’EDR*+ 57(-1)* N, EDR”+ 18EDR |

| [ \/(1+ (-1)"N,)Fr,? \/(1+ (-1)"N,)Fr,’ +3+2(-1)"5Nn} (4.38)

2+ 4(-1)"N, 2+4(-1)*N,  6+6(-1)"N,

where
f,(N,) :[16(-1)”5 Nn3EDR“+ 48Nn2EDR3+ 51(-1)’75NnEDR2+ 18EDR]

| N“ (1+ (1)"N, )Fr ? +\/(1+ (1)*N)Fr? 3+ 2(1)"N, } .39
2+ 4(-1)"N, 2+4(-1)"N,  6+6(-1)"N,

16(1, - 1.7)°® 16(i, - 1.%)°° 23 pi)-0@)

N((P(fn)(t)(ZA))FIfn2 +\/(<o(fn)¢(ZA))Frn2+[lA 1 8((2fb22)1'5(fnfnz)l's)]]

(o) -0, -7,))+
( )

|:\/,\ ((D(fn)_(ﬂ(z))Frnz +\/((p(fﬂ)—(p(2))Frn2 +[I’\ l§((2\_Zﬂ2)1.5_(|"n_|"nz)1_5)]]

+ = = = = = =
AARET T 16(7, 1.5 23 ol)-e@)

(o) -0D) Fr,
2(fn _ fnz)o.zs -

(o, -¥)-0(2))- (4.40)

59



where

el _I" _l_g((i_22)1-5_(i\e_fe2)1-5) (441)
YT o) e |

4.3.2.2 Infinite Number (n-) Velocity Points Method

Using Egs. (3.34), (3.35), (3.36), (3.37), and (3.38) and substituting the upstream
Froude number Fr. from Eq. (3.14) and the proper relationships of the flow area for
each cross-section into Eq. (3.39), the generalized EDR relationships are expressed
based on this new approach as series expansion for the exponential (Eq. (4.42)), the
generalized trapezoidal (Eq. (4.43)) and the generalized circular channel cross-

sections (Eq. (4.44)) as:

V2(np-1)" Fr,

EDR = (4.42)
%npil I:rnz i-1 I:rn2 i _iYr _ —_i_1\"-
", ;;{LJZUZ+_np—1_hJ2n24_np—1J«np i) —(np—-i-1) )]
(s NPT o1 [arCDENgFRE i)
el (2+4(-D™N,) np-1 (2+4(-D™N,) np-1
=) ( EDR v NnEDR2(2np2—2i—1)]
(np-1 (np-1) i
201+ ()" N, ) Fr, _0 (4.43)

ﬂ+2FD%NJ%
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_[\/((p(fn)Aq,EZA))Franr

il AT, -T2  np-1

o e ARG 1119e+2>j
(o

i1, ((el)-e@)Fr’
4(i‘n _ I"nz)o.s

61

(4.44)



Chapter5

RESULTS AND DISCUSSION

5.1 Introduction

In this chapter, the variation of the end depth ratio (EDR) and the end depth
discharge (EDD) values for different channel cross-sections are investigated through
the proposed methodologies and presented within four main sections. The first
section deals with the solution of the proposed methodologies for computing the
EDR and the EDD of the exponential channel cross-sections for both sub- and super
critical flow regimes. The second section details the solution of the suggested
methodologies for the EDR and the EDD relationships of the generalized trapezoidal
channel cross-sections for both regimes (Abrari et al, 2018). In this section, also the
results of semi-trapezoidal and inverted semi-triangular channel cross-sections based
on different approaches (energy (Abrari et al, 2017b), free vortex theory (Abrari et
al, 2016), three velocity points (Abrari et al, 2017a) and infinite number velocity
points) are determined since they were not studied earlier. The third section deals
with the solutions of the computed EDR and EDD relationships for the circular
channel cross-sections with flat base for both sub- and super critical flow regimes.
This chapter ends with the direct prediction of the discharges from the known values
of the end depths for all the above-mentioned channel cross-sections in both flow
regimes. As previously stated, in sub-critical flow regimes, the end depth value is
related to the critical depth, since the critical section occurs somewhere upstream of

the end section. However in super critical flow regimes, due to the lack of the critical
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depth occurrence within the studied control volume of the approaching flow, the
water depth at the end section has been correlated to the longitudinal channel bed
slope (S) and the channel bed roughness (n) through the semi-empirical Manning-
Strickler equation.

5.2 Exponential Channel Cross-sections

5.2.1 EDR for Sub-critical Flow Regimes

When the approaching flow is in sub-critical regime, the critical section exists at the
upstream of the end section provided that the channel is longitudinally long enough.
Using Eq. (4.36), the end depth ratio (EDR), being the ratio of the end depth to the
critical depth, can be determined based on the three velocity points method for the
rectangular, the parabolic, and the triangular channel cross-sections by inserting
Fr. =Fr, =1 and incorporating with the appropriate value of the exponent 7, as
shown in Table 4.1. Therefore, by substituting 7, = 1, 1.5, and 2, EDR values of
0.719, 0.772, and 0.806 for the rectangular (unconfined nappe), the parabolic and the
triangular (symmetric sides) channel cross-sections are obtained respectively. Also,
substituting Fr, = Fr, =1 and number of point (np) = c for the infinite number
velocity points method into Eq. (4.42), the EDR values are found to be 0.715, 0.777,
and 0.817 for the rectangular, the parabolic, and the triangular channel cross-sections
respectively.

5.2.2 EDD for Sub-critical Flow Regimes

Similarly, the discharge relationship of the exponential channel based on the Froude

number of the normal depth ( Fr, ) can be written as:
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05 0.5
_9 ’71J’n(’72+ )
Q= 0.5
U

Fr, (5.1)

Substituting y, from Egs. (4.16), (4.36), and (4.42) into Eq. (5.1), the following

general end depth discharge (EDD) relationships which are the direct prediction of
the discharge for the given end depth (ye) based on the three velocity points method
(EQ. (5.2)), the infinite number velocity points method (Eqg. (5.3)), and the free vortex
theory (Eq. (5.4)), for flows in sub- and super critical regimes at free over-fall in
exponential channel cross-section are obtained only since the solution based on

energy method is availablein the literature:

0.5
-(1+ E)
0.5
= g ﬂlFrI’] Fl”n
;720.5 2n n 2
Fr-+ |Erc+--12 | . JFr.¢ +2n, — Fr
S ey A
: ye('72 +1) o
0.5
- -1+ E)
— gO.5I71FI’n \/E(n_l)nz Fl’n
T 05 1
;72 7npfl Fr 2 |—1 Fr 2 I
2 n n o Liqm
" %H\/ 21, +np—1+ 21, +np_]_ ((np i) (np-i-1) )
_ye(ﬂz +1) o
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;,]varn2 *
4 Fr? 8 Fr? ’ 29
1__(1+ ’71 n j_i__ (1_‘_ 771 n _ 2 EDR(2n2+l)

S 2, 35 21, ] (1_'_ WT.S
i 2’72
+1)n,Fr? +1)nFr?
_[(’72 )mEr, +1}EDR"2 +M=o (5.4)
n, P
where
05 7,+0.5
- QL) 69
gAY,

Substituting Fr, = Fr, =1, the defined values of the exponent 7, for the rectangular,

the parabolic and the triangular sections and inserting np =cinto these general
equations, the EDD relationships for the above mentioned cross-sections were
computed from the two above mentioned suggested methodologies and detailed as
well in Table 5.1, since Beirami et al. (2006) computed the EDR and the EDD

relationships of the exponential channel cross-sections for sub-critical flow regimes.

Table 5.1: Computed EDR values and EDD relationships based on the two suggested
methods of this study for the exponential channel cross-section

Cross-section Methods Nappe| EDR EDD
Type | (Yelyc) (m’/s)
n-velocity points method U 0.715 | 1.654 g°5yet®

Rectangular

Three velocity points method U 0.719 | 1.639 g®5yyet®
. n-velocity points method U 0.777 | 1.3519%51y.2
Parabolic - .
Three velocity points method U 0.772 1.3709%%71y.?
n-velocity points method 0.817 | 1.171 g%pye®S
Triangular P Y 9 e
U

Three velocity points method
U: unconfined nappe

0.806 | 1.212¢°5)1ye2S
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5.2.3 EDR for Super Critical Flow Regimes

In super critical flow regime where the longitudinal channel slope is steep, the
critical water depth ‘y.” does not exist at the control volume (between the upstream
(normal) section and the downstream (end) section), since the critical depth it is
greater than the uniform (normal) water depth. So, the water level at the end depth
‘ye” depends on the upstream Froude number ‘Fr,’ instead of the critical flow depth
and ‘Fr¢’. As the upstream Froude number is a function of the channel bed slope ‘S’,

the functional relationship of y. can be written as:

Ye = Ye(¥e, S) (5.6)

Note that, the ratio of y./y. is related to the EDR and the upstream Froude number
‘Fry’ by the following equation:

_Y._ EDR

& =
e yC Frn(’72+0‘5)

(5.7)

The upstream Froude number “Fr,” in the Eq. (5.5) is divided by the Froude number

of the fictitious critical cross-sectionto obtain as:
T 0.5 15

Fr - (_] (i] (53)
T, A,

where T, = the top width of the flow at the fictitious critical water depth section and
A: = the cross-sectional area of the flow at that fictitious section. Since the critical
water depth does not exist within the control volume section, to overcome this, the
semi-empirical equation suggested by Manning-Strickler for open channels is

introduced that gives the following relationship as:
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B

where P, = the channels wetted perimeter at the normal depth section, P, = the
channels wetted perimeter at the fictitious critical depth section, S¢ = the fictitious
critical slope of the channels, and S = the channels bed slope as defined earlier.
Equating Egs. (5.8) and (5.9), gives:

10

23

Replacing the corrected form of the foregoing parameters into Eq. (5.10), S for the

P )
?J (5.10)

C

rectangular (Eq. (5.11a)), the parabolic (Eg. (5.11b)), and the triangular (Eq. (5.11c))

channel cross-sections are given in a simplified form as:

4 10
) (v V3
S,.. = 1+2y, /B *( e (5.11a)
1+2y./B ) Y,
) 4
ay ¥ T 4 ay V||
T,| 1+ Yn +—"*]n yn+ 1+ Yo 0
T 4y, T T) N
§ =1L Yo (5.11b)
: ay ¥ T 4 4y Y To¥n
T 1+ Ye +—*In yc+ 1+ Ye
TC 4yC TC TC
16
5 3
Syi = (y—J (5.11c)
Y,
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5.2.3.1 EDR of Rectangular Channel Cross-sections

To evaluate y, for the given values of y,, B and §, Eqg. (5.11a) was solved
numerically. Subsequently Fr, is calculated from Eg. (5.5) and ye numerically
determined from Egs. (4.16), (4.36), and (4.42) for free vortex theory (to strengthen

the suggested new methods), the three velocity points method, and the infinite

number velocity points method, respectively. Then, the ratio of yely. ‘&,” is

estimated from Eq. (5.7) for the rectangular channel cross-sections by using the
relevant value of 7,. The result of & compared with the theoretical study of

Anderson, (1967) based on the energy method, Murty Bhallamudi, (1994) using the
Boussinesq approach, and Ferro, (1999) through the sharp-crested weir theory are
shown graphically in Fig. 5.1(a), (b), and (c) for the rectangular channel cross-
section in super critical flow regimes, respectively. These graphical representations
involve number of curves since the effect of different bed slopes ‘S’ are coupled in
the solution; unlike the sub-critical flow regime cases where the critical slope
interferes only. In order to show the accuracy of the suggested methods, the two
statistical measuring indices (Mean Absolute Relative Error (MARE) and
Correlation coefficient (R?)) were determined and shown as well in these figures. For
best relationship, the value of MARE should be close to zero and the value of R?
should approach to unity. As shown in Fig. 5.1(c), the curve for infinite number
velocity points method are overlapping with the study of Ferro (1999), since as the
number of points (np) approaches to an infinity number, the series expansion

equation converges to the equation of the sharp-crested weir theory.

A comparison of the computed results of the EDR values for the rectangular channel

cross-sections obtained from the suggested theoretical methods of the current study
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with the relevant experimental study by Jagannadha Rao, (1961) is given in Fig. 5.2.
The verification of this study with the relevant experimental data sets varies slightly

from the observations.
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Figure 5.1: Comparison between the variation of &, on S for 0.08 (m) <y. < 0.2 (m)

(m) and B = 0.2 (m) of the two suggested theoretical approaches and the theoretical
solution of the free vortex theory with the study of (a) Anderson (1967); (b) Murty
Bhallamudi (1994); and (c) Ferro (1999) in rectangular channel cross-sections
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Jagannadha Rao (1961)
Figure 5.2: Comparison between the computed EDR values of the two suggested
theoretical approaches and the free vortex theory with the experimental data set of
the EDR of Jagannadha Rao (1961) in rectangular channels

5.2.3.2 EDR of Parabolic Channel Cross-sections

Similarly, in order to evaluate y, for the given values of y, T and §, Eqg. (5.11b) was

solved numerically. Subsequently Fr, is calculated from Eqg. (5.5) and the value of ye
numerically determined from Egs. (4.16), (4.36), and (4.42) for the free vortex

theory, the three velocity points method, and the infinite number velocity points

method, respectively. Then, &, is calculated from Eq. (5.7) for the parabolic channel

cross-sections by inserting the relevant value of 7,. The result of &, compared with
the theoretical study of Anderson, (1967) based on the energy method, Murty
Bhallamudi, (1994) using Boussinesq approach, and the sharp-crested weir theory
(solved by the authors for strengthening the suggested methods) are shown

graphically in Figs. 5.3(a), (b), and (c) respectively. These graphical representations

71



involve number of curves since the effect of different bed slopes ‘S’ are coupled in
the solution; unlike the sub-critical flow regime cases where the critical slope
interferes only. In order to investigate the correctness of the suggested methods, the
two statistical measuring indices (Mean Absolute Relative Error (MARE) and
Correlation coefficient (R?)) are provided in these figures as well. As shown in Fig.
5.3(c), the curves of the infinite number velocity points method are overlapping with
the sharp-crested weir theory, since as the number of points (np) approaches to

infinity, this seriesexpansion method converges to the sharp-crested weir theory.
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Figure 5.3: Comparison between the variation of &, on S for 0.08 (m) <y. < 0.2 (m)

and T, = 0.2 (m) of the two suggested theoretical approaches and the theoretical
solution of free vortex theory with the study of (a) Anderson (1967); (b) Murty
Bhallamudi (1994); and (c) the theoretical solution of the sharp-crested weir theory

in parabolic channel cross-sections
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5.2.3.3 EDR of Triangular Channel Cross-sections

In a similar way, to evaluate y, for the given values of y. and S , Egs. (5.11c) was
solved numerically. Subsequently Fr, is calculated from Eq. (5.5) and y. numerically
determined from Egs. (4.16), (4.36), and (4.42) for the free vortex theory, the three

velocity points method, and the infinite number velocity points method, respectively.

