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ABSTRACT

In 1880, Paul Emile Appell introduced a certain kind of sequence which is named
Appell polynomials in the literature. Besides the trivial examples, the most famous
Appell polynomials are the Hermite, Bernoulli, and Euler polynomials. An
interesting generalization of Appell polynomials, namely q-Appell polynomials were
introduced by Walled A. Al-Salam in 1967. The multiple Appell polynomials have
recently introduced and investigated in 2011 by D.W.Lee. Also, 2 iterated Appell

polynomials defined by Subuhi Khan and Nusrat Raza in 2013.

The main purpose of this thesis is to define and investigate univariate g-multiple Appell
polynomials, bivariate g-multiple Appell polynomials and 2 iterated g-multiple Appell

polynomials.

This thesis consist of 5 chapters.

In Chapter 1, we recalled the main definitions and properties of the Appell
polynomials, the 2 iterated Appell polynomials, the multiple Appell polynomials, the

g-Calculus, and the q-Appell polynomials.

Chapters 2,3,4 and 5 are original.

In chapter 2 we define univariate g-multiple Appell polynomials and obtain

equivalence theorem and recurrence relations for them.

In chapter 3, we introduce bivariate g-multiple Appellpolynomials via the concept of

univariate g-multiple Appell polynomials and obtain explicit representation,
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equivalence theorem, and recurrence relations for them.

In chapter 4, we provide some examples for the polynomials that we define in
chapters 2 and 3 such as g-multiple power polynomials, bivariate g-multiple Bernoulli
polynomials, bivariate g-multiple Euler polynomials, bivariate g-multiple

Bernoulli-Euler polynomials, and g-multiple Hermite polynomials.

In the last chapter, we define 2-iterated g-multiple Appell polynomials and we show
how we can obtain g-analogue of multiple Hermite polynomials from this definition.

We further obtain reccurencen relation for 2-iterated g-mutliple Appell polynomials.

Keywords: g-Calculus or Quantum Calculus, Appell Polynomials, g-Appell

Polynomials, Two Iterated Multiple Appell Polynomials.
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1880°de Paul Emile Appell, literatiirde Appell polinomlar1 olarak adlandirilan
polinom dizisini tanimlamigtir.  Asikar Orneklerin yani sira, en bilindik Appell
polinomlar1 Hermite, Bernoulli ve Euler polinomlaridir. Appell polinomlarinin ilging
bir genellesmesi olan gq-Appell polinomlar1 1967°de Walled A. Al-Salam tarafindan
tanimlanmugtir. Katli Appell polinomlart yakin zamanda 2011°de D.W. Lee tarafindan
tanimlanmig ve arastirilmistir. Ayrica Subuhi Kahn ve Nusrat Raza tarafindan 2013

yilinda 2 iterasyonlu Appell polinomu tanimlanmustir.

Bu tezin temel amaci tek degiskenli katli g-Appell polinomlarini, iki degiskenli katl
q-Appell polinomlarini ve 2 iterasyonlu katli g-Appell polinomlarini tanimlamak ve

arastirmaktir. Bu tez, 5 boliimden olugsmaktadir.

Bolim 1°de Appell polinomlarinin, 2 iterasyonlu Appell polinomlarinin, katli Appell
polinomlarinin, g-Kalkiiliisiin ve g-Appell polinomlarinin tanimlar1 verilmis ve

ozellikleri 6zetlenmistir.

2,3,4 ve 5. boliimler orjinaldir.

Bolim 2’de tek degiskenli kathi g-Appell polinomlar1 tanimlanmig ve bu tanimin
denklik teoremi elde edilmistir. ~ Ayriyeten bu tanimin rekiirans bagintilari da

verilmigtir.

Bolim 3’te, tek degiskenli katlh g-Appell polinomlar1 kavrami araciligiyla, iki

degiskenli katli g-Appell polinomlar1 tanimlanmistir. Bu tanim ic¢in denklik teoremi



ispatlanmis ve rekiirans bagintilari elde edilmistir.

Bolim 4’te 2. Ve 3. Boliimlerde tanimladigimiz polinomlara 6rnek olarak katl g-
qii¢ polinomlarini, katli g-Bernoullie polinomlarini, katli g-Euler polinomlarini, kath

g-Bernoullie-Euler polinomlarini ve kath g-Hermite polinomlarini sagliyoruz.

Son boliimde 2 iterasyonlu katli g-Appell polinomlart tammmlanmistir. Bu tamim
yardimiyla katli g-Hermite polinomlarinin g-analogu elde edilmistir.  Ayrica 2

iterasyonlu katli a-Appell polinomlari i¢in rekiirans bagintilar1 elde edilmistir.

Anahtar Kelimeler: g-Kalkiilis veya Kuantum Kalkiiliis, Appell Polinomlari,

q-Appell Polinomlari, iki kez yinelenen coklu Appell Polinomlari.
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Chapter 1

INTRODUCTION

The main purpose of this chapter is to familiarize the general reader with the
expressions and notations that will appear very often in the following chapters. One
of the basic but important parts of this chapter is dedicated to the implementation of
notations and specific formulas related to Appell polynomials. The second section is
devoted to 2-iterated Appell polynomials and the third section is devoted to multiple
Appell polynomials, which are also related to Appel polynomials. Section 4 holds for
q-Calculus-related notations and miscellaneous g-formulas. Finally, we finish the first
chapter by giving the definition and properties of q-Appell.

1.1 Appell Polynomials

The Appell sequence class is a particular category of polynomial sequences that
appears in numerous applications in pure and applied mathematics. Especially in
recent years appell polynomials have special interest of many researcher since they
have many application in diverse areas of physics and engineering [6,7,9, 14, 16]. In
1880, Appell [4] introduced a set of the nth degree polynomials {R,(x)}: , that

satisfies the following differential relationship

d
LR,(x)=nRy 1, n>1. 11
dx:R (x) =nR,_1, n (1.1)

An equivalent definition of (1.1) is given in the following theorem.

Theorem 1.1: Let {R,(x)}_ is a sequence of polynomials. Then the followings are

all equivalent [17]:



a. {Ru(x)}r_, is a sequence of Appell polynomials.

b. {R,(x)}_, can be defined by means of following generating function

X - tn
A(t)e" _nzbﬂzn(x)H (1.2)
where
Alt) = Zan%, (ap #0). (1.3)

Ra(x) =Y (Z) i (1.4)

where a, (n =0,1,2,...) is in (1.3).
d. R,(x) can be written in the following form
> d
Ru(x) = (Z k—’jpk> b (1.5)
k=0 "
where D = dix.

e. {Ru(x)}r, satisfies

Rn(x+y) =Y, (Z)Jzn_kyk, n=0,1,2... (1.6)

The Appell sequence class includes a lot of well known families, such as Bernoulli
polynomials, Euler polynomials, Hermite polynomials and Laguerre polynomials, and
so on. We will give some of these polynomials that we will use throughout the next

chapters.

Example 1.1 (Bernoulli Polynomials): As a particular case, choosing A(r) as ' in

(1.2) gives us Bernoulli polynomials B, (x) as

o] tn
=) Bu(x), |l <2m (1.7)
n=0 n.

t
e —1




The explicit formula of B, (x) is

Bux)= Y (’Z) B, (1.8)
k=0

where B, are the Bernoulli numbers, given by

el —1

t > gk
=) B,{F (1.9)
k=0 :

Example 1.2 (Euler Polynomials): Taking A(z) as ﬁ in (1.2), we can get the Euler

polynomials &,(x) as

2 > 1"
et—i—lem =) Sn(x);, lt| < 27. (1.10)
n=0 :

The explicit formula of &,(x) is

4 n 8k 1 n—k
Sn(X):kZO(k)?( —§> (1.11)

where € are the Euler numbers, given by

2 o
ef+1:];)

k
& kﬁ' (1.12)
Example 1.3 (Genocchi Polynomials): Taking A(f) as e,zﬁ in (1.2), we can get the

Genocchi polynomials G, (x) as

2t L e t"
= —, |t 1.13
+le n;ogn(x)n'a ’ |<7r ( )

et
where the Genocchi numbers Gy, given by

2t =tk
~ Y G- 1.14
e +1 ,;;)9’%! (119

Example 1.4 (Hermite Polynomials): Hermite polynomials J,(x) have following

generating function

A = Y () (1.15)
n=0



The explicit formula of H,(x) is
(2x)"2m, (1.16)

1.2 2-Iterated Appell Polynomials
In this section we will give basic definition and some properties for 2-iterated Appell
polynomials from [13]. Let, Rﬁl)(x) and 3%,(12) (x) denote two distinguish Appell

polynomials, which are defined by

At =Y RV (0= 1.1
10 = Y R () (1.17)
and
iy @y
As(t)e _nz:‘bﬂzn (x)E (1.18)
respectively.

Definition 1.1 (2-iterated Appell Polynomials): 2-iterated Appell polynomials

denoted by iRLz] (x) are defined via the following generating function:

tn
a.

A1(DA(1)e" = i R (x) (1.19)
n=0

We list some examples to 2-iterated Appell polynomials below:

Example 1.5 (2-iterated Bernoulli Polynomials): The generating function for

2-iterated Bernoulli polynomials with notation B (x) is

2 oo n
4 X 2]\ 2
(e’—l) e _,ZZE)B" (x)a (1.20)
where B! (x) has series expression as
2~y ("
B (x) = Zb (r> BB (x). (1.21)

Example 1.6 (2-iterated Euler Polynomials): The generating function for 2-iterated



Euler polynomials with notation € LZ] (x) is

A Y el (1.22)
dr1) € = ol '
where 8L2] (x) has series expression as
2=y ("
En'(x) = ;0 (r) &r€n_r(x). (1.23)

Example 1.7: The generating function for 2-iterated Bernoulli-Euler polynomials
with notation ¢ B,(x) or 2-iterated Euler-Bernoulli polynomials with notation ¢&,(x)

are given by

2t 4 e " & t"
T i ) g'Bn(x)H = Zbysn(x)H (1.24)

where ¢ B, (x) and 5&,(x) have series expressions as

pEn(x) = Bolr) = ¥ () £ ()= ) (’r’)%ran_ru). (1.25)

r=0 r=0

1.3 Multiple Appell Polynomials

In 2011, Lee defined multiple Appell polynomials, prove an equivalence theorem for
them and showed that the only orthogonal multiple Appell polynomials are the multiple
Hermite polynomials. The multiple Appell polynomials are defined in the following

definition.

