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ABSTRACT

The method of Mikusiiski operational calculus relies on an abstract algebra
understanding of integral and derivative operators, which can be used for solving
differential equations. This has been used for fractional operators of many types,
including with Sonine kernels. Here, we use the general Sonine kernel to construct a
different algebraic setting in which the general fractional derivatives and general
fractional integrals can be understood in a different way. By considering algebraic
properties, we construct embeddings and isomorphisms to connect the different rings
and fields involved in the fractional Mikusinski calculus, and we demonstrate the
advantages and limitations of the more general algebraic setting. In this work, we also
study linear fractional ODEs with continuous variable coefficients and general
fractional derivative (GFD) operators of Riemann-Liouville and Caputo types defined
using Sonine kernels. Using the Banach fixed point theorem, we prove existence and
uniqueness of continuous solution functions, and construct solutions explicitly by
means of uniformly convergent infinite series involving Sonine kernels. This work is
done both for the classical Luchko-type GFDs with Sonine kernels, and for the m-fold

versions of these operators, akin to sequential fractional derivatives.

Keywords: Mikusiniski Operational Calculus, Sonine Kernels, Fractional Calculus,

Fractional Differential Equations, Fixed Point Theory.
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Mikusinski operasyonel kalkiiliis metodu, diferansiyel denklemleri ¢6zmek igin
kullanilabilen integral ve tiirev operatorlerinin soyut cebirsel anlayisina dayanir. Bu
metod, Sonine ¢ekirdekleri de dahil olmak {izere bir¢ok tiirdeki kesirli operatorler i¢in
kullanilmigtir. Burada, genel kesirli tiirevlerin ve genel kesirli integrallerin farkli bir
sekilde anlagilabilecegi farkli bir cebirsel tanim olusturmak icin genel Sonine
cekirdegini kullaniyoruz. Cebirsel Ozellikleri goz Oniinde bulundurarak, kesirli
Mikusinski kalkiiliisiinde yer alan farkli halkalar1 ve alanlar1 birbirine baglamak i¢in
yerlestirmeler ve izomorfizmler olusturuyoruz ve daha genel cebirsel tanimin
avantajlarim1  ve siirlamalarini  gosteriyoruz. Bu calismada, ayrica, Sonine
cekirdekleri kullanilarak tanimlanan Riemann-Liouville ve Caputo tiirlerinin siirekli
degisken katsayili lineer kesirli ODE’lerini ve genel kesirli tiirev (GFD) operatorlerini
inceliyoruz. Banach sabit nokta teoremini kullanarak, siirekli ¢6ziim fonksiyonlarinin
varligint ve benzersizligini kanitliyoruz ve c¢oziimleri Sonine cekirdeklerini igeren
diizgiin yakinsak sonsuz seriler aracilifiyla acikca olusturuyoruz. Bu c¢alisma hem
Sonine cekirdekli klasik Luchko tipt GFD’ler hem de ardigik kesirli tiirevlere benzer

sekilde bu operatorlerin m-katl versiyonlari i¢in yapilir.

Anahtar Kelimeler: Mikusinski Operasyonel Kalkiiliis, Sonine Cekirdekleri, Kesirli

Kalkiiliis, Kesirli Diferansiyel Denklemler, Sabit Nokta Teorisi.
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Chapter 1

INTRODUCTION

Fractional calculus (FC) is a generalisation of classical calculus, extending the
concepts of integration and differentiation to arbitrary (non-integer) order. The
concept of fractional operators emerged almost concurrently with the foundations of
classical calculus. The earliest known reference appears in a correspondence between
Gottfried Leibniz and Marquis de L'Hopital, wherein the notion of a derivative of
order % was proposed. This idea subsequently attracted the attention of many
mathematicians, including Euler, Laplace, Abel, Liouville, Riemann, Griinwald,
Letnikov, and others. Since the 19th century, the theory of fractional calculus has
been developed significantly, serving as a theoretical basis for various applied

disciplines such as fractional geometry, fractional differential equations, and

fractional dynamics.

Solving fractional differential equations (FDEs) where the order of derivatives are
real or complex numbers, presents significant challenges compared to classical linear
constant-coefficient ordinary differential equations (ODEs), for which various
well-established methods are available [1,2]. One major reason for this difficulty is
the existence of many different definitions of fractional derivatives [3]; methods that
are effective for one type of fractional operator may not necessarily be applicable to
others. Among the classical operators, the Riemann-Liouville and Caputo derivatives

are the most well-known and widely used.



Research in generalised fractional calculus has progressed in multiple directions,
including conjugated (transmuted) fractional calculus [4, 5] and fractional calculus
with generalised kernel functions [6]. Among these generalised kernel functions, one
particular type, the General Fractional Calculus (GFC), defined using Sonine kernel
functions is gaining interest nowadays. Building on the earlier work of Anatoly
Kochubei [7], Yuri Luchko introduced the general fractional integrals (GFls) and
general fractional derivatives (GFDs) with Sonine kernels [8,9]. These operators have
been further developed by Luchko and others in recent years (since 2021), leading to
significant contributions to fractional calculus [10-14]. Within this new GFC with
Sonine kernels, GFDs of both Riemann—Liouville and Caputo types have been

defined. Here, we focus on both of these types.

Meanwhile, starting in the 1990s, Yuri Luchko and his collaborators extended the idea
of Mikusinski operational calculus to the setting of fractional calculus [15-19]. Their
approach provided a powerful framework for interpreting fractional operators and
solving fractional differential equations. The main idea of this operational calculus is
to treat operators of calculus, such as derivatives and integrals, as algebraic objects,
allowing one to perform manipulations on them and solve the differential equations.
The foundation of this theory was laid by Jan Mikusinski, who formalised the method
and presented it in his book [20] on operational calculus. This operational perspective
has since played an important role in solving fractional differential equations,

especially for linear equations with constant coefficients.

There are various fractional extensions of the Mikusinski operational calculus to
fractional differential equations, reflecting the diversity of fractional calculus

operators.  Many alternative types of fractional extension of the Mikusifiski



operational calculus have been proposed by Luchko and collaborators [15-19,21,22]

and as well as by Fernandez [23].

The study of fractional differential equations (FDEs) with variable coefficients has
attracted considerable attention in recent years, with a series of papers dedicated to
constructing explicit solutions for such FDEs involving various types of fractional
derivatives. This line of research began with the work of several authors focusing on
the Riemann-Liouville and Caputo derivatives [24—26]. The research on this line then
continued with two papers by Restrepo and Suragan [27, 28], who then collaborated
with Fernandez [29-32]. The research in FDEs with variable coefficients is still
ongoing [33,34].

1.1 Aim and Objectives

This thesis has two main aims. Recently, Al-Kandari et al. [35] proposed an extension
of the Mikusinski operational calculus by introducing a new multiplication operator
that combines convolution with fractional integration. Building on this idea, one of the
primary aims of this thesis is to further generalise this approach by developing a new
operational calculus that combines convolution with general fractional integrals using
a Sonine kernel, as presented in Chapter 3. The specific objectives related to this aim
are as follows:

* to construct a new operational calculus of Mikusifiski type that can be applied
to general fractional derivatives and general fractional integrals with Sonine
kernels;

* to examine the algebraic properties of this new operational calculus;

* to establish embeddings and isomorphisms that clarify the underlying algebraic

structures;



* to demonstrate how this new operational calculus can be used in place of the
classical Mikusinski operational calculus to better understand the general
fractional integral and derivative operators;

* to investigate whether this new approach provides useful tools for solving
fractional integro-differential equations, and to compare the obtained results

with those previously reported in the literature.

The second main aim of this thesis is motivated by recent works on fractional
differential equations (FDEs) with variable coefficients. Building on these ideas, we
extend the study to FDEs involving general fractional derivatives (GFDs) and m-fold
GFDs defined via Sonine kernels. In particular, we aim to construct explicit solutions
for certain FDEs with variable coefficients involving GFD operators with Sonine
kernels. We focus on solving specific initial value problems involving GFDs and
m-fold GFDs with variable coefficients, considered in both the Riemann—Liouville

and Caputo senses, within the space of continuous functions.

In particular, we will study the following initial value problems:
1) Chapter 4.1: Let D) denote the GFD of Riemann-Liouville type with Sonine
kernel k (defined in the preliminaries, Chapter 2, below). We will solve the following

initial value problem for v:

(Dyv) (6) = r(t)v(r) = g(r),  t€]0,T],
(1.1)

(Teyv) (0) = ap,
where T € R™ and q¢ € R are fixed constants and r € C[0,T], g € C_1[0,T] are fixed
functions.

2) Chapter 4.2: Let ,D) denote the GFD of Caputo type with Sonine kernel k



(defined in the preliminaries, Chapter 2, below). We will solve the following initial

value problem for v:

(1.2)
v(0) = ap,

where T € R" and ag € R are fixed constants and r, g € C[0, T are fixed functions.

3) Chapter 4.3: Let ]D)(<k’)"> denote the m-fold GFD of Riemann-Liouville type with

Sonine kernel k (defined in the preliminaries, Chapter 2, below). We will solve the

following initial value problem for v:

DGy v( +Zrl ) Dy v(e) =g(),  t€[0,T],

. (1.3)
d s .
@(H(k) vj>(0)=a,~, i=0,...m—1,
where m € N and T € R™ and ag,a;i,---,am—1 € R are fixed constants and

ro,r1, s rm—1 € C[0,T], g € C_1[0,T] are fixed functions.
4) Chapter 4.4: Let *D(<k’)"> denote the m-fold GFD of Caputo type with Sonine kernel

k (defined in the preliminaries, Chapter 2, below). We will solve the following initial

value problem for v:

Dy v(t) + Z ri(t <’> v(t) = g(1), t €0,T],
(1.4)
iv(t) =vD(0) = g, i=0,...m—1,
et 1o
where m € N and T € R™ and ag,a;,---,a,m—1 € R are fixed constants and

ro, 71, s Fm—1,8 € C[0,T] are fixed functions.

Each of these problems is fully solved, with explicit general solutions constructed in

terms of infinite series. We also consider certain particular cases for comparison, which



have appeared in the existing literature [11,21].



Chapter 2

PRELIMINARIES

We begin with the formal definition of the classical Riemann-Liouville integral.
Definition 2.1 (Riemann-Liouville fractional integral [36]): The fractional
integral operator to an arbitrary order o of a function f, with constant of

differintegration a is defined as follows:

X

RLI%£(x) = ﬁ /(x—t)“‘lf(t)dt, Re o > 0; (2.1)

a

a € Randx > a.

Now, let us define the general fractional integral (GFI) and general fractional derivative
(GFD) associated with a given pair of Sonine kernels.
Definition 2.2 (GFC with Sonine kernels [8,37]): Let k and k be a pair of Sonine

kernels in the spaces

C1(0,00) ={f(t) =1"11(t) : p>—1,f1 € C[0,%)},
or for a closed interval,

Cl0,TI={f(t) =t"i(t) : p>—=1,/1 €C[O, T]},

i.e., functions in these spaces that satisfy K xk = 1, where * denotes the Laplace-type
convolution and the result is the constant function 1. (The space C_[0, 7| was defined
in [37] as the finite-interval version of the space defined by Dimovski in [38] much

earlier.)



