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ABSTRACT

In Mathematics, quantum calculus is a version of calculus in which limits are not
taken. This type of calculus plays important role both in theoretical and practical
areas of mathematics. In quantum calculus, derivatives are differences and anti-
derivatives are sums. Quantum calculus is a theory where smoothness is no more
needed. In this work, we study finite intervals in quantum calculus. We review and
study the g;-derivative and g;-integral of a function and demonstrate their properties.
We apply this concept to provide existence and uniqueness results for the initial

value problems, namely for first and second order impulsive g;-difference equations.

Keywords: g;-derivative, q;- integral, impulsive g;-difference equation, existence,

uniqueness.



0z

Matematikte g-Kalkiiliis, Kalkiiliisda limitlerin alinmadig1 bir versiyonudur. Bu tiir
matematik bir¢cok teorik ve pratik alanda Onemli rol oynamaktadir. Kuantum
Kalkiiliisda tiirevler fark ve integral ise toplam olarak tanimlanir. Kuantum Kalkiiliis
diizginliigiin gerekli olmadig1 bir teoridir. Bu ¢alismada, kuantum Kalkiiliisin siirh
araliklar dikkate almmustir. Ayrica, bu tezde bir fonksiyonun q; —tiirevini ve
q; —integralini inceleyip ozellikleri verilmistir. Bu kavram, baslangic-deger
problemlerinin varlik ve teklik sonuglari iizerinde uygulanmistir. Ozelde birinci ve

ikinci dereceden impulsif g;-fark denklemleri dikkate alimustir.

Anahtar Kelimeler: varlik, teklik, g;-tiirev, q;- integral, impulsive g;-fark denklemi
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Chapter 1

INTRODUCTION

1.1 Historical Background

For a long time, studying, investigating and developing calculus had based on using
limits. Later it had appeared a calculus without limits called g —calculus. The
quantum calculus started with F.H. Jackson in the beginning of last century as
emerging area of mathematics, although it had been discovered already and

vigorously studied by Euler and Jacobi.

We can separate the evolution of quantum calculus from historical perspective into
two parts:

1. Development of quantum calculus in the period 1893-1950.

1893-1895 Rogers had some work on orthogonal polynomial that is possible to write
using g —hypergeometric series. Rogers demonstrated the proof of two Rogers-
Ramanujan identities that represent an infinite sum as a quotient of infinite product.
During this time, the big battlefield came to Europe. Beginning from 1904, the
English reverend Jackson had a lot of mathematics works intended completely to
quantum calculus that lasted until 1951. Jackson worked on elliptic functions, and

special functions.

Jackson started to find g-analogues of trigonometric functions, Bessel functions,

Legendre polynomials and the gamma function.



He elaborated the link between the g-gamma function and elliptic functions.

In 1910, Watson [19] constructed the proof a g-analogue of Barnes contour integral
expression for a hypergeometric series. Most of the people do not remember the
extraordinary proof of the R-Ramanujan identities.

2. Development of quantum calculus in the second half of the 20th century.

Many parts of quantum calculus evolved in the second half of the 20™ century. In the
1950's, many of the great developers of the subject were Lucy J. Slater and D.B.
Sears (1918-1999). L.J. Slater participated at Bailey's classes on g —hypergeormetric
series in 1947-50 at Bedford College, London University and in 1966 presented the
book [17], which explains the extraordinary developments made in the subject from
1936 when Bailey's book [7] was published. The so-called Sturm-Liouville g-
difference equation had been worked in [7]. This equation is a g-analogue of the
Sturm-Liouville differential equation.

.1.2 Significance and Importance of Quantum Calculus
For the last decades, it had attracted attention of researchers and scientists after the
emergence of huge interest of mathematics that is used in modeling gquantum
computing. For further details, a distinct works can be found in the papers [4, 11, 12]

and the references had been described there.

Quantum calculus worked in from the beginning of this century represented as a link
between mathematics and physics. Most of the scientific community, which benefit

from quantum calculus, is physicists.



The area witnessed a great expansion, because of using foundations of
hypergeometric series to the different subjects of combinatorics, quantum theory,

number theory, statistical mechanics that are continuously discovered.

One of the most important works in quantum calculus is the book written in last
decade by Kac and Cheung [18], which studies a lot of the foundational basis of

quantum calculus.

It is widely understood that quantum calculus is a branch of broader mathematical
area of time scales calculus. Time scales gives a generalized basis for working on
dynamic equations on both discrete and continuous domains. The text by Bohner and
Peterson [13] brought together important contribution in the calculus of time scales.
Working out in quantum calculus focuses on a special time scale, called the g-time
scale, described below:
Z = qNo := {q%:z € N,}, where q > 1.

In our work, we study finite intervals in quantum calculus. We describe the q;-
derivative of a function f: K; := [z;, z;,1] = R and demonstrate some properties, for
instance as derivative of a sum, of a product or a quotient of two functions. In
addition, it is useful to describe g;-integral and provide its properties. We apply this
concept to present existence and uniqueness results for initial value problem of first

and second order impulsive g —difference equations.

