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ABSTRACT

In the study called non-Newtonian Calculus, Grossman and Katz introduced a new
type of calculus that includes branches such as geometric and bi-geometric calculus.
The aim of this thesis is to examine the basic features of the geometric and bi-

geometric calculus.

This thesis is divided into five parts. In the first part, the literature on non-Newtonian
calculus is summarized. In the second part, a sub-branch of non-Newtonian calculus
called geometric arithmetic is introduced, along with the properties of geometric real
numbers which is called a-arithmetic. In the third part, the applications of the a-
arithmetic of non-Newtonian calculus is studied. In chapter four the arithmetic,
differentiation and integration are applied to a specific example which is hyperbolic
tangent. In chapter 5 the application of arithmetic to the cubic calculi is given and
according to this geometric and bi-geometric differentiation and integrations are
defined. Apart from this some other concepts are given such as absolute value,
commutativity, associativity and distributivity properties and g-limit. In conclusion

part a discussion about quadratic Calculi is given.

Keywords: Non-Newtonian Calculus, a-Arithmetic, Geometric Calculus, Bi-

Geometric Calculus, Cubic Calculi and Quadratic Calculi.



0z

Grossman ve Katz, Geometrik ve Bi-Geometrik kalkulis gibi alt dallar1 igeren yeni bir
kalkilus turd olan Non-Newtonian KalkulUsln tanitimini yaptilar. Bu tezde,
Geometrik ve Iki-Geometrik Kalkiiliisiin temel o6zelliklerini inceleme amact

tasimaktadir.

Bu tez, bes boliimden olusur. Birinci boliimde, non-Newtonian kalktlusin tarihgesi ve
bilgileri 6zetlenir. Ikinci boliimde, non-Newtonian kalkiliistin bir alt dali olan
Geometrik Aritmetik tanitilir ve a-aritmetigi olarak bilinen Geometrik gercek sayilarin
ozellikleri wverilir. Uglincii bélumde, non-Newtonian kalkilisiin a-aritmetiginin
uygulamalar1 incelenir. Dordiinci boliimde aritmetik, tiirev alma ve tiimevarim
islemleri, hiperbolik tanjant 6rnegi ilizerinde uygulanir. Besinci boliimde aritmetik,
kibik kalktlislere uygulanir ve bu dogrultuda geometrik ve iki-geometrik tlirev alma
ve timevarim iglemleri tanimlanir. Ayrica, mutlak deger, komiitatiflik, ortiikliik ve
dagilma Ozellikleri ve kibik-limit gibi diger kavramlar verilir. Sonu¢ boliimiinde

Kuadratik Kalkdlis ile ilgili tartisma yapilir.

Anahtar kelimeler: Non-Newtonian Kalkilis, a-Aritmetik, Geometrik Kalkilis, Bi-

Geometrik Kalkilis, Kibik Kalkilis ve Kuadratik Kalkilis.
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Chapter 1

INTRODUCTION

Differential and Integral Calculus, created by Isaac Newton and Gottfried Leibniz in
the 17" Century, is a widely used mathematical theory for understanding and analyzing
natural phenomena. The Calculus has since been applied to the study of functions by
Leonard Euler and others. The development of such calculus led to the creation of
advanced calculus which is also known as analysis. Nowadays, many universities
include different courses on calculus or analysis in their curriculum. The usual method
of teaching these courses is often based on the Newtonian Calculus, which takes the
identity function into consideration. Newtonian Calculus assumes the identity function
as standard and compares other functions to it to define various theorems.
Differentiation and Integration are two basic concepts in analysis and calculus that
involves taking infinitesimal versions of the operations such as addition and

subtraction. These operations are named as arithmetic operations.

In 1972 Grossman and Katz in [11] highlighted alternative ways of presenting calculus
by using different nonlinear reference functions other than identity function. This type
of calculus is then named as non-Newtonian calculus. Non-Newtonian Calculus can
be separated into two as geometric and bi-geometric calculus. Bi-geometric calculus
is a slightly modified version of geometric Calculus which can be seen in recent
research papers [7] and [10]. Also in papers, [5], [6] the geometric Calculus is taken

as Multiplicative Calculus which considers the exponential function as a reference



function. A real-world application of Multiplicative Calculus is economics and
accounting which is explained in paper [5]. Furthermore, the development of Complex
Calculus in geometric and bi-geometric forms can be found in literature [2], [3] and
[4]. On the other hand the Complex Calculus can usually be applied to functions which

are not one to one functions. To give an example the Quadratic Calculus.

Besides this, some other areas have been developed by using non-Newtonian Calculi
such as Numerical methods. Reference [8] and [12] explains the sequence spaces for

both Real and Complex spaces.



Chapter 2

a-ARITHMETIC

In this section general concept of arithmetic and alpha arithmetic is discussed. This
arithmetic is used to construct the non-Newtonian calculi which is separated into two
as geometric and bi-geometric calculus. Besides this, the applications of geometric and
bi-geometric calculi is given in further chapter such as multiplicative derivative
(geometric derivative), integrals and bi-geometric cases.

2.1 Alpha- Arithmetic

The Arithmetic is the ordered subset of real numbers R. The system of Arithmetic is

defined as making algebraic operations on this ordered set.

In alpha arithmetic a generator function is considered which has a domain of real
numbers R and has a range of real numbers R . There are couple of examples that can
be given as the generator functions, the identity function defined as f(x) = x and
exponential function defined as f(x) = e*. In Newtonian calculus f(x) = x is taken

into consideration.

In this chapter non-Newtonian calculus is explained by using a single generator
function. The alpha is assumed to be a differentiable bijection from Rto R,. Besides

this, the boldface letters are used to define, x = a(x) throughout this thesis.



Definition 2.1.1 [11]: Let R, = {a(x) : xeR} and assume that A € R. To make it clear
a'(x) is assumed to be strictly increasing function for all xeR. After this information
the alpha arithmetic operations being B,6,&,® can be defined in following way;
Forall x,y € R,

a-summation: x @,y = a{fa™1(x) + a 1(y)}

a-subtraction: x O,y = a{a™1(x) — a"1(y)}

a-multiplication: x ®, v = a{a 1(x) x a ()}

a-division: x @,y = afa™1(x) + a (y)}

a-ordering: x <y =a1(x) <al(y)

From these operations it is easy to see that R, preserves the order in R. Each bijective
function generate only one arithmetic or each arithmetic is generated via single

bijective function.

