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ABSTRACT

We investigate the effect of Noncommutative Quantum Mechanics for a particle in
Earth’s gravity using the Hamiltonian in two dimensions. We solve the Schrodinger
equation in detail, we then split the Schrodinger equation into x component and y
component. For y component, we further solve the equation and obtain a Simple
Harmonic Oscillator (SHO) equation. For x component, we come across an imaginary
term that makes it a complex equation, after we solve it, we obtain a SHO equation
again. The two equations for components of x and y are solved independently, and we
obtain their energy levels, normalized stationary states with Hermite polynomials. A
perturbation term appears due to noncommutativity in the Schrodinger equation which
we dealt with subsequently. Our results contain corrections of which the most
important here are the energy levels. Finally, we are able to combine energy levels

from both components of x and y, normalized stationary states as our full solutions.

Keywords: Quantum Mechanics, Noncommutativity, Schrddinger equation,

Hamiltonian, Harmonic Oscillator, energy levels.



Oz

Iki boyutlu Hamiltonian’1 kullanarak diinyanin yergekimindeki bir pargacigin
Noncommutative Kuantum Mekanik ¢er¢evesinde arastirdik. iki boyutlu Schrédinger
denkleminin ¢dzebilmek icin bilesenlerine ayirdik. Bilesenler birbirinden ayri bir
sekilde c¢oziilebilmektedir. y bileseni bilinen harmonik osilatér denklemine
dontstirken, x bileseninin denklemi kompleks olup, sanal kism1 yine harmonik osilator
denklemine doniismektedir. Iki bilesenlerinin denklemlerinin birbirinden bagimiz
coziilerek sitemin kuantum enerji durumlarini hesapladik. Normalize edilmis dalga
denklemleri Hermit polinom ¢dzlimlerini icermektedir. Elde ettigimiz Schrodinger
denkleminin ¢6ziimleri noncommutative a¢isal momentum operatoriinii igeren kismini
pertiirbasyon olarak ele alarak, enerji seviyelerine diizeltmeler hesaplanmaktadir.
Enerji ve birlesenlerden olusan normalize dalga fonksyonlar1 ¢oziimlerini birlestirerek

tek ¢ozum haline donlsmektedir.

Anahtar Kelimeler: Kuantum Mekanik, Noncommutative Kuantum Mekanigi,

Schrédinger denklemi, Hamiltonian, Harmonik Osilatdr, enerji seviyeleri
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Chapter 1

INTRODUCTION

Physics has always been around us since before scientific discoveries. However, in
Physics, QM is one of the most successful theories that transformed from “old
Quantum theory”, i.e., the early attempt to understand microscopic phenomena, to a
fully developed QM in the early 1900s. QM is a fundamental theory that describes the

physical properties of nature on a very small scale.

Lately, there has been growing interest in the study of noncommutativity in spacetime
(Minkowski spacetime) in Physics. This is due to the study of string theory in Physics
[See ref 1,2,3,6 and 8]. This kind of research has been conducted thoroughly in

different areas of Physics.

An energy-dependent NC QM has been studied in [14]. A model of dynamical NC
QM was proposed where the NC strengths, that describe properties of the commutation
relations of the coordinates and momenta, respectively, are random functions that
depends on energy. For an arbitrary potential, the Schrédinger equation has been
derived in a two-dimensional system. The equations found reduce the energy with
small limit to the ordinary Quantum mechanical one, whereas the NC effect becomes
important for large energy levels. Three cases were studied here thoroughly, where the
strengths of the noncommutativity are investigated, by an independent energy-scale,

connected to the vacuum Quantum fluctuations, by the energy of the particle, and by



a Quantum operator representation. An assumption was made in this research for a
random power-law, where the NC strengths parameters, and their algebra have energy
dependence. In all the three cases studied here, the Quantum evolutions of free particle
and HO have been analyzed respectively. The general solutions of the NC Schrodinger
equation and the energy levels were both obtained in detail. For the assumption that
noncommutativity to be energy-dependent, it smooths the transition between NC
geometry at the Planck length and ordinary commutative Quantum mechanical
version. The two approaches; NC and commutative versions of QM are unified. NC

effect made corrections in all the results obtained here.

In [10], a Quantum Mechanical system has been studied in a central potential, results
show the differences in NC QM and equivalent commutative case. Hamiltonian was
used to describe a two-dimensional NC system. The result shows any two-dimensional
NC system in a central potential is equivalent to a commutative system. For a two-
dimensional system, spectroscopy could be a sensible mechanism for detecting NC
corrections in QM [11]. The results obtained reveal that, the connection between the
commutative and NC regimes is so sudden (abrupt), i.e., 8 — 0 is not straight, (8 is

the NC effect parameter).