The early type of quantum calculus is not possible to be used in areas with impulses
because if an impulse pointz;, j € N lies between the points z and qz, then the

definition of g —derivative does not hold. Nevertheless, we do not see this in



impulsive problems on g-time scale for the reason that the points z and qz = p(2)
are consecutive. Finite intervals in quantum calculus the points z and q;z + (1 —
qj)z; are considered only in an interval [z}, z;,{]. Therefore, using g;-calculus it is

possible to solve systems with impulses at fixed times.

The remaining part of our work arranged as follows. In chapter 2, we revise the
basics of g-calculus. In chapter 3, we present the concept of finite intervals in g;-
derivatives and g;-integrals and demonstrate some properties which are basic. In
chapter 4, we use the outcome of chapter 3 to impulsive q;-difference equations and

provide existence and uniqueness results. We also discuss illustrations that

demonstrate the results.



Chapter 2

BASICS OF QUANTUM CALCULUS

Definition 2.1

Let f beafunction defined ona ¢ —geometricsetL,i.e.qz €L,z € L.

For 0 < g < 1, the q —derivative of f is;

_f(2)-1(q92) c T
qu(z)_—(l—q)z ,2eL/{0} qu(O) |Imz_)0qu(Z).

f(gz)-f(z) df(z)
q9—>1 (@-)z  dz

We see that lim D f(z)=Iim
q—1"¢

if f(z) is differentiable.

Some Properties of g —Derivative
It is clear that g-derivative of a function has a linearity property. For constants ¢ and

d we have:

D {E(@)+ch(2)} = (cf(2) + dh(2)) —(cf (q2) + dn(42))

(1-0)z

_(cf(z) —cf(qz)) + (dh(z) —dh(qz))
(1-0)z

_f@-f@ , ;h@-h@a)
t-az @9z

=D {f(2)}+dD_{h(2)}

5



Derivative of a Product of Functions
Derivative of a product of functions in quantum calculus is the same as in classic

calculus (calculus with limits). Therefore, by definition 2.1 it can be stated as

follows:

Dq{f(2)h(2)} =1 (az)Dgh(z) + h(z) Dyf (2),
=f(2) th(z) +h(qz) Daf (2). (2.2)

This can be proved as follows:

D, {f@) =R R,

_f(»)h(z) -f(z)h(az) + T (2)h(9z) - f(92)h(az)
1-q)z ’

_T(@2)h(@)-1(2)h(qz) _ T(z)h(az) - (az)h(4z)

(1-09)z (1-0)z
_ ¢ N(2)—h(g2) f(2)-f(g2)
—f(z)—(l_q)Z +h(qz)—(1_q)Z :

=f(2)D,h(2) +h(qz)D,f (2).

Derivative of a Quotient of Functions

Dq{f(z)}_ h(Z)qu(Z)—f(Z)th(Z)_ 22)

h(z)] h(9z2)h(z)

For the proof, the following steps are can be done.

@

Take f(z)=h(z) h)

Differentiating g —derivative on both sides of above we get:



D,f(z)=D, {h(z) %} using product rule 2.1

@], @
D,f h D D h(z),
@ =h(a) {h( )} oy D)

_H@)
) {f(z)}:qu(z) ) D,h(2)
"h@) h(qz) ’

5 {f(z)} h2)Df () ~f (@)D ()
h(z) h(z)h(az)

Definition 2.2

The higher order g —derivative is expressed as

D’ (2) =f(2), Df(z)=D,DE*(2), aeN.

q —Integral of a Function (Jackson integral)

Suppose f(z) is arbitrary function. Define the operator E; (f(z)) =f(qz).

Construct g —antiderivative of f(z). By definition 2.1 we have:

F@)-Fz) 1 .
f 1-EN)F(2).
D="Cer agt

Formally writing g —antiderivative,

(1-E)F(@) =(1-0)zf (2),

1-9)
F(z)_(1 = )zf(z)



=(1-0) Y Ey" (7))

=19 4"z @"2)

Using geometric series expansion we get
jf(z)dqz = (1—q)Zq’“zf (™) Provided the series converges.
m=0

N.B. For convergence of the series see next theorem.

Theorem 2.1 [18]

Suppose that 0 <q < 1. | f [f(z)z"| is bounded on (0, A] for some 0< a < 1 then the

above integral converges to a function F(z) on (0, A] which is g —antiderivative of

f(z). Moreover, F(z) is continuous at z=0 with F(0)=0

Proof.

Suppose that

‘f(z)z“ <N, v ze€(0,A]. Thenv m =0,
(@"2)*f(2)z°| <N,

‘f (qmz)‘ <N(q"z)™, z€ (0, A]

i@ )| <N@)“ =, z€ (0, Al 1-a>0,
Z
Sincel-a >0,0<g<1,

N @ <w, ze (0 Al
z m=0



By M-weierstrass test Z q™f(q"z) is point wise convergent and

m=0
F(z)=(1-9)z).q9"f(qa"2).
m=0
We now show that F(z) is continuous at z = 0. Indeed,
If(2)|=|1-a)z>_q"f(q"2)|,
m=0

S myla L
SO—‘Q)ZZN(Q ) oy
m=0

=N(-q)z Y ()",

(1-q)
@-9"*)

lim|F(z)| = 0 and F(0)=0.

