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ABSTRACT

In this thesis, self-adjoint extensions of some of the operators used in quantum
mechanics are studied. First, the necessary mathematical background namely, the
vector spaces and Hilbert space are reviewed. Secondly, the theorem of von-
Neumann is introduced to determine the self-adjoint extension of the operators. The
application of self-adjoint extensions of the momentum and spatial part of the Klein-
Gordon equation is investigated. The concept of quantum singularity structure of the
negative mass Schwarzchild spacetime is investigated by the wave obeying the

Klein-Gordon equation.

Keywords: Self-adjoint extensions, Hilbert-space, von-Neumann Theorem, Klein-

Gordon equation.



0z

Bu tezde, kuantum mekaniginde kullanilan bazi operatorleriin kendi eslenik
uzantilar ele alimmistir. Ilk olarak, gerekli matematiksel altyapi olan, vektdr uzaylari
ve Hilbert uzayr gézden gegcirilmistir. ikinci olarak ise, operatdrlerin kendi eslenik
uzantilarimi  belirlemek i¢in kullanilan von-Neumann teoremi tamitilmistir. Daha
sonra uygulama olarak Momentum operatorii ve Klein-Gordon denkleminin uzaysal
kismmin kendi eslenik uzantilar1 incelenmistir. Son olarak negatif kiitle
Schwarzschild uzay-zamanin kuantum tekillik yapisi Klein-Gordon denklemine uyan

dalgalar i¢in incelenmistir.

Anahtar Kelimeler: Kendi eslenik uzantisi, Hilbert uzayi, von-Neumann Teoremi,

Klein-Gordon denklemi.
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Chapter 1

INTRODUCTION

In physics operators are known as important tools that upon acting on a physical state

they produce another physical states.

In classical mechanics, the Lagrangian formalism is used for determining the

dynamics of a system. Here the Lagrangian is written in terms of generalized

coordinates g, generalized velocities ¢ = %. Alternatively the dynamics of a system

can also be determined by the Hamiltonian H(q,p,t) in which p denotes the

. oL
conjugate momenta p = .

Operators in quantum mechanics are extremely important because the whole
quantum mechanics is formulated in terms of operators. Any physical quantity which
can be measured experimentally is abbreviated as observable, and therefore it should
be associated with a self-adjoint linear operator. In quantum mechanics, wave
functions vary with space and time (i (r, t)), or equivalently momentum and time,

therefore observables are differantial operators.

In this thesis, the self-adjoint extensions of some of the operators used in quantum
mechanics will be investigated. The main goal of the thesis is to understand whether

the operator used in the considered problem has self-adjoint extensions or not. This is



important because since, the operators are associated with the observables it then

provides physically important outcomes.

One of the application arena for self-adjoint extensions is the case that occurs in the
potential of a Schrodinger equation that obeys inverse square riz behaviour. To avoid

the divergences as r — 0, the concept of self-adjoint extensions are used [1].

In this thesis, we studied the self-adjoint extensions of the momentum and spatial
part of the Klein-Gordon equation. First, the momentum operator is considered for
three different physical situations specified by the interval of the positions. This
problem is considered first in [2]. Secondly, we consider another application arena of
the use of self-adjoint extension concept. The application arena is the naked
singularities that arose in the relativity theory. This problem is developed by
Horowitz and Marolf [3]. One of the remarkable predictions of Einstein’s theory of
relativity is the occurence of spacetime singularities. If the singularity is covered by
horizon(s), this is called a black hole. But if there is no horizon than the spacetime is

naked singular.

At the singularity, all the physical quantities diverge. More importantly, all the

known laws of physics do not hold at the singularity.

We consider in this thesis, the negative mass Schwarzchild solution. This solution
admit naked singularity at r = 0. The wave obeying the Klein-Gordon equation will
be considered in the negative mass Schwarzchild geometry. This problem is

considered in [3], but calculations are not given in detail. The spatial part of the



Klein-Gordon equation will be treated as an operator. This operator is investigated

whether it admits self-adjoint extensions or not.

In the analysis of the operators whether they admit self-adjoint extensions or not, the

theorem of von-Neumann is used.

In chapter 2, we review the neccesarry mathematical background by stating the
metric and vector spaces and finally we give the properties of Hilbert space which is

the natural function space of quantum mechanics.

In chapter 3, the theorem of von-Neumann is given. Chapter 4 is devoted for the
applications of the momentum and spatial part of the Klein Gordon equation. The

thesis is concluded with a conclusion in chapter 5.



Chapter 2

THE NECESSARY MATHEMATICAL BACKGROUND

The concept of “space” is in fact one of the most important tool for describing the
motion with physical quantities. Among the others, the 3-dimensional Euclidean
space is the simplest one which is used for describing motions in our living world. In
fact, the Euclidean space is not a vector space. However, we wish to review its basic

properties in order to understand in detail the notion of vector spaces.

At this stage we wish to define metric spaces and related concepts. For this purpose,
we will review some of the related topics presented in the book “Introductory
Functional Analysis with Applications” written by Erwin Kreyszig [4].
2.1 Definition of Metric Space
A metric space is a pair (X, d), where X is a set and d is a metric on X (or distance
function on X), that is, a function defined on X x X. (The symbol X denotes
Cartesian product of sets: A X B is the set of all ordered pairs (a, b), where a € A
and b € B. Hence X x X is the set of all ordered pairs of elements of X) such that
forall x,y,z € X we have:

i. d is real-valued, finite and nonnegative

ii. d(x,y)=0ifandonlyif x =y
iii. d(x,y) =d(y,x) (symmetry)

iv. d(x,y)<d(x,z)+d(z7y) (triangle inequality)



2.2 Application in Euclidean Space
2.2.1 Real Line R
This is a 1-dimensional Euclidean space. It defines the set of all real numbers, the
metric (distance) defined by

d(x,y) = |x = yl. (2.1)
2.2.2 Euclidean Plane R?
This is a 2-dimensional Euclidean space. The metric space R?, is called the
Euclidean plane, is obtained if we take the set of ordered pairs of real numbers,

x = (&1, &),y = (11, 12) then, the Euclidean metric defined by

d(x,y) = /(&1 =112 + (&2, — 1) (2.2)
Another interpretation of this is that, in 2-dimensional Euclidean space, the shortest
distance between two points is a straight line.
2.2.3 Three-dimensional Euclidean Space R3
This metric space consists of the set of ordered triples of real numbers x =

(€1, &2, €3), y = (11, M2, n3) then the Euclidean metric defined by

d(x,y) = /(a1 = 1)? + (g2 = 12)* + (e3 — 19)*. (2.3)
2.2.4 Euclidean Space R™, Unitary Space €™, Complex Plane €
The previous examples are special cases of n-dimensional Euclidean space R™. This
space is obtained if the set of all ordered n-tuples of real numbers, written

x = (&, ., &), Y = (N1, N2, -, M) €tc, and the Euclidean metric defined by

d(x,y) = (&1 =112+ (&2 = 1)2 + -+ (&0 — M) (2.4)
Unitary space C™" is defined by the space of all ordered n-tuples of complex numbers

with the metric defined by

d(x,y) = \/|€1 =M%+ ez = Ma|2 + - + |en — 1al% (2.5)

The complex plane C is defined when n = 1. The usual metric defined by
5



d(x,y) = |x = yl. (2.6)
2.2.5 Space IP, Hilbert Sequence Space I
Let p > 1 be a fixed real number. By definition each element in the space I? is a
sequence x = (ej) = (&1, &, ...) of numbers such that |&; |P + |&;|P + -+ converges;
thus
it lglP <o (2.7)

and the metric is defined by

A(x,y) = (5 lg =, 177 28)
where y = (n;) and X5, |n;|? < co. The real and complex space IP is obtained if
one takes real sequence or complex sequence respectively, subject to the condition
that Eqg. (2.7) is satisfied. In the case p = 2 we have the famous Hilbert sequence

space I? with metric defined by

d(x,y) = \/z;*;l I, — 11,12 (2.9)