In [12], the effect of noncommutativity was also studied. This is a Classical mechanics
research, where the laws of motion were investigated in a NC state. Firstly, Poisson
brackets were redefined in a NC Phase space, both coordinates and momenta
components have shown to contain corrections due to noncommutativity. Secondly,
based on the newly defined Poisson brackets, Newton’s second law of motion has been
derived. It shows for a free particle, that the acceleration in commutative space is non

zero in NC phase space (i.e., a free particle in commutative space is not a free particle
2



with zero acceleration in NC phase space) because of the noncommutativity of
momentum, if it is only the coordinate that is NC, it remains free particle with zero
acceleration in NC phase space. The Harmonic oscillator was also studied as another
example here. Due to noncommutativity of momenta and coordinates, a damping force
appears in the result, though it also depends on the presence of the external field. Linear
transformation was also used to solve the equation of motion for the Harmonic
oscillator, same result was obtained which proves the correctness of the modified
second law of motion found from the redefined Poisson brackets. The effect of
noncommutativity was also shown in [9] where the Hamiltonian was considered for
Isotropic charged Harmonic oscillator (ICHO) in Uniform Magnetic field (UMF) in a
NC phase space. ICHO in UMF was solved both in commutative space and NC space,
the results from the two states were compared. The Result from NC phase space
indicates ICHO in UMF is seen as a Landau problem. Corresponding exact energies

and the eigenfunctions were obtained.

Recently, in [19], the effect of NC QM was investigated in three dimensions on the
energy levels of a charged isotropic HO in UMF in the direction of z. The expansion
of this study to three dimensions shows to be non-trivial. All the corrections obtained
here due to noncommutativity have negative signs, which implies that energy levels in
NC state are smaller compared to the commutative ones. Hamiltonian was introduced
for the charged isotropic HO in UMF, the momentum and position were both
transformed, L, has been stated explicitly. The perturbative approach has also been
introduced to solve the Hamiltonian, and to obtain the energy levels. The results
suggest that NC QM can be experimentally studied even in the low energy limit by

employing a strong magnetic field to a three-dimension HO.



While some researches show corrections due to noncommutativity in spacetime, some
show no corrections at all. For example, a case study in [7] shows no corrections due
to the NC effect. A NC multiparticle QM was derived from NC QFT in the
nonrelativistic limit. The result shows opposite charged particles have opposite NC
effects. As such, there exist no corrections in the H-atom spectrum due to

noncommutativity at the tree level.

Research has been carried out in [20] to study QM on NCQ phase space. It is known
that the study of NC QM is hugely motivated by the argument of the string theory. A
general framework has been developed where NC QM described by noncommutativity
matrix parameters for space and momentum turns out to be the same as QM on a
suitable transformed quantum phase space. In the literature, results obtained showed
the effect of noncommutativity only in space sector, however, there are added terms
and corrections due to the NC effect in the momentum sector in quantum phase space
as well. In section 2, a general NC QM has been discussed, a-star deformation on the
Poisson bracket for classical observables was used to define Heisenberg commutation
relation in NC QM. There is an argument that the introduction of a noncommutativity
parameter 6 on the space sector automatically introduces a noncommutativity
parameter 8 on the momentum sector both in quantum phase spaces since they are
linked by the Heisenberg uncertainty relation. A parameter appears in the star-
commutation of space and momenta which was ignored because the interest is only in
the first-order terms of 6 and . It is easier to use transformed quantum variables
instead of quantum variables with star-product. The Jacobian has been stated. It is
deduced that the deformation parameter 6 in the space sector of Quantum phase space

(QPS) has the same magnitude as the deformation parameter £ in the momentum



sector of the same QPS which depends on the physical system being studied. As stated
earlier for noncommutativity parameters, in QPS, the introduction of
noncommutativity on the space-like sector as a perturbation automatically introduces
an equivalent noncommutativity on the momentum-like sector as a perturbation with

opposite sign.

In section 3 of [20], free particle and HO have both been treated. For a free particle,
the investigation of the dynamics of a particle on a NC quantum phase space is similar
to the investigation of the dynamics of this particle that has a charge g on the ordinary
quantum phase space in the influence of magnetic field. An additional term appears in
the results which indicates the effect of noncommutativity on the quantum phase space.
According to this research, a free particle behaves like the HO with a low frequency
which depends on noncommutativity perturbation g on the momentum sector. For the
HO with a charge q, the result shows correction in the Hamiltonian, and the energy
spectrum has some shifts due to the noncommutative effect in both space and
momentum sectors of quantum phase space. A two-particle system has also been
studied as another example here on NC quantum phase space. For a two-particle
system with their respective masses and charges, it has been considered that their
coordinate and momentum operators commute. According to this paper, studying a
two-particle system on NC quantum phase space (QPS) is the same as studying it on
the ordinary QPS in which transformation is performed. Variables of both momentum
and space in the usual quantum phase space obey Heisenberg commutation relations
the same way as in the NC quantum phase space without the star-product. The
variables have been transformed, and they satisfy the Heisenberg commutation

