Stochastic Calculus with Applications to Finance

Bubacarr Kandeh

Submitted to the
Institute of Graduate Studies and Research
in partial fulfillment of the requirements for the degree of

Master of Science
in
Applied Mathematics and Computer Science

Eastern Mediterranean University
July 2020
Gazimagusa, North Cyprus



Approval of the Institute of Graduate Studies and Research

Prof. Dr. Ali Hakan Ulusoy
Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of Master
of Science in Applied Mathematics and Computer Science.

Prof. Dr. Nazim Mahmudov
Chair, Department of Mathematics

We certify that we have read this thesis and that in our opinion it is fully adequate in
scope and quality as a thesis for the degree of Master of Science in Applied
Mathematics and Computer Science.

Asst. Prof. Dr. Arran Fernandez Prof. Dr. Aghamirza Bashirov
Co-Supervisor Supervisor

Examining Committee

1. Prof. Dr. Aghamirza Bashirov

2. Asst. Prof. Dr. Arran Fernandez

3. Asst. Prof. Dr. Mustafa Kara

4. Asst. Prof. Dr. Mohammad Momenzadeh

5. Asst. Prof. Dr. Yiicel Tandogdu



ABSTRACT

The two most fundamental aspects of mathematical finance are; portfolio optimization
and portfolio pricing. Portfolio optimization uses concepts from linear algebra and
ordinary multi-variable calculus. On the other hand, portfolio pricing is modelled by
stochastic calculus. In this work we will focus our interest in the development of

stochastic calculus and how it is applied to finance in Portfolio Pricing.

Keywords: Stochastic and Wiener Processes, Ito calculus, Instantaneous Interest rate

models, Continuous time pricing of the European call option, Black Scholes formula.
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Matematiksel finansin en temel iki yonii; portfdy optimizasyonu ve portfdy
fiyatlandirmasidir. ~ Portfoy optimizasyonu, dogrusal cebirden ve siradan ¢ok
degiskenli hesaplardan kavramlari kullanir. Ote yandan, portfoy fiyatlamasi stokastik
hesapla modellenmistir. Bu c¢alismada stokastik analizin gelisimine ve Portfoy

Fiyatlandirmasinda finansmana nasil uygulandigina odaklanacagiz.

Anahtar Kelimeler: Stokastik ve Wiener Siirecleri, Itd hesabi, Anlik Faiz oranlar1
modelleri, Avrupa cagri segceneginin siirekli zaman fiyatlandirmasi, Black Scholes

formiilu.
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Chapter 1

INTRODUCTION

The functions we encounter in ordinary (Newtonian) calculus like Polynomials,
Exponentials, Logarithms, Radicals, etc do not capture the zig-zag motion followed
by the graph modelling the prices of a stock in a stock market. To model and be able
to describe the changes and behaviours of a stock in a stock market, there became a
necessity to extend ordinary calculus to be able to describe the derivatives and
integrals of functions that are continuous but have no slope (not differentiable) at any
point. In this work we have introduced the basic concepts from probability and
measure theory which are needed to build up a stochastic process. This part was
written based on Brzezniak and Zastawniak, Basic Stochastic Processes, with other
references. This is covered in chapter 2 and 3. In chapter 4 we dealt with Stochastic
Calculus and how to use the Itd formula, this chapter was written based on Thomas
Mikosch, Elementary stochastic calculus, with some other reference materials. An
important aspect of stochastic calculus is their differential equations, this has been
taken up in this chapter as well based on Bernt ®ksendal, "Stochastic Differential
Equation with Application in Finance”. Finally at the summit of the thesis, we used
all these tools to model stock-prices, interest rates and pricing the European call
options and the derivations of Black Scholes formula.This is also given in the
differential equation form whose explicit solution is the Black Scholes formula. I

used Karatzas-Shreve, Methods of Mathematical Finance, and several other



references to write this part of the thesis and they are mentioned in the bibliography.



Chapter 2

PRELIMINARIES

To begin with, here are some necessary definitions and concepts to build up to the

subject matter in these thesis.

2.1 Random Experiment
Definition 2.1.1. A mapping that assigns all elements in set D a unique element in C
is a function, this we denote f : D — C. D is the domain and C is co-domain of f . The
subset of C which is mapped to elements in D is the range R which are images of D
under f.
For a function f, the following may happen;

(i) Injective ( one-to-one) if every element in D has a unique image in C.

(i) Surjective (onto) if C = R.

(iii) Bijective if (i) and (ii) are both satisfied.

Remark 2.1.1. Condition (iii) is necessary for f to posses an inverse.

Definition 2.1.2. Assuming D is finite, the number of elements in D is its cardinality
which we denote |D|. Two sets D and C are of equi-cardinal if there is a bijection from
D to C. All finite or sets having a bijection with N (natural numbers) are countable. Sets
having a bijection with R (real numbers), are uncountable they are termed continuum.

Note there are other forms of uncountable sets.



Definition 2.1.3 (Random experiment). Is an experiment where certainty of the
outcomes cannot be predicted: for example we cannot say with certainty that we are
going to have a head as an outcome before tossing a fair coin. An outcome of this
experiment is termed an event. The set where all events are contained is termed the
sample space and we will denote this by ©.
2.1.1 Sigma Fields
Definition 2.1.4 (field). A group ¥y of subsets of ® is termed a field if it fulfils the
conditions below:
(i) g€
(i) D € %y, then D€ € ¥,
(iii) D1,Ds,...,Dy € %o, then .LnJlDi € %o.
i—
From (i) we see that ® € ¥ since @ = @. Also from (ii) and (iii) and De-Morgan
principle .("l]l D; € ¥y. Since an field excludes events generated by infinite unions and
i=

intersections, so it is not enough to describe a complete probability theory. To achieve

this, we need a strong field.

Definition 2.1.5 (c-field). A o-field ¥ is a field with the additional property,

Di,Dy,D3,...€ T = | JDie T.
i=1
We can similarly show that for

D{,Dy,D3,...€e I — ﬂDi eT.
i=1

Given a o-field F, the sets found in F are referred to as ¥ -measurable.

Theorem 2.1.1. An intersection of a group of o-fields of @, is also c-field of ®.



This can be easily shown by verifying the conditions needed for a c-field .

Theorem 2.1.2 (Generated o-field). Let ¥y be an field , the least o-field which

contain ¥ is a generated o-field. We denote it as 6( o).

Note: The existence of () is by construction that is adding infinite unions and

intersections. Define:

G(,{FO) :ﬂfa,

where { 7o, 0 € I}, hence 6( %), is the least o-field containing Fo.

If ® is with a o-field say ¥, the pair (®, ¥ ) is termed measurable space. When O is
countable, we take F = 2©. When @ is uncountable, 2© becomes too large and thus
we have to settle for a smaller o-field , hence F C 2°©.

2.1.2 Measure Space

Definition 2.1.6. A measure ¥ : F — [0,00] on ¥, satisfies;

2. (Countable additivity) Let Dy,D,,Ds3,... is a family of countable and disjoint

F —measurable sets,

Y (O) D;= gﬁ(Di)

i=1

The triple (®, F,9), is termed measure space. Since ® € F so ¥(®) is well defined
and therefore in (®, F ,9), following may happen.
1. %(®) < oo, ¥ is finite,

2. 3(0®) = oo, ¥ is infinite,



3. 9(®) = 1, ¥ is a probability.

Note that P, denotes probability measures. Clearly P is finite, (®, F,P), is termed
probability space. We will be working with this kinds of spaces for the rest of the

thesis.

Definition 2.1.7 (Borel Sets). Consider (®, F,P) where ® = R. Let (; be a group of
the open intervals of R. Then 6((§) generated by ( is termed Borel 6-field on R, and
this we denote as B(R).

All set in B(R) are Borel measurable or simply Borel sets. Since

[}

{b} = (b—%,b—f— 1>m®.

m=1 m

The singleton {b} is Borel, therefore all intervals of R, are Borel. B(R) is a proper
subset of 2R. So not all elements of 2R are Borel. Non Borel sets are very weird and
rare hence they are only of academic interest. So the Borel 6-field contains all sets that
are of probabilistic interest and even more such as the Cantor set. The Vitali sets is an

example of a non Borel set.

Let ® = (0,1), for any (a,b) C ©, define the length of (a,b) as P, This is termed the

Lebesque measure A and it is a probability.

Definition 2.1.8. Given (®, 7 ,P), all sets in ¥ are events, hence an event is any ¥ -

measurable set.



2.2 Conditioning and Independence
Definition 2.2.1. Given (®, F,P), let I', A be events and P(A) >0 . Since /A € F

then we define the probability of I' given A as

P(ICNA)

PTIA) =~

The equation above is termed, the conditional probabilityof I" given A.

Remark 2.2.1. We cannot condition on an event of zero measure.

Theorem 2.2.1. If A € F with P(A) > 0, then Py is a probability measure, where

PA() =P([Y).
Proof is by checking all axioms of measure.

Theorem 2.2.2. Let Ay for k =1,2,3,... form a partition of ® in (®, F,P), that is,

U Ar=0and AyNA; =9, Vk#i. LetT" € F and suppose Vk, P(A;) > 0. Then,
k>1

P(T) = ) P(IA0P(A) 2.1)
k>1

Proof. Consider

Y P(CnAy) =P <U(Fﬂ/\k))

k>1 k>1

:P<m(kglAk>)

=P(I'NO) =P().