Definition 1.2: If a double indexed polynomial sequence P, »,(x) is defined by the

generating relation

oo =) tnltnz
Aty 1) 1H2) = P 12 1.26
(1 2)€ nlz_’onzz_’() nl,nz(x)nl!nz' ( )

then the multiple polynomial system {P,, ,,(x)} o is called multiple Appell

=)
np,ny=

polynomial where A(t;,#,) has a series expansion

=) o tnlth
A,n) =Y ) ammﬁ (1.27)

n1=0n=0



where ag g # 0

Theorem 1.2: [17] Let {P,, »,(x)} , _, be a multiple polynomials system. Then

niny=
the followings are all equivalent:
a. {Pn, . (x)}7_, is a sequence of multiple Appell polynomials.
b. The polynomial sequence Py, »,(x) can be represented explicitly as
Pry s (X) = i "Zz (Zl> (Zz) ey k12 (1.28)
k1 =0ky=0 \"1 2

where the double sequence {ay, », };’;’hnzzo given in (1.27) and ag o # 0.

c. Forevery n; +ny > 1, we have

fP;“ nz( ) nlj)nl—l,nz (x) +n2?n17n2_1 (x) (1.29)

d. There exist a sequence {an, n, } 5 ,,—o With ag o 7 0 such that

ny,ny=

AR ny (n1+n2—k1—k2)! ik
Prim@®) =14 Y Z( )( ) gy o, DR B M,
i {k1—0k2—0 ki ko (I’l1+n2)! b2
(1.30)

e. Pu, n, (%) satisfies the following relation

A2 /n n
Tnhnz(x—}—y) — Z Z (k:) (ki) Tnlfkl,nszz()c)ykﬂsz- (1.31)

k1=0ky=0

fornl,nz :0, 1,2,... .

ap, Otz( ) oo

Example 1.8: Multiple Hermite polynomial {J(,,; . .m—o has the generating

function as follows

ny np
tl 5

(1.32)
n1 ny!

é(f 2

1+12) 6 (1 +1r)x+out +0oty _ 061,062

e’ o Z Z J—Cnhnz
n1=0n=0

where 6 < 0.

Remark 1.1: We can get generating function of the classical Hermite polynomials by



taking t, = 0 in Equation (1.32).

1.4 q-Calculus

The study of g-calculus was introduced in the 1920s. Since the 1980s, the field of

g-calculus has become a linkage between engineering science and mathematics. The

g-standard notations and definitions are taken from [19] and [11]. Throughout this

thesis, we will use basic definitions from g-calculus as follows.

Definition 1.3: For any non-negative 7, the g-integer [n], is defined by

Definition 1.4: g-factorial [n],! is given as

[n)gln—1]4...[1]4, ifneN
gt =
1 ifn=0

also,

[kn) 1! = [kn]g[kn— K),...[k],, k€ Z.

Definition 1.5: The g-shifted factorial is defined by

n—1

(@q)o=1, (a:q).=]](1-¢a), neN,
=0

~

(a;q)e = H(l —q¢’a), |q/<1,acC.

Definition 1.6: The g-binomial coefficient [Z] g is defined as

k n—kl "

Proposition 1.1: For the g-binomial coefficient, the following facts holds

. n . ( > )n
b [k]q B (q;q)fj(q;q)k ’

—14g+¢+...+4"", g#1, neC.

|
[ﬂ __ gt k=0,1,2,...n, (k<n,neN).
q [k]CI'

(1.33)

(1.34)

(1.35)

(1.36)



Definition 1.7: The g-analogue of (x+ y)" is specified as

n n—1
(x+y)p Z { } =TT (x+4Y). (1.37)

k=0

Definition 1.8: The g-binomial formula is known as

n—1 " :
(1-a)s=(@qh=[]1-¢g/a) =}, [k] R W (138)
q

j=0 k=0

Definition 1.9: The g-derivative D, is defined by

flgz) — f(z)

= 0<|gl<1, 0#zeC. (1.39)

qu(Z) =

Definition 1.10: There are two exponential functions used in g-calculus first one is

given as
@=Y = =T] 1 (1.40)
eq(z) = = :
TS s (1= (1 g)gk)
where 0 < |¢| < 1 and |z| < |1 —¢|~'. Second one is given as
Ef2) =Y ¢"" V= =TT+ (1-9)¢"2) (1.41)

where 0 < |¢| < I and z € C. By simple calculation we can obtain that e, (z)E,(—z) = 1

and E,(z)eq(—z) = 1.

Remark 1.2: From the Definition 1.9 g-derivatives for exponential functions are
Dy eq(z) = €4(2) (1.42)
and

Dy E4(z) = E4(qz). (1.43)



Proposition 1.2: Consider any two arbitrary function f(z) and g(z). The followings

hold:

a. If f is differentiable then lim,_,; D,f(z) = dj;(zz) where diz represents standard
derivative known in calculus.

b. D, is linear so for any two arbitrary constant numbers a and b we have

Dq,z(af(z) +bg(z)) = aDq,zf(Z) + qu,zg(Z>'

c. The g-derivative of the product is given by

Dy :(f8)(z) = f(q2)Dyg:8(z) +8(2)Dy o f (2)-

d. g-quotient rule is given as

where g(z)g(gz) # 0.
1.5 q-Appell Polynomials
This section provides a definition of g-Appell polynomials that have already been
characterized by Al-Salam [2]. Their properties are also stated. We also mention
some examples of g-Appell polynomials, which are g-Bernoulli polynomials and

g-Euler polynomials, that we will use in the following chapters [19,20].

Theorem 1.3: The g-Appell polynomials {7, (x)}_, are defined by the following

generating function

Ag(t)eg(tx) =) Ty(x) L 0<g<l1 (1.44)
n=0 [n]q!
where
o0 k
At) = Y a0 #0, Ag(0)#0. (1.45)
= Ky



Remark 1.3: We note that when ¢ — 1 in (1.44), g-Appell polynomials (1.44)
becomes Appell polynomials (1.2). So we can think of a set of q-Appell polynomials

as a generalization of Appell polynomials.

Definition 1.11 (Star Operator): For any two polynomial set J# and .Z whose n'"

components are, respectively

Hn(x) =Y a(n, k)x* (1.46)
k=0
and
Z(x) = i b(n, k)x* (1.47)
k=0

h

then % * % is the polynomial set whose n'" component is

(A * L)y = i a(n,k).Z(x). (1.48)
k=0

Theorem 1.4: Let %, <, . # € A with determining functions K(¢),L(¢) and M(z)
respectively, where A denoted the class of all g-Appell polynomials. Then

i. A +.2 € AifK(0)+L(0) £0,

ii. K(t)+L(t) is the determining function of JZ" + .Z,

i, H+(L+M)=(H+ L)+ M.

Theorem 1.5: Let %, %, .# € A with determining functions K(¢),L(¢) and M(r)
respectively. Then
i. H x L €A,
. A« =L*x,
iii. K(r)L(r) is the determining of ¢ %%,

. X x(LxM)=(H*L)x M.

10



Corollary 1.1: Let 2 € A and determining function of %" is A(¢). Then there is a set

% € A such that

Hx L =LK =1

where determining function of .% is A~ (¢) and I = x".

Corollary 1.2: For any .# € A we can denote the .Z € A from Corollary 1.1 as .# !

since star operation of #” and .Z gives identity element.

Corollary 1.3: From Theorem 1.5, Corollary 1.1 and Corollary 1.2 we can call that

the system (A, x) is a commutative group.

Example 1.9 (q-Bernoulli Polynomials): As a particular case, choosing A,(t) as

t
eq(t)—1

in (1.44) gives us univariate g-Bernoulli polynomials B, ,(x) as

=] l_n
———ey(tx) =) B, ,(x)——, [t|<2m (1.49)
eqt) =177 n;) Y ],
where g-Bernoulli numbers b, , are given by
4 = t"
=) by (1.50)
01~ 5"

Example 1.10 (Bivariate q-Bernoulli Polynomials): g-Bernoullie numbers ‘5 ,(1?2) and

polynomials %,(1?;) (x,y) are defined by the following generating functions [19]
t ® o () 1"
——— ] =) Bug— (1.51)
(o) ~ L5,
(o) et = ¥ 8 (152
eqt) 1 " !

where g, € C,0< |g| < 1 and |t| < 27.

2

Example 1.11 (q-Euler Polynomials): Choosing A,(t) as PO

in (1.44) gives as

11



q-Euler polynomials &, ,(x) as

2 b "
e F1c) = ; Cng@) oy <7 (1.53)

g-Euler numbers ¢, , are given by

. 1.54
gt 150

The association to the Euler numbers is given by

1
eng = 2"y (§> : (1.55)

Example 1.12 (Bivariate q-Euler Polynomials): Generating functions of g-Euler

numbers e,S‘f‘q) and g-Euler polynomials @,(f‘q) (x,y) are defined by [19]
2 « o (a) 1"
— ] =) & ; (1.56)
(amv) ~ L5
2 N B = Y D) (1.57)
eq(t)+1 1 1 e T )

where g, € C,0< |g| < 1 and |¢]| < 7.

