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ABSTRACT

Appell polynomials are certain family having wide range of application areas from
numerical analysis to analytic function theory. They were defined by Paul Emile
Appell in 1880. The most famous Appell polynomials are Hermite, Bernoulli and

Euler polynomials.

This thesis consists of five chapters. Chapter 1 is devoted to Introduction. In Chapter
2, we give basic definitions and properties that is used throughout the thesis. Chapters

3,4 and 5 are original.

In Chapter 3, we introduce 3D-@-Hermite Appell polynomials A, (x,y,z; @) using
o-Hermite polynomials &? (x,y,z). We obtain their explicit forms, determinantal
representations, recurrence relations, lowering and raising operators, difference

equations, integro-difference equations, and partial difference equations.

In Chapter 4, we introduce the Ay,-multiple Appell polynomials and we give an explicit

representation and recurrence relations for them.

In the last chapter, we define @-multiple Charlier polynomials then we give raising
operator, Rodrigues formula, explicit representation and generating function. Also an
(r+ 1)th order difference equation is given. As an example we consider the case ® = %

and define %—multiple Charlier polynomials.

Keywords: Ag-Appell polynomials, determinant, recurrence equation, Multiple

orthogonal polynomials, - multiple Charlier polynomials, Appell polynomials,

11



Hypergeometric function, Rodrigues formula, Generating function, Difference

equation.
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Appell polinomlari, sayisal analizden analitik fonksiyon teorisine kadar genis
uygulama alanlarina sahip belirli bir ailedir. 1880 yilinda Paul Emile Appell
tarafindan tanimlanmugtir. En {inlii Appell polinomlari, Hermite, Bernoulli ve Euler

polinomlaridir.

Bu tez bes boliimden olugsmaktadir. Boliim 1°de giris kismi1 verilmistir. Boliim 2°de -
ileri fark operatorii, @-geri fark operatorii ve w-kismi toplam formiilii tanimlanmig ve

w-hipergeometrik tiirde fark denklemi elde edilmistir. 3., 4. ve 5. boliimler orijinaldir.

Bolim 3’de w-Hermite polinomlarimi kullanarak 3D-w-Hermite Appell polinomlari
tanimlanmig ve bu polinomlar i¢in acik formlar, determinant, rekiirans bagintilari,
indirgeme ve artirma operatorleri, fark denklemleri, tam fark denklemleri verilmistir.

Ayrica bunlar tarafindan saglanan kismi fark denklemleri elde edilmistir.

Bolim 4°de Agp-Hermite Appell polinomlar: tanimlanmig, agik form ve rekiirans

bagintilar1 verilmistir.

Son bolimde @ katli Charlier polinomlar: tanimlanmis ve bu polinomlar icin
yiikseltme operatorii, Rodrigues formiilii, agik form, iiretici fonksiyon elde edilmistir.

Ek olarak, bu tezde incelenen teoriler 6rneklerle gosterilmistir.

Anahtar Kelimeler: A,-Appell polinomlari, determinant, yineleme denklemi, Coklu
ortogonal polinomlar, @-¢oklu Charlier polinomlari, Appell polinomlari,

Hipergeometrik fonksiyonu, Rodrigues formiilii, Uretici fonksiyonu, Fark denklemi
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Chapter 1

INTRODUCTION

Appell polynomials have been the subject of intense investigation of recent years.
Many authors have studied Appell polynomials in pure and applied mathematics

because of their applications.

There are many equivalent definitions for Appell polynomials. Their definition through

the generating relation is given by the following formula

v\ "
d(t)e —E@n(x)n!
where
Z‘Dn !’ ®07é0

As immediate examples to Appell polynomials, we have Bernoulli polynomials X,

v v t"
e’ = Z K (x) —
—1 oy n!
and Euler polynomials &,
2 4 e t"
d+1° _;08”()6)5'

There are many types of Appell polynomials that are under investigation nowadays.

e Multiple Appell polynomials were defined in [20] b

tlt_

D (ty,1) e 1H72) Z Z U, ny (% n1|n2

O}’l2 0



where D (#1,1,) has a series expansion

ny ,np

i H't
93(f17f2)=n§0n;0d”" 11!n22!’
with dg o # 0.
» Degenerate Appell polynomials were introduced in [27] by,
G t"
d(t)(1+ht)h = n;)@n (x,h) )

where d (t) is given by
k

= t
=) hiy> o 70
k=0 -

* Bivariate Appell polynomials were defined in [4] by

xt+ytJ Z %

with ag # 0.
* The multiple Ap—Appell polynomials were defined [29] by

Atita, ) (14Ot +1 4 +1))®
oo oo oo l,nltn2 .. _Z,}’lr
Z Z Z 12—’_ (1.1)
=0 =0 nl!ng!mnr!

On

ny
with 71 = (l’l], cee ,l’lr) and aop,..- 0 7& 0.

It should be note that Appell polynomial sequence {A,(x)},cy has an equivalent

definition as
Dy(Ap(x))=nAu—1(x), n=1,2,---,
where D, represents the derivative operator. The A, (x) that results from the

replacement of ®, with Ay, that is

Ap (Ay (x) =nwA,—1(x), n=1,2,---,



which was defined in [9] and named as Ay,-Appell sequences, where

Aof (x) =f(x+ @) —f(x).

In [8], the authors introduced the J4,-Appell polynomial sets which are defined by
O0Pni1 (x) = (n+1)Pu(x), n=0,

where

They proved an equivalent definition in terms of the generating function given below

A@)(1+or)o = i Ml",

|
=0 n:

where
l) = Z aktk, ag 75 0.
k=0

It has also been shown in [8] that among all the 8- Appell polynomials, d-orthogonal

polynomial sets should have the generating function of the form

o)

><

& (x,1) =exp(Hy (1)) (1+ @t)o =

where J{,; is a polynomial of degree d. In the special case

we have the polynomials generated as follows:

oo

=

exp(—at) (14 wr)o a#0.

These polynomials can be called @—Charlier polynomials, since the case ® = 1 gives

the usual Charlier polynomials.

Based on these motivation, in chapter 3 we introduced 3D-@-Hermite Appell



polynomials. Some of their properties such as explicit representation, determinantal
representations, recurrence relations, lowering and raising operators are obtained. In
Chapter 4 we introduced Ag,-Hermite Appell polynomials and we give an explicit
representation and recurrence relations for them. Last chapter is devoted to the
o—multiple Charlier polynomials. = We start their investigation with multiple

orthogonality relations with respect to the weight function of the form

a¥

() = —————, eR", i=1,---r,
wi (x) Tt o) X i r.

and investigate, among other properties, the raising operator, Rodrigues formula,
explicit representation and generating function. We also obtain an (r+ 1)tk order
difference equation and give some special examples for certain choices of ®. So it can
easily be observed from the generating function of @—multiple Charlier polynomials

that these polynomials are examples of A, —multiple Appell polynomials.



Chapter 2

HYPERGEOMETRIC TYPE THE o-DIFFERENCE

EQUATION

The main aim of this chapter is to provide some properties for the w-forward difference
operator and @w-backward difference operator, such as product rule, ®@-summation by

parts formula which is used throughout the thesis.

The w-forward difference operator is defined as,
Ao (F(x) =F(x+ @) —f(x),
and - backward difference operator is defined as,

Vo (f(x)) =f(x) —flx— o).

where @ > 0.

Theorem 2.1: The operators Ay, and V, have the following properties:

Apf(x) =Vef(x+ o), (2.1)
ApVof(x) =f(x+ o) —2f(x)+f(x— o), (2.2)

and
Ao [f (x) g (x)] = §(x) Aog (x) + g (x+ @) Af (x). (2.3)

Proof. We start with the proof of equation (2.1),



Vof (x+ ) =f(x+ 0) —(x)
= Apf(X).
The left hand side of (2.2) will be

ApVof(x) = Ag [f(x) = (x — @)]

= x4 @) =2f(x) +f(x - @),
For the proof of equation (2.3),

Aplf(x)g ()] =f(x+ @) g(x+®) —f(x)g(x) +f(x) g (x+©) —f(x) g (x - ®)
=0+ o) [flx+ o) —f)]+fx) [g(x+ @) —g(x)]

= Aof () 8 (x+ @) +§(x) Apg (1)

Whence the result. O]

Theorem 2.2: The w-summation by parts formula is given by

) o)

Y [Aof (@k)] g (0k) = =} [V (0k)]f (ok), 2.4)

k=0 k=0

where g (—w) =0.

Proof. The left hand side of (2.4) can be written as,

l
Y. [[Aof (0k)] g (k) +f (k) Vo [g (0k)]]

k=m
l

= ). [flo(k+1)]g(wk) — f (0k)glo (k- 1)]

k=m
= [flo(m+1)]g(0m) —f(wm)g[w (m—1)]]
+[flo(m+2)]g(w(m+1)) —f(o(m+1))glo(m)]]+--+
[flo(+1D)]g(w () —F(o () glo(-1)]

= flo(+1)]g(0l) —f(wm)g[o(m—1)].

Letting m tend to zero, I — oo and considering that g (—®) = 0, we get



[} oo

Y. [Bof (0k)]6(@4) + ¥ [Voo (@h)]f (k) =0,

k=0 k=0



Chapter 3

3D-w-APPELL POLYNOMIALS

In this chapter, 3D-w-Hermite polynomials and 3D-@-Hermite Appell polynomials

are defined. Then, explicit and determinantal forms of 3D-@-Appell polynomials are

given. On the other hand, recurrence relation, difference equation, integro-difference

equation and partial differential equation are obtained for such polynomials.

3D-w-Hermite polynomials are defined as
X A
(1+wt)o (1+0r*)® (1+ o) Z@“’xy,

By means of the eq (3.1), we define 3D-w-Hermite Appell polynomials as,

a(t) (14 wt)o (1+a)t2)% (1+a)t3)% =Y A, (x,y,z;a))%
n=0 :

where

= kw7
’ |
= k!

3.1

(3.2)

(3.3)

is the determining function which generates the corresponding degenerate numbers.

This generalized family leads to many potentially valuable new 3D-polynomials, some

of which are listed below:

3D-w-Hermite Charlier polynomials are defined by

o)

tn

Sln

exp(—awt)(l—ka)t)% (1—|—wt )% (1+a)t )e = ZCs(x,y,z;a))—.

|
=0 n.

The first kind 3D-Hermite Carlitz Bernoulli polynomials are introduced as



— (1 + oo (1+ o’ )‘5(1+wt )e =) Bu(x,),50) .
(1+ot)o —1 n=0 n:

3D-Hermite Carlitz Euler polynomials by

2

x XY z
———(+o)e (1+o?)° (1+w)° Zenxy7z,
(I+owt)o+1

3D-w-Hermite Genocchi polynomials by

2t X Y z g tn
————(+oe (1+o?)° (1+w)° = Y G(xyz0) .
(1—|—(DI)5+1 n=0 n:
3D-w-Hermite Boole polynomials are defined as
1 x X t"
(Ut os (1+0?)® (1+0r)® Z%z (X354 0) .
1+(1+ot)e n:
The second kind 3D-®-Hermite Bernoulli polynomials are defined as
wt z 2\ 5\ ol "
—— (14t ot)e (1+0t")° (1+0t")° =) B ;0) —.
ln(1+a)t)( + o) ( * ) ( + ) nzb n (B2 )n!