Then, the GFI is defined as follows:

t

Lo 1) i= (e 0)(0) = [ K= 2)(m)a,
0
while the GFDs of Riemann—Liouville type and Caputo type are defined respectively

as follows:

Definition 2.3 (m-fold GFC with Sonine kernels [8]): Let k¥ and k& be Sonine
kernels as in Definition 2.2, and let m € N be any natural number. The m-fold GFI is

defined as follows:

]I<m>f(t) = (H(K‘) HKoeeo *H(K) f)(l) = (K<m> *f) (l‘)7 K<m> = Kx-e- %K,
" m times m times

while the m-fold GFDs of Riemann-Liouville type and Caputo type are defined

respectively as follows:

dam
D (1) o= o (K77 5 ) (0, K7 o= ek, 22)
m times
- . dmf j—1 -
*]D)(<k) >f() ]D)< >f Zf dlm - 1 < >(t>, (23)



Chapter 3

EXTENDING MIKUSINSKI OPERATIONAL

CALCULUS VIA SONINE KERNELS

3.1 The Generalised Algebraic Structure
Let us briefly summarise the essential ideas of Mikusinski operational calculus used for

GFDs of both Riemann—Liouville and Caputo types and GFIs with the Sonine kernels.

The fractional Mikusiniski operational calculus was developed based on the space of
functions that are continuous on the positive real semi-axis and can have an integrable
singularity at the point zero. Using a classical theorem of Titchmarsh, it is easy to
prove that this space of functions forms a commutative rng (non-unital ring) under the
algebraic operations of addition and Laplace-type convolution. This rng then can be
extended to a field of convolution quotients, with both GFIs and GFDs being
representable by algebraic operations within this field. From this construction, it is
possible to solve analytically many initial value problems for single-term and

multi-term fractional differential equations involving GFDs.

More precisely, we define the function space Cy(0,0), for any a > —1, with a rng

structure as follows:

Ca(0,00) = {f:[0,00) > R| f(x) =x"fi(x), p> 0> —1, f €C[0,0)}, (3.1



(f +8)(x) = £(x) +8(0). 3.2)
(fg)(x / F(2)gx— 1) 3.3)

It is well known, see [38] and [18], that the space Cy(0,0) is a commutative rng, i.e.
a ring without a multiplicative identity element. Further algebraic properties of this

space have been investigated only very recently [39].

Throughout this chapter, let k¥ and k be a pair of Sonine kernels in the space S_i,

defined as elements of the space C_1(0,c0) that satisfy the Sonine condition
(kxk)(x)=1. (3.4)

(Originally, S_; was defined by [8] with the requirement that k and k should be in the

space
C_10(0,00) = {f:[0,00) 5 R| f(x) =x" fi(x), x>0,0< p< 1, f1 €C[0,00) }, (3.5)

but it has been observed [40] that this space is actually the same as C_(0,0).)

The above constitutes a brief introduction to Luchko’s theory of fractional Mikusinski

operational calculus and Sonine kernels.

We now proceed to kickstart our research by defining a new general convolution and
investigating its properties.

3.1.1 The Rng and Field Arising from the New Convolution

The main novelty of this work is the following definition, in which we recall that x and
k are assumed to be a Sonine pair in the space S_.

Definition 3.1: For any Sonine kernel k in the space S_; C C_;(0,00), the

K-convolution of two functions f and g is given by

10



(fig) (X) = (kx fxg)(x), x>0, (3.6)

where * denotes the usual convolution as defined in (3.3), and where f and g are
functions such that this convolution is well-defined, for example arbitrary functions in
C_1(0,00).

Remark 3.1: Note that the standard Laplace-type convolution * is not recovered as
a particular case of the new definition (3.6). This is because having f % g=fx*g
would require x to play the role of a Dirac delta distribution, which is not in the space
C_1(0,00). It is shown rigorously in Proposition 3.2 that there can be no function in
C_1(0,00) playing the role of an identity under convolution.

oa—1
Example 3.1: If we consider kK = hy, where in the usual notation Ay (x) = —— and

[(a)

o is a fixed constant satisfying 0 < o < 1, then the new convolution reduces to the

same one considered in [35], namely:

(F%8) () = (hax £ 8) () = ((F615) #5) (x) = (£ (51%8) ) (0,

where RE]% is the Riemann-Liouville integral operator of order . This is the most
basic example of a Sonine kernel and therefore of the general theory being presented
in this chapter.

Example 3.2: If we consider k(x) = h;_g(x) +h_pg(x), where & and f3 are fixed

constants satisfying 0 < a < 8 < 1, then the new convolution will be as follows:

(F58) () = (1 prathnp)=frg) @)
= (h_pra*f+g)(x)+ (hi_p*f*g)(x)
= (RriPrep) ) (o) + (RGP 1) <) ()
(7 (RbiPg) ) (o) (1 (R511 P ) ) ().
Note that kK = hj_pg o + hi_pg is known to be a Sonine kernel, according to the work

of Luchko [8], with its corresponding Sonine kernel function k being a modified two-

11



parameter Mittag-Leffler function.

xO(—l

me"’x, where o and p are fixed

Example 3.3: If we consider k(x) = hgp(x) =

constants satisfying 0 < o« < 1 and p > 0, then the new convolution will be as

follows:
(rfg) = ([Ege ] wree)
:r%x) / / WP (T — ) g(x — ) dudt,
0 0

This is the Sonine kernel that can be used to construct tempered fractional calculus,
see [8] again.

Example 3.4: If we consider x(x) = (v/x)* g 1(2y/x), where « is a fixed
constant satisfying 0 < o < 1 and J is the Bessel function, then the new convolution
becomes as follows:

(158) 0= (W3 e B e 18)

X T
=// Vi) g1 (23/0) f (7~ )g(x — 7) dudz.
0
Note that the function kx used here is known to be a Sonine kernel [41], with its
corresponding Sonine kernel function k being similarly related to the modified Bessel

function.

Having discussed some examples to verify that the general theory we are constructing
is not trivial, we move on to proving the theorems which establish proper algebraic
structures (rng and field) under the action of the newly defined binary operation .

Theorem 3.1: Let & > —1 be a fixed real number such that the Sonine kernel x is
contained in Cg(0,00) C C_;(0,0).  Let Ry denote the commutative rng
(Cq(0,00),+,%). The function space Cy(0,00), equipped with the operations of the
usual addition of functions and the new modified convolution * as multiplication,

12



becomes a commutative g Ry x = (Ca (0,00),+,>x’§) without divisors of zero and
without any multiplicative unity.

Proof. 1tis a general fact in abstract algebra that, given any rng (R, +, X ) and element
a € R, we can create a new rng (R, +, i) with a new multiplication given by r| % ry =
a x ry X ry for any ri,r, € R. The rng axioms are straightforward to check for the new

rng, so it remains to check that Ry « has no zero divisors and no multiplicative unity.

The well-known theorem of Titchmarsh, on the function space C[0, o) having no zero
divisors under convolution, implies the same fact for the rng Ry. If the new g Ry «
had any zero divisors, say f % g =0, then we have kK * fx g = 0, and we know K # 0,

so either f = 0 or g = 0, giving a contradiction.

Let’s assume that there exists a unity e € Ry x. Then, e Ef = f for all f € Cy(0,),
which is the same as saying ke f = f for all f € Cy(0,00). But then the element

K * e would be an identity in the original rng R, which is a contradiction.

Hence we have proved all the required facts for the new rng Ry . [
It is another general fact in abstract algebra that every ring or rng without zero
divisors can be extended to its field of fractions, which here we denote Fy x and call
the field of convolution quotients. For the benefit of the reader, we recall briefly the
procedure for defining this field: as a set, it is

Fo x = Cq(0,0) x (Ca(07°°) \O)/ ~,

where we are quotienting the Cartesian product by the equivalence relation ~ defined

by
K K
(f1:81) ~ (f2,82) <= (fi*g2)(x) = (g1 % f2) (x).
In the field, we denote the equivalence class of the pair (f,g) by %, and the two

13



algebraic field operations are defined by

(:ﬁ) + (@) - igztgl ifz, 3.7)
81 82 g1*82
(Lfﬁ) X (iﬁ) - ffl—ifz (3.8)
81 &2 81%82

With these definitions, we have the following theorem, whose proof we omit as it is a
standard fact of abstract algebra given Theorem 3.1 above.
Theorem 3.2: Equipped with the two binary operations defined by (3.7) and (3.8)

respectively, the set Fy  becomes a field, called the field of convolution quotients.

The ring Ry x can be embedded into the field Fy x by the map

K
o 15"—:; (3.9)

Also, the set Cy (0, 0) is a vector space in such a way that the space Ry  is a non-unital
algebra, and therefore the set Fy « is also a vector space and an algebra.

3.1.2 The Corresponding Integral Transform

The relation between our new convolution operation and the Laplace transform is

clear. By the usual convolution theorem for Laplace transforms, we have:

2% [ r¥ g} (s) = K(s)F(s)G(s), (3.10)

where £ denotes the Laplace transform and the functions K and F and G are
respectively the Laplace transforms of k and f and g, and where k., f, g are functions
in the subspace Cy.1,(0,0) of functions in C¢/(0,°0) which are exponentially bounded

and therefore have well-defined Laplace transforms.

In the subspace Cg.1.(0,0), many algebraic properties of the new convolution operation

can therefore be deduced by passing to the Laplace domain and back again. In the

14



Laplace domain, the new convolution of f and g and the classical convolution of f
and g correspond to elements that differ only by some fixed factor (namely a factor
of K, the Laplace transform of k). However, as noted by many authors who work
with Mikusinski operational calculus [42], the advantage of such abstract algebraic
approaches over the formally equivalent Laplace transform approach is that the latter
requires us to assume exponential boundedness. Any algebraic results derived using
Laplace transforms will only be valid in the subspace Cg.1.(0,°0), whereas the ring-
theory approach of the previous subsection enabled us to achieve results on the whole

space Cy(0,00), which is much larger.

On the other hand, any given convolution operation often has a corresponding integral
transform [43], where the correspondence is given by a convolution theorem: the
desired transform should convert the given convolution to a simple product. As such,
we may ask the question: which integral transform corresponds to our new
convolution? Given (3.10), it is unsurprising that the answer to this question is closely
related to the classical Laplace transform. We define it as follows.

Definition 3.2: Assuming that k¥ € Cg.1(0,00) (i.e.  that the function x is
exponentially bounded), we define the x-modified Laplace transform of any function

f € Cq:1.(0,0) to be the following function:

Ze[f](s) = K(s)- Z[f](s) = Z [k % ] (s),

where again K denotes the classical Laplace transform of x.
Proposition 3.1 (Convolution theorem for the new convolution and transform):

For any f,g € Cy.1(0,00), we have the following relation:

Ze|r¥g| = Lilf)- Lils)

Proof. This follows directly from the definition of % together with (3.10). We have:

15



as required. [

Of course, the new transform defined here is a trivial modification of the Laplace
transform, and all of its properties follow immediately from those of the classical
Laplace transform, which are well known. There is no need to develop its theory
further, but we leave this subsection here to indicate that there is, as expected, an
integral transform corresponding to the newly defined convolution operator.

3.1.3 Embeddings and Isomorphisms

In the usual fractional Mikusiniski operational calculus, the rng R, is extended to a
field Fy, in which there is a “division” which is the inverse of the “multiplication”
given by the classical convolution: for given f € Cy(0,00) and g € Cy(0,00)\{0}, we

define f -+ g to be the unique element of the field Fy, such that (f +~g)xg = f.

Using the new multiplication given in (3.6) by K-convolution, we have

correspondingly a new division in the field Fy x, which we denote as follows:

P 3.11)

8
Note that this field element may or may not be a function in the rng Ry x C Fg k., SO it

K
does not make sense to write ( [+ g) (x) as the algebraic element we are dealing with

might not be a function of x at all.

For example, both fields have identity elements given by setting both f and g in the

quotient to be the function k. We have:
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I =K+-KE Fy,

K KK
IK:K%K:*_K EFO{,K'

Proposition 3.2: Neither / nor I, is a function in the space Cy(0,0). (This makes
sense because Cy(0,00) is a space of functions, and a convolutional identity would

have properties analogous to the Dirac delta distribution, which is not a function.)