F(z) is continuous at Z=0 and F(0)=0.

Now we show that F(z) is g —antiderivative of f(z).

Fz)-F(az) _ 1 NSO MmN (1 e mid
D,F(z) = 0z q)Z((l q)sz:())q f(q"z)-( q)qz;q f(q z)j.

(1_ 024 q)Z(quf(q 7)~ qu*Lf(qm*l )J

=>q"f(q"2)- > q"f(a"2),
m=0 m=1

=f(2).



Remark 2.1
If f is continuous at z = 0, then

Iquf(z) =f(z)-1(0).
This can be verified as follows:

1,0,F(2) = 0- )23 9"D,f (a"2),

Since a partial sum of g —integral (Jackson’s integral)

L f@"2)-f(9™2)
=(1-
( q)zmzzoq (1-o)q"z

= Zf(qmz)—f(qm*lz),

=f(2)-1(q""2),

Which tends to f (z) - f (0) as N— oo by the continuity of f (z) at z = 0.

Definition 2.3
For z >0 we set K, = zq*:x€ N U {0}and express the definite g —integral of a

function f: K, —» R by
Lf(2)=[f()dgl= > 2(L-a)a"F (q"2).
0 o=
The series must converge for integral to exist (we stated convergence in theorem

2.1).

For € K, , we expand

[TF (1= 1,5 (d)~1,f(c) = @-q) zo q*[df (dg*) —cf (cq®)].

10



Note that for c,d € k,, we have c = zq“, d = zq* for some a;, a,e N. The

d
definite integral j f(1)d,l is just afinite sum and it is clear that it converges.
Cc

Corollary 2.1 [18]

If f'(z)exist in a neighborhood of z = 0, is continuous at z = 0, where f'(z) denotes

the ordinary derivative of f (z), we have
b
L D,f(2)d,z =f(b)f(a).

Proof.

We use L’Hopital’s rule to get

i@ =0 @) _FO-af'©Q ¢

limD, () = lim /2 =1@2) _,
0 gz (10 -0)

D,f(z) can be made continuous at z = 0 if

f(z)-f(az)
D f(z)=7 @-0)z
f'(0) z=0

Integration by Parts

In g —calculus, the integration by parts formula is given by

[FODh®d t=[FOh®], - [, Df(Hh(at)d,t

This is proved as follows:

From corollary 2.1 we get

[ f®D,h(1)d t =f(2)h(2)—F(0)h(0).

Using product rule we have

11

(2.3)



D, (F(h(t)) =F (t)D,h(t) + h(gt)D,f (1).

q —integrating both sides of above we get

[D,(FOh®)d,t=[ FODN(at)d,t+ [ (@)D f(t)dt.

Using (2.3) we get

[FORD]; - [ h@)D,F(t)d t = [ F()D (1)t

12



Chapter 3

FINITE INTERVALS IN g — CALCULUS

Now we are studying the main part of our work, which is the concept of
q —derivative and g —integral of finite intervals in quantum calculus.
Let ] e NU{0}, K; :=[zj,z+1] cR, 0<gq <1 be a constant. We define the

q; —derivative of a function f: K; -» R, z € K; as follows:

Definition 3.1

Let f:K; — R is acontinuous function, z € K;. Then

f@)-faz+-q)2)
Pt =)

Z#2,, (3.1)
quf(zj) = Zli_)rr}j quf(z), is called the q; — derivatvie of fat z.
We say that f is q; — differentiable on K; provided Dq_f(z) exist forall z € K;.

We see that if z; = 0 and q; = g in (3.1) and Dq_f(z): qu(z), where D is the

q —derivative of the function f (z) defined in definition 2.1.

Example 3.1

Letf(z) =z* for z<[1,4] quéthen,

13



_ 22 _(qu+(1_qj)zj)2

D. f(2)
K (1_qj)(z_zj)
_ @+ q,)2° -29,z2z—(1-q,)z;
z-1, ’
2
= w, ze(L,4],
2(z-1)

and lim D f(z)=2,ifz=1. D,f(3)=5 has another way to write as
zZ—>2, (g, 1

] ] 2

f(3)-1(2)

difference quotient

Example 3.2

1-g*
1-q

In quantum calculus, we have D z*=[a],z*" where[a], = . However,

q; — calculus gives D, (z-2z))* =[a], (z—-2,)*". Indeed,

(Z_Zj)ot _(qu+(1_qj)zj _Zj)OL

f(z)= :
By 1(2) A-q)z-2)
o], (z-2)"
and [o], = i:?; .

Theorem 3.1 [12]

Letf, h: K; —>Rhave q; — derivative on K.
(1) Thesum f+h: K, - Rhas g; — derivative on K;,

D, (f(2)+h(2)) =D, f(2)+ D, h(2).

14



(2) For constant ¢ cf : K; — R has q; — derivative on K, with,
D,, (cf)(2) = chjf(z).
(3) The product fh: K; — R has q; — derivative on K,

qu (fFh)(2) :f(z)quh(z) +h (qu+(1—qj)zj)quf(z)
=h(2)D, f(2) +f (qu+(1—qj)zj)quh(z).