2.2.6 Sequence space 1~
This example shows how the general concept of a metric space is.
As a set X, the set of all bounded sequences of complex numbers is taken; then every
element of X is a complex sequence, X = (&, &, ...) briefly X = (g;) such that for
all j = 1,2, ... we have,
|&i| < (2.10)

where c, is real number. ¢, does not depend on j, but depends on x. The metric
defined by

d(x,y) = supjen|e; — njl (2.11)
y=mj)€XandN ={1,2,..}
sup means the least upper bound.(Supremum)

6



A subset E of the real line R is bounded above if E has an upper bound, that is, if
there is a b € R such that x < b for all x € E. Then if E # @, there exists the
supremum of E (or least upper bound of E), written

supkE,
that is, the upper bound of E such that sup E < b for every upper bound b of E.
Also

supC < supE

for every nonempty subset C c E.
Each element of X is a sequence so that I* is a sequence space.
2.2.7 Open Set, Closed Set
There are auxiliary concepts which play a role for connection of metric spaces. We
wish to consider some types of subset in a given metric space X = (X, d).
2.2.7.a Definition of Ball and Sphere

Given a point x, € X and a real number r > 0, we define three types of sets:

i.  B(xgr)={xeX|d(xxy) <r} (open ball)
i.  B(xgr)={xeX|d(xx,) <1} (closed ball)
. S(xg;r) ={x € X|d(x,xy) =71} (sphere)

X, IS center, and r is the radius. Moreover, definition means

S(x;7) = B(x9,7) — B(x0,7). (2.12)
2.2.7.b Definition of Open set and Closed set
If a subset M of a metric space X contains a ball about each of its points, it is an open
set. In addition of that, K is a subset of X, and if K’s complement is open in X, then
X is said to be closed, K¢ = X — K is open.

Consequently; an open ball is an open set and a closed ball is a closed set.



2.2.8 Definition of Continuous mapping
Assume that X = (X,d) and Y = (Y, d) are metric spaces.
A mapping T: X — Y is said to be continuous at a point x, € X if for every € > 0
there isa § > 0 such that

d (Tx,Tx,) < e  forall satisfying d(x, x,) < 8. (2.13)
If T is continuous at every point of X, this implies that T is continuous.
Note that, continuous mapping is characterized in terms of open sets.
2.2.9 Definition of Dense set and Seperable space
If M is a subset of a metric space X, then M is called dense in X if M = X, where
denotes the closure of M that represents the smallest closed set containing M.
If X has a countable subset which is dense in X, X is said to be seperable.
Countable subset is a set which has finitely many elements or if we can associate
positive integers with the elements of M.
2.3 Convergence, Cauchy Sequence, Completeness
In order to discuss the concept of convergence of the sequence of real numbers, the
metric on R is very useful. Similarly, to be able to discuss the convergence of the
sequence of complex numbers, the metric on the complex plane € must be used.
Hence, in an arbitrary metric space X = (X, d), we may consider a sequence (X,,) of
elements x,, x, ... of Xand use the metric d to define convergence.
2.3.1 Definition of Convergence of a Sequence and Limit
A sequence (X,) in a metric space X = (X,d) is said to converge or to be
convergent if there is an xeX such that

lim,, o, d(x,,x) =0, (2.14)

x is called the limit of (x,,) and we write

lim, o x, = x or Xn = X. (2.15)



We say that (x,,) converges to x. If (x) is not convergent, it is said to be divergent.
It will be usefull to recall that a sequence (x;,,) of real or complex numbers converges
on the real line R or in the complex plane C, respectively, if and only if it satisfies
the Cauchy convergence criterion.
2.3.2 Cauchy Convergence Criterion
A number a is called a limit point of a (real or complex) sequence of numbers (X,)
if for every given £ > 0 we have
|xn —a| <& (2.16)
for infinitely many n.
A (real or complex) sequence (x,,) is said to be convergent, if there is a number x
such that, for every given € > 0, the following condition holds;
|x, — x| <& (2.17)
for all but finitely many n. This x is called the limit of the sequence (x,,).
2.3.3 Theorem: Cauchy Convergence
A (real or complex) sequence (x,) is convergent if and only if for every € > 0 there
is an N such that
| — x| < € forall m,n > N. (2.18)
Proof:
(@ If (x,,) converges and c is its limit, then for every given € > 0 there isan N

(depending on &) such that
X, —c| <> forevery n >N
so that by the triangle inequality for m,n > N we obtain
X — x| < |lx—cl+ |c— x| <§+§=£.
(b) Conversly, suppose that the statement involving Eqg. (2.18) holds. Given

€ > 0, we can choose an n = k > N in Eq. (2.18) and see that every x,,, withm > N

9



lies in the disk D of radius € about x,. Since there is a disk which contains D as well
as the finitely many x, ¢ D, the sequence (x,) is bounded. By the Bolzano-
Weierstrass theorem (The Bolzano-Weierstrass theorem states that a bounded

sequence (x,,) has at least one limit point) it has limit point a. Since Eq. (2.18) holds
for every € > 0, an € > 0 being given, there is an N* such that |x,,, — a| < % by the
triangle inequality we have forall m > N*
Iy, —al < |xpy — x| + |%, — a <§+§=e

which shows that (x,,) is convergent with the limit a.
Now, the concept of the completeness of a metric space must be defined for future
analysis in this context. The quantity |x,,, — x,,| is the distance d(x,,, x,,) from x,, to
x,, on the real line R or in the complex plane C. Therefore, the inequality of the
Cauchy criterion may be written in the following form,

d(xXm, x,) <& (m,n > N). (2.19)
Recall that {x,} is called Cauchy sequence if the condition of Cauchy criterion is
satisfied. This simply means that the Cauchy sequence converges on real line R or in
complex plane €. However, in some cases, the Cauchy sequence may not converge
and violates the completeness phenomena of the space.
2.3.4 Definition of Cauchy sequence and Completeness
A sequence (x;,) in a metric space X = (X, d) is said to be Cauchy if for every € > 0
there isan N = N(€) such that

d(Xpm, Xn) forevery <e m,n>N (2.20)

The space X is said to be complete if every Cauchy sequence in X converges.
The Cauchy convergence criterion in terms of completeness implies the following:
2.3.5 Theorem: Real line and Complex plane

The real line and the complex plane are complete metric spaces.

10



Complete and incomplete metric spaces are important in applications. For example,
in complete metric spaces the geodesic equation which describes the future time
evolution of the particle is also complete and possesses no divergences. However, if
the metric space is incomplete, the geodesic equations are also incomplete, hence, it
is designated as the singularity which is a very important subject in physics.
2.3.6 Theorem: Convergent sequence
Every convergent sequence in a metric space is a Cauchy sequence.
Proof:
If x,, = x, then for every € > 0 there isan N = N(¢) such that
d(x,, x) < § forall n>N

Hence by the triangle inequality we obtain for m,n > N

d(Xpm, Xp) < d(xp, x) +d(x,x,) < g + g =¢
this shows that (x,,) is Cauchy.
2.3.7 Theorem: Closure and Closed Set
Let M be a nonempty subset of a metric space (X, d) and M its closure.
Then:
(@) x € M if and only if there is a sequence (x,,) in M such that x,, - x.
(b) M isclosed if and only if the situation x,, € M, x,, = x implies that x € M.
Proof:

@) Let x € M. If x € M, a sequence of that type is (x,x,..). If x € M, it is a

point of accumulation of M. Hence for each n = 1,2, ... the ball B(x; %) contains an

1
xneM,andxn—>xbecause;—>0asn—>oo.

11



Conversly, if (x,) is in M and x, — x, then x € M or every neighborhood of x
contains points x,, # x, so that x is a point of accumulation of M. Hence x € M, by
the definition of the closure.
(b) M isclosed if and only if M = M, so that Thm. (2.3.7b) follows from (a).
2.3.8 Theorem: Complete Subspace
A subspace M of a complete metric space X is itself complete if and only if the set M
Is closed in X.
Proof:
Let M be complete. By Thm. (2.3.7a), for every x € M there is a sequence (x,) in M
which converges to x. Since (x,,) is Cauchy by Thm. (2.3.4) and M is complete, (x,,)
converges in M, the limit being unique. Hence x € M. This proves that M is closed
because x € M was arbitrary.
Conversly, let M be closed and (x,,) Cauchy in M. Then x,, = x € X, which implies
x €M by Thm. (2.3.7a), and x € M since M = M by assumption. Hence the
arbitrary Cauchy sequence (x,,) converges in M, which proves completeness of M.
2.3.9 Theorem: Continuous Mapping
A mapping A: X - Y of a metric space (X,d) into a metric space (Y,d) is
continuous at a point x, € X if and only if

Xn = Xo implies Ax, = x,. (2.21)
Proof:
Assume A to be continuous at x,. Then for a given € > 0 there is § > 0 such that

d(x,x9) <8 implies  d(Ax, Axy) < €
Let x,, = x,. Then there is an N such that for all n > N we have

d(xp, x0) < 6.