Example 1.13 (Univariate q-Genocchi Polynomials): Univariate g-Genocchi

polynomials &, ,(x) defined by the means of the generating function

Ag(1)eq(tx) = Y Bug(¥) 7= (1.58)
n=0 [I’l]q
where q-Genocchi numbers g, , defined by the generating function
2t = t"
Aft):=—————=) Ong—- (1.59)
= T B

Example 1.14 (Univariate q-Hermite Polynomials): Univariate q-Hermite

polynomials §),, ,(x) defined by the means of the generating function

e‘] tx Z y)mq (160)

]q~

12



where

oo t2n
Aglt) = Y (=1)"q"" Y
1 nZ::O [2n],!!
and $),, 4(x) has following explicit form
kgDl
na(x) ;) 2K, — 2K,

13

(1.61)
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Chapter 2

UNIVARIATE q-MULTIPLE APPELL POLYNOMIALS

In this chapter, we introduce univariate g-multiple Appell polynomials. We give the

generating functions and features we have obtained for them.

Definition 2.1: A multiple polynomial system {Py »,(x)},  _, is named as

univariate g-multiple Appell, if they defined via the generating function of the form

1'1y?

I
Ag(t1,12)eq(11X)Eq(trx) = Z Z Py o (x Torlotimall 2.1)

n1=0n=0 lg-"2lq:
where A, has the series expansion
t;“tgz
tlatz Z Z anyny | (22)
n1=0n,=0 .I’lz]q.

with A,(0,0) = ag o # 0.

Remark 2.1: Taking #, = 0 in equation (2.1), univariate g-multiple Appell

polynomials reduce to g-Appell polynomials.

Theorem 2.1 (Equivalence Theorem): The following statements are all equivalent to
one another:
a. {Pp, n,(x) }n1 n,—0 18 @ set of univariate g-multiple Appell polynomials.

b. The univariate q-multiple Appell polynomial {P,, ,,(x)}"

ny iy =0 possesses an

explicit form given by

s ni ny ky(ky—1)
P”17"2(x) = Z Z |:k k q * anl—kl,nz—kzxkl—i_kz- (2-3)
ki=0ky=0 L*11 g L*21 4

14



c. Forevery n; +ny > 1, we have

Dq,XPI’ll N2 (x) = [nz]qIPnl 7}’[2—1 (qx> + [nl]qIP)nl _17n2 (x) . (24)

d. There exists a sequence {an, n, },,. ,,—o With ag,0 7 0 such that

b2y ny k-1 |ny +ny — ki — kol!
Pnhnz(x):{ Z Z { } { g 2 [ ] akhkleqq—kkz Kutn
q q

K =0 k=0 ki ky [n1 + na)!
(2.5)
Proof. (a) < (b) Since Yo Y 1> o anbik = Y0 Li—o An—kbk , we have
Ay(11,12)eq(11X) Eq(12x)
> 2 2 > Xk > ko) xR
12 ky ks
nlzz'onzzz'o 1 2[”l]q![”2]q!k§o [k1]q! kzx_"o [ko]q!
_ i i i i qkz(k%fl)a it tf1+k1t§2+k2
- ny,n
11=017=0k1 =0 ky—0 o [n1]4[n2] 4! k14 k2] 4!
v v (Y R[] [ ik~ ki tka 1ty
- Z Z Z Z k k q Ay —ky iy —ko® [n1]g![n2]g!
n=0n=0 \k;=0ky=0 L*11qL"214 llg:1"2]q"
(2.6)

by comparing coefficients of (2.1) and (2.6), we get the result.

o)

(b) < (c) From the generating function of {Py, ,(x)}, , _ . direct conclusion yield

ni,n

15



1ty
Z ZD "17"2 To 1 1al 1

n1=0n=0 [n1]q![n2]q!

= Dq,x(Aq (tl , tz)eq(tl)C)Eq (tzx))

=Ay(t1,12) (treq(t1gx) E4(t2qx) + t1eq(t1X)Eq(t2x))

= 0Aq(t1,12)eq(119%) Eq(12gx) + 11A4(11,12) 4 (11X) Eq(12x)
, qx [PIRTIR]

=2 L L Pun(@)

o5}

't
+t] Z Z Pnl,nz ]1‘[2 ] !

n1=0n,=0 [nl q-1"M]q

o o Fign
= n2|qPy m—1(gx) +[m i —1,n (X) —1 2
nlz_onzz_o ([ ]q 1,12 ( ) [ ](1 1 2 ) [nl]q'[nz]q'

2.7)

Thus the result follows from comparing the coefficients of 7|#;>

(c) < (a) Assume that (c) holds for n; +n, > 1 and

Y Y B () Gt = At 2)ea 1y (1),

n1=0n=0

Applying the g-derivative operator Dy , on both sides, we get

Dy x(Aq(x:t1,12)eq(11x) Eq(t2x))

[
s
s

ODCI(]P):HJQ( ))m

=
Il
=
3
LS}
Il

|
s
s

([nZ]anl,nz—l (gx) + [nl]q]Pn]fl,nz (x))

1!
n|:0n2=0 [f’ll]

15?
[

1t
HIP H1IP 12
0( 281 ,np (q}C) + 1y, (X)) [nl]q![nZ]q!

I
s
s

ny 0n2

=0A,(x;t1,102)eq(t1gx)Eq(tagx) + 1144 (x;t1,12)eq (11X) Eq(12X)

Dy xA4(x;t1,12) = 0 points that A is independent of x, therefore A, (x;11,12) = A4(t1,12).

16



(b) = (d) The result of taking the g-derivative of 1 "2, ki + k, times can be calculated
as

+noy! -
Dk1+k2 nji+nyy [l’l] q ni+ny—ky—kj 2.8

and by using this solution we can prove (d) directly as follows

a2 kp (ky—1) —ki —k
Pnl,nz(x):{z Z [m} [nz} q% (1 +ny— ki —kaly! ik sz1+k2}xn1+nz

|
k1=0ky=0 ki q k2 q [”l1+n2]q-
ny ny
n np| k-1 ki+k
- Z Z {kl {k} q °* anl*khnz*kle 2.
k=0k=0 11 g LR21 4

Theorem 2.2 (Recurrence Relations): The following recurrence relations for the

univariate q-multiple Appell polynomials holds true:

o & [m] [n2
Pm—i—l,nz(x) = Z Z |:k ] L{ ] anlfkl,nszzpkhkz(x)
k1 =0k, =0 L"1 2

+x Z Z [k } [k } (qnl_kl — 1) Oy —ky— 1,y Py s (X)
=0k,=0 1 2

+xPy, 1, (%), (2.9
R P
Py nyt1(x Z Z { } { } Bn M= kz]P)kl,kz( x)
k1=0ky= q q
+xq" Py, p, (x). (2.10)

where the double sequence @, ,, 1S given as

Dy Ag(t1,12) z;“r;z
—_ Q (2.11)
Aq(t1,12) n120n220 " g nalg!
and f3,, n, is given as
Dy 1»Aq(t1,12) tl 1y
—= . (2.12)
A (l‘l,l‘z) nlz’onzz’oﬁnl m n2] !

17



. _ Aylgtin)—Ay(t 1)
Proof. Since Dy, A,(t1,12) = - (qfl)th , We can get

Aq(qtl,tz) = (q— 1)I1Dq7,1Aq(I1,l‘2) —f—Aq(t] ,l‘z). (2.13)

On the other hand, it is clear that

Dy Aq(t1,12) O 1y
g— 1)y —EEAEE — (g 1)y Oy — 2
( ) Aq(tutz) ( ) nIZ—OnZZ—O nl’nz[nl]q![nz]q!
=) [eS) tn1+1tn2
=(q—1) S e T
mZ—OnzZ—O " g ]!
=(g—1) [n1] g0, —1,
n12:0n22=:0 e [l’l]]q! [l’lz]q'
o e ()
— —1 o 1
@=D L g e ]
= i i (" —=1)0; 1., '’ (2.14)
n1=0n2:O [nl]q![nZ]CI'

Taking g-derivative with respect to #; of left hand side of (2.1) and using (2.13) and

(2.14), we can easily write that

18



Ag(t1,12)eq(t1x) Eq(12x)
= Dy (Ag(t1,12))eq(t1X) Eq(t2x) +xA4(gt1,12)eq(11%) Eq(t2X)
= Dy, (Aq(t1,12))eq(t1X) Eq(12x)

+x((q = 1)1 Dy, Ag(t1,12) + Ay (t1,12))eq(11x) E4(12x))
_ Dy (Aq(t1,12))

A (fl l‘2) eq{tlx)EQ<t2x)
q 9
Dy (Ay(t1,1
+x(g—1)n an (Aq (1 2))eq(t1x)Eq(t2x)+qu(t1,tz))eq(tlx)Eq(tzx)
Ay(t1,12)
ky
t;’ltgz > 115>
Oy, Py o=
nl% 0 " 2[”1 Jq![n2g! klsz" P2 [kit]g! [ko]g!
ky
'ty > 7'ty
+x )l 1y — Pr sy o2
mz;' 0 "R, ![nz]q!klgzo V2 kg ka2l
[eS) tnltnz
+x P 7 1 2
nl,nz;’o 2 g [na]g!
R O 1) ny ny
=) Z O‘nfknkakk(x)&
ni,ng ky ko= q k2 q S [nl]q![n2]q!
R e
+x (" = 1) O, k=109 —ks Py iy (X
nhnZkl k2 . k2 . ny 1 ny—K3 1,42 [nl]q![nz]q!
+ Z P, ny (%) i (2.15)
X X)———————. .
ni,ny s [nl]q![nZ]q!

By taking g-derivative with respect to ¢; of the right hand side of (2.1) we can get

oo oo l.] ltgz
Dq,ﬁ Z Z ]P)nhnz W

n1=0n,=0
oo =) t’11l lth
Z Z Pnl:"Z nl [}’ll] '[nz]
n1=1n=0
oo =) tnl ltnz
= Py iy (¥) T
L L e
l t
— Y Y Puiin ) (2.16)
n1=0n=0 [n]] [nZ]q

Comparing coeficients of (2.15) and (2.16), we can get (2.9).