We should note that when z = 0, each of the above definitions reduce to the bivariate
versions given in [25].
3.1 3D-w-Hermite Polynomials

Theorem 3.1: The following equations are satisfied by 3D-w-Hermite polynomials

Ao (&) (x,3,2)) = on®;_ (x,y,2), (3.4)
Ao (&) (x,,2)) = on(n—1) &, (x,,2) (3.5)

and
Ao (8 (x,y,2)) = wn(n—1)(n—2) & 5 (x,,2). (3.6)

Proof. Using (3.1) and applying the difference operator A, we get

b n

t
Z an)Qifzo (x,y,z) _‘ - XA(O
=0 n!

Y O (6x2)

n=0

el=

= xAp [(l-l—a)t) (1 +wt2)% (1+ ot )5]

Using the Cauchy Product rule,



Ao [(1+00)8 (1+02)° (1+0r) ]

= (1+a)t2)% (1+a)t3)%(1+w1)%[1+wt—1]

= Wt Q5n (x,y,z) E
n=0
00 ® tn—l—l
=0 ) 67 (xyz) —
n=0
oo t}’l
=) 69 A
nZ] w1 (02.3)
=0 Z nﬁr? 1 (x,y,z) I
n=0
Hence
- o " - o t"
Z XA(D@n (x,y,z) _' =0 Z n®n—1 (x,y,z) _'
= n! = n!
Comparing the coefficients ;—n!, we get
XA(D (61(10 (x,y,z)) = wn@l(’:)—l (x,y,z) :
Proofs of (3.5) and (3.6), follow in a similar manner. ]

Corollary 3.1: The following properties are satisfied by 3D-@-Hermite polynomials
080 (8] (x,y,2)) = A5 (8] (x,,2)) (3.7)
and
0° Ao (6] (x,7,2) = 145 (6] (x,7,2)). (3.8)
Proof. We will give proof for (3.8). It follows from (3.4) and (3.6) that
0 Do (&) (x,7,2) = 0n(n—1) (n—2) 6 5 (x,y,2)

= XAZ) (62) (X,_)’,Z)) .

10



Theorem 3.2: The polynomial ¢ (x,y,z) has the following explicit representation

(3] 5]

n!

() _ (O] (O] w .
&, (x,,2) _kgbz;)(X)n_Zk k=3 (@) (n—2k)! (k—30)! (3.9)
where
o _ _ﬁ) PRV
@y =(-3) (-
Proof. Using the series expansion of (3.1), we get
(1400 (1+02)® (1+ o)
Y 60 (r)
= () X, 0,2) —
= n!
oo Mo 2k e /3
=) () 5L 07 L@ 5
n;) "nl = k! E’) Al
nl [k
_ i [5] [5] ()2 o 3 (Z)Iwﬁ (3.10)
o o (n—2k)! (k=301 n!" '
From (3.1) and (3.10), we get
® [%] [%] 1) ® ) n!
(G = : .
n (X,,2) k:Ol:O(X)nfzk(Y)kfy (2); (n—2k)! (k—30)!
The proof is completed. ]

3.2 An Explicit and Determinantal Forms of 3D-w-Hermite Appell

Polynomials

Definition 3.1: 3D-w-Hermite Appell polynomials are defined by

a(t) (14 wt)o (1+a)t2)% (1+a)t3)% =Y A, (x,y,z;a))t

—, 3.11)
n=0 n!
where A, (0,0,0;w) = &4, (n=0,1,2,---) are the degenerate numbers given by the

series

k

> t
a(t)=)_ Uiy G0 0 (3.12)
k=0 .

Theorem 3.3: 3D-w-Hermite Appell polynomials satisfy the following properties:

11



A (An (x,y,2,0)) =noA,— (x,y,z2,0), (3.13)
WA (A (x,y,z220)) =n(n—1) 0A,_2 (x,y,z; ©) (3.14)

and
Ap (A (x,y,z0)=n(n—1)(n—2) 0A,—3 (x,y,z; ®). (3.15)

Proof. For the proof of (3.13), we use (3.11) and apply the difference operator A to

get

Z ApAy (x,y,z;a)) ! = Ap [Z An (x,y,z;a)) ;]

n=0

Ao [(1 +onoa(r)(1+ wtz)% (1+ (Dt3)ﬂ

8=

= Ay [a (1) (1+ or)® (1+ a)t3)5] (14 ar)

el=

) (14 02)° (1+0°)° Ay (1+ o)

(1) (1+ or? )%(l-l—a)t )5(1+a)t) o [1+r—1]

n

Z 0 (%,3,20 t—,

n:
00 tn+1

tn
S0 anfln_1 (x,y,2; @) ol
n=

Comparing the coefficients on both sides,
A (An (6,y,2,0)) = noA,—1 (x,y,2;0).

For the proof of (3.14) and (3.15), we can use the similar arguments. ]

Corollary 3.2: The following equations are satisfied by 3D-w-Hermite Appell

polynomials,

12



wyA(D (‘An (xayaz; (D)) = xA%) (‘An (xuy’Z; CO))
and

0% Ap (A (x,7,2,0)) = A (A, (x,y,2;0)).

Theorem 3.4: The polynomials {A, (x,y,z; @)}, have explicit representation,

A (x,y,7; 0)
NG , L
- sz) (k> m:Ol:Oan_k@ (21:n> (31) (2 O)ms ()7 (2m!) ’ % (3.16)
where
oo m
a (t) = n;o (0 0y

Proof. Applying the Cauchy product and multiplying both sides of (3.1) by a(t), we

have

a(r)(1+on)o (1 +a)t2)% (1 +a)t3)% =a(t) i & (x,y,z)]i—lz.

Therefore

Z n (X,,2; @) 0
n=0 .
=Y o) (7)o (3.17)
n=0 k=0

oo n [%] %] k! n
- Z Z (k> In—k,0 Z Z (x)l?me (Y)zfy (Z)Iw (k—2m)! (m—3l)!l!%

= n >k o o o (Cm)!3H!
= Z Z (k) An—k,w Z Z (2m) () k—2m M m—3: (2 (3;)! (;E?’?)m%

(o) () 0 2002 ) CE R

m!

(3.18)

13



From (3.17) and (3.18), we have

An (x,y,7; @)
noroy 2] 5] KN (m\ o o (2m)! (31)!
-5 () e ce ) (3) w8 w0 o SEEE
Whence the result. ]

Theorem 3.5: For each n = 0,1,2,---, 3D-w-Hermite Appell polynomials are

represented by
Ap (x,5,2, )

1 8P(xy,z2) &9xyz) - &y (x,52) &7(x,72)

ﬁo,w ﬁl,w Bz,w T Bn— 1,0 Bn,a)
o (—l)n 0 ﬁO,w (%)ﬁl,w (nzl)ﬁnfzw (T)ﬁnfl,a)

(ﬁO,(D)n_H 0 0 . n—1 n
ﬁO,a) ( 2 )ﬁn—3,a) (2)ﬁn—2,a)
0 0 0 Bo,w (,"1)B1w
(3.19)

where the numbers fB; , k = 0,1,2,--- are the coefficients of the Maclaurin series of

a(t)”

Proof. Since

at) Y 67 (x3,2) = Y An (6,3, 50) — (3.20)
n=0 n: n=0 n:
we have
= .o " 1 & n
& —=—) A L2 0) —
},;) n (X,y,Z) I’l' a(t)r;) I’l(-x7y Z ) !
with
1 > K
— =Y Bror- (3.21)
a(t) &k

14



Using (3.21) in (3.20), we have

= th & 1"
Zﬁwxy7 kz:oﬁka)k‘Z‘A X, ¥,Z; )_'
n=0k=0 e
oo n l.l’l
= Z Zﬁk,a)‘An k x V525 (D) A
n=0k=0 ( ) :
S (1 1"
= Z Y (k),Bka)-An K (,,25 (0)—,
n=0%k=0
Comparing the coefficients %, we get
" /n
&y (x,,2) =Y, (k> Br.oAn—i (x,5,70). (3.22)
k=0

This equality leads to the system of n-equations with unknown A, (x,y,z;®),

n=0,1,2,-

Solving this system using Cramer’s rule and considering the assumption that the
denominator is the determinant of a lower triangular matrix with determinant
([307(0)”“, and then taking transpose of the numerator of the resultant matrix and
finally replacing the i —th row with the (i+ 1) —th position fori = 1,2,--- ,n— 1, we
get the result. 0
3.3 Some Properties for 3D-@w-Hermite Appell Polynomials

Theorem 3.6: Recurrence relation satisfied by 3D-@-Hermite Appell polynomials are

given as
'A*k('xt);)Z;a)) =0 (k: 1,27>

and

15



Ant1 (x,,2,0)

n—1
n
= (X—|— YO,(D)‘A’Z (x,y,z; (D) + Z (k) ’}/nfk,a)“qk (x,y,z; CO)
k=0

n

Ap—i (x,,2; 0
+an! Y (—0) =" (kn(ii)z, )+2nyfln71(x,y,z;w)
k=1 ’

]

—_

n—

olti

(—o) An—ak—1 (%,5,2; @)

2ym!
+eyn (n—2k—1)!

T
LT

[

k

]

3zn!
o (n—3k—2)1

07+

—

where

!

a(t) o
m —]gz)Yk,wk!-

Proof. Taking derivative with respect to ¢ on both sides of (3.1), we get

Y Anii (x,,2;0) -

Sl

= 2P0 Tens (1e)? (1+or)

gl

z 2\ 3
+l+wtxa(t)(l+a)t) (1+0*)° (14 o)

)

8=
el
Sl

+2y a(t) (1+awt)o (1+w?)® (1+or)

1 + ot?
t2

e

8=
Sl

_r 2 3
+3z1+wt3a(t)(l+a)t) (1+0")° (1+wr’)®.

Now consider the expansions

(—o0)* Jot| <1

_l’_
g
I
gk

k=0

or :k;)(—l)ka)ktz" lor?| < 1
1 . ko K3k |3
=) (- t" |or’| < 1.

8

Inserting (3.26) into (3.25), we get

16

+3n (l’l— I)Z-Aan (X,y,Z; CO)

(3.23)

(3.24)

(3.25)

(3.26)



Z‘An-i-l X025 (0)—,
n=0

t 1" > K o P
— Z Yoy Z Ay (x,9,7; @) ot Y (—on)" ) Au(x,yz0) b
k=0 *n=0 k=0 n=0
tn+l

+2y Y, (D o' Y A (xyz0) —
k=0 n=0

> g tn+2
+32 ) (D)* " Y A, (x,y,z0) —
k=0 n=0 :

and
N n
Ar(63,2,0)+ Y, An(x,3,5,0)
n=1

n

2 s (n t
= Woho(X,z0)+ ) Y (k) Ye,oPn—k (X,,2,0) p} +xAg (x,y,2; @)
n=1k=0 )

n! "
+x Y Y (~w) Ap_i (x,,2; 0) -]

n=1k=0 (n—k)!
+2y’;1 = (-o) mﬂn—%—l (X’)’,Z;w)a

o |73 | n
k n: . t
+3Z,,;1 ,;6 (_w) (n_3k_2)!An73k*2(x7yaz,w)E-

Finally we have,

A1 (x,3,z0) + i An (x,y,z;a));—r:
n=1 ) n' )
= (x+%0) A (ry,z0)+ Y Y (Z) YeoAn—k (x,y,z;a))i7
- N n=1k=0 .
+x,;1k; TR An_k (x,y,z;a))ﬁ
- %] ! n
nZl k:O mﬂn—%—l (X,y,z;w)%
N .
+3Zn§ ];0 (o) mﬂn—%—z (X,y,Z;CO)H. (3.27)

On the other hand, by (3.16), we have Ag (x,y,z; ®) = o and A; (x,y,z;®) = ot +

opx. Inserting (3.11) into (3.24), then making some calculations and finally using the