Hence, forall n > N,

12



d(Ax,, Ax,) < e.
By definition this means that Ax,, —» Ax,.
Conversly, we assume that
X, = xo Implies Ax, — Ax,
and prove that then A is continuous at x,. Suppose this is false. Then there is an
€ > 0 such that for every § > 0 there is an x # x, satisfying d(x, x,) < & but
d(Ax, Axy) = «.

In particular, for § = %there IS an x,, satisfying d (x,,,, x,) < }l but

d(Ax,, Axy) = €.

Clearly x,, = x, but (Ax,) does not converge to Ax,. This contradicts Ax,, = Ax,
and proves the theorem.

2.4 Examples

2.4.1 Completeness of R™ and C"

Euclidean space R™ and unitary space C™ are complete.

Proof:

Consider R™. The Euclidean metric on R™ is defined by
1

d(x,y) = (Zj=i(g —n))?)*
where x = (¢) and y = (n;). We consider any Cauchy sequence (x,) in R™,
writing x,,, = (&™, ..., &™. Since (x,,) is Cauchy, for every € > 0 there is an N
such that

1

d(xXp, X)) = (Z’]zl(ej(m) M) <e.

Squaring, we have form,r > Nandj=1,...,,n

(m—g")?*<e* and |g"—¢g"| <e.
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This shows that for each fixed j, (1 <j <n), the sequence (g®,&®,...) is a

Cauchy sequence of real numbers. It converges by Thm. (2.3.3) say, ej(m) - g as

m — oo, Using these n limits, we define x = (¢4, ..., &,). Clearly, x € R*. Forr — oo
d(xm, x) < ¢.

This shows that x is the limit of (x,,) and proves completeness of R™ because (x,,)

was an arbitrary Cauchy sequence. Completeness of €™, follows from Thm. (2.3.3)

by the same procedure.

2.4.2 Completeness of IP

The space IP is complete; here p is fixedand 1 < p < +o0.

Proof:

Let (x,,) be any Cauchy sequence in the space IP, where x,, = (g,™,&,(™), ).

Then for every € > 0 there is an N such that for all m,n > N,

A 1) = (524 16, — & ®P)P < e,
It follows that for every j = 1,2 ... we have

|6™ — ™| <& (mn>N).
For a fixed j we see that (ej(l) —ej(z)) is a Cauchy sequence of numbers. It
converges since R and C are complete.

With limits, &;™ — &; and m — oo, we define x = (&, &, ...) and show that x € [P

and x,, — x.

?:1 |fj(m) - fj(n)P’ < P forall mn>N,(k=1.2..).
Letn = oo;

K1 =g Mp < g form >N, (k=12..).
Let kK —» oo;

K™ -5 < ep form > N.
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This represents [d (x,,, x)]?. Since (x,,) was an arbitrary Cauchy sequence in IP, this
provides completeness of [P, where 1 < p < oo.
2.4.3 Completeness of [
The space I” is complete.
Proof:
Let x,, = (fl(m), Ez(m), ) and (x,,,) is any Cauchy sequence in the space [*. Then
the metric on [* is defined by
d(x,y) =supj|€j—nj| where x = () andy = (17;).
(x,,) 1s Cauchy, for any € > 0 there is an N such that for all m,n > N,
d(xm, xp) = sup;|§;™ = &V < e

&, —¢™| < e m >N  for every fixed j.
From Thm. (2.3.3), if we convert & — ¢; as m — oo, the sequence becomes
(6,D,8,®, ...). Using these infinitely many limits &, &, ... we define x = (£;,&, ...)
and show that x € [* and x,,, & x. Now n — oo, we have

|6, —¢|<e m>N
for x,,, = (Ej(m)) € l”, |Ej(m)| < k,, isforall j. k,, is a real number.
If we use the triangle inequality
&l <16 -&™+15™ | < e+ kn m>N.
This inequality is valid for all j. (&,,) is a bounded sequence of numbers. This
implies that x = (¢;) € [*.Then
d(x,,, x) = supj|€j(m) -¢j| <e

It shows x,, = x. x,, was an arbitrary Cauchy sequence, depend on that I* is

complete.
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2.4.4 Completeness of C

If a space consists of all convergent sequences x = (£;) of complex number with the
metric which is induced from the space 1, the space is complete.

Proof:

C is a subspace of I*, and C is closed in I*. We consider any x = (§;) € C, the
closure of C.

Let x,, = (fj(")) € C such that x,, — x. So given any € > 0, there is an N such that
forn > N and all j we have

1§, — & < d(xp,x) < g forn=N and all j.

The terms of & j(”) form a convergent sequence when x,, € C.
Then
&5 =& <2 G,k = N).
Now triangle inequality holds for all j
& =&l <16 =&V + 16N -6+ |6" ~ &l < k=N
It means x = (¢;) is convergent. Since x € C was arbitrary, this proves closedness of
C in I, and completeness of C.
2.5 Normed Spaces, Banach Spaces
2.5.1 Introduction
A normed space is a vector space which is releated with a metric defined by norm.
A Banach space is complete metric space. An operator is a mapping from a normed
space (X) to another normed space (Y). A functional is a mapping from a normed
space (X) to a scalar field (R or C). If they take the vector space structure, and are

continuous, they are called bounded linear operators (functionals). If and only if an

operator is bounded, it is continuous.
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B(X,Y) is the set of all bounded linear operators from a normed space(X) to another
normed space (Y).
2.5.2 Definition of Vector Space
A vector space(or linear space) over a field K is a nonempty set X of elements x,y
together with two algebraic operations. x, y... called vectors.
These operations are called vector addition and multiplication.
i.  Vector addition:
It is commutative and associative for all vectors.
xt+y=y+x (2.22)
x+@y+2)=x+y)+z. (2.23)
There exists a zero vector (0). Moreover, there exists a vector (—x) for every vector.
x+0=x (2.24)
x4+ (—x) =0. (2.25)
ii. Multiplication by scalars:

For all vectors x, y and scalars «, ;

a(Bx) = (af)x (2.26)
1x=x (2.27)
a(x +y) = ax + ay (2.28)
(a+B)x = ax + Bx. (Distributive laws) (2.29)

For addition is a mapping XxX — X

For multiplication is a mapping KxX — X

K is a scalar field of the vector space X. If K = R (the field of real numbers), X is
called a real vector space. If K = C (the field of complex numbers), X is called
complex vector space. We can denote the zero vector by 6.

0x =6 (2.30)
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ad =6 (2.31)
(—Dx = —x. (2.32)
2.5.3 Examples
a) Space R™(Euclidean space)
This is a real vector space with the two algebraic operations;
X+y =15 +0 .+ &+ 14 (2.33)
ax = (aéq, ..., a&,). (2.34)
b) Space C"
This is a complex vector space with the algebraic operations, a € C.
C) Space I?
It’s a vector space with the algebraic operations as usual in connection with
sequences;
Cuéo )+ Moz ) =G +n,6 +102,00) (2.35)
a((§1,&2 ) = (aéy + ady, ..) (2.36)
x=(§;)€l?andy = (n;) € 1> impliesx + y € I2.
A subspace of a vector space X is a nonempty subset Y of X such that for all
v1,¥V. € Y and all scalars «, 8 we have ay; + By, €Y.
A linear combination of vectors X4, ..., X,,, of a vector space X;
a X1 + ayx, + o+ apmxy, Where aq, ay, ..., a,, are any scalars.
2.5.4 Definition of Linear independence and Linear dependence
For M is a set of vectors xi,..,x, (r=1) in a vector space X, then linear
independence and dependence are defined by;
a1 x, +azx, + -+ ax, =0 (ay, ..., a, are scalars) (2.37)
If this is the only r-tuple of scalars for last equation holds, the set M is said to be

linearly independent. If M is not linearly independent, M is linearly dependent. If
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every nonempty finite subset of M is linearly independent, an arbitrary subset M of X
is said to be linearly independent.
2.5.5 Definition of Finite and Infinite dimensional vector spaces
If there is a positive integer n such that X contains a linearly independent set of n
vectors where as any set of n + 1 or more vectors of X is linearly dependent, then
vector space X is finite dimensional. n is dimension of X.(dimX = n)
X is not finite, means, X is finite.
2.5.6 Theorem: Dimension of a subspace
Let X be an n-dimensional vector space. Then any proper subspace Y of X has
dimension less than n.
Proof:
If n=0,then X = {0} ( no proper subspace)
If dimY = 0,thenY = {0}, and X # Y implies dimX > 1.

dimY < dimX = n.
If dimY were n, then Y would have a basis of n elements so that X =Y.
Consequently any linear independent set of vectors in Y must have fewer than n
elements.

dimY < n.