The g-derivative with respect to #; of the left hand side of (2.1) is
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Dy, (Ag(t1,12)eq(t1X) E4(t2x))

= Dy, (Ag(t1,12))eq (1) Eq(t2x) +xA4 (11, gt2)eq (1) E4(qt2x)

_ DCIJzAl](tl 7t2)

Aq(t,1)eqs (11 x)E, (thx
Aq(t17t2) Q( )CI< )q( )

+xA4(t1,gt2)eq(t1x)Eq4(gtax)

%) =) oo kl k2
e 't
Baymy =2 Py oy 7o
nIZOnZZO | [nz]q'klz’ V2 kg ko]
+x P x)q"
Z_'onzzo ) [n1]4![n2]!
el o Ny np tnltnz
Z ZZ{ } { } ﬁ"l —ki,ny— kzpkukz( )%
=0nr=0 k; kp q [ I]Q'[HZ]C]'
33 s
+x Py, (x)g" ———F——. 2.17)
n1=0n,=0 e [I’Ll]q![l’lz]q!

The g-derivative of the right hand side of (2.1) with respect to #, is

Dys( L T P it
q’t n 7n T
’ n1=0n,=0 1 2 ] '[I/lz] !

ny np—1
)

N n1Z=0 n22=1 Fonp s ()l U] [naly!

ny np—1
P

I
s
s

=

ni,ny (x)

n1:0n2=1 [nl]Q'[nz_ 1]‘1'

= i i Pnu"z+1( )

1ty
n1:On2=0 [nl [n2]q '

(2.18)

By comparing coeficients of (2.17) and (2.18), we can get (2.10).

Brvnai(x Z Z { }{ :|Bn1 —ky,no— kzpkl,kz( x) +xq"* Py ny (X). (2.19)

=0ky=

Corollary 2.1: By setting ¢ — 1 we can get the following recurrence relations for

univariate multiple Appell polynomials B, »,(x) which is not mentioned in [17].
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Poy 1,0y (X Z Z ( )( )anlku"zk2Pk17k2(x)+XPn1,nz(x)

=0kr=
] 2
n],n2+1 Z Z ( )( )ﬁnl —ky,np— kszl,kz( )+xpn1,l’l2<x)
=0ky=
where the double sequence @, ,, is given as
Dy A(ty,t el 115>
A= X Y ot
A(Z‘l,tz) 71 =01y =0 ni'ny!
and f3,, n, is given as
D, A(t1,1) Z Z B t?ltgz
ny,n .
A(l‘l,l‘g) 11 =071y =0 b2 ny'ny!

21
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Chapter 3

BIVARIATE q-MULTIPLE APPELL POLYNOMIALS

In this chapter, we will use definition of univariate g-multiple Appell polynomials to

define the bivariate g-multiple Appell polynomials and constitute their properties [34].

Definition 3.1: Bivariate g-multiple Appell polynomials which we denoted them by

{Sn ., (x,9)},, 1,0 are defined by the generating relation

1152
Ay(t1,10)eq(t1x)eq(t2y)Eq(t1y) Eq(tox) = Z Z Sny o, (X y 12 3.1
n1=0n=0 ] [ ](]
where A, has a series expansion
1152
(1) = Y Y o, 1 2 (3.2)
n1=0n=0 .I’lz]q.

with A(0,0) = ag 9 # 0.

Remark 3.1: Taking #, = 0 in equation (3.1), bivariate g-multiple Appell polynomials
reduce to bivariate g-Appell polynomials. Example (1.10) and Example (1.12) are

given as examples for bivariate g-Appell polynomials, in Chapter 1.

Theorem 3.1: For all x,y € C, we have the g-analogue of bivariate g-multiple Appell

polynomials as follows

"1 g Z Z [ } l } ar, kz(x+Y)nl+n2 ki—ky (3.3)
q

—0ky—
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Proof. > 1'ty?
L SunEI e
ni,ny=0 llg-1"2]q

= Aq(t1,12)eq(11x)eq(12y) Eq(t1y) Eq4(12X)

tkltkz oo oo tl’lz

12 2 n 2
g, k xX+y)a (X +y)g =
lqzo;czZ ; 2[k1 z—: v [nl]q nzzzlo 7 [nay!

_ oo ni,ny nl n2 )}’ll —‘,—}12 kl k2 t;/[l t£l2
Z Z k k A, kz(x+y —[ ] '[ ] '
n1,m =0k k=0 L*1 21q nijg:|N2)q:

Theorem 3.2 (Equivalence Theorem): Let {Sp ., (x,y)}; ,,—o be a bivariate
g-multiple Appell polynomial. Then the followings are all equivalent

a. {Su, n,(x, y)}:’1 n,—0 18 @ set of bivariate g-multiple Appell polynomials.

b. There exists an Appell sequence {Pp, n, (x)}, ,,—o such that
7“{]71) k1+ko
nl,ng x y Z Z k 2 Pnl—kl,nz—kz('x)y . (34)
=0ky= 2
c. Forevery n; +ny; > 1, we have
Dq,xSnl,nz ()C,y) = [HZ]qu?nzfl(qxuy) + [nl]anI,an (xay) (35)
Dq,ySnl,m (xay) = [nl]anl—l,nz (xa CIY) + [n2]q8n17n2—1 (xay)' (36)

d. There exists a sequence {Py, s, }, ,,_o With ag,o 7 0 such that

Sy, (6,y) = Z Z{ } [J g0 [y + ny — ky = k]!

0k [nl +n2].

X Py, g, (X) DLy (3.7)

Proof. (a) < (b) Since we have Y..” (Yi" ganbx = Yo Yf—on—kbi We can get
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A(t1,12)eq(t1x)eq(12y) Eq(t1y) Eq(t2x)

Hm +k1 nth

11 =012=0k; =0 kr—0 [nl]Q[nZ]Q[kl]Q[lQ]q

na

R ny ny ky(k;=1) ki+k 1"ty
- Z Z Z Z |:k ] |:k } q ° P"l—kl,nz—kz(x)y e [—
0 Igl*21q

3.8
”1]q[”2]q 69

we can obtain (b) by comparing coefficients of (3.1) and (3.8) .

(b) < (c) From the generating function of {S,, »,(x,y)}, , _, we can get

Dy (A1, 12)eq(t1X)eq(12y) Eq(11y) Eq (12x))

= A(t1,12)eq(12y) Eq(11y) (1264 (119x) Eq (12gx) +t1€4(11X) Ey (12))
= 0A(11,12)eq(11x)eq(12) Eq (1Y) Eq(12gx)
+1A(t1,12)eq(11x)eq(12y) Eq(t1y) Eq(t2x)

- 2 Z Z Sn17n2 q'x y +t1 Z Z S}’ll o x y
ny=0n=0

n1=0n,=0 I’l]] '[nz]q!
= [nZ] S n _1(qx,y)—l—[n1] S —1,n <x7y) T
n12=:0n22:0( o . 2 ) [nl]q![nz]q!

[n]‘nz

' (3.9)

and

Dy y(A(t1,12)eq(t1x)eq(12y) Eq (1) E4(12%))

= A(t1,12)eq(11X)Eg(12%) (1164 (129y) Eq(119y) +t2e4(12X) Ey (11X))
= 0A(11,12)eq(t1gx)eq(12y) Eq (1Y) Eq(129%)

+ 1A, 12)eq(11x)eq(12y) Eq(t1y) Eq(t2x)

nltnz ny ny
=1 Z anlnzqu

—|—t2 Z Z Snl’n2 x,y)

n1=0ny=0 [nl] 'I’lz n1=0n,=0 nl] ’[I’Lz]q!

- i i ([nl]qsnl—l-,nz(x7qy)+[nZ]anhnz—l(x’y))[—

n1=0n,=0
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by comparing coefficients of (3.1) by (3.9) and (3.10), we can get (c).

(b) < (d) This is immediately apparent from

ky(k;—1) [nl +ny — kg —kz]
aim={ B 1] ] bt

=0ky,=
ni ny
ni ny ky (k) —1) ki 4k
- Z Z {k} {k} g 7 Pk k()Y
k=0k,=0 L*11 g LR21 4

Theorem 3.3 (Recurrence Relations): Bivariate g-multiple Appell polynomials have

recurrence relations as follows:

o & [m] [n2
Sn1+l,n2(xvy) - Z Z |:k :| |:k anlfkl,nszzgkl,kg('xv)o
ki =0ky=0 LM 1 g LR214

+ 34" Sn; ny (%,¥)

meoom 1 _—
+x Z Z (q - l)anl—kl—l.,nz—szkl,kg(xay)
0

a-ok-0 hilglkelg
1S,y (1,) (3.11)
and
ni ny
Sy ny+1(x,) Z ) { ] { ] By —ky oty Sky iy (£,Y)
=0kr= q

=+ anZSnl 2 (xv)’)

v v M np _
+ Z Z {k 1 |:k 1 (q”z ky _ I)Bnl*klvnszzflgkhkz(X,y)

+YSp, ny (%,) (3.12)

where generating function for @, ,, given as

Dy As(t1h) & 11152
q,1141q ) 12
SCEGTEVE D D A e T (3.13)
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and generating function of f3,, ,, given as

Dq tzA (tl,l‘z t?ltgz
—s = 7 . (3.14)
Aq(t1,12) mzomzoﬁn1 " Imlg!naly!
Proof. The proof is obtained as in the proof of Theorem 2.2. [

Corollary 3.1: As far as we know in the literature, there is no definition for bivariate
usual Appell polynomials yet. By taking ¢ — 1, we can get recurrence relations for

bivariate usual Appell polynomials S, »,(x) as follows

Sn1+l ny xy Z Z ( )( )anlkl,nzkzsklakz(x7y)

=0ky=

+yS”l1>n2('x’y)+XSl’l1,n2(-x7y) (315)

Snl,nz—i-l xy Z Z ( )( )Bm —ky,np— k25k1>k2(x y)

—0ky=

+XSV!17"2(X7)’)+ySn],n2(X,)’)- (316)

where generating function for &, ,, and B, », given as

DiA(h,) v v n'ey’
Akl AV o , (3.17)

A(tl,tz) nIZZ:On;O nl,nznl ny!