(4)If h(z)h(q,;z+(1—-q;)z,) =0 then % is has a q;-derivative on K with

f h(z)D, f(2)-f(2)D,h(2)
D%(Hj(z ~ h@h(@z+@-q)z)

Proof.

f(z2)+h(2) —[f @z+@1-q,)z,)+ h(qu+(l—qj)zj)}

(1) D, (f(2)+h(2)) = A-q)(z-z)

_f@-f@z+@-9)z) h@-h@z+(1-9)z)
(1_qj)(z_zj) (1_qj)(z_zj)

:quf(z) + quh(z).

cf(z)-cf(q,z+(1-q,)z))
(l_qj)(z _Zj)

2 D, (cf)(2) =

_ f@-fEz+-a)z)
(l_qj)(z _Zj)

=chjf (2).

15



f(@h(@)-f(az+-a)z)h(@z+1-q)z,)
(1_qj)(z_zj) .

(3) D, (th)(2) =

=f(@)h(2)-T(2)h(a;z+(1-q;)z)) +f(2)h(q;z+(1-q))z))
_f(qu+(1_qj)zj)h(qu+(1_qj)zj)/(1_qj)(z_zj)l

_ (Z)(h(z>—h(qu+(1—qj)z,->

o (fo-fEzra-g)z)

(1_ qj)(z - Zj)
=f(z)quh(z)+h(q z+(1-q,)z j)quf(z).

f(z) f(az+(@-q)z)
f _ h(Z) h(qu+(1_qj)zj)
P - 1-q)z-2)

@ D,

_f(@h(z+(1-9))z)-h(@)f(q;z+{1-0q,)z))
h(Z)h(qu + (1_qj)zj)(1_qj)(z _Zj)

(l_qj)(z_zj) (1_qj)(z_zj)
h(2)h(g;z+(1-q;)z))

h(z)[f(Z)—f(qu+(1—Clj)zj)]_f(z)[h(z)—h(qu+(1_qj)zj)J

_ h(z)quf(z) —f(z)quh(z)
~ h(@h@z+@2-q)z;)

16



Remark 3.1

In Example 2.2 we see that in g —difference, if f(z) = z% then D,z* = [oc]z=Litis
not possible to get easy formula for q; —difference. Using the derivative of a
product, it is possible to write it as follows:

D,z=1,
quz2 =D, (z-2) =(1+0q;)z+(1-q))z
D, 2’ =D, (z*2) =(1+q;+0q})z* + 1+, ~297)zz; + (1-q))*z,

quz4 =D, (2%-2)

=(+0;+09; +07)2° + (1+0; +09] —=307)z,2° + (1+0; - 507 +307)z;z+ (1-0,)°Z";.

Definition 3.2

Let f:K; —R as a continuous function. We call the second order q; —derivative
D; f provided D f has a q; —derivatives on K; with D3 f =D, (D, f):K; ->R.
In a similar way, it is possible to define the higher order q; —derivative

Dg‘j :Kj—>R. For instance, f : K, — R, then

D} f(2) = D, (D, f(2)),
~ quf(z)—quf(qu+(1—qj)zj)
- 1-9,)z-z,)
f(2)-f(az+@-q)z;) flaz+@-9,)z)-f(@*z+1-q°)z;)
@-a)z-z,) 1-q)(z-z,)
-q,)(z-2,)
_f(2)-2f(qz+(@1-q,)z))+f(aiz+(1-0q))z;)
) 1-0,)*(z-z,)° ’

YA WA

and D? f(z;) =lim,_,, D f(2)

17



To demonstrate q; —antiderivative F(x), it is useful to describe a shifting operator

by qu F(z) =F(q,z+(@1-q;)z;).

It can be verified by mathematical induction that

E; F(2)=E, (EQ}&F)(Z) =F(qfz+(1-q')z),  wherem € N and
EJ,F(z) = F(z). Then by definition 3.1, we get

F(z)-F(Qz+(1-q,)z) 1-E,
J J ] — j :f .
(1—qj)(Z—Zj) (1_qj)(z_zj) F(Z) (Z)

Therefore, q; —antiderivative becomes as follows:

1
1-E

Qj

F(2) =

((1—qj)(z—zj)f(z)). By expanding the geometric series, we get:

F2) =(-a) TEr 2-2)f @)
=-a) 3 (@72 +(1-a7)2,-2))F (o 2+ (1-0) )z

==(-q)z-2) s af a2+ (L] )z,). (3.2)

It is obvious that the above calculus is true if the series in the last part converges.

Definition 3.3

Let f: K; — R is a continuous function. Then the q; — integral is defined by

j:_f(|)dqj|:(1—qj)(z—zj)f:q;"f(q;“z+(1—q;")zj) forzekK, (3.3)

18



Moreover, if ¢ € (z;,z), then the definite g; —integral is defined by

I:f(l)dqjl:}f(l)dqjl—}fu)dqj

=0-a)(z-2) s A} (a)2+(1-0] )2, )~ @0 )(c~2) xa't (a]c+(1-a7 )z,
m=0 m=0

Note that if z; = 0 and g; = q then (3) becomes g —integral of a function f(z)

defined by

104, 1=@-a )z "

Example 3.3

Take f(z) = z forz € K.

z), for z € [0, ).