2.6 Normed Space, Banach Space
For a relation between algebraic and geometric properties of X, we define on X a
metric d in a special way.
First of all, we introduce a norm which uses the algebraic operations of vector space.

Then we obtain a metric with using norm. This leads to the normed space.
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2.6.1 Definition of Normed space and Banach space
A normed space X is a vector space with a norm defined on it. A Banach space is a
complete normed space. A norm (||x||) on a X is a real-valued function on X whose
value ata x € X.

i |lxl|=0

ii. [lx]] @ x =0
i, |lax|| = |lal] |lx]|

iv. e+l < [lxl] + [1yvl] (Triangle inequality)
x and y are arbitrary vectors in X. a is any scalar. A metric d on X is denoted by;

d(x,y) =|lx —yl| (x,y € X) (metric induced by norm). (2.38)

2.6.2 Euclidean space R™ and unitary space C"

They are Banach space with norm defined by

|Ixl| = (E]=111%)* = VI&al2 + - + 1€l (2.39)

The metric is denoted by

d(x,y) = |lx = yl| = VI& = m? + -+ & — 1] (2.40)
2.6.3 Space I?P

It’s Banach space with norm and metric

] = (2 6P and dGey) = [lx—yl| = (S lg —m P, (24D
2.6.4 Space I”
It’s Banach space with norm

|lx1] = supj|&;1. (2.42)
2.6.5 Lemma (Translation Invariance)

A metric d induced by a norm on a normed space X satisfies
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dx+a,y+a)=d(x,y) andd(ax,ay) = |a|d(x,y) for all x,ya € X and every
scaler a.
Proof:
dx+a,y+a)= ||x +a—-(y+ a)|| = ||x —y|| =d(x,y)
d(ax,ay) = |lax — ay|| = |a| |lx — yI| = |al d(x, ).
2.7 Further Properties of Normed Spaces
A subspace Y of a normed space X is a subspace of X considered as a vector space.
A subspace Y of a Banach space X is a subspace of X considered as a normed space.
2.7.1 Theorem: Subspace of a Banach space
A subspace Y of a Banach space X is complete if and only if the set Y is closed in X.

I. (x,) is a sequence in a normed space x. (x,,) Is convergent, if x contains an

limn_)oo“xn - x|| =0. (2.43)
ii. (x,) is Cauchy if for every € > 0 there is N;
[x, —x|| < & forall m,n > N. (2.44)
We can associate with (x;,) the sequence (s,,) of partial sums
Spn=x1+x,++x, n=12, .. (2.45)
If s, is convergent, then s,, - s and ||s,, — s|| = 0.
The infinite series s = Y., x; = x; + x, + -+ s said convergent. s is the sum of
the series.
2.8 Finite Dimensional Normed Spaces and Subspaces
2.8.1 Theorem: Closedness

Every finite dimensional subspace Y of a normed space X is closed in X.
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2.8.2 Definition of Equivalent norms
A norm |[|.|| on a vector space X is said to be equivalent to a norm ||.||, on X, if
there are positive numbers a and b for all x € X
allX1|, < |1XI] < bIIX]lo. (2.46)
2.9 Linear Operators
2.9.1 Definition of Linear Operator
Assume that A is a linear operator
i.  The domain D(A) of T is a vector space. The range R(A) lies in a vector
space over the same field.
ii. Forall x,y € D(A) and scalars «
T(x+y)=Tx+Ty (2.47)
T(ax) = aTx . (2.48)
The null space of A (N(A)) is the set of all x € D(A) such that Ax = 0.
2.9.2 Definition of Identity operator (I)
I: X — X is defined by Ix = x forall x € X.
2.9.3 Definition of Zero operator (0)
0: X — Y is defined by Ox = 0 for all x € X.
2.10 Inner Product Spaces
We can add and multiply vectors by scalars in a normed spaces. The length of a
vector generalizes by norm. However, what is still missing in a general normed

space, is an analogue of the familiar dot product.

a.b = a0+ ayf, + azf; (2.49)
la] = Va.a. (2.50)

The case for orthogonality;

a.b = 0. (2.51)
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The dot product and orthogonality can be generalized to arbitrary vector spaces. It
leads to inner product spaces. Moreover, Hilbert spaces are complete inner product

spaces.

Hilbert spaces is known to be the natural function spaces of Quantum mechanics. It
is the space of square integrable (L*(R)) complex-valued functions on R, that is, of
all functions f: R = K for which
S If@)ldx < oo, (2.52)
Definition of inner product;
X =<xy>. (2.53)

Norm of a vector X;

[1XI| =< x,x >3 (2.54)
Orthogonality condition for vectors x and y;
<x,y>=0. (2.55)
If H is Hilbert space, then;
I. H’s representations are a direct sum of a closed subspaces. It’s a orthogonal
complement.
ii.  H has orthonormal sets and sequences.
iii.  The Riesz representation is bounded linear functionals by inner products.
iv. A" isaHilbert-adjoint operator of a bounded linear operator A.
2.10.1 Definition of Inner Product Spaces and Hilbert Spaces
An inner product on X is a mapping of XxX into the scalar field K.
For all vectors x, y, z and scalars a we have;
I. <x+yz>=<x,z>+<y,z>
ii. <ax,y>=a<xy>
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iii. <x,y>=<Yy,x>
V. <x,x=20 , < x,x >=0 when x=0

v.  Normofx, [|x|| = V<x,x> (= 0)

vi.  Metricon X, d(x,y) =[x —yl| = /<x—y,x—y >
Inner product spaces are normed spaces, Hilbert spaces are Banach spaces.
Vii. If X is areal vector space, < x,y >=<y,x > (symmetry)
viii. A norm on an inner product space satisfies;
lx+ ¥+ [lc = yI|* = 2(|IxI|* + |Iyl?).  (parallelogram equality) ~ ( 2.56)
So all normed spaces are not inner product spaces.
2.10.2 Definition of Orthogonality
x,y €X and <x,y>=0. (2.57)
We also say that x and y are orthogonal and they are perpendicular to each other.
2.10.3 Euclidean space R™
The space R™ is a Hilbert space with inner product
<Xy >= &N+ &N+ + (2.58)
x=(&)=CE, &) and y=(m;)= ). (2.59)
Norm becomes;
[12]] =< x,x >7= (&% + - + &,2)2 (2.60)

Euclidean metric defined by;

1
2

dix,y) =|lx—yl|=<x—-y,x—y >

= [(& = 1) + o+ (G — )T (2.61)
2.10.4 Unitary space C"
The space C™" is given by
<Xy >= &l e+ S, (2.62)
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2.10.5 Space L?[a, b]
The vector space of all continuous real-valued functions on [a, b] forms a normed

space X. The norm is defined by

1

llxl| = (J] x(®)?dt)". (2.63)
Inner product is defined by

<x,y>= f(f x(t)y(t)dt. (2.64)
When we keep t € [a, b] real, we consider complex-valued functions. For these
functions, a complex vector space is formed. Inner product becomes;

<xy>= [ x(©y©dt . (2.65)

So for norm of X,
lIxl] = <x,x >= [ x(Ox@)dt and  x(Ox(0) = [x(O)|?. (2.66)

Here x(t) is the complex conjugate of x(t). Finally;

1
[Ixl| = (J, 1x(®)2de)*. (2.67)
2.10.6 Hilbert sequence space I2

For this space inner product and norm is defined by

<rxy>=32ET  |dl=<nrsi= (LGP (269
2.10.7 Space 1P
The space P with p # 2 is not an inner product space, hence not a Hilbert space.
Proof:
The norm of IP with p # 2 cannot be obtained from an inner product. It means that

the norm does not satisfy the parallelogram equality.

lx + Y112 + [l = yI|* = 2(1xI]* + |IyI[.