relations in many formats. Also, the Hamiltonian has been transformed in different



formats. The Schrddinger equation in NC quantum phase space is solved using
separation of variables. There exist some corrections in the energy spectrum due to the
noncommutativity effect in the two-particle system as previously shown. The H-atom
is the last example here in [20]. Initially, only the electron was considered in a single-
particle system in an external Coulomb potential for the H-atom. A previously
obtained result in this paper has been used to presume the NC corrections of the
Hamiltonian by transforming the potential (V(x)). Later on, the H-atom has been
considered as a two-particle system i.e., considering both electron and proton as
dynamical particles. Treatment of a two-particle system was shown initially in this
research. However, for a one-particle system, there are corrections both in the Kinetic
and potential terms. For the two-particle system, there exist corrections in the
Hamiltonian. Also, in addition to the shift in the energy levels at tree level for H-atom,
there is an additional term. The corrections and additional terms are due to the effect
of noncommutativity in the momentum sector of NC QM, contrary to the belief in the
literature that, there exists no NC correction at tree level for H-atom. Following a
different approach by this paper, corrections appear in both the Hamiltonian and

energy levels.

The Hydrogen Atom spectrum has been reanalyzed in [4] and the result shows that,
due to NC space, there are corrections in the spectrum. At first, only the electron has
been considered in an external Coulomb field in a one-particle Schrodinger equation,
result shows corrections due to noncommutativity in spacetime. But when proton was
considered as a dynamical particle, i.e., solving for two-body Schrodinger equation,
there exists no change in the spectrum in the NC space, because proton is a composite
particle that has a structure. Proton in NC Hydrogen atom is shown essentially

behaving as a commutative particle.



Another research has been carried out on the Hydrogen Atom spectrum and the Lamb
shift in NC Quantum Electrodynamics in [5]. Here, the Hamiltonian has been used to
describe the H-atom. The Hilbert space was considered and presumed to be the same
as in the commutative system, just as in NC field theory. The effect of
noncommutativity (6) was assumed to be small, after studying the H-atom spectrum,
it shows that due to the NC effect, even at field theory tree level, there exist some

corrections to the Lamb shift transition (2P: — 2S1). The corrections due to the effect
2 2

of noncommutativity created a new direction called polarized Lamb shift and there is

-1 1 1
an open: 2P,* — 2S87. The usual Lamb shift 2P1 — 251 further split to 2P? - 2S:
E E 2 2 E 2

-1

and 2P17 — 251. This means that, the effect of the NC parameter increases the widths

> P
and split the Lamb shift line by a factor proportional to 8 (effect of NC parameter).
Results have been presented on the Classical Coulomb potential on NC QM for H-
atom, and the Lamb shift corrections were obtained using NC QED.
Noncommutativity of spacetime should appear only in a physical system according to

this paper.

Dirac and Klein Gordon Oscillators have been studied in NC space [see 16]. Results
show that Klein Gordon Oscillator in NC space behaves similar to the dynamics of a
particle in commutative space in a constant magnetic field. The Dirac Oscillator in NC
space has a new term in the Hamiltonian, which indicates a charged particle with a
dipole of electric and magnetic moments. In [13], Klein Gordon Oscillator has been
studied again, this time in NC phase space. At first, Klein Gordon Oscillator was
discussed in NC space. Later on, Klein Gordon Oscillator was investigated in NC

phase space. Results show Klein Gordon Oscillators both in NC space and NC phase



space possess similar behavior as dynamics of a particle in commutative space moving
in a UMF. After solving the Klein Gordon equation in NC phase space, energy levels
were obtained, and an additional term appears due to the NC effect in space-space and

momentum-momentum.

In [17], research has been carried out on the Bohr Van Leeuwen theorem in NC space.
In this research, the classical Bohr Van Leeuwen theorem was revised. The effect of
noncommutativity of space coordinates on the Bohr Van Leeuwen theorem was
studied. The result shows that, in general, the Bohr Van Leeuwen theorem is not
contented in NC space defined by Symplectic structure. Hence, we need special
attention because a classical treatment of the partition function of a charged particle in
a magnetic field gives rise to non-zero magnetism. In the end, the discussions here may
be expanded to NC phase space where the momenta and the coordinates do not

commute according to this research.