Then, ¢, is estimated from Eq. (5.7) for the triangular channel cross-sections by

using the relevant values ofz,. The result of £, compared with the theoretical study
of Anderson, (1967) based on the energy method, Murty Bhallamudi (1994) using
the Boussinesq approach, and Ferro, (1999) through the sharp-crested weir theory are
shown in Figs. 5.4(a), (b) and (c) for triangular channel cross-sections in super
critical flow regimes, respectively. In order to show the accuracy of the suggested
methods, the two statistical measuring indices (Mean Absolute Relative Error
(MARE) and correlation coefficient (R%) were provided as well in these figures. As
shown in Fig. 5.4(c), the curve for infinite number velocity points method are
overlapping with the study of Ferro (1999), since as the number of points (np)

approaches to infinity, due to the same reasoning discussed in the earlier section.
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Figure 5.4: Comparison between the variation of &, versus S for any value of mand

y.=0.2 and the theoretical study of (a) Anderson, (1967); (b) Murty Bhallamudi
(1994); and (c) Ferro (1999) in triangular channel cross-sections

The experimental data of Rajaratanm and Muralidhar (1964) is considered for
verifying the computed EDR of the suggested method of this study for the triangular
free over-falls and is presented in Fig. 5.5. The verification of this study with the
relevant experimental data sets varies slightly from the observations. This variation is
probably due to the fluctuation of the measured data set of Rajaratanm and
Muralidhar (1964) since, the studied cross-sectional shape characteristics at very low
discharges are forming very shallow water depths where the occurred wetted
perimeter at different discharge values due to the inner wall roughness effecting the

measurements significantly.
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Figure 5.5: Comparison of the computational EDR values of the two suggested
theoretical approaches and the free vortex theory of this study with the experimental
data set of the EDR value by Rajaratnam and Muralidhar, (1964) in triangular
channel cross-sections

5.2.4 EDD of Super Critical Flow Regimes
To utilize the free over-fall as a flow measuring device, it is essential to estimate the
discharge value only by using the flow depth at the end section. Therefore, by

substituting y. =y, /EDR into Eq. (5.1), the generalized equation of the EDD is

obtained:
~ go.s n ye(n2+o.5)
Q= |:7720.5EDR(112+0.5) I:rn (5-12)

In super critical flow regimes, as the discharge is dependent on ye and Fry, so it is not
explicitly possible to estimate the discharge from the given value of the end depth

measurement only (unlike to sub-critical flow regimes). Hence, a second
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measurement at the upstream is unavoidable. In essence, if both y. and y, are known,
the upstream Froude number at the normal section ‘Fr,” can be calculated directly
using Eqgs. (4.16), (4.36), and (4.42). Subsequently, y. and Fr, may be used to
estimate the discharge from Eq. (5.12). Since, it is difficult to determine the location

of the normal section properly, the known values of the relative channel bed slope (
S) using Egs. (5.11a), (5.11b), and (5.11c), the semi-empirical Manning-Strickler

equation is coupled with the end depth measurements.

5.2.4.1 EDD of Rectangular Channel Cross-sections
Therefore, to evaluate y_, y_, and Fr, for the given value of y_ and S, Egs. (5.5),

(5.11a), and (4.36) for the three velocity points method, Egs. (5.5), (5.11a), and
(4.42) for the infinite number velocity points, and Egs. (5.5), (5.11a), and (4.16) for
the free vortex theory method were solved numerically. Eventually by substituting
the appropriate value of 7,, the discharge (Q) values for the rectangular channel
cross-sections were computed using Egs. (5.2), (5.3), and (5.4) for the three velocity
points method, for the Infinite number velocity points method, and for the free vortex
theory respectively.

5.2.4.2 EDD of Parabolic Channel Cross-sections

Since no earlier experimental data are available in the literature, the generated
relevant theoretical equations for this cross-section were not validated.

5.2.4.3 EDD of Triangular Channel Cross-sections

For the triangular channel cross-sections, in order to investigate y_, y , and Fr, for

the given value of y, and S, Egs. (5.5), (5.11c), and (4.36) for the three velocity

points method, Egs. (5.5), (5.11c), and (4.42) for the infinite number velocity points

method and Egs. (5.5), (5.11c), and (4.16) for the free vortex theory were solved
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numerically. Finally by inserting the relevant value of 7,, for the triangular channel

cross-sections the discharge (Q) values were computed using Egs. (5.2), (5.3), and
(5.4) for the three velocity points method, for the infinite number velocity points

method, and for the free vortex theory respectively.

In order to verify the calculated discharge values, a comparison has been made for
the exponential channels with relevant experimental results existing in the literature.
In Figures 5.6(a) and 5.6(b), the observed data sets of Jagannadha Rao (1961) for the
rectangular channels and the experimental data of Rajaratnam and Muralidhar (1964)
for the triangular channels are compared with the calculated discharge values of the
generated equations. Figures 5.6(a) and 5.6(b) reveal that, the calculated values of
the discharge giving little discrepancies with the experimental data sets due to the

same reason discussed earlier.
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Figure 5.6: Comparison between the experimentally determined non-dimensional
discharge values with the computed non-dimensional discharge values of the two
suggested approaches and the free vortex theory for (a) rectangular; and (b)
triangular channel cross-sections

5.3 Generalized Trapezoidal Channel Cross-sections

5.3.1 EDR for Sub-critical Flow Regimes

As previously stated, in sub-critical flow regimes the EDR is the ratio between the
end depth ‘y.’and the upstream critical depth ‘y.’. Hence, by measuring the end
depth, the discharge ‘Q’ value can be computed, since there is a unique relationship
between the critical depth and the discharge value based on Froude number at that
critical depth “Fr¢’.

5.3.1.1 EDR of Trapezoidal Channel Cross-sections

By substituting Fr, =Fr.=1 and N, =N, into Egs. (4.9), (4.37) and (4.43)
separately, the EDR equations of the generalized trapezoidal channel cross-sections

for sub-critical flow regimes other than the two proposed methods (the three velocity
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points Eq. (5.15) and the infinite number velocity points Eq. (5.18)), the energy
method Eq. (5.13) is also computed (since this approach was not applied in earlier
studies for this cross-section type, so as to strengthen the above mentioned two

proposed methods) are generated:

Y 3 1\ 2
2EDR + @+ (CDPN,) _ @RCENDT (5.13)
3 (2+4(-1)" N,)(EDR + (-1)* N .EDR?)* (2+4(-1)*N,)
where
EDR = Ye = Neo y _TYe. y _TaYe (5.14)
Yo N 7ls 715

[1+ (N ]

0.5 = O
[05+(-1)*N, |’

f,(N,) +f,(N,) - 36[ N.>EDR?+ 2(-1)*N,EDR + 1]

(5.15)

where
f,(N,) = [ 20(-1)*N,’EDR*+ 60N *EDR°+ 57(-1)"*N EDR*+ 18EDR |

| { J(H ("N | J (1+ (D)"N,), 3+ 2(D)"N, ] 6.16)
2+ 4(-1)"N_ \[2+4(-1)"N_ 6 +6(-1)"N,

f,(N,) =[16(-1)*N EDR*+ 48N EDR*+ 51(-1)""N,EDR’ + 18EDR ]

| { \/“ 1+ ("N , J (1+ ("N, , 3+2(1)"N, ] 617
2+ 4(-1)"N, \2+4(-1)"N, 6+ 6(-1)"N,
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QD" N) -1 [@rErNg |
(2+4(-D™N,) np-1 \(2+4(-D"N_,) np-1

np-1
1 | EDR (1) N.EDR(2n 22| 1)
\np-1 (np-1)

V2@t (-~ Ncgzs o (5.18)
d+2(-D™N,)"

Since the equations defining the generalized trapezoidal channel cross-sections for
the energy, the three velocity points and the infinite number velocity points methods
(Eg. (5.13), Eq. (5.15), and Eq. (5.18) respectively) are revealing no single
representative EDR value, unlike to the rectangular, the parabolic and the triangular
channel cross-sections, other than the flow depth at the brink section ‘ye’, the
channels side slopes ratio (m) and the channels bed width (B) were also introduced as
dependent (influencing) parameters so as to achieve a group of mathematical
solutions. Using these effective channel parameters (ye, m, and B), a comparison of
the computed EDR values of the theoretical studies of Murty Bhallamudi (1994),
Beirami et al. (2006), and Vatankhah (2013) and the experimental data sets of Diskin
(1961), Keller and Fong (1989), and Pagliara and Viti (1995) were used by applying

the appropriate values of 7,, 7,, and 7, that are given in Table 4.2 and detailed in

Figs. (5.7, 5.8a, and 5.8b).

As depicted in Fig. 5.7, comparison of the computed EDR values for this study with
the above mentioned theoretical approaches revealed that, there is a close agreement
with the theoretical study of Murty Bhallamudi (1994) and Beirami et al. (2006)
since to some extent, the effects of the streamline curvature and the pressure
coefficient at the end section were considered in these studies. The computed low

correlation values (R?) in the theoretical studies compared with the experimental data
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set are probably due to the fluctuations of the measured data set as discussed earlier
sections since, the studied cross-sectional shape characteristics at very low
discharges are forming very shallow water depths and the formed wetted perimeter at
different discharge values due to the inner wall roughness is effecting the

measurements significantly.

Similar computations were carried out in order to check the accuracy of the
computed EDR values of the two proposed methods (the three velocity points and the
infinite number velocity points) and presented in Figs 5.8 (a) and (b) respectively. It
is clearly observed that, there is a close agreement with the theoretical study of
Vatankhah (2013), since to some extent; the application of the continuity equation is
used in both studies. As the statistical measure indices indicates, the slight deviations
of the EDR values computed by Murty Bhallamudi (1994) and Beirami et al. (2006)
are probability due to the effects of the streamline curvature and the assumed

negligible effect of the pressure coefficient at the end section.
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Figure 5.7: Comparison between the relevant theoretical and experimental EDR
results of the previous studies and the computed EDR results of the energy method of
the trapezoidal channel cross-section with symmetric sides at sub-critical flow
regime
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Figure 5.8: Comparison between the relevant theoretical and experimental EDR
results of the previous studies and the computed EDR results of the (a) three velocity
points method; and (b) infinite number velocity points method of the trapezoidal
channel cross-section with symmetric sides at sub-critical flow regime

5.3.1.2 EDR of Inverted Triangular Channel Cross-sections

Due to the similar reason as discussed for the trapezoidal channel cross-section case,
for the inverted-triangular (A-shaped) channel cross-section, the effective channel
parameters (Yye, m, and B) were introduced so as to compute the EDR values based on
three different theoretical methods. For their comparisons, the experimental study of
Dey and Ravi Kumar (2002) and the theoretical study of Beirami et al. (2006) based
on the free vortex theory were used and are tabulated in Table 5.2. As can be seen,
the computed EDR values of the suggested methods are in well agreement with the
observed data set of Dey and Ravi Kumar (2002) and the theoretical study of

Beirami et al. (2006).
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Table 5.2: Comparison between the computed EDR values of the different suggested
methods of this study with the observed data of Dey and Ravi Kumar (2002) and the
theoretical study by Beirami et al. (2006)

EDRobs EDRcom | EDR EDR EDR
B (m) m Ye (M) |(Dey & Ravi |(Beirami | (3vp) | (n-vp) | (energy)
Kumar) etal.)