This completes the proof. ]



In particular if A € F and 0 < P(A) < 1. Then forany I" € F,
P(I) =P(I'|A)P(A) +P(I'|A°)P(A).
This is an import of the above theorem, since A and A€ form a partition of ®, hence

P(I'A)P(A) =P(I'NA).
Theorem 2.2.3 (Bayes Rule). Let A € F with P(I") > 0, and let A;’s be as in theorem
2.2.2. Fork €N,

P(C|Ax)P(A:)
k§1P(T|Ak) ‘P(A)

P(AT) =

Proof. Notice that

P(T|AL)P(Ar) =P(I'NA),

using the results of theorem 2.2.2,

Y P(TA)P(AL) = P(I).
i1

So Bayes Rule is a consequence of definition 2.2.1 and theorem 2.2.2. [
2.2.1 Independence
Definition 2.2.2. Given (@, F,P), Let D,A € ¥. The events I and A are independent

under P if

P('NA) =P(I)-P(A).

If P(A) > 0, we have P(I'JA) = P(T"). If two events are independent, that does not



necessarily mean they have nothing to do with each other. The solution of

is either P(Z) = 0 or P(Z) = 1. So self independent events are the impossible and the
sure event. Z is not necessarily @ or 0.

2.2.2 Independence of Sigma Fields

Definition 2.2.3. A family I'{,I,I3,...,I', € F, of events are independent if / C
{1,2,3,...,n} and for all I # &, then

P (ﬂ rl-> =[]r@).

icl iel

Definition 2.2.4. Let {I';,i € I} be an arbitrary group of events; these are independent

if for every finite group I';,I';,,...,I7;, of them,

P( N rik> = ] PT).

1<k<n

Definition 2.2.5. Let # and G be o-fields of ®, They are independent if for every

I'e Fand A€ G, I and A are independent.

2.3 Random Variables

Let (®, 7 ,P) be a probability space.

Definition 2.3.1. A mapping Z : ® — R is ¥ -measurable when each D € B(R), the

image of the inverse Z~! (D) is an event in ¥, where

z '(D)={we®:Z(-) e D}.



Definition 2.3.2. A random variable Z is a ¥ -measurable function, where Z : ® — R;

here the domain of Z, is ® and the range is in R.

Definition 2.3.3. Let Z be a random variable, the probability law Pz : B(R) — [0, 1]

of Z for all Borel sets is:

P(A)=P(Z ' (A) =P({w € ®:Z(-) € A})

Remark 2.3.1. In other words the probability law is Pz = PoZ !, which is the
composite of P and Z~!.

We generate (R, B(R),Pz), as follows:

6((—o,2]: z€R) = B(R).

So Pz((—e0,z]) is well defined for every z € R since (—e,z] € B(R), then for z € R,

Pz((—,z]) =P({0 € ©|Z(-) < z}).

This is called the cumulative distribution functions for short CDF, and this we denote

Fz(z) =P({o € B[Z(:) <z}).

Of the 3 types of random variables, singular random variables are only of academic
interest since they have no real applications. In this thesis we will deal only with

discrete and continuous random variables.

10



2.3.1 Discrete and Continuous Random Variables

Definition 2.3.4. A random variable Z is discrete when its domain is countable. in
other words Z assigns values in a countable set almost surely. Pz = P(Z = z), is
termed probability mass function for short PMF of Z and it completely describes its

probability.

Definition 2.3.5. Let ¥ and ¥, be measures defined on (O, B), ¥ is with respect to

¥y, absolutely continuous if for each B € B with ¥ (B) = 0, then O2(B) = 0.

Definition 2.3.6. A random variable Z is continuous if with respect to A (Lebesque),
P is absolutely continuous. In other words, if for each B € B(R) of A(B) = 0, then

P(B) = 0.

Theorem 2.3.1 (Radon Nikodym special case). Let Z be a continuous random
variable, there exist fz : R — [0,00), a non negative measurable function where

VB € B(R) with

Putting B = (—oo,7], in the theorem above

Pz((—o0,2]) =Fz(z) = /fz(z) dz, VzeR.

Here f7(z), is termed the probabilitydensity function for short PDF of Z.

11



2.3.2 Multi-Random Variables
Let Z,Y be random variable’s on ® where the point (X(-),Y(-)) € R?, the Borel o-field

on R?, is

B(R?) = 6((—0,2] x (—o0,y] : 2,y ER).

So for B € B(R?) we have,

Pzy(B) =P{we®: (Z(-),Y(:)) € B}).

This is termed joint probability law of the random variable’s. In particular,

Pzy ((=e0,2] X (=o0)]) = P({o € ©: Z <z} N{Y <y}) = Fzy (2,y)-

This is the joint cumulative distribution function (CDF) of the random variables. In

short-hand we write,

Fzy(z,y) =P(Z <z, Y <y).

When Fzy(z,y), is given, we can find the marginal CDFs, that is Fz(z) and Fy(y) but

the converse is not necessarily true.

Definition 2.3.7. Let 6(Y), 6(Z) be independent c-fields generated by Y, Z, then Y

and Z are independent.

In particular if Y, Z are independent then their joint CDF factors to their individual

CDFs. That is

12



Fzy(z,y) = Fz(2) Fy ().

Definition 2.3.8. Given Y and Z are discrete random variable’s with PMF Py(y,z) on
(@, F,P). We define the conditional PMF as,

Pyz(y,2)

PY|Z(y7Z) :P<Y :y’ZZZ) = PZ(Z)

where Pz(z) > 0.

Definition 2.3.9. Given Y and Z are continuous random variable’s in (®, 7, P), with

joint PDF fy 7(y,z); then conditional PDF of Y given Z is defined as,

frz(y,2)
f2(2)

friz(,2) = where fz(z) > 0.

Hence foranevent D € Y,

PO eviZ=2)= [ frablar= | " () foZY((yZ’f>,
D

where f7(z) > 0, and Ip (indicator function) is

2.3.3 The Gaussian

[1] A Gaussian or normal random variable X, has a distribution of the form

1 b _(x—m)2
Px((a,b]) = / e 22 dx,—oo<a<b< oo,
V2T J,

where m € R and 62 > 0 are parameters, this is denoted by X ~ A(m,6?). A constant

13



random variable X = m, is Gaussian and is a degenerate. A Gaussian random variable
X, belongs to L(®,F,P) space and m, o2 denotes expectation and variance
respectively, that is E[X] = m and var(X) = ¢°.

Theorem 2.3.2. If X,Y are independent and Gaussian with (m;,07), (m2,03)

respectively: then

aX +bY ~ N (amy + bmy,a*6? + b*63),

where a,b € R.

This makes the Gaussian random variable very useful in many applications.

Definition 2.3.10. A family A[(Xy : o € A) of Gaussian random variables is a
Gaussian system provided that any linear combinations of random variables from A’

are themselves Gaussian.

Theorem 2.3.3. Suppose X,Z € L,(®, ¥ ,P), defines a Gaussian system, X and Z are
independent iff cov(X,Z) = 0.

An example of a Gaussian system is, the Wiener process.

2.4 Conditional Expectation

Definition 2.4.1. Given Y and Z are discrete random variables with PMF Pyz(y,z).
Suppose the conditional PMF of Y, Z are,

PY,Z (ya Z)

here P > 0.
Ps(2) where Pz(z)

Py z(ylz) =

We define,

14



E(Y|Z =2z) =) yPyz(v]2),
(€]

This depends on z, so ¥ yPy|z(y,z) is a mapping of z which we may denote ¥(z) and
(€]

therefore
¥(z) =E(Y|Z=2).
Note: W(Z) is a random variable and its termed conditional expectation of Y given Z.
Definition 2.4.2. Let Y, Z be jointly continuous with f7y (z|y). We define,
B(Y[Z=2)= [ 3yzblz)ay

(©]

Remark 2.4.1. Here E(Y|Z) is not a number it is a random variable.

In a more general situation we can show that for a measurable function g with E(|g|) <

E(Y-Y¥(2)g(Z)) =0. (2.2)
When g = 1 we have the law of iterated expectation. From equation (2.2),
E(Yg()) =E(¥()e(-),

so Y —¥(-) and g(-) are uncorrelated. This equation forms the basic idea of conditional
expectation in a general measure space. To prove equation (2.2) recall the Correlation

coefficient

15



cov(Y,Z)
Pyz = .
GzOy

When both Y, Z are of 0 mean, cov(Z,Y) forms an inner product where 6 and Gy
play the role of the norms thus it forms a Hilbert space. Since ¥ —W(Z) and g(Z) are

uncorrelated so they are independent thus orthogonal on the Hilbert space. That is
E[(Y —¥(2))(2)] = 0.

Hence E(Y|Z) is an estimate of ¥ when Z is known and Y — E(Y|Z) is the Error of
estimation and it is uncorrelated with any function of Z. Since Y —W(Z) and g(Z) are
orthogonal on the Hilbert space, this makes E[Y|Z] the “minimum mean-squared error

estimator” in short (MMSE) of Y. Meaning for any measurable function @,
E[(Y —E(Y|2))*] <E[(Y —¥(2)].
We can verify this by expanding the equation
E[(Y —¥(2) +¥(X) - 9(2))’].
If we consider
ot E[(Y -2)%,

this infimum exist since Hilbert spaces are complete so this is the conditional

expectation in general a.s.