Definition 2.1.2 (Distributive Property): By using the operations above one can
define the distributive property in a following way;
(xDe¥) Brz=ala ' (x) +a (1)} Qy a™'(2)
=afaMala ' +a' M} x a7 (D}
=afa () +a (M} xa(2)
= afa™ (x) X a (D)} + afa™ (y) X a7 (2)}

= ®a2) @ (Y ®q2)

Commutativity Property 2.1.3: Commutativity can also be defined by using similar
operations;
x@ey) Boz=0afa(X)+a ()} Dz
=a(a?! (a(a‘l(x) +al'(y)+ a‘l(z))

4



=a(a () +a ' (y)+a1(2)
= a(a() + a (a(a'() +a7'(D))

= a(@ @) +a (Y Bp2) = % Bu (v B 2)

Definition 2.1.4 (a-doubling): Let x € R, then,
X Py x=afal(x) +a (%)} = af2a™1(x)}
Since a{a™1(2)} = 2 the following result holds,
cfata(2) x a ' ()} = afa™ () X a7 (D)} = alx) Q, a(2)
This definition shows that the doubling in R, is different compared to R. This means
that every function in basic Calculus has an analog in geometric and bi-geometric

calculi.

Example 2.1.5 [3]: Let a be a bijection from R to R, such that « = e*, by the
definition of inverse functions, a:R — Ry, S R™ and,
x-oalx)=e*=yory-oal(x)=lny=x
According to this inverse function and the definition 1.1.1 the following algebraic
operations hold, for all x,y € R,
a-summation: x @y, ¥ = afa™1(x) + a 1(y)} = eInIHNOD) = xy
x

a-subtraction: x Oy, ¥ = a{a™1(x) — a~1(y)} = eIn®+nG) = :

a-multiplication: x ® ., ¥ = a{a™*(x) X a71(y)} = eNCIINO) = xIn0) = 5In()

1
a-division: x Qe ¥ = a{a™1(x) + a7 ()} = eN®*IN0) = xInG)

Definition 2.1.6: (alpha integer set) [11]: For all k € Z, the Z,, set can be defined as,

Zy=1{.,—-2,-1,0,1,2,..} = {...,a(=2),a(—1),a(0), ...}



According to this definition of Z, one can obtain the a-integer set,

k
ZO( = {—: a(k),k c Z}
k
Using Z, to convert this setto @ = e* ,
Zexp = {..,e7?,e" 1 1,e¢e? ..}

Note that e is taken as logarithmic number.

Definition 2.1.7[11]: Let y be in R,,. The square of y in alpha arithmetic is y ® y and
shown as y? as in Newtonian calculus. Let y and ¢ be nonnegative real numbers then
a/a=1(y) has one value which is y = t2. In similar logic to the definition above, for
y € R, q" a-root and p™ a-power can be shown as %/y and yP. Using these
notations and for y € R, we have,
2=y Qy=afa”' () xa ()} = a{la™*(N]*}
For y3 and y?,
P =y2Q®y =a{la*(MI*} ® a{a (1)} = a{la (%}

yP=yP' @y = afla” (y)]"}

Definition 2.1.8 [11]: Let y € R, the Non-Newtonian absolute value of y is

represented as,

y, y>0
¥le =30,y =0 = af|la™1(0)]
00y, y<o0

Example 2.1.9: Let y € R, then one can give the example of,

y ify=>1



Some applications of geometric and bi-geometric (a and bia-calculi) are given in next
chapter.
2.2 a-Limit and a-Derivative
Definition 2.2.1: (a-limit) [8]: Let X € R,, f:X — R, and let x, € R, and b € R,,.
If for all € > 0 there exists a number § = §(&) > 0 such that,

0<|xO xyl, < 6bthen, [f(x)Ob|, <&
then the limit of f(x) as x tends to x4 is b is,

lim “f(x) = b

X—Xg
Since the a-limit is defined in this way one can define the a-continuity in Definition

2.2.2.

Definition 2.2.2(a-continuity): f is continuous at x, or,

lim%f(x) =b

X—Xo
if for all € > 0 there exists a § > 0 such that,

[x © xpl, < 6
implies

lf(x)©bl, <€

Definition 2.2.3(ex-derivative): Given that a function f(c,d) € R - R,. One can

define the a-derivative f; (y) in limit notation,

i . OO
fa()’)—}cl_)l‘f;W

If the limit above exists then the value of this limit is the a-derivative of f at y . This

limit can be represented as f; ().



Note that the function £ is said to be alphadifferentiable if the function is positive and
differentiable at y or on set A. By alpha bijection,

fx)© () a{a™tf(x) —a  f(N)}
X

= lim

fa(y) x]_)n}l] ey x-y x—y

=lima
Xy

<{a‘1f (x) —a™'f (y)}>
a1(x) —a 1(y)

Rewriting the above limit as,

lim <{a‘1f () —a tf(} x—y )
x—y Catl(x) —ai(y)

x-y
By separating the limit we obtain,

. <{a‘1f(x) —a ' f(y)} > lima ( x—y )
x—y ' a l(x) —a '(y)

— ol 1ima <{a‘1f(x) — a‘lf(y)}> lime ( x—y )
- T\ xoy xX—y xoy \aTHx) —ami(y)

By using definition 2.2.2 and the definition of Newtonian derivative,ui(y) = f'(x)

xX—

lim

Xy

Xy

a‘l(f'(y))>

fa @) = a( 1)

Example whenf (x) = x2, the a-derivative of function f at y is,

a’l(f'(y))>

fi ) = a< =0y

Which is equivalent to,

a ()

a{(“‘la{(a‘1<x>)2})'{y}}

Taking the derivative of above one can obtain,

. {Z(a‘l(y))(a‘l)’{y}}
a l(y)

= af2a7'(y)}




If we take @ = e* and f(x) = x? are taken then the above result can be written in the
following way;
fa () = e?"® = x?
Note: f,;(y) differentiation is a linear operator. Suppose [ € R, be a constant then,
fa(h®q 9) = fa(h) e f (9)
Which shows the addition property of linear operators. Also,
e ®q h) =1 Q¢ fo (h)

the above result proves the multiplication with a scalar property.