In [15], the Landau quantization analog has been studied for a particle with neutral
polarization in the influence of equivalent electric and magnetic external fields in the
framework of NC QM. The particle possesses electrical and magnetic dipole moments.
It interacts with the fields through Aharonov-Casher and He-McKellar-Wilkens
effects. This research presented an analysis of the usual Landau quantization for a
charged particle that moves in a similar external magnetic field. It also shows a review
on Landau-like gquantization for magnetic and electric dipoles in the influence of
external magnetic and electric fields. A general overview was given on NC QM before
investigating the Landau-like effects in NC space and NC phase space. The result
shows corrections in the Landau-like energy levels arising due to the NC effect in both

space and phase space. Similarly, corrections to the mass and cyclotron frequency in

8



both NC space and NC phase space were detected, likewise as the impact of
noncommutativity in the energy levels, the radial wave functions, and the magnetic
length. Lastly, it was proved that the commutative result can be recovered within the

limité — 0.

In this research project, we will study noncommutative Quantum Mechanics in
Minkowski spacetime at the order of the Planck length. It is believed that, at short

distances, the concept of spacetime may break down at the order of Planck length

L= ji—? (1.1)

G, h and c are the Gravitational constant, reduced Planck constant, and speed of light
respectively. Here, when the Heisenberg’s Uncertainty Principle was introduced to the
system, the idea of space and time collapse from any functional meaning. Some
changes in the Physics near the Planck scale such as the spacetime noncommutativity

are required.

Noncommutativity is generally associated with the effect of the geometry of space.
Noncommutative Quantum Mechanics may be defined as the study of nonvanishing

position and momentum commutators, see [19].

From [14], we learn that, the union of Heisenberg’s Uncertainty Principle with
Eisenstein’s theory of General relativity concludes that, at high energy, the usual
concept of space and time may lose any functional meaning. In general, we see from
literature, at short distances (high energy), that classical geometric ideas and notions
are not relevant when describing physical phenomena (measurable variables),

therefore, we need to study them in QM. We define the phase space in QM by replacing
9



the classical canonical variables (momenta and coordinates) with their QM counterpart

Hermitian Operators, i.e.,
P-PandX - X. (1.2)

such that they satisfy the Heisenberg’s commutation relations.

The aim of this research is to modify the Heisenberg’s commutation relations and

investigate the effect of noncommutativity on some specific Quantum systems.

10



Chapter 2

COMMUTATIVE AND NONCOMMUTATIVE PHASE

SPACES

2.1 Commutative Phase Space

We define commutative phase space by changing the canonical variables, momentum
and coordinate with QM Hermitian Operators from the previous Chapter in (1.2)

ie,P > Pand X - X.

General, for two operators A and B, we define their commutator as

[4,8] = AB - BA, 2.1)
If [4, B] = 0,we say the operators A and B do commute (they are Commutative). If
the result is non-zero, the operators Aand B do not commute (they are

noncommutative).

The German theoretical Physicist, Werner Heisenberg deduced a principle which
states that; “it is impossible to determine or measure both position and momentum of
a particle simultaneously with precision”, i.e.,

AxAp = h/2. (2.2)

We present the following commutation relations for momenta and coordinates.

For coordinates, we postulate that

11



[£,%]=%%- XX =0, 2.3)
[7.7]=[2.2] =0, (2.4)
and
[%,7]=[7.2] = [£,2] = 0. (2.5)
In general, the commutator for coordinates is,
[XL,X/]=0. (2.6)
The commutator for momenta is presented as
[P B] = [P, B] =[P, B]=0. (2.7
In general, the commutator for momenta is

[P, P;] = 0. (2.8)

oo

However, commutator of position coordinates and momenta is different

A~

[X,P,] # 0. (2.9)
Proof;
[X.5] = XB, - P&, (2.10)
but we know
2= 25 =—in (2.11)
0x
substituting (2.11) into (2.10)
BAAED (—ihai) P — (—ihi) Xy, (2.12)
X 0x

we introduced a test function 1 so that P can operate on it. An operator acts on a
function to give a new function. An operator is also a mathematical object that allow

us to represent physical observables in QM.

After simplifying, equation (2.12) becomes

12



X, 2] = ih (2.13)

(2.13) shows position coordinate and corresponding momentum (momentum in the

x —axis) are noncommutative. This is the same for other coordinates with their
corresponding momenta as well

[%,B]= [7.B,] =[2.B] = in. (2.14)

Now, commutator of coordinates with noncorresponding momenta is different as we

see here
[X,B,] = XP, - B,X, (2.15)
we know that
%= 2B =—-ihl, (2.16)
dy
(2.16) into (2.15)
[%.8,]u =X (—ihai> - (—ihi> 2, 2.17)
y dy
after simplification, one finds
[X.B,] =o. (2.18)

(2.18) clearly shows coordinate commutes with noncorresponding momentum. This is
the same for all coordinates and noncorresponding momenta
[X.5]=[XP]=[V.B]=[2P] =o. (2.19)
In general, the commutator of coordinates and momenta is given by;
[X',B] = 6/in. (2.20)

where 5} is the Kronecker delta.