Proof. 1f I were a function in Cy (0, o), then it would have the property that its standard
Laplace-type convolution with any function f € Cy(0,00) is the function f itself. By
the definition of Cy(0,0), we must have I € Cg(0,0) for some 8 > « (given p from
(3.1), take any 3 satisfying —1 < a < B < p). Then, for any f € C¢(0,20)\Cp(0,0),
the result of [39, Lemma 1] gives I'* f € Cyg11(0,00) € Cg(0,0). Contradiction, so

I cannot be a function.

If I, were a function, then its standard Laplace-type convolution with k € Cy/(0,)
would be also a function, but this is / which we already showed is not a function.
Contradiction, so I, cannot be a function. O]
Clearly, I and I are algebraically useful as field elements, although they cannot be
understood as functions. But can they be understood as being both elements of the
same field? Although both rgs Ry and Ry i are based on the same set Cy(0,0),
the constructed fields are both strictly larger than this set and cannot necessarily be
understood as intersecting each other except in the function space Cy(0,00) that we

started with.

A theorem at the end of [35] showed that there are homomorphisms between some of
the modified fields of convolution quotients. But this is not a particularly strong

statement, since many rings with totally different structures have homomorphisms
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between them: for example, every ring has a unique homomorphism mapping the ring
of integers into it and a unique homomorphism mapping it into the trivial ring (these
are, respectively, initial and terminal objects in the category of rings). Here, we aim to
do better and find embeddings and isomorphisms, which will be stronger results on

the algebraic structure of the spaces involved.

Theorem 3.3: For any kK € C_;(0,00) and any o > —1, there is an injective rng
homomorphism from Rg i into R, or more generally from Ry xxx, Into Ry , for any
K] € C_I(O,OO).
Proof. We consider the following map between sets:
q) . Ca(o,oo) — Ca(o,oo)
f— fxK.
It is clear that ¢ maps Cy(0,00) into Cy(0,0), and that it is a linear map between

vector spaces. It is also a rng homomorphism from Rg x t0o Rq, with the given

multiplication on both of these rngs, because

0(/) o) = frirger=(fig)sr=0(rke).

More generally, the same map ¢ is a rng homomorphism from R icsx; t0 Rg i, With

the given multiplication on both of these rngs, because
K K* K| K*Kj
0¥ 0(g) = frrrrizgr=(F"+"g) k=0 (g,
Finally, the map ¢ is injective because

fxk=gxk=(f—g)xk=0=f—g=0=f=g,

as we know that there are no zero divisors in the rng R, by the theorem of Titchmarsh.

]
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Now we have proved the following rng embeddings for any k € C_;(0,0):
ROt,K‘ 5 ROH

and for any k; € C_(0,0), also

ROC,K'*K'] 5 R(X,K'] .

Every injective homomorphism between rngs extends to an injective homomorphism
between their fields of fractions, so the map ¢ defined above can be extended to an
injective field homomorphism

¢ Fox — Fy

fxx _ f

o, Irx
8 gxK g

This is, in fact, a bijection, because for every f € Cy(0,00) and g € Cy(0,0)\{0}, the
general element Jgf € Fy is the image under (5 of a corresponding element % € Fy .

Thus, 5 is actually a field isomorphism, and we have proved the following result.

Theorem 3.4: For each given @ > —1, all convolution quotient fields generated from

C(0,00) are isomorphic: we have

Fo ~ Fo i as fields,

for every k € Cy(0,00).

It should be noted that Fy x denotes the field generated from R i, i.e. the field of
fractions of the rng generated from R, by combining x with convolution. It is also
possible to apply the same two processes in the opposite order: to consider the field
generated from Fy, (the field of fractions of Ry) by combining x with convolution. Let

us denote this field F.
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In the same way as Theorem 3.3, we can construct a field homomorphism into Fy

from the x-modified version F:

v F] — Fy
K
J—C}—>J—C>I<K=f* .
8 8 8

This is an isomorphism because k is invertible in Fy, so there is an inverse

homomorphism given by

(Note that the concept of inversion here is unambiguous because everything is taking
place in Fy and not Fy x, so we do not need to think about the other identity /i or the

Kk-division from (3.11) above.)

By combining y with a ~1, we obtain an isomorphism from F¥ to Fo x, giving us a
way of identifying these two fields that takes into account the different natures of 1

and [ rather than automatically identifying them with each other. We have:

-1
L Fy ¢—>Fa,,(
* K * K
8 8

o |~ 5;;

In the remainder of this chapter, we use this isomorphism to identify the sets Fj and

Fo i with their corresponding field structures. This means that we have

1 f ’_>f*K’_>;gf*K_

ST e e =k (3.12)
and f f*xK K f*xK

=71 s K XK 3.13

P 7 G139

thus we identify I, the identity element of Fy ,, with the element % € Fy, and we

can also consider / as an element of Fy . This will be required in the work below, in
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which we will need to be able to consider xK-convolution with the element / in order to
interpret GFIs in the field Fy k.

3.2 Fractional Calculus Understood Using the New Convolution

3.2.1 Interpretation of the GFI and Fundamental Theorems of Calculus

Let us recall from Luchko [8] the definition of the general fractional integral (GFI)
and general fractional derivative (GFD) associated with a pair of Sonine kernels.

Given Sonine kernels k and k satisfying (3.4), the GFI is defined by

X

Lof ()= (ke ) = [ K= Df(e)de, x>0
0
and the GFD of Riemann—Liouville type is defined by

Dipf () = 5 (kS ) = 5. [Kx=D)f (e, x>0,
0

while the GFD of Caputo type, also called the regularised GFD, is defined by

X

D f () = (ke f) (x) = / kx—1)f()dr, x>0,
0

These operators have already been much studied in the literature, but now we can
express them in a new way by using the new multiplication and division operations

defined above, and re-investigate their properties using this new notation.

Definition 3.3: The GFI can now be expressed using k-convolution as follows:
Lo f =1%f=Kk*I+f=Kxf, (3.14)

and the GFD of Riemann—Liouville type can be expressed as

d

d K K d
Dy f(x) = o (<k+1> *f) (1) = - (0 (e (15 D) ) () = - (k5 £) (3),
(3.15)
while the GFD of Caputo type can be expressed as
Do f = <k§1> SF —kxf, (3.16)
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Note that here we are using the fact that /, the identity element from the field Fj,, can
be understood as an element of Fy «, and we can use both convolutions * and % keeping
in mind their relationship with each other. These facts were justified in the previous
section by algebraic arguments. Specifically, equation (3.13) justifies treating I as an
element of Fy  via the identification of the fields F,j and Fy , with each other that was

discussed there.

It is known [8] that the GFDs of Riemann-Liouville and Caputo types are related by a

simple subtraction formula as follows:

D) f(x) =Dy f(x) = f(0)k(x),  x>0. (3.17)

Now, using the new formulations of the GFI and GFDs in terms of k-convolution, we
can prove the first and second fundamental theorems of calculus for these operators.
These results were already proved by Luchko [8], but it is interesting to see how they
can also be proved using a K-convolution approach.

Proposition 3.3 (First fundamental theorem of calculus [8, Theorem 3]): Let K

and k be Sonine kernels as above. Then we have

(Dl f) @) =fx), x>0, (3.18)

forall f € C_1(0,00), and(*]D)(k)]I(K)f) (x) = f(x), x>0, (3.19)

for all f in the space C_j x(0, ) characterised as follows:

C_14(0,00) :={f : f=(I)9), ¢ €C_1(0,00)}.

Proof. By using (3.14) and (3.15), we have directly
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Otins) 0= 5 (@507 (I*f)> )
d(k*f)() L)

-3 ([ o)

To prove the formula (3.19), we use the following chain of implications:

f=lpo= (k+D)%9

K
*

:>I[(K)f:I§((k+KI)§¢) Sy
= (T f) = ¢ € C_1(0,0)
= Dl f = k=D ¥ (L)’
—(kEDXe=To =1

Thus, the result is proved. [

Proposition 3.4 (Second fundamental theorem of calculus [8, Theorem 4]): Let x

and k be Sonine kernels as above. Then we have

(L) Dy f) (x) = f(x) = £(0), x>0, (3.20)

and

(TP f) () = f(x), x>0, (3.21)

for all f in the space Cl_l (0,00) of functions whose 1st derivatives are in C_(0, o).

Proof. By using (3.14) and (3.16),

To prove the formula (3.21), we use the formula (3.17) and deduce it from (3.20) in

the same way as in [8, Theorem 4]. O
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In the same way as above, the fundamental theorems of calculus for n-fold GFIs and
GFDs [8, Theorems 6—7] can also be proved again using the new k-convolution. We
omit the proofs here, as the results are already known from Luchko’s work, but we
include the definitions of the n-fold GFI and GFD, as follows.

Definition 3.4 ( [8]): For any k¥ € S_; and n € N, the n-fold GFI is defined as the

composition of n GFIs each with kernel k:

H?K)f::]l(,()o...o]l(,()f:K-n—lileli”f: K" * f, x>0, (3.22)
N’

n times
where k" denotes the convolution power of x according to the original convolution *
(note that this is a function in the space C_;(0,0), but it is not always a Sonine kernel).
Definition 3.5: Let k and k be a Sonine pair in S_; as above. The n-fold sequential

GFDs in the Riemann—Liouville and Caputo senses, respectively, are defined as

follows:

D) fi=Dyyo--oDy f, (3.23)
— ———
n times
D f =D -0, D 3.24
* (k) I * (k) © " Oy (k)/f (3.24)

~~
n times

3.2.2 Generalized Convolution Taylor Series

In this subsection, we shall closely follow Luchko’s work in [44] in order to construct,
in the setting of our new convolution, the concept of convolutional powers and Taylor
series.

Definition 3.6: Let k" denote the convolution power of kK according to the original

convolution *, in the same way as in [8, Definition 5]:

K'=KxK*x-- %K.
~—_———

n times

. . . K
Let k<"~ denote the convolution power of k according to the new convolution x,

defined inductively by:
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Thus, we have:

and, again by induction, we have shown that

k() = k2 (x),  neN.

Theorem 3.5: Let k € C_{(0,0), which by definition we can write as
K(x) = xPxy(x), x>0, (3.25)

for some p > —1 and k; € C[0,0). Let A be an analytic function on some disc, given

by a power series

Az) = Z ajz/, aj€C, z€C be non— zero, (3.26)
j=0

with non-zero radius of convergence, where a; € C for all j. Then the convolution

series

Ag(x) = i ajk <> (x) (3.27)
j=0

is convergent for all x > 0 and defines a function in the space C_;(0,). Moreover,

for oo = min{p, 1}, the series

X%A(x) =Y ap kST (x)
=0
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is locally uniformly convergent on [0, o).

Proof. For the same reason that C_j (0,) is the same function space as C_(0,)
as mentioned above, we can assume without loss of generality that p € (—1,0]. Let us

fix a compact interval [0,X| with X > 0, and work in this interval.

The function xj(x) = x Px(x) from (3.25) is continuous on [0,0), so we can fix

Cx > 0 such that |k (x)| < % for all x € [0,X]. Now let P(n) be the statement that

C}Z{n—lx(Zn—l)(P-&-l)—l
L((2n—1)(p+1))’

K=" (x)] < x € (0,X],

which we will prove by induction on n. It is clearly true for n = 1. For n = 2, we have:
[k ()] = | (% 1) ()|

/Ox /OT K(u)k(T—u)k(x—7)dudr

< /OX/OTMP|K1(M)|(T—u)p|K'1(‘C—u)|(x—f)p‘lq(x—T)|dud‘C

< (%)3/Ox/orup(r—u)p(x—f)pdudr

x3 p+2

3. 0<x<X
X' TGBp+3) =4

where in the last step we have used properties of the beta function and the fact that

p+1>0.