Let take x = (1,1,0,0..) e lPandy = (1,-1,0,0...) € [
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[xI] = [I1] = 2¢

|lx +yl| = |lx—yl| =2
[P is complete. Hence 1P with p # 2 is a Banach space which is not a Hilbert space.
2.11 Properties of Inner Product Spaces
2.11.1 Lemma (Schwarz Inequality, Triangle Inequality)

First of all we have an equation;

||0le|2 =<ax,ax >= a@ <x,x >=|a|?||x]|?. (2.69)
An inner product and corresponding norm satisfy the Schwarz inequality and the
triangle inequality.

a) I<xy > <|lxl||Iyl] (Schwarz Inequality) (2.70)

The meaning of equality sign is {x, y} is a linearly dependent set.
Proof:
If y =0,then < x,0 >= 0. Let y # 0 for every scalar « ;

0< |Ix—ay||2 =<x—ay,x—ay>.

=<xx>—-a<xy> —a[<yx>-a<yy>]

<yx> .. .
<3’: ;, the expression in the brackets [ ] is zero.

’

If we choose @ =

<y x> 2 <x,y>|?
0 <<ux,x> —y—<x,y>=|IXI| x> P
<yy>

where <y, x>=<ux,y >.
b) |lx+yll < ||x|| + ||yl]. (Triangle inequality) (2.71)
The equality sign means y = 0 or x = cy (c real and > 0)
Proof:

We have

||x+y||2 =<x+yx+y>= ||x||2+<x,y> +<yx> +||y]|%.

26



By the Schwarz Inequality,
|<x,y>|=I<yx>| <|lxl||lyl]
And by the triangle equality,
[l +y1° < 12| + 21< %y >| + [Iyl?
< [lxl|” + 2{1xl|1Iyl] + 11y11?
= (I(xDI+ 1AyDD? .
2.11.2 Lemma ( Continuity of Inner Product)
If an inner product space, x,, = x and y,, = y, then < x,,, y,, >—=>< x,y >.
Proof:
<XV S|l—<x,y>| =< X >|—<x, 7> +<x,,y> —<x,y>|
SI<Xpyn—y >+ <xp—xy>|
< |lxal][lyn = ¥1| + |12 = xl|[I¥I] = O
sincey,—y—>0andx, —x - 0asn — oo,
2.11.3 Theorem: Subspace
Let Y be a subspace of a Hilbert space H. Then
a) Y is complete if and only if Y is closed in H.
b) If Y is finite dimensional, then Y is complete.
C) If H is seperable, soisY.
Every subset of a seperable inner product space is seperable.
2.11.4 Theorem: Riesz Representation
Let H;, H, be Hilbert spaces and h : H,xH, — K a bounded sesquilinear form. Then
h has a representation h(x,y) = < Sx,y > where S: H; — H, is a bounded linear
operator. S is uniquely determined by A has norm

|IS1] = 1Il]. (2.72)
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2.12 Hilbert-Adjoint Operator
2.12.1 Definition of Hilbert-adjoint operator T*
H; and H, are Hilbert spaces, where A: H; — H, be a bounded linear operator. Then
A is the Hilbert-adjoint operator of A.
A*:H, » H,

< Ax,y >=<x,A"y> forall x€e HyandY € H,.
2.12.2 Theorem: Existence
The Hilbert adjoint operator exists, is unique and a bounded linear operator with
norm

1471

= |IAll. (2.73)
Proof:
A sesquilinear form on H,xH; is defined by

h(y,x) =<y,Tx >.
The inner product is sesquilinear and A is linear. Conjugate linearity of the form is

h(y, ax; + Bxy) =<y, A(ax; + Bxy) >
<y, aAx; + BAx, >= @ <y,Ax; > +f <y, Ax, >
= ah(y, x1) + Bh(y, x3).

In fact h is bounded. From the Schwarz inequality,

|h(y, x)| = I< y,Ax >| < |Iyl|||1Ax|| < [1Al]|Ix]|[I¥]]

|Inl] < 1141] and [IRl] = [IAl|
_ |<y,Ax>| [<Ax,Ax>|
111} = Subx=0 Tl = w141l
Finally;
|[Inl] = [1Al].

From Riesz representation for h;
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h(x,y) =< A%y, x >.
A*: H, = H; is a uniquely determined bounded linear operator with norm

147

= ||nl| = [1A]l.

2.12.3 Lemma (Zero operator)

Let X and Y be inner product spaces and Q: X — Y a bounded linear operator.
Then:

a) Q=0ifandonlyif< Qx,y >=0forallx e Xandy €Y.

b) If Q:x — X, where X is complex, and < Qx,x >= 0 for all x € X, then
Q =0.
Proof:

a) Q = 0 means Qx = 0 forall X.
<Qx,y>=<0,y>=0<w,y>=0.
b) <Qu,v>=0foreveryv=ax+y €X
<Qlax+y),ax+y>=|a|?<Qx,x > +a < Qy,y> +a <Qx,y >
+a<Qyx>.
By assumption, the first two terms are zero. Let a = 1;
<Qx,y> +<Qy,x>=0.
Leta =iand a = —i;
<Qx,y> —<Qy,x>=0.
It is essential that X be complex.
2.12.4 Theorem: Properties of Hilbert-adjoint operators
Let H, ,H, be Hilbert spaces, S: H;, = H, and A: H;, — H, bounded linear operators
and a any scalar. Then we have;
a) <Ay, x>=<yAx > (x € H,y € H,)

b) (S+A)' =S +4
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Q) (ad) =aA
d @) =T

e = |14l

N—r

IT*T|| = |144"]

f) AA=0 - A=0
g) (SA)" =AS” (assuming H, = H,)
Proof:
a) <Ax,y >=<x,A"y >s0
<Ay x>=<x, Ay >=<Ax,y > =<y, Tx >
b) <Ax,y> =<x,Ay>s0<x,(S+A)y>=<(S+T)x,y>
=<Sx,y> +<Ax,y>=<xSy>+<x, Ay >
=< x,(S"+ Ay >.
Finally (S + A)*y = (§* + A)y forall y.
) Q= (ad) —aa
< (aA)'y,x >=<y,(ald)x >=<y,a(Adx) >
=a<yAx>=a<Ayx>=<ad’y,x >.
d) (A")" is written A*™ = A forall x € H,.
<A)'xy>=<xAy>=<Ax,y> and Q = (4")" — A.

e) A*A:H, - H,, but AA*: H, —» H,. By the Schwarz inequality
|1Ax||* = < Ax, Ax > = << A"Ax,x > < ||4"Ax||||x]| < [14°Al| [1x]|?

llAl]* < |14°41] < |14

|IAl] = 114]] 2
replace A by A*

2
147 A% = ||4l|2.

= [147]

f) (6e) obtain (6f)

0) <x,(SA)'y>=<(SA)x,y >=<Ax,S'y >=<x,A'S"y >.
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2.13 Self-Adjoint, Unitary and Normal Operators
2.13.1 Definition of Self-adjoint, Unitary and Normal operators
A is a bounded linear operator where H — H on a Hilbert space H then;
A is self-adjoint or Hermitian if A* = A [10].
A is unitary if A is bijectiveand A = A™1.
Aisnormal if AA* = A*A.
When A4 is self-adjoint; < Ax,y > =< x,A"y > becomes < Ax,y > =< x, Ay >.
If A is self-adjoint or unitary, A is normal. However, a normal operator need not be
self-adjoint or unitary.
2.13.2 Example (Matrices)
If a basis for €™ is given and a linear operator on C™ is represented by a certain
matrix, then its Hilbert-adjoint operator is represented by the complex conjugate
transpose of that matrix.
The inner product defined by
< x,y >= xTy, where x and y are written as column vectors.
T means transposition;
X" = (&) - (2.74)
Let T: C™ — C™ be a linear operator.