The above commutations for momenta and coordinates indicate that; when momentum
is in the direction of the corresponding coordinate i.e., (2.14) the operators do not

commute with each other, this implies that their values cannot be found simultaneously
13



with precision. However, when momentum is not in the corresponding direction of the
position coordinate i.e., (2.19) the operators do commute, which implies that their

values can be measured with accuracy simultaneously.

The general commutation relations in Commutative phase space from (2.6) (2.8) and

(2.20) are summarized here

[XL,X7] = 0. (2.21)
[P, P] = 0. (2.22)
(X%, B] = 6fin. (2.23)

2.2 Noncommutative (NC) Phase Space

From [19], noncommutative Quantum Mechanics may be defined as the study of

nonvanishing commutator of position and momentum.

When operators do not commute, i.e., their values can’t be measured simultaneously
with precision, then, they are noncommutative. (2.14) shows operators not commuting.
when momentum is in the direction of the corresponding position i.e., (2.14) the

operators do not commute with each other.

To deal with noncommutativity in phase space, we employ the Weyl Moyal star

product, thereby changing the standard product of the fields by the star product

(f *9)(x,p) = exp (2%2 6,;0 0} + 2%{2m-ja}’a}’)f(x)g(x). (2.24)

However, instead of the star product, we employ the Bopp’s shift i.e., we transform

our coordinates and momenta as thus

. 1
Xe > xae— E19‘1be. (2.25)

14



~ 1
P,->P + Er]abxb. (2.26)

Such that, they satisfy the commutation relations in NC phase space

o 0 1 1
[X%, XP] = ino®,0% =0 -1 0 1), (2.27)

-1 -1 0

. 0 1 1
[Pa'Pb] = ingp,Nap = n{—-1 0 1) (2.28)

-1 -1 0

and

(X P] = iny;. (2.29)

PROOF: Using transformations from (2.25) and (2.26) we shall prove (2.27), (2,28)
and (2,29).

A. (2.27)
va bl — a 1 ai b 1 bj 2.30
(X, X°] = |X* = 56%P, X" — = 0" Py, (2.30)
now, we apply the commutator rule to (2.29)

oa o 1 .. 1
[Xe,XP] =[x, XP] —59”1[ X4, p] —Eeal[Pi,Xb]
(2.31)
L gaigvifp, p
t7 [Pi By,

further simplifications and summing up from ito iand jto j in 2" and 3" terms
respectively, we’ve
[X4,X°] = iho?. (2.32)
B. (2.28)
B, B,] = [Pa + %najxf, P, + %nbixi], (2.33)

applying the commutator rule

15



P 1 a1 ,
[P Py | = [Pay Pl + 5101 [Pa X'] + 570 [ X7, Py
(2.34)

1 oo
+ Znajlei[X];Xl],
summing up from i to i and jto j in 2"@and 3" terms respectively and simplifying the
equation, we have
[, Py] = ifnap. (2.35)

C. (2.29)

[X4, 5] = [Xi —%eikpk,Pj +%njkxl], (2.36)
when one applies the commutator rule to (2.36), we have

SO . 1 . 1 .
[Xi,B] = [X4, ] + Enﬂ[Xl,Xl] - 5e”f[Pk,Pj]

(2.37)
1 ik l
—29 Nji[Pr, X°],
simplifying (2.37), we have
00 BT — ini vi _ (i1 sk Lk 238
(X5 B] = ihyjvj = (8] + 6/ 20%n ) (2.38)

We conclude this Chapter with the commutation relations in NC phase space from

(2.32), (2.35) and (2.38).

[X9,X°] = iho??, (2.39)
[P, By] = ifinap, (2.40)
and
vi D _-hi i _ 5i 5k1 ik 241
[X;Pj]—lyj;yj_ j"‘jZ@ Njk )- (2.41)

6% and nj are antisymmetric tensors, they are noncommutativity parameters for

coordinates and momenta respectively.

16



In the next chapter, we are going to use the Schrédinger equation in two-dimensions
to solve for a Quantum particle inside Earth’s gravity. We will transform both the
coordinate and momentum in the Schrodinger equation. We will solve for the energy

levels and the normalized stationary states with the Hermite polynomials.