For the inductive step, we assume P(j) and P(j+ 1) are true and try to prove

P(j+1). We have:
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‘K<j+1> (x)] = ‘K‘* K77 (x)| =[x k% K<j>(x)’
= |k kxkoxkox k=T ()
= ‘K‘* K2 5 k1 (x)|

K2 (t—u) k<17 (x— 1) dudr

Qg
F(p+ 1) T(3p+3) T((2n—3)(p+1))

x/ / uP (T —u)’P+2(x — 1)@=l g qg
0 Jo

2n+1
S L n)(p+1)-1

TL(2n+D)(p+ D) ’

where in the last step we have used properties of the beta function and the fact that all

multiples of p+ 1 are positive.

Thus, by induction we have proved the statement P(n) for all n € N, or equivalently

P(j+1) for all j € Ny. The latter can also be written as follows:

<jHl1> C)2(j+1x2j(p+])
TP < , 0<x<X, jeN. 3.28
Jx (@) < T2j(p+1)+p+1) r=4 JET (3-28)

Let zgp € C be any point in the disc of convergence of the power series (3.26). Because

the series converges at z9, we can let C = sup jc, ’a jz{)‘ so that

laj| < —— VjeN,. (3.29)

[zl |
Combining the inequalities (3.28) and (3.29), we find

x*Pa,K<j+1><x)‘< C C)Z(jﬂxzj(pﬂ) (3.30)
’ = 2ol TQj(p+1)+p+1) '
CCX (C)Z(xzp‘i‘Z) )
< : , J€Np, xe€0,X].
I2j(p+1)+p+1) |20 S0 0,X]

(3.31)

Now, by the Weierstrass M-test and comparison with the power series for the

Mittag-Leffler function, we can see that the series x 7 }.7 a; k</T1>(x) is absolutely

27



and uniformly convergent on the interval [0,X]| by Weierstrass M-test. Because the
functions xPa;k</*1>(x) are continuous on [0,X] for all j € Ny, we find that the
above series defines a function in C[0,X]. Because X can be any large positive real
number, we have now proved that the convolution series (3.27) is convergent for all
x > 0, locally uniformly on [0,o0), and it defines a function in the space

C_1(0,0). O

Remark 3.2: The above proof is inspired by that of [44, Theorem 3], but with some
extra difficulties arising from the double convolution of three functions that is needed
to define the x-convolution in our setting.

Theorem 3.6: For any function f € C_(0,0) that can be expressed in the form of a
convolution series (3.27) using the Sonine kernel k¥ € S_;, the coefficients of that

series can be found as follows:

> : d_ d\’ _
f(X) = ZajK<J+l>(x)7 aj = <aﬂ(k2)a> (H(k)f) (0)7 ]2071727"' .
(3.32)
Proof. By the local uniform convergence result proved in Theorem 3.5, we can apply
the GFI (3.14) with the kernel k (the other element of the Sonine pair with k) to the
series in order to cancel some of the k factors:

[}

(I )(x) = (<kiz> if) (x) = (kx ) (x) = (k* Oajx<f+1>> © (33

J=

=ag (k+ k") (x) +a (kx k°27) (x) +ap (kK<) (x) + -
= ao(k* 1) (x) +ay (k) (x) +az (kx> )(x) + - -
= ap(k*K)(x) +a; (k* K§K<1>> (x) +az (k* K>’|SK<2>> (x)+---
—ap{1}+ar (1115657) () +a ({1} 562) (1) +--,
where {1} denotes the constant function identically equal to 1, so that ordinary

s«-convolution with {1} is equivalent to ordinary integration. So we have
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(L)) (x) = a0+ <{1}§i aj+17<<j+l>> (x) = ao+ <{1}§f1) (x), (334

j=0
. . K. . .
where f] is a function in C_;(0,c0) and therefore {1} * f} is a continuous function on
the whole interval [0,e0) which takes the value zero at x = 0. Thus, we can determine

the first coefficient ag of the convolution series by substituting x = 0 in the equation

3.34):
539 a0 = (I £)(0). (335)

To find the next coefficient, we differentiate (3.34) and get the following formula:
d o |
= () () = (e fi) () = ¥ @z ()

J=0

= a1 K2 (x) +ark* (x) +az3k®(x) +- -

To find the coefficient a;, we must apply a similar argument, but taking a convolution
with k twice and then differentiating, in order to cancel the double factor of K2

L) (%(Hu«)f)) (1) = arxta ({1125 k%) () +as ({1125 k%) (1) +- -,

therefore

Note that this is not the same as

(D" Dy f)(0) = (D3~ £)(0),

because the operators % and I ;) do not commute with each other — in the same way
that sequential fractional derivatives are not the same as ordinary fractional derivatives

[36].

For the next step, we firstly differentiate again to get a simple series of K powers:

2
(%H(kz)%(ﬂ(k)f)) (x) = ap k% (x) + a3k (x) + agx®(x) + - -,
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and then again we take a convolution with k twice and differentiate to find the

coefficient a,.

Repeating the same process as in the derivation for aj, we get in general the formula

d. dy}’

which establishes the stated result. L]

Remark 3.3: Note that the formulae for the coefficients in Theorem 3.6 are not simply
sequential GFDs, as they were in [44, Theorem 4]. This is one of the key differences
showing the different structure of our results using k-convolution rather than classical
convolution.

Example 3.5: For 0 < o < 1, we can consider the Sonine kernel x = hy, forming a

pair with the associated kernel k = h;_,. Applying the above results, we have

x(2j+1)—1

ST () = 20+ — 2] _ pEtl —hoin _
(®) () = () =09 = hagay ) (09 = Framrr Ty
for all x > 0 and j € Ny. Thus, the generalised convolution series (3.32) takes the

following form:

oo 20

_ a1 .
flx) =x j;)ajl“(2ocj+a)’

where the coefficients a; are given by

d d’
o= (g5 ) (hen o

d _ j=1
- & (o)™ (o) )

Example 3.6: If we set a = 1 in the previous example, then since #; = {1} is not a
Sonine kernel, we cannot directly apply the theorem given above. However, taking

the limit as ¢ — 1~ in the previous example, we can derive the following classical
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Taylor series for an even function:

(3.37)

where the coefficients

o= (S0 ) (5220 0) = /0

are consistent with the classical results for the coefficients of a Taylor series.

In the previous work of Luchko [21, 44], it has been seen that some particularly

important convolution series arise from the geometric series
=Y M, zeC, (3.38)

where A € C\{0}, which has radius of convergence r = ﬁ By Theorem 3.5, the

convolution series
lep(x) = Y ATk (), (3.39)
=0

is convergent for all x > 0 and A € C, defining a function from the space C_;(0,0).
Let us consider some particularly interesting examples of (3.39) arising from different
choices of the Sonine kernel k.

Example 3.7: For 0 < o < 1, considering the kernel function K = hy, we know from
above that x</*1> = h(2j41)a> and so the convolution series (3.39) takes the form

Ui r Z Al =x“ i A = x% By o (AX*%),  (3.40)
2j+1)o - 20,0 ) :
= S TQ2jo+a)

in terms of the well-known two-parameter Mittag-Leffler function [45].
Example 3.8: If we set @ = 1 in the previous example, then the kernel function
Kk = hy = {1} is not a Sonine kernel, but we can still write

KT = g 2itl — h%j = p, j+1» and the convolution series (3.39) would be

31



> AJx2
le. Z,wlml Z A ;= cosh(VAx), (3.41)

] :

which is of course a well-defined power series and is the result of letting & — 1™ in
the previous example.
Example 3.9: For 0 < a < 1 and p € C, considering the kernel function

K(x) = hgp(x) = he(x) - e P*, we find the convolution power as
; i 2j+1 —px —px
K () = K5 (0) = hioj1yap (0) = h T (0)ePY = gy q)q(x)e P

Therefore, the convolution series takes the form:

AJXZJOC

Tojat o) = e P X By 0 (AX*Y), (3.42)

gk,k( =e P IZ

again in terms of the two-parameter Mittag-Leffler function E>¢ q.
Example 3.10: For 0 < a < B < 1, considering the kernel function
K =hi_gyq+hi_p, we need to use the binomial formula in the rng R k to find the

convolution power k</T1>(x) as follows:
. 2j+1
K@) = (pral®)+hg) " @)

2j+1
S GO [CIPYS g I
= Z ( ]i )hia+(2j+1)(1[3)(x)-

i=0

Thus the corresponding convolution series takes the form:

j+1
Z/V Z( ; )hia+2j(1ﬁ)+(1/3)(x)
0

i02j(1=B)+(1-) -1

Lo 24
—1_20;) ; ))L]F(ia+2j(1—[3)+(1—l3))'

It seems that this function should be wunderstandable in terms of bivariate

Mittag-Leffler functions [46], but we were unable to construct a direct connection,
due to 2j + 1 being forced to be odd. If 2+ 1 were replaced by simply j, allowing

odd or even values, then we would have
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==\ Cic+ j(1-B))

- i i M)L(”rk—l)/z il 1=B)+k(1-B)~1
oio k! SR TP HIE)

<ﬁxa+1—ﬁ,ﬂx1—ﬁ)7

J

— 1 El
- xﬁ oa+1-B,1-,0
where E denotes the bivariate Mittag-Leffler function defined in [46] that appears

naturally in many fractional differential equations and systems.

However, the function above is not the same as our £, ; (x). Even splitting the sum
over j into odd and even parts did not yield any way of extracting the odd-only part as
a difference of two bivariate Mittag-Leffler functions, as is possible with the classical
Mittag-Leffler functions defined by single sums [45].

3.2.3 Interpretation of the GFD and Fractional Differential Equations
Convolution series, similar to those constructed above, were used by Luchko [21] for
fractional differential equations with Sonine kernels. Here we show how this method
can be extended to the new algebraic structures Ry x and Fy x given by the new k-

convolution.

In the field Fy x, we know that every element has a multiplicative inverse. Since the
GFI (3.14) is precisely multiplication in Fy , with the element / (which was originally
defined in Fy, but can be identified as an element of Fy , via (3.13) above), it is natural
to consider the multiplicative inverse of the element / in the field Fy k.

Definition 3.7: Let T denote the multiplicative inverse of k in the field Fy x, and let
Sk denote the multiplicative inverse of I in the field Fy . By definition of the

K-convolution, we know that

KK<2> kK K Kk K
K=%—— — TK' = o = >|<—,
K K<2> K3
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and similarly, from (3.13) we have

2

K* K K K
R s = (3.43)
K K K

Note that both Sk and T are not functions, only a useful algebraic abstraction: they
are not in the rng Ry« that is also a function space. Interestingly, in I and S, we have
discovered two field elements that are inverse to each other and neither of which are
functions.