17



Cauchy product, we have Yo = . Hence, we can write that
(X+'}’O,h)-AO (x,y,z0) =A1 (x,y,2,0). (3.28)

Using (3.28) in (3.27), equating the coefficients of %, and extending specific terms
from the summations by shifting the series, we obtain the recurrence relation given by

3D-w-Hermite Appell polynomials. O

Theorem 3.7: For the 3D-w-Hermite Appell polynomials, we have the lowering

operator as,

L, = —Aop, (3.29)

and the raising operator as,

Ya—k <
L X‘I‘YO@"’Z%XAZ)k—i-XZ(—l)kXAIZ)
k=1

[ﬂ 72

7)1y ;

1
3 Sttty z L 60
=1 k=1

The difference equation satisfied by 3D-w-Hermite Appell polynomials is given by

n k 1" k+17%

n
( _|_1_|_y0_w) Aw+Z Yn—k,0 Anfqul_i_(%_i_l) Z(_l)kxA/(cj;Ll
k=1

; 3

n 2 A
k x a) 2k+2 X2
+§(— Ao +2y" 3 +2 ; a)k+2 xA +3 %
%
Z 2k+3xA3k+3—n Ap(x,y,2,0) =0. (3.31)

Proof. Starting from (3.29) and using (3.12), we have

Ao (An (,9,2,0)) = nwA, 1 (x,y,7;,0)

1
— Ay (A ; =A,_ T) .
e a)( n(X,Y;Zaw)) n 1(x,y,z (D)

Therefore, we immediately get

18



For raising operator, first, we write Ay (x,y,2;0), A, ¢ (x,y,2;®), A1 (x,y,2; ®),
Ap_ok—1 (,3,2,0), Ap—2 (x,y,2;0) and A, 32 (x,,z; @) in terms of the lowering

operator as follows:

-Ak (x,y,z; (D) = [L];+1L];L2 e L;} -An (X,)’,Z; CO)

1 1 1
A Ay — Ay | A 0
kDo °k+2)0 " 1™ n (%3, 0)

1 _
— [—k JALK

n—k)!
%XAIEU (‘An (xayyz;o))) )

‘A”l (x,y,z;a))

HAn—k (X,y,Z;CO) =

1
-An—l (X,y,Z;CO) = %XA(D (‘An (X,y,Z;(O)),

(n—2k—1)! 5

Apn—2k-1(6,3,70) = Wwa (An (x,,2;@)),
1
An-2(x,3,2:0) = w1 @2 NG (An (x,,2,0)),
n—3k—2)!
An—3k-2 (%,3,2,0) = (n,sz)xAz)kH (An (x,3,2:@)).

Using the recurrence relation (3.23), we get

‘An-i-l (X,y,Z;(D)

n—1 | k!
. . n. . n—k .
= (x+ YO,w)‘An (x,y,z,a)) +k§:0, (n—k)!k! Yn—k,wn!wn,k Ay (-An (X,y,Z,(D))
(—D)* ok (n—k)! 1
| . . .
+xn'z (I’l—k)' n!(Dk an,(An(x,y,z,a)))+2nynwaw(An(x,y,z,w))

2 cntet -2k
n—2k—1)] nlo

|
AT AL (x,y, 2 0))

0)2 XA%O (An (X,y,Z; 0)))

) et (n-3k-2):
(n—3k—2)! nlw3kt2

AN (A (x,,230)).

Therefore

19



Ant1(x,,2,0)

= (x+%0.0) A (x,y, 20 +Z e
+x Y (=1 Al (A (x,3,2:0)) + 297
k=1
2
2l k
+2y Z (a)k+)1 XAEOHI
k=1
5] (-1 ein
+3Z Z a)2k+2an)+ ("An(x7y7z’
k=1

We can write the raising operator as,

n—1
Ly =x+ Y0+ Z

n—1
2

+2y Z

k=1

't

wk+] x

For the difference equation applying the A, operator on both sides of (3.32) and using

o
= (n—k) o ** 2

k,®

Y
k)

(A (x,9,2; 0)) + 3772

2

A
NG 3 P43

ko n—k

‘(Dn kx (0} (‘An(x7yaz;w))

Ap (‘An (xvy;Z; (D))

A2 (‘An (x7y>z; (D))
0)2

XA(O (f (X)g (X7y7z)> = f(x—i_ 0‘)) XACOg (x,y,z) —l—g(x,y,z) an)f(X) ’

we get,

Ao (‘AYH—l (x,y,z; 0‘)))

n—1
—k .
= XACO [(X‘I"}/O,a))-/qn (X,y,Z;(D)] + XA(D Z %XAZ) k‘An (X,y,Z;CO)]
k=0 :
[ 2y AarAn (x,y,2, 0
+ Ao XZ(_l)kxAIZ)(-An(xa%Z;(D)) +wa|: YxZo OEXyZ ):|
| k=1
~ ﬂ] . -
(=" kst SZXA%OA,, (x,y,2; 0)
+XA(D 2yI;1 a)k+1 XA ‘A (X )’aZ’ ) +XA(D 0)2
3] (=D 34 -
+XA(D 3Z Z w2k+2an)+ ‘Al’l(-x7y’Z;w)
k=1

Dividing both sides of the equation by @, we can write

20
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( +1+%—“’> DA (x,y,20 +Z . Z” ';)‘,Z A L (v 2 )

< ) i Ak+] (x,y,2; 0) i A (x,y,2; @)

n—1
.A (x Y5 (D) [T] ( )k A3 A (X,y,z;a))
2 +2yk21 wk+2 XA2k+2A (.70 )+3zx = n(g3
T2
Z T xA3k+3An (x,5,20) —nA, (x,y,2;0) = 0.
Whence the result. -

Theorem 3.8: 3D-w-Hermite Appell polynomials satisfy the following

integro-lowering, integro-raising, and integro-difference equations

_ 1
“Z :_an)lyAw; (3.33)

j —X+Yo¢o+z Yn— ka))'wa(n k) An k+ Z A Ak
k=1
(7]

—(2k+1 _
F2y,A5] yAa)-i-Zy (—0)F Ay T A+ 37 A2 A2

1M~\‘

[TZ] kA —(3k+2) o)
+32 ), (o) Ay AN (3.34)
k=1
1 1= 1
(X +70.0) _+ Z Yn— ka) —(nk) A k+1+x2 1) k=1 A Ak
® = ( ! i=1
Yy 1 A2 'z ko A—=(2k+1) p2k42
+2(Z+1).85" 05 +2.45 yAw—|—2< F1) Y (o) g B0, a2
k=1
= k A—(Qk+1) a2kl 32,2 43
+2 ) (—0)" A, e R L AT
k=1
3] D@t AgCk2) A3k Ao
Z Ao TAFE — (i 1) =2 | Ay (ry, ) =0, (339)
respectively.

Proof. Since

XACO (‘An (x,y,z; CO)) = I’l(D.An_] (xay7Z; a)) )

21



Ao (An1(x,y,20)) = (n—1) 0A, 2 (x,5,7,0),

1
An-a (X7y7Z;(0) = mxAco (An—l (xayaZ;(D))

and

Ao (An (x,3,2,0)) =n(n—1) @A, 2 (x,y,2; ®)

1

:n(n—l)w(n_—l)w,c

Ap (An-1(x,,2;0))
L.
-An—l (xa)’,& 0)) - ;an) yA(J) (-An (X,y,z;a))) .

We can write the integro-lowering operator as,

S
Ly =—Ay yAp.
n
The inverse forward difference operators are introduced as

_ 1
an)l (‘An—l (x,y,z; (D)) = %An (xayaz; (D)

1

ALK (A, 0)) = Apii1 (x,7,2,0).
x (0( n 1(x,y,Za))) l’l(l’l—f—l)(l’l—l—k—l)wk n—+k 1()CyZ(D)

Inserting terms into (3.33), we get

‘Ak (-x,y,Z; a)) = [f’%;}_]gk:_z o gn_] -An (X,y,z;a))

= (lel)xA(;]yAwH%an_)lyAw”'%XA(:)IYA(D A (x,y,7; @)
- Wl”_"xA;)(n_k) YAl A (1,2 0)
= A AR (A, (.
be Ay (An (6, 20)).
Since
Ank (x,3,2,0) = (n ;!k) ! xAg,(”*”“‘) WA (A (1,3, 7 0))
_ @wakyAﬁ, (A (7,7 0)),
Aot (epzs) = LD A0 it (1, ey )
= %wal Ao (An (x,y,2:0)),

22



n—2k—1)!  _rs1
-Aankfl (Xv)’,z; (D) = (n—')wa( * )yAikH (‘An (x,y,z;a))),
1 _
An—2 (xay,Z; (D) = man)zyA(zp (An (x7yaz; (D)) )
n—3k—2)!  _(3p42
An—3k—2 (X, 5, 20) = (n—,)wa( AN (A, (x,5,20)),

by writing the above equalities in (3.23) we get,

-An+1 (X,y,Z; 0))

n—1
Yn—k, —(n—k) \n—
= (x+%,0) An (1,1, 20) + ) n —k;))v A" N (A (13,5 0))
k=0 :

+x Y (—0) ALK VAL (A (4,3, 2:0)) + 25580 yAw (Ay (1,7, @)

+2y Y (—0)f APV AL (A, (x,y,20))

+32:A47 yAG (An (1,7, 2:0))
5] ko x—(3k+2)

+32 ), (0) Ay T AT (A (x,),20)) (3.36)
k=1

Therefore the integro raising operator is given by

n—1 n
’}/}’lfk7 —(n—k n— —
L =x+ o+ Y = O A—(n )yA(D frx ) (—o)F ALk AL
k=0

X=0
k)! =
1 2] k  A—Q2k+1) A2k+1 2 A2
+2y:Ap yAw +2y Z (—0)" Ay Ao 32057 A,
k=1

3
—(3k+2
132 ) (—0) ) A%

=~
I

For integro-difference equation, we use (3.36). Applying A4 on both sides of (3.36),

we get
= Yn—k,0 —(n—k)
yAw [(X+ ’}/070))‘/4’" (X,y,z; (D)] + yA(D Z (I’l _ 176) ' XA(D yAZ)_k (‘An (x,y,Z; (0))
k=0 :

+80 |1 Y (—0) AL AL (A, (2 co))]
k=1
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+ 300 [29x8g " yAw (An (x,3,2:0))]
- k A—(2k+1) \2k+1

+y00 (29 Y, (—0) Ay T AT (AL (x, 7,7 0))
=1

+ yAa) [3ZxAg)2yA%o (‘An (x,y,z; (D))]
5] k A—(Bk+2) ,3k+2

+yAw 3z Z (—(D) Ay yAco+ (An (X7y7z;w))
k=1

- yAa) (‘An+1 (X,y,z; w)) .

Here using the product rule

Yo (F() 8 (x,y) =F(y+ @) yAwg (x,y) + 8 (x,¥) yAuf (¥),

we obtain,

Yn—k, —(n—k)

e A (A (g )

n—1
(x+ 70,60) yAp Ay, (x,,2,0) + Z
k=0

n
+x Y (o) A AT (A (2,3, 2:0)) +2 (0 + 0) Ay yAL (A, (x,7,2:0))
k=1
["5]

k

—_

(—0)* Ag PV AL (A, (x,y,7; 0))

ngll

+20,A5" yAw (An (x,5,2:0)) +2 (y + @)

"2]

_
I
—_

() 2A0a T AL (A, (x,y,2:0)) +32:A52 yAS) (A (x,3,2: 0))

gl

+2m

[n

[
|
—

]

() 2Aa T A (A, (x,3,2:0)) = (n+ 1) Ay (x,9,2:0) .