C and C™ are represented by two n-rowed square matrices, say, C and B.

(Bx)T = xTBT (2.75)

<Ax,y >=(Cx)Ty =xTCTy and < x,A*y >= xTBy. (2.76)
Consequently,

CT=Band B =C". (2.77)

I. For Representing matrices;

Hermitian if A is self-adjoint(Hermitian),
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Unitary if A is unitary,
Normal if A is normal.

ii. For a linear operator A: R™ — R™, representing matrices are;
Real symmetric if A is self-adjoint,
Orthogonal is A is unitary.

iii. For a square matrix C = (ajx);
Hermitian if C™ = C (hence a; = aj;)
Skew-Hermitian if C* = —C (hence a; = —a;y,)
Unitary if CT = ¢ ™1
Normal if CCT = CTC.

2.13.3 Theorem: Self-adjointness

Let T: H —» H be a bounded linear operator on a Hilbert-space H. Then:

a) If A is self-adjoint, < Ax,x > isreal forall x € H.

b) If H is complex and < Ax,x > is real for all x € H, the operator A is self-
adjoint.

Proof:

a) If A is self-adjoint

< Ax,x >=< x,Ax > =< Ax,x > for all x.
Complex conjugate is equal to itself so that it is real.

b) If < Ax,x > is real for all x, then

<Ax,x >=< Ax,x > =< x,A*x >=< A%x,x >
0=<Ax, x> — < A'x,x>=<(A—-A")x,x >.

A— A" =050 H is complex.
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Chapter 3

SELF-ADJOINT EXTENSOINS OF THE OPERATORS

3.1 Introduction

In quantum mechanics, one of the important questions is to count the how many self-
adjoint extensions of the operator admit. In order to determine the number of self-
adjoint extensions of the operators, the best well-known reliable method which is
introduced by von-Neumann is used. In this method the concept of deficiency indices
is used, which is related with an ordered pair of positive integers (n,,n_). This
mathematical review is introduced on a paper written by Ishibashi and Hosoya [5].

Let us start with some essential definitions.

Consider a Hilbert space H which represents by inner product <.,.>. An operator on
H is a pair: a linear mapping A: H — H and its domain of definition D(A). The pair
(A,D(A)) can be written as A. If an operator A with D(A) densly defined (which
means that any vector v € H can be approximated by vectors in D(A) as closely as
possible) in H satisfies

<P AY >=< AP, > V ¢, € D(A) (3.1)

if this is the case then A is called symmetric or Hermitian (4 = A™).

An operator A’ is an extension of 4 if D(A) € D(A") and A'Y = Ay, Vp € D(A).
Extensions are obtained by relaxing the boundary conditions of the D(A4). Consider

sequences {,} € D(A) such that there exit limits
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lim, Y, =:§ EH and lim,_. Ay, =:n € H. (3.2)
If, for every such sequence, ¢ € D(A) and A& =1, then (4,D(A)) is said to be
closed. If nonclosed operator A has a closed extension then it is called closable.

Furthermore, closure is defined if every closable operator has smallest extension.

Assume that (4, D(A)) is a symmetric operator. Let us denote D(A*) to be the set of
all ¢ € H for which there exist a y € H such that

(9, 4¢) = (0. ¥), v € D(A). 3.3)
Then, since D(A) is dense, y is uniquely defined by ¢ € D(A*) and Eg. (3.1). An
operator (A%, D(A*)) defined by A*¢ = y for every ¢ € D(A") is called the adjoint
of (4,D(A)). When the case is, A* is a proper extension of A, then D(A*) can be
larger than D(A). If (A%, D(A)) = (4,D(A)), then (4,D(A)) is said to be self-

adjoint.

Now let us consider the following examples which illustrate extensions of the

symmetric operators to self-adjoint ones.

Let the Hilbert space H = L?(0,1), the set of square integrable functions in the

interval [0,1]. Consider the momentum operator p;
pY =iy (3.4)
with
D(p) = {¥Y(0) =y(1) =0, Y € AC < [0,1]}, (3.9)
where AC c [0,1] denotes the set of absolutely continuous functions on [0,1], and

their derivatives are in L2(0,1).
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Let us first show that the momentum operator p is a symmetric operator

<¢,pY >=<pd, Y >V, €D(p). (3.6)

Proof:

) . 1 ,.d
< >= [f ¢ pwdx = [} i pdx = —i [ ¢ L dx
—(@P=yp—+¢"— > ¢ —=—(¢"Y) <

do*
d
dx x

<omp>=—i[ [Low - v ac= i [ L@t v

<opp>=—i@ PN+ f, i dx = [Jp(-i=¢) dx =<pp, i >.
However, if ¢p(x) = e™** € D(p*) hence,
prp=yx= —i%(eik") = —i%ke™* = ke** € H, (3.7)

Note that p*¢ = y = ke'** & D(p) so that D(p*) > D(p) and is not self-adjoint.

Next, take up an operator p,, with same action as p in D (p) with the domain
D(po) = {$1(0) = ey (1), ¥ € AC < [0,1]}, (3.8)
in which « is a real number. Obviously, this is an extension of p. For ¢ € D(p,"),

there is y € H, which is defined by

VY € D(pa), (¢, pah) = (W), Pa" P = X- (3.9)
Namely since,
< ¢, p ¥ >=<p, P, >, which reads as
Jy & (—i%E) dx = [ dx(pa’¢)" ¥ (3.10)
The Eqg. (3.10) can be verified, if we integrate the LHS by the method of integration
by parts;
LHS = [} ¢* (=i Z2) dx (3.11)

dx
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Let take derivatives
u=¢" - du= %dx
dv = —i%dx - v =—.
Jy o (1) dx = —ipp" [} + f, wi "L . (3.12)
Note that the term —iy¢™ should vanish in order to satisfy Eq. (3.10). Therefore,

—ip¢*p = —i{p(1)$" (1) — ¥ (0)¢"(0)} = 0. Hence

Jy o (-i%E) dx = [ pi-¢"dx (3.13)
=[PP d")dx (3.14)
=[ b (pa" ) dx. (3.15)

Recall from the imposed condition that

P(D)e*(1) = ¢ (0)¢p"(0). (3.16)
Using the boundary condition for v, in the above equation,

PP (1) = e“P(1)¢*(0). (3.17)

" (1) = ei“p*(0) = [e"“p(0)] (3.18)
hence, $(1) = e™*$(0) > ¢p(0)=e'“¢p(1).
This result implies that

D(p.") = D(pa) (3.19)
Hence, p, is self-adjoint. Since « is arbitrary, it shows that p has infinitely many
different self-adjoint extensions.
3.1.1 Definition of Deficiency subspaces
In order to count how many self-adjoint extensions of an operator has, the concept of

deficiency indices is used. The deficiency subspaces N, is defined by
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N, = (Y € DAY, AY = Z, Y, ImZ, > 0} (3.20)
N_={y eD(A), AY =Z_y, ImZ_ < 0} (3.21)
The dimensions n,,n_ are the deficiency indices of the operator A and will be
denoted by the ordered pair (n,,n_). The ordered pair are not depend on the choice
of Z,(Z_). They depends only on whether Z lies in the upper(lower) half complex

plane.

Generally we consider Z, =id and Z_ = —iA, where A is an arbitrary positive
constant and it is required for dimensional reasons. The deficiency indices are found
by counting the number of solutions of A"y = Zy; (for 1 = 1),

AYFiYy=0 (3.22)
that belong to the Hilbert space H. If solutions do not satisfy the square integrability
condition (i.e n, = n_ = 0), the operator A has a unique self-adjoint extension and it
is self-adjoint. As a result, the operator A has a unique self-adjoint extension if and
only if, the solutions which satisfy Eq. (3.22), don’t belong to the Hilbert-space.

3.1.2 Theorem: Criteria for essentially self-adjoint operators
For an operator A with deficiency indices (n,,n_), there are three possibilities:
i. If n, = n_ = 0then A is self-adjoint. (necessary and sufficient condition)
ii. If n, =n_ =n > 1, then A has infinitely many self-adjoint extensions and is
parametrized by a unitart n x n matrix. (n? real parameters)

iii. If n, # n_; A has no self-adjoint extensions.