Theorem 3.7: Let kK € S_{ be the Sonine kernel associate to the kernel k. The
algebraic GFD of Caputo type has the following algebraic representation in F_y y, for

any f € CL (0,00):

Dy f =Sk f— fO)k. (3.44)

Proof. This follows from the second fundamental theorem of calculus, Proposition

3.4. From there we have

which from (3.14) can be written as

1% (,D f) = f— F(0){1},

and therefore the algebraic representation of the Caputo-type GFD is

Dof=E oD — s 50 (seEmy),

which is almost the same as the claimed result. We just need to prove that
Sk % {1} = k, which follows from (3.43) and the definitions of x-convolution and the

associated division. We have

K K‘;S(K'*k) K% K% K%k
K K K K K
SK*{l}:<*F)*(K*k):z 2 R

which equals k because the xk-convolution of k with the denominator equals the
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numerator. ]

Theorem 3.8: Let k£ € S_| be the Sonine kernel associate to the kernel k. The 2-fold

sequential GFD of Caputo type has the following algebraic representation in F_ y, for

2 o0): K K
aHYfGC_l((), ) *D(<k§>f: TK*f—f/(O)kz—f(O)TK*{l} (345)

Proof. This follows from the second fundamental theorem of calculus for 2-fold

GFDs [21, Theorem 3.5]. From there we have

(H%K) D f) (x) = f(x) = f(0)— f/(0)x, x>0,

or in other words,

<X (DFf) = £ FO){1} - FO)11,
and therefore the algebraic representation of the 2-fold sequential Caputo-type GFD is
s =5 oyl oyl
Recalling the definition of T, this becomes
D3 f =Tk f = £10) (T {1}) = (008,
where the last term has been simplified using the fact that
Kxk? = {1)2,

making use of the Sonine condition between k and K. 0

Theorem 3.9: For any A € C, the function £, ; € Ry x C Fox defined by the
convolution series (3.39) is inverse to the element Ty — Al € Fy i, i.e. we have:

K IK'
= . 4
ﬂm EK‘,A (3 6)

Proof. 1f A = 0, the convolution series (3.39) takes the form £, ; = Kk and the relation
(3.46) takes the form ilﬁ = K, which is true by definition of 7. For the remaining

cases A # 0, we first note that
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k% (Te— Al) = Kk Te — Ak = I — A K. (3.47)
Then, we have

(IK—/FLK')Egm;L :gk,l —)LK:KK’;L

— Z ;LjK.<j+1> -
=0 ]

7L-i+1K>’§K<j+1>
J =0

— i ;LjK<j+1> . i?tj+11<<j+2>

j=0 j=0

=Y Mg Y A =k

j=0 j=1

Hence,
K K K
K* (T —Al) %y j = (I — AK) i 5 = K,

which leads to the identity

(TK — A«IK) ;SKK',A, — 1K7

which proves the desired identity (3.46). [

Theorem 3.10: For any A € C, the inverse in Fy i of the element Sy — Al € Fy i is
given by a classical convolution series (not k-convolution as defined in the previous

subsection) which is not a function in Ry :

I i i
L S Y Akl =1+2Y AT, (3.48)

where the last sum here (without the / term) is actually a function in Ry x = C(0,00).

Proof. From the expression (3.43) for Sy, we have

2

Ik K I kK K

SK'_AIK %—AIK K—Ax?2’

and now it simply remains to take the k-convolution of k¥ — Ax? with the stated

convolution series and check that the answer is k2. We have:
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(k—2Ax?) <Z)LJKJ) :i;LjKHZ_i/UHKjH

j=0 J=0

_ iAjKj-i-Z_ i A2 = 2,
Jj=0

J=1

and the result is proved. O

We can now examine some examples to see how the new Mikusiniski operational
calculus applies to some initial value problems for fractional differential equations

involving GFDs with Sonine kernels.

Consider the following initial value problem:

(:Dyy) () —Ay(x) = f(x), x>0
(3.49)

¥(0) = yo,
where 4,yp € R are fixed constants and f is fixed in the space C_;(0,0) and the

unknown function y is assumed to be in the space Cl_1 (0,00).

Using the idea of Mikusifiski operational calculus from (3.44), we can transform the

initial value problem (3.49) into a single algebraic equation in the field Fy :

K
S*y—yok—Ay=f, (3.50)
where the functions y, f € Ry x are interpreted as elements of Fy . The solution of

(3.50) in Fy i 1s therefore

B I I
)’—f**—)uk+)’0 (k**—)uk) (3.51)

As an element of the field Fy g, this is not necessarily a function. However, using the
K . . o

result of Theorem 3.10, we know that *ﬁ is a function plus /, so taking its

convolution with the functions f and k is definitely going to result in a function in

Rq k. More explicitly, let us write
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I I
Y(x) = Y7 (x) + 30 - yiv (%), )’f—f**—K yivzzki»’i— (3.52)

).«IK' )VIK'
and from (3.48) we have
yf:fﬁw:fi Y Ml ) =Y A fardt
S — Al = =
I = 1
Viv k**S— k% (Zlﬁd) zjgblfk* K/

Since k* k = {1}, the last of these expressions becomes

V@) =14+ Y A ke /2 = 14 {1} Y AT i
j=0 =0

Hence, we have found the unique solution y € C!,(0,0) to the initial value problem
(3.49) for the fractional differential equation with a GFD of Caputo type. It can be
written either algebraically as

kk I
= k
y=(f+0 )**m,

or analytically as

y(x) = yo+ (f(x) +yold) * (Z/VKJH ))

j=0

This is consistent with the result found by Luchko [21, §5], but here we have expressed

it in terms of the new k-convolution in the new field Fy .

In Luchko’s paper [21, §5], he proceeded from problems of the form (3.49) to
multi-term fractional differential equations. Can we do the same here? Let us

consider firstly the 2-term case:

a (DY) () +ar (D) () +aoy(x) = f(x),  x>0;
) (3.53)

y(0)=yo,  Y(0)=yi,

where ag,ay,az,y0,y1 € R are fixed constants and f is fixed in the space C_(0,0) and
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the unknown function y is assumed to be in the space C2 | (0,).

Using the results from above, (3.44) and (3.45), we can transform the initial value

problem (3.53) into a single algebraic equation in the field Fy

K K K
aZ(TK*y_ylkz_yOTK* {1}> +ai (Sk*y—yok) +apy = f,

which rearranges to the following algebraic formula for the solution y:

K
= k[ +ay1k® + azyoTic ¥ {1} + aryok (3.54)
ar T + a1 Sk +aply ' .

Unfortunately, the denominator of this expression involves both Sy and Ty in separate
terms, and so we cannot easily expand (3.54) into convolution Taylor series as we did
above with (3.52). This is in contrast to the solution of Luchko [21, §5], where the
corresponding algebraic formula has a denominator P,(Sx) which is a polynomial in
Sk, and therefore it can be expanded in partial fractions which can be understood as

series by the analogues of our Theorem 3.9 and Theorem 3.10.

Therefore, it seems that solving multi-term fractional differential equations involving
n-fold GFDs, even in the simplest case n = 2, will be more complicated using our new
convolution than it was using the classical Laplace-type convolution. And of course,
even when we put in the work to simplify (3.54), finally the same solution function

will be reached, since the uniqueness of solutions has already been proved.

We were not able to find any other fractional differential equations which are more
easily solved using the new convolution compared with the classical one. The
theorems in this subsection are new, but when compared with the corresponding
results in Luchko’s previous work [21,44,47], they express the same functions and

operators using different algebraic language, and therefore the same differential
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equations will be solved in essentially the same way, via a different rng structure but

ultimately deriving the same solution functions.
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Chapter 4

FRACTIONAL DIFFERENTIAL EQUATIONS WITH
CONTINUOUS VARIABLE COEFFICIENTS AND

SONINE KERNELS

4.1 FDEs with GFDs in Riemann-Liouville Sense

We start by considering the case of an FDE involving a single GFD of
Riemann-Liouville type, namely the initial value problem given by (1.1). This
section is divided into three parts: firstly, we solve the differential equation from (1.1)
under a zero initial condition; secondly, we solve the corresponding homogeneous
differential equation under the general initial condition from (1.1); thirdly, we use the
superposition principle to solve (1.1) in general.

4.1.1 Inhomogeneous FDE under Zero Initial Condition

Theorem 4.1: Let 7 € R™ and r € C[0,T] and g € C_1[0,T], and let k,k € C_[0,T]

be a Sonine pair. The following initial value problem:

4.1)
(Twyv) (0) =0,
has a unique solution in the function space
{v €C[0,T] : Iyyve 'y, T]}, 4.2)
and this solution is:
> J
v(6) = Y L (1) L) 8(0), (43)
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where this series is locally uniformly convergent on (0, 7].
Proof. Following the structure from [31], the proof consists of four main parts.
Part 1: transforming the initial value problem (4.1) into an equivalent integral

equation. To prove equivalence, we need to go both ways.

Firstly, letv € C_1[0,T] with w = yv € C!,[0,T]. Define u=w' = D v, and notice
that the given condition implies u € C_1[0,7]. Now, by the equivalent
definitions [8, Eq. (47) and (50)] of the GFD of Caputo type for w € Cll [0,T], we

have

Therefore, the initial value problem (4.1) for v gives precisely the following integral

equation for the function u € C_1[0,T]:

u(t) —r(t) - Ieyu(t) = g(1). 4.4)

Now one direction of the equivalence is proved.

Secondly, let u € C1[0,T] and define v = I(,yu. It was shown by Luchko [8, Eq.
(53)] that, if v is expressible as I,yu for some u € C_1[0,T], then L)y € Cl,[0,T]
and I(4)v(0) = 0. (In fact, Luchko’s work was on the half-line [0, ), but it is obvious
that the same proof works on the finite interval [0,7].) Also, Dyv = u by the first
fundamental theorem of fractional calculus [8, Theorem 3]. Therefore, if u satisfies
the integral equation (4.4), then v satisfies both parts of the initial value problem (4.1),

and also v € C_1[0,T] with I ;v € CL,[0,T].
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Now we have constructed a bijection between solutions v € C_1[0, 7] with Ij,)v €
Cll [0,T] of the initial value problem (4.1) and solutions u € C_1[0,T] of the integral
equation (4.4). If necessary, we can also restrict this bijection to one between smaller
function spaces: for example, between solutions v € C[0, T'] with [gyveC 110,T] of the
initial value problem (4.1) and solutions u € C[0, T'| of the integral equation (4.4).

Part 2: constructing a contraction mapping. In order to use the Banach fixed point
theorem to prove that the integral equation (4.4) has a unique solution u € C_[0,T],
we need to find some contraction mapping whose fixed points are exactly solutions of

4.4).

First of all, since k¥ € C_1[0,T], we can write
K(t) =tk (t)

for some p > —1 and k; € C[0,T]. Without loss of generality, we can assume that p is
as small as desired, by multiplying k7 by some positive power if necessary. Thus, we

assume at least —1 < p < 0.

Next, we notice that C_;[0,T] is not naturally a Banach space, so let us fix
o € (—1,0) and consider the space t* - C[0, T'| of functions v(¢) which are expressible
as t* times a continuous function of ¢ € [0, T]. This space is a Banach space under the

following norm:

b

IWllaz = sup |1~ Ay ()
t€(0,T]

where A > 0 is a fixed real number to be determined later. For reasons that will become

clear later, we also require that ¢« < —p — 1.
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Next, we need an operator in order for the Banach fixed point theorem to be used. Let

us define the operator & as follows:

(Ou) (1) = &) +r(t) - Lieyu(t).

Then, clearly the integral equation (4.4) is equivalent to O'u = u. It remains to check

the function space mapping and boundedness properties of this operator.

It is clear that & maps the space C_[0, T] into itself. More strongly, by [39, Lemma

1], we know that & maps the space r* - C[0, T] into itself. What about boundedness?

Let v; and v; be in the space t* - C[0, T]. For a given ¢ € (0,T], we have the following

calculations:
‘t_ae_’l’ (Ov1 () — Ova (1)) ‘ 4.5)
= ‘t_ae_’ur(t) . ]I(K-) (V1 - Vz) (Z) ‘

/t K(t —7)7%" [r‘“e‘“(vl — Vz)(T)] drt
0

<t % M||r||.

<t % M|r|uo ||v1 —2|lg2

t
/ (t— 1)k (1 — T)t% T d7T
0
t
/ (t—1)P1% -9 dg
0

St rllee 1K llo Ve = vall g , (4.6)

where || - || denotes the usual supremum norm on C[0, T]. It remains to find a suitable

bound for the integral expression, namely for
t At
/ (t —1)Pr%e A= dr = P01 / (At —x)%xPe ™ dx.
0 0

When evaluated exactly, this integral is a confluent hypergeometric function; however,
the known asymptotic formulae for such functions (at least those that we were able to

find) were not enough to get a bound that would suffice for our purposes.