Chapter 3

APPLICATIONS OF a-ARITHMETIC

In this Chapter the a = e* is taken which gave rise to many theorems and definitions
in non-Newtonian calculus. Also, in this section some theorems and definitions are
given for Geometric derivatives, integrals, bi-geometric derivatives and integrals.
Besides this, different examples are given to apply the theorems.

3.1 Multiplicative Differentiation

Definition 3.1.1(Multiplicative, geometric derivative) [5]: In this section geometric
or in other words multiplicative derivative is defined. In this part the function f is

assumed to be a positive function. One can write the limit as,

fx+ t))%
f(x)

If £*(x) exists for all x from the open set, A < R then f*: A(c,d) — R is well defined.

00 =t

Besides this, by assuming that f is a positive function one can write f*(x) as,

flx+ t)f s (f(x) G f+ t)>%

f*(x):lti_r)‘rg( F(x) ~ 50 f(x) f(x)+ f(x)

fx) 1 f+)-f(x)
= lim <f (x) n fa+t-f (x)>f(x+t)—f(x)'f(x)' t
fx) f(x)

t—0

If we use f'(x) limit definition we obtain,

!

w !
The higher order derivatives can be derived by using above definition. If we repeat this

operation k times we have,

10



Fr(x) = eeN®@ keN

Corollary 3.1.2: One can write the general geometric differential rule in by using « in
following way,

fe(x) = a (a_l(f(x)),>

a”t(x)
where x = a(x). This is the general geometric differentiation rule which is used in

further chapters.

Theorem 3.1.3[5]: Let f be a positive function then we can say that function f is
*differentiable at x, if it is positive and differentiable at x.

Proof: Taking a function f that is positive and *differentiable at the point x,. By the
Ino f used in the definition from 2.1.1 one can say that the Ino f is classically
differentiable (Newtonian differentiable). On the other hand, if f is classically

differentiable at x, then In o f is also classically differentiable. Which further shows

that e/ ()" exist. Therefore, one can say that £ is *differentiable.

On the other hand, k" Newtonian differentiation (f*(x) can be expressed in terms of
f**(x) in following way

(Ine f)¥(x) = (ne )™ (x) = ((no )™ "(x) = ((no "

Using the above line one can define the first and higher order derivatives as,

f'(x) = fx)(Ine f)(x)

For second order derivative product rule differentiation is used,

f"0) = f)ne f)(x) + f () (Ine f*)(x)

If this procedure is followed for k times the following formula can be obtained,

11



k-1

(k —1)!

fk(x)=n=0(k_n_1)

(I fE) )

The *derivative of a constant function f(x) = 2a with a being strictly positive can be

defined according to above definitions as,

f*(x) = e(lnza)' — €0 = 1, x E (C, d)

Proposition 3.1.4[5]: If f*(x) = 1 is chosen for every x € (c,d) then,

FG0) = een'e) = 1

Proposition 3.1.5[5]: If function f is *differentiable at the point x, then the function
of f is continuous at x,.

Proof: Suppose that the function f is *differentiable at x,.From Theorem 3.1.2 the
function f is described as being positive and classically differentiable at x,. Since, all
functions which are classically differentiable are also continuous proves that function

f is continuous at x,.

Reminder: *differentiable functions are continuous functions. However, like in
classical analysis the reverse statement is not always true. There are some functions
which are not differentiable can be continuous. Same statement can be applied in

*differentiation.

Example: Let f be a function which is continuous;

f(a)—{l-l_a' for—-1<a<0
" (1-a? for0<a<1

As it can be seen from this function the continuity condition holds,

lim £(h) = lim f(h) = £(0) = 1

12



This shows that function f(a) is continuous at x, = 0.

Besides this, one can calculate the *differentiation as,

) 00+ h)\h
hi‘%‘-< £(0) >

By rewriting this limit,

i [(ReD))—(ine)(0)

= eh-0"

As a result, one can obtain,

ehlir(r)l_ [w] =e hl_i)r(r)l_ [ln(lT-Fh)] =e

Now computing the right limit,

O+ R
i (S5

If this limit is rewritten then,

i, [ ()—(Ine (0]
= eh~ot h

As above solution for lhs limit,

lim
= eh-ot

[(ln°{l)(h)]

If the function f is substituted in this limit the result will be,

lim
= eh-ot

[M]zeoﬂ

Since left limit is not equal to the right limit f*(0) does not exist. Hence function f is

not *differentiable but continuous.

Theorem 3.1.6[5]: Suppose that Let f, g and h be three different functions which are
*differentiable then the properties of multiplicative derivatives(*derivatives) is given
below,

i) (af)*(x) = f*(x), where a > 0 is a constant

13



i) (fR)(x) = fr()h"(x)

i) (£) () =22

h*(x)
V) (£9)" () = £* ()90 £ (x)9'®)

V) (F o 9)' () = f(g@)”
Proof i) Let a be a constant and f be a *differentiable function. Therefore,
(af)*(x) = ene(@N’'®
By the properties of logarithm one can write,
= e @+(ne)' (1) = g0 NN’V = £ (x)

Proof ii) Let f and h be two different functions which are *differentiable then,

(FR)* (x) = e(in=rm)’ @)
Using the similar logic from the proof of part i;
= e(ne)'(+(non)'(@) = oNef)' @) UN=h)' () = f*(x) - h*(x)

Proof iii) Let f and h be two different functions which are *differentiable then,

4

(f>* () = e(lm(%)) x)

h
eeN'G)  £2(x)
e(nen)’ () " h*(x)

= (e (X)—(nen)'(x) —

Proof iv) Let f and g be two different functions which are *differentiable then,
(F9) (x) = e(91m°00) )
By using the product rule differentiation one can obtain,