How can we decide the deficiency indices n,,n_?
We check the square integrability conditions for functions. In mathematics, a square-

integrable function, also called a quadratically integrable function, is a real- or
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complex-valued measurable function for which the integral of the square of the

absolute value is finite. Thus, if
I2, i @)Pdx < oo, (3.23)
then v is quadratically integrable on the real line (—oo,+0). The quadratically

integrable functions form an inner product space namely the Hilbert space.
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Chapter 4

APPLICATIONS

In this section, we are concerned with the self-adjoint extensions of the operators.
The momentum and the Klein-Gordon operators will be considered as an application.
4.1 Momentum operator

The theorem of von-Neumann will be considered for momentum operator for three

different intervals which describe three different physical situations.

Let us consider the Hilbert space is H = L?>(a,b). The interval [a, b] will take
different values for each physical situation. The one dimensional momentum
operator p is given by

p=—ih—, (4.1)
Therefore, the operator A in the theorem will be replaced by the momentum operator

p for the present problem.

Hence we have

pP, Filpy =0 (4.2)
Assume that 1 = %
—ih 1, = +iy, (4.3)
Ty = Foihy (4.4)
[7E=F7 (4.5)
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Iny, = $§+ Cy (4.6)

Po(x) = Cpe'e, (4.7)
Now, we have to the investigate the behaviour of this function for three different

intervals [a, b].

First, the whole real axis is considered in the interval —co < x < co. Then in the
second case, the positive axis whose range is 0 < x < oo will be taken into
consideration. Finally, the range will be taken 0 < x < L on a finite interval.
4.1.1 The operator p on the whole real axis
This simply means that the interval will be
—00 < x < 00,
The condition for a self-adjointness is explained in the previous section. It is required
to determine the deficiency indices (n,,n_) which requires to use the inner-product
Eqg. (3.23).
We? = 1wy dx = [2 117 (4.8)
= 7 CleTedx = FCP Tt - . (4.9)
None of the functions 1, belongs to the Hilbert space and therefore the deficiency
indices (n, =0, n_ = 0). Therefore, the momentum operator p in the considered
interval is self-adjoint.
4.1.2 The operator p on the positive semi-axis
In this case the interval is

0<x < oo,

© o _2X - 2 _Zx
all? = [ prde = €2 [F e Fdx = 2677 5= < o0 (4.20)
0 0 2

o o 42 2 2x
-1 = J" e de =2 [[" e edx = e )f® 5 o0 (411)
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Calculations has revealed that only 1, belongs to the Hilbert space and therefore the
deficiency indices are (1,0). According to the von-Neumann theorem, the
momentum operator p has no self-adjoint extension.

4.1.3 The operator p on the finite interval

In this case interval is

0<x<lL.

—CC+2

L . L % _2x
Wll? = [ywidx =C,° fjeTedx=—e g <o (412)

+cC_?

2x
. e k<o (4.13)

117 = [Fprdx =2 [Feedx =
Calculations has revealed that both of iy, ,and _ belong to the Hilbert space and
therefore the deficiency indices are (1,1). According to the von-Neumann theorem,
the momentum operator p has many self-adjoint extensions.
4.2 Klein Gordon Fields
As a second example we consider the spatial part of the Klein-Gordon massless wave
equation in a curved geometry. The massive Klein-Gordon wave equation is given by
@-My =0 (4.14)
where M stands for the mass. Since our focus on massless wave, without loss of
generality we take it as m = 0. The symbol o stands for the dalambertian operator

defined by

o=V, = %aﬂ(w/—ggwav) (4.15)

in which, g#V is the metric tensor in contravariant form and g is the determinant of
the metric.

As a curved geometry we consider the following metric

ds? = —[1-%[ae? +[£_rzim]+r2(d92 + sin 62 dg?), (4.16)
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this metric is known as the negative mass Schwarzchild solution. Schwarzchild
solution for m > 0 is known as the static black-hole solution in general relativity.
Black holes are known to be the mysterious objects predicted by Einstein’s theory of
relativity that even light can not escape from its horizon located at r = 2m. This
spherically symmetric black hole has a central curvature singularity atr = 0. In
classical general relativity singularities are defined as the geodesics incompleteness
for the timelike and null geodesics. Particles are following timelike, while the
photons are following null geodesics. However, this singularity in the case of black
holes is hidden by horizon. This picture changes completely if the mass is negative.
In this case, there is no black hole and therefore the singularity at » = 0 becomes

naked. This type of singularities are called naked singularities.

As an application of self-adjoint extension of an operators, we wish to consider the
propagation of quantum fields obeying the Klein-Gordon equation to see whether or
not the quantum field falls into the singularity or not. This way of analysing the
singularities helps us to understand whether the classical singularity is quantum
mechanically regular or not. In other words, the singularity will be analysed in
quantum mechanical point of view. To achieve this goal, the notion of self-adjoint
extension of the spatial part of the Klein-Gordon operator will be used, and we will
try to count the number of self-adjoint extension with the help of von-Neumann

theorem.

In order to understand better the concept of self-adjoint extension of an operator, let

us first investigate, the Klein-Gordon equation for a free particle.
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We know that Schrédinger equation is given by

p o _ _ 1 m

th—=—=——V% +V(r)y (4.17)
where V(r) is an effective potential and, since we are interested with free particles,

we take the potential V(r) = 0.

Then Eq. (4.17) becomes,

inl = g2y (4.18)

at 2m

The right hand side of Eq. (4.18) is known as the Hamiltonian of the system that can

be written as,

hZ 2
H=——V= f—m (4.19)
Hy = in 2 (4.20)

where p is momentum.
Y(7,0) is the wave corresponding to the initial state and, (% t) is the wave
corresponding to some later time. T(t) is the temporal part of wave function.

Y@, t) = Y@, 0)T(t). (4.21)

If we write this equation into Eq. (4.20), we find

THY(#, 0) = ik (7, 0) % (4.22)
' (i 0) = R4T
S W0 =5 = E (4.23)

where E is a constant.

Finally we have two equations

Hy(7,0) = EY(#,0)
{ inZl = ET (4.29
at
If we solve second part of Eq. (4.24),
ar _ E
— =—dt (4.25)
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InT = —%E(t) + cons (4.26)

We find solution when t, = 0

iEt

T=e & . (4.27)
4.2.1 Theorem:

If U, is the eigenfunction of the operator A, and a is the eigenvalue of the operator.

Then,
AU, =al,
4.28
F(A)q = (@)U, (426)
Proof:
If AU, = aU,, then f(A)U, = f(a)U, is satisfied.
Let prove,
=, £ (o
.=y @y,
n=0 '
We expand the Taylor series,
AR
—— (A"
n=0
AU, = AV AU, = A" taU,
aA" 2AU, = - = a"U,
Finally,
m
(Zmo="a") Ug = f(@)U
If we apply the theorem to the first part of the Eq. (4.24) then,
Hyg(7,0) = Eyp(7,0)
fH)Ye = f(E)Ys
- —iE—t - —ﬂ -
¢(T:t) =e n l/JE("/'lO) =e h l/)E(rrO)
- —ﬂ -
Ye(@,t) = e (7, 0). (4.29)
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The above result can be written in terms of operator A such that,

Pp (1) = e VA, (7, 0). (4.30)
If the operator A is not essentially self-adjoint, the future time evolution of the wave
function is ambigous. The reason is that, we do not know which extension of the
operator Ay is used. This physically implies that the future time evolution of the
wave can not be predicted. Hence, the classically singular spacetime remains

quantum singular as well.

But, if the operator Az has a unique self-adjoint extension, the future time evolution
of the wave can be predicted with the given initial condition ¥ (7, 0). Then we say

that the classically singular spacetime is quantum mechanically regular.

Our aim in this thesis to investigate whether the spatial part of the Klein-Gordon
operator admit the unique self-adjoint extensions or not. For the massless case the

Klein-Gordon operator is
1
oY = Eaﬂ[w/—ggwav]tp = 0. (4.31)

The covariant form of the negative mass Schwarzchild solution is given by

(—f(r) 0 0 0
1
Gy = ! 0 = 0 0 ! (4.32)
L 0 0 r? 0 J
0 0 0 72%sing?
and its contravariant form is given by
-1
) 0 0 0
0 f(r) O 0
w — 4.33
g o 0 < 0 (433)
I r I
1
k 0 0 0 T2 sinGZJ
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2|m|

where f(r) = 1 + — and the determinant g is calculated and found as

g = —r*sin62. (4.34)
In order to find the spatial part of the Klein-Gordon equation, we write Eq. (4.31) for

the metric in the following form

621,0 _
= —ay (4.35)

where A is the spatial part of the Klein-Gordon operator.