16



2.4.1 Conditioning on Event and Sigma Fields
Definition 2.4.3. Given (®, 7,P), let B € ¥ and Z be an integrable random variable

with P(B) > 0. Then

E[Z|B] = ﬁ /A ZdPp.

is conditional expectation of Z given B.

For all events A € 6(Y),

/A E[Z|Y]dP /A ZdP.

Since E[Z|Y], depends only on ¢(Y') and not on the values of Z. So

E[Z|o(Y)] = E[Z]Y].

Definition 2.4.4. Given (®, F,P), let Z be an integrable random variable and # be a
o-field with H C ¥, then the random variable E[Z|#H] is conditional expectation of Z

given H and VA € H,

/A E[Z| 9]dP = /A ZdP.

Remark 2.4.2. Given an event A,
P(A|H) = E[Ix(-)|#].
Theorem 2.4.1 (Law of iterated expectation). Let ¥(Z) = E(Y|Z), then E(¥(Z)) =

17



E(Y).

Proof. From

Consider

Y Pz(2) Y yPy,(vlz) = ) Pz(2) )y Pzy (2, y |

g Y z Y Pz(z

=) yPzy(z,y) = E(Y).

This completes the proof [7] [2].

18



Chapter 3

STOCHASTIC PROCESSES AND BROWNIAN MOTION

3.1 Filtrations and Martingales
Definition 3.1.1. Given (O, F,P), a group {4} of sub-c-fields is a filtration of ¥, if

it satisfies

Fr C Fn0<r<i.

A Filtration { 7, } is complete if each event of zero probability is in y. Since filtrations

are increasing sequences of o-fields, then

UscrcF

r<u r>u

For all u > 0, we denote

F =% and F; = %o.

r<u

Similarly

£ =%

r>u

So {F,} is;
1. Left continuous if ¥, = Ty_.

2. Right continuous if 7, = 7,

19



3. Continuous if F, = 5fy+ =Fi -

The natural filtration for some random process Z, is

Fl=0(Z;0<u<T),

where T' > 0. If Z is F,—measurable for all u > 0, then Z is #,-adapted. Clearly Z is

F,7—adapted.

Definition 3.1.2. The process Z,, u > 0, is termed with respect to the filtration ¥, a
continuous time martingale if

1. E[Z,] < oo, Vu>0,

2. Z1s sz—adapted,

3. E[Z,| %) = Z; i.e Z; is best estimation of Z, knowing 7.

For k=0,1,..., with respect to { 7}, {Zx} is a discrete martingale, if
1. E[Z] < oo,
2. Zy is Fr—adapted,

A constant expectation function, is a remarkable property for martingales. 1.e, for r < u

since E[Z,| F,] = Z,, we obtain

EZ,| =E(E[Z,|%]) =E[Z,],0<r<pu.

20



3.2 Stochastic Processes
Definition 3.2.1. Given (®, 7,P), a group {Z,},>0 of parametrized random variables
is termed stochastic process. For each ® € ® and u € [0,), Z, is a random variable

and Z, (o) is a path.

A process Z,, is a Gaussian if Z,, u € [0,T] forms a Gaussian system. The process Z,

is termed a second order process if E[Zﬁ] < oo, Yuel0,T].

Definition 3.2.2 (Stationary increments). A random process Z, have stationery
increments of wide sense provided for each u, s, where u,u+s € [0, T], we have
1. E[Z,u—O—s - ZY] = 07

2. E[Zyss—Z)? =E[Z,— Xo)*.

Definition 3.2.3 (independent increments). A random process Z have independent
increments, provided we have for each finite number of uy, ...,y € [0,T] satisfying

po < -+ < u. Then Z,, —Z,,...,2Z,, — 2, , become independent random variable’s.

3.3 Brownian Motion and Wiener Process

In 1827, R. Brown watched the development of dust grains as they connect with the
atoms of fluids under a magnifying instrument. This development was weird and
exceptionally unpredictable thus it was named Brownian motion. In 1905 physical
thinking for Brownian motion was given by A. Einstain as a movement of a tiny

molecule dictated by its impact with fluid atoms.

To decide the Brownian path of a molecule, we need full data of the atoms of a given

fluid at some fixed moment, their position, speed, and so on. This is certifiably not
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a deterministic methodology. However, a stochastic method was recommended by N.

Wiener to deal with any motion of Brownian nature.

Definition 3.3.1 (Wiener process). [6] Consider a microscopic particle on a liquid
and let ® be the group of all sample cases leading to unique paths of the particle. Then
its position can be modelled by W,, ,,u > 0, ® € ©, a function of two variables. Since
the particle has continuous paths , one can select ® = C(0,0; R) and presume that the
chosen path ® € ©, leads to W, o = ®,, u > 0. Clearly, different family of paths can
exist at different possibilities. Hence, we may presume a probabilitydistribution Py
on @ is specifically defined and thus P4 (B), manifests the probabilityof the existence
of the particle’s followed path in B C ®. Hence from this the following import cab be
made, there is a ® with a distribution on @, for which the particle’s motion is a random

process W : [0,00) x ® — R.

To further understand the properties of this process, we need a microscopic particle on
a liquid with the conditions:
1. Homogeneous with a fixed viscosity,

2. No outside force interference.

Lemma 3.3.1. Let the random process Z be stationery in wide sense and has
independent increments. If y(u) = E[Z, — Z]*, u € [0,T], is continuous then

y(u) = Au for some constant A > 0.

Proof. Consider

W(u) —y(r) =E[Z,~ Z)* ~E[Z, — 2]’
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7,747, 2 ElZ - 4]
- E[Z,U _Zr]z +E[(Z,u _Zr) (Zr —Z())]

=E[Z,-Z]* > 0.

We have used the fact that Z, — Z, and Z, — Z are independent random variables so

they are uncorrelated thus

El(Z,~ 2,)(Z — 7)) = 0.

Since y(u) is a non-decreasing function; substituting u = r + s we have

Y(r+s) =y(r) +E[Z _Zr]z
=y(r) +E[Z, — Z)?

=y(r) +y(s), y(0) =0.

So a unique continuous and non-decreasing solution for y is a solution of Cauchy’s

functional equation. Therefore y(u) = Au, where A is a constant. O

Thus as a result, for A > 0, we have

EW,~W, > =AMu—r),0<r<u<T.

When A =0, then W, is constant. This is when there is so much cohesion in the liquid’s

molecules that it behaves like a solid. Hence we can always assume A > 0.

Here are the fantastic properties of W

1. As a consequence of condition (i) and (ii) W has stationary increments in the
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wide sense. So we have E(W, — W;) = 0, E(W, — W,)? depends only on |r —s|.

2. W has independent increments, this is because the liquid contains a lot of
molecules and so in different intervals (B,u], (r,0], the particle comes into
contact with different molecules. Hence, increment W, — Wg, W, — Ws are
formed by independent collisions.

3. Wy— Wg is a Gaussian random variable, since W, — Wg, can be considered as
a sum of small increments which are independent and equidistributed. From
lemma (3.3.1), we have E(W, — W) = 0 and E(W, — WB>2 =Mu—B) soW, —
W ~ (0, (1 — B))-

4. W has continuous paths.

5. At u = 0 the position of the particle is selected to be the origin Wy = 0 and
the viscosity of the liquid is such that A = 1. These two are just normalising

conditions.

A process W : [0,00) x ® — R satisfying all the above properties is termed a standard

Wiener process, the existence of such W was given by N. Wiener in 1923.

Theorem 3.3.1 (Wiener). Given Borel G-field of C(0,);R. There is a precise
probability measure Pg, where the coodinate process W, o = 0, ® € C(0,0); R, with

respect to Pp, is a standard Wiener process with probability 1.

The paths of a Wiener process have the following interesting properties:
1. They are not monotone.
2. They are continuous.

3. They are nowhere differentiable.
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4. They have infinite variation even on the smallest possible interandom variableal,

that is across every partitions 6: 0 = 59 < --- < s = S of [0, S]. we have

= 09,

sup Z W0 = Wai_y 0

S 1<i<k

Property 3 and 4, seems to be against the genuine nature of Brownian motion, since
a microscopic particles have limited speed at every instance and goes over a limited
distance for all limited intervals. However the Wiener process is known to be a decent
estimate of the Brownian motion. with respect to its natural filtration, the Wiener

process is martingale and some of its transformations are themselves martingales.

Theorem 3.3.2 ( Levy’s). Suppose {W,},>1 is a stochastic process where W, is
F.-adapted and martingale a.s with respect to %, if [W,W|(u) = u, then {W,},>1 is

Brownian [1] [6] [7].
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Chapter 4

ITo CALCULUS

The failure of ordinary integration methods with regards to the paths described in
Wiener’s theorem, is an import of their nowhere differentiability and their unbounded

variation and hence the need for stochastic calculus with a totally different approach.