17



Chapter 3

PARTICLE IN EARTH’S GRAVITY

We consider a Quantum particle inside Earth’s gravity. Using the Hamiltonian, we
describe the particle in a two-dimensional system
H=T+V. (3.1)

According to the Classical mechanics, the kinetic energy T and Potential energy V are

defined as
.1 . vy =
T=-mv?V = {mgy'y yo, (3.2)
2 © "y <Y,
where y, is a constant. The Hamiltonian takes the form
pAZ
H=— ). 3.3
om + mgy (3.3)
We present the momentum P in two-dimension, P = P, + P,, which yields
q= 1 p2 4 p2 5 (3.4)
—%(x-l— y)+mgy. .
The corresponding time independent Schrodinger equation is written as
Hp = E¢, (3.5)

Where E represent the particle’s energy.

Now, using the Bopp’s shift, we transform P,, I3y and ¥ as we studied in chapter 2.

For P,, one writes

~ 1
P = aPy, +ﬂn12y’ (3.6)

18



where 1., (NC effect for momentum) is the anti-symmetric tensor. See [18] for tensor

reading, where

M2 =M1=1 (3.7
which implies that
B. = ab, + L77y. (3.8)
2ah
For B, we apply
P, =apP, + anx, (3.9
2ah
where 1,4, is given by
N21 = —1, (3.10)
which results in
ﬁy = aP, — Lnx. (3.11)
2ah
For 9, the transformation implies
y=ay-— %021&, (3.12)

where 6;;, (NC effect of the position) is the anti-symmetric tensor introduced before,
such that,
0,, = —6, (3.13)

and therefore, we have for y

y=ay+ OP,. (3.14)

2ah

From (3.5), our Schrédinger equation takes the form

(P2 + BP})¢p + mg9p = E¢. (3.15)

N =

Now, we substitute (3.8), (3.11) and (3.14) into (3.15) and the Schrédinger equation

takes the form
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(e R e
2m \\\ ¥ Toqn Y Oy oan™ ¢

(3.16)
+ ( + ! 0P, ) =F
mg\ay +5 =0k |¢ = E}.
One simplifies (3.16) as
1 n (x? +y?)
Zﬁkﬂgﬁ+J¥)+EC”}_X%)+"2_EEET'
(3.17)
1
+mg (ay + %9&)] ¢ =E¢.
However, we know that
xP, + yP. =L, (3.18)
S0 (3.17) yields
2 2 2
a2 U , (% +y%)
- - -
(Zm (B2 + A7) 2mh T 8ma?h?
(3.19)
1
+mg (ay + EGP,C) ¢ = Ed.
We recall the definition of the operators
P, = —ih0y, P = —h*0%, P} = —h%0y. (3.20)

When we substitute the operators (3.20) into (3.19), the Schrédinger equation becomes

h2a2 X2+ 2
( (02 +03) b, 4 2D

" 2m 8ma?h?
(3.21)

i6
+mg (ay - ﬂax)> ¢ = E¢.
Now, we let

L p (3.22)

8ma?2h? 2

or equivalently

20



= 2mak’ (3.22)
upon which (3.21) becomes
2q 1 1
_ 2 __r _ 2.,2
< - (ax ) L +2mw x? +2ma) y°+mgay
(3.23)
im g@
- )qb E9.

To simplify (3.23) we take

1 1 2ga
Ema)zyz + mgay = Emw2 (yz 2yt (—)2 ( ) ) (3.24)
so that
1 1 ga 1 ,gay?
- 2.,2 —_ 2 22 _Zm () . 3.25
> Mw?y* +mgay = - ma (y+w2) 2m(w) (3.25)
We replace (y + ) with 7 so that
1 2.2 1 ! 2
Smw’y + mgay = > Mmw 2352 ——m(—) (3.26)

Coming back to our equation (3.23), the Schrdédinger equation takes the form

h?a? 1 1 0
< (02 +02) + = mouzx2 + —mw?y? — img 6x>¢
2 2a
(3.27)
1 ,ga\?
——LZ¢ € +5m (=) ).
5 = 9% ich implies & = 447 _ ¢
We note that, y = (y+ wz) which implies W aydy 4y and consequently
d\? d\?
&) =)
The Schrodinger equation (3.27) may be written as
(Ho - - h L)¢ =E¢, (3.28)

in which
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L, = (xP, — yP,), (3.29)

2.2

ha img0

Ho = o (02 +02) 4 5mo? (430 ~ 200, (330)
and
F=E+-m3%:. (3.31)
2 w
The term — ZT’ELZ doesn’t commute with H,, i.e.,
|Ho, —%LZ] #0, (3.32)

which forces us to consider it as a perturbation term. Therefore, first we solve the

Schrédinger equation for H, i.e.,

Hopo = Eo‘ibo' (3.33)

and then we apply the time independent perturbation theory to obtain the effect of

- zZl—hLZ on the energy spectrum as well as the eigenfunctions.