(100,110, 1=0-0)e-2) 707+ 0372

—-a)z-2)| £ e+ ¥ a7 - g, |
m=0 m=0 m=0

= (1_qj)(z_zj)

= (1_qj)(z_zj)

:=G—QJ@—ZJ[

_ (z—zj)(z+qu

z+2z,(1+0,) -2,

|

(z+qyz

(1-a7)
(1_qj)(1+qj):|y

)

(1+a)

19



Theorem 3.2 [12]

Forz e Kj,

M D, [*f(hd, 1=f(2);
(2) j D, f(d, I=f(2)

(3) j: quf(l)dqjl =f(z) -f(c) forc e (z,,2).

Proof.

(1) Applying definitions 3.1 and 3.3, we get

D, [ f()d, 1 =D, [(1—q,-)(z—z,-)iq}“f(q;"zul—q;“)z,-)}

1-a) (Z_Zj)rghof(qu+(1_q;n)zj) -(q;z+(1-0q;)z;-z))

C0-0)E-2) | grr(eP a2+ (1-a,)2) + @-a0)z)

“2) [(Z—Zj)m§OQTf (@yz+{1-a7)z)-q;( —z,-)éoq;“f @™z + (1—q;“+1)zj):|,
J

=> qM@'z+@-q7)z) - D aff @z + 1-q7)z)),
m=0 m=0

=f (2).

z f()-f(gl+(1-q)z,

_ = o Fafz+@2-af")z))-f(q;(aiz+2-a})z;)) +(1-q;)z
ez R, -0}z +0-0))z,~2,) |
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=(z-z)> q" f(ai'z+@-a7)z) (@2 +1-a"")z))
Um0 a5 (z2-z))

=3 f(afz+(1-))z) - (@] "2+ (1-07)z),
=f(2).

(3) Second part of this theorem leads to

j: D, f()d, I= j D, f(1)d, |- j D, f(1)d, |=f(2)-f(c).

Theorem 3.3 [12]

Let f, h: K; — R are continuous function yeR.Then for z € K;

@ [ I ()+hmld, 1= }f(l)dan }h(l)dqjl

(2) j (af)(l)d, | = aj;f(l)dqjl
3) jsz(I)quh(I)dqjl - (fh)(z)—j; h(g,l+(1-a;)z,)D, F()d, |
Proof.

By Theorem 3.1 part (3), we get f(z)quh(z): qu (fh)(2) -h(g9;z+@1-q;)z)) quf(z).

q; —integrating the above equation and using second part of theorem 3.2 we obtain

the outcome in (3) as desired.

Theorem 3.4 [12] (reversing the order of g; —integration)

Takef € C(Kj,R), then

J.Zzi J.ZIJ ) dqudqu B -LZ, J‘quVJr(lffh)Zj fv) dqj ! dq v

i
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Proof.

Using definition 3.3 we get

j Lljf(v)dqjvdqjl =j (1-qj)(|—zj)i_[q;“f(q;“| +@-qM)z,)1d, |
“@-0)Xa7 | [[1-2)t a1+ a-az)d, |

=-a) Y [ 61+ A=)z )1+ L-a7)z) 2 0]+ (L-a])z )d, 1,

Since

[T ) dy = @-a)ap 2 -2) Y a (za) ™+ (1-a) ™)z,
n=0

J.Z_J.I_f(v)dqjvdqjl
=@1- q) (z- z) Zw:qf(q}"*”z+(1—qm*”)zj>x[qm*”z+(l q;"*”)zj—zj}
0 n=0

=(1-9))’(z —zj)ziiq;"””f (q;‘””z +(1—qm+” )zj).

m=0 n=0

Now,

D> A" z+ (-7 ")z,) = mi;O[QTf (@z+(@-0a})z))

m=0 n=0

+a] f @z + @-aT Dz + ol (@] 2+ -] )z A (A 2+ (=07 )z 4

=f(2)+’f(q,z+(1-0q,)z;) +q f(@iz+(1-0qf)z;) +...
+0,f(0,z+(1-09,)z,) +a3f (@52 +(1-a%)z,) + a5 (A2 + (1-00)zZ;) +...
+:f iz +(1-07)z;,) +qif (a2 + (1-a)z; +q5f (a2 +(L—q]) +...

=f(2)+q,(1+q,)f(qz+(@1-0,)z)) +q] @+q; +9)F (@2 +(1-q%)z;) +...

w N 1_q;n+l
=2 | o fafzea-dDz)

]
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[ Lt vd 1= -a)@-2)) Y ap@-ar i @)z + 1-a7)z)
=1-0,)z-2)> q"A-q")(z—2)f (@2 + (1-qM)z,)
:j j (z-av-@-gz)f (v)d, v

= j szw(l_qj)zj f(v)d, Id, .

This completes the proof.
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Chapter 4

IMPULSIVE q;-DIFFERENCE EQUATIONS

Let k=[0,z], Ko=[z0, 1], K;=(z, z+1] for J=1,2,...n. Let continuous vector space
VC defined V:K->R={t:K—R:t(z)} be continuous everywhere except z; at which
t(z}") and t(zj") exist andt(z;) = t(z; ), j = 1,2,..,n. VC(K,R) is a Banach
space with norms ||t||,¢c = sup{|t(2)|; x € K}.