07+

+ 3z

~
I
—_

We can express the integro-difference equation by dividing both sides of the equation

by w, to get the following,

A 1 n—1 Y, Cn—k B n 3 B
(X+'}’07w)%+5 Z n a))'wa(n )yAg) k+1+x2(_1)kwk lewkyA](i)+]
k=1 k=1

—k,
(n—k)!
"2

k

2 (% n 1) A AL 42, A5 Ay +2 (% + 1) (—@)" Ay Y a2+

gl

I
_
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—(2k+1 3z
+2 Z (_w)kwa( " )yA%okH"‘Ean)zyA?u
k=1
5] k k=1 A—(3k+2) ,3k+3 Ao
+3z ), (D) 0" A, VAR —(n+1) - A, (x,,7;0) = 0.
k=1

Theorem 3.9: 3D-w-Hermite Appell polynomials satisfy the partial difference

equation
X }/07@) n—1 I & Yoko k—1 An—k+1
— 4+ — ) Ay yAw+— = ASTHA A 0]
(w” o) e Y “’+w"1§1(n—k)!x © o n(5:350)

1 ol w1 j(n—1 e
+ ot LD ("7 ) ot jo

n
X Z (—l)ka)k’leg,kyA’;)“An (x+jw,y,z;,0)

2(2+1) 07780 + 2,407 A

[*5]
12(2+1) Y () a8 AR 2 A (2 o)
k=1
1 3z
w1 ®

5]
_|_ 2 Z (—(D)k XAZ)ZIGFH*Z yA%ok+1 + XAZ;:; yAz)
k=1

& ,
A
+3z ) (—1)kwk_1xA53k+"_3yAﬁ>k+3—(n+1)xw“’ An (x,y,70) =0.  (3.37)
k=1

Proof. We use integro-difference equation and apply the forward difference operator

with respect to x n — 1-times, to have

~ A | TS Yk —(n—k) An—
XAZ) : |:(X+')/()7w) %:| +XAZ) 1 lak;l (I’Z%}CQ))IXA(DM )yAg) ko ‘Ai’l (x,y,z;a))

n
x), (=1 oF 1 AK AT A, (x,y,2; @)
k=1

1 (2(541) 080580 ) 085 2485 40)]

+ A1
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[*2]

() A TATT | A (3,3, 0)

aol

(Y
AL 2(5+1)

k=1
1 - k  A—2k—1 A2k+1 1132 2 43
+ [xAn |2 Z (—0)" Ay~ yAw+ + Ay {EXAQ yAw}
k=1
[2=2
_f_xAZ)*l 3Z Z (—l)k wk*le(;?)k*ZyA:g(#’:%
k=1
n—1 XAOJ
oty [+ 0252 ]|y () =
Using the @-summation by parts formula
| ol (1
A il 00 = X, (-1 (" it sodate jo
j=0

then we have,

n—1

_1yA 1 Yn—k _ _
1 O , (0 k—1 k+1 .
(X-i- '}’0.,a))xAZ) y?—f—ak;l (nn_ k)!wa yAﬁ) * ] An (x,y,z,a))

n—1 n
1 (n—1 . _ B .
LY (! ( ]. ><x+1w> Y (C 10k A AL AL (1 jo,y.z o)
=0 k=1

2
+2 (%H) Y, (—0) AT ST Ay (x,3,20)
k=1
z] k Ytn—2 a2k+1 | 2 3 A3
+12 ) (CO) AT AT+ A
k=1
n-2
> ko k=1 A—3k+n—3 A3k+3 A
+3ZZ(—1) 0" A, WAL= (n+1) ° An (x,y,2,0) = 0.
k=1

Finally, dividing both sides by @"~!, we get the partial difference equation,

x 70.,w> o1 L ¥ ko k=1 an—ktl
—+ ) Ay yAw+— Ay YA A (x,y,2,0
(a)”Jr o) e ) w+a)"k§(n—k)!x ® YT n(%,3:20)

1 nei_i(n—1 _
+ ot 4 (D) (") i

(_l)k wk_le;)kyAIZ()+1'An (x+j60,y,z; (I))

M=

X

~
I

1
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k=1
n—1

1 2] ko A—2kin—2 A2k+1 D% \ne3 A3
+—= 12 Z (—0)" xAq Yo+ — Ay TyAG

) = )

3] k  k 3k+n—3 A3k+3 xAg
+32 Y (1) 0t AT LAY — (1) F 2| A (xyz0) = 0.

=1

3.4 Special Cases of 3D-w-Hermite Appell Polynomials

As a particular case of main theorems we introduce special cases of 3D-w-Hermite
Appell polynomials and provide explicit forms, determinants, recurrence relation,
lowering operator, raising operator, and difference equations for them. The special
cases that we propose are 3D-w-Hermite Charlier polynomials, the first kind
3D-Hermite Carlitz Bernoulli polynomials , 3D-Hermite Carlitz Euler polynomials,
and 3D-w-Hermite Boole polynomials.

3.4.1 3D-w-Hermite Charlier Polynomials

In this subsection, we exhibit the explicit form, determinants, recurrence relation,
lowering operator, raising operator and difference equation satisfied by

3D-w-Hermite Charlier polynomials.

Corollary 3.3: 3D-w-Hermite Charlier polynomials sequence has an explicit

representation
Gz = £ () 2 mcg-kﬂ’( o) () oy @ CEE)

k=0 m=01=0 2m

(3.38)

where 3D-@-Hermite Charlier numbers Cy; (0,0,0; ®) = Cy , are given by the series

n

a(t) =exp(—a®t) = i Cro— (3.39)
n=0

t
n!
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Some 3D-w-Hermite Charlier numbers are given by

20
Ch(0) =1, ¢ (0) = —a®, G (@) = -
3w 40
a a
Go)=———Ci(0)=—-.
to) == o) =
Some 3D-w-Hermite Charlier polynomials are given by
Ci (x,y,z0) =1,
C? (X,y,Z; CO) =X aw,
and
a2(o
G (x,y,20) = S - 2a® —x(x— o) +2y.

In the case @ — 0, y =0 and z = 0, 3D-w-Hermite Charlier polynomials reduce to

Charlier polynomials.

Corollary 3.4: Determinant satisfied by 3D-w-Hermite Charlier polynomials is given

by

Cy (x,y,2;0)

1 Qj? (X,y,Z) QSS) (X,y,z) 6;'(:)—] (-x,y,Z) le(;) (x7yvz)
20 o(n—1) on
1 a® aT Cznfl)! an’
2 —1\ g®(n-2) o(n—1)
— (—1)" . 1 (Da® - () )LG—Z)! (7) (Zn—l)! (3.40)
—1\ g@(n=3) o(n—2)
0 0 1 (”2 ) a(n—3)! (g) a(n—Z)'
0 0 0 1 (,")a®

Corollary 3.5: Recurrence relation for 3D-@-Hermite Charlier polynomials is given

by
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(x+Cio) G (x.y, 220 +Z ( ) n—k.oCk (%,,2; 0)

+ xn! k; (—w)* % +2nyC%_ | (x,y,2; @)
2] o1 (%,,5;0) a
+2yn! L (—o) (n—2k—1)] +3n(n—1)zC;_, (x,y,z; ®)
5] k Cozp2 (X, 0,2 0)
+ 3zn! k;l (—w) (n—3k—2)] =Cp 1 (x,y,z0) (3.41)

Corollary 3.6: The 3D-w—Hermite Charlier polynomials satisfy the following

difference equation, lowering and raising operators

1
Ly = —xA 3.42

nkw

L =x+C§ o+ Z Ol L A —l—xZ

Ao ["5']<—1>k SRRV S o 0§ LN
+2 +2 Z k1 Ay +3—5 432 Z 0212 Ay (3.43)
k=1 k=1

n k 1w~ k+1*

G X n
(w+1+_) Aw+z Cr ko An—k+1+<5+l> Y (1) A

k=1
< k AG ] (D" i2 | A
; e b e
2]
Z ka = xA3"+ 3_n| C(x,y,z0) =0. (3.44)
k=1

3.4.2 First Kind 3D-w-Hermite Carlitz Bernoulli Polynomials
This subsection contains explicit form, determinants, recurrence relation, lowering
operator, raising operator, and difference equations fulfilled by 3D-w-Hermite Carlitz

Bernoulli polynomials of the first kind.

Corollary 3.7: The {4, (x,y,2; ®)},cn has an explicit representation,
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%n (x,y,z; (D)

-) () ] Z% o) () 92 20 0050 B0 s

m=01[=

where 3D-@-Hermite Carlitz Bernoulli numbers %, (0,0,0; ®) = %, « are given by

the series

=L M,tn'. (3.46)

The first kind of 3D-w-Hermite Carlitz Bernoulli numbers are provided by

%0(60):1,%’1((0):607 B (w) = (1_0’)6(1+(D)7
@3((0):(w_l)i)(erl),%M(w):(1_0’)(19603:0190)2—60—1)_

In the case w — 0, the first kind 3D-w-Hermite Carlitz Bernoulli numbers reduce to

the first kind Bernoulli numbers.

Some first kind of 3D-@-Hermite Carlitz Bernoulli polynomials are given by

c%0 (X,y,Z;(O) = 17

o-—1
‘@1 (X,y,Z;(D) =X+ T?
(1-w)(l+ o)

6

B (x,y,2,0) = +x(®—1)+x(x—®)+2y.

In the case ® — 0 and y = 0, z = 0, first kind 3D-w-Hermite Carlitz Bernoulli

polynomials reduce to first kind Bernoulli polynomials.

Corollary 3.8: Determinant satisfied by first kind of 3D-w-Hermite Carlitz Bernoulli

polynomials is given by
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1 Qj? (-x,y,Z) ng) (X,y,Z) 620—] (x,y,z) 62) ()C,y, )
w2 O (D (Dnr
2 3 n n+1
g -1y (D2 m (D2
I IR L O
00 ! (G %
0 0 0 1 (nfl)%

(3.47)

Corollary 3.9: First-kind 3D-w-Hermite Carlitz Bernoulli polynomials satisfy a

recurrence relation, which is given by
(x+=%07w)<% X,¥,2, 0 + Z ( ) n— k,w%k (X,y,Z;O))

+xn! i (—

k t%nfk (x,y,Z; (D)

+2ny@n71 (x7y7z; (D)

. (n—k)!
['%] B :
' kP21 (5., 2 0) _ )
+2yn! pa (—o) (n—2k—1)! +3n(n—1)z2%n—2 (x,5,2,0)
iz k Bn2k—1(x,,2, @)
+3zn! Z (—(D) :ggn+l (X,y,Z;(D).

. (n—2k—1)!

I
—_

(3.48)

Corollary 3.10: Lowering operator, raising operator and difference equation of the

first kind 3D-w-Hermite Carlitz Bernoulli polynomials are given by

_ 1
an = _wa
no
n
k, _
L= x4+ PBoo+ Z( P “; AL x V(1) AY,
- k=1
n— 2
Ao 'z (=" DY okt | qi a) -y 3k+2
Z P Ay +32 +3z Z w2k+2 XA

= k=1
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X 0,m = %nfk,w —k+1 kK ak+1
(—+1+ )wa Zm_k),wnfkﬂx o +< +1>Z( 1)* Ak
k=1 ' k=1
Y k Ak A 2] (— 1) 242 WA
+k;(—1) WAL 42y —|—2yl;1 et e
3] (=D* a3
+32 ), o0 | Bxy,50) =0, (3.51)
k=1
respectively.

3.4.3 3D-w-Hermite Carlitz Euler Polynomials
The explicit form, determinants, recurrence relation, lowering operator, raising
operator, and difference equation defined by 3D-®-Hermite Carlitz Euler polynomials

are studied in this subsection.