The main Schrddinger equation is given by

h2a? 1 imgé _
(— 5o (02 +05) +5me’(r +7%) - — ax> o = Eoo,  (3.34)
which after some manipulation reads as
m?w? . im?g6 2mE
<—(6§ + 6;) + "2 g2 (Xz + yz) - h2g3 ax> ¢0 = hZ_aZO(pO (335)
. .. wz_ 2 m2g9_ ngo_,.,
For simplicity, we set (ah) =&, 5 = é, and =2 = &0
This implies (3.35) shapes out to be
(—(0% +07) + B (x* + 7%) — i80,) o = & o- (3.36)
Applying the separation method, we introduce
$o(x, ) =X()Y (), (3.37)

upon which (3.36) reduces to
22



1 d? 1 d?

§d
- - 2(x2 4+ §2) — i——X = 3.38
X(x)deX Y(j/)di/zy+z (x*+y°)—1i X =&, (3.38)

X dx
or after the separation
1 d? § d
- 242 _ 3.39
de2X+Ex leX Eoxs ( )
and
1 d? B
“yaz' t 825% = &y, (3.40)
where the energy
50 = §0x + goy. (341)
Equation (3.40) may be written as
—Y" () + EFY = &,7Y, (3.42)

which is the equation of the Simple Harmonic Oscillator (SHO) in QM. However, the
standard SHO is represented by the following Schrédinger equation

n? d?
T (0 +5 ~maix “Pn(x) = Enhn(x), (3.43)

" 2mdx

such that, the energy eigenvalues are given by
1
By = (n+5)h, (3.44)

and the energy eigenfunctions read as

1

(x) = . (mﬂ)Z ‘—mffsz mi 3.45
l/)n X _\/W T[h e n h X ) ( ' )
= 0,123 ...
In (3.45), H,,(t) are the Hermite polynomials defined by
2 dn 2
Hy,(t) = (=D —(e7"). (3.46)

dtn
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Comparing (3.42) and (3.43), we set% =1, %m!)z = &%and E,, = &, which yields

m= %2 and 2 = %
and
(Eoy)n = 2n + 1)¢. (3.47)
Also, from (3.45) we get
1
@) === (2)' e 39 (f59), (3.48)

Let’s add that setting y, = % in (3.2) which helps to satisfy the boundary condition

Y, (0) = 0. Therefore, only the odd solution of (3.47) are acceptable i.e., n =

1,3,5,....whichrevealsn =27 + 1,71 =0,1,2, ....

(Eoy)a = (471 + 3)§, (3.49)
and
N 1 ¢ 3 Lego _
a(y) = (;) e 27 Hyn 1 (VET ). (3.50)

V22127 4+ 1)!
After we solved the y-component of the Schrdodinger equation, we go back to solve the

x-component as well.

Equation (3.39) may be written as
—X"(x) + Ex%X — i6X'(x) = &, X (x), (3.51)
we apply the ansatz
X(x) = h(x)U(x), (3.52)
into (3.51) to obtain
—(h"'U + 20U’ + hU") + &2x?hU — i5(h'U + hU") = &,,hU,  (3.53)

we divide (3.55) by h and factorize by derivatives of U
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U+ —2k M\ v v _h”+ 22 'ah’ —& U
n “n R te PO ) T fox

we also set coefficient of U’ to zero

2k +i6=0

no T

we find h to be
—id

h=ez"

and therefore (3.54) becomes
—i6\* [—ib 3
—U” +| — (T) + EZ 2 _ i (T) U= ngU'

We simplify (3.57) to get
62
—U" +8x2U = (&, + T)U'

1

As can be seen from (3.58), it is again a SHO equation with % =1, > mN?

62

ETl= 0x+4.

2
Therefore, the solution can be written as (note that, m = % and 2 = %)
B 52 .1
(EOx)n’ + T = (Tl + E) 2‘5:

(3.59) reduce to
62
(Eox)n = (2n" +1)E — E
and

1

X, (x) = ' (E)Z e_foan/ (V&x).

n' =0,1,23, ...
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(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

= &2 and

(3.59)

(3.60)

(3.61)



Finally, the full solution in x-direction is given by

—is
Xp(x) =e2 Uy (x). (3.62)
Next, we write the full solution for ¢, (x, ) which is the multiplication of X,/ (x) and

Yz(5), given by

~i8
Pon'a(x,§) = €2 U (0)Ya (), (3.63)
with the energy given by

52
Eon'a = (Eox)n' + (Eo3)a = ((2n" + 1)E — I) + ((4 +3)¢).  (3.64)

2m
h2a?

We recall that &, = E,, where m represent the mass of the particle and E, is the

energy of the main Hamiltonian i.e., energy of the unperturbed Hamiltonian H,.