4.1 Riemann Integral

Given a function f on [0, T] where it is real-valued and
Om:0=ko<s1 < - <kp_1<kp=T,
a partition of [0,T]: and for k = 1,...,m, define
A = Mk — Mg—1-

An intermediate partition @,, of G, is given by y; where ;1 < yr < g, gives. now
for Riemann integral:

Sm= Y, fO(m—m-1)=Y, fOr)A

1<k<m 1<k<m

Here, S, is an estimate of the area under the curve f, where f takes only non-ve

numbers. Let

mesh(¢,,) = Jnax Ay — 0.

=1,....m

26



ax Ap—0,

j=k,...m

if the limit
S = lim S,
m—soo

exist and S is not dependent on choices of ¢,, and G,,, thus S is termed the Riemann

integral of f in [0, T]. We write

T
S= /O F)dy.

Note: fOT f(u)du is known to exist for f continuous or piecewise continuous.

4.2 Riemann Stieltjes Integral
Consider partitions @, and G, similar to section 4.1, on [0, T]. Given f,h on [0,T] and

are real-valued, fori =1,...,m, define

Arh = h(u) — h(t—1).

Corresponding to 6,, and @,,, we obtain

Sm=3, FOhu)—h(u-1)]= Y fOu)Ah,

1<k<m 1<k<m

which is referred to as Riemann-Stieltjes sum. We can see that when A(V) = v we
have a Riemann sum. Thus weighing f(yx), with Agh, in [ug_1, ] of h, gives The

Riemann-Stieltjes sum.
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As mesh (6,,) — 0, if the limit

S= lim S,

m-—yoo

exist and S is not dependent on choices of G,, and @,,, then with respect to g on [0, T,

S is termed, Riemann-Stieltjes integral of f. i.e

T
S= /0 J(u)dh(u).

If 4 has bounded-variation, that is

sup ) [hue) —h(u—1)| < o,

O 1<k<m

and f is continuous where supremum is across all partitions ¢ of [0,7T], then

fOT f(u)dh(u) is known to exist.

Since the Wiener process W; has an unbounded variation so the above result is not
applicable. Nonetheless, for the existence of fOT f(u)dg(u), it is not necessary for g
to be of bounded variation. Finding relaxed conditions for this existence is an open
question. However, we can state these:

Definition 4.2.1. A function 4 on [0, 7] with

m
sup Y [A(ux) = h(ug—1)]? < oo,
S k=1

for some g > 0, is g—variation bounded. Here 4 is real-valued and supremum is across

every partition ¢ of [0, T].
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So this holds for # when g = 1. If f and g agrees with the conditions below
1. All discontinuities are at different points,
2. For some p,g > 0 and p~! + 4! > 1, they are bounded p,g—variation

respectively.

Hence fOT f(u)dh(u) exists. For a particular interval, a Brownian path W, is of

g—variation with the provision that g > 2, and for ¢ < 2, its unbounded.

Consider a sample path f(u,-), where f is a stochastic process . With respect to the

sample path W,,, we can define

T
/ f(:l'l)dW,Ua
0

provided W), is of g—variation with g < 2.

Given f is differentiable, let f’(u) be bounded then by the mean-value theorem it

follows:

[f () = fOV < Alu—Vv), v <u,

where A > 0, is some constant. So we have

k

k
sup Y () — fluj—1)| SA Y Juj—pjm1| = A <o,
6 j=1 j=1

hence bounded variation holds for f. As and import the following statement also holds

for f on [0,T];
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T
/ f(lu)dW,U7
0

exist for every Brownian sample path W,,.

Since Wiener processes are nowhere differentiable so the above results are not

applicable so the integral

T
/ W, dW,,, (4.1)
0

does not exist. So with respect to a Brownian motion, path-wise integration does not
give a vast group of integrable functions, hence the need for an integral which is not
define based on a path. The mean-square limit approach is used define Ito stochastic

integral.

4.3 Ito Stochastic Integral
Definition 4.3.1. The stochastic process {C(u) Z=0 is simple if it agrees with the
condition below: there exist a partition @, and a family {Z;}}_, of random variables

with

Zy, u=T,
Clu) =

Zy, WE [Ur—1,1K),

where
Om:0=t<n<---<tn—1<t,=T,

here {Z;} is { 7,-adapted and agrees with E[Z}] < e forall k= 1,...,n.
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Let {Wy},{:1 be a Wiener process adapted to its natural filtration
Fu=0(Ws,s <), u>0.

For a simple process C(u) on [0, T], define

T k
/0 C(u)dW, = Z Clux—1) Wy =Wy _,) = Z LN W, 4.2)

1<k<n j=1

is Ito integral. So clearly given simple process C(u), then expression in 4.2 has a

representation of the Riemann-Steiltjes sum.

To generalise the Ito integral, we assume C(¢) agrees with the following additional
conditions:

1. C(u) is Wy-adapted and its a function of Wy,0 < s < u. where W, is Brownian.

T
2. / E[C(u)?]du < oo.
0
Then we can find {C () }, a family of simple processes with
T
/ E[C(u) —C™W)2qu — 0.
0

Now we define

T
7 <C(n)(u)) _ / ) (u)aw,
0

One can prove that this limit of a family of random variable’s exist, which gives the Ito

stochastic integral of C(u), we write this as
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4.3.1 Properties Of Ito Integral
1. The process 1,(C) has continuous paths.
2. 1,(C) is { #,}-measurable and has zero expectation.
3. with respect to {¥,},u € [0,T], the natural Brownian filtration, 1,(C) is

martingale.

T T T
4. / [aCy (u) +bCa ()] dW, :/ aCy (y)qu+/ bCs(u)dW,. Where a,b are
0 0 0

constants which is the linearity of 7,(C).
T T T
5. / C(u)dW, = / C(u)dW, + / C(u)dW,. Linearity on adjacent intervals.
0 0 u
T
6. E[I*(C)] :/ C?(u)du, Isometry property.
0
4.4 Ito Formula

The chain rule from classical calculus is

If I" and A are differentiable functions. In integral form

L(A(u)) —T(A(0)) = /O tT’(A(#))A’(u)d#Z / ' (A(u))dA(u).

0

The Ito formula’s import is, extending the chain rule to stochastic differentials. Given
I'(u,X,), assume the differentials I'(u,X,), T'v(u,X,) and I'yy(u,X,) exist and are

continuous. If W, is Wiener process, then

T T
I(T, W) — T(0,Wp) = / F(u W, )t + / T (a1, W)+
0 0
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1 T
] / Ty (11, W, )W, d W,
0
We know dW,dW,, = du, so we obtain
T T 1 (T
D) =T W0) = [Ty Wddr+ | Tuu)+5 [ Tt W)

In differential form, the Itd formula is
1
dl(p, W) = T, Wy )dp+ Ty (1, Wy ) d Wy, + Ery(‘“a Wy)dp.

Theorem 4.4.1. Given I'(x) is twice differentiable and W; is a Wiener process.

Applying Ito formula

row) - rw) = [ T+ L / (W)

As an import of the theorem above, we can find

t
/ W.dW,.
0

For this choose T'(u) = w2, so that I"(u) = 2u and I’ (u) = 2. Hence by the above

theorem,

t t
Wf—szz/ WZdWZJr/ dz.
) S

Putting s = 0,

t
1
/ W.dW, = —(W? —1).
0 2
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So the integral in (3.1), exist in the Itd sense.

Using integration by parts from ordinary calculus, the Riemann Stieltjes integral yields

/O tA(v)dA(v) = /O tA(v)A’(v)dv = %Az(t).

We have already seen in the Ito integral, we have an additional term %t, which comes

from the quadratic variation of the Wiener process W;.
4.4.1 Ito Process

Definition 4.4.1. Defined the process;

Xo=Xo+ | AW, + [ ol

Here A(s), @(s) are F,-adapted stochastic processes associated to {W,,}. In short-hand

we write this as a stochastic differential equation (SDE).
dX, = Au)dW,, + 0(u)du.
This SDE is sometimes called Ito’s lemma, and it has the following quadratic variation
dXdX, = [Au)dX, + @(u)dp)* = A (u)dp,
thus
2
X.X](0) = | &G

This is nothing but the isometry of the It6 integral I(z). Under normal conditions we

assume
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E [/OTAz(#)du} < oo,

the variance of I(u) is

Var(I(u)) = E[I* ()] — E[I()].

Since I(u) is a martingale, E[/(u)] = 0; hence

T
Var(1() = BP0 = [ 82G0)dn
Let I'(X,,Y,) = X,,,Y, the product rule from It5’s formula is
AT (X, Y,) = YudX, + X,dY, + dX,dY,.

If X, Y, is not a Wiener process and is a function of classical calculus, the cross
quadratic variation dX,dY, becomes zero. So in classical calculus the quadratic

variation dX,dY,, does not appear.

4.4.2 Ito Formula for the Ito Process

Given I'(u, X,,), applying It6 formula to get

1
dr(,“aX,u) = Fu(ll»Xu)dﬂ +Iy (NyX,u)dX,u + EFVV (,U,X,u)qudX,ua
4.3)

1
= D1 X, )t T (11, Xy ) dX 5 Do (0, X,) A% (1),

Substituting the SDE
dXy = Au)dWy + o(u)du,

expression 4.3, becomes
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1
dT(p Xy) = Lt Xpo) e+ Ty (1, X, ) [A () AWy + ()] + 5 Do (X, dX,ud X,

1
= [T+ Q)T + A% ()T ldp+ A(u)TvdW,,

This SDE is the It6 formula for {X,}.
4.4.3 1to Formula for Higher Dimensions

Let
Wt :W1t7W2t7---7Wnt

be a Brownian vector where {Wy,} is Brownian Vk, 1 < k < n. Then W, has the

following quadratic variation.