D, A(t1,tp N 2
M = Z ﬁnl7n21'_2' (3.18)

A(tl,tz) 11 =01y =0 npny!

respectively and {Sy, », (x,¥) }n, n, is defined via the generating relation
A(tl,tz)e(x+Y)(’1+’2) = Z Z Sy (%,7) = (3.19)
11=071>—=0 ni.np.
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Chapter 4

EXAMPLES OF q-MULTIPLE APPELL POLYNOMIALS

The main purpose of this chapter is to introduce some examples of univariate
g-multiple Appell and bivariate q-multiple Appell polynomials. Let’s consider two

q-Appell polynomial

A1y(tr)eq(t1x) = Z A (x (4.1)
n1=0 ]Q'
and
o @)
Arg(2)Eq(tax) = ) Any (%) 2 4.2)
=0 [”2]4
where
Arg(tr) = Y bk 4k (4.3)
k=0 [ ]q!
and
Arglr) = Y 2hdk (4.4)
k=0 [ ]q!
If we multiply (4.1) and (4.2), we obtain that
A (tl,l‘z)eq(llx)E (l‘zx) Alq(l‘l)eq(tlx)Azq(tz)Eq(tzx)
N PR R RN CO PN
nlz—o : ( )[nl]q'nzz—’o ? ( >[”2]q'
Y A0 (@) )
= An (X)Ay
n12:0n2220 A [n1]q! 2!
o oo tnlth
= Ay L= 4.5)
n12:0n22=:0 ; 2( )[l’ll]q![l’lz]q'
and this shows that
A,y (1) =AY (AP (). (4.6)
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Therefore, using this technique we can produce several g-multiple Appell polynomials
from the known gq-Appell polynomials. In this chapter, we will apply this technique
to give some examples to the g-multiple Appell polynomials and we will call such an
examples as trivial examples. Further we give a non-trivial example which is (4.66).
Our examples include corollaries about the obtained results of the previous chapters.
In some examples further results also given.

4.1 Trivial Examples

4.1.1 g-Multiple Power Polynomials

Definition 4.1: Taking A,(t1,12) = E,(t1)eq4(t2) in (2.1) gives us the following

g-analogue of the generating function for (x -+ 1)™ 7"

17152
E, (t1)eq(t2)eq(t1x)Ey(trx) = M, # 4.7
! ! ! nlenZZO " ”2 nl]q![n2]q!
where explicit form of M, », (x) is
o2 p n ky (k) =1)+ky (kp—1)
My () = 3. 3 H H g T AR (4.8)
ki =0ky=0 L*11 4 L%214
By using g-binomial formula (1.38) and (4.8), we have
My, o, (%) = (x+ 1)(x—|—q)...(x+q”‘+”2_1), Mopo(x) = 1. 4.9

Definition 4.2: g-Analogue of the generating function of (x — 1)"1""2 can be defined

by taking A,(t1,12) = eq(—t1)E4(—12) in (2.1) as

171>
eq(—11)Ey(—t2)eq(t1x)Ey(tax) = Z Z Ny, oy (x 1'—2' (4.10)
ni= 0n2 0 ]‘1'[”2]‘]
where explicit form of Ny, , (x) is
ny  n _ _
ik | 721 ny kylky =Dtkatp =) 4
Mo ()= Y Y (=1) I“M M L (4.11)
1=V K= q q
By using g-binomial formula (1.38) and (4.11), we have
Nuy iy (%) = (x=1)(x—¢)...x—=¢" 1), Noo(x) =1. (4.12)
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Theorem 4.1 (Recurrence Relations): gq-Multiple Power polynomial M, ,,(x)

satisfies the following recurrence relations
Mn1+17n2(x) = (qnl +X)Mn17n2(x)7 (413)
M iy +1(x) = (x¢"™ + 1)Mn17nz (x). 4.14)
Proof. Lets take g-derivative both side of (4.7) with respect to #;

Dy (Eq(tl)eq(IZ)eq(flx)Eq(Qx))

1 Y Y Moyl

n1=0ny=0 nilg: | g! n1=0n=0 ”l]q![’h]q!

I
s
¢
-
AN
=
+
=
=
3
=

11

o =] ny np
Dqll (Z Z Mﬂl,nz >
n

1=071,=0 [nl] noly!

2 My (x

=) Z My, 41,0 (%) (4.16)

n1=0n,=0 [nl]q'[ 2]51‘

by comparing coefficients of (4.16) and (4.18)
My 41,0, (%) = (" +x)My, 0, (%). 4.17)
Lets take g-derivative on both side of (4.7) with respect to 1,

Dy, (Eq(tl)eq(IZ)eq(flx)Eq(Qx))

= xEq(t1)eq(qt2)eq(t1x) Eq(qtax) + Eq(t1)eq(12)eq (1) Eq (12x)

=X Z Z Mm,nz(x)qnzm Z Z M"hnz

n1=0n=0 ”1]4![”2]q!

g M
=) Y (x¢" + )My, (1) 7 (4.18)

ni=0m=0 [n1]g! [m2]y!
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() oo tnltnz
Dy, M, (x)#
" (mZ—OnzZ—O T mg! na]g!

[ [} tilltgz—]
= My iy (%) [n2]g 7=
n12=0n22::1 e K [nl]q![”z]q!
0 oo tnltnz—l
= M, (X)#
n]Z=’OnZZ:’1 e [l’ll]q![l’lz - l]q!
= My, 1 (%) ———=—- 4.19)
nlz—OnQZ—O e [nl]q![nZ]q!
By comparing coefficients (4.18) and (4.19), we get
My ny+1(x) = (x¢"™ + 1) My, n, (%) (4.20)
which is the desired solution.
]

Theorem 4.2 (Recurrence Relations): g-Multiple Power polynomial N, ,,(x)

satisfies the following recurrence relations

Noy 1y (%) = (x = 1)Nyyy iy (%) +x(g"" = )Ny 1, (%), 4.21)

an,anrl(x) = (X— 1)qn2Nn17n2 (.X) —x(qn2 - l)qnz_]an,nzfl(x)' (422)
Proof. By taking q-derivative of e,(—?;) with respect to ¢; gives us
eq(—qt1) = (1= (g—1)tr)eg(—11)

Lets take g-derivative on both side with respect to #;
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Dy (eq(—11)Eq(—12)eq(11x) Eq(12x))
= xeq(—qt)Eq(—12)eq(11x)Eq(12x) — eq(—11)Eq(—12)eq(11x) Eq(12x)
=x(1—(g—1t1)eq(t1)Eq(—t2)eq(t1x) E4(12%)

—ey(—11)Eq(—12)eq(t1x) Ey(t2x)

hd t?lt;2
—x Y N2
nl,nzz—O e [”l]q![”Z]q!
—X (@" = DNy 1,0, (%)
n12:Onzz=:O : ? [nl]q'[nZ]q'
(o) oo tnltnz
- ¥ T Nt
n1=0n22:0 e [}’ll]q'[l’lz]q'
=) Y = DNay (1) =x(g" = DNy 1y (¥) 52 (4.23)
n1=0n=0 [nl]Q’[nZ]q
Dy [ L ¥ Mo 2
x e A
M\ ez " gl naly!
) ) tn]—ltnz
D M DR AP i
nlz—lnzz—o o q[nl]q![n2]q!
=) [eS) t}’ll—]tnz
= N X 1 2
nlz—lnzz—o el )[”1—1] [na]!
= N +1, (x)— 4.24)
n12:0n22=:0 R [l’l]]q![l’lz]q!

By comparing coefficients (4.23) and (4.24), we get
Ny 41, () = (x = 1)Ny, 5, (x) +x(¢" — )Ny — 1, (x).
Taking g-derivative of E,(—t,) with respect to #, gives
E(—n) = (1+(q—1))nE(—qt).

Lets take g-derivative of the left hand side of (4.10) with respect to #,, we get
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Dy, (eq(—t1)Eq(—12)eq(t1X)Eq(t2x))
= —ey(—11)Eq(—qtr)eq(t1x)Ey(gtax) +xeq(—t1)Ey(—12)eq(t1X)E4(qtax)
= _eq(_tl )Eq(_QIZ)eq(tlx)Eq(qu)

+x(1+ (g — D))ia(eg(—11)Eqg(—qta)eq(11x) Eq(q12)

= q"*Npy ny (%)
nlz—OnZZ—O v [nl] '[nZ]Q'
=) oo t’l/lltgz
+x 4" Ny ny (%)
n120n220 e [nl] ’[nz]qv
o oo | tfltgz
+x g (g™ = 1)Npy n, (%)
nlz—OnQZ—O e [I’l]]q![l/lg]q'
Nl 1'h?
=) Y = DNy (1) +x¢" 7 (g = )Ny iy 1 (¥) 72
n1:0n2=0 [nl]CI'[rQ]q
(4.25)
The g-derivative of the right-hand side of (4.10) will be
1) oo I?IISZ
Dy, Noy oy ()
. mZ::OnzZ:O T gt naly!
[=S] [=S] tnltnz 1
= Ny, () [12]4 12
nlz=’OnZZ:1 e [I’ll]q![l’lz]q!
[=] [eS) lj’l]tnz 1
= Z Z anan( L2
n1=0n,=1 [l’l]] [n2_1]
tl ty’
- Z Z Npy 41 (x (4.26)
n1=0n,=0 [ ] [nZ]q

By comparing coefficients (4.25) and (4.26), we get
Ny np+1(x) = ¢ (x = 1)Nyy, ny () —ch"rl(q”2 — )Ny np—1(x), (n1,n2=0,1,2...)