= 9' () (Ino(NH () +g(x) Ine () (x)

By the properties of exponential functions,

= 9" () (Ino(N() . gg(x)Ine(f)'(x)

14



After doing a straightforward substitution of *differentiation the result will be obtained

as,

= fr(x)9ID. f ()9 ™)
Proof v) Let f and g be two different functions which are *differentiable then,

(f o)) = f(g(0)’
According to the definition of multiplicative derivative one can write the above as,

_ Inf(g)
By using the appropriate chain rule one can obtain the following,
= (M (g0)g'(x)

After using the properties of logarithm and power functions one can write the above

equation as,
_ (2 (n() (g@) I P
= (e )

By using the definition of *differentiation one can obtain the desired result,

— f*(g (x))g’(x)

Example: Let function h(x) be *differentiable and assume that f(x) = ﬁ then by

using the theorem above,

frx) =

1
h*(x)

To give an example assume that f(x) = . Here the h(x) = x3 by considering the

x3'
above operation one can calculate the *derivative as follows.

1

e (n(h)’

frx) =

By using this equation one can find the *derivative of f(x) = ;—3 in following way,

15



1
110 = gy

after taking the Newtonian derivative at the denominator the result will be,

If this equation is simplified the following result will be obtained,
= ¢~3/2
If « = e* is taken the above properties can be written in these ways, [6]
i) (f @exp @) (x) = £7(x), where a > 0 is a constant
i) (f Dexp 1) (0) = £7(x) Bexp h* (%)
i) (f ©exp 1) (1) = () exp b (1)
V) (f ®exp 1) () = £ () Bep M) Dy f () By ' (2)
V) (f e 9)"(x) = f7(g(x)) exp h'(x)
3.2 Multiplicative Mean Value Theorem

In this section some theorems about Multiplicative Mean Value Theorem are given.
Like in classical Newtonian Calculus Mean Value Theorem plays an important role in

problem solving in Mathematical Analysis.

Proposition 3.2.1: Recalling Proposition 3.1.2 suppose that the function f is positive,
f*(x) =1ifand only if f'(x) = 0.
Proof: If f'(x) = 0 then,

€3]
f*(x) = ef(x) = 1

*differentiation is used in this proof which was defined in definition 2.1.1.

16



Theorem 3.2.2:(Multiplicative Rolle’s theorem): If a function f is *differentiable
on an open interval (¢, d) and continuous on the closed interval of [c, d]. Also, in this
case f(c) =f(d)
frx)=1

Then there exists a constant v in the open interval (c, d).

Proof: Assume that function f is a continuous and positive function on the
interval [c,d]. From Multiplicative Rolle’s theorem it is known that function f is
Newtonian differentiable and f(c) = f(d). This means that there exists a constant
vin the open interval (c,d) such that f'(v) = 0. Furthermore, by using the

Proposition 2.2.1,

frv) =1

Theorem 3.2.3:(Multiplicative Mean Value Theorem) [5] : Let f be a function that
is continuous on the closed interval [c, d] and *differentiable on the open interval of
(¢, d) then there exist a constant v such that ¢ < v < d. Based on these statements the

mean value theorem for multiplicative calculus is given as,

R ()
PO
First, define an F function as below;
@l
F(x) - f(C) f(C)

From here F(d) = f(d) and F(c) = f(c).

On the other hand, suppose that there is a function H defined as, H(x) = % Then

the defined function becomes,

H(c)=H() =1.

17



By theorem 3.2.2 we have a constant v € (c,d) such that H*(v) = 1. By using the
properties of *differentiation H*(v) is written as,

Fr(v) _

0 =Fay =1

Therefore, f*(v) = F*(v). Since this equality holds one can write,

()
) =F@=el

After simplification the above equation becomes,
1 f(d)
- eaizon(fasn

By the properties of logarithm and simplification the Mean Value Theorem can be

!

obtained,
1
_Vw>wc
~f©
which proves the Multiplicative Mean Value Theorem
f(d)
(W) =T
/ ©

Proposition 3.2.4 [5]: Let f be a function defined as, f(c,d) — R and suppose that
function f is *differentiable. Then,

i) The function f is a decreasing function if for all x € (¢, d), f*(x) < 1

ii) The function f is an increasing function if for all x € (¢, d), f*(x) > 1.

iii) The function f is a monotonically decreasing function if for all x € (c,d),

fr(x) <1

iv) The function f is a monotonically increasing function if for all x € (¢, d),

fr(x) = 1.

18



Proof i) Let f be continuous on the interval (x, y) and assume that f is *differentiable
on closed interval [x, y]. Also, suppose that the inequality ¢ < x < y < d. By the use

of Mean Value Theorem for some v € (x,y),

ACD)

PO =56

Since, f*(v) > 1 the above equation becomes,
1
-x
1> <f (y)>y
f(x)
If the above equation is simplified then,

ACD)

TS

Which leads into,

fG)>f()
Proof ii) Let f be continuous on the interval (x, y) and assume that f is *differentiable
on closed interval [x, y]. Also, suppose that the inequality ¢ < x < y < d. By the use

of Mean Value Theorem for some v € (x,y),

crivy—x _ )
f (v)Y —fo)

As in the proof of i since f*(v) > 1 the result will be,

O
1<<m>

If continued in this way similar to part | proof one can obtain,

f)

1<—=

f(x)
Which leads into,
f)<f®)
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which completes the proof.
Proof iii) The proof of iii is very similar to the proof of i. Let f be continuous on the
interval (x,y) and assume that f is *differentiable on closed interval [x,y]. Also,

suppose that the inequality c < x <y < d.

Which leads into,

fG) =)
Which completes the proof. The proof of iv is almost identical. If the inequality signs
are changed the final result will be,

f)=f)
3.3 Multiplicative Integral
In this section, the multiplicative antiderivative definition is given. On the other hand,
some important properties of multiplicative integral are going to be discussed. Besides
this, the definite multiplicative integral definition and the relationship between the

Newtonian integration is given.