0.18 | 0.57735 | 0.073952 0.7112 0.6903 | 0.7040 | 0.7024 | 0.7050

0.18 | 0.57735 | 0.070242 0.7195 0.6879 | 0.7025 | 0.7007 | 0.7012

0.18 | 0.57735 | 0.065035 0.7053 0.6858 | 0.7014 | 0.6992 | 0.6971

0.18 | 0.57735 | 0.060889 0.6892 0.6849 | 0.7012 | 0.6986 | 0.6946

0.18 | 0.57735 | 0.056118 0.7155 0.6846 | 0.7015 | 0.6986 | 0.6925

0.18 | 0.57735 | 0.053437 0.6812 0.6847 | 0.7019 | 0.6988 | 0.6916

0.18 | 0.57735 | 0.048153 0.7051 0.6853 | 0.7030 | 0.6996 | 0.6904

0.18 | 0.57735 | 0.044256 0.7011 0.6861 | 0.7040 | 0.7004 | 0.6899

0.18 | 0.57735 | 0.039657 0.6832 0.6873 | 0.7054 | 0.7016 | 0.6896

0.18 | 0.57735 | 0.037677 0.6999 0.6879 | 0.7060 | 0.7022 | 0.6895

0.18 | 0.57735 | 0.035417 0.7041 0.6886 | 0.7069 | 0.7028 | 0.6895

0.18 | 0.57735 | 0.033422 0.6855 0.6892 | 0.7075 | 0.7034 | 0.6896

0.18 | 0.57735 | 0.031083 0.6921 0.6900 | 0.7083 | 0.7042 | 0.6897

0.18 | 0.57735 | 0.027888 0.6991 0.6911 | 0.7094 | 0.7052 | 0.6900

0.18 | 0.57735 | 0.024334 0.7122 0.6924 | 0.7107 | 0.7064 | 0.6904

0.18 | 0.57735 | 0.021481 0.6961 0.6934 | 0.7117 | 0.7074 | 0.6908

0.18 | 0.57735 | 0.019314 0.6988 0.6942 | 0.7125 | 0.7082 | 0.6910

0.18 | 0.57735 | 0.015853 0.7012 0.6956 | 0.7137 | 0.7094 | 0.6915

0.18 | 0.57735 | 0.012206 0.7057 0.6969 | 0.7150 | 0.7107 | 0.6921

0.18 | 0.57735 | 0.008745 0.6911 0.6983 | 0.7163 | 0.7119 | 0.6927

0.12 | 0.57735 | 0.052824 0.6922 0.6951 | 0.7074 | 0.7062 | 0.7115

0.12 | 0.57735 | 0.050226 0.7057 0.6914 | 0.7047 | 0.7033 | 0.7065

0.12 | 0.57735 | 0.045207 0.6878 0.6867 | 0.7019 | 0.6998 | 0.6992

0.12 | 0.57735 | 0.044167 0.7191 0.6861 | 0.7016 | 0.6994 | 0.6980
0.12 | 0.57735 | 0.042432 0.6927 0.6854 | 0.7013 | 0.6989 | 0.6962
0.12 | 0.57735 | 0.041393 0.6971 0.6851 | 0.7012 | 0.6987 | 0.6953
0.12 | 0.57735 | 0.039491 0.7019 0.6847 | 0.7013 | 0.6986 | 0.6938
0.12 | 0.57735 | 0.037236 0.7123 0.6846 | 0.7016 | 0.6986 | 0.6924
0.12 | 0.57735 | 0.035677 0.6811 0.6846 | 0.7019 | 0.6988 | 0.6916
0.12 | 0.57735 | 0.033339 0.7181 0.6850 | 0.7026 | 0.6993 | 0.6907
0.12 | 0.57735| 0.03126 0.6821 0.6855 | 0.7033 | 0.6999 | 0.6902
0.12 | 0.57735 | 0.029098 0.7044 0.6862 | 0.7042 | 0.7006 | 0.6898
0.12 | 0.57735 | 0.027623 0.7163 0.6868 | 0.7049 | 0.7011 | 0.6896
0.12 | 0.57735 | 0.025025 0.7011 0.6879 | 0.7061 | 0.7022 | 0.6895
0.12 | 0.57735 | 0.023123 0.6921 0.6888 | 0.7070 | 0.7031 | 0.6896
0.12 | 0.57735 | 0.021221 0.7151 0.6898 | 0.7080 | 0.7039 | 0.6897
0.12 | 0.57735 | 0.018363 0.6824 0.6912 | 0.7095 | 0.70534 | 0.6900
0.12 | 0.57735 | 0.016285 0.7052 0.6923 | 0.7106 | 0.7064 | 0.6903
0.12 | 0.57735 | 0.013946 0.6911 0.6936 | 0.7119 | 0.7076 | 0.6908
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5.3.1.3 EDR of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-
sections

Since no earlier experimental data are available in the literature, the generated
relevant theoretical equations for these cross-sections were not validated.

5.3.2 EDD for Sub-critical Flow Regimes

The discharge “Q’ relationship of the generalized trapezoidal channel cross-section
based on the definition of the normal (uniform) flow depth of the Froude number

(Fry) for both sub- and super critical flow regimes can be written as:

1.5

_ 9% [yt ()"0, |
(7 + 260"y, ]

Fr (5.19)

n

By substituting Fr,=Fr,=1 and y =y, into Eq. (5.19), the discharge can be

computed for sub-critical flow regimes as:

1.5

_ 9% [yt (Dl ]
[’73 + 2('1)”5774%]05

(5.20)

To estimate the discharge ‘Q’ from the known end depth, the direct discharge
equations in terms of the end depth values were proposed for the flows at sub-critical
regimes. To have common parameters for comparison; due to different ‘B’ and ‘m’
values; after the determination of the upstream critical depth (yc), a general
dimensionless discharge (Q*) value was obtained by substituting Nc = 74y /73 into

Eq. (5.20) that yields:
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Q* = =
g 0.5;732.5 |:1+ 2(-1)175 NC j|0.5

(5.21)

Since in most of the practical problems, the end depth is known and it is desirable to
compute the discharge directly with respect to this end depth, N = NJ/EDR was
inserted to Eq. (5.21) so as to generate a dimensionless discharge value (Q*) in terms
of Ne:

Ne 1\ LZLS
) {(EDR)+(D (EDR)}

Q = (5.22)

{1+ 2(-1)" (ENDERH |

5.3.2.1 EDD of Trapezoidal Channel Cross-sections

Inserting the calculated EDR Eg. (5.13) into Eq. (5.22) for #3=B, #4=m and #s=0, the
EDD relationship was obtained for the trapezoidal channel cross-sections with
symmetric sides at sub-critical regime based on the energy method. Using the non-
dimensional discharge values Q* = Qm*®%/(g®°B?%), the theoretical results obtained
from the energy method and the experimental data sets of Diskin (1961), Keller and
Fong (1989), and Pagliara and Viti (1995) and the theoretical studies of Murty
Bhallamudi (1994), Beirami et al. (2006), and Vatankhah (2013) for the trapezoidal
channels with symmetric sides were compared with the two statistical measuring
indices (MARE and R) as detailed graphically in Fig. 5.9. It is clearly observed that,

there isa high correlationamong these studies.
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Figure 5.9: Comparison between the non-dimensional discharge (Q*) values
obtained from the energy method and the other relevant theoretical and experimental
results for the trapezoidal channel cross-sectionwith symmetric sides at sub-critical
flow regimes

To assess the correctness of the three velocity points method and the infinite number
velocity points methods of the predicted non-dimensional discharge (Q*) values,
Egs. (5.15). (5.18), and (5.22) were used. Figures 5.10(a) and (b) are presenting the
comparison of this non-dimensional discharge values in sub-critical flow regime for
both the experimental data sets of Diskin (1961), Keller and Fong (1989), and
Pagliara and Viti (1995) and the theoretical studies of Murty Bhallamudi (1994),
Beirami et al. (2006), and Vatankhah (2013). Similarly, the same statistical
measuring indices are used for their correctness evaluations and shown in Figures
5.10(a) and (b). It is also observed that, there exists a close agreement between the
computed non-dimensional discharge (Q*) values and the other theoretical and

experimental studies results for both proposed approaches.
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Figure 5.10: Comparison between the non-dimensional discharge (Q*) values
obtained based on the (a) three velocity points method; and (b) infinite number
velocity points method and the other relevant theoretical and experimental results for
the trapezoidal channel cross-sections with symmetric sides at sub-critical flow
regimes
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5.3.2.2 EDD of Inverted Triangular Channel Cross-sections

Inserting the calculated EDR of Eq. (5.13) into Eq. (5.22) for #3=B, #2=m and #s=1,
EDD relationship was obtained for the inverted triangular channel cross-sections
with symmetric sides at sub-critical regime based on the energy method, the three
velocity points method, and the infinite number velocity points method. For on the
non-dimensional discharge (Q*) values Q*= Qm%/(g®°B?%), the theoretical results of
the above mentioned approaches and the relevant experimental data sets of Dey and
Ravi Kumar (2002) and the thoretical studies of Murty Bhallamudi (1994), Beirami
et al. (2006), and Vatankhah (2013) were used to investigate the accuracy with the
same statistical measuring indices as detailed earlier and presented in Figures 5.11
(@), (b), and (c). The proposed methods results are showing very small deviations

with the other theoretical and experimental findings.
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Figure 5.11: Comparison between the non-dimensional discharge (Q*) values with

(a) the energy method; (b) the three velocity points method; and (c) the infinite
number velocity points and the other relevant theoretical and experimental results for
the inverted-triangular channel cross-sections at sub-critical flow regimes

92



5.3.2.3 EDD of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-
sections

Since no earlier experimental data are available in the literature, the generated
relevant theoretical equations for these cross-sections were not validated.

5.3.3 EDR for Super Critical Flow Regimes

As previously stated, in super critical flow regimes, the normal depth is always less
than the critical depth, and the critical section never exists within this reach
(upstream of the end section). Therefore, to express a relationship for the flow depth
at the end section (y.), the upstream Froude number (Fr,), which is a function of the

channel bed slope (S), must be used.

The ratio between the flow depth at the end section (y.) and the critical depth (yc) is

defined as:
g = ;/_ _ E_ (5.23)

Dividing the upstream Froude number (Fr,) of Eq. (3.14) by the critical Froude

number (Frc= 1) gives the following ratio:

1+2N VAN +N2 )
Fr = " il (5.24)
1+ 2N, N, +N,

Substituting the upstream Froude number (Fr,) from Eg. (3.14) into Manning’s

equation and then dividing by the critical Froude number (Fr.= 1) yields:
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sV (12N, VoI N, + N2 Y[ 142N N1+ m?
Fro=| = . (5.25)

Sc 1+2Nc Nc + Nc 1+ 2NC\]1+ m2
Equating Eqgs. (5.24), and (5.25) yields the relative slope ( §):

4/3
S~_i_[xc+x02 jm/g 142X N1+ m? 5.26)
S. (Xo+ X ) |1+2X 1+m? '

5.3.3.1 EDR of Trapezoidal Channel Cross-sections

To evaluate N_ for the given values of N_ and S, Eq. (5.26) is solved numerically
and Fry is calculated from Eq. (5.24). Then, a numerical method is used to compute
N, separately from Eq. (4.9) for the energy method (since this approach was not

available in the literature for these cross-sections), from Eq. (4.17) for the free vortex
theory (since this approach was not available in the literature for these cross-
sections), from Eq. (4.37) for the three velocity points method, and from Eq. (4.39)
for the infinite number velocity points method. Subsequently, the ratio between the
flow depth at end section and the critical depth (&,) is obtained by inserting Eq.
(5.23) to each method. The theoretical studies of Murty Bhallamudi (1994) and the

sharp-crested weir theory are graphically compared with the predicted values of ¢, .
Variations in g, with respect to the relative slope (S) for different values of N, is
presented in Figs. 5.12 (a) and (b). As a general trend, it is clearly observed that, as

the relative slope (S) increases, the magnitude of the ¢, decreases. Also as can be

seen from Fig. 5.12 (a), a close agreement with Murty Bhallamudi (1994) was
observed for the energy method and the free vortex theory since, somehow, the

streamline curvature and the end pressure effects were considered while deriving
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these studies. Also, the statistical measuring indices are showing that, the computed
curves based on the three velocity points method and the infinite number velocity
points method are agreeing well with the sharp-crested weir theory, since to some

extent, the continuity equation is used in these all studies as given in Fig. 5.12 (b).
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Figure 5.12: Comparison between the ¢, values obtained based on four theoretical

methods and the ¢, values of the (a) Boussinesq approach by Murty Bhallamudi

(1994); and (b) sharp-crested weir theory for the trapezoidal channel cross-sections at
supercritical regimes
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Similar comparisons are made with the relevant experimental data sets of
Pagliara and Viti (1995) and shown in Fig. 5.13. The results obtained by four of
the theoretical methods are varying slightly from the observations of the data of
Pagliara and Viti (1995). This discrepancy is probably due to the effect of the
streamline curvature that was not encountered while deriving in relevant theories.
Furthermore, a comparison of the computed EDR values of the suggested four
methods with the theoretical studies of Murty Bhallamudi (1994) and the sharp-
crested weir theory in the range of data sets of Pagliara and Viti (1995) are also
presented in Figs. 5.14 (a) and (b), respectively. Good agreements can be seen

based on the earlier mentioned statistical measuring indices.

0.8 —
— Ce(thisstudy) ~ “e(obs, Pagliara & Viti 1995)
A This study ( Free vortex theory), R* = 0.864, % Difference = 4.938
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E ;
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0.4 T I T '[ T I T
0.4 0.5 0.6 0.7 0.8

& e(obs, Pagliara & Viti 1995)
Figure 5.13: Comparison between ¢, values based on four suggested methods and &,

values based on the experimental data sets of Pagliara and Viti (1995) in trapezoidal
channel cross-sections at super critical flow regimes
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Figure 5.14: Comparison between ¢, values based on four suggested methods and &,

values obtained based on the theoretical study (a) of Murty Bhallamudi (1994); and
(b) the sharp-crested weir theory in trapezoidal channel cross-sections in super
critical regimes
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5.3.3.2 EDR of Inverted Triangular Channel Cross-sections

In a similar way for the inverted triangular channel cross-sections, the ratio between

the flow depth at end section and the critical depth (¢,) is obtained using Eq. (5.23)

for the four suggested methods. Variation of &, with respect to the relative slope (S)

for different values of N_ is presented in Figs. 5.15(a) and (b). As a general trend, it

is easily observed that, as the relative slope (S) increases, the magnitude of the g,
decreases. Since no experimental data sets are available in the literature for this
channel cross-section, the theoretical study of Dey and Ravi Kumar (2002) are
generated and graphically compared with the predicted values of ¢, and presented in
Figs. 5.15 (a) and (b). Based on the statistical measuring indices, there exists close

agreements with both of the theoretical studies of Dey and Ravi Kumar (2002).
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Figure 5.15: Comparison between &, and S values based on the suggested four

methods for the range of 0.1< N, <0.45 and m = 1 with the (a) Boussinesq approach

by Dey and Ravi Kumar (2002); and (b) sharp-crested weir theory by Dey and Ravi
Kumar (2002) for inverted triangular channel cross-sections in super critical flow
regimes

5.3.3.3 EDR of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-
sections

Since no earlier experimental data are available in the literature, the generated
relevant theoretical equations for these cross-sections were not validated.

5.3.4 EDD for Super Critical Flow Regime

The EDR values varying with respect to N, for the generalized trapezoidal channel in

both sub- and super critical flow regimes. By substituting N, =7,y /7n, and

N, =N,/EDR into Eq. (5.20), the dimensionless discharge (Q") in a generalized

trapezoidal channel cross-section is determined.
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Ne ¢ 1)”5( N jz Fr
15 - ——
o Qnrs (N, +(D™N}?) Fr, | EDR EDR "
=~ 05 25 =

- 0.5 0.5
9 "7, (1+2(-D"N,) (1 201 E';eRj

(5.27)

To evaluate N for the given values of N and S, Eqg. (5.26) is solved numerically
and Fry is calculated from Eq. (5.24). Then, a numerical method is used to compute
Ne separately from Eq. (4.9) for the energy method, Eq. (4.17) for the free vortex
theory, Eq. (4.37) for the three velocity points method, and Eq. (4.39) for the infinite
number velocity points method.