Corollary 3.11: 3D-w-Hermite Carlitz Euler polynomial sequence has the following

explicit representation

8” (X,y,Z;(l))

:ki()(z) Z Z en- kw(zljn) (31)( )e2m Mm—z1 (D] <2,Z)!(31—l!)!, (3.52)

m=0[=

where 3D-w-Hermite Carlitz Euler numbers &, (0,0,0;®) = £, , are given by the

formula

—, — ena, (3.53)
(I+wt)o+1 Z

Some first few 3D-w-Hermite Carlitz Euler numbers are given by

1 0]
80,(9 = 17 8l,w = _57 82,(9 = 5
1 w?

&30 =7 — %, &40 = 3w3+7 —2o.

Some 3D-w-Hermite Carlitz Euler polynomials are given by
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80 (x;yvz;w) = 17

1
81 (x,y,z;a)) =X— Ea

©
& (x,y,z0) = > —x+x(x— o) +2y.

Corollary 3.12: 3D-w-Hermite Carlitz Euler polynomials has the following

determinantal representation,

& (x,,20)
1 69(x,yz) 69 (xyz) - 62, (xyz) 62z
1 3 sy 3 3 (1),
I U (12 (3 (D3
0o 0 b ()3 ()3
0 0 0 1 (1) 2

(3.54)

Corollary 3.13: The following recurrence relation is satisfied by 3D-w-Hermite

Carlitz Euler polynomials,

(x+eo7w) X y ¥, 250 ‘|‘ Z ( )en ka)gk x 'Yy 35 )

n & kX520

—1
Z En2k—1 (5,020
+on! Y (o) ”(2"_12131)' )+3n(n—1)z8n72(x,y,z;w)

[*5%] e .
3l Y (@) G2 (B Be) o |
+3zn kz:] ( CO) (7’1—3](—2)' +1 (X,y,z (D)

(3.55)

Corollary 3.14: Lowering operator, raising operator and difference equation satisfied

by 3D-w-Hermite Carlitz Euler polynomials are given by
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n—1 n
—k _ A
L =x+eoo+ ) : —2)'@” s k+x2(_1)kxA’;,+2 xwa,

k=0 : k=1

7] k 2 [%52] k
—1 WA —1
+2y Y ( . +)1 Ayt +3:22 +32 ( = +>2 Ay (3.57)

=1 =1 @

n—1

X €0,0 €n—k,0 n—k+1 X ko Ak+1
(5+1+ >wa+Z(n—k)!w"k+1xA“’ H(H ) X 0

k=1 =
@ [0
+kzl(_1) an)+2 5 —|—2y = o2 wa-i— +3 =~
5 k
3 53] (-1 A3l e R \ss
2 ), @2k+3*C0 n| &, (x,y,z;0)=0. (3.58)
k=1

3.4.4 3D-w-Hermite Boole Polynomials
The explicit form, determinants, recurrence relation, lowering operator, raising
operator, and difference equation satisfied by 3D-w-Hermite Boole polynomials are

presented in this subsection.

Corollary 3.15: 3D-w-Hermite Boole polynomials sequence has the explicit form

Bly (x,y,2:4; 0)

-3 (}) 3 Y Sy (o) (o) 02200 5 2 CE R 359

m=0[=0

where 3D-w-Hermite Boole numbers %, (0,0,0; w) = B, (A; ) = Al,  are given

by

- Blyo— . (3.60)
1+ (14 or)

Some 3D-w-Hermite Boole numbers are given by

Bly(A;0) = % Bl (A;0) = —%, Bl (A 0) = =

A —4he? 3

Bly (A, 0) o Pl (A @) = Z)LZ’a).
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In the case ® = 1, y =0 and z = 0, 3D-w-Hermite Boole numbers reduce to the Boole

numbers.

Some 3D-w-Hermite Boole polynomials are given by

R N —

%ZO (X,y,Z;A;(D)

Bl (x,y,2,A;0) =

B>

A0 —2xA +2x(x — @) +4y

Bl (x,y,7;1;0)

4

In the case @ = 1, y =0 and z = 0, 3D-Hermite Boole polynomials reduce to the Boole

polynomials.

Corollary 3.16: 3D-w-Hermite Boole polynomials satisfy the determinant given by

'%ln (X,y,Z;l;CO)

1 @?(X,y,Z) @?(X,y,Z)

Ly (2)7
0 1 @7
0 0 1

0 0 0

05;?—1 (X,y,Z)

&2 (x,y,2)

(3.61)

Corollary 3.17: Recurrence relation satisfied by 3D-@-Hermite Boole polynomials is

given by
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(x+ Bl (A; 0)) Bly (x,y,2:1; @ Z ( )ﬁln ko (A 0) Bl (x,y,2,4; 0)

+axn!)] (—w)* Pl (X, 543 0) +2nyPBl, 1 (x,y,2;A;0)

= (n—k)!

2 g

Ln—ok—1(x,y, 254, )
k n—2k—1\Ay ) ..
+2yn! ]; (—w) (n—2k—1)] +3n(n—1)z%8L,—> (x,y,7,A; @)
+3 nv[g](—w)k%l"3"2(’“’%“’1;“’) = Blyy (x,y, A 0) (3.62)
= n—sk—q)r ilerskio) '

Corollary 3.18: 3D-w-Hermite Boole polynomials satisty has the following lowering

and raising operators and they satisfy the difference equation given in (3.65),

B 1
an = %XA(D (363)
" Bly ko (A;0)
xL:{:x*"@lO?“’()”;w)Jr];) (n” k;)- Tk A k+xkz:1 Al((u
[n—l] k 72
=0 (=D XA w 3 ot
+ 2y~ Z wk+1 Ay +32 Z 2k+2 "A G:69

x Bloo (A; 0) = Bl (A0)

k=1 k=1
o %O [%]( l)k 2k+2 X ?D
+2y 2+2y];l o 3
[}13;2] (_1)]( .
+3z Z w2k+3 Dy —n| Bly(x,y,z:4:0) =0. (3.65)
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Chapter 4

BIVARIATE A,-MULTIPLE APPELL POLYNOMIALS

In chapter 4, we intoduce Ag,-Hermite Appell polynomials and we give an explicit form
and recurrence relations for them. First, we define A,-Hermite Appell polynomials.

First of all, we start with defining the bivariate multiple @-Hermite polynomials.

The bivariate multiple w-Hermite polynomials are defined by

N v t £
I+t +n)o (1+o(H+5))° = Z Z GP , (x,y) =

np On2 0

4.1)

nl!nz!

Theorem 4.1: The polynomial G, ,,, (x,y) has the following explicit form,

Gy 4, (x,)

EaEEEE )@

m=0r=05=0[=0k;=0k,

X (kl) (klZ) (02 ok, (D o, ME ) (2:!)! (zkkzz!)!

S

Proof. Starting from the left hand side of (4.1), we have

(1+o(n+n))o (1 +co(z12+t22))%

(t1 +t2) (tl —l—tz)nz
I’l1!n2!

Mx
Mx

o 22\ (24 2)R
« Z Z (y)co (y)](é; (1 22{1”521! 2)
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o oo S’z n n ny
z;ngy>m~
B URUR (0 ()
=0ky= kl'kZ 5=01=0 g
oo ) oo o ny np ki kp n k k
-Lrr sy sy ()60
n1=0n=0k;=0ky=0m=0r=0s5=0[=0
l‘nl +2ky tn2+2k2

)a) ( )(D (y)l(g (Y)kz nylno ko

X (),

Applying the Cauchy product rule, we get

el
—~
[S=Y
—+
e
—~
-~
il NS
+
St

(1+o(t1+1))

n ny ki k [7

2k

B

m=0m=0m=0/=05=0/=0K1=0kr=0 \2K1
ki (k2 o o o o (2k)! (2k2)' t{ll t
() () @, 08 0 00 G ERRL
”1 m
Comparing the coefficient’s of 1—,2— we have
ny— 2k1> (nz — 2k2>
r

n]

poEEEEY Y (1)),
(:

1
m=0r=0s5s=01=0k1=0ky=
ki
X ( > ) (x)r(;)l—Zkl (x)floz—zkz )

0
[0) ()]
s o Ve o1
Whence the result.

Definition 4.1: Ay,-multiple Appell polynomials are defined by
X A
Alt,n)(1+o(t +10))e (1 + o (tl +13))°

o)

Z Anl.,nz (x7y> )nl’ I/L2

n1=0n,=0

where Ay, n, (0,0, ®) = 0, 4,0 are given by the series
t t

Z Z Ok ey, 0 k]'k" 00,0,0 7 0.

A(t,1)
=0k,=

Remark 4.1: Taking limit as @ — 0 in the above definition, we get
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1 6y?

2,42
A(tl’tz)eX(tl+t2)+y(ll+t2) - Z Z Anyny (%)) = ny ! ny!

n1=0n,=0

where we can call these polynomials as bivariate multiple Appell polynomials, since

the case y = 0 reduces to

A(l‘l,l‘z x(t+2) Z Z An1 nz

]
—01,—0 ”1 ha:

tl 1y

which gives the definition of multiple Appell polynomials defined and investigated

in [20].

Theorem 4.2: The following properties are satisfied by Ag-multiple Appell

polynomials
xA(DAnl,nz (x7y7 (D) = nlwAnl—l,nz (xvya 0)) + nza)Anhnz—l (xvya 0)) (42)
and

yAa)Anl,nz (x,y, (1)) =n (nl - 1) wAnl—Z,nz (x,y, 60) +ny (”2 - 1) a)Anl,nz—Z (x7y7 (1)) .

4.3)

Proof. We will give the proof for (4.2). The proof of (4.3) is similar.

Applying the difference operator Ay, we get

oo oo tnl tnz

1 2

Z Z xA(DAnl,nz (x7y7 >_'_|

n1=0n=0 ny:na:
t”' th?
12
_an) Z ZAnlnz xyv | |
I’ll.l’lz.

n1=0n=0

:wa[A(m,n)(l+¢v@1+¢g)%(1%—w(q—+5))%}.

Using the Cauchy product rule,
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)

Z Z A(J)Anl Nik) (X y? ) tl t

1 725!
n1=0n=0 npng:

el=

= Ao [A(n,0) (140 (F+8))°] (1+ 01 +0)
+A(t1,0n) (1+ o (f12+f%))% Do (1+0(t+1))°

1
t1+t2 Z Z Anl,nz X,y, 0 t

—0n,—0 ”1' ny!
oo oo tn1+1 n2 tnl tn2+1
1 )
=0 Z ZA"bﬂz(x?)’a ®) | ,+w Z ZAnlnz XY, 0) -
n1=0n,=0 niy. na: n1=0n,=0 nl ny!
oo ) tn] n2 t t
_ 1
= n Z Z An1—17n2 (xayv (D) n 'i’lz' + ny Z Z Anl,nz 1 (X ) )n 'i’lz'
n1=0n,=0 1 n1=0n,=0 1
= Z Z [0n1An, —1 0, (x,5, @) + O AR, py—1 (%, , w)] | ,
~ 0 ny!np!
n1=0n=0
nl "2
Comparing the coefficients L A n =5, we get
AoAn, n, (X,5,0) =11 OAp 15, (X, ), ®) +120An, n,—1 (X,), @) .
O
Theorem 4.3: The double sequence of polynomials {Ay, », (x,y,®)}, , oy has the

explicit form

Anl,nz (X,y7 (D)

)[4

SLEIEEEE (GG
= 0ky=0m=0r—05=0i=0 j =0 jo0 2j1) \2)2 m

ky =22\ (J1) (]2
( Y () (22t (008 2y 005002
L (2! 20)! 44)

it !