Definition 3.3.1: Let B be an open set representing (r,s). If h*(x) = g(x) for each
x € (r,s) then h: B = R is said to be the *antiderivative of g: B = R. In this section,

the *antiderivative is going to be represented as,

« [ g = heo

As it can be seen from above, unlike the classical integration the dx is written as a
power of g(x). According to the *differentiation definition one can define the

*antiderivative as,
g(x) = en(r@))’
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As a result if the relevant substitution is done one can obtain the *integration
% f g(x)dx — efln(h(x))dx

Based on this equation the antiderivative u of Ino h function between [ In(h(x)) dx
and [ g(x)?* and the *antiderivative of h can be defined in this way,

h(x) =e*® r<x<s

Theorem 3.3.2:(Definite Multiplicative integration) [5]: Let h be a function defined
in the closed interval [r, s]. Then by taking the partition of the closed interval [r, s],
r=x,<x; <X,..< Xy, Thenone cantake the inequality of x; < a; < x;,, forany

i =0,1,...k — 1 and define the integral summation by using Riemann Integration

k-1
Te = ) h(@)lxis - x
i=0

To define *integration of function h on [r, s] the summation notation should change

so that the following is obtained,

k-1
C, = nh(ai)xi+1_xi
i=0

If C,, has a limit that exists and if this limit is independent on the selection of numbers

which are associated with partition defined above, also if ,AO=1 max (xiy1 — x;) tends
1=0,1,..k—

to zero, the *definite integral can be defined as,

s k-1
[ gGo = m [ Jtayn—s
T i=0

Proposition 3.3.3 [5]: If function g(x) is positive and continuous on the closed
interval [r, s] then function g(x) is said to be *integrable on the open interval (7, s).

Considering this statement one can write,
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[ gty = livioes

Proof: Assume that the function g(x) is positive and continuous on the closed interval

[, s] then,

s k-1
*f g(x)dx = lim Hh(ai)xiﬂ—xi
r A-01
i=0
By converting the right hand side of the above equation one can obtain,

= lim ez:{'(=_01 In g () [x41—%;]
A-0

By using Proposition 3.3.3 the above limit will become,

_ e(f:ln(g(x))dx)

Corollary 3.3.4: One can define the general version of this integration by considering

a in following way,

fr g = a ( f Sa-l(g(x»dx)

Reminder: In this case boldface letters represent, a(g(x)) = g(x) to prevent

confusion.

Theorem 3.3.5:(Properties of *integration) [5]: Suppose that h and g are *integrable
on the open interval (r,s) and let both of these functions be positive and continuous

on this interval then g - h, g™,g/h are differentiable and the following properties hold;

i)+ [ (gGR()) ™ = [F(g))™ - * [ ()™
i) « [ (gGm® = (+ [(900)™)"

s (g(x) ax *f:(g(x))dx
"I) * fr (h( )) = s dx
x S (h)
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Proof i) Assume that the functions h and g are *integrable on the closed interval of

[, s]. By using the proposition 2.3.3 the *integral can be written as,
S
*f (g(x)h(X))dx = ef:ln(g(x)'h(x))dx

By using the properties of logarithm, the above equation becomes,

— ol hx))dx _ 7 In(g(x)+h(x))dx

One can separate inside of the integral as,

_ e(f:ln(g(x))dx)+(f:ln(h(x))dx)

After applying the *integration the result will be obtained as,

o [(9Gne) ™ =+ [ (9™ -« [ (he))™
J J J

Proof ii) Let g be a function that is *integrable on the closed interval [r, s]. Since, it

is assumed that g is positive and continuous on this closed interval, for all n € R,
S . .
* f (g(x)™)8* = lrn(e@) ax
.

in this case Proposition 2.3.3 is used. Continuing with the rules of the logarithm one
can write the above equation in the following way,

= elrnin(g@)dx — on [} In(g()dx

after simplifying this equation,

s n
= (ef:ln(g(x))dx)n = <*f (g(x))dx>
T
Which proves part ii.
Proof iii) Similar to the proof of part i let A and g be functions which are *integrable
on the closed interval of [r,s]. Then,

. fs <g(X)>dx _ ef:ln(%>dx

h(x)
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By the properties of logarithm one can convert the above equation into,

— ef:ln(g(x)—h(x))dx — ef: ln(g(x))dx—frS In(h(x))dx

If the definition of *integration is applied then,

[ <g<x>>dx NN
P \R@ e (h )™

which proves iii.

Theorem 3.3.6 (Fundamental Theorem of Multiplicative Calculus): Suppose that
function g is positive and continuous on the closed interval [r, s]. Then one can define

the function G as,

aw>=jgawx

where r < x < s isassumed. If function G is defined in this way, then G becomes one
of the *antiderivatives of the function g. Furthermore, if F(x) is also a *antiderivative
of g inside of the interval [r, s] then the following equation holds,

s L. F()
J s =505

Proof: To begin with one can use *differentiation to obtain the following limit,

VN G(x+t)%
F'e) = lim =60

if the integral definition of F(x) is used then this limit becomes,

1
o m(gm)ay) |

= lim =
t—0 e(fr ln(g(y))dy)

Using the properties of exponential function,

|

lim e(

M m(gn)ay)-(5F ln(g(y))dy)]
t—0
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By simplifying the limit above,

=

lim e(frx+hln(g(y))dy>_(frxln(g(y))dJ’)
t—-0

This limit looks identical to the *differentiation and classical differentiation so,

d, B rz
eazr M) \hare , — 5

= eln(g(x)) = g(x)
If F'(x) = g(x) then G(x) = CF(x). In this case constant C € [r, s]. Thered=fore the

following is true,
< [[gtrm = 6 = e

Choosing x = b the CF(x) = 1 and if the inverse is taken on both sides,

(F(b) " =c
holds. Furthermore, if x = a is taken then the above * integration will be,

a F
*.]; g(x)¥* = G(x) = CF(a) = %

The result follows if a = sand b = r.

3.4 Bi-geometric Differentiation and Integration

In this section the general definitions of bi-geometric differentiation and integration
are given. On the other hand, a = e* example is given. Bi-geometric differentiation

and Integration have some differences compared to multiplicative one.