5.3.4.1 EDD of Trapezoidal Channel Cross-sections

As expressed in Eq. (5.27), the discharge (Q) value is related to the end depth (ye)
and the upstream Froude number (Fry,) in a super critical flow regime. Hence, an
explicit solution of the discharge (Q) is not possible. To overcome this problem, Egs.
(4.9), (5.23), (5.25), and (5.26) for the energy method, Eqgs. (4.17), (5.23), (5.25), and
(5.26) for the free vortex theory, Egs. (4.37), (5.23), (5.25), and (5.26) for the three

velocity points method and Egs. (4.39), (5.23), (5.25), and (5.26) for the infinite

number velocity points method are solved simultaneously to evaluate Fry and N

values for the given values of N_and S. Then, Eq. (5.27) is used to compute the

non-dimensional discharge (Q*) values for each method, separately.

To evaluate the correctness of these four approaches graphically, a comparison
between the computed values of Q* and the relevant experimental results of Pagliara

and Viti (1995) is used and presented in Fig. 5.16. The results indicate that, most of
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the Q* values predicted by these suggested approaches having a high correlation

coefficient with the observed data sets of Pagliara and Viti (1995).

0.6 B
— Q *(this stud}-’)_ Q (obs, Pagliara & Viti 1995)
1 A This study ( Free vortex theory), R* =0.999, % Difference = 2.027
[ This study ( Energy method), R* = 0.999, % Difference = 1.187
0.5 - M This study ( n-velocity points method), R* = 0.999, % Difference = 2.995 9
O This study ( Three velocity points method), R* = 0.999, % Difference = 3.051
0.4
0* 0.3
(this study)
0.2 5
0.1+
m=1, B=0.3(m), np =100
owEH——
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Q *(obs, Pagliara & Vit1 1995)
Figure 5.16: Comparison between the computed non-dimensional discharges (Q*) of
the proposed four methods and the experimental data sets of Q* by Pagliara and Viti
(1995) for the trapezoidal channel cross-sections at super critical flow regime

In order to check the correctness of the proposed methods of these methods, the
computed discharge in the range of the experimental data sets of Pagliara and Viti
(1995) and the theoretical study of Murty Bhallamudi (1994) based on Boussinesq
approach were statistically studied and presented in Fig. 5.17 (a). To strengthen the
results of these suggested methods, the sharp-crested weir theory was also applied for
this cross-section (since this approach were not applied previously for this cross-
section at super critical regime) and the generated relationship was also compared

graphically with the relevant data sets as detailed in Fig. 5.17 (b). Figs. 5.17 (a) and
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(b) indicating the correctness of the proposed methods with the other theoretical

approaches based on the two statistical measuring indices (R? and MARE).
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Figure 5.17: Comparison between the computed non-dimensional discharges (Q*) of
the suggested four methods and the theoretical Q* results of the (a) Boussinesq
approach of Murty Bhallamudi (1994); and (b) sharp-crested weir theory for the

trapezoidal channel cross-sections at super critical flow regimes
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5.3.4.2 EDD of Inverted Triangular, Semi-trapezoidal and Semi-inverted
Triangular Channel Cross-sections
Since no earlier experimental data are available in the literature, the generated

relevant theoretical equations for these cross-sections could not be validated.
5.4 Generalized Circular Channel Cross-sections with Flat-base

As discussed in Chapter 4, for the generalized circular channel cross-sections with
flat base as the value of the height of the flat base (Z) changes, different types of
circular channel cross-section with flat-base can be generated. In this study, the
values of Z=2z/D are selected to be 0 (circular cross-section without a flat-base),
0.25, 0.33, 0.5 (inverted semi-circular cross-section), and 0.66. For comparison,
experimental data sets of Sterling and Knight (2001) were gathered due to the
personal communication with Dr. Mark Sterling which is acknowledged.

5.4.1 EDR for Sub-critical Flow Regimes

For the circular channel cross-sections also the EDR is the ratio between the end

depth flow and the upstream critical depth for sub-critical regimes. Therefore, by

A

substituting Fr,=Fr. =1, §,=9., H,=H,, and I =1_ into Egs. (4.12), (4.18),

(4.40), and (4.44) separately, the EDR equations of the generalized circular channel
cross-sections with flat base in sub-critical flow regimes based on the energy method
(Eq. (5.28)), the free vortex theory (Eqg. (5.29)), the three velocity points method (Eqg.
(5.32)), and the infinite number velocity points (Eq. (5.34)) were obtained.

A~ A \3 ~ ~
2 (2(i) - 0(2)) (2(i) - 0(2))

ZEDR +——— . 2 -1=0 (5.28)
16(1, - 1.)°°(p(1) - 0(2)) 9, 160 =1
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(eI -0@))(, —%)—2((2 27 (0, - 12—k, (01— 0(D)) I, _%)

GRS -(g"([c)_‘p(zi) —1]:0 (5.29)
8(Ic_|cz)0'5 ¢(Ie)_¢(z)

8 2y15 [ 2\L5
+ok (@ -2, - 10)) -

where

~ ~ 2 ~ ] 35
TSR A N S T T (5.30)
5y, 35y, ¥,

H,_,, (el)-e@) oo

yc 16(':: - |AC2)0.5 g’c

© 23 (1) -o(Z)

{ (oi)-0@) \/(co(ll)—qo(i)) [f ) §((2-z“2)1-5_(|;_f;ys)}]

= — + _—_
16(1, —1.2)*° 16(1, —1.2)%
((/)(re) _w(fe _?e))_l'

N +((p(fc)co(i))+\/(<o(ic)¢(2)) [f 1§((222)1.5(fcr62)15)ﬂ

= = — — + N
& 16(1,—1.2)° |\ 16(1,—1,%)°°

" 23 o(I.) - 9(2)

(eli)-0@)"

.((D(i\e_?e)_¢(z’\fb))_ 2([—[2)0'25 (5.32)
where

A (Z _2 2)1.5_(fe_|“e2)1.5

Ve=e—1—§( G ) (5.33)
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[ [oio-0@) i1 [leir-e@)
= = + + = = =+ ~ ~ \15
16(T, -1, np-1 \16(1,—1,)° np-1|| (o(i)-¢@)) o s
2(|‘C_|“02)0.25 - )

n—-i ~ = np—-i-1. =
-[¢(—ye+2)—(p( d ye+2)j
| np-1 np-1

To evaluate the EDR values of the above mentioned channel cross-sections based on
different suggested methods, Eq. (5.28) for the energy method, Eq. (5.29) for the free

vortex theory, Eq. (5.32) for the three velocity points method and Eq. (5.34) for the
infinite number velocity points were solved separately for the given values of the )7e

and presented in Figs. 5.18 (a), (b), (c), (d), and (e) respectively. It is easily observed
from these figures that, the proposed methods are in close agreement for different
flat-base values of the channel cross-sections. Note that for infinite number velocity

points method the value of 50 was used as the upper limit of the series expansion.
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Figure 5.18: EDR values based on the proposed methods of circular channel cross-

section with flat-base for (a) Z =0; (b) Z =0.25; (¢) Z =0.33; (d) Z=0.5; and (e)
Z =0.66 at sub-critical flow regimes
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5.4.2 EDD for Sub-critical Flow Regimes
The non-dimensional discharge (Q) relationship of the circular channel cross-
sections with flat-base based on the definition of the normal Froude number ( Fr, )

for both sub- and supercritical flow regimes can be written as:

o (ei)-0@)

Q= g°5D? = 8\/§(|A N 2y025 Fr, (5.35)

By substituting Fr, =Fr. =1 and | = fc into Eqg. (5.35), the discharge for sub-

n

critical flow regimes is computed as:

o (ei)-0@)

0.5D2.5 - 8\/§(fc _ |A02)0‘25 (5-36)

Q=
g

In order to obtain the fcvalues using different suggested methods, Eq. (5.28) for the
energy method, Eq. (5.29) for the free vortex theory, Eq. (5.32) for the three velocity
points method, and Eq. (5.34) for the infinite number velocity points were computed

separately for the given values of the y, based on Sterling and Knight (2001) data

sets. Then, the non-dimensional discharges (Q) were computed from Eq. (5.36) for
these methods separately and presented in Figures 5.19 (a), (b), (c), (d), and (e). The

results of these different methods showing small deviations with the experimental

data sets of Sterling (1998) for Z=0,Z=0.25, and Z=0.33. However, the

computed discharges values have a lack of compatibility with the experimental

observations of Sterling (1998) for Z=05,and Z=0.66 due to the assumption of

the suggested approaches and the small cross-section flow depth ratio.
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Figure 5.19: Comparison between the non-dimensional discharges (Q) values of the
suggested methods for the circular channel cross-section with flat-base and the

experimental data set of Sterling (1998) for (a)Z =0; (b) Z =0.25; (c) Z =0.33; (d)
Z=05;and (e) Z =0.66 at sub-critical flow regimes

5.4.3 EDR for Super Critical Flow Regimes
Similar to the exponential and the generalized trapezoidal channel cross-sections, the

ratio between the flow depth at the brink (ye) and the critical depth (yc) is defined as:

g =Yt (5.37)
Y. ¥

Dividing the upstream Froude number (Fr,) of Eq. (3.14) by the critical Froude
number (Frc= 1) the following ratio is generated:

PPNIRN T N A \3/2
Frn{[n—[nzj (¢([c)—¢(§)J (5.38)
I -1 o(1,)-o(2)
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Substituting the upstream Froude number (Fr,) from Eg. (3.14) into Manning’s

equation and then dividing by the critical Froude number (Fr.= 1) yields:

o {i}“{@—[ﬁ ]”z[co([n)—q)(z:)]“
CUS ) U=12 ) Lel) -e(2)

= ~ ~ \2/3
2NZ-7% +cos™(1-2l,)-cos(1-Z) (5.40)
2NZ -7% +cost(1-21 ) —cos(1-2)
Equating Egs. (5.39), and (5.40) yields the relative slope (S ):
r 51 \10/8 7 72 -1 [ -1 5 Y
§_i_(¢(ln)—(p(Z)J NZ-7? +cost(1-21)-cos}(1-7) (5.41)
S. \o(l)-e(2) 2Z -7% +cost(1-21 )—cost(1-Z)

To evaluate y_ for the given values of y_and S, Eq. (5.41) is solved numerically for

different value of Z =0, 0.25,and 0.5. Then, Fr, is calculated from Eq. (5.40).

Subsequently, a numerical method is used to compute )76 separately from Eq. (4.12)
for the energy method, Eq. (4.18) for the free vortex theory, Eq. (4.40) for the three
velocity points method, and Eq. (4.44) for the infinite number velocity points
method. Eventually, the ratio between the flow depth at end section (ye) and the
critical depth (yc), ¢, is obtained using Eq. (5.37) for each approach. Comparison of
g, with respect to the relative slope (S) for different values of N, and Z and the
theoretical study of Dey (2002) based on the Boussinesq approach and the sharp-
crested weir theory are presented in Figs. 5.20 (a) and (b) for Z=0, Figs. 5.21 (a)
and (b) for Z =0.25, and Figs. 5.22 (a) and (b) for 7=05.Asa general trend, it is

observed that, as the relative slope (S) increases, the magnitude of the &, decreases.
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Also, based on statistical measuring indices, close agreements can be seen among the
compared curves within the figure. Note that for infinite number velocity points

method the value of 100 was used as the upper limit of the series expansion.

In order to evaluate §_, ., and Fr, for the given values of §_, S , and 7 Egs.
(5.28), (5.37), (5.38), and (5.41) for the energy method, Egs. (5.29), (5.37), (5.38),
and (5.41) for the free vortex theory, Egs. (5.32), (5.37), (5.38), and (5.41) for the
three velocity points method, and Egs. (5.34), (5.37), (5.38), and (5.41) for the
infinite number velocity points method were solved separately. Then, the ratio
between the flow depth at end section and the critical depth (&,) is obtained using
Eq. (5.37) for each method in the range of experimental data sets of Sterling and
Knight (2001) study for Z =0 and 0.5. As shown in Figs. 5.23 (a) and (b) and Figs.
5.24 (a) and (b), the two statistical measuring indices (R?> and MARE) were

indicating close agreements implying the correctness of the proposed methods.
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Figure 5.20: Comparison between &, versus S values based on the proposed four
methods and (a) Dey (2002) by the Boussinesq approach; and (b) Dey (2002) by the

sharp-crested weir theory of the circular channel cross-section for Z=0,D= any
value, and 0.3<y <0.8
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Figure 5.21: Comparison between &, versus S values based on the proposed four

methods and (a) Dey (2002) by the Boussinesq approach; (b) Dey (2002) by the

sharp-crested weir approach of the circular channel cross-section for 7=025,D=
any value, and 0.1<y, <0.6
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Figure 5.22: Comparison between &, versus S values based on the proposed four
methods and (a) Dey (2002) by the Boussinesq approach; (b) Dey (2002) by the

sharp-crested weir approach of the circular channel cross-section for Z=05,D=
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Figure 5.23: ¢, values based on the suggested methods of this study versus (a) &,

values based on the theoretical study of Dey (1998) using Boussinesq approach; and
(b) &, values based on the theoretical study of Ahmad (2012) using sharp-crested

weir theory in circular channel with Z=0
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Figure 5.24: ¢, values based on the suggested methods of this study versus (a) &,

values based on the theoretical study of Dey (2003) using Boussinesq approach; and
(b) &, values based on the theoretical study of Ahmed (2005) using sharp-crested

weir theory in circular channel withZ =0.5
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5.4.4 EDD for Super Critical Flow Regimes

In super critical flow regimes, since the discharge is dependenton §_and Fry, so itis
not explicitly possible to estimate the discharge from the given value of the end
depth measurement only (Eq. (5.36)). On the other hand, it is difficult to determine

the location of the normal section properly, hence, the known values of the relative

channel bed slope (S) using Eq. (5.41) in the semi-empirical Manning-Strickler
equation is coupled with the end depth measurements. To overcome this difficulty
Egs. (5.28), (5.37), (5.38), and (5.41) for the energy method, Egs. (5.29), (5.37),
(5.38), and (5.41) for the free vortex theory, Egs. (5.32), (5.37), (5.38), and (5.41) for
the three velocity points method, and Egs. (5.34), (5.37), (5.38), and (5.41) for the

infinite number velocity points method were solved, separately. Therefore y , ., and
Fr. were calculated for the given values of ¢_, S ,and Z. Then, Eqg. (5.35) is used

to compute the non-dimensional discharge (Q) values for each method, separately.
In order to show the accuracy of the suggested methods, a comparison between the
computed values of Q of the proposed approached and the experimental

observations of Sterling and Knight (2001) is listed in Table 5.3 for the energy
method, Table 5.4 for the free vortex theory, Table 5.5 for the three velocity points

method, and Table 5.6 for the infinite number velocity points method. As can be

seen, the computed values of Q have a slight deviation from the observed data sets
of Sterling and Knight (2001) for the different derivations of the generalized circular

channel cross-sections.