4.1 First Order Impulsive g;-difference Equation

In this section, we discuss the existence and uniqueness of solutions for the following
initial value problem for the first impulsive q; —difference equation.
D, t(z) =f (z.1(2)), zeK,z=z,

At(z) =1(t(z), j=L2,....n, (4.1)

t(0) =t,, t,eR,0=2,<2,<2z,<---<2;<--<2,<2,,=Z

f: KxR — Ris a continuous function

|, eS(R,R), At(z,) = t(z))~t(z,), j=1,2,...,n and 0 < g, <1for j=0,1,2,..n

Lemma 4.1

If te VC(K,R) is asolution of (4.1), then for any xeK;,j=0,1,2,...,n

(@=t,+ X ["F0z)d, I+ T 1,(tz)+f F(lLz(h)d, (4.2)

<Z<Zj

with >, (.) =0, asolution of (4.1).
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Proof.

For z e K,,q, —integrating (4.1),it follows
t(z) =t +j (1,t(1))d

which leads to t(z,) =t, +J.Ozlf (1,t()d,
For z € K, taking g, —integral of (4.1),it becomes t(z) = t(zl*)+LZ f(1,t(1))d,

Since t(z;) = t(z,) +1,(t(z,)), then we have
t(z):t0+J:1 ,t(1))d |+j (Lt))dy 1+1,(t(z,)).

Again qz-integrating of (4.1) from z, to z,where z € K,, then
t(2)=t(z j (Lt())d, !
:t0+jof (Lt1))dg, 1+ (1t(1))d |+j (L)) dg F++1,(1(z) J+1,(t(z,)).

Repeating the process considered above for z € K, we get (4.2).
Now, let z(t) be a solution of (4.1). Using q; —derivative of (4.2) for € K; ,

j =0,1,2,...,n it becomes the following:
D, t(z) =f (z,1(2)).
It is clear that

At(z;)) =1,(t(z;)),j=1,2,...,n and t(0) = t,. This gives the proof.

Theorem 4.1 [12]
Let the following hold.

(H,) f:KxR — R isacontinuous function and satisfies

f(z,t)-f(z,u)|<S|t-u|, S>0,vzeK tueR;
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(H,) I;:R—>R j=12,...,nare continuous function and satisfy
,(®-1;W)|<N|t-ul, N>0,vtueR.
If SZ+nN<(<],

Then the nonlinear impulsive g; —difference initial value problem on (4.1) has

unique solution on K.
Proof.

We define the operator P:VC(K,R) — VC(K,R) by

(Pt)(z) =t, + OEQ Jjj{lf(l, t(I))quI +0<§<Z 1(t(z) + jZZJ f(l, t(I))dqj l.
Given Y, () =0. Letsup,, |f(z,0)|= A, andmax{| 1;,(0) | j=1,2,...,n}= A,;

Let us take a constant W such that

Wzli[|t0|+AlZ+nA2], where { <g <1,
—g

Now we will state that PD, < D, where a ball D, ={te VC(K,R) {It[(xw}. For

any teD,, and for each ze K,

(Pt)(2)| < |t0|+0<§<z RN H{(R0)] +0<§<z" (@) + [ [F L), |
<]+ T (F QL) —F(1,0)[+[f (1,0)d, |

+O<§<Z( 1,(t(z))) - |j(0)\+\|j(0)\)+j;n (F (1t —F(1,00)|+[F (1,0)[d, |

O<zj<z

<|to|+ (SW+A1)0 ; ZfzzjlquI + X (Nw+A,)+(Sw+A)f; d, |

<[to] +(SW+A)Z+n(Nw + A,)

<(C+1-g)w <w.
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This implies that PD,, c D,

For t,u e VC(K,R) and for each z € K we have

|(P)(2) - (Pu)(2)| < ZI (F (Lt = u)id, !

0<z;<Z Zja

+ 3 @) - 1@ )]+ 00 - u)d, |

O<z <z

Zj (St -u@)d, 1+ > N|t(z;) - u(z, )H (S|t -u(pd, |

0<zj<z Zja 0<z;<Z

<(SZ+nN)|t-u].
Then it becomes as follows:
I[Pt — Pul| < (SZ + nN)||t — u||

As SZ + nN < 1, by Banach contraction mapping principle, P is a contraction. Thus P

is a fixed point which is a unique solution of (4.1) on J.

Example 4.1

Let us solve this first order impulsive q; —difference initial value problem.