Definition 3.4.1:(General definition of Bi-geometric differentiation)[10],[7]: Let «
be a bijection from a: R — R, besides this assume that h' = f is the Newtonian
derivative of h then the analog f of f is the bia-differentiation of h then one can define

this bia-differentiation as,

25



bia —
" (”‘“< 10y

where a(h(y)) = h(y).

Proof: By using the limit definition of the bia-differentiation,
hPe(y) = lim(h(x) © h(») @ (x - )

By using a Similar calculation as the one in Chapter 2. The above equation can be

rewritten as,

=lim (a (h(a‘l(x))) O« (h(a‘l(y)))) Qx—y)

y

By using the fact that a(h(y)) = h(y) one can convert the boldface x and ,
= lim (a(h()) © a(h(»)) @ (@) - ak))

Simplifying this limit,

e (oo o)
Rt a~t ((“(x) - a(y)))

This limit will become,

=lima
Xy

h(x) — h(y)
x—y

As it can be seen from here the fraction inside of the bracket is Newtonian
differentiation of A(x). Hence,

=a( () = f(x)
To complete the proof the rearranged version of a(h'(y)) is used, if a(h'(y)) =

h'(y) then,

a ' (h(y))

a1(y) = h,(“_l(y))

If a is taken on both sides of this equation the result follows,
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-1(p ! .
—a <%) = a(h'(a™*(») = h*"*(y)

This general rule can be applied to a(y) = e¥ which is given in next example,

Example [3]: If a(y) = e? is taken the bigeometric differentiation can be given as,

In(h(y))’
pbiexp (y) e (In())’

Proof: By using the definition that has been used to prove the general case,

hi (y) = Lig(h(x> O h(¥) @ (x—y)

Here one can take inside of the limit to write,

1

=(h(x) © h(®)) @ (x - y) = (22)"C)

h(y)
After doing some manipulations to the above equation,
1 x=y
(h(x)>x—y In(x)-In(y)
h(y)

This resulting equation implies,

ln(h(x))’
— ¢\ ()

Which proves the result.

Definition 3.4.2: (Bia-integration) [10], [7]: If function h(y) is positive and
continuous on the closed interval [r, s] then function h(y) is said to be Bia-integration

integrable on the open interval (7, s). Considering this statement one can write,

f h(y)d““ua( f h(y)dy>=a<f a-1<y>'a-1(h<y>)dy>

Proof: Assume that the function h(y) is positive and continuous on the closed interval

[, s] then,

27



s k-1
abiay _ 1. 1_[ N i /v
fr h(y) lim | h(a;) *1
1=

By converting the right hand side of the above equation one can obtain,

k-1
= lima (Z a”'(h(a))(@ ' (¥ir1) — Cfl()’i))

A-0
i=0

By simplifying the limit above,

k-1
= lima (Z h(a)(is1) — (}’i))>
i=0

As a result the above series and limit can be written as,

=a <fh (y)dy>

One can use this result and a~*(h(y)) = h(a~'(y)) to reach desired integral,

a d
= [at e (h®)” = [ a ) h(a* @)™ = [T h3)dy
In this case the substitution of y = a~1(y) is used. The result follows after taking a

on both sides of the above equation,

f RN = a (f h(y)dy> =a <f a‘l(y)’a‘l(h(y))dy>

Example[3]: If a(y) = e¥ is taken and substituted in above definition one can

obtain bi-geometric integral for exponential function,

s ) s In(h(»))
[ oy = b T
r
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Chapter 4

HYPERBOLIC TANGENT CALCULI

In this section the application of geometric and bi-geometric calculi is given for a
different alpha function. This alpha function is taken as the hyperbolic tangent, which
is represented by, @ = tanh(y). Also, in this Chapter the interval . = (—1,1). Since
hyperbolic function of tangent is defined in this open interval.

4.1 The Hyperbolic Tangent Arithmetic

Theorem 4.1.1:(The Hyperbolic Tangent Arithmetic): Let L = (—1,1) then one can
define a(y) as,

a(y) = tanh(y)
This hyperbolic tangent function can be expanded by using the exponential functions

as,

e? —1

= tanh(y) = m

here y € R. Considering the above function the a1 (y) can be computed as,

1 1+y
-1 — e
a~'(y) =tanh™!y > In (1 — y)

From now on the bold letters are used to represent elements of IL so for example let
y=a(y).Inthiscase, y € L and y € R. This is done to reduce the confusion between
the elements of L and R. Taking this note and the above theorem into consideration the

following algebraic operations can be defined.

Definition 4.1.2:(Operations of tanh function): Letd € L and ¢ € L. Then,
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_ d+c
T 1+dc

I) a(a_l(d) @tanh a_l(c)) =d @tanh c

i) & (@™ (d) S rann @1(0)) = d Spann € = 15

o . A n(te)_

I") (l((l (d) ®tanh a (C)) =d ®tanh ¢ = 1, (1+d)1 (&)
e2 1-d 1-c/+41

iv) a(@ " (d) Qeann a72(c)) = d Qrann € =

Proof: For part i one can use the theorem 3.1.1 and definition 1.1.1 to get,

o N i I
anh C = &~ +a(c)s = —
o 22 n(Z) 4

If the properties of logarithm is used one can write this operation as,

e(ln(1+d) +ln(1+c)) 4 1+d)(1+c¢) 1

_ e _a-d-o_
N P CET LTS I

Simplifying the above equation,

1+d)(1+c¢) (1-d)(1-c)

=—dd-0o d-dd-0 _2d+2c

S (A+dd+e), A-d)(1—-¢c) 2+ 2dc
A-d(d-o Td=dd=0

If the above equation is simplified further the result will follow,

_ d+c
" 1+4dc

Proof of ii) is almost identical,

(@ (@) -a (O} =d O 26D (D) _ 4
= a{a —a (¢)s= anh € = . %
tanh ez(%ln(%) —ln(%)) +1

After simplifying and using the properties of logarithm,

A+ dA-0)-(1-d)(1+c) 2d-2c
T (1+dd-co)+(1-d)(1+c) 2-2dc
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As a result,

d—c
1-dc

d etanh c=

is obtained.

The proof of iii) and iv) follows from the theorem 3.1.1 immediately.