Whence the result. L]

Given two bivariate g-Appell polynomials in the form

Ay(t)eq(t1x)Ey(t1y) = ZA,“ (4.27)

n1=0 ]
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and

(4.28)

Ay(r)eq(tax)Ey(try) = Z Anz ]
ny= =0

We can multiplying both sides of (4.27) and (4.28) to obtain

Aq(t1,12)eq(t1x)eq(12y) Eq (1Y) Eq(12%)

= Aq(11)eq(11x)Eq(t1y)Aq(12)eq(12y) Eq(12%)
oo l‘?l oo

(1 @) () )2
= L, I L O

I’l]ZO

Y A ()4 (5 x
= L XA e 0o g

n1=0n=0

o t11t1212
Z Z A”h”z X,y)

11 =0717—0 (14 ![”2]61!.

(4.29)

Iherefore,
nlﬂz(xay) ( )’) ()’7 ) (4.30)

By applying the above technique we will give 3 trivial examples to bivariate g-multiple
Appell polynomials.

4.1.2 Bivariate q-Multiple Bernoulli Polynomials

In this section, to define bivariate g-multiple Bernoulli polynomials and their features

we will use definitions and properties of higher order gq-Bernoulli polynomials from

o o
[19] and basics of g-calculus. Taking A,(t1,#) in (3.1) as ( dl ) ( (tz 1)

eq(t)—1 eq(tr)—

gives us the following definition.

Definition 4.3: The bivariate g-multiple Bernoulli numbers Bg?)nz,q is defined by

means of the generating function:

L ) 2 tl ty
<€q(f1)—1) (eq(l‘z)—l) Z Z Bm,nzq [nz] K |l| < 2. (431)

n1=0ny=0
(o)

and bivariate q-multiple Bernoulli polynomials By, 5, 4(x,y) in X,y of order « is defined

by using the generating relation below
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) () i

(eq( ) -

I l‘z) —1

oo (o] tnltnz
=Y Y B, (% y) T, i <2 (4.32)
n1:0n2:0 [nl]q[HZ]q

Theorem 4.3: Let {Bmm, (x,y)}° be a bivariate g-multiple Bernoulli

ni,ny= =0

polynomials. Then we have the following:

a. The bivariate g-multiple Bernoulli polynomials can be written as

Bf(z%,q(x,w = %;‘;‘,1, (x,y)%sg,)q (v, x). (4.33)
where
(;ye (1x)Eq(ty) = i B (x,9) (4.34)
e t)—1) 1 1 e T g '

b. For every ny +ny > 1, we have

Dy (B (5.9)) = [1i]BL 1, o (9) + 2] BL, y (axy),  (435)
Dy (B g (5.9)) = (12l BL, 1 o (69) + ] BY |, (ray). (436)

Corollary 4.1: For all x,y € C, the bivariate g-multiple Bernoulli polynomials can be

written explictly as

B(®) _ 3y v (] ] g R 4

n17’l276](x7y) - Z Z k k k17k27q(‘x+y) . ( 37)
ki=0k=0 L*11 g L%21 ¢

where ]B%fC 3{ 4 is given in (4.31).

Corollary 4.2: The bivariate gq-multiple Bernoulli polynomials ]Bg,?,)nm(x, y) can be

represented in the following two ways:
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BSl(lx7)nZ7q ('x7 y)
_ "Zl f: {nl} {nz} QMB;{“%{ (x, O)yn1+n2—k1—k2
0o ki q ko q 1,k2,q
ny ny ny— ny —ky—
_ Z Z ny| |n2 QMBISXL (O,y)xn1+"2_k1_k2- (4.38)
L L] Lk 1,k2,q
1=0ky= 7=

Corollary 4.3: In special, we get the following formulas by setting x =0 and y =0 in

(4.38), respectively
_nl_ _nz_ (ny —ky)(ng —k; —1) —ki—k
Bnl g ()y Z Z L L q 2 Bl(ﬁiz,qym+n2 1=k (4.39)
=0k=0 L*11gL*214
AAR _l’ll- —I’lz- (ny—kp)(np—ky—1) e
Bl (x,0) = Z Y[ e T B a0
=0ky=0 L*11q %214

Corollary 4.4: By setting x = 1 and y = 1 in (4.38), respectively, we get

& @[] [m] k)b g
B, o(1,5) ZOkZ ol [l d T B, 0), (4.41)
=0 LAl g LX2 14
o & [m] [m] ke k-n
k1=0k2:0 Ltdgl~1¢qg

4.1.3 Bivariate q-Multiple Euler Polynomials
This section holds for define bivariate g-multiple Euler polynomials and their features.

We will use definitions and properties of higher order g-Euler polynomials from [19].

o o
Taking A,(t1,t) in (3.1) as (e (tlz) +1) (e ( lzz) +1) gives us the following definition.
q q

Definition 4.4: The bivariate g-multiple Euler numbers Eg,?%,q is defined by means

of the generating function:

( 2 )a( 2 ) Z ZE ll o’ t| <2m, (4.43)
eq(t) +1 eq(n) +1) =02 ! ol b
()

and bivariate g-multiple Euler polynomials Ej;, 5, 4(x,y) in X,y of order « is defined by

using the generating function below
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nlvnzvq(x’y)m> 1| <2r. (4.44)

Theorem 4.4: Let {E,(ﬁ,)nm (X, %)} n,—o be a bivariate g-multiple Euler polynomials.

Then the followings are all equivalent

a. The bivariate g-multiple Euler polynomials can be written as

where

(eq(j—i— 1) eq(X)E,(1y) = ¥ &) (x,y)[— (4.46)

b. For every ny +ny > 1, we have

Dy (BN g (5.9)) = [l BL 1, o (69) + Il BL,y (axy),  (447)
Dy (BN g (5.9)) = [l By, 1 o (63) + ] B (ray). (448)

Corollary 4.5: For all x,y € C, we have the bivariate g-multiple Euler polynomials

can be written explicitly as

]E(OC) (X ) _ i f: ni ny E(a) (X+ )n1+n2—k1—k2 (4 49)
ny,np,g\ X,y k k k1,k2,q Yy q ’
ki=0k=0 L*11 g L*21¢4

(a)

where Ekl g

is given in (4.43).

Corollary 4.6: The bivariate g-multiple Euler polynomials Egﬁ)nz,q(x, y) can be

represented in the following two ways:
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ESl(lx7)nZ7q ('x7 y)

ny ny
n n (n—ky)(ny—k;—1) .
e I e e BN
q q

K—0k—0 k1] 4Lk
ny  ny ni ny (np—ko)(ny—ky—1) o

"Lk H H A R (8 (4.50)
k1=0k,=0 1 q 2 q

Corollary 4.7: In special, we get the following formulas by setting x =0 and y =0 in

(4.50), respectively

& &[] [m2] kDo ko) L
El(’l(i)nz/q (O)y) Z Z |: } |: } q 2 El((la}(2,qynl+n2 kl k2, (4.51)
q q

noom (1 —kn) (17 —kn —1)
E’g(lx?an(x, O) Z Z |:n1:| |:n2:| Q%Egﬁl&qﬁxnl +l’l2—k1 —kz' (452)
q q

Corollary 4.8: By setting x = 1 and y = 1 in (4.50), respectively, we get

n n .1 o]
| ) —kn)(ny—kn—1)

n ny (np—kp)(np—ky
ES ) q(1,) Z y g EG0.), (4.53)
om0 Lkilg Lk,

82 ng] [no] ("1*k1)("1*’<1*1)E(a)

Efihy q(x,1) = g T EY(x0). (4.54)

k=00 Lki]4 k2],

4.1.4 Bivariate q-Multiple Bernoulli-Euler Polynomials

o (04
In this section, we will take A,(#1,12) in (3.1) as (eq (;11)_1> (eq (t22)+1> to get bivariate
g-multiple Bernoulli-Euler polynomials which are another example for bivariate g-
multiple Appell polynomials. We will use definitions and properties of higher order
g-Bernoulli polynomials and g-Euler polynomials from [19]. With the definition below

we will approach to main properties and corollaries of these polynomials.

Definition 4.5: The generating function of bivariate g-multiple Bernoulli-Euler

(a)

numbers Ky, 7, 4 18 given as

. ' 2 0t
<eq<t1)_1> <eq(t2)+> Z ZK”I”Z:q[n ]! t| <2m, (4.55)

=0ny=0
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(a)

and bivariate g-multiple Bernoulli-Euler polynomials Kp, , 4(x,y) in x,y of order « is

defined by using the generating relation below

(eq(fl) ) (eq(122)+1) eq(11x)eq(12y) Eq(117) Eq 12%)

(o< oo tnltnz
= ¥ ¥ Kingwy) o2y, il <2m (4.56)
n1=0n,=0 [”l]q-[”Z]q-

Theorem 4.5: Let {Knl n2,q(X,¥) }o ny—0 b€ @ bivariate g-multiple Bernoulli-Euler

polynomials . Then we have the following:

a. The bivariate g-multiple Bernoulli-Euler polynomials can be written as
K3t g (x.3) = By (2.) €14 (7). (4.57)

where %,S‘f‘q) (x,y) and L’E%) (x,y) given as in (4.34) and (4.46), respectively.

b. For every ny +ny > 1, we have

Dy (K hag9)) = K |, (e3) + [l KL, (gy)  (4.58)
Dy (Khihsa(r3)) = [l KL, (e0) + )KL (ay). (459)

Corollary 4.9: For all x,y € C, the bivariate q-multiple Bernoulli-Euler polynomials

can be written explicitly as

K(a) (x ) — nzl nZZ ni n3 K(a) (X+ )nl—i—nz kl k2 (4 60)
ny,ng,g\ X,y k k k1,k2,q y . :
ki=0ky=0 L*11q %214

where K,(;]xacz q is given as in (4.55).