__ || CK = i
B & AT M AT
At(z.):M j=12,...,9 (4.3)
D)l T -
t(0) =0.

Here, 9, =1/(2+])),j=0,12,...,9,n=9
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Z=1f(z,t)=(e7?|t])/((z+B)*(1+|t])) and (1) = t]/(12+]t]).
Since|f(z,t) -f(z,u) |<@/5)|t—u and|l;(t) - I;(u) |< 1/12) |t -u],
then (H,), (H,) are satisfied with

S=(1/5),N =(1/12). We can show that

SZ+nN=1+2=E<1.
5 12 20

Hence, by theorem (4.1), the initial value problem (4.3) has a unique solution on

[0, 1].
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4.2 Second Order Impulsive q; —Difference Equations
In this section, we discuss the second order initial value problem of impulsive
q; —difference equation of the form

Dsjt(z):f(z,t(z)), zeK,z#z,

M(z)=1;(t(z)), j=12...n, (4.4)
D, t(z])-D, tz) =1 (tz)), i=12...n,

t0)=y, D, t0)=¢,

Where v,6eR,0=2,<2,<2,<---<2;---<2,<2,, =7, tKxR—>Risa
continuous function, 1;,1; € C(R,R) At(z,) =t(z;) —t(z;) for j=1,2,...,n and

0<qj <1 forj=0,1,2,3,...,n.

Lemma 4.2

The unique solution of problem (4) is given by

t@=y+iz+ 3 ([1 -0, 00,07, 000100, 1+1,0@)

0<zj<z

+{ > [ f(|,t(|))dqj_1|+|;f(t(zj))} D ZJ(J?f(I,t(I))dqj_ll+I}‘(t(zj))j

O<zj<z 1 0<zj<z

+[" @-af-a-a)z)f (. t()d, |, (4.5)
with Y ()=0.

Proof.

For ze K, and g, —integrating for the first equation of (4.4), we obtain

D, t(z) = qut(0)+j:f (Lt(h)d, I = ¢+jozf (Lt()d, 1, (4.6)
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which gives us
D, t(z,) =+ [ (1,t(1))d 4.7)

Forz e K,. By qo —integrating (6) it becomes
z el

t@=v+¢z+| [ f(0.2(0))d, 0d, ],

reversing the order of the g, —integral, we get

1) =y +dz+ jo (z-q,Df (1,t(1))d, | (4.8)
In special case for z = z;

t(z,) =7 +0z, + jo (2, ~qoDF (1, t(1))d, | (4.9)
ForzeK, =(z,,2,],q, —integrating (4.4) it becomes

D, 1(2) =D, t(z )+ jf (1,t())d,

Using the third condition of (4.4) with (4.7) the result becomes

D, 1(2) = <|>+j (Lt()d, 1+1; (t(z,) +j (Lt(1))d, 1 (4.10)

For x e K, g,-integrating (4.10) then converting order of g, —integral we get

@) =t(z [¢+ [CHLtm)dg 1+; (t(zl))J(z—zl)

+.|‘(z—qll—(l—q1)zl)f (Lt()d, . (4.11)

Z

Using second equation of ( 4.4 ) with ( 4.9 ) and ( 4.11 ), we obtain
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t(z) =y +¢z, +J‘0Zl (z,— g ) (I, t(I))quI +1,(t(z,))

+[¢+jozlf (L t(l))d, 1+1; (t(zl))}(z—zl)

*i (z—-q,0-@~q,)z,)f (I,t(1))d,I.

7

=y+oz,+ [ (2~ aaDf (L)) d, 1+1, (1(z,))

+U:f (Lt))d, 1+15 (t(zl))}(z -2,) +LZ (z-a,)-@-a)z,)f (1,t(1))d, I

Repeating the above steps, for x € K, we get (4.5) as needed. Now, it is useful to
prove the existence and uniqueness of a solution to the initial value problem (4.4).

We will apply Banach fixed point theorem to do this.

Theorem 4.2 [12]

Let the assumptions ( H, ) and ( H, ) hold. Furthermore, assume that (H,) I:R >R,
j=12,...,n are continuous functions and hold

@ -1 W|<N"|t-ul, N">0,vt,ueR.

if 6:=S(e,+Ze,+¢e,)+nN+(nZ+e,)N" < <1,

n+l (ZJ _ Zj—1)2

&=

n
s 8 =) (2;-7;,),
= 1+qj—1 JZ=1: b

n n
€= ZZJ'(ZJ _Zj—l)’ €, = sz'
=1 j=1

where

then the initial value problem (4.4) has a unique solution on J.
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Proof.

First in light of Lemma 2, we establish F:VC(K,R) —» VC(K,R)as

FO@=r+iz+ Y ([ 20,0~ 00,02, 0010, 1+1,0)

0<zj<z

+z{ > [ f(I,t(I))dq“I+I]f(t(zj))}

O<zj<z” 1t

-y zj( J.szj1f(l,t(l))dqjll+I].‘(t(zj)))

O<zj<z

+f] @-a)-@-a)z)f 010, ),

Given > ()=0.