Noting that both p and o are between —1 and 0, so the integrand has singularities at
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both ends of the interval x € (0, A7), we realised that the best way to bound the integral
at both ends is to split it. It turned out that finding a reasonable bound for the lower part
of the interval (starting from x = 0) was much easier than finding one for the upper part
(going up to x = Ar), so we let the splitting point be at x = At — A<t for some ¢ € (0, 1)

to be determined.

On the lower part of the interval, we construct a bound as follows:
At—Act At—Act
/ (At —x)%xPerdx < (),Ct)a/ xPe " dx
0 0
< (M)"‘/ e dx= ()" -T(p+1).
0
On the upper part of the interval, we construct a bound as follows:

At At
/ (lt—x)axpe_xdx:/ (At — x)Px%* M dx
A 0

t—A°ct

At
< (Rt —Act)P AT M / X d
0
1
—¢P (ﬂ« _ )LC)P elcl—lt . (}Lct>a+
oa+1
=P

< la+p+llp+coc+c .
= o+ 1 )

where in the last step we used the fact that, since A > 0 is large and p is negative,

A¢ < A/2 and therefore (A — A€)P < AP27P.

Combining the above two estimates and inserting them back into (4.6), we find:

%M (On (1) - 0% (1))
<t I oo (11 e V1 = V2l

> (lcata.F(p+1)+ta+p+llp+ca+c_2)‘
o+1

Simplifying the right-hand side turns it into the following expression:
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Ac(l=c)+p+1 * A (1-c)(a+l) o+ 1

L(p+1) Pl 27P
HﬂdﬁﬂdWrﬁﬂmx( -

Finally, taking the supremum over ¢z € [0, 7] on both sides of the inequality, and using
p-+1>0, we have:

T(p+1) TP+ 27P
pa(l—c)+p+1 " p-c)(a+l) g4+ 1 [vi —V2||a,/1-

Hﬁw—ﬁwmjsanmmw(

Clearly, (1 —c¢)(a+ 1) > 0, so we can guarantee being able to choose a large enough

A > 0 in order to have

T(p+1) TP+ 2P
anmmw( n | <l

Aa(l—c)+p+l * (1-c)(a+l) g+1
so that & is a contraction mapping on the space t* - C[0, 7] under the norm || - || 3, as
long as we have a(l —c¢)+ p+1 > 0. The required condition can be rewritten as

follows:

1
oc(l—c)+p+1>0<:>1—c<%,

and it is always possible to pick ¢ € (0, 1) satisfying this, since we assumed o < —p — 1
which implies p 4+ 1 < —o, meaning that the required upper bound for 1 — ¢ is in the
interval (0,1).

Part 3: existence, uniqueness, and solution as a limit. So far, we have shown that
solutions of (4.4) in the space C_[0, T] are precisely fixed points of the mapping & :
C_1]0,T] — C_1[0,T], and we have also shown that & is a contraction mapping on

any space t*-C[0,T] aslongas —1 < ot < —p — 1.

By the Banach fixed point theorem, this means that the integral equation (4.4) has a
unique solution in the space t* - C[0,T] for any & € (—1,—p —1). Since the union of
these spaces over all such « is the space C_1[0, T, we have thus proved that the integral

equation (4.4) has a unique solution u € C_{[0,T]. By the equivalence constructed in
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Part 1 of this proof, we now know that the initial value problem (4.1) has a unique

solution v in the function space (4.2).

The Banach fixed point theorem also tells us that u is the limit, under the norm || - || 4
on the space t* - C[0,T] for each o € (—1,—p — 1), of the following sequence of

functions:

(4.7)
un(t) = Oup—1(t) = g(t) +r(t) Liseyun—1(2), n>1.

The sequence (t‘o‘e_l’ u,,(t)) converges uniformly on [0,7], so the sequence (uy)
itself converges locally uniformly on (0,7]. By Young’s convolution inequality, the
GFI with Sonine kernel x is a bounded operator on the space of continuous functions
under the supremum norm, and Part 2 of this proof shows that it is also a bounded
operator on the space t* - C[0,T] as above. So the sequence of functions v, = [xyun is
also locally uniformly convergent on (0,7] with limit v = [j,yju. Namely, the

following sequence:
(

vo(t) = Liyuo(t) = L)8(t),

converges locally uniformly to the function v = I(,)u, which is the unique solution of

the initial value problem (4.1) in the function space (4.2).

Part 4: explicit solution as a series. Let us write explicitly the first few functions in

the sequence (v;):
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where the limit, and therefore the infinite summation, are locally uniformly
convergent on (0,T], since the integral of a uniformly convergent sum is also
uniformly convergent. 0
4.1.2 Homogeneous FDE under General Initial Condition

Theorem 4.2: Let 7 € R™ and r € C[0,T] and ag € R, and let k,k € C_1[0,T] be a

Sonine pair. The following initial value problem:

4.9)
(Teyv) (0) = ao,
has a unique solution v in the function space (4.2), namely:
- J
v(t) = aok(t) +ap Y T (r(t) -]1(,()) (r(t) : x(r)) : (4.10)
j=0
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where this series is locally uniformly convergent on (0, 7].

Proof. The aim here is to reduce the FDE (4.9) to an inhomogeneous FDE under zero

initial condition, so that we can directly use Theorem 4.1. Since k and k form a Sonine

pair, we have Ik = kxk =1 and Dk = § (kxk) = $(1) =0, so k is in the

function space (4.2).

Defining w = v — agk, we find that the initial value problem (4.9) is equivalent to the

following initial value problem for w:
(4.11)

and also that v is in the function space (4.2) if and only if w is.

Now, (4.11) is an initial value problem exactly in the form of (4.1), because agr - K is

in the space C_1[0,T]. Using Theorem 4.1 with g(¢) = aor(t)k(t), we find

> J
w(t) = ¥ I (r(t) -]I(K)> <aor(t) : K'(t)),
j=0
which gives the stated result (4.10) for v, where we know from Theorem 4.1 that the

sum is locally uniformly convergent on (0, 7]. [l
4.1.3 The General Case: Inhomogeneous FDE under General Initial Condition

Theorem 4.3: Let T € R™, r € C[0,T], g € C_1[0,T], and ayp € R, and let
K,k € C_1[0,T] be a Sonine pair. Then the general initial value problem (1.1) has a

unique solution v in the space (4.2), namely:

J
(1) = aok(t) + ¥ Ty () Ty ) (800 +aor() - (1)),
j_
where this series is locally uniformly convergent on (0, T].

Proof. By applying the superposition principle to the results of Theorem 4.1 and
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Theorem 4.2. ]

To verify the consistency of the above result with previous work in the literature, we
consider a particular case in the following example.
Example 4.1: Let us consider the case where r(t) = A is a constant function. Then,

we have the following initial value problem:
(Dyv) (1) = Av(t) =g(r),  1=0;
(]I(k)v) (0) = ao.

In Luchko’s paper [11, Theorem 5.1], the solution of this equation is found to be
v(t) = (gxlea) (1) +aole 2 (1),

where [, ; is the convolution series [48] defined as follows:

(o)

Lea() =Y A x=it1=(p). (4.12)
j=0

From our Theorem 4.3 above, with () = A, we find the following general solution:
v(0) = aox(e) + L AT (50) + a0k k(1))
j:

= apk(t) + i A< <g(t) +aph K(Z))

j=0
= (g1 2) (1) +ao (K(t) + i A <t>>
j=0
= (gxLen) (1) +aolep (1),

which is exactly the same solution as Luchko found. Thus, our result on variable-
coefficient FDEs is consistent with previous work in the literature for the particular
case of constant coefficients.

4.2 FDEs with GFDs in Caputo Sense

In this section, we will consider an FDE involving a single GFD of Caputo type,

namely the initial value problem given by (1.2), which is the same as the
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Riemann—Liouville problem of the previous section except with a different GFD
operator and a different initial condition. In the previous section, it was non-trivial to
understand what type of initial condition should be used to make a well-posed initial
value problem; but for Caputo operators, it is well known [49] that classical-type

initial conditions are usually needed.

Again, this section is divided into three parts: for the differential equation from (1.2)
under a zero initial condition, the corresponding homogeneous differential equation
under the general initial condition from (1.2), and finally solving (1.2) in general.
However, we can speed up the work compared with the previous section, by noting
some similarities and reducing the new problem to one already solved wherever
possible.

4.2.1 Inhomogeneous FDE under Zero Initial Condition

Theorem 4.4: Let 7 € R™ and r € C[0,T] and g € C[0,T], and let k,k € C_1[0,T] be

a Sonine pair. The following initial value problem:

(D) () =r()v(t) = g(r),  t€[0,T],

(4.13)
v(0) =0,
has a unique solution in the function space
{vec_l[O,T] Ty ecll[o,T]}mC[o,T], (4.14)

and this solution is precisely (4.3).

Proof. By Theorem 4.1 and its proof, it will be sufficient to construct a bijection
between solutions v of the initial value problem (4.13) and solutions u of the integral

equation (4.4), in some suitable function spaces.

Firstly, if v in the function space (4.14) satisfies the initial value problem (4.13), then
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we know from the proof of Theorem 4.1 that (v exists in C_| [0, 7], and the GFD in

Caputo sense can be written as

So, defining u = ,D)v € C_1[0,T], we have [(yu = v —1T;)v(0) - k as in the proof of
Theorem 4.1. By [39, Lemma 1], the assumption v € C[0,T] implies that I(;)v(z)
equals a positive power of 7 times a function in C[0, 7], so I;)v(0) = 0. This means

]I(K)u =, and then (4.13) becomes

which is exactly the integral equation (4.4) as required, with u € C_1[0,T] such that

I(ou € C[0, T].

Conversely, if u € C_1[0,T] satisfies (4.4) and [yueC [0,T], then we know from the
proof of Theorem 4.1 that v = [(;u is in the space (4.2) and satisfies the Riemann—
Liouville initial value problem (4.1). We also know v € C[0,T], so v must be in the
space (4.14). We also have g and r and [,)u all in C[0, T}, so the integral equation itself
implies that u € C[0,T], which means v(0) = 0 and ,D;)v = D v, so that v satisfies

the Caputo initial value problem (4.13).

Now we have established a bijection between solutions v of the initial value problem

(4.13) in the space (4.14) and solutions u of the integral equation (4.4) in the space
{uec,l[o,T] : ]I(K)MGC[O,T]}. 4.15)

Thus, the result is proved as long as we can be sure that the unique solution
u € C_1]0,T] of the integral equation (4.4) is in the space (4.15): in other words, as

long as the function defined by (4.3) is in C[0,T]. And this is true, since g € C[0,T]
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implies that we remain in C[0,7] no matter how many times we apply the GFI or
multiply by r, so the entire sequence (v,) is in C[0,T]. O
4.2.2 Homogeneous FDE under General Initial Condition

Theorem 4.5: Let T € R" and r € C[0,T] and ag € R, and let k,k € C_1[0,T] be a

Sonine pair. The following initial value problem:

(4.16)
v(0) = ap,
has a unique solution v in the function space (4.14), namely:
- J
v(t) =ao+ao Y I (r(t) -H(K)> (r(1)), 4.17)

J=0

where this series is locally uniformly convergent on (0, 7.

Proof. We can again reduce (4.16) to an inhomogeneous FDE under zero initial

conditions, in order to use Theorem 4.4.

Let w(r) = v(t) — ap. Since the Caputo-type GFD of a constant is zero, we find that
the initial value problem (4.16) is equivalent to the following initial value problem for

w:
(4.18)

and also that v is in the function space (4.14) if and only if w is.