Corollary 4.10: The bivariate q-multiple Bernoulli-Euler polynomials Kzg?,)nz,q(x,y)

can be represented in the following two ways:
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KS’?}”Z q <x7 y)

n.on i —ka V(g —ky —
-3 8 ][] ot oyt
1,42,
q q

Ki=0ke—o LK1 4 LKk2
&2 (] [m] ekl o

"L H H @ K O, (4.61)
k1=0kr,=0 1 q 2 q

Corollary 4.11: In fact, by setting x =0 and y = 0 in (4.61), we obtain the following

formulas, respectively

© v [m ny| (k) —k-1)) L
Kiha0) = 3 1] [12] g9, bk, e
q q

L} (1 —kn) (11 —kn —1)
K’g(lx}ru’q(x, O) Z Z |:n1:| |:n2:| q% K}({(zl%qx}’ll—"nz—kl —kz. (463)
q q

Corollary 4.12: We can get following equalities by setting x =1 and y = 1 in (4.61),

respectively
2 [n ny (np—kp)(np—kp—1)
Khinsg(1,3) = Z Z{ } { } UK L(0.9), (4.64)
=0k q q
! 2 nl n2 (l‘ll*kl)(nlfklfl)
K e )=Y Y [k} {k} g T K, (x00). (4.65)
ki =0ky=0 L*11 ¢ L*21 4

4.2 Non-trivial Examples

In this section we will provide non-trivial example for univariate g-multiple Appell
polynomials.

4.2.1 q-Multiple Hermite Polynomials

In this section we define g-multiple Hermite polynomials as an non-trivial example for

univariate q-multiple Appell polynomials. We further obtain their recurrence relation.

Definition 4.6: The q-multiple Hermite polynomials H,, ,, (x) is defined by following

generating relation
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=) o tnlth
Gy(t1,12)eq(8t1x)Ey(Strx) = Z Z Hmm(&c)% (4.66)
n1=0n,=0 ni]q!no]q!
where G, (t1,t,) has a series expansion
Gq(t17t2) — Z qu(mfl)gmw (4.67)

2m],!!

m=0

Theorem 4.6 (Recurrence Relation): g-multiple Hermite polynomials satisfies the
following recurrence relation
Hipy 41,1, (6x) = 8(gqn1 + n2)Hi, n, (6x)
+8%x(gn1 +n2)(¢" — 1)Hyy -1, (8%)

+ OxHy,, 5, (0x). (4.68)

We will give the proof by applying Theorem 2.2 from univariate g-multiple Appell

polynomials.

1 (Gq(11,2))

Proof. To prove (4.68), first we will try to calculate Da, Gol) Lets calculate the

g-derivative with respect to #; of (¢; + tz)z
Dy, (t1 +f2)Z = [n]q(qﬁ —i—tz)gil. (4.69)
From g-shifted factorial (1.35) we can calculate the following equality

(gt +1)*" T = (gt +12) (g1 + g02) (gt +¢°12) . (qt1 + ¢*"'12)

= (g1 +10)g"" (11 +12)" (4.70)

By using (4.69) and (4.70) it is easy to show that g-derivative of G,(t,t,) with respect

to 71 can be calculated following way
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2m
q

> e 1) em P (f1 +12)
qutl(GQ(tth)) = Z q s ][2m]q!!

m=0
[2m]y(gty +12)2 !
2m] 1!
(gt +12) 2!
2m—2] 11
2m+1
(gt +12),"
[2m] !
(g1 +0)g*" (1 +12)7"
2m], !
> (t1 +1)2"
(a1 “m(m—1) gm 1 12)g"
(qt1 +1) Zq 2], 1!

m=0

— i qu(mfl)(sm

m=0

_ i q—m(m—l)5m

m=0

— i qu(mfl)q72m6m6

m=0

i q—m(m—l)q—2m5m6

m=0

= 8(qt1 +12)Gy(t1,12) (4.71)

and

DCIJl (GCI(tlvt2))

AR 8(qty +1). 4.72)

Taking g-derivative of (4.66) on the right hand side with respect to #; we will get
Dy, (Gy(t1,12)eq(8xt1) Eq(8xt2))

=Dy, (Gy(t1,12))eq(0xt1)Ey(8xtp) + 0xGy(qt1,t2)eq(xt1)Eq(Sxts)

_ DCIJlGCI(tlaQ)
Gy(th,12)

DC]JlGQ(tlatZ)
Gg(tth)

Gy(t1,12)eq(0xt))Ey(Sxtr)
+0x(g—1)n G,(11,12)e,(8xt))E,(8xt2)

+0xGy(11,12)eq(Sxt1)E,(Oxty)

0o o £
= 6(qgm +m) Hy, iy (82) — 12—
nIZOnZZ’O e [l’l]]q![nz]q!
2gm +m) ¥ ¥ ( (6B
+6°x(gni +no q" —1)H,, —14,(0x
nlenZZO " " [nl]q![”z]q!
Y Hy (69 2
+0x Hy,, 5, (6x (4.73)
nlz—OnZZ—O e [nl]q![HZ]q!

and g-derivative of left hand side of (4.66) is
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) oo t th
Dy, H,, 5x 12
" (nlzomzo ol (14! [n2]!

) (o) t;’ll_ltgz
= Hny iy (6x) [n1]g 777
nlzzll nzz::O B I [I’l]] .[I’lz]q!
o oo M- 1tn2
= Hy, n, (0x) 1 2
nlzztlnzzzo e [nl_l] [ ]q!
= Hp, 41, (8%) — 12— (4.74)
nl—OnZZ—O e [l’ll]q![l’lz]q!
By comparing coefficients of (4.73) and (4.74) we obtain (4.68).
]

Remark 4.1: Taking ¢ — 1 in (4.66), we can get generating function of simple

multiple Hermite polynomials Hy, ,,(8x) as

s [=) ) tl’llti’l2
o3 (H0)*+8(n+n)x _ Z Z Hypyny (83) 1‘2' (4.75)
n1=0n=0 nyna

and simple multiple Hermite polynomials satisfies the following recurrence relation

Hy, 41,0, (6x) = 6(ny +n2)Hy, , (6x) + 6xHy, 4, (6x). (4.76)
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Chapter 5

2-ITERATED q-MULTIPLE APPELL POLYNOMIALS

The polynomial set {%,, »,(x)} is denoted by a single % symbol and %, ,,(x) is
referred to as the (n,n7)" part of % . Let’s consider two polynomial set {%,, n, (x)}

and {7}, n,(x)} from 2(g), such as

np ny nl n2
V)= L 1 U H g (1 )2 (5.1
ki =0ky=0 L*11g %214
and
¢ v |m] [
Tl = L H H Viarny (k1K) 5T (52)
ki=0ky=0 L*11q %214

where 2((g) denotes the multiple polynomial family. We can define the g-star operation

with a "%," symbol whose (n1,n,)"™ component is
< v || [m Vi) Jep (%)
(%*7), =Y Y gy (K1, K2) 22 (5.3)
1,12 oo ki ko 20k
1=0kr= q q q 2

If A is a real or complex number, then A% is the polynomial set whose (n,n)"

component is A%, »,(x). Evidently, we have

UA+V =Y+ forall %,V

A 5q V) = (U g AV ) = A(U %4 7).

It’s clear that "x," is not a commutative operation. Let us denote .27 (g) as the subclass
of all univariate q-multiple Appell polynomials. Taking A,(f1,%2) as 1 in (2.1) gives us

identity element of ./ (q) as g-multiple Appell set [ = {x"1 "2},
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In the below theorems we will choose %, 7', % from <7 (q). Therefore we can denote

these polynomials explicitly as

oo (o] l_}’lltnz
Aq(tl,tz)eq(tlx t2x Z Z 02/,11 nz %,
—01,—0 [n1]4![n2]4!
oo 1) tnll.nz
By(t1,02)eq(t1x)Eq(trx) = Y. Y )y (x) 1'2 ‘
n1=0n,=0 ]q.[l’l2]
M2
C,(t1,n)e tlx l‘zx % #
(]( 9 )q( nlzonzzo ny n2 [I’l]]q![nz]q!,
where
=) oo t’l/lltlz/lz
Aqs(t1,) = a
olh12) mZOnzZO " g [naly!
oo oo tilltlz/lz
B,(t1,1n) = b ,
q( , ) nlz—’onzz—o R [”1] ![”2] !
oo oo t;lltgu
Colt1,12) = oy 2
2= B L o ]

Then the proof of the following theorem is straight forward.

Theorem 5.1: Let %,V ,% € </(q), then
i U+ €.d(q)if Ay(0,0)+B,(0,0) £0,
ii. % + 7 belongs to the determining function A,(t1,2) + B, (t1,12),

i, % +(V+9)= (U +7)+D.

Theorem 5.2: If 7,V ,% € </ (q) then the following properties hold:
i UxgV €d(q),
. UxgV =" *;U,
ili. % x4, belongs to the determining A, (t1,12)By(t1,12),
V. Uxq(Vxq¥ )= (U %q V) *q¥Y .

Proof. All properties can easily follow from the following. In fact using (5.3) and the
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fact that univariate g-multiple Appell polynomials have explicit form as

dO& [m np ky (ky—1)
%nl,nz(x) = Z Z {k } {k } q °* anlf/’q,nszgxkl—H(2 (5.4)
ki=0ky=0 L*11 g 121 ¢

we have
=) oo tnl th
X:: Z | 1 ' 2

ziiZHV%Wu )
—k —k _
Ok2 kl k2 . n 1,12 —K2 M [nl]q![nZ]q!

nj Onz Okl q
oo =) n2:| l.;’lltgz
-y Yy Yy iyt ko Vo b (V) 2
n=0ny=0k;=0kr= o[kl]q[b q FERTR R Iy [ o]
) =) tnll tkll_kz
12 12
= o e et Vet o (
n12:0nQZ=’O e [nl]q nz‘l kIZ’OkZZ o [kl [ ]

=Ay(t1,12)By(t1,12)eq (1) Ey(t2x).

The following corollary can be derived from this theorem.

Corollary 5.1: Let % € <7(q). Then there is a set ¥ € .o/ (g) such that

UxqgV =V *xqU =1

and this shows that A(¢;,2,) ! is the generating function of 7.