Let sup,. [ f(z,0) [= @, max{l;(0):j=12,...,n}=w,,and
max{l{(0):j=12,...,n} = w,.
We will verify that F D,, < D,, , where D,, ={t e VC(J,[J) {1t[<X W} and constant W

|+ Z+ (e, +Ze, +€;) +nNw, + (NZ+e,)m,
l-¢ ’

satisfies W > v

where {<e<1. ForteD,,, from example 3.3, we have

(FO@I=li+lz+ X (] =0yl - @-0,202 DI, 4]

0<z i<z

+z{ > j f(1,t())d, 1+

O<zj<z” 17

I]‘-‘(t(zj)\)}

Y z,.[ [, [Fatapfa, 1+ |]f(t(zj))0

O<zj<z

+f] @-al-a-a)z)lfa.mid, L

32



<ly|+|¢|z
, (Z;=0 = @—a,,)z, )(F (L t(0) - £ (1,0)|+ |f (1,0)] d, |
+ > [I

+ |1 (t(z)) = 1) +[1,0))

+z{ > j (|f(|,t(I))—f(I,0)|+|f(I,0)|)dqj1I+(‘I’;(t(zj)—I].‘(O)‘Jr‘l]f‘(O)‘))}

O<zj<z 1

£y zj“:jjl|f(l,t(l))—f(I,0)|+|f(I,0)|)qu1I+(‘Ij.‘(t(zj))—l}‘(0))0

+ [ (@-a)--a)t)[F L) ~F(10)+[F.0)[d, |

<[yl+lolz
. Z . (zj—qj_ll—(1—qj_1)zj_l)(|f(l,t(I))—f(I,0)|+|f(I,0)| quI
+[1;(t(z;) - 1,0)|+[1;0))

+Z{ > szjl(|f(|,t(|))—f(|,0)|+|f(|,0)|)dqjll+(‘I}“(t(zj)—I}‘(O)‘+‘|’;(0)‘))}
£y zj( j:1|f(|,t(l))—f(|,0)|+|f(|,0)|)dqj1|+q|’;(t(zj))—|]f(0))\j

+LG (Z-q,l —(1—qn)tn)|f(l,t(I))—f(I,O)|+|f(I,O)|dan

(z,-2,,)"(S+w,)
1+9;,)

s|v|+|¢|z+i[

=

+(NW+c02)]

+Z[Zn: (SW+o,)(z;—2;,) +(N'W + cos))}

j=1
 BWH)Z-2,)’
1+q,

+ZH:ZJ.((SW+0)1)(ZJ. ~Z,) +(N'W + o,)

=|y|+[0| Z+ (SW + @) (e, + Ze, +&,) + (N W+ w,)(nZ+e,) +n(NW + ©,)
<(E+1-g)W < W.

Then we obtain FDy, c Dy,.
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For any t,u e VC(K,R), we have
|(Ft)(2) - (Fu)(2)|

< Zl( j (2, -0y - W=,z )[F (L)~ F (L u)d, 1+ (t(z,) - |j(u(zj))0

)=ttt

+izj U:'Jf(l, 1)~ f(Lu()|d, | +‘I}“(t(zj)) - |j(u(zj))D

+z[zn:( [ [FO ) =T, 1+

=1

+ [ (2=0,1-a=0,)2,)[f (. 1) ~F (L uM)[d, |

0 ((z,-2;,)
<Z[(1+—qjl)S+Nj||t u||+Z{Z(S(z Jl)+N*)}||t—u||

j=1

3 stz -2, - N -+ Ll

=oft-ul,

which lead to ||Ft — Fu|| < o|lt — y||. Since ¢ < 1,by the Banach contraction

mapping principle F has a fixed point, which is a unique solution of (4.4) on K.

Example 4.2

Consider this second order impulsive g;-difference initial value problem:

D%, t(2) = e [2)
o (7+2)°L+[t(2)|

tcz)

ZEK:[O,l],z;tzj:%

At(z)=—F—,]j=12,..,9 4.12
@)= ey (4.12)
Dit(zj*)—D t(z)_ tan ( t(zj)j,jzl,Z,...,9

t(0) =0, D,t(0)=0

3
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Here,

q,=2/(3+)),j=0,12,...,9,n=9,Z=1,
f(z,t)= (""" [t /(7 +2)°(@+]t])

() = t]/(5(6+] t])),and I(t) = (1/9)tan"*(z/5).
Since |[f(z,t)-f(z,u)|<(@1/49)|t—-u],

[0 = 1;(u) < @/30)[t—ul,and [ I;(t) - I} (u) |< (1/45) | t—u].
Then (H,), (H,) and (H,) holding with
S=(1/49),N=(1/30),N" =(1/45).

The results becomes the following:

“l(z;-2z,,)" 1,380,817 " 9
e = ) 2 ot e, =Yz -2 ) =—,
' ,le 1+q., 180180 ? ;(’ =10

4 45 : 45
e,=>z(z-z_,)=—, e,=>72.=—.
3 ;J i 1 100 4 ZJ 10

j=1
Clearly, Z(e, + Ze, +e,) +nN+(nZ+e,)N" =0.7839 < 1.

Hence, by theorem 4.2, the initial value problem (4.12) has a unique solution on

[0, 1].
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Chapter 5

CONCLUSION

As we say earlier in the introduction, g;-calculus plays an important role in getting

solutions to the systems with impulses at fixed times.

The solution we obtained from the examples in chapter 4 shows how q;-calculus is

beneficial to the application related to impulses, which is important for finding
solution for some problems in life such as shocks, harvesting, natural disasters, and

population dynamics.
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Chapter 6

FURTHER STUDIES

I would like to suggest a further and broader study and research in g;-calculus in

order to get a broader area for research and application. For example, studying

exponential, trigonometrical areas, fundamental theorem, and mean value theorem of

q;j--calculus.

I would also like to suggest a deep study and research in impulse problems in order

to get a solution to some practical applications.
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