Consider the case where n = 2:

1 1
X, =Xo+ (P1 dS-I—/ G11(s)dW (s / G12(s)dWa(s).
0 0

i u u
Y,u =Y+ (P2 ds—i—/ 621 dW1 +/ ng(s)sz(s).
0 0 0
These give the following SDEs:

dXy = @1(u)du+ 011 (u)dWi () + o12(u)dWa ().

dYy = @a2(u)dt + 621 (u)dW1 () + 622 (1) dW2 (u).

From these, we obtain the quadratic variations below.
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XX () = /0 " (G31(5) + hals))ds “4.4)
¥, ¥]() = /O " (G31(5) + Bals))ds 4.5)

X, Y| (u) = /Oy(Gll(S)Gﬂ(S) +012(5)022(s))ds 4.6)

For 2 dimensions, let I'(u,X,,,Y,) be such that I', I'y, I't, T'yy, I'yr and T'; exist and

are continuous, then we have;

dr(:uaX,uu Y,u) = F,U (:u7X/Ju Y/J)d:u + (,U7X/Ju Y,u)dX,u +1I; (‘LI,X#, Y/J)dY,U+

1 1
EFW (1, Xy, Vi) dXd X, + Uye (1, Xy, Yy ) dX,dY, + El"ﬂ (1, X, Y,)dY,dY),.

We can now use this formula and the quadratic variations in (3.1), (3.2) and (3.3) with

their SDEs to find a formula for the Itd process in 2 dimensions.

Remark 4.4.1. So in essence the quadratic variation [W,W]|(r) determines if a

stochastic process is Brownian [5] [7] [8].

4.5 Stochastic Differential Equations
Given W, is a Wiener process; A stochastic differential equation (SDE) is an equation

of the form
dX, = oc(,u,Xﬂ)d,u + G(y,Xy)dWH, 4.7

Our goal here is to find a stochastic process X, so that, X, agrees with the SDE in (4.7),

that is

u it
X#:Xo-i-/ Oc(s,Xs)dt-l-/ o(s, Xy)dW,.
0 0
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Here X, is solution to (4.7), where ou(u, X,,),0(u, X,,) € R and X,,(0) = Xo.

4.6 Existence and Uniqueness

Given the SDE
dXy = o(u, Xy)dp + o (u, X, ) dW,

where @(,) : [0,5] x RE = R* and 6(,) : [0, 5] x R¥ — R¥*" are measurable for § > 0,
satisfying:
L [@(r.u)| +|o(ru)| <A(1+ |u]) and |0 = Z[oy;[*.

2. |o(ru) = o(rv)|+|o(ru) —o(rv)| < Tlu—v|.
Where A, Y are constants, while #,v € R*and ¢ € [0, T].

Let Z be an £\ independent random variable with E[|Z|?] < o generated by the
Wiener process Ws(-). Then (4.7), possesses unique and continuous solution X;(-), for

s <t and Xy = Z, where

" u
XH:XO—f—/ (p(r,Xr)d,u-l—/ o(r,X,)dW,,.
0 0

The process X, is ,%- adapted where W,(-);r < s and

E{/pr(ﬂ < oo

4.7 Solutions to Special Cases
Finding a solution to stochastic differential equations depends mostly on the

application of the Itdo formula and our basic knowledge of ordinary differential
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equations. These solutions are sometimes called closed form solution, not all SDEs
have a closed form solution, Here are examples.
4.7.1 Geometric Brownian

This has the following stochastic differential equation;

X; = uX;dt + oX,dB;.
Let X, = f(t,B;), so that

dX;, =df(t,B;) = (fy + %fxx)dt + fvdB;.
By comparison we have
fit 3 fo= i =pf  and
fr=0f = f(t,B;) =™ &0)

From the latter form, we see that f; = ¢/(¢) f and fi, = 6°f, so we have

1,

V() =p 30" = ¥() = (u— 507 +k

so that

f(l‘,B[) _ ecx+(y—%62)t+k’

where £(0,0) = ef = Xj. So we have

X = Xoecxﬁ'“*%cz)’.
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This process is very useful in modelling stock prices since it is a strictly positive
Brownian motion.

4.7.2 Ornstein Uhlenbeck Process

This process is used in the study of the behaviour of certain gasses and it has the

following SDE:
dX; = —oX.dt +odB;.
We have already seen
df (X,e™) = oX,e¥dt + e* dX,
substituting dX; we get
df(X;e™) = oX;e¥dt + e* [—aX,dt + 6dB;| = e* 6dB;.
So by integrating from O to ¢:
X e —Xo=0 /O t e®dB; = X; = Xoe ¥ + /0 [ e 6DdB,.

This process has a variation, termed the mean-reverting Ornstein Uhlenbeck process

whose SDE is:
Xm = (C —X[)dt +GdBt
Here we make the following guess
t
Xi =c+9(z) {Xo +1tc+ / h(s)dBS] :
0
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Differentiating we get

dx, = %(x, — c)dt +D(t)h(r)dB;.
Hence
— V(1) =0(t) = d(t)=¢ and
B(t)h(r) =0 = h(t) = oe',
d(e™ (Xo+71¢)) = (c— Xo)e 'dt = 1=—1,
so we have

t

X;=c+(Xo—cle”’ +/O e*'dB;.
So we see that
E[X;] =c+ (Xo—c)e™,
and since
Var(X,) == E[(X; — E[X,])*),

hence as a result:

Var(X,) = %[1 i
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4.7.3 Numerical Solutions

[3] For SDEs without close form solutions, we can make numerical approximations
for the solution. The method is similarly to that of ordinary differential equations. In
ordinary differential equations we use the finite difference from the Taylor series.
Given [a,b], we can make n equal partitions with a step size h. Then following

approximation can be made: for Z'(x), x € [a,D] :

Z((i+ 1)h) = Z(ih) + hZ' (ih).

This can also be done in two variables.To adapt this method for a SDE, we need to take
a sample Brownian motion or a path, this path can be fixed according to B;. If we have

a fixed path for B; then for

we can make the following approximation:

Z((i+ 1)h) = Z(ih) + hdX (ih)

= Z(ih) + hlu(ih, Z(ih))dt + o(ih, Z(ih)dB(ih)]

From the fixed sample path,

dB(ih) = B((i+ 1)h) — B(ih)dt = h

To get this fixed path, we use the Monte Carlo simulation.

When numerically solving SDEs by hand where the solution is path dependent, the
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tree method can be used. Some SDEs can be transformed into the well known heat
PDE,

09 9%

or  ox%’
In a perfectly insulated infinitely long conductor where at t = 0, the distribution of heat

is known and heat can only travel in the x-axis, after some time ¢

99 _ ¢

or  ox%’

tells us how the distribution of heat will be along the substance. With initial conditions

©(0,x) = O(x). The solution to the above PDE is:

° 1 7()(7.?)2
(p(t,x):/ e % O(s)ds.

o V2Tt

The Black Scholes equation can be further studied using this PDE which is well

understood [1] [3] [9].
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Chapter 5

APPLICATIONS OF ITo CALCULUS IN FINANCE

The modelling of instantaneous interest rates and the pricing of the European call
option are made possible by applying Itdo calculus, since both of these have a
Brownian behaviour and thus can be represented or approximated by a stochastic

process.

5.1 Stock Prices as Stochastic Processes
[8] Given a stock in a stock market, we want to write its price as a stochastic process

at time 7. Let () be the drift term, while A(z) is the stock volatility, so that we obtain
dX, = A(t)dW; + o(t)dt.

Since prices are always non-negative, we need a strictly positive stochastic process. To
satisfy this restriction we use a geometric Brownian process.
5.1.1 Geometric Brownian Process

Let S; be the price for a stock, define an Ito process

t t
1
X,:/ ch,+/ (0 — ~c2)dt,
0 0 2

where Xy = 0, so we have

1
dX; = 6dW, + (o — Ecz)dt.
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So we see that
[dX,)* = odr,
is the quadratic variation. Since ¢ and o are positive constants, we have
X, = oW, + (o — %62)1‘.
Now we can define S; to be
S; = Spet = SpeoWit (=30,

This is called the asset price, W; makes S; random.

Appling the Itd formula to @(X;) = Soe’, we have
1
do(X,) = dS, = ¢'(X,)dX, + Ecp”(X,)[dX,]z.

Substituting dX; and the quadratic variation, we have

1 1
dsS, = Soe™ (cdW, + (0, — Ecz)dt) + 5SoeXfcdet

- GStdW/t + (XStdt - S; (Gd"Vt + adt)

This SDE is very useful in describing the change in price of an asset in the future to
some degree of accuracy since S; is random.

5.1.2 Analysing Two Stocks

[4] Suppose we have two stocks in a market with the following asset prices Sy (u) and

S2(u) such that:
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dS1(u) = o S1(u)dp+ 6181 ()dWi (u) (5.1)

dS> () = 0282 (1) dp+ 6282 (1) [pdW1 (1) + 1/ 1 — pdWa (u)]. (5.2)

Where p € [0, 1] is cov(W;(u),W2(u)). For p=0,1 S>(u) depends only on W (u) or

W, (u) respectively. When W (1) and W, (u) are independent we can define
dWs(u) = pdWi(u) +1/ 1 —p2dWa (u).
So we see that,
dWs(u)dWs (1) = du = W3, Ws](u) = p.