Eq. (4.31) can be written explicitly as

S lv=as Sl + 5 V=99 5]
{ae [\/— 06 a¢ o [\/_ pp ¥ aw } (4.36)

Substituting the related functions we have,

———{0.[r? smemat]zp + 0, [r2sin 6 £ ()0, 1w}

—{0g [r?sin0 50| ¥ + 0, [r? sin 05—, 1w} = 0 (4.37)

r2sin@

{r sin 6 (')tttp + sin 6 d,[r Zf(r)ar]tp}

r2sinf

Y %y 1 9%y
{[cos@— + sinf — 02| T 5op 3907 } 0 (4.38)

r2sin@

1 r2sin @ 0%y 2 oy
Ty e Hsin 05 [PF () 5

r2sinf

2 ) 00 % | g Pty L0
f(r) sm@ +cosf—+sinf—7 + — a<p2} =0 (4.39)

+r251n9{

rewriting the above equation as

-1 9% 2f(r)a¢ )0y
ozt M) +f()ar2

cos@ 9P 1 621[) 1 9%y
r2sin@ 96 ' r2 362 ' rZsin @2 a2

(4.40)

Seperating the temporal part, we have
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9%y 2f(r) 61!) 1 Oy 01!) f(r)cos%w f(r)azw fr) 0%y
— = —+ ff() 5+ () o= tr et

ot2 “r2sing 06 72 962 ' rZsin6? dp?
(4.41)
This equation can be simplified further to have,
0%y _ [2f(r)? @ , 0
L L2 4 () =+ () |
f(r)cos® @ |, f(r) 8?2 _fm
[ r2sin @ £+r_2ﬁ r2sin 62 dp? ]l/J (4.42)

If this equation is compared with Eq. (4.35) then, one can easily read the spatial

operator A to be

I PINY L 2/(r) | (O] D _f)[ 2% 91 @ 92
A= f (T) ar? f(T')[ r or lor r2 [692+ teae 12 sin 62 6<p (4 43)

The next step is to investigate this operator by using the theorem of von-Neumann
explained in Chapter 3. The key point in the theorem is to apply the Kernel

A*FiY=0 (4.44)
where A* is the extension of the operator A. According to the theorem if the spatial
part of the Klein-Gordon equation has a unique self-adjoint extension then the
solution to the Eq. (4.44) must not belong to the Hilbert space. In other words,
solutions must not satisfy the square integrability conditions that is,

1] = [ wip*dx — oo. (4.45)
Since the singularity is at » = 0, our aim will be look for a seperable solution to the
equation A"y + iy = 0, and analyse whether the radial part of the operator and its
solution is essentially self-adjoint or not.

We assume a separable solution in the form of

W(r,0,90) = R(Y (6, p). (4.46)

2 2 0 R 0Y (6,

P2 4 £ 0] ¥.0) 2 + £ (6, ) k4 SEU RO
+f(r)R 2%Y(8,9) , f(R 82Y(6, ? T Tiy=0 (4.47)

202 r2sin62 Q2
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v©0,0) (L + F(f)) 4 £ () 5]

f@)  [cos@aY(8,9) , 3*Y(6,9) 1 9%y(6,p)
T2 R[sine 26 T o2 sin62  a¢? ]+“/) =0 (4.48)

2m,

We know f(r) = 1 + sz then f(r)' = _rz

1 [cos 0 oY (0,p) , 8%Y(6,9)

B o) o]+

sinf 96 262
el Fi=0 (4.49)
(F25m+ (L+rr) 5+ R(FFD) FiR =0 (4.50)

Finally, the radial part of Klein-gordon equation
o (D) (s ) r o 45
(k) (e )r 0
()R- (e r-0 e

where [(l + 1) is a seperability constant. Since the singularity is at r = 0, we need to
find the behaviour of the metric near r — 0, which leads, f(r) = 1 420 2 ™ then

the metric becomes

~Ede? + (‘g) +72(d6? + sin 02 dg?). (4.54)

According to the limiting values and assuming for [ = 0 case which corresponds to
the S-wave, the Eq. (4.53) simplies to

L (4.55)

ar2  ror
whose solution is given by

R(T) = Cl Inr + Cz (456)
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In which C; and C, are integration constants. The next step is to investigate the
square integrability of the solution near r = 0. The squared norm for the metric Eq.

(4.54) is given by,

2
IIRI|2=[ rz%dr. (4.57)
IRI[2=fm p2 Ol gy [ p2 (Sl g (458
f 0 f
where f = sz
2 2
IRI? = 2= [ r3(nr)2 dr + 2 [ r3dr (4.59)
2 - G 4 2 _ At | ) GF [t
IRIP =22 [ r*8ane)? - 2=+ L]+ 52 [7] @60)

2 2 2
C1“1In(r) €17 CL] (4.61)

2 _ afC? 2 _
[IRI]" =7 [Smln(r) 16m 64m = 8m

2
The above integral as v — 0 is finite. That is to say [ r2 %dr < 0.

This implies that the solution R(r) is square integrable and hence the spatial operator

of the Klein-Gordon equation has an extension.

According to the von-Neumann defficiency indices n = 1. The physical meaning of
this result is that, the classical naked singularity of a negative mass Schwarzchild
solution is quantum mechanically singular as well.

The use of the concept of the extensions of the self-adjoint operators in analysing the

singularities is used succesfully in 3 dimensional [6,7] geometries as well.
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Chapter 5

CONCLUSION

In this thesis, application of self-adjoint extensions of some of the operators are
investigated. In the analysis, the theorem proposed by von-Neumann is used.

After giving a review of mathematical background of the topic in chapter 2, we
describe the theorem of von-Neumann in chapter 3. The main idea of the theorem is
to investigate operator with the Kernel A"y + iAy = 0, and counting the number of

solutions that belongs to the Hilbert space which is a function space of L2. If the
squared-norm of the solution do not belong to Hilbert space (i.e ffooo Yp*dx — )

then the deficiency indices n, = n_ = 0. According to the theorem this means that,
the operator A is self-adjoint and possesses unique extension. However, if n, =

n_ =n = 1, then the operator A has infinitely many self-adjoint extensions. This

particular case is verified if the squared-norm, ffooo YPrdx < oo.

First, the momentum operator is considered for three different physical situations.
Three different physical situations are obtained by bounding the interval of the
position(x). The results obtained for this problem are; The momentum operator p,
has a unique self-adjoint extension on the whole real axis (i.e —oco < x < ). If the
position interval is bounded on the positive semi-axis (i.e 0 < x < o), then the
dediciency indices are (1,0) and therefore the momentum operator p has no self-
adjoint extension. As a third example the momentum operator p is considered on a

finite interval (i.e 0 < x < L). Analysis has revealed that the deficiency indices
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(1,1). From the von-Neumann theorem this result indicates that momentum operator

p has infinitely many self-adjoint extensions.

Finally, we consider the Klein-Gordon equation in the background of negative mass
Schwarchild spacetime. This spacetime admits naked singularity at r = 0.
Classically, this spacetime is singular. However, it is of interest whether this
spacetime remains regular against the propagation of waves obeying the Klein-
Gordon equation. Hence, the Klein-Gordon equation is written by seperating the

2
temporal part (i.e ZTf = —Ay) and the spatial operator A is considered.

As was given in the thesis, the solution of Schrodinger equation for free particles is
given by Yz (7t) = e WAEty (7, 0). Here A, denotes the spatial part of Klein-
Gordon equation. If we prove that the spatial operator A; has a unique self-adjoint
extension, then the future time evolution of the wave can be predicted. Our analysis
has revealed that the deficiency indice is n = 1. Hence, the spatial part of the Klein-
Gordon equation has infinitely many self-adjoint extension. The conclusion is that,

the classically singular spacetime remains quantum mechanically singular as well.
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