To evaluate the better performance of the proposed approaches of this study

graphically for the circular channel cross-sections (2 =0), a comparison between
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the computed values of Q for this study and the theoretical study of Dey (1998) and

Ahmad (2012) is presented in Figs. 5.25(a) and (b). Also for the inverted semi-

circular channel cases (2 =0.25), a comparison between the computed values of (5

for this study using different proposed methods and the theoretical study of Dey
(2003) and Ahmad (2005) is shown in Figs. 5.25(a) and (b). As depicted in these
figures, the two statistical measuring indices (R?> and MARE) revealed that, the

suggested approaches are in well agreement with the other theoretical studies.
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Table 5.3: Comparison of observed data of Q by Sterling and Knight (2001) with the
computed data of Q of the energy method

2 9e 9c S Qobs QEnergy
0 0.124 0.081 2.242 0.0163 0.014057
0 0.233 0.155 2.487 0.0565 0.05194
0 0.332 0.215 2.509 0.1118 0.09932
0 0.474 0.321 2.347 0.2226 0.215693
0 0.386 0.236 4.279 0.1501 0.140086
0 0.495 0.299 4.002 0.2412 0.221051
0 0.608 0.36 3.548 0.3571 0.310441
0 0.666 0.397 3.253 0.4264 0.369513
0.25 0.206 0.149 1.575 0.0865 0.094081
0.25 0.246 0.175 1.214 0.1138 0.117668
0.25 0.45 0.325 1.958 0.2984 0.348093
0.25 0.478 0.345 1.775 0.3296 0.375136
0.25 0.529 0.38 1.47 0.3911 0.422099
0.25 0.497 0.357 1.657 0.3477 0.390464
0.25 0.323 0.232 3.167 0.1753 0.230128
0.25 0.361 0.261 2.713 0.2092 0.265802
0.33 0.169 0.124 1.824 0.0673 0.077209
0.33 0.193 0.144 1.484 0.0825 0.094052
0.33 0.228 0.172 1.162 0.1064 0.120844
0.33 0.281 0.213 1.849 0.1477 0.179972
0.33 0.307 0.227 1.638 0.1694 0.193977
0.33 0.312 0.234 1.602 0.1737 0.20267
0.33 0.241 0.175 2.294 0.1162 0.139184
0.33 0.303 0.22 1.667 0.1661 0.185234
0.5 0.193 0.143 1.939 0.0847 0.101608
0.5 0.318 0.24 1.451 0.1824 0.215976
0.5 0.354 0.269 1.264 0.2171 0.25328
0.5 0.067 0.041 3.162 0.0172 0.017155
0.5 0.206 0.121 3.086 0.0934 0.089916
0.5 0.287 0.164 2.59 0.1553 0.137946
0.66 0.082 0.049 3.283 0.0236 0.021576
0.66 0.101 0.065 3.34 0.0321 0.033514
0.66 0.12 0.069 3.356 0.042 0.036837
0.66 0.137 0.084 3.343 0.0507 0.050152
0.66 0.146 0.09 3.326 0.056 0.055921
0.66 0.154 0.095 3.309 0.0606 0.060938
0.66 0.168 0.105 3.27 0.0687 0.071611
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Table 5.4: Comparison of observed data of Q by Sterling and Knight (2001) with the
computed data of Q of the free vortex theory

7 J, A S Qus Qe vore
0 0.124 0.081 2.242 0.0163 | 0.013503
0 0.233 0.155 2.487 0.0565 | 0.050322
0 0.332 0.215 2500 0.1118 | 0.096541
0 0.474 0.321 2347 0.2226 | 0210217
0 0.386 0.236 4.279 0.1501 | 0.139142
0 0.495 0.299 4.002 0.2412 | 0.219784
0 0.608 0.36 3.548 0.3571 | 0.308632
0 0.666 0.397 3.253 0.4264 | 0.367273
0.25 0.206 0.149 1575 0.0865 | 0.093653
0.25 0.246 0.175 1214 0.1138 0.11587
0.25 0.45 0.325 1.958 0.2984 0.3529
0.25 0.478 0.345 1.775 0.3296 0.37967
0.25 0.529 0.38 1.47 0.3911 0.42524
0.25 0.497 0.357 1.657 0.3477 | 0.394524
0.25 0.323 0.232 3.167 0.1753 | 0.234551
0.25 0.361 0.261 2713 0.2092 | 0.270594
0.33 0.169 0.124 1.824 0.0673 | 0.077543
0.33 0.193 0.144 1.484 0.0825 | 0.093729
0.33 0.228 0.172 1.162 0.1064 | 0.119299
0.33 0.281 0.213 1.849 0.1477 | 0.181498
0.33 0.307 0.227 1638 0.1694 | 0.194838
0.33 0.312 0.234 1.602 0.1737 | 0.203473
0.33 0.241 0.175 2.294 0.1162 | 0.141081
0.33 0.303 0.22 1.667 0.1661 | 0.186108
05 0.193 0.143 1.939 0.0847 | 0.103039
05 0.318 0.24 1.451 0.1824 | 0.219794
05 0.354 0.269 1.064 02171 | 0.257895
05 0.067 0.041 3.162 0.0172 | 0.017486
05 0.206 0.121 3.086 0.0934 | 0.091966
05 0.287 0.164 259 0.1553 | 0.141276
0.66 0.082 0.049 3.283 0.0236 | 0.022051
0.66 0.101 0.065 3.34 0.0321 | 0.034305
0.66 0.12 0.069 3.356 0.042 0.037722
0.66 0.137 0.084 3.343 0.0507 | 0.051437
0.66 0.146 0.09 3.326 0.056 0.057394
0.66 0.154 0.095 3.309 0.0606 | 0.062584
0.66 0.168 0.105 3.27 0.0687 | 0.073657
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Table 5.5: Comparison of observed data of Q by Sterling and Knight (2001) with the
computed data of Q of the three velocity points method

yA Ve Y. S Qobs Qhree velosity points
0 0.124 0.081 2.242 0.0163 0.013874
0 0.233 0.155 2.487 0.0565 0.051717
0 0.332 0.215 2.509 0.1118 0.099184
0 0.474 0.321 2.347 0.2226 0.215855
0 0.386 0.236 4.279 0.1501 0.142169
0 0.495 0.299 4.002 0.2412 0.224604
0 0.608 0.36 3.548 0.3571 0.315741
0 0.666 0.397 3.253 0.4264 0.376087
0.25 0.206 0.149 1.575 0.0865 0.093788
0.25 0.246 0.175 1.214 0.1138 0.114154
0.25 0.45 0.325 1.958 0.2984 0.357336
0.25 0.478 0.345 1.775 0.3296 0.384097
0.25 0.529 0.38 1.47 0.3911 0.428393
0.25 0.497 0.357 1.657 0.3477 0.398662
0.25 0.323 0.232 3.167 0.1753 0.237318
0.25 0.361 0.261 2.713 0.2092 0.274016
0.33 0.169 0.124 1.824 0.0673 0.077996
0.33 0.193 0.144 1.484 0.0825 0.093547
0.33 0.228 0.172 1.162 0.1064 0.117023
0.33 0.281 0.213 1.849 0.1477 0.182963
0.33 0.307 0.227 1.638 0.1694 0.195772
0.33 0.312 0.234 1.602 0.1737 0.204321
0.33 0.241 0.175 2.294 0.1162 0.14259
0.33 0.303 0.22 1.667 0.1661 0.187079
0.5 0.193 0.143 1.939 0.0847 0.103804
0.5 0.318 0.24 1.451 0.1824 0.220449
0.5 0.354 0.269 1.264 0.2171 0.257377
0.5 0.067 0.041 3.162 0.0172 0.017663
05 0.206 0.121 3.086 0.0934 0.09288
0.5 0.287 0.164 2.59 0.1553 0.142721
0.66 0.082 0.049 3.283 0.0236 0.022263
0.66 0.101 0.065 3.34 0.0321 0.034624
0.66 0.12 0.069 3.356 0.042 0.03807
0.66 0.137 0.084 3.343 0.0507 0.0519
0.66 0.146 0.09 3.326 0.056 0.057905
0.66 0.154 0.095 3.309 0.0606 0.063138
0.66 0.168 0.105 3.27 0.0687 0.0743
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Table 5.6: Comparison of observed data of Q by Sterling and Knight (2001) with the
computed data of Q ofr the infinite number velocity points method

yA Ve Y. S Qops Qinfinite number velocity points
0 0.124 0.081 2.242 0.0163 0.013706
0 0.233 0.155 2.487 0.0565 0.051124
0 0.332 0.215 2.509 0.1118 0.098075
0 0.474 0.321 2.347 0.2226 0.213468
0 0.386 0.236 4.279 0.1501 0.140944
0 0.495 0.299 4.002 0.2412 0.222662
0 0.608 0.36 3.548 0.3571 0.312898
0 0.666 0.397 3.253 0.4264 0.37257
0.25 0.206 0.149 1.575 0.0865 0.094189
0.25 0.246 0.175 1.214 0.1138 0.114838
0.25 0.45 0.325 1.958 0.2984 0.357845
0.25 0.478 0.345 1.775 0.3296 0.384705
0.25 0.529 0.38 1.47 0.3911 0.429186
0.25 0.497 0.357 1.657 0.3477 0.399343
0.25 0.323 0.232 3.167 0.1753 0.237482
0.25 0.361 0.261 2.713 0.2092 0.27426
0.33 0.169 0.124 1.824 0.0673 0.078295
0.33 0.193 0.144 1.484 0.0825 0.094015
0.33 0.228 0.172 1.162 0.1064 0.117805
0.33 0.281 0.213 1.849 0.1477 0.183526
0.33 0.307 0.227 1.638 0.1694 0.196477
0.33 0.312 0.234 1.602 0.1737 0.205068
0.33 0.241 0.175 2.294 0.1162 0.142928
0.33 0.303 0.22 1.667 0.1661 0.187747
0.5 0.193 0.143 1.939 0.0847 0.104179
0.5 0.318 0.24 1.451 0.1824 0.221378
0.5 0.354 0.269 1.264 0.2171 0.258492
0.5 0.067 0.041 3.162 0.0172 0.0177
05 0.206 0.121 3.086 0.0934 0.093058
05 0.287 0.164 2.59 0.1553 0.143051
0.66 0.082 0.049 3.283 0.0236 0.022308
0.66 0.101 0.065 3.34 0.0321 0.034692
0.66 0.12 0.069 3.356 0.042 0.038144
0.66 0.137 0.084 3.343 0.0507 0.051999
0.66 0.146 0.09 3.326 0.056 0.058017
0.66 0.154 0.095 3.309 0.0606 0.063259
0.66 0.168 0.105 3.27 0.0687 0.074444
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Figure 5.25: Comparison between the computed non-dimensional discharges ((5) of
the suggested methods of this study with (a) the theoretical Q results of Dey (1998);
and (b) the theoretical Q results of Ahmad (2012) for the circular channel cross-
section at super critical flow regime with Z=0
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Figure 5.26: Comparison between the computed non-dimensional discharges ((5) of
the suggested methods of this study with (a) the theoretical Q results of Dey (2003);
and (b) the theoretical Q results of Ahmad (2005) for the circular channel cross-

section at super critical flow regime withZ =05
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5.5 Direct Discharge Prediction

As discussed earlier, the free over-fall can be used as a flow measuring hydraulic
structure in open channels. Hence, in this study, direct equations of the discharge for
the different channel cross-sections in both sub- and super critical flow regimes were
computed and presented mathematically based on the end depth and the channel
geometric characteristics.

5.5.1 Sub-critical Flow Regimes

Since one of the main aims of this study is to estimate the discharge from the known
end depth, the direct discharge equations in terms of the end depth values were
proposed for flows at sub-critical regimes.

5.5.1.1 Generalized Trapezoidal Channel Cross-sections

Inserting the calculated EDR of Eq. (5.13) for the energy method, Eq. (4.17) where

Fr, =1for the free vortex theory, Eq. (5.15) for three velocity points method, and

Eq. (5.18) for the infinite number velocity points method into Eqg. (5.22) and
incorporating the corrected values of #s, 74 and #s=0 for each cross-section, EDD
values were computed for the different channel cross-sections at sub-critical regimes.
Using the curve-fitting technique, non-linear equations were established for the
engineers in practice for the trapezoidal, the semi-trapezoidal, the inverted triangular,
and the semi-inverted triangular channel cross-sections and tabulated in Table 5.7
based on the different theoretical methods of this study. To evaluate their accuracies,
based on the exact values of Q*, the correlation coefficient (R? and the root mean
square errors (RMSE) measures were determined as detailed. Both indices are
indicating small deviation for the proposed dimensionless discharge (Q*) equation,

implying highly acceptable level.
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5.5.1.2 Generalized Circular Channel Cross-sections

Inserting the calculated EDR of Eq. (5.28) for the energy method, Eq. (5.29) for the
free vortex theory, Eq. (5.32) for three velocity points method, and Eq. (5.34) for the
infinite number velocity points method into Eqg. (5.36) for the different values of
Z=0, 0.25,0.5,and 0.66, EDD values were computed for the different channel
cross-sections at sub-critical regime. Using the curve-fitting technique, a non-linear
equation was established for the engineers in practice in generalized circular channel
cross-sections as listed in Table 5.7 for different theoretical methods of this study. To
evaluate theirs accuracies, based on the exact values of(j, R2 and RMSE measures

were determined as detailed. Both indices are indicating small deviation for the

proposed dimensionless discharge ((3) equation, implying highly acceptable level.
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Table 5.7: Equation of discharge (Q) based on the end depth (ye) at sub-critical flow regime for different channel cross-sections using different

theoretical methods

Cross-section

Energy

Free vortex

Three velocity points

n-velocity points

Trapezoidal

2 15
1.427) e | 11 528) e
g°sB2s : B ) B

2 1.5
1.437] We | | 1500 We
gosst : B : B

2 115
1.39(%]+1.51s{%)
905825 B B
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1,412[%)“,52(%]
gUSBZS B B

mis o5
{l+1.819(%ﬂ

R?=1,RMSE = 3.42*104

mis o5
{u 2.32(%]}
B
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m-® 05
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() o]
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3] Jees(z)]
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5
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- m 0.5
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2B

(& el
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Inverted triangular
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Q=g%D* (0,985in’1 §, +2.417 yez.szs)
R2=0.999, RMSE = 3.30*104

133

Q=g%D* (0,985in’1 §, +2.417 yez.szs)
R2=0.999, RMSE = 3.85*104

1.34

Q= go.sDzs (0.9775“’1’1 96 n 2.396)792‘547)
R2=0.999, RMSE = 3.50*10*




5.5.2 Super Critical Flow Regimes

Since part of the outcomes of this study is to obtain a direct discharge solution for the
different channel cross-sections as detailed earlier, other than the flow depth at the
end section (ye), the upstream Froude number (Fry) is also an effective parameter for
the discharge calculations in super critical flow regime. Since Fr, can be determined
with the help of the longitudinal channel bed slope S, the Mannings-Strickler
channels bed friction coefficient (n), and one of the parameters among the side
channels vertical to horizontal ratio (m), the channel bed width (B), the channels top
width at the end depth (T.), (whichever is appropriate for parabolic cross-section),
and the channel diameter (D) is as well introduced as an influencing parameter for

generating the empirical discharge relationships.