So W3(u) is Brownian as result of Levy’s condition and so we can adapt it to the same

filtration as W; (u) and W, (). Hence from

dS(u) = 0282 (1) dp+ 6282 (1)dWs(u),

we see that the correlation coefficient of W, (u) and W3(u) is not zero, in fact

Wil 0) = p = EWi (s (1] = | = p

So there is a relation between S; (1) and S>(7) so in essence a change in the price of

asset S1(u) will affect the price of asset Sy (u).

5.2 Interest Rate
[5] Suppose we invest some capital say P and after some time ¢ we are paid and added

sum
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P+Pr=P(r+1),

here r is our rate of interest. In banks, r keeps changing with time, we want to know
the instantaneous rate. Let R(s,?) be the rate from s to 7, with the condition 0 < s <.

Then
R; =limR(s,1),
s—t

gives the instantaneous rate of interest. R; is a random process but we also want it to

be an It0 process.
5.2.1 Vasicek’s Model of Interest Rate

Let o, a and T be positive constants, define
dR; = (0. — TR;)dt + 6dW,.
This model has a closed form solution
o 1
R, = Rpe ™ + ;(1 —e ™) +Ge_rt/ e¥dw(s).
0
We will verify this using Ito formula, let
t
Xt = / ettqu - dXt = e_T[dm,
0
where Xy = 0 and define:

o
(t,X;) = Roe ™ + E(l —e )+ ce VX,

Ft (t,X[> = —’CR()e*U + (X/eitt — GeiTtXt,

47



Fv(t7X[) :Ge_Tt,Fvv(t,X[) 0.

Substituting these in

1
dR[ = dr(t,Xt) = F, (t,X[)dt + Fv (t,Xt)dXt + Ervv(t,X[)dX[dX[,

we have
dR, = [—TRpe ™ + e ¥ —ce " X;|dt + ce " dX,
o
= [OC — ’C(R()eiﬂ + ;(1 — eiﬂ) -+ GeiTtXt)]dt + odW;
= (. —TR,)dt + 6dW,.
From

t
X; :/ e"dW, = dX, = e " dW,,
0

it follows E[X;] = 0 and

Var(X,) = [X,X](t) —> Var(X,) = /0 s zit(e%—l).

So that X; ~ N (0, %(e**—1)).
5.2.2 Cox Ingersoll Ross Model

This model has the representation below,

Where o( — R;) is the drift to the mean and 6+/R; is the diffusion which presents the

market volatility. The Cox-Ingersoll-Ross model’s properties,
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1. Is a non-negative interest rate model.

2. Itis a Wiener process with drift.

3. Mean reverting the long term mean.
This model has no close form solution however an approximation using the Monte
Carlo Simulation can generate a numerical solution.
5.2.3 Compound Interest
Suppose we invest 1 dollar in money market with rate r, for f; = %T € [0,T] so that the
instantaneous interest rate is:

. rT " rT
Rr=Ilm|(1+— | =e
n

n—yoo

so for a P dollar investment, we get Pe” T as our total sum after time 7. Now let B be

the money to be invested and B; is the amount after time ¢ then we have.
B; = Boe'" = By =Bje .

So by knowing how much we want to make in a period ¢ for r, we can calculate how
much to invest at 0. This is called the discounted price of the fixed deposit for time O

at time . Whent =0, Sop = e~ "'S;. Since
ds; = aS;dt + ¢S;dW;,
and thus
ds, = Spe" [oudt + cdW,).

This is the Geometric Brownian process and we have already seen in the last part of
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the previous chapter its solution. The Black Scholes equation gives the premium
X =y(u,Sy) [4].
5.3 Portfolio Pricing
In the study of mathematical finance the two most fundamental aspects are portfolio
pricing and portfolio optimization. In optimizing the portfolio, the mathematical
tools used the most is multi-variable calculus, linear field and the Lagrange multipliers
and the most fundamental results is the Karush-Kuhn-Turker (KKT) condition. The
portfolio pricing on the other hand depends almost entirely on the Itd calculus. For
this write up we will focus more on the Portfolio pricing for a European call option
which directly applies the Itd calculus in the continuous time model.
5.3.1 Pricing in Discrete Time
Definition of some terms used in financial markets:
(i) Call option: a stock is a call option when the holder is ready to sell the stock.
(i) Put option: is when a buyer is ready to buy a call option.

(iii) Strike price: is the agreed price to sell the option denoted by k.

Suppose I hold an option in a market and let S; be the asset price where 7 € [0, T] such
that the expiration time for the option is 7. Supposed I enter in a contract with a buyer
of my asset S; with strike price k. In this contract you are not obligated to buy from me
if the market price is less than k and I am oblige selling you the asset at k, even if the
market price is higher than k. For all scenarios, I am at a disadvantage to avoid this, the
contract for the option will involve a premium price sometimes called the option price.
Black Scholes Equation is used for finding the option price for an asset necessitated

the.
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S1(H)

So

Si(T)

Figure 5.1: One Period Binomial Model

For a stock S; with strike price k, the option value denoted by V (¢) is:

V(t) = max{S;(-) —k,0}.

For T the option value is

V(T) = max{Sr(-) —k,0}.

This 1s the only time to exercise in European call options. Here finding the value of V),
gives the option price or premium. So we can use V to Hedge the option. A market
where hedging is always possible is called a complete market but this is not always the
case in most markets around the world.

5.3.2 The Binomial (Cox Loss Rubenstein) Model

Att =0, let Sy stock price. Now toss a fair coin with probabilities P(H) = p and
P(T) = q. Suppose the prices goes up by u when H shows up and decrease with d

when 7" shows up, we illustrate this as in Figure 1.
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Suppose we have a simple market, let Zy be the amount charged for a call option. We
can use some portion of Zy to buy AgSp amount of stock and invest the rest which
is Zp — AopSp in banks at rate r, so that for + = 1, With the no arbitrage condition

0 <d<r+1 < u. We obtain

Z1 = AoS +(F+1)[Z()—A()S()] = 7| = (r+ I)Zo—l—Ao[S] — (V—f—l)S()].

With the no arbitrage condition 0 < d < i+ r < u and let Zg = V hence Z;(-) =V, ()

so we have the following from the binomial model presented in Figure 1.

Vl(H) _ VI(H)

(1) AT {(H—l) "S‘)} (53)
and

vi(T) _ Vi(T)

(1) At {(r—i—l) _S‘)} S

Let p+ ¢ = 1 multiply equation (5.3) with p and (5.4) with g, summing the results to

obtain:

1
pVi(H)+gVi(T)) =Zo+ Ao | —(pS1(H) +4S51(T)) — So | -
L (PVI(H) +GVi(T)) = Zo+ Ao | — = (PS1 (H) + 51(T)) — So

Let choose p and g such that

—— (BS1(H) +481(T)) = So. (5.5)

Hence it follows

= (PVi(H) +qVi(T)).
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from equation (5.5), we have

1 A R n ~
So = = (PuSo+ (1= p)dSo) = 1= [put(1-p)d.

hence,

r+1—d u—r—1

pP= u—d 4= u—d

Since 0 < d < r+1 < u, therefore ¢, p > 0. Thus p, g are probabilitymeasures but they

are not the market probabilities. If we subtract equation (5.3) and (5.4) we have

So §; is a martingale Under p, 4, this means the stock market’s growth is the same
as that of the money market. So we can invest only in the money market which is

risk-free. p, g are called the risk-neutral probabilities.
5.3.3 Two Period Binomial Model

Assuming we have similar conditions as in the one period binomial model.

Assume att =2

Va(+) = max{S>(-) —k,0},

att =1 we buy Aj(-)Si(-) shares and we invest the rest in the money market, so the

53



S2(HH)

)

w

ZIQ’JrO

o/

udSo
72

St
So S>(HT),S>(TH)
%A
S

(T)

Q%

S2(TT)

Figure 5.2: Two Period Binomial Model

wealth equation becomes

Va(-) = A1 ()S1()+ (r+ D [Vi() = A1 (4)S1(4)]-

From the figure below, we get the following equations for each possibility.

Vi(H) = AoS1 (H) + (r+1)[Vo — AoSo].

ViI(T) = AoSi(T)+ (r+1)[Vo — AoSo).
Va(HH) = Ay (H)SHH) + (r+ 1) [Vi (H) — A1S1 (H)).
Vo(HT) = A{(H)SHT) + (r+1)[Vi(H) — Ay S1 (H)].
Vo(TH) = Ay(T)S(TH) + (r+ 1) Vi (T) — AiS1(T)).-

Vo(TT) = Ay (T)S(TT) + (r+ )[Vi(T) — A1S1(T)).

Under p, 4,

Vo(HH) — Vo (HT)

MH) = )~ S, (HT)’

54



and

ViH) = L pVa(HH) + a(HT)) = B [_le] .