Therefore, one writes

- h%a? h2a? 52
(EO)n’ﬁ = % (e”o)n,ﬁ = >m <(2n' + 47 + 4)5 - T), (365)

and the full eigenfunctions ¢,,,/; are given by

1

— 1 i 2 __iax _l€(~2+x2) 5
Vw2 +1)!(”) e e 2T oy (82 Han 14 (VS5 ). (366)

Our next move is to find the effect of the ignored term H, = —J%Lz on our energy

spectrum as a small perturbation.

The first order correction to the energy eigenvalues is simply given by
AED =< ¢y |Hy | Ponrs > (3.67)
n'# qun.nl 1|qb0n n - ’

In this regard one obtains

Y

® _
AE 5 =< bowal =5~

(xPy = yP) | donra >, (3.68)
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we then have,

1 Ui
AE) = == (< bowalx By bonn > =< donalyPeldpona >).  (3:69)
We see that, since both x and P, play as odd functions, the integral over the symmetric

limit vanishes, and consequently there is no correction on the energy of the system up

to the first order.

Therefore, in terms of the initial parameters, we find the energy spectrum to be

L P +2i+2) (o) o 3.70
L ah 4 ) (3.70)
_ 7 __ m?g6 .
where @ = —=—and § = ——upon which
- h2a? o n 1(/m2g6\°
which reduce to
_ n . 1m3g262
|y = — ! —_—— . 372
E, s Zm(n + 27l + 2) 8 gt (3.72)
From (3.31) we evaluate our final energy i.e., energy of the particle
_ s 1 ga, (3.73)
E=E > m( - ).
__m
thus, (note that w = pw— h)
02 h2a*
E=2 "+ 271+ 2) — 2m3g? 74
m(n' + 27+ 2) — 2m°g <16h2a4+ 772> (3.74)

We conclude this Chapter having found our energy levels for both x and y
components of the Schrodinger equation. Also, the normalized stationary states with
their Hermite polynomials in both x -ccomponent and y -component have been
compiled. There’re corrections due to the effect of noncommutativity in both x and y

components of the Schrédinger equation. We harmonized the energy eigenvalues and
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the eigenfunctions into single equations as our full solutions. In the coming chapter,
we shall discuss more on those corrections and some additional term we have found

due to noncommutativity.
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Chapter 4

DISCUSSION AND CONCLUSION

We see from literature how the NC effect modifies equations by bringing in some
corrections or introducing a whole new term(s). We know that at high energy i.e., short
distance, Classical geometrical notions and concepts aren’t suited to describe physical
phenomena, we therefore transform our Classical variables; coordinates and momenta

into QM Hermitian operators.

We have used the transformation of coordinates and momenta to satisfy the Heisenberg
commutation relations in the commutative phase space section. Also, we have used the
transformations from (2.20) and (2.21) to satisfy the Heisenberg commutation

relations in the NC phase space.

In Chapter 3, we introduced the Hamiltonian in two-dimension for a particle in Earth’s
gravity. We transformed the coordinates and momenta in the Schrddinger equation
which led us to series of Mathematical manipulations, calculations, and findings. We
then split the Schrodinger equation into x and y components. For y component, we
solved the equation into becoming a Simple Harmonic Oscillator SHO equation. We
solved it and obtained the energy levels and the eigenfunctions with its Hermite

Polynomials.
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Nevertheless, in the x-component, the equation is a little bit complicated, with the
appearance of an imaginary term makes it a complex equation. We applied the
separation method and solved it to become a Simple Harmonic Oscillator equation.
The energy levels have been obtained so also the eigenfunction with the Hermite

Polynomials.

Both in the x and y components, the energy levels have corrections. In y-component,
the energy levels have slight corrections after we substituted back the values of

h and (2, it got shifted by the multiple of 2§ and n = 277 + 1.

However, in the x-component, after substituting back the values of # and 2, the

2

energy levels also shifted by a multiple of 2&, and a new term appeared (— %), which

2
means the energy levels in NC phase space for x-component are smaller by (— %)

compared to the commutative ones.

A perturbation term appeared in the Schrodinger equation due to noncommutativity
effect. However, it doesn’t commute with the main Hamiltonian. We applied time
independent perturbation theory to obtain the effect of the perturbation term on the
energy spectrum as well as the eigenfunction. The integral over the symmetric limit
vanishes due to odd functions in coordinate and corresponding momentum, and

consequently there exist no correction on the energy of the system up to the first order.

Finally, we combined energy eigenvalues from both components of x and y, so also

the normalized stationary states (eigenfunctions) back into single results as our full
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solutions. All these corrections in eigenfunctions and eigenvalues are due to the effect

of noncommutativity in spacetime.
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