Theorem 4.1.3:(Geometric differentiation of tanh): Let a = tanh(y). From the

definition of multiplicative derivative one can write g* as,

N CalC 1)
9 (y)_a< a,_1(y) )

Since a™1(g(y)) = tanh™! g(y), the derivative of a~1(y) can be written as,

a(g(y) = (tanh~g(y))’

After substitution,

G 2%

By using this definition one can obtain,

(Zg’(y) )
. e\1-g»?) —1
e\l-g? +1

Theorem 4.1.4:(Geometric integration of hyperbolic tangent): By using the similar

idea from *integration the integration of hyperbolic tangent can be expressed as,

s, 1+g9(y)
ez(fr lnl—g(y)dy) -1

f:g(y)dy =

s 1+9(y)
ez(fr lnl—g(y)dy> +1

Proof: By using the geometric integration,

f:g(y)dy =a U:a‘l(g(y))dy)
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(1+g(y)
1-g(¥)

s s1 (1
a (f a—l(g(y))dY> =a (f Pk <1J—r—§83> dy)

If this integral is substituted into the definition of hyperbolic tangent the result will

Since a*(g(y)) = tanh ! g(y) = %l ) one can write,

follow,
S it ™),
(f InT=g(») y) 1
- s 1+g9(y)
ez(f Ing- g(y)dy> +1

4.2 Bi-Geometric Calculus of Hyperbolic Tangent

Theorem 4.2.1:(Bi-geometric integration for the hyperbolic tangent): By using the
definition of Bi-geometric integral in general,

Z(fs 1 lrl1+g(y)dy)

’ avivy — © Mo e L
g™ = [ TeIy
" e \r1-y2 " 1-gnN™ ) 41

Proof: By using the general definition of bigeometric integration,

f g = a(f a‘l(y)’a‘l(g(y))dy>

(1+y(y)
1-g(»)

([t =e([ o n(82))

integral becomes,

([ () (o))

If this integral is substituted into the definition of hyperbolic tangent the result will

Since a*(g(y)) = tanh 1 g(y) = %1 ) one can write,

Since a~(y)' = 1+1 2

follow,

s 1 1+g(y)
2(frl—y21n1—g(y)dy) -1

s
, e

dbixy _—
fg(Y) Z(fs 1 ln1+g(y)dy)
r e \Vr1—y2 " 1-g0n™ ) 1 1
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Theorem 4.2.2:(Bi-geometric differentiation of hyperbolic tangent): By using the

definition of bi-geometric derivatives,

a‘l(g(y))')

bix* —
g (y) - (Z< (X_l(y)’

Considering this and theorem 3.1.3 the bigeometric derivative for hyperbolic tangent
IS,
(29’(3')(1—3'2))
e -1

1-g(y)?

(29’(y)(1—y2))
e\ 1-g»? +1

9" (y) =
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Chapter 5

CUBIC CALCULUS

In this section, one of the subcategories of a-arithmetic is explained which has a name
of cubic calculi with y-arithmetic. As the name of the arithmetic suggests, y bijection
is chosen in cubic calculi. The definitions and applications of y-arithmetic is given
throughout this chapter and some rules of differentiation and integration are given.
Besides this, in final parts of this chapter some information about quadratic calculi is
given.

5.1 Cubic Arithmetic and Cubic Real Numbers

Definition 5.1.1 [11] : In this definition the general case is given by taking p € N, for
ally € Rthe y,:R - R, S R function s,
1
(57, y>0
Yo (y) = { 0, y=
1
and the inverse of this function can be defined as,
yP, y>0
%' () =10, y=0
—(—Y)p: y <0
Considering this definition p-root and p-power bijection can be created. Furthermore,

by the help of these bijections y,-arithmetic can be generated a(y) = y, (). This is

the subclass of a-arithmetic defined in Chapter 2.

If p = 3 is taken then y-arithmetic can be defined in the following way,
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Forally € Randp = 3,

1
Y3, y>0
y(y) =10, y =
1
and inverse can be defined as,
y3, y>0
Yy ') =40, y=0

_(_Y)3l y < 0
using the function and inverse above one can define the algebraic operations in general

which is given in the next definition.

Definition 5.1.2a: From definition 5.1.1 the y,, and the inverse is used to define the
following algebraic operations:

Forall x,y € R,, where R, S Rand R, = {y = y(y):y € R}

y-summation: x @, y = y{y " (x) + v~}

y-subtraction: x ©, y = y{y'(x) —y*(»}

y-multiplication: x ®, y = y{y *(x) x y"1(y)}

y-division: x @, y = y{y~'(x) +y 7' (»)}

y-ordering: x <y =y"1(x) <y ()

Definition 5.1.2b: From definition 4.1.1 or in other words if p = 3 is taken, then there
will be two sets which are,

Ry ={x§ERy Px > O}andR; ={—(—x)§:x< 0}

Forall x,y € Ry

y-summation: x @y = y{y ' (x) +y '} = (x + /3

y-subtraction: x © y =y{y 1(x) —y*(y)} = (x — y)/3
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y-multiplication: x ® y = y{y 1(x) x y"1(»)} = (xy)*/3

o x 1/3

y-division: x @y = y{y 1(x) +y 1(y)} = (;)

y-ordering: x <y=y"1(x) <y ()

The proof of y-summation can be obtained by rewriting the first operation in the

following way,
1\ 3 1\ 3
Yy +y =y {(x§) + (ﬁ) }
If this equation is simplified further,
= (x+ )

can be found.

for y-subtraction one can follow a similar way as above,
1\ 3 1\ 3
Yoyt -yt =y {(xg) - (y§) } =@ -y

for y-multiplication,

1

3 1\ 3

Yy 1) xy ()} = V{(x§) X (y§) } = (xy)'/?
finally for y-division,
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one can define these operations in negative set,
Forall x,y € R,
y-summation: x @y = y{y " (x) +y ')} = (x + )
y-subtraction: x ©y =y{y '(x) —y (M} = (x — )3

y-multiplication: x @ y = y{y~1(x) x y~1(y)} = (xy)/3

y-division: x @y =y{y ') =yt ()} = (§)1/3
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y-ordering: x<y=y"t(x) <y 1(y)

The proofs are omitted since the results are same for operations.