, where the coefficients {ay, n, },, <y are given by
At 1) i i a o
1,12) =
n1=0n,=0 " nznl'n2‘

Proof. Multiplying both sides of (4.1) by A (1,;), we have
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Alt,n) 1+ o +6))o (1+o(? +t2))%

[

e
=Y ZA 1,12) G 4, (x,3) 7=

k1=0k=0 ki 'k2
=) oo t;ll t’212
Z Z Anhnz (xvya )_,_,
1100 ni! ny!
i i i i l11+k1 t}’l2+k2
0]
= anl,nsz k ()C,y)
11=0 =0k} =0 kr—0 1,52 I’ll!kllnz!kz.

Applying the Cauchy product, we get

(o)

'
Z Z Anl,nz X y7 ) |
n|:0n2 0 nl n2

Y VYTV nl)(nz) e
— mZ:’O nZZ:() klz_,o kzZ—O (kl k Any—ky no— k2 np! l’l2
413

EEREX L ()G 00

< ()62, Wig—2j, W] )7, (zjj;lv)! (ZJ];!)'
1 ke g1 [%][ ]

LR EEYYSE Y L (M) (7))

11=0 1 =0 k1 =0 ky—0 m—=0r—=05=01=0 j; =0 jo—0 2j1) \2j2

" ki=2j1\ (ko=2j2\ (J1\ [ ]2 p ©° @
m r s / ny—ky,ny—ky k1—2j1 ko—2j

(211) @) ' 1y
il ! mlng!

"1 n
l
n aing ,,weget

Comparing the coefficients
Anl,nz ()C,y, CO)
k k
w b kb 23]

SEEYYSE Yy (1))
(U )

(2j1)! (2j2)!
!

J2

Y- tineis 0982, 0022, 005 02

X

which completes the proof.
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Theorem 4.4: A,-multiple Appell polynomials satisfy the recurrence relations

An1+17n2 (x7y; 0'))

n1—1n2—1
ni np
- Z Z (k ) (k >Yn1—k1,n2—kz7wAk17k2 (x,y;a))

ki=0ky=0 \"*1 2

L k1+k2) k1 A=kt oo (x,y50) (5,73 @)
+xnlny! —)"' >
it ) 2 ( ) 1 —k0)! (12— )]

]
2k + ky %y A ok 1k (X5 @)

2vig ! 2 4.5
+2yn; Iny! Z Z ( ) - (1 — 2k — 1)L (12 — k! (4.5)

—0 ky—
and
Ay ny+1 (%, Y5 )
ni—lny—1
- Z Z ( )( )}/nl—k17”2—k2,wAk1,k2 (x,y;a))
—0kr—0
¢ v (kthk ki +k> Any—ky ok, (X, @)
—|—xnl!n2! ( ) (—(U) 1TK2 1—K1,13—K)
/qZ'OkzZo ka (1 —k1)! (2 —k)!
4 2ymy ! v[Z "ZZI (2k1 + k2) o252 An ok —to-1 (1,3 0) “6)
B R) )
K1 =0kr=0 (n1 —2k)! (ny —ky —1)!
where
! k k
A g
Z Z Ve, Kz 0
~0k 1,72 k ‘k 1’

Proof. We will give the proof for (4.5),

x Y > 2 tH l
Aln)(1+o+n)e (140 +0))7 = Y, Y, Aum (ry:i0) 522 @47)
n1=0ny=0 )

Lets take the derivative both sides of (4.7) with respect to t; to get

n+1n -xy,
n1=0ny=0 1 ’ n]‘l’lz’
A,(l'l,lz) X 2 2 X
=——"A(t,h)(1+o(t1+0n))e (1o (7 +))°
A A (e @+n)s (10 +4)

140 +0) " A n)(1+o+0)o (1+0 (3 +3))°

8l<

+(1+0@+2)  ynA@.n) (1+ol+0)s (1+0(@+3)°  @8)

, where
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[e]

I+ +n) = ) (—o)* (1 + )0

k=0
“Lk ( . 2) (-t (4.9)
k1=0k,=0 2
1 = i (—@)" (1 +1)*
2., 2
+o(f+5) 4=
2 S 2k +k 2y +k
=) X ( 1k+ 2> (o) 2 ik (4.10)
k1=0ky=0 2
Using (4.9) and (4.10) in (4.8), we get
A1, (%, !
:0n22='0 ot )nl‘nz.
PP IS P> i
Yk 7k ’ Al’l],l"lz X y,
—0kr— Pk kg 2! 00 ”1'”2'
\- ki +kz ky+ho K1 ko 1 6?
_HCZZ( k )( )" Ztlt ZZAnhany, )n‘ﬁ
k1=0kr=0 2 11=017=0 1! ny
1 .n
2k +ky 2k1+k2 2 k tn1+ e
+2yZZ( ) 11f22 ZAnlnzxy, l' 2‘
0k, n1=07n=0 npt ny!
- 1 13?
Y. Aui (350) 2
n1=0n,=0 nip-ny:
i i i i l?1+k1t§2+k2
= Yk ,k27COAn1 N5 X y’ )—
11 =0ny=0k; =0k, =0 : kilky!'ny!ny!
) ) k]+k2 tn1+kltn2+k2
Z Z Z o‘))kl—HQA"hnz (xawa) : 2
n1!n2!

np= Onz Okl Ok

I\)

+2y Z Z ZOkZ ( ) (—0)" 2 Ay, (X, )W
2

n1:0n2:0k1= k2
t
Z ZAnlJrlnz Xy, ) 1‘
01’12 0 nl n2
g A
= Z Z Z Z (k )( )Yk17k27wAnl kl7n2 k2 ('x y’ ) 1' |
m=0m=0k;=0ky=0 \"1 niying:

_ kl +k2 ki+ky l’l]! I’lz!
+xZ Z L Z( ) ~®) (n1 —ki)! (n2 —k2)!

n1=0ny=0k; =0k,
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g o o " o g
xAnlk,,nzkz(x,y;co):ll—tz—'jLzyZ Z Z Z < 1+ 2) (—a))w
0

!
1:12: n1=0n=0 k=0 ko= kz
ny! no! l‘l t
X Any =2k~ —ky (X, )5
(n1—2k1—1)!(n2—k2)! m 1 2( Y )nl'I’ZQ!
”1 ”2
Comparing the coefficients of 1L Al nz' ,

An1+1,n2 (X,y; (D)

n]flnzfl
ni ny
- Z Z (k ) (k )ynlkhnzkz,wAkl,kz (%}’;CO)
ki=0 k=0 \"1 2

U2k +ko ke ko Any—ky no—k (x,y: @)
+xn ‘nz’ ( ) —w)atk 1—K1,12—K2
! ZO/QZ ) (m —kl)!(l’lz—kz)!

{nl l} [0)

2k + ko W+ Ay 2k —1my—ky (X, O)
+2yni'no! —m) 2 : .
Y- ZO kzz ( ) ) (n1 —2ky — 1) (na —ko)!

The relation (4.6) can be proved in a similar manner. ]
4.1 Explicit Forms and Recurrence Relations for A,-multiple Carlitz
Euler Polynomials

Corollary 4.1: A,-multiple Carlitz Euler polynomial sequence has the explicit form,

8”17”2 (-xay; w)

EEEREEY T () ()0

=0k,=0m=0r=0s5s=01=0 j;=0 j»=0

X <Jl) (le) Snl_kl,nz—kz (X)/(g_zjl (x)/(g_zjz (Y)?: (y),“; (2.]‘1_)! (2.]‘2.)!7

s

where

l‘

2
Z Y Enmor i

A(t17t2): 1 ' '
(I+o(t+n))e +1 —0n,—0 n:

Corollary 4.2: A,-multiple Carlitz Euler polynomials that satisfy the following

recurrence relations,
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8711—0—1,712 (X7y§ (D)

ni—1lny—1
ny np
- Z Z (k ) (k )enl—khnz—kz,wgkl,kz (xay; 60)
ki=0 k=0 \"1 2

O & k1+k2) ki +k 8}1 —ky, 1 —k ()C Y, )
+xn 'n | — 1+k2 1—K1,12—K)
! Z%Z( S k) ()]

[111 1:|
ki +ky Wity €y ok —1y—ky (X, O)
v lro o) 2 1—2ki—1,np—ky
+2ynyiny: ZO kQZ’ ( ) ) (np —2k; — 1) (np —kp)!

and
8n1 n+1 ()C,y; (D)

nlflnzfl l’ll l’l2
- Z Z (k ) (k )enlk17"2k2»w8k1,k2 (X,y;(l)>
ki=0ky=0 \"1 2

o2 ki + ko ki +k En —ky,ny—k (X,y; (D)
+xny!ny! ( ) —0)" T
ZOIQZ (nl—kl)!(nz—kz)!

2l 2ky +k 2ixhy € 2k ka1 (X, 7 0)
+2yn1Vn2’ ( ) a)) I — N —4K1,1p —Ky— ’
kIZO kQZO ( 2]{1) (n2 - k2 - 1)

4.2 Explicit Forms and Recurrence Relations for A,-multiple Boole
Polynomials

Corollary 4.3: A,-multiple Boole polynomial sequence has explicit form
Blnl ,np (-xay’ A” (D)

nzl Zz kZlkZHZHZZ[%HZ]( )( )(h)(k%)(k1—2j1)<k2—2]2)

—0ky—0m=07r—=05=01=0 j; =0 j»—=0 2j1

(J1> (le) Blm—kl M2 —ka ()L) (X)J(g_zjl (x)](;;—ij (y)j: (y)joz (2]1)’ (2J2)‘:

S

where

8

1
I+(1+o(+1))

n'n

A(n,n) = ol

(o]
Z nl 12,0
=0n,=0

el»

Corollary 4.4: Recurrence relations satisfied by Ag,-multiple Boole polynomials are

given by
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Blm—l—l,ng (X,y,/l;(l))

ny—1ny—1 n
1

- Z Z <k ) <k )blnl —ki,na—ky, COBlk1 ko (x y,A; )
k1=0kp= 1

L k1+k2) ky+ky Bl —ky my—ky (X, 3,45 ©)
4 xny'no! w1+2 1 =K1, =Ky \*™ 7
2 ZOkZZ:( ) (n—k1)! (np —ky)!
|:l’l1 1:| ( )
2k1+k2 Uatky Bl ok —1y—ky (X, 3,450
e ZO kzz ) (n1 — 2k — D! (n2 —ko)!

and

Bln],n2+1 (xu%l; w)

nlflnzfl n
- Z Z (kl) (k )blnl —ky,na—ka, (DBlkl ko ()C yv)L )
k=0 kp= 1

o« v [(ki+k ki ey Blny—ky oty (X, 9,45 @)
+xn1'n2’ ( ) a)) 1 2 1 1,112 2
ZOIQZ (l’ll —k1>!(l’l2—k2)!

]nz 1 .
2ky + ko 21tk By, o py—ky—1(X%,Y, A @)
+2yni!ny! 2 ) ( ) —0) YT
k=0 kr—0 ( 2]{1) (nz—kg—l)

4.3 Explicit Forms and Recurrence Relations for Ag,-multiple

Charlier Polynomials
Corollary 4.5: Ag,-multiple Charlier polynomial sequence has explicit form

Gty (X,7; @)

ny,ny

%] %]
m m ki ok o1 ojo L2]L2

EELEEE L T (GG
- (Jsl ) (le) e R 2, i, 0 )5 (2 'jl')! 2 'jz.)!