For the K-period model with no arbitrage condition under p, g, let Vg be the pay-off of
the option at = K. Then for ®1,...,®wgx we can backtrack Vg — Vg1 —,...,— Vg so
for any 0 < k < K, we have

A((O (D):Vn“‘l(mla"'?mkH)_Vk+1<(1)1,...,(DkT)
b Skr1(o1,... 0k H) = Syg (o1, ,ax T)

L .
Vk<031,-~-7(’3k):H__I[ka+1(0~)ly~--a(DkH>+qVk+1(°~)la--~a(DkT)];
— L By, o)
= EVel(or,. ).

The discounted price under p,§ is a martingale that is,

. Skt b Sk S
(r+1)k+1 (r+1)k " |r+1 (r+ 1)k

5.3.4 Portfolio Wealth Process
Assume # is generated by coin tosses and stochastic  process
{AQ,Al,...,Ak,...,AK,I} is F—adapted. Let {Zl,Zz,...,Zk,...,ZKfl} be the

wealth process which is also # —adapted then we have following wealth equation.
Zii1 = MiSper1 + (r 4+ 1)[Z — MeSi- (5.6)

Theorem 5.3.1. Under p, g, the discounted wealth process (rf—kl)k is a martingale for

each k. That is,
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Zy _ i Zi 1
(r+1)k (r4 1)k |

Proof. We will use equation (5.6).

i Zj11 B AiSkr1 | Zie— NSk
(r_|_1)l+k (r+1>1+k (F+1)k

A Skt Zy — NSy
=N\E

¢ [<r+1)1+k} [(m)k}
. AkSk Zk—AkSk . Zk
C(r+ DR L (kDR (kDR

Since Z; =V}, so we have,

Vi & Viet1
(r+1)k (r+1)kt1]"

This is the discounted portfolio value and its analogue in continuous time is the Black

Scholes formula [4] [7] [8].

5.4 Pricing in Continuous Time
In the last section of Chapter 1 we discussed about conditional expectation, we will

used some of those ideas here.

Given (©, H,P), assume Z > 0 is a random variable with such that VA € # and for P,

P(A) = /AZ(-)dP(-).

If E[Z] =1 then

A

P(©) = /@ Z()dP(-).

A

dP
Here, Z is termed Radon Nikodym derivative and Z = 7P Suppose X is a random
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variable then E[X] = [XZ] so for P{Z > 0} =1,

If X ~A[(0,1) and Z = ¢~ (0+30) \where 0 is a constant, suppose W is a random
variable in P with W = 0 + X, then E[W] = 0 and E[W] = E[WZ] = 0. Let G be

contained in 7 and E[X|G]. Then using partial averaging we have

/A E[X|G]dP — /A XdP.

ForA =0,

/@E[X\g]dP:/@XdP:E[X].

So this makes G an unbiased estimator of X.

Fort,s € [0,T] with s < ¢, from tower property we discussed in conditional expectation,

we can proof Z being a martingale that is
E[Z,|H]|=Z;, and E[Z|H]|=127,

and this is the Radon Nikodym process.

Lemma 5.4.1. Given W (-) is #;-measurable an 0 <7 < T we have

Proof. Consider
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EW(-)] =EW(-)Z] = E[E[W () Z|74]]
=E[W()E[Z|7]]

=EW()Z],VH C F

Lemma 5.4.2. Let rand ¢ be such that 0 < r <t < T letY be ¥;-measurable random

variable then

[Y (-)]74] = - E[Y ()Z|4].

Proof. Consider

/mﬂﬂﬂwﬁz/ﬂyﬁNAe%
A A

So we need to show that

Since
7BV ()Z(1)| #4aP,

is H,-measurable so

/A ZlSE[Y(.)ztu[s]dﬁ: /@ IAZisE[Y()Z,Ws]df’,
B [zAzisE[Y«)z[m] ,

= E[IAE[Y (-)Z|#]].
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Where I, is #H;-measurable and an unbiased estimator, so
E[E[LY (1)Z|H)] = E[IaY (-) Z| 7).
By Lemma (5.4.1)

E[L1Y (-)Zi|] = E[l,Y ()Z] = ElAY ()] = /AY(')dP-

Theorem 5.4.1 (Girsanov). Given (®, F,P), suppose W, is a Brownian and ¥, be

associated with it. Assume 0(-) is adapted to 7, define:

z=exp{ - [ 0w, ["e*iaul,

and

Assuming

E {/Oyez(u)du} < oo,

where 0 < u < T, set Z=Z(T). Then E[Z] = 1 and if P is the new probability measure
given by Z then under P, WH is Brownian.
We will prove this, using Levy’s condition.
Proof. Wu must meet the conditions below:
1. W(0) =0,

2. [W,, W,] = u quadratic variation,
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3. Under P, Wy 1s a martingale.

From the definition of Wu we see that (i) and (ii) are trivial. For (iii), first we need to

prove the martingale property of Z,. Lets define,

u 1 [ 1
X, = —/O G(V)dWV—E/O 0°(V)dv = dX, = —9(#)de—§92(u)du

so that
dX* () = 6% (u) Dy
Let A(x) = " then A'(x) = A”(x) = A(x) = €*, using It6 formula to get
dzZ, = dA(X,) = N (X,)dX, + %A” (X,)dx;.

Hence

1 1
dz, = [0 (u)dW, — Eﬂz(y)dt] + 592 (u)DyeXs

= —Z,0(u)dW,,.
Hence it follows
u
0
Z,, 1s a martingale since it has an Ito representation. Hence
E[Z(-)] =E[Zr] = E[Z(0)] = 1,

and
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2y =E[Zr| 7] = E[Z()| T,

So Z,, is a Radon Nikodym process. Now we will show the martingale property for

Wz}
d(WuZ,) = WuZ,+ Z(t)dW, +dW,Z,
= —W,Z,8()dW,, + Z, [dW,, + 0(u)du] — 8 (u)Z (u)du
= —W,Z,0(t)dW, + Z,dW,
= [1 - W,8(u)]Z(u)dW,,.
So we have

n y ~
0

So this is an Ito integral, hence {WyZH} is a martingale. Now we need to show that

with respect to Fy, for0<v <u<T, {W,,} is a martingale .

PRI | A
EW| ] = 2 EWuZul ),

by Lemma (5.4.2),
1 . A
= Z_VWVZV =W,
hence under P, Wy 1s a martingale, thus levy’s condition is meet. 0

This is all true in the Almost surely sense. W; is used for pricing in continuous time.
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5.4.1 Risk-Neutral Pricing.
Given (O, F,P), let {W;}, be a Wiener process for u € [0,7] and {4} is a filtration

associated with {W,,}. Recall the following SDE
dS, = ot)S,dt +o(t)S.dW,,

where a(7) and 6(7) denotes stock mean return and volatility respectively. This has the

following solution

sp=svexp [ oo~ [ [ato)- o]}

Assume {R, } is the stochastic process denoting the rate of interest adapted to { ﬂ}T

t=0"

The discounted process {D, } is define as:

_— [“Rydv
D,=e Jo Rvadv.

Let A(v) = e~ then we have A’(v) = —e~ ¥ and A”(v) = A(Vv). Now let

So that
dl(u) = Rydy = dD, = —D,R,du.

Appling the product rule

d(D,S,) = DudS, + SudDy + dR,dS,,

= D, Sulo(u) — Ryldu+ o(u)DySudW,,.
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Set

so that
d(DySy) = (1) DyuSu[8(u)du~+dW,],
= 6(u)DySudW,,.
Hence

y "
0

So under P, D,S,, is martingale. Here

is the risk-price.

dS; = a(t)S,d|mu+ o(u)S.dW,,
= [0(u)o (1) + RuSpdp + (1) Sud W,
= RuSudu+ 0 (u)Su[8(u)du+dW,],

= RuSudu+o(u)SdW,,.

This is the risk-neutral SDE for §,,.
5.4.2 Pricing the European Call Option
Let {SH}ZZO be the stock price for call option so at u = 0 we have a contract so that we

can sell shares of S, at some price k, hence the option value is;
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X, = max{S, —k,0},

and X, = V(u), Xo = V(0). Recall the portfolio wealth equation:

dX, = A(u)dS,+ Ry [Xy — A(u)Sy]du.

Substituting the Geometric Brownian, to get:

dX, = A(t)[a(t)Sudt +o(1)S,dW,| + Ru[ X, — A(2)S,]dt

= A(1)S,0(t)dW, + R, X,dt.

By Ito product rule we have

d(D,X,) = DydX, + X,dD,, + dD,dX,,, (5.7)

since Dy, is not Brownian so dD,dX,, = 0. Substituting dX,, in (5.7) gives,

d(DuX,0) = D\ () [[0() St + (1) Sud W] +
Ru[X, — S,|du] — DR, X, dyu
= DuA(u) [A(1)d Sy — RuSudy]
= DuA(u)[A(u)[ou(u) Sudu + (1) SudW,] — RuSydp]
= DA W) [Sulou(u) — Ry|dp+ () Sud W]
= DyA(u)[0(1)0(u) Sudp + 6 (1) Sud W]

= A(u)D,6 (1) S, dW,.

Hence

64



y n
0

So under P:
1. D,X, is martingale,
2. The Black Scholes is a continuous time model for pricing European call-options
(4] [S].
5.4.3 Black Scholes

Let T be the expiration time so that the option value at 7" is
V(T) = max{Sr —k,0},

is a F,-measurable random variable and at g = O we have the stating price V (uo) =
V(0). Suppose we have a market with the following conditions:

1. The market has only one stock with a money market (Bank or Bond)

2. Complete market (always possible to hedge option)

3. Free Arbitrage (Same price for same stock in different markets)

4. Risk-neutral pricing (does not matter weather you invest in stock or bond)

This is called a simple market.