Now, (4.18) is an initial value problem exactly in the form of (4.13), because agr is in

the space C|[0, T]. Using Theorem 4.4 with g(¢) = apr(t), we find

> J
w(t) = ¥ T (70 T ) (a0r(0)).
j=0
which gives the stated result (4.17) for v. Local uniform convergence of the series
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is guaranteed since we are using Theorem 4.4, where the solution is given by (4.3)
which we already showed to be locally uniformly convergent on (0, 7] in the proof of
Theorem 4.1. 0
4.2.3 The General Case: Inhomogeneous FDE under General Initial Condition

Theorem 4.6: Let T € R" and r,g € C[0,T] and ap € R, and let x,k € C_1[0,T] be a
Sonine pair. Then the general initial value problem (1.2) has a unique solution v in the

space (4.14), namely:

o J
(1) = a0+ Y Ty () Ty ) (80) +a0r() )
j=0
where this series is locally uniformly convergent on (0, T].

Proof. By applying the superposition principle to the results of Theorem 4.4 and
Theorem 4.5. L
To verify the consistency of the above result with previous work in the literature, we
consider a particular case in the following example.

Example 4.2: Let us consider the case where r(t) = A is a constant function. Then,

we have the following initial value problem:
(D) (1) = Av(r) =g(t),  1>0;

v(0) = ag.

In Luchko’s paper [21, Theorem 5.1], the solution of this equation is found to be

v(t) = (g*lk,k)(t) +aoLy 3 (1),

where [, ; and L, ; are the convolution series [48] defined as follows:

[}

Lea() =Y AMk=iT12(), La(t) = (kxlep) () =1+ {1}« i ATk (1),
=0 j=1
: J (4.19)

From our Theorem 4.6 above, with r(t) = A, we find the following general solution:
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v(t)=a 3 AT apA {1
(0 =0+ LA (8() +aon{1})

=ap+ i A== <g(t) —|—aol{1}>
=0

J

= (g*l,(’l>(l‘) +ap (1 + i AT e<it1> *{1})

j=0

= (g1 2) (1) +aoky (1),

which is exactly the same solution as Luchko found. Thus, our result on variable-
coefficient FDEs is consistent with previous work in the literature for the particular
case of constant coefficients.

4.3 FDEs with M-fold GFDs in Riemann-Liouville Sense

In the above sections, we have considered only FDEs involving a single GFD. These
were good model problems to start developing the theory of variable-coefficient FDEs
with Sonine kernels, but now we are ready to move on to multi-term FDEs. The goal
of this section is to solve the initial value problem (1.3), and again we split the work
into three cases: the general equation from (1.3) under zero initial conditions, the
homogeneous version of the FDE under the general initial conditions from (1.3), and
finally the full problem (1.3).

4.3.1 Inhomogeneous FDE under Zero Initial Conditions

Theorem 4.7: Let T € RT™ and m € N and rg,ry, - ,ry—1 € C[0,T] and

g € C_1]0,T], and let x,k € C_1]0,T] be a Sonine pair. The following initial value

problem:
m—1
D) + Y rle) DV =g(t), 1 €[0.7],
=0 (4.20)
d m
@(ka) >V>(0)_0, l:07 am_la

has a unique solution in the function space

{v € Ci[0.T] : TP ve o, T]}, 421)
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and this solution is:

p
=2 (- <H<’">Zn D<’>> 1557 8(), (422)

p=0

where this series is locally uniformly convergent on (0, 7.

Proof. As before, the proof consists of four main parts: constructing an equivalent
integral equation, a contraction mapping, the solution as a limit, and the solution as a
convergent infinite series.

Part 1: transforming the initial value problem (4.20) into an equivalent integral
equation. We can already guess how this is going to go, similar to the proof of

Theorem 4.1.

Let v € C_4[0,T] with w = ]I(<k’)">v e C™[0,T], and  define
u=wim = ]D)(<k’)”>v € C_1[0,T]. By the equivalent definitions [8, Eq. (67) and (69)] of

the m-fold GFD of Caputo type for w € C™,[0,T], we have

1587 u(r) = TG8~w™ (1) = D5~ w(r)
<m> = () dm-! <m>
=Dw(r) = ¥ w(0)- o (7 (1)

= DTy (r) — mz_"l ﬂ (]I<m>v) (0)- LH (K<m> (t)) (4.23)
=D "I P-XTZANG drm=i=1 -

By the first fundamental theorem of fractional calculus for the m-fold GFD, we have
V= ]I(<K”)1>u provided that the initial condition in (4.20) is
satisfied. Furthermore, for every i =0, 1,...,m —1,

D<i>v — D<i>]I<m> _ ID)<i>H<i>H<m7i> _ I[<m7i>

(k) k) ) TP e ) U T e W

and thus the FDE from (4.20) for v becomes the following integral equation for u:
m—1

u(t)+ Y ri(t) -H(<K")"i>u(t) =g(t), te€l0,T). (4.24)
i=0
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Now it is proved that if v in the function space (4.21) satisfies the initial value problem

(4.20), then u = ID)(<k’)”>v € C_1]0,T] satisfies the integral equation (4.24).

Conversely, let u € C_1[0,T] be a solution of (4.24), and define v = H(<K”)1>u. By the
first fundamental theorem of fractional calculus for m-fold GFDs, we have

D(ﬁ{’)”v =y and ]D(<k")>v = ]I(<K”)1*">u forevery i =0,1,...,m — 1, so the integral equation

(4.24) gives the following FDE for v:

R0+ T ) D0 =)

Since ]I(<kr)”>v = {1}~ % u is the mth-order integral of u, it follows immediately that v

is in the function space (4.21) and the initial conditions from (4.20) are valid, meaning

that v satisfies the initial value problem (4.20), as required.

Thus, we have established a bijection between solutions v in the function space (4.21)
of the initial value problem (4.20) and solutions u € C_[0,T] of the integral equation

(4.24).

Part 2: constructing a contraction mapping. As before, we need to find a contraction

mapping whose fixed points are exactly solutions of (4.24).

Let us define the operator &, as follows:

(Ott) (¢ Z ri(e) TSI u (1),

Clearly, ¢, maps the space C_;[0,T] into itself, and the integral equation (4.24) is
equivalent to 0,,u = u. We just need to show that &), has a unique fixed point in the

space C_1[0,T].
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For any t € [0,T] and u;,up € C_1[0,T], we have:

Opmu(t) — Opuy(t Z ri(t ]I<m l> (g —uy) (2).

In Part 2 of the proof of Theorem 4.1, we showed that, for any x € C_1[0,T] and
r € C[0,T] and for any sufficiently small & € (—1,0) and sufficiently large A > 0, the
operator r(t) - I ;) is bounded on the space t* - C[0, 7| under the norm || - [/ 3, with an

operator norm that can be made as small as desired by choosing A sufficiently large.

Here, ]I(<K”)1_i> is also convolution with a function in C_{[0,7], namely the function
K<"~>_ 5o every one of the terms r;(t) ~JI(<K”)“"> can be bounded with an arbitrary

small operator norm. Thus, by choosing A >> 0 sufficiently large for a fixed @ € (—1,0)
sufficiently close to —1, we can ensure that &, is a contraction mapping on the space
t*-C[0,T] under the norm || - [[ 2.

Part 3: existence, uniqueness, and solution as a limit. By the Banach fixed point
theorem, the operator &, has a unique fixed point in the space t* - C[0,T] for any
sufficiently small o € (—1,0), which means that the integral equation (4.24) has a
unique solution in every such space. Since the union of these spaces over all such
o is the space C_1[0,T], we have now proved that (4.24) has a unique solution u €
C_1]0,T]. By the equivalence constructed in Part 1 of this proof, the initial value

problem (4.20) has a unique solution v in the function space (4.21).

The Banach fixed point theorem also tells us that the solution function « is the limit,
under the norm || - ||, on the space t*-C[0,T] for each sufficiently small

€ (—1,0), of the following sequence:
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4.25)
Z ri(t ]I<m ’>un,1(t), n>1.

The sequence (t‘“e‘“un(t)> converges uniformly on [0,7], so the sequence (uy)
itself converges locally uniformly on (0,7]. By Part 2 of the proof, the m-fold GFI
with Sonine kernel k is a bounded operator on the space t* - C[0,T], so the sequence
of functions v, = ]I(<K’;‘>un is also locally uniformly convergent on (0,7] with limit

V= ]I(<K”)1>u. In other words, the following sequence:

va(t) =I5807g(t) — 1557 Z ri(t ]1<'" >, (1) (4.26)

m—1

= vt ]I<m Z ri(t vn 1(1).

converges locally uniformly on (0,7] to the unique solution function v in the space
(4.21) of the initial value problem (4.20).
Part 4: explicit solution as a series. Let us write explicitly the first few functions in

the sequence (v;):
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]1<m> Z ,,.l

1 —
=) (=17 (fo? Z ri(t)
p=0 =
X <]I( )
]1( ]1<m> Z ri(t

and thus, taking the limit,

%)

v(t) = nli_r)rgovn(t) = Z <]I<m> Z rilt

p=0

where the limit,
convergent on (0,7],

uniformly convergent.

D<l>]1<n)1>g(t>

p
DFK) 155 8(0);

]D<l>

H<m> Z ,,.l ]D<l>]1<m>g(l')>

]D<l>]1<m>g(f>

p
0 -ka"f) 17 8(0),

)4
1> <m>
) Itk

and therefore the infinite summation, are locally uniformly

since the integral of a uniformly convergent sum is also

4.3.2 Homogeneous FDE under General Initial Conditions

In this subsection and the next one, an extra assumption will be needed on the Sonine
kernel «x, in order for the dependence on initial conditions to work out as desired. This

assumption is stated as follows, and in the proof of Theorem 4.8 we will see why it is

needed.
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Assumption 4.3.1: The Sonine kernel functions k,k € C_1[0,T] are assumed to be

h that d
such tha <@(K.<m>>) (0) =0, i=0,1,---,m—1.

Theorem 4.8: Let T € R™ and m € N and rg,ry, - ,rm—1 € C[0,T], and let
K,k € C_1[0,T] be a Sonine pair satisfying Assumption 4.3.1. For each

j=0,1,--- ,m—1, the following homogeneous FDE:
m—1 ]
DGy~ vi(t) + ;0 ri(t) Dy vi() =0, 1€[0,7], (4.27)

under the initial conditions

di .
d—ti(ﬂfk';%j) 0)=8;, i=0,..,m—1,

where §; ;i denotes the Kronecker delta taking the value 1 if i = j and O otherwise, has

a unique solution v; in the function space (4.21), namely:

1
m tj = m = i - m tj
vi(t) =Dy~ (F) - ZO(—I)p (HFK)> i;) ri(t) 'D(<k)>) (]D)(f(f (f)) ’

p:
(4.28)
where this series is locally uniformly convergent on (0, 7].
Proof. Our first task is to find a family of functions ¢g, @1, - - , 9,1 satisfying
di <m>
@@(k’)" ¢,~)(0):6,-j, i ji=0,..m—1. (4.29)

For this, it would suffice to have IS (1) = &, which implies ¢;(r) = D2 (;—’,)

since it is well known that

d [t .
{@ (F)] = 9;j, i,j=0,...m—1. (4.30)
*/ Ji=0

Thus, we define ¢;(r) = D(<K”)1> (;—ﬂ) and check that (4.29) is satisfied. Writing

tJ

= {1}</*1> in the notation of convolutional algebra, and using the second

fundamental theorem of fractional calculus in the form (4.23), we have:

61



di;(ﬂfk';%) (0)

_ ¢ (1= (11<41)) (0)

dr!
-2 (o S ()

dmfrfl

8 dgm—r—1 (k<m> (t))> (0)

1 & ' dm+lfr71
N ey e
r=

m—1 dr—j—l . dm—|—l—r—l .
8= ¥ G (¢) O g () 0)
which equals simply J;; when we use Assumption 4.3.1, because

drfjfl

<m> _ . .
=T (K )(0) 0 whenever 0 < j <r<m—1.
Now we have our family ¢; as required. Defining w; =v; — ¢;, we see that the given

initial value problem for v; is equivalent to the following initial value problem for w:

m—1
Dy w;(t)+ Y rit) D Z ri(t) DRy 9;(0),
i=0 (4.31)

d .
@<H(<k';1>wj> 0)=0, i=0,..,m—1,

where we used the fact that ]D)(<k’;1> ¢; = 0 because ]I(<k’;1> 0= 5—1, and j <m—1.