Jit !
where
”1 t”2
A(t1,1r) = exp(— 611 1—02f2 Z Z le,fé '
—0ny— ny. n2

Corollary 4.6: Recurrence relations satisfied by Ag-multiple Charlier polynomials

are given by
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Calaa2 (X s )

ni+1,ny

ni—1lny—1

_ ny (2 ar,a; .

- Z Z (k > (k )Cm—khnz—kz,a)cnl;nz (X,y, (D)
k=0 k=0 \*1 2

ay,az

ng  n k1—|—k2> Kk Cn ket no—k (X Vs )
+xnp!ny! —@)Te LA
12 Z ZO( k2 ( ) ( kl).(l’lz—kz).

k1=0ky=

"]

+2ynq!ny! Z

n (2k1+kz) (_a) 2k12+k2 Cnlfékl Lty —ky (x,y;(x))
&\ Kk (n1 — 2k — 1)1 (ny — ky)!

and

oty +1 (1,1 0)

ni—lny—1
- ni na ai,a; .
- Z Z_O (kl) <k2>cn1—k1,n2—k2,a)ckl7k2 (x7y’ w)

k1=0ky
ap,dz

R kl +k2) ki+k Cn —ky,ny—k (X Y5 )
+xnq!ny! @) b
tna! ). ZO( A T S S ]

k1=0ky=

(2] e 1(2k1+k2) e G 1 (57:0)

+2yn;!ny! .
Y ZO,QZ (1 —2k) ! (ny —kp — 1)!
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Chapter 5

DISCRETE o-MULTIPLE CHARLIER POLYNOMIALS

In chapter 5, we give w-multiple Charlier polynomials. We start by defining the
discrete multiple orthogonality on the linear lattice ®N = {0, ®,2®,---} (® > 0) and
call them @-multiple orthogonal polynomials. We present the raising operator, the
Rodrigues formula and explicit representation for them. We use the Rodrigues type
formula (5.6) to give the explicit representation of the multiple @-Charlier
polynomials. Furthermore we obtain the generating function and some recurrence
relations for these polynomials. Throughout this section for recurrence relations, we
concentrate on the case r = 2, since the proof techniques for the general r will be
similar. Finally, we obtain the (r+ 1)th de(difference equation) for @—multiple
Charlier polynomials. As a corollary, we give the third order de for the case r = 2.In
this section, as an illustrative example of our new definition and its main results, we

and define %—multiple Charlier polynomials.  The

[\S1[o%})

consider the case ® =
corresponding consequences of our main results for %—multiple Charlier polynomials
are also given. We will start by recalling some basic knowledge about the discrete

orthogonal and discrete multiple orthogonal polynomials.

The nth degree monic orthogonal polynomial p,, is defined by
/pn (x)xdp (x) =0, k=0,1,2,....,n—1,

where U is a positive measure on the real line. In general, in the case of discrete

k

orthogonal polynomials, the term x” is replaced by (—x),, since A (—x), = —k (—x);_,
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where
(a),=a(a+1)...(a+k—1)
is the Pochhammer symbol and
Af (x) =Fx+1) =F(x),

is the forward difference operator.

Hahn, Meixner, Kravchuk, and Charlier polynomials are the classical orthogonal
polynomials of a discrete variable (on a linear lattice). The Charlier polynomials are

the focus of this thesis.

The orthogonality measure (Poisson distribution) for Charlier polynomials is
ok
a
IJ = Z H(SIG
k=0

with k e N (N:={0,1,2,...}) and a > 0.

The type II multiple orthogonal polynomial p; of degree < || :==n;+---+n, (r >2)

with respect to r non-negative measures [y,..., U, on R, are defined by

/pﬁ(x)xkdui(x):0, k=0,1,....n;—1, (i=1,...,r). (5.1)
I;

Here

supp (ui) = {x e R: ;i ((x—€,x+¢€)) >0 forall € >0}
and ; (i=1,2,...,r) is the smallest interval containing supp(y;). For the |i| + 1
unknown coefficients of p;, conditions (5.1) provide |7| linear equations. The 7 is

considered to be normal if py is unique (up to a multiplicative factor) and has degree

|7i|. In general, the monic polynomials are considered.
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In the case where r is a non-negative discrete measures on R :

N;
=Y Pimbs, Pim>0, xim €R, Nye NU{eo}, i=1,...,n,
m=0 '
where all x; , is different foreachm =0, 1,...,N; (i=1,2,...,r), we have the discrete

multiple orthogonal polynomials (on the linear lattice), and the above orthogonality

conditions can be written as

Zpﬁ(]>(_J)kpl,J:O7 k:0717~'-7ni_17 = 1,...,1’, (52)
j=0

where pj; is a polynomial of degree < |7|.

In this thesis, we pay attention to the AT system of r non-negative discrete measures,

where we recall its definition below:

Definition 5.1: [2] An AT system of r non-negative discrete measures is a system of

measures

N
Wi = Zpi,m&cm, Pim >0, xp €R, NeNU{+eo}, i=1,...,r,

m=0

where supp(y;) (i =1,...,r) is the closure of x,, and the orthogonality intervals (5.2)
are the same, namely /. It is also assumed that there exist r continuous functions
Wwi,...,wronl withw; (x,,) = pim (m=1,...,N, i=1,...,r) such that |ii| functions

1 n,—1

W2, oo o S Wr, XWpy oo, X7

ni—1 ny—
{wl,xwl,...,xl W1, W2, XWp, ..., X2 wr},

form a Chebyshev system on I for each multi-index |7i| < N + 1. This means, all the

linear combinations of the form
-
Y On—1wi(x),
i=1

where Q,_ is a polynomial of degree < n; — 1, has at most |#i| — 1 zeros on 1.

Remark 5.1: If we have r continuous functions wy,...,w, on I with w; (x) = Pim,
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then the orthogonality conditions (5.2) can be written as

Y pa() (=)wi(j) =0, k=0,1,....mi—1, i=1,...,r.
j=0

Every discrete orthogonal polynomials of type /1, corresponding to the multi-index
7, has exact degree |7i|, and every multi-index 7 with |#i| < N + 1 is normal in an AT

system, as stated in [2].

Definition 5.2: The w—multiple orthogonal polynomials are defined as

Y. pii (0k) (—@k); ,wi(0k) =0, j=0,....,n;—1, i=12,....r,
k=0

where @ is a fixed positive real number, 7i = (ny,...,n,) and p; is a polynomial of

degree |7i| and
(—0k); = (—0k) (—0k+ 0)...(—0k+o(j—1))

= o’ (—k);.

Now we choose the orthogonality measures as

+o0 awk

i=Y ———— 8, a;>0, i=1,...r
i k;)l“w(a)ker) ok, di i r

where ay,...,a, are different parameters and

(o)

s
Fk(x):/t"lekdt, x>0
0

is the k—gamma function [23].

For each measure the weights form an extended Poisson distribution on @N
(oN ={0,0,20,...}). Tt is easily seen from Example 2.1 in [2] that, these r
measures form a Chebyshev system on R™ for every 71 = (ny,...,n,) € ®N" since the

weight functions,
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a¥

() ==t xeR", i=1,..n
wi(x) TGt @) X i r.

are continuous and they have no zeros on R™. So every multi-index is normal and the

monic solution is unique.

The corresponding multiple orthogonality conditions are given on N as

) . aa)k
Cé(wk)(—wk);, , —————=0, j=0,...,m—1, i=1,2,... 5.3
k;() n( )( )f’“’Fw(a)k+co) y J ) s 1 , 1 34 s 1 ( )
where 7i = (ny,...,n,) and d = (ay,...,a,) . We represent these polynomials by C,E;‘ and

call them as w— multiple Charlier orthogonal polynomials.

Theorem 5.1: The raising relation for the @—multiple Charlier polynomials is given

as

w

Wi Ex) Vo [wi()CH(x)] = ~Clg (), i=1r (5.4)

a

where V,f (x) =f(x) —f(x — ) and €; = (0,...,0,1,...,0).
Proof. Applying the product rule Vy [f(x)g(x)] = f(x) Vog (x) + g(x — @) Vef (x),

we have

Vo [wi (x)C@ (x)} = wi (x) Vo () + C (x — ©) Voow; (x). (5.5)

n

Since Vw; (x) = w; (x) [1 - %] , by using (4.3), we get

a;

Ve [wi (x)Ca (x)] = w; (x) Vo CZ (x) +wi (x) C4 (x — o) {1 . iﬂ,}

4
=w; (x) {Vng (x) +Cé (x — o) {1 - ai“’H
= e ). (5.6)

Hence

Applying the @ —summation by parts formula, which is
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io Aol (@x)]( sz f(@x), g(~o) =0,

we obtain,

i (—0x); 4 Vo [wl(wx)C~ Wx ] = ZA“’ [ ] w; (0x) C4 (wx) .

x=0
Since Ay (—@x); , = —@j(—®x);_; 4, we have

Zw] X) 1a,w,(a)x)C~ wx ———Zw, wx) JwPﬁ+e( X) .
Then for j = 0,...,n, the summation on the left hand side will be zero from the

o—multiple orthogonality conditions. Hence
1 ()
_a_wzw,-(a)x)( )ijﬁ+e (wx) =0. (5.7)
i x=0

By the uniqueness of the @—multiple orthogonal polynomials, we have

s () =Ciz ().
Considering the above equality in (5.6), the proof is completed. U

Theorem 5.2: The Rodrigues formula for the @—multiple Charlier polynomials is

given by

Cg (x) = [f[ (—a?’)nj] I'y(x+ o)

j=t

1(5vs (a?‘))] (as): o9

Proof. We will give the proof for the case r = 2. The proof of the general case is
similar. Repeatedly using the raising operators and using the fact that Cj'i™ (x) = 1,

we have

ezt =TI A e oy [<a’f>V’é? [@’5)—1 H

. ayal Iy (x+ o)
2 2 1 ) N 1
r o — V% (a — .
= | =) | ot o) ,H(ai‘ 5@) | (rore)
Hence, we get (5.8) for r = 2. ]
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Theorem 5.3: The explicit representation for the @—multiple Charlier polynomials is

given by

d _ w\n| a) nr T nl kl nz) (_”V)kr
1) = ATy Z’OkZZ’ Z kilkp!.. k!

X 1\? \A 1\® \&
X(_B)k1+k2+...+kr<(_a) (D) (<_a_r) (D) . 5.9

Proof. We will give the proof for r = 2. The general case (5.9) can be proved in a

similar manner. Using (5.8) for r = 2, we write

1 1 at
ity () = (=ap')" (=a2) " To (x+ @) — V"'(a)f)(a—xv’gm)'
aj 2

Since Vi f (x) = i (1) (") f (x—iw), we have
)y
ni w\"1n2 & 1 x—kw
€O (x) = (~a)" (~a9)"To (x+ @) ¥ _() e

0% \k
(37 )
a Lo (x+0—ko)

= ()" (g Lot o) 3 (7)ot 1 () (-0

k

= e -ar XY () (1) ot et

m=0k=0 m
Ly (x+ )
Ip(x+o—ko—mo)
ny n a—m(oa—kw
_(_ I’l1 7’12 1 2
(~a mz’o,; m! k!
Ly (x+ )
5.10
Ip(x+o—ko—mo) (5.10)
et (— Il2 Zl f )k (_1)*](60*”’[60
m=0k= k'm'

—k
X (=X "y
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()" (-4)"

= (=ap)" (=a "ZZZ M)k (“Hemo = k!

m=0k=
( ”2)k (_i)

(. n1 i I’l2 @/ k+m
=(a mZOkZ mlk!