To consider the roughness effect along the channel wetted perimeter, Manning’s
roughness coefficient (n) was selected. Hence, application of Manning’s equation for
the upstream normal section in exponential, generalized trapezoidal, and the
generalized circular channel cross-sections gives the non-dimensional discharge (Q*)
relationships (rectangular (Eq. (5.42)), parabolic (Eq. (5.43)), triangular (Eq. (5.44)),
trapezoidal and inverted triangular (Eq. (5.45)), semi-trapezoidal and semi-inverted

triangular (Eqg. (5.46)) and generalized circular (Eqg. (5.47)) channel cross-sections)

as follows:
y2 5/3
* S
Qrect:[ 2 j yn 2/3 (542)
" )
14220
m
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X S 12 ynls/s
Q par — | 2 g - 17
§ 1+ 4yn + 3Tn Ln 4yn + 1+ 4yn
4 T, 16y, T, T,

Q _( S JM y.?
o) ran)

5/3
Sp.° ]“ (N, +(=DN?)

Q*trap,inv tri :[ 2. 13 23
n°gr, [1+ N, n4’2+1}

" 5/3
. _[ Sl j“ (N, +(="N.?)

Q semi—trap,semi—inv tri 2 1/3 2/3
nam. 1+ Nn(n4’1+1/n4’2+4)}

" ~ \5/3

o ESDWJM (¢()-0())
gencir — 3 2 ~ = r N
4316\ n’g [2 z—ZZ+cos’1(1—2|n)—00571(1‘2)}

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

Note that, for empirical similarity with Mannings-Strickler equation, the root squared

of this longitudinal channel bed slope (\/§)is selected.

Q=0Q(y.,/S, n, m, B, T, D)

(5.48)

For the exponential and the generalized trapezoidal channel cross-sections, one of the

empirical equations suggested by Sharifi et al. (2009) was selected and modified due

to above mentioned reasons so as to obtain these empirically expressed direct

discharge relationships:
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Q=c, BTnem eSSy & (5.49)

However, for the generalized circular channel cross-sections, the suggested equation
suggested by Dey (2003) was selected in order to generate the direct discharge

relationships:

SD¥?

2

n-g

Q=C,J¥.z %,z = (5.50)
5.5.2.1 Exponential Channel Cross-section

5.5.2.1.1 Rectangular Channel Cross-sections

Egs. (4.16), (5.1), and (5.42) for the free vortex theory, Egs. (4.36), (5.1), and (5.42)
for the three velocity points method, and Eqgs. (4.42), (5.1), and (5.42) for the infinite
number velocity points method, are solved simultaneously to obtain the direct
discharge estimation for rectangular channel cross-sections in super critical flow
regime by insertingn, =1. The suggested equations for the direct discharge prediction
based on the different theoretical methods of this study are tabulated in Table 5.8
with the statistical measuring indices (R? and RMSE). To be able to obtain empirical
direct solutions of discharge in the suggested form of Eq. (5.49), a total of 1260

relevant data sets, all satisfying Fr, >1, were mathematically generated separately.

The range of applicability of the channel parameters (S, ye, n, B) and the discharge
(Q) are also detailed in Table 5.8.

5.5.2.1.2 Parabolic Channel Cross-sections

In a similar way, Egs. (4.16), (5.1), and (5.43) for the free vortex theory, Eqgs. (4.36),
(5.1), and (5.43) for the three velocity points method, and Egs. (4.42), (5.1), and

(5.43) for the infinite number velocity points method, are solved simultaneously to
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obtain the direct discharge estimation for parabolic channel cross-sections in super
critical flow regimes by insertingz, =1.5. The suggested equations for the direct
discharge prediction based on the different theoretical methods of this study are
tabulated in Table 5.8 with the statistical measuring indices (R? and RMSE). To be
able to obtain empirical direct solutions of discharge in the suggested form of Eq.

(5.49), a total of 2064 relevant data sets, all satisfying Fr, >1, were mathematically

generated separately. The range of applicability of the channel parameters (S, e, n,
Te) and the discharge (Q) are also detailed in Table 5.8.

5.5.2.1.3 Triangular Channel Cross-sections

Similarly, Egs. (4.16), (5.1), and (5.44) for the free vortex theory, Egs. (4.36), (5.1),
and (5.44) for the three velocity points method, and Egs. (4.42), (5.1), and (5.44) for
the infinite number velocity points method, are solved simultaneously to obtain the
direct discharge estimation for triangular channel cross-sections in super critical flow
regimes by insertingn, =2. The suggested equations for the direct discharge
prediction based on the different theoretical methods of this study are tabulated in
Table 5.8 with the statistical measuring indices (R? and RMSE). To be able to create
empirical direct solutions of discharge in the suggested form of Eq. (5.49), a total of

1596 relevant data sets, all satisfying Fr, >1, were created separately. The range of

applicability of the channel parameters (S, ye, N, m) and the discharge (Q) are also
detailed in Table 5.8.

5.5.2.2 Generalized Trapezoidal Channel Cross-section

5.5.2.2.1 Trapezoidal and Inverted Triangular Channel Cross-sections

Egs. (4.9), (5.27), and (5.45) for the energy method, Egs. (4.17), (5.27), and (5.45)
for the free vortex theory, Egs. (4.37), (5.27), and (5.45) for the three velocity points

method, and Egs. (4.49), (5.27), and (5.45) for the infinite number velocity points
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method, are solved simultaneously to obtain the direct discharge estimation in a
supercritical flow regime by insertingn, =B, 7, =m, andn, =0for the trapezoidal
and n,=B, n,=m, and 7, =1 for the inverted-triangular channel cross-sections. The

suggested equations for the direct discharge prediction based on the different
theoretical methods of this study are tabulated in Table 5.8 for the trapezoidal and
inverted-triangular channel cross-sections, with the statistical measuring indices (R?
and RMSE). To be able to obtain empirical direct solutions of discharge in the
suggested form of Eq. (5.49), a total of 864 relevant data sets for the trapezoidal and

852 relevant data sets for the inverted-triangular channel cross-sections, all satisfying

Fr, >1, were mathematically generated separately. The range of applicability of the

channel parameters (S, ye, N, m, B) and the discharge (Q) are also detailed in Table
5.8.

5.5.2.2.2 Semi-trapezoidal and Semi-inverted Triangular Channel Cross-
sections

Egs. (4.9), (5.27), and (5.46) for the energy method, Egs. (4.17), (5.27), and (5.46)
for the free vortex theory, Egs. (4.37), (5.27), and (5.46) for the three velocity points
method, and Eqgs. (4.49), (5.27), and (5.46) for the infinite number velocity points
method, are solved simultaneously to obtain the direct discharge estimation in super
critical flow regimes by insertingn, =B,n, =m/2, andn, =0 for the semi-trapezoidal
and n,=B, n,=m/2, and n,=1 for the semi-inverted-triangular channel cross-
sections. The suggested equations for the direct discharge prediction based on the
different theoretical methods of this study are tabulated in Table 5.8 for the semi
trapezoidal and semi inverted-triangular channel cross-sections, with the statistical
measuring indices (R? and RMSE). To be able to obtain empirical direct solutions of

discharge in the suggested form of Eq. (5.49), a total of 840 relevant data sets for the
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semi-trapezoidal and 852 relevant data sets for the semi-inverted triangular channel
cross-sections, all satisfying Fr. >1, were mathematically generated separately. The

range of applicability of the channel parameters (S, ye, N, m, B) and the discharge (Q)
are also detailed in Table 5.8.

5.5.2.3 Generalized Circular Channel Cross-section

Egs. (4.12), (5.35), and (5.47) for the energy method, Egs. (4.18), (5.35), and (5.47)
for the free vortex theory, Egs. (4.40), (5.35), and (5.47) for the three velocity points
method, and Eqs. (4.44), (5.35), and (5.47) for the infinite number velocity points
method, are solved simultaneously to obtain the direct discharge estimation in super
critical flow regimes by insertingZ =0, 0.25, 0.5, and 0.66 for the generalized circular
channel cross-sections. The suggested equations for the direct discharge prediction
based on the different theoretical methods of this study are tabulated in Table8 5.8
with the statistical measuring indices (R? and RMSE). To be able to obtain empirical
direct solutions of discharge in the suggested form of Eq. (5.50), a total of 233
relevant data sets for the circular channel (Z =0), a total of 203 relevant data sets for
the generalized circular channel where Z =0.25, a total of 156 relevant data sets for
the inverted semi-circular channel (Z=05), and a total of 93 relevant data sets for

the generalized circular channel where 7 =066, all satisfying Fr, >1, were

mathematically generated separately. The range of applicability of the channel

13 -
parameters ( y, and gcirzﬁ) and the non-dimensional discharge (Q) are also
n-g

detailed in Table 5.8.
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Table 5.8: Equation of discharge (Q) based on the end depth (y.) at super critical flow regime for different channel cross-sections using different theoretical methods with the range of applicability of the

effective parameters

Cross-section

Energy

Free vortex

Three velocity points

n-velocity points

Rectangular

Q=0028742 25005 125
n
R2= 0.998, RMSE = 5.64*10°%

Q= 0.02888 g2y 1208
n
R2=0.998, RMSE = 5.63*10°5

Q= 0'02887562‘495‘/§y 1.249
n e
R2: 0998, RMSE = 5.62*10_2

B (m) Ye(m)
01 -02 0055-0.195

0.010 - 0.013

n

S Q (m3/s)
0.00779 - 0.16046 0.01566 - 0.09396

Q= 0.04211%963.858«/5 yel.sw

Q= 0.04276%e3.82~/§ ye1.616

Q= 0.04253%63.833~/§ye1.616

Parabolic R2=0.999, RMSE = 1.24*10% R2=0.999, RMSE = 1.19*10% R2= 0.999, RMSE = 1.77*10°%
Te (M) Ye (M) n S Q (m¥/s)
0.237 - 1.039 0.028 -0.135 0.010 - 0.013 0.007164 - 0.169736  0.008859 - 0.236237
) Q- 0.04679%64‘055’@ y, 25 Q- 0.04847%63‘985J§ye2'623 Q- 0.04747%64'021‘@ y, 252
TriangUIar R2=10.999, RMSE = 4.49*106 R2=0.9989, RMSE = 7.81*10% R2=0.999, RMSE = 5.52*106
m Ye (M) n S Q (m3/s)
1-2 0.0525 - 0.1500 0.010 - 0.013 0.003941 - 0.161915 0.006264 - 0.093963
Q= 0_1627@e4.161«/§y 1.96 Q= 0.1559@(34.255«@)/ 1.959 Q= 0.1591@ e4.213J§y 1.96 Q=0 1582@e4.231\/§y 1.961
. n ¢ n ¢ n ¢ ' n ¢
Trape20|da| R2=0.999, RMSE = 8.41*104 R2=0.999, RMSE = 8.70*104 R2=0.999, RMSE = 8.68*104 R2=0.999, RMSE = 1.00*103

B (m) m Ye (M)

01-02 1-2 0.0195 -0.4230

n
0.010 -

S Q (m3/s)
0.013 0.00371 - 0.34607 0.0070 - 0.0926

Semi-trapezoidal

Q- 0.109587m83.848\/§y91‘93
n
R2=0.999, RMSE = 4.91*104

Q= 0-105SBTme3<99~/§y61-93
R2=0.999, RMSE = 5.03*104

Q= 0-105SBTme3<99~/§y61-93
R2=0.999, RMSE = 8.03*104

Bm
— 0.1073 2 g3945+5 |, 1933
Q g ’.
R2=0.999, RMSE = 8.04*10+

B(m m ye (M)

01-03 1-2 0.039-0.846

n
0.010 -0

S Q (md/s)

.013  0.0044 - 0.3446  0.00198 - 2.62020

Inverted triangular

Bm
=0.1504 —— g2072V8 |, 1.782
Q Moy
R2=0.999, RMSE = 5.94*10°

Bm
— 015472 e2.054J§ 1784
Q o Ye
R2=0.999, RMSE = 6.18*10°

Bm
= 0-1546782'054\/5 1.784
Q d y.
Rz= 0999, RMSE = 5.95*105

Bm
= 0-1549782'053‘@ 1.784
Q d V.
R2=0.999, RMSE = 6.19*10°

B (m) m

Ye (M)

n S Q (md/s)

e
0.1- 02 05-10 0.0125-0.1360 0.010-0.013 0.026 - 0.350 0.00198 - 0.06339

Semi-inverted
triangular

Q= O.lOngeLgoe«E y L
n
R2: 0998, RMSE = 2.46*10_4

Q= 0.104887mel<88x/§ y L7
n
R2= 0.998, RMSE = 2 46*104

Bm
_ 0'1046761.881@ 1.706
Q n ye
R?=0.999, RMSE = 1.69*104

Q= 0.1062me1.863«/§ y L
n
R2: 0999, RMSE = 1.94*10_4

B (m) m Ye (M)

n

S Q (m3/s)