The following gives the discounted price:
D,V () = BV (T)Dr | 7).

so that
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—E[v(r)e b B,

This is a risk-neutral pricing. Suppose the money market has an interest rate R, =
r = D, = e " and the stock volatility G, is constant. Then the risk-neutral SDE

becomes,
dS,, = rSudu+ 6S,dW,.
Define V (1) = Y(u, S,), then it follows

Y(ut,S,) = Ble™ T max{St — k,0}| %,.

. 1

S, = Soexp{oW, + (r — Ecsz)y}. (5.8)
3 1,

St = Soexp{coWr + (r— © )T} (5.9)

Dividing equation (5.9) by (5.8), gives

$1 = Suexp{o(Wr W)+ (r— 36%)(T — )},

Wr—W,

Letk:T—,u, and@zT

, so that Wy — VAVy ~ N (0,A) and therefore ® ~ A[(0,1).

So we have,
1
St = Syexp{—G\/X®+ (r— 5(52)%}.

This is independent of 7, since A is beyond u, hence

Y(u,2) = E | e ™ max{xexp[—oVAO + (r— %Gz)k] —k,0} %,
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\/2_/ " max{zexp|—6VA® + (r — %GZ)M — k,O}e*%esz.
oI

We need

Y(2) >0 —> zexp|—ovVAO+ (r— %cz)k] >k,

( JELVCE (r—EG R 6<F{ln<z>+(r—562)k}.

Let

o_(h,z) = ﬁ [zn @ +(r— %cz)x} ,

so that 6 < @_ (A, z) so this gives,

1A 1, 12
W)= = [ e exp{-ova@+ (= 50} —Ke ¥ ae,

— = / - ex [—192—(5\/7_»@—1—1027&]&9
N P72 2 ’

o0

N —1g2
- e ke 27 d0,
V2T J

) exp {—%(9 + 0)2] dy — e "MkD(p_(),2)).

“uml

Let y=0-+06VA, then Y < ¢, (A,z), where
¢+ (h2) = ¢ (h2)+ oV

So we have

z (p-‘r(T’X) 1.2 —r?»
us) = 2 / e dy — ke (- (1.2)),

= 20(0+(A,2)) —ke " D(0-(A,2)).
Replacing z with S, we have
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¥ 2) = Su@(9+ (A, Sy)) — ke P9 (1, Sy). (5.10)
Since A =T — u, (5.10) becomes
V(1,2) = Su®@(@+ (T — 1, 8y)) —ke "M (@ (T — 1, 5,)).
This pricing formula is termed the Black Scholes.
Putting u = 0 then (0, So) = V, where Sy is the initial stock price, hence
Vo = So®(9+(T,S0)) — ke ™" @(¢—(T,50)).
This gives the option price Vy (or premium) for the stock.

To find A(u) we use the representation theorem which says.

Assume {Wu},f:o is Wiener process and { ,‘FN}Z:O be a filtration. If {M (u) }ZZO is an %,

-adapted Brownian and its a martingale then, there exist I'(v) an #,-adapted process

with
t
M(u) =M(0) +/ L'(v)dw,.
0
In essence every martingale can be represented as an Ito integral. We know
DV (1) = E[DuV(T)| %,

is a martingale so it must have an It0 integral.
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M "
D,V (u) =V (0) +/ L'(v)dWy (5.11)
0
Since X,, =V (u) and Xo = V(0), hence
H ~
DX, =Xo+ / A(V)S(V)SydWh, (5.12)
0

and thus by comparing equation 5.11 and 5.12, we obtain

So this gives the delta for the hedging.

5.5 Black Scholes Stochastic Differential Equation

Let a portfolio in a market have the expiration time 7. Then

Y(T,St) = max{St — k,0},

gives option value. For u = 0, the option price is y(0,Sp), to avoid losses, the holder’s
option price must match the option’s Expiry value X7 = y(T,S7). Suppose we have a
simple market. At u= 0, the option price is Xo = y(0,So) we can use this money to buy
more stock and invest the rest in banks with rate . Continue this process such that at
time 7 we have X7 = y(T,St). X7 is the option price (premium) while y(7,S7) is the
portfolio value. This process is called hedging the option, where ever this is possible
its risk free but in world markets this is not always the case. What is guaranteed is that,
in the money markets investment will always generate interest. Examples of this are

fixed deposits and bonds.

69



5.5.1 Black Scholes derivation
Suppose A(u) is the amount of stock held at u then A(u)S,, is the total worth of the
stock. Invest X,, — A(u)S, in money market with interest rate r to get r(X, — A(u)S,)

amount. Then the wealth equation is

X, = A(p)Sy+r(Xy — Aw)S,),

and therefore

dX, = A(u)dS,+r(X, — A(u)Su)du.

Substituting

dS, = aS,du + 6S,dW,,

we have

dX, = A(u)[oS;du+ S, dW,|du+r(X, — A(u)Su)du

= [rXy+ (= r)A(p)Suldpu~+ OA(u) SudW,.

Consider I'(u,Y) = e~™Y. Then I'y, = 0, applying Ito formula gives

dU(w,Y) = (e"™Y)' = Tu(,Y)du+Ty(u, Y )dY,

substituting S, for Y, yields

(e7™Sy) = —re S, du+ e "dS, = —re”"S, du+e " [aS,du+ 6S,dW,)],

= (o—r)e "M, du+ce S, dW,,.
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Similarly
dl'(u, X)) = d(e” "X,) = —re” "X, du+e ""dX,,
we can now substitute
dXy = [rXy+ (00— r)A(u)Suldu + oA (1) Sud Wy,

to get

dXy = —re” " Xydu+ e M [rXudp+ (00— r)A(u) Sudp + A (1) Sud W],
= e "M[(a—r)A)Sudu+ oA (u)SudW,],
=Au)[(o—r)e ™S, du+ce ™S, dW,],

— Alp)d(e™S,).

The above gives the evolution of our portfolio value X,,. Now we need the evolution of

the option-value (or premium) y(u,S,). let y(u,S,) — Y(u,z) in continuous time.

Apply It6 formula on y(u, S,), we have

1
d’Y(;UvSu) = [Yy(ﬂa S,u) + OCS,u'YV (y, S,u) + EGZSZ'YW (,Ua S,U)]d:u‘l’ GS,u'YV (;Ua Su)qu-

Consider I'(u,Z) = e ™MZ, so that I';;(u,Z) = 0, hence

d<e_r'u’Y(‘u7Su)) = df(’Y(,Ll, SH)) = F#(Y(H7SN))dH+FZ(Y(“7 Sﬂ))dY(y7S#)7

= —re” "My(u, Sy)dp+ e~ M dy(u, Sy).-

So we have,
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_ - 1
d(e™ ™ (u,S,)) = e " [[Cult,S,) + 0S,Cu(t, Sy) + EGZSszx(t,SH)]dt,
+ GSuYz(H7Sy)de] - reirt'Y(lJv S,U)dt»
_ 1
= e " [—ry(u, Sy) + Cult,Sp) + S, Cu(t,S,) + EGZSszx(t,Sy)]dt,

+6S,Cilt,S,)dW,).
Now we need
d(e_”Xu) =d(e "y(u, Su))s
where Xy = C(0,Sp) and X7 = y(T,S7) = max{St —k,0}.

A(e™X,) = € A() (00— ) S + 0 A S, AW (.13)

. . 1
d(e "My(u,Su)) = e H[=ry(p, Sy) +Vutt, Sp) + S (1, Sy) + EGZSZ'YZZ(%SH)]CZ/J

+oe S,y (u, Su)dW,.  (5.14)
Comparing the coefficients of dW,, in (5.13) and (5.14) to get

A(u) = ¥:(u,Sp), Vi € [0,T].

This gives a formula for the hedging and ;(u,Sy), is the delta of the option, since it

helps us calculate how much stock to buy given we know the option price S,.

Equating the coefficients of dyu,

1
Au) (o0 —r)Sy = —y(u, Sp) 7+ Yu (1, Sp) + 0S¥ (pt, Sy) + EGZSZ'Yzz(MaSu)-
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Rearranging and substituting the delta of the hedging, gives

1
Y(,U: S,U)” = 'Y,U(.Ua S,U) +YZ(IJ= S,u)S,u + EGZS;ZJYZZ(M S,u) Vu e [Oa T]—

In continuous time u we need Y(u,z), which satisfies the PDE

1
V(s ) = Yult,2) +7:(1,2) S+ 5 0S8 (1,2)- (5.15)

Where z > 0 and Vu € [0, T], under the terminal condition

Xr =7Y(T,z) = max{z—k,0},

where z = S7. The equation in (5.15) is called the Black Scholes equation. This SDE
has no closed form solution so to approximate its solution, we can perform a Monte

Carlo simulation. However, we have already seen an explicit solution for (5.15), i.e

Y(, Sp) = Su®@(@4 (T — 1, Sy)) — ke "I D(Q_(T — 1, Sy)),

and for this, a Nobel price was won in economics [4] [8].
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