1\° \" 1\° \*
x((——) o) () @)

ay aj

Whence the result. L]

Corollary 5.1: The equation (5.10) can be written as

Ctns (%)
) )
mo oym g (L s
( al) ( 612) YI_I)IEOOF2< (1)7 ni, ”2»%%( al) ywa( a2) 70))7
where
o a)m+n ﬁ) (ﬁ/>n n
Pl Birden = B Y ) it

is the second Appell’s hypergeometric function of two variables [12].

5.1 Generating Function
Theorem 5.4: The w—multiple Charlier polynomials have the following generating

function

= (1+ 0 +0h+-+0t,)5exp(—aPt; — - —a®t,) . (5.11)

(Eri It < w_’) .

Proof. Using the explicit representation of the polynomials given in Theorem 5.3, we

can write that
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o0 o o (—a®)" L (—a®) (—nn)y (<) o x
=L ) Z_ P klzkz!...kr; k : <_6>r

1\® \" 1\® \* 1\® \o gz
“((-2) o ) ) (=) o) A
ay ar a ni'ny!...n,!

mogn (—a?)" e (=a®)" (— 1P gl (<))
k- k! (ny — ki)l (ny — k)|

ni n
X o\ —k1 o\—kr .k k1 I
X | —— — w w
( co)]%]( ar) (=) nileon,!
Yooy Yy (=ap)" " (=a)" T (—a)h ()t
= & Ko/ S kil k! (ny —ki)--- (n, —k,)!

L=0 [,=0
= (140t + 0t + -+ ot,) o exp (—a®t; — - — a®1,).
Whence the result. O]

Remark 5.2: It can be easily seen from (1.1) and (5.11) that, @—multiple Charlier

polynomials are examples to the A, —multiple Appell polynomials.
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5.2 Recurrence Relations
Proposition 5.1: Let G(x,t,t,) = (1+a)t1—|—wt2)% e~ (a1+a5h) We have the

following properties,

d d
—G(x,tl,tz) — —G(X,ll,lz) = (a%’ —a?) G(x,tl,l‘z) (5.12)

8t1 8t2

and
a (0]
(1+ o1 +wt2)a—tG(x,t1,t2) =@x—al (l+ ot +on))G(x,t,n0). (5.13)
1

Proof. Proofs can be given by elementary calculations. [

Theorem 5.5: The following recurrence relations,

(6 —a?) Core (x) = U2 () —C 2| (x), (5.14)

ny,ny ni+1,no ny,np+1

xCA192 (x) = Ci®2  (x) + (¥ + ony + ony) CE1742 (x)

ny,ny ni+1,np ny,ny

w w ap,ap
+ ((Oal ny+ 0)612 n2)Cn17n2_1

(x)+nafo(af —ad)C, 3 (x) (5.15)

1—Lnp—1
and

XCE (x) = Ci® | (x) + (@ + ony + ony) CA142 (x)

ny,ny ni+1,ny

+ @a¥nyCo? L (x) + waPn Co R (x), (5.16)

ny,np—1 ny—1,ny

hold for the w—multiple Charlier polynomials.

Proof. Using (5.12), we get

— c4 az 1
( al Zonzz nl,l’lz nl'nZ!
[e55) [} ny ny
Z Z 6117112 tl t _i Z al,az( )tl 2
3t1 = 0190 nin nl'nz! o | oo T mil !
= i i Cal’az() t?] 1 n2 Z Z al>a2 t;” t’212 1
ownd Wt ny,ny (n1—1 |n2 o n17”2 (2_1)
Z‘ t
c22 c4®2 ‘1
-y Yo Sy Yo i
n1=0n=0 " nz n Yn2' n1=0ny=0 e ”1'”2!

Hence
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Y Y (@ —a?)Citin (0] 2
n1=0n=0 e m ! I’lz‘
— i i |:Ca1’a2 (x)—C“"“2 ()C):| tl t
11=0717—0 el nmatl ny!ng!
l”l [I‘lz
Comparing the coefficients of ;15 PREE (5.14) follows.
The left hand side of (5.13) can be written as
d
(1+ o1 +a)t2)a—t1G(x,t1,t2)
a 1) oo ti’ll t;Z
=(14+ ot + wtr) — Cava2 (x) —— =
tnl 1 tn
, | 2
= (1+ ot + o) Z Z Cie2 (x) n—Tinl
ni=1n,=0 1 2
— C%a2 (x) + o Cal,az 2
n1Z—1n22—0 " (nl_l 'nz' n1zln220 " n2 nl_l)!HZ!
oo oo tnl 1 tnz—i—]
+w Cal,az (X) 1 2
m:lngzzo o (nl - 1) ny!
a] a aj ,a
’ — 4w nmCy12(x) ——=—
n120n2210 el n2 nl ! nz! n12=0n22=:0 e ( ) I’l]! m
Z Z @ [11 ty’
omamy T2 1 ( n1! (nz— 1!
l‘ l‘
Cal7az on Cal,az o1
ZOnQZ_' nIHnZ nl' ny! ZOnzzo 1Goins ”1'"2'
+ a)n Cal7a2 x 1
mZ—'OnZZO it )nl‘nz
— ay,az 5 ay,az ]
_nZOnZO G, (6) + omCat (x) + omColh - ()] m'nz'. (5.17)
1=Vny=

The right hand side of (5.13) will be
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(x—af (1+ ot + 01r)) G (x,11,12)

t l‘
[0} Cci1a 1
= (x—af (1+ ot + 0ry)) Z Z Ctiny (X) —
—01,—0 n1 l’l2.
ll £ ti”“ 2
cs az 2 ahLIz
x al ZZ n17”2 nyn 1“’2 ZCnlnz PN
=0n,=0 1=72: =0m,=0 1= 12
tnl tn2+1
al7a2 1 2
—a?w Z Z
1 ni,ny— 1 | |
n1=0n=0 nl h2:
t 1y? t"‘ 2
_ al,az 1 ay,a 12
—xal ZZ nl:nz n'n' aa)z chllnz n1! no!
n1=0n=0 =72 —0n,—0 1:12
oo oo t’I’ll t;2
) ap,ay 12
ala)z ZnCn17n2 1 n‘n'
=0n,=0 1-72:

[} [e)

=Y ¥ [a-a?) e -apomci s, () - aPomcie
n1=0n=0

ny .n3
o
l’l]!l’lzl

Combining (5.17) and (5.18), we get

ni+1,n—1

= (x—a?) G172 (x) —af ony CZI"'? ny (X) —af ony CZ:S; L (x).
Replacing ny by np — 1 and ny by n; — 1 in (5.14), we have
Gt m—1 () = G2 (x) + (a7’ —a?) Gy (%)

nl,nzfl

and

respectively.
Using (5.20) and (5.21), we get (5.15).

Using (5.21), we have

(@ —a?) G 1 () =G, () = Gy (%)

n—1l,np ny,np—1
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Comparing (5.22) and (5.15), we get (5.16). [
5.3 Difference Equations for w-Multiple Charlier Polynomials

Theorem 5.6: The raising operator can be rewritten as

L, [cg(x>] — (W), i=12,...n (5.23)
where €; = (0,...,0,1,...,0) and L, [.] is defined by
Ly, [y = xVey + (af —x)y.

Proof. From the raising relation (5.4), we have

a®V [w,' (x)Ca (x)] — w0 CE L (x).

fi+é;
Applying the w—product rule, we can write that

a® [cé (%) Vow; (x) + w; (x — @) Vol (x)] — wi (1) CE L (x). (5.24)

ni+e;

o | cd o a; * Ci ()| — i
a ﬁ(x>Wl(X) _E +Fw(x) ® n(x> = —w;(x) ﬁ+a(x)
o | g X xata=? i p
ai’ | G () wi () S I o penry oG (¥) | = =wi(¥) Gy, (x)
af’Cé (x) — xC% (x) +xV o C (x) = —CL; (x)
Hence
VoG (x) + (af —x) Cf (x) = —Ci, 5 (%),
and therefore
Lo, [CE ()| =2Vl (x) + (af —x) CE (),
where
Lo, |CE ()| = —Clq ().
This completes the proof. U
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Theorem 5.7: The lowering operator of the polynomials is determined from the

following relation:

AoCl (x Z oniCs_ (x) (5.25)

e

where ¢; = (0,...,1,...,0).

Proof. Applying A, on both sides of (5.11), we get

> AoCl (x r’f'té’?..tﬁr
Y Y- Z oG ) T

n1=0n,=0 n,=0

= Ay [(1+a)t1+a)t2+ 4 ot)oe p(—a?tl—---—af’tr)}
=exp(—aPn —--—alt) Ap [(1 + 0t + ot + - - —l—a)tr)%}
x+o
+(1+ o +0t+--+0t,) @ Aglexp(—aft; —---—a’t,)]
=exp(—aPt — - —alt) Ay [(1+wt1+wt2+-~-+wtr)ﬂ
oo oo . nl l,}’lr
— a r
= (01 + O+ -+ 01,) Z Z 7 () T
=0  n,—=0
=) ) . n1+1 tnr ) ) . t;’ll _.'tnrﬁ-]
= C4(x —+...+w C%(x) 20—
12 Z:’ " ny! nlzo nrzo A0 mlenyl
o oo t;/lltgu t;lr
o wn,Cé )—
= X X (omCho @ om0 ) LB
nym
Comparing the coefficients of %, we get the result. [

Corollary 5.2: In particular, if r =2,

ApCpl 2 (x) = won CV % 4+ onpCol 2 (x).

ny,ny ny—1,np ny,ny—1

Theorem 5.8: The w—multiple Charlier polynomials {Cg (x)};|:0 satisfy the

following (r+ 1) order difference equations

LayLay Lo, [A0Cl (x }+Za)n LaLay -+ Lo 1Lt Lo, [CE ()] =0,
i=1

where L, [.] is the raising operator (i = 1,...,r) given in Theorem 5.6.

Proof. Applying L, ...L,, to both sides of (5.25), we get
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ar-pi—e;

Loy La, [BaCl ()] = Z oniLg, .. Lo Co_ (x).
Since Ly; Loy (y) = Lo La; (y) for aj,ar € R, we obtain for i =1,2,...,r that,

Lo...Ly =Ly ... Ly LaLa, L

Aj+17-4i42

L,

r

— Loy Loy La;, La,L

Aj+1 ajt3 **

L,

r

= Loy Loy Lay,, - LaLa,
Hence
Lo, ...La, [ch“ ] Z oniLy, .. Loy \Lay., - La La, [C,éj; : (x)] .
Using (5.23) with 7i replaced by 71 — €;, we get the result. ]

Corollary 5.3: The @—multiple Charlier polynomials {Cy{7? (x)}~ , _ satisfy the

ny+ny

difference equation,

x(x— @) ApV2y+x (204 a® +a? —2x) ApVpy + [(a® — x) (aF — x) — x®] Apy

+(ony + 0ny) xVey+ (ny (a§ —x) +na (af —x)) oy = 0. (5.26)

5.4 Special Cases of the w—Multiple Charlier polynomials

Taking the weight function as

()T TE)

we can define the %—multiple Charlier polynomial by the following orthogonality

conditions:

. 3k
< _/3k\ /(3)’ a?
ZCE(_> (_) (_k)l—:o7 J:O,,n—l7 izl,...r.
=0 " \2 2 ](%)Fg (%) l

Their explicit representation can be written from Theorem 5.3 as
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o | A 1\ % 73\ bttt
>< R _— c o JE— J—
( 3 )k1+~--+k, < al) ( ar) <2>

The genereting function of the %—multiple Charlier polynomial is written from

Theorem 5.4 as
ny np ny
AR AN
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Their recurrence relations can be written from Theorem 5.5 as
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