Definition 5.1.3:(Cubic Integer Set): Let Z, represent the Cubic integer set. Then,
z,={y(y):y €R}
forally e Z*,y = yY3 andforally € Z~, y = —(—y)/3. If integer set is defined in

this way the Cubic integer set can be written as,

Z, = {.., —(=2)3,~(=1)3,0, (13, (2)3, .}

Theorem 5.1.4:(R,,D,®) is a field. Then one can define commutativity, associativity
and distributivity.

Proof: First, assume that for any x, y € R; are given which are cubic real numbers

then,
1\3 1\3
x@y=ylyr ' +y M=y {(x§) + (ﬁ) }
the above equation becomes,
=@+ eR;
this means that,
x®DyEeERy
Since the result is same for x, y € R, proof is omitted.

By using the result above one can prove the commutativity rule.

Assume that for any x,y, z € R, which are cubic numbers then,
1 1 1
xDy) Dz= V{V‘l (x3> +y™t (y3)} ® z3

If the above equation is rewritten then,
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b))

after further simplification,

| (e () ()

the above result gives,
=x® (D2
since the result is same for x,y,z € R, proof is omitted.

For distributive property Assume that for any x,y, z € R, which are cubic numbers,

1

xDy®z= y{y-l (xg) - (y%)} %y~ (Zg)
- () o (Ao ()
= () £ () ()
= (<)o () o (09 ()

For associativity, for any x, y, z € Ry are cubic numbers then,

1

comor=r () (or ()
b () (e ()
i () (e ()

one can write the top operation as,

=r [ ()b (09 ()]

which by the operations the result for associativity will be shown,

=xQ (¥ ®2)
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This result is easy to show for x,y,z € R, .

Definition 5.1.5: (cubic power): The cubic square of number y in A € R, is written
as,
yQy=y>
Proof: Lety € R,
yr=yQ®y=y(y"'» vy ')

From the definition of y ~1(y) and y(y) one can simplify this operation to find,

(69 6h) -

Similar result can be found if y € R,
1\ 3 1\ 3 1/3
<(—(—;v)§> (—(—y)g) > =y -y =y
If y2v is defined in this way then one can define the higher powers by choosing p
In definition 5.1.5, p = 2 is taken. To generalize one has,
Fory € R,
yr=yQy=yvlr ' v 'O} =rily I3
yr =y @y=yly Hrly 'O v OB v O} = vily 1%
Continuing with this logic,
yr =y D @y =y{ly ("}

Can be defined generally.

Definition 5.1.6: (Cubic Absolute value): Let A € R, .The absolute value of the

number x is defined as,
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1
3 x>0

X3,
|x|, =40, x=0
1
—(—x)3,x <0

Since for all number x inthe set A € R,

(Va3 )=y ()] =v H}/‘l (r(r@)”)

If the above equation is simplified one can write,

15 Hy‘l (r(r2)”)

= |x[,

=y [3 @)’

forall x € R,

(x%f

iy =, =) = v (|(3) ]) = et
Definition 5.1.7: (y-limit): LetP S R, f:P > R, and let xo € P, and b € R,.. Then
for all € > 0 there exists a number 6 = §(¢) > 0 such that,
0 <|x© xol, <dthen, [f(x) ©Obl|, <e
then the limit of f(x) as x tends to x, is b and it can be written as,

lim*f(x)=»b

X—Xg
5.2 Cubic Differentiation and Integration
Definition 5.2.1: (Cubic derivative): Let y € Ry then the geometric derivative of

Yp:R = R, S R can be written as,

g = V< 10y

If y7'(») = M3y =y7* and y 1 (g(») = g)* v(g() = g(»)*/* for

y > 0 then one can obtain the cubic differentiation,
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3(9(3'))2(‘9’(3'))>1/3

*cubic( ) — (
Y y y

Definition 5.2.2: (cubic integral): From

f:g(y)dy =y (f:y‘l(g(y))dy)

Iy ') = 0%y =y and v~ (g) = gy (@) = g/ for

y > 0 then one can obtain the cubic integration for cubic functions,

fr g = ( f S(g(y))def

Definition 5.2.3:(Bi-cubic derivative): From the general definition of bi-geometric

derivatives,

bia —
g (Y) - Y< y_1(y),

If Yy =02y =y and v (g®) = g1 y(g() = g/ for

y > 0 then one can obtain the bi-cubic differentiation,

3(9(3’))2(9’(3'))>1/3 _ <(g(y))2(g’(y))>1/3

bicubic —
9 ) ( 3y? 5

Definition 5.2.4: (Bi-cubic integral): From the general definition of bi-geometric

integration,
(y f V‘l(y)’y‘l(g(y))dy>

1ty () = %y =y and vy (g») = g)* v (@) = g(»)*/* for

41



y > 0 then one can obtain the bi-cubic integral for cubic functions,

s 1/3
3
- ( | Gonem) dy)
From definition 5.2.1 to 5.2.4 the boldface letters y and g(y) is represented by,

y=v1).90) =v(g®).
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Chapter 6

CONCLUSION AND DISCUSSION

In this study, the relationship between various calculi and classical arithmetic was
investigated such as exponential, hyperbolic tangent and cubic calculi. On the other
hand, the equivalents of some fundamental definitions and theorems are given related
to these calculi similar to Newtonian Calculi such as differentiation, integration, mean

value theorem and fundamental theorem of calculus.

In final chapter, the general theorems explained in chapter 2 and 3 are applied to Cubic
Arithmetic, geometric cubic calculus and bi-cubic calculus by taking p = 3. The
theorems and definitions are similar to the ones which is explained in the final chapter
in Quadratic calculus however, since quadratic functions are not differentiable
bijections defining the differentiation and integration might be problematic R. To
overcome this, one can carry the real number space to complex space by using a field
in [3]. Besides this, the definitions and theorems in [2] can be used in this area.
Hopefully, this thesis helps on bringing new ideas for further research in this area of

Quadratic Calculi and Cubic Calculi.
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