01-02 05-10 0.025-0.272 0.010 -0.013 0.030416 - 0.370399  0.0056 - 0.1793

Circular (Z =0)

é -0 6358)7 1.8324— 04748
R2=0.999, RMSE = 2.37*103

é _ 0.64139 1.834»_ 0.4732
R2=0.999, RMSE = 2.19*103

é _ 0.6579 1.83§A 0.4684
R2=0.999, RMSE = 2.34*103

é _ 0.64829 1.834» 04712
R2=0.999, RMSE = 2.18*103

ye é/cir Q
0.082 - 0.740 2.47389 — 544.85230 01-10
é —0.6169 961.4084(:"0.466 é _ 0.6336)791'4074:"0'4614 é —0.6377 961.4054(:"0.4596 é —0.6377 961.4054:"0.4595
R R2=1, RMSE = 1.93*103 R2=0.999, RMSE = 2.36*103 R2=0.999, RMSE = 2.43*103 R2=0.999, RMSE = 2.43*103
Circular (Z =0.25) - 3
ye é/cir Q
0.043 — 0.580 2.70507 —594.90100 01-10
Q _ 0_41459 1.229; 04811 Q _ 0.42849 1,234§ 04774 Q _ 0_42949 1,221§ 04733 Q _ 0.439 1,2214_ 0.4731
R R2=0.999, RMSE = 2.67*103 R2=0.999, RMSE = 3.09*103 R2=0.999, RMSE = 2.77*103 R2=0.999, RMSE = 3.12*103
Circular (Z =0.5) N 3
ye é/cir Q
0.040 - 0.430 3.32946 —579.72720 01-10

Circular (Z =0.66)

é _ 0.4264)7 1.2314 04396
R2=0.986, RMSE =0.015

é _ 0_4424)7 1.2644» 04226
R2=0..986, RMSE = 0.015

é _ 0.4425961.254§Cir0.418

Q" _ 0.4461)7 1.2645 04212
R2=0.986, RMSE =0.015

Ye
0.030 — 0.240

R2=0.986, RMSE = 0.015

évcir Q

4.92487 —581.20970 0.06 - 0.21




Chapter 6

CONCLUSION AND RECOMMENDATIONS

6.1 Conclusion

The flow upstream of a free over-fall has been theoretically investigated to compute
the end depth ratio (EDR) and the end depth discharge (EDD) relationships of the
exponential channel cross-sections (rectangular, parabolic, and triangular), the
generalized trapezoidal channel cross-sections (rectangular, triangular, trapezoidal,
inverted triangular, semi-trapezoidal, and semi-inverted triangular), and the
generalized circular channel cross-sections (with and without horizontal flat base

with different elevations) in both sub- and super critical flow regimes.

Four different theoretical methods were used to compute the EDR relationships for
the above-mentioned channel cross-sections including two new suggested
approaches as:

1. Energy method

2. Free vortex theory

3. Three velocity points method (suggested)

4. Infinite velocity points method (suggested).

The first method was based on Anderson’s (1967) work, where the energy equation
has been used to obtain the EDR and the EDD relationships of the different channel

cross-sections for both sub- and super critical flow regimes. This approach eliminates
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the need of an experimental determination of the pressure coefficient at the end
section (brink), since the pressure effect at the end section was considered based on

the assumption of the formulation of this method.

In the second method, the momentum equation has been coupled with the free vortex
theory to compute the EDR relationships from which the EDD values were
determined. This approach also eliminates the need of the pressure coefficient at the
end section (brink) that should be determined experimentally, since the pressure
coefficient at the end section was incorporated into the momentum equation based on

the suggested theory.

In the third method, the energy equation over the control volume between the
upstream and the downstream sections has been utilized in order to obtain the
velocity values for three different depths at the end section (at the top, at the
geometric center and at the bottom). Subsequently, the continuity equation and the
definition of the upstream Froude number were used to compute the EDR
relationships for the different channel cross-section in both flow regimes. Finally the
EDD relationships were calculated based on the relevant EDR values for each cross-
section in both flow regimes. This approach eliminates the need of an empirical
pressure coefficient at the brink, since the continuity equation was used to compute

the EDR and the EDD relationships.

In the fourth method, by expanding the three velocity points method, the velocities
were computed for infinite depths at the end section. Afterward, using the continuity
equation and the upstream Froude number, the EDR relationships were obtained for

the above-mentioned channel cross-sections. This approach also eliminates the need
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of an empirical pressure coefficient at the brink, since the continuity equation was

used to compute the EDR and the EDD relationships.

In this chapter, the obtained relationships by different methods in both sub- and super

critical flow regimes are yielding:

1.

the EDR values of the exponential channel cross-sections are constant for
sub-critical flow regimes.

for generalized trapezoidal channel cross-sections, even when the flow is in
sub-critical regime, the EDR value cannot be expressed as a constant value
due to the channel characteristics and in fact, varies within the range of lower
limit (implying rectangular channel cross-sections) and the upper limit
(implying triangular channel cross-sections).

for the generalized circular channel cross-sections, as the height of the flat
base increases, the EDR value decreases in sub-critical flow regimes (Figs.
5.18 (a), (b), (c), (d), and (e)).

the EDR value for super critical flow regimes is a function of the relative

slope (S/S.) and the channel characteristics parameters. In super critical

flow regimes, for any channel cross-section, there is no single (constant)
value, since the EDR value changes with the increase in the longitudinal
channel bed slope (S).

in super critical flow regimes, due to the lack of the critical depth occurrence
within the studied control volume of the approaching flow, the water depth at
the brink has been correlated to the longitudinal channel bed slope and the

channel bed roughness through the semi-empirical Manning’s equation.
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Hence, an explicit equation for discharge cannot be defined for super critical

flow regimes.

Furthermore, as one of the outcome of this study, empirical equations were generated
mathematically for the prediction of discharges from the known values of the end
depth and the geometric characteristics of the channel cross-sections for different
channel cross-sections in both flow regimes. In addition to the benefit of accurately
predicting the flow discharge directly from a known value of the water depth at the

brink, the suggested empirical equations of the discharges (Q) are also simple.

The results of this study were verified by comparing the well-known, the widely used
and the relevant experimental and theoretical studies. The comparisons of the
analytical approaches with the experimental data and the other relevant theoretical
studies were examined through widely used statistical measuring indices (R? and
RMSE). The verifications of solutions of all suggested approaches have presented
highly satisfactory results with the relevant theoretical studies and a range of
acceptable level with the available experimental data set in both flow regimes. The
agreement between the suggested methods and the observed values of different
researchers enhances the utility and the validity of the suggested approaches.

6.2 Recommendations for Future Studies

Although large number of studies theoretically and experimentally have been done
on free over-fall with different channel cross-sections, and all the obtained results
improve the misunderstandings characteristics of the flow on the free over-fall, there
are some researches remain untouched. Hence, | am suggesting additional works that

can be done to enlighten untouched topics:
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measuring the appropriate pressure coefficients experimentally for a wide
variety of cross sectional shapes.

analyzing the free over-fall in compound channel in both sub- and super
critical flow regimes.

analyzing the free over-fall in composite channel beds for the rectangular and
the triangular cross-sectional shapes in order to investigate the effect of
Manning’s roughness coefficient.

establishing the EDR and EDD relationships for the rounded bottom
triangular, rounded corner rectangular, oval, and horseshoe channel cross-
sections in both sub- and super critical flow regimes.

investigating the inclination of the water surface profile at the vicinity of the
brink for different channel cross-sections in both sub- and super critical flow

regimes.
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Appendix A: The velocity head correction coefficient (Cy)

Applying the energy equation by considering the local energy loss due to the
streamline curvature at the vicinity of the brink, over the control volume between the

upstream (critical or normal) section and the downstream (brink) section, gives:

2 2

\Y)
H =C (Y. —y)+—+—¢ A-1
» =C, (Y, y)+29+2g (A-1)
1
Vv.=—=—[2g(H -C (y. - A-2
o= —\29(H, -G, (.- ) (A-2)
1
C = A-3
YI+k (A-3)
where

y = vertical coordinate measured from the channel bottom.
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Appendix B: Solution of three velocity points method for the

exponential channel cross-sections
Applying the continuity equation for three different locations at the end section
gives:

Q= Vet "Z'Vec Potooe+ Vec ';Veb

Aec—eb (B-1)

By substituting the velocity values at these three different locations, one obtains:

0 = 329(Hn —yo) +/29(Hn ~ Yo + o) Aet_ec+JZg(Hn—ynwnWZan

2 2 Aec-eb

(B-2)

Based on the characteristics of the exponential channel cross-section the following

equations can be generated as:

2
Acc-eb =M (ﬂ:il Ye] (B-3)
. 72
Aet-ec =11| (Ye)™ —(772 2+ N yej (B-4)
2 2
Vv AFr,
H. = n_ _ n B-5
n Yn"'zg Yn + 2T, (B-5)
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y, =2 (B-6)

So, by substituting Egs. (B-3), (B-4), (B-5), and (B-6) into Eq. (B-2), one can get:

2 2
29 YnFh + |2g YnFmh L In
o- 212 2y mp+l

2

2 2
29 YnFro PR N 29 yn+7y”|:rn
21y mp+l 21717

2

Pgt-ect

Aec-eb (B-7)

By the definition of the upstream Froude number at the upstream normal section for
the exponential channel cross-sections, the following equation for the discharge is
obtained:

0.5 172 +0.5
— g Yn Frn (B-8)
0.5
2

By equating Eqgs. (B-7) and (B-8), the following equation for the EDR of the

exponential channel cross-section is computed as:

EDR = 2Fr, (B-9)

21 m )
Fr + /Fr2+—2+(w/Fr2+2 —Fr) /.
n n 772+1 n 772 n 772 +1 |
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Appendix C: Solution of three velocity points method for the

generalized trapezoidal channel cross-sections
Applying the continuity equation for three different locations at the end section
gives:

Q= Vet "Z'Vec Potooe+ Vec ';Veb

Aec—eb (C-1)

By substituting the velocity values at these three different locations, one obtains:

0 = 329(Hn —yo) +/29(Hn ~ Yo + o) Aet_ec+JZg(Hn—ynwnWZan

2 2 Aec-eb

(C-2)

Based on the characteristics of the generalized trapezoidal channel cross-section the

following equations can be generated as:

115 ,,,2y 2 _1\75 2
A\ec-eb:[773+(_1)775 31134 Ye +4(=1)" 14" e Jl[3773ye+4( D™ 14Ye J (C-3)
6(n3 +(-1)"® 14 Ye) 6(n3 +(-1)" 14 Ye)

V75 7,2y 2
Pet-ec = (773 Ye + (=114 ye2 ) —{773 +(-1)'™ 31314 Ye +4( ’17) N4 Ye J
6(73 + (1" 14Ye)

[3773 Ye +4(-1"5 14Ye” } (C-4)
6(173 + (-D)B 14 Ye)
2 2 5 2
Hn — yn _+_VL — yn + AnFrn =Yn + 773yn +( 1) 774y|’] FrnZ (C'S)
29 2Ty 2173 +4(-1)"5 4y
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T — 3773Yn + 2(_1)’75 T4 yn2 (C'6)
" 6(r7; + (=1)"n,Y,)

So, by substituting Egs. (C-3), (C-4), (C-5), and (C-6) into Eq. (C-2), one can get:

2g || MYt (VB maye’ ¢ 2|, [ 3msyn + 20 mayi? |
| 203 +AC-D)Bmayn | | 63+ (D™ ngyn) |

2113 +4(-1)5 4 Yy, 1| 63 +(=1)"5n4y,) |

\/29{ 713Yn + (=15 74y, Fr2 |+ 373Yn +2(=1)5 74y, }
Q_

Pgt.ect
2 [773Yn + (=) 74y, Fr 2]+[3773yn +2(-)"B Ynz} N
n
2n3 +4(-1)B 4y, 6(73 + (-1 74yp)
5 _\75 2
2 [773yn+( 1) 774Yn } {3773yn+2( D nay, :l
gl yn+ Fr,
2n3 +4(-1)"B 14y, 6(73 + (-1 74yp)

-A\ec-eb

(C-7)

By the definition of the upstream Froude number at the upstream normal section for
the generalized trapezoidal channel cross-sections, the following equation for the

discharge is obtained:

1.5
0% | navn + (D5 mayy? |

[773 +2(-1)" nyy, }0.5

Fr, (C-8)

By equating Egs. (C-7) and (C-8), the following equation for the EDR of the

generalized trapezoidal channel cross-sectionis computed as:
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1.5
1+ (-1)"N, | Fr
f.(N,) +f,(N,) - 36] N ’EDR?+ 2(-1)"N EDR+1*[ (-1)"N, ] -
1 n 2 n n n [0 5 + ( 1),75 N :|0.5

where:

1.5
1+(-1)"N, | Fr
f,(N,)+f,(N,)-36| N ’EDR*+ 2(-1)"*N EDR+1*[ (-1) ] " _ g
1 n 2 n n n [05+(1)175N :|0.5

f,(N,) =[16(-1)*N ’EDR*+ 48N *EDR’+ 51(-1)*N,EDR+ 18EDR |

Ly @ GNP A+ (1)NFr? | 3+ 2(-1)"N,
' 2 +4(-1)"N, 2+4(-1)"N,  6+6(-1)"N,
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Appendix D: Solution of three velocity points method for the
generalized circular channel cross-sections

Applying the continuity equation for three different locations at the end section

gives:

Vot TV, Vae TV,
Q=S > % Agtoect e02 D Aec-eh (D-1)

By substituting the velocity values at these three different locations, one obtains:

_ \/Zg(Hn _yn)+\/29(Hn —Yn+¥n) +\/29(Hn ~Yn +7n)+\/29Hn
Q= 2 Pet-ec 2 Aec-eb

(D-2)

Based on the characteristics of the generalized trapezoidal channel cross-section the
following equations can be generated as:

2

Agc-eb = DT((D( IAe - ?e) - §0(2)) (D-3)
D%, - .y D%/ - 4 -
Aet-ec == (¢(le) ~9(2) ) == ~(0(le - Ve) (D)) (D-4)
2 2 1) —p(Z))Fr.?
Hn:yn‘|'\/L:yn‘*‘AﬂFrn =yn+yn+2(¢( n) (0( )) n (D-5)
29 2T,

16 ~ 2 0\05
(in=1?)