Corollary 5.2: For any % € </ (gq) we can denote the " € 2/ (q) in Corollary 5.1 as

% ~! since star operation of % and ¥ gives identity element.

Corollary 5.3: We can call the system (.27 (q), *4) a commutative group from Theorem

5.2, Corollary 5.1 and Corollary 5.2.

Corollary 5.4: As an application of Corollary 5.1 we can obtain
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k k[P |12
Yutm — Z Z Hrz[kl}q{kz]qukl’nzb(x)

=0ky=

ny ny ni no
= Ni, sy (%) (5.5)
klz()kzzo [le[kZL bte 9

where M, »,(x) and N, ,,,(x) are defined as in (4.7) and (4.10), respectively.

Definition 5.1 (2-Iterated q-Multiple Appell Polynomials): Let

2(ky=1)
n17n2 Z Z |: :| |: } 2 anl—k17n2—k2xkl+k2 (56)

=0kr=
and
Moo ni| |ny| k-1
Tum)= 2 b [k } Lc ]q R (5.7)
ki=0ky=0 L*11 [*2
be two g-multiple Appell polynomials. 2-iterated q-multiple Appell polynomials are
defined by
2] v v [(m| [
%17”2()() - (02/ *q A//)m,nz - Z Z [k } [k } anl—kl,nz—k2%€17k2(x)' (5.8)
ki=0ky=0 L*11g %214

It can from the proof of the Theorem 5.2 that the generating function of the 2-iterated

g-multiple Appell polynomials is written as

ny .np
'l

Aq(tl,tz)Bq(l‘l,tz)eq(l‘lx tzx Z Z %nhﬂz (5.9

11 =017—0 l]q![”2]q!.

Example 5.1 (2-Iterated q-Multiple Generalized Hermite Polynomials): Taking

A(t1,1) = Eq(outy)eqg(onty) and By(t1,12) e (11X)Eq(tax) = Gy (t1,12)eq(0t1x) E4(812x),

we can define 2-iterated q-multiple generalized Hermite polynomials as follows

1ty

o,

Ey(antr)eq(00t2)Gy(tr,12)eq(0t1x)Ey(Strx) = Z Z S0 (i W
ny= Onz 0 q q

(5.10)

where

o az ni ny ny ny nlfk](nlfklfw nlfkl I’l2*k2
%n; ny (x) = Z Z ki | |k q : ] Q, Hk17k2(5X). (5.11)
k1=0ky=0

46



Proof. By direct calculation and the consideration of (4.66), we can clearly have that

Eq(altl)eq(aztz)Gq(ll , tz)eq(5t1x)Eq(5t2x)

_ i e Z n2 zz i i Hy ,.(6) e
=0 (14! =0 2lq! k =0k, =0 v [k1]q![k2]q!
o ® ny—ky (ny—ky—1) _ _ g
-y Yy Y [’“] [”Z]ql g (50
n1=0n=0k;=0kr=0 ki] Lk [n1]4![n2]4
(5.12)
by comparing (5.10)and (5.12), we can obtain explicit form of %0,‘,'1?122 (x). O

Remark 5.1: By taking lim, ,; 5%%%°(x), we can obtain multiple Hermite

polynomials 35302 (x) as

eg(1‘1+l‘2)2+5(t1+l‘2)x+061[1+0€212 — Z Z 9_(061,062( ) (513)

from [17].
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Theorem 5.3 (Recurrence Relation): 2-iterated g-multiple Appell polynomials

satisfies the following recurrence relations

7 (x)

g,n1+1,ny

o &[] [n2 2]
- Z Z [kl}q{kjqanl—k17n2—k2%7k1,k2(x)

k1=0ky=0

n ny ki kp n k k
1 ny 1 2 —k
1 3 3 ol N B B PR P
K=0k=0n—0i=0 LK1l gLkl 11141 12], T

2]
X Bkl —-h JQ*h%,ll o (x)

+ i f‘, " Byt @ ()
=0 kl k2 n1—K1,M =K% q ki ko
1=0ky= q q

SEEERL ]G] e e

k1=0ky=0 1, I, L*1 l

2]
X Ony—k *1Jl2*k2Bk| -1 *Lkz*lzﬂ{q,ll b (x)

Y Y ] @ - e ()
ki ‘ k2q 1—ki—Lima—ka*% g k1 ko

k1=0kr—0
& & [n] [n2] |, .- 2

+x ), ) [k ] [k ] (g — 1)l3n1—k1—1,nz—kzﬁfq[,;jhkz(x)
ki =0k,=0 LK1 g K214

Fx e () (5.14)
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g @)

q,n1,ny+1
ni ny n] I’l2 [2]
= klz_:() kzZ |:kl:| {k2:| q6n1 —k 7nszz”(yq,kl ko ()C)
4ol ou o nal [ki] [ka _
+ Z DI { ] { ] L} L} (@ = 1)8s 41yt
=0ky=00,1=0L= gLillgql21yg

2]
X Yer—lda—1 '%,ll A (x)

¢ v [m] [m 2]
AR TpY [’ﬂ] [quyn'k""“‘z%,khkz(x)

k1=0ky=0
np ny kl k2 n2 kl k2 ;
2=k _ V(g2 — 1) g
i Z()kzo;lz’{ } {kz} Ll] LJ 4 a Ja
2 1 b q q

2
X Oy —ky my—ky—1 Yy 1 7k2—12—1@{q[,1]1.,12 (x)
— 2
o ZOkZ {kll [kj (" kz_1)qk25"“k1’"Z’krl“z{q[,k]l,kz(x>
2

iy i i ny| [m2 7 —1)gby, el )
k k m—ki,ny—ka=1%g k) k,
ki =0k=0 L"*11g %214

+ anz%[i]l 1 (x)

where the generating functions of 0, 5, By, nys On ., and %, ,, are given as

Dy Aq(th,12) i i o t;“tgz
ni ,n
A (tl’tz n1=0n=0 v 2 -[”2]q!,
DqtlB (tl,l‘z i i B t?lt’;z
ny,n
B (tl’tz) n1=0ny=0 1 2 'nz]‘]!’
D) _ § § s i
ni,n 9
A (t]7t2) n1=0ny=0 l 2 61'[”2](1!
Dq[ZB (t17t2 Z Z y tlfltgz
n1,n .
By(t1,12) iommo 1 Inig!n2lg!

Proof. Taking g-derivative with respect to ¢ on the left side of (5.9), we get
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(5.15)

(5.16)

(5.17)

(5.18)

(5.19)



Dy, (Aq(t1,12)By(t1,12)eq(t1%) Eq(12%))
= Dgs, (Aq(11,12))By (11, 12) €4 (t1%) E4(12x)

+ (Ag(qt1,12) Dy, (By(t1,12) )eq(t1X) Eq(t2x) +xBy (gt ,12)eq(qt1x) Eq(tax)

Dy (Ay(t,t
_ g1 (Ag(11, 2))Aq(t1,tz)Bq(tlgt2)eq(t1‘x)Eq(t2x)
Aq(t,1)

Dy, (Aq(tl,tz)) Dy, (Bq(tl,tz))

— 1)t Agy(t1,12)B, (11, Hx)E,(t
+(q )1 Aq(t17t2) Bq(t17t2) Q( I 2) Q(l Z)eQ( IX) Q( QX)
D,: (B,(t1,t
s Boll0)) 3 11 )8 11, 12)ey (100 E (129
Bq(tl,tz)
Dy (Ay(t1,12)) Dy s, (By(t1,12))
) PTG 20 A (1,12) By (11,12 ) e (11.X) Ey (2
+x(g—1)°4 A1) By(t1,12) q(t1,12)By(t1,12)eq(t1x) Eq(t2x)
D Ag(t, 1
+x(g— 1) ‘1’2 ( (tq(t ))Aq(tl,tz)Bq(tl,t2)eq(t1x)Eq(t2x)
g\'l, 2)
D B,(t1,1
+x(g— 1) ‘f% ( (t‘f(t ))Aq(tl,tz)Bq(tl,tz)eq(tlx)Eq(tzx)
g\'l, 2)

+Aq(t1 , l‘z)B (l‘] , tz)eq(tlx)Eq(tzx)

C Yy oy oy | [ 2 'y’
Z Z ZOkZZ |:k]:| |:k2:| Oﬂn]*kl,nszz%,kl,kz(x)—

n=0ny=0%k; [nl]q[nz]q
o n ny ki ok 1y kl k2 i,
" ZOnZOkZOkZOI ozz [ } {kj {11} {lz} (@ = Dt —tna-te
2 1 2 1=V q q
'ty
[n1]4[n2lq

T Z i i f {nl] [njqﬁnl—kl,nz—kzﬁéﬁl,kz(x)%

n1=0ny=0k;=0ky=

SY Y Y Y if‘, {Z:L[qu[llﬂ [kz] (@ = 1),y 1npts

n=0n—=0k;=0kr—=0 1; I gL,

2]
X B~y kr—15 ’%,ll ) (x)

ky—I 1 h
X (g = 1)Bk1—ll_1-,k2_12”<2{q7ll7lz(x m
oo ) ni nynp
o F Y ][] @ ek w0
=0m,=0k; =0kr= ki, Lk q Y [nl]q[”Z]q
x (¢ 1)ty b gy ()
n;On;Oklz—'Okzz—' [kl kaly HTRTRTR e o]
e
+x oy (6) (5.20)
n120n220 aim ”l]q[”Z]q

and the g-derivative of (5.9)’s right hand side with respect to ¢ is
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oo =) 2] t}llllt;lz
Dy, (Z Y Ay (x W)

n1=0n=0
- - 1
B n12=1 nzzzoﬁfq[’zr}hn2 (X) Vll]q%
- - ni—1,n
N n]Z=1 n;O LQ{(][ZH]I " (X) #ﬁ;]q’
) ZOMZ_ e % (5.21)

Comparing coefficients of (5.20) and (5.21) gives us (5.14).

The proof of (5.15) is done in similar manner. OJ
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