;o IAn_l_g((Z—z o -T7) | 05
23 (1) -¢(2)
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So, by substituting Egs. (D-3), (D-4), (D-5), and (D-6) into Eq. (D-2), one can get:

D (o(in) ()] Fry®
16 (IAn 3 fnz )0-5

B(¢(fn)—¢(2))Frn2 A 8((2_22)1-5_(fn_fn2)1.5)

B (it |23 elied
Q= :
Aet-ect
r 5 > 22415 2415
D (o) -p@)Fr? | IAn_1_8((Z—Z M-l |
B (i-i2)” 23 o(in-e@
(1)~ 9(@)) Fr®
29 yn+]l_:()5((p R (/j 0).5
(i)
2 Aec-eb
(3.33)
Aec-eb
©-7)

By the definition of the upstream Froude number at the upstream normal section for
the generalized circular channel cross-sections, the following equation for the

discharge is obtained:
D2 1.5
0.5 r 5
g {4((ﬂ(|n)_¢(z))}
F

{ZD(IAn—IAnz)O'T

' (D-8)

Q:
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By equating Eqgs. (D-7) and (D-8), the following equation for the EDR of the

generalized circular channel cross-section is computed as:

\/(fp(fn)¢(2))Frn2+\/(¢(fn)qo(i))Frn2+[f . 8((2fb22)15(fnfn2)15)]]

16(1, —1,2)° 16(1, —1,7)°° "2 3 o) -0(2)

(o) -o(l, - ¥,))+
( )

\/A ((D(fn)_CD(ZA))FrnZ +\/(¢(fn)¢(2))Frn2 +[f 1_g((ZAZAZ)ls(l‘nI‘nz)l_s)J]

=+ —~ —~ — — —_
r 16(1, —1.7)% 16(1, - 1.7)%

"2 3 o(1,)-p(2)

(0T -0@) Fr,
2(|An _ fnz)o.zs -

(e, = V) -0(2))- (D-9)
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Appendix E: Solution of infinite number velocity points method for

the exponential channel cross-sections

Applying the continuity equation for three different locations at the end section

gives:
Vi +V Vo +V- Vi +V,
- 12 2 Ao+ 22 % A2yo(@) * -t 2+1 Aiyto (i+1) *
Vip-1*Vnp e 1v Vit
+MA(np Do) = 2 5 Ao (i+2) (E-1)
i=1

Based on the characteristics of the exponential channel cross-section the following

equations can be generated as:

y 2
Ayto) = Ul[npe_lj ((Iruo—l)?72 —(np—2)’72) (E-2)
y 2
A2)o@) = nl[npe—l] ((nI0—2)772 —(np—3)772) (E-3)
) =29(Hp —¥) ‘/29 \/ L npl_lyn}, (E-4)
~ v.? np-1 ~ v,: il ]
Vnp_\/2g|:zg np lyn:|’ |_\/29|:zg+np_1yn} (E 5)
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So, by substituting Egs. (E-2), (E-3), (E-4), and (E-5) into Eq. (E-1), one can get:

V2 i-1 VN
.t Yn Ty ot Yn
29 np-1 29 np-1

.[m(nge_ljnz-((”pl) _(np- (|+1))'72)]

g np-1
Q=0 % =0

By the definition of the upstream Froude number at the upstream normal section for
the exponential channel cross-sections, the following equation for the discharge is
obtained:

05 72 +0.5

Fr, (E-7)
7720.5

By equating Eqgs. (E-6) and (E-7), the following equation for the EDR of the

exponential channel cross-section is computed as:

V2(np-1)"Fr,
I [Fr?  i-1 \/Frz i ) .
n,° n_4 + n_4 (np-1)” —(np—i-1)"
? ;[[\/ 2n, np-1 21, np_lj( )

EDR =
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Appendix F: Solution of infinite number velocity points method for

the generalized trapezoidal channel cross-sections

Applying the continuity equation for three different locations at the end section

gives:
VitV VotV Vi +V;
Q= =5 2 Atyro) * 22 2 A2yto(3) ot 2'+l Ayt (i+1) * -
Vip-1+Y, 0Ly, 4y
HE T Ao () T 2~ Ao (+4) (F-1)

i=1

Based on the characteristics of the generalized trapezoidal channel cross-section the
following equations can be generated as:

(_1)775 n L_l + M
np-1 np-1 2
Ye (F-2)

np-1

Ayto(2) = ng‘o’_ Vet

1), (np—anp—f%]
np-1 np-1
P By (F-3)

Ayto(3) = ngs)_ Vet

np-1
vn2 vn2 1
Vi =+29(Hn - ¥n) =, |29 29 )27 29 29 Tpa | (F-4)
v.? np-1 veoi-1
V:2 oy ,V-=2 N 4 F-5
ey L Ly -
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So, by substituting Egs. (F-2), (F-3), (F-4), and (F-5) into Eq. (F-1), one can get:

vt i-l V2 i
+ Yn ty|5 -t Yn
29 np-1 2g np-1
|13 Yo + (-1 774Ye (
np-1 (np—1)°

g np-1
o=t 2 70

np—i+np—(i+1))}

By the definition of the upstream Froude number at the upstream normal section for
the generalized trapezoidal channel cross-sections, the following equation for the
discharge is obtained:

1.5
0%° | na¥n + ()5 mayy? |
Q= Fry (F-7)

[773 +2(=1)" nyy, }0.5

By equating Eqgs. (F-6) and (F-7), the following equation for the EDR of the

generalized trapezoidal channel cross-sectionis computed as:

(e corNgFR o fae R )|
(2+4C1"N,) np—1 | (@+4(CD"N,) np-1

= (EDR NnEDRZ(znp—zi—l)]

LN

np—.

mp1 Y (np-1)°

N2+ (-1 N Fr
1

=0 (F-8)
(L+2(-1)"N,)?
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Appendix G: Solution of infinite number velocity points method for

the generalized circular channel cross-sections

Applying the continuity equation for three different locations at the end section

gives:
ViV VotV Vi +V;
Q= = 2 Ayto() * 22 2 Agyto(3) +t - 2'+l Aiyto (i+1) * -
Vip-1+Y, Ly, 4y
+E T Ao () T 2 - Ao (+4) (G-1)

i=1

Based on the characteristics of the generalized circular channel cross-section the

following equations can be generated as:

D2( . s np-2. 3
A<1>to<2):7(¢(ye+2)—(p<h ye+2)j (G2)
_D2 np-2. =2 np-3. 2
A2)to(3) = T((I’(m Ye +2) —(ﬂ(m Ye t Z)j (G-3)

2 2
/ V v 1
V1=,¢29(Hn—yn)= zg[zn—gJ, Vo :\/Zg{;_g—i_nplyn}’ (G'4)

v? np-1 veoi-1
v, = |2g| 2 V= [2g] 2 G5
. \/g{zgmp_lyn} . \/g[2g+np_1yn} (G-5)
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So, by substituting Egs. (G-2), (G-3), (G-4), and (G-5) into Eq. (G-1), one can get:

V2 i1 VN
EJrnp—lynJr EJrnp—lyn
(G-6)

2 ~
.D—(qo(gg Jo +2)- co(”pp—(';”ve Z)j

g_p
=7 &

By the definition of the upstream Froude number at the upstream normal section for
the generalized circular channel cross-sections, the following equation for the

discharge is obtained:
D2 1.5
0.5 r 5
g {4((ﬂ(|n)_(ﬂ(z))}
F

{ZD(I},—IAHZ)O'T

I (G-7)

Q:

By equating Egs. (G-6) and (G-7), the following equation for the EDR of the

generalized trapezoidal channel cross-sectionis computed as:

(oy-o@)F: -1 [(oiy-e@)F
+

= = + = =
4(In_|n2)0.5 np_l L"(In_lnz)o-5 np_l
= np—i -1
.(m— g, +7 5, +z>j
LU np-1 - ]

(o)-0@) Fr, 9

r [ 210.25 =
(1, -1,%)

LN

np—.

168



	ABSTRACT
	ÖZ
	DEDICATION
	ACKNOWLEDGMENT
	LIST OF SYMBOLS AND ABBREVATIONS
	LIST OF TABLES
	LIST OF FIGURES
	1 INTRODUCTION
	1.1 General
	1.2 Hydraulic Characteristics of Free Over-fall
	1.3 Aim of the Study

	2 LITERATURE REVIEW
	2.1 General
	2.1.1 Exponential Channel Cross-sections
	2.1.2 Generalized Trapezoidal Channel Cross-sections
	2.1.3 Generalized Circular Channel Cross-sections


	3 USE OF DIFFERENT ANALYTICAL METHODS FOR DEFINING THE FLOW AROUND THE BRINK DEPTH
	3.1 General
	3.2 Existing Methodologies
	3.2.1 The Momentum Approach
	3.2.2 The Boussinesq Approximation Theory
	3.2.3 The Conservation of Energy Approach
	3.2.4 The Free Vortex Theory
	3.2.5 Sharp-Crested Weir Approach

	3.3 Suggested Solution Methodologies
	3.3.1 The Three Velocity Points Method
	3.3.2 The Infinite Number Velocity Points Method (n-Velocity Points Method)


	4 DIFFERENT ANALYTICAL SOLUTIONS OF THE END DEPTH RATIO (EDR) FOR VARIOUS CHANNEL CROSS-SECTIONS
	4.1 General
	4.2 The Channel Cross-sections
	4.2.1 Exponential Channel Cross-sections
	4.2.2 Generalized Trapezoidal Channel Cross-sections
	4.2.3 Generalized Circular Channel Cross-sections

	4.3 End Depth Ratio (EDR) for Various Channel Cross-sections
	4.3.1 Previously Applied Theories
	4.3.1.1 The Energy Method
	4.3.1.2 Momentum Equation Coupled with the Free Vortex Theory
	4.3.1.3 The Sharp Crested Weir Theory
	4.3.1.3.1 The Continuity Equation
	4.3.1.3.2 The Energy Equation


	4.3.2 The Suggested Approaches
	4.3.2.1 Three Velocity Points Method
	4.3.2.2 Infinite Number (n-) Velocity Points Method



	5 RESULTS AND DISCUSSION
	5.1 Introduction
	5.2 Exponential Channel Cross-sections
	5.2.1 EDR for Sub-critical Flow Regimes
	5.2.2 EDD for Sub-critical Flow Regimes
	5.2.3 EDR for Super Critical Flow Regimes
	5.2.3.1 EDR of Rectangular Channel Cross-sections
	5.2.3.2 EDR of Parabolic Channel Cross-sections
	5.2.3.3 EDR of Triangular Channel Cross-sections

	5.2.4 EDD of Super Critical Flow Regimes
	5.2.4.1 EDD of Rectangular Channel Cross-sections
	5.2.4.2 EDD of Parabolic Channel Cross-sections
	5.2.4.3 EDD of Triangular Channel Cross-sections


	5.3 Generalized Trapezoidal Channel Cross-sections
	5.3.1 EDR for Sub-critical Flow Regimes
	5.3.1.1 EDR of Trapezoidal Channel Cross-sections
	5.3.1.2 EDR of Inverted Triangular Channel Cross-sections
	5.3.1.3 EDR of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-sections

	5.3.2 EDD for Sub-critical Flow Regimes
	5.3.2.1 EDD of Trapezoidal Channel Cross-sections
	5.3.2.2 EDD of Inverted Triangular Channel Cross-sections
	5.3.2.3 EDD of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-sections

	5.3.3 EDR for Super Critical Flow Regimes
	5.3.3.1 EDR of Trapezoidal Channel Cross-sections
	5.3.3.2 EDR of Inverted Triangular Channel Cross-sections
	5.3.3.3 EDR of Semi-trapezoidal and Semi-inverted Triangular Channel Cross-sections

	5.3.4 EDD for Super Critical Flow Regime
	5.3.4.1 EDD of Trapezoidal Channel Cross-sections
	5.3.4.2 EDD of Inverted Triangular, Semi-trapezoidal and Semi-inverted Triangular Channel Cross-sections


	5.4 Generalized Circular Channel Cross-sections with Flat-base
	5.4.1 EDR for Sub-critical Flow Regimes
	5.4.2 EDD for Sub-critical Flow Regimes
	5.4.3 EDR for Super Critical Flow Regimes
	5.4.4 EDD for Super Critical Flow Regimes

	5.5 Direct Discharge Prediction
	5.5.1 Sub-critical Flow Regimes
	5.5.1.1 Generalized Trapezoidal Channel Cross-sections
	5.5.1.2 Generalized Circular Channel Cross-sections

	5.5.2 Super Critical Flow Regimes
	5.5.2.1 Exponential Channel Cross-section
	5.5.2.1.1 Rectangular Channel Cross-sections
	5.5.2.1.2 Parabolic Channel Cross-sections
	5.5.2.1.3 Triangular Channel Cross-sections

	5.5.2.2 Generalized Trapezoidal Channel Cross-section
	5.5.2.2.1 Trapezoidal and Inverted Triangular Channel Cross-sections
	5.5.2.2.2 Semi-trapezoidal and Semi-inverted Triangular Channel Cross-sections

	5.5.2.3 Generalized Circular Channel Cross-section



	6 CONCLUSION AND RECOMMENDATIONS
	6.1 Conclusion
	6.2 Recommendations for Future Studies

	REFERENCES
	APPENDICES
	Appendix A: The velocity head correction coefficient (Cv)
	Appendix B: Solution of three velocity points method for the exponential channel cross-sections
	Appendix C: Solution of three velocity points method for the generalized trapezoidal channel cross-sections
	Appendix D: Solution of three velocity points method for the generalized circular channel cross-sections
	Appendix E: Solution of infinite number velocity points method for the exponential channel cross-sections
	Appendix F: Solution of infinite number velocity points method for the generalized trapezoidal channel cross-sections
	Appendix G: Solution of infinite number velocity points method for the generalized circular channel cross-sections