Now, the initial value problem (4.31) is exactly of the form discussed in Theorem 4.7,
with g(¢) being the function on the right-hand side. Hence, by using the result of

Theorem 4.7, we have

) p
Wj(l‘) ZO <H<m> Z ”z z>> ]I<m> ( Z ”z D<l>¢] ))

) m—1 ptl
Y (-1t (Hf;f )3 ri(t)ID)(<k’)>> 9;(1),
p:O lZO
which gives the formula for v; as stated, where we know from Theorem 4.7 that the

sum is locally uniformly convergent on (0, 7]. O
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Corollary 4.1: Let T € Rt and m € N and ro,ry, -+ ,rm—1 € C[0,T] and
ap,ay,- - ,a,—1 € R, and let x,k € C_1[0,T] be a Sonine pair satisfying Assumption

4.3.1. The following general homogeneous initial value problem:
m_ .
“v(t)+ Y r,'(t)]D)(<k')>v(t) =0, t€[0,7T],
i=0 (4.32)

G o=a -

has a unique solution v in the space (4.21), namely:

" m—1 t oo . m—1 . p+l . m—1 1
vM=D®><Z%*>‘Z“*V@%>%nwmﬁ> P | Ky )

!
= J*) p=0

QO
3
|

where this series is locally uniformly convergent on (0, 7].

Proof. The functions vg,vy,---,v,_ found in Theorem 4.8 form a fundamental set of
solutions for the homogeneous ODE (4.27). By the superposition principle, the unique
solution of (4.32) is precisely v = agvg +aivy + -+ - + am—1vm—1. From (4.28), we get
the stated result. [
4.3.3 The General Case: Inhomogeneous FDE under General Initial Conditions

Theorem 4.9: Let 7T € R" andm € Nand g € C_{[0,T] and ro, 71, ,ry—1 € C[0,T]
and ag,ay, - ,a,—1 € R, and let x,k € C_1[0,T] be a Sonine pair satisfying
Assumption 4.3.1. Then the general initial value problem (1.3) has a unique solution v

in the space (4.21), namely:

v(t) = i <H<m> Z ri(t ) (]1(<K")1> +D5” (Z aj— >>
p=0

where this series is locally uniformly convergent on (0, T].

Proof. By applying the superposition principle to the results of Theorem 4.7 and

Corollary 4.1, we have
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oo m—1 p
W)= Y (-1 (Hfg> Y (1) -ngf) I ()

1
m ml lj > m m=1 ; Pt m m—1 tj
+D3S” (Z aﬁ) =Y (-1)? (]1(<K)> Z() r,-(t)]D)(<k)>) D X ai )

=0 ') =0 =0 J!

which gives the stated result after some manipulation of sums. 0
As far as we know, multi-term fractional differential equations involving such m-fold
GFDs of Riemann-Liouville type have not been solved before in the literature. Some
of Luchko’s papers deal with multi-term fractional equations involving m-fold GFDs,
but these are either of Caputo type [21] or of sequential type [22,47], neither of which
is the case that we are dealing with here. Thus, verifying consistency of the above
result with previous work in the literature is only possible in the case m = 1, which
was already done in a previous section.

4.4 FDEs with M-fold GFDs in Caputo Sense

In this section, we will consider a multi-term FDE involving GFDs of Caputo type,
namely the initial value problem given by (1.4), which is the same as the Riemann—
Liouville problem of the previous section except with a different type of GFD operator
and with different initial conditions. As in section 4.2, the initial conditions will now
be of classical type and the part of the solution process that deals with them will be

much easier.

Again, this section is divided into three parts: for the differential equation from (1.4)
under a zero initial condition, the corresponding homogeneous differential equation
under the general initial condition from (1.4), and finally solving (1.4) in general. We
will speed up the work by noting similarities with the Riemann—Liouville problem of

section 4.3 and reducing the new problem to one already solved wherever possible.
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4.4.1 Inhomogeneous FDE under Zero Initial Conditions
Theorem 4.10: Let 7 € R* and m € N and rg, 7y, ,rn_1 € C[0,T] and g € C[0,T],
and let K,k € C_1[0,T] be a Sonine pair satisfying Assumption 4.3.1. The following

initial value problem:

D v( +Zrl ).DETv() =), te[0,T],

l (4.33)
d )
[—iv(t)] =vD0)=0, i=01,..,m—1,
dt 1=0
has a unique solution in the function space
{v eC™[0.7] : I v e €™y [0, T]}, (4.34)

and this solution is precisely (4.22).

Proof. By Theorem 4.7 and its proof, it will be sufficient to construct a bijection
between solutions v of the initial value problem (4.33) and solutions u of the integral

equation (4.24), in some suitable function spaces.

Firstly, if v in the function space (4.34) satisfies the initial value problem (4.33), then
we know from the proof of Theorem 4.7 that D(<k’)">v exists in C_1[0,7]. By the
definition (2.3) of the m-fold GFD of Caputo type, we have *D(<k")>v = ID(<I(3>V for each
i =0,1,---,m. Defining then u = *D(ﬁ{’)”v € C_1[0,T], the second fundamental
theorem of fractional calculus [8, Theorem 7] gives H(<K”)1>u = v, and then the first
fundamental theorem of fractional calculus gives *]D)(<k3>v = ]D)(<k")>v = ]I(<,(”)1_i>u for
eachi=0,1,---,m— 1, so we have the integral equation (4.24) for u € C_;[0,T| with
I=0>ue C[0,7)

Conversely, if u € C_[0,T] satisfies (4.24) and H(<K”)1>u € C™]0,T], then we know

from the proof of Theorem 4.7 that v = ]I(<K'Sl>u is in the space (4.34) and satisfies the

Riemann—Liouville initial value problem (4.20). It remains only to prove the zero
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initial conditions from (4.33), because then the Riemann-Liouville type and Caputo

type GFDs of v will be the same, and the Riemann—Liouville type FDE from (4.20)

will become exactly the Caputo type FDE from (4.33). To prove the zero initial
<m>

conditions for v, we need to use v = H( K U= K<™ % u together with Assumption

4.3.1. We have

and similarly,

d d
@v:(@KQ’D)*u, i=0,1,--- . m—1.

Then, because kK~ € cmy [0, T] with all of its derivatives up to order m — 1 being zero

at 0, the same is true for v, which gives the desired initial conditions.

Now we have established a bijection between solutions v of the initial value problem

(4.33) in the space (4.34) and solutions u of the integral equation (4.24) in the space
{u €C1[0,T] : Tgu e CTI[O,T]}. (4.35)

Thus, the result is proved as long as we can be sure that the unique solution
u € C_1[0,T] of the integral equation (4.24) is in the space (4.35): in other words, as
long as the function defined by (4.22) is in CTI[O,T]. And this is true, since
g € C[0,T] together with Assumption 4.3.1 implies that ]I(<K”)1>g € C"™[0,T] by a
similar argument to the one used above for the initial values of v, then we remain in

this space no matter how many times we apply GFIs and multiply by r, so the entire

sequence (v,) is in C"[0,T]. O
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4.4.2 Homogeneous FDE under General Initial Conditions
Theorem 4.11: Let 7 € R™ and m € N and rg,r1, - ,rm_1 € C[0,T] and
ap,ay,- - ,au—1 € R, and let x,k € C_1[0,T] be a Sonine pair satisfying Assumption

4.3.1. For each j=0,1,--- ,m— 1, the following homogeneous initial value problem:

+Zr, ]D><‘> (t) =0, t€10,T),
(4.36)

d’ ;
Rl —vD(0) = a: i _
[dliv(l)] . vW(0) = a;, i=0,..,m—1

has a unique solution v in the space (4.34), namely:

where this series is locally uniformly convergent on (0, T].

Proof. We will reduce (4.36) to an inhomogeneous FDE under zero initial conditions,
in order to use Theorem 4.10. Let us define a function w by

1 aLtj

=

so that v is in the space (4.34) if and only if w is. By the relation (4.30) for derivatives
of t//j1, we have w()(0) = v()(0) —Yja;0j=a;—a;=0forall j=0,1,--- ,m—1.
Also, *}D)(<k")> (tj /J !) = 0 whenever i > j, so the initial value problem (4.36) for v is

equivalent to the following initial value problem for w:

t/
]D)<m> + Z rl ]D)<l> Z Clﬂ"z D<l> ( |) ; e [07T]7
i,j:i<] J?

d i .
{@W(I)L—OZW()(O):O’ i=0,..m—1,
where we note that the inhomogeneous term on the right-hand side is in C|[0, 7]
by [39, Lemma 1], because it is the convolution of k with a polynomial function in
C[0,T]. Therefore, we can use Theorem 4.10, to find the following unique solution of

the initial value problem for w:
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w(t) = i <]I<m> Z ri(t ]D)<’>)p]1<m> ( Z ajri(t ]D<’> <tj)> .

|
p=0 L,jri<j J:

This gives the stated result for v. Local uniform convergence of the series is guaranteed
since we are using Theorem 4.10, where the solution is given by (4.22) which we
already showed to be locally uniformly convergent on (0, 7] in the proof of Theorem
4.7. [
4.4.3 The General Case: Inhomogeneous FDE under General Initial Conditions
Theorem 4.12: Let 7 € RY and m € N and ro,r1, -+ ,rm_1,8 € C[0,T] and
ap,ay,- - ,am—1 € R, and let x,k € C_1[0,T] be a Sonine pair satisfying Assumption
4.3.1. Then the general initial value problem (1.4) has a unique solution v in the space

(4.34), namely:
_ m—1 p
; Z —1)? (]IFK")D ;) ri(t) -]D)(<k’)>>

p=0
% ]I<m> Z a I" D<l> t]
Jh ]‘ 9
i,ji<j

where this series is locally uniformly convergent on (0, T].

Proof. By applying the superposition principle to the results of Theorem 4.10 and

Theorem 4.11. [

To verify the consistency of the above result with previous work in the literature, we
consider a particular case in the following example.
Example 4.3: Let us consider the case where m = 2 and the coefficients ro(r) = 2,

r1(t) = —3 are constant. Then, we have the following initial value problem:

D) =3, Dyv(e) +2v(1) = g(t),  1€[0,T),
(4.37)

v(0) = ay, V(0) = ay.

Our general solution from Theorem 4.12 becomes in this case:
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p
o) =i+ T (17 (1537 (30 +2)) T3 (50) et
p_

+ayro(t)+ayr(t)- *]D(k)(l)>
it P
=ag+ait+ Y, (3]I(K) — 2]I(<K2)>> ]I(<K2)> (g(t) —2ag—2at +3ak* {1}) :
p=0
To simplify the series here, we note that

)

Z <3]I(K) — 2H(<K2)>>ph(t)

p=0

<p>

I
gk

(31<— 21<<2>)
0

=
Il

Il
(agk

)3

0¢g=0

( ) 3)P- q3c<P—9> 4 % (— z)qK<2q>

=
I

D

Z Q+ r (3)rK.<2q+r>
0r=0

I
s

q

) ‘”r <—2>Q<3>’ <,
=0 rq>0
2g+r=j

and it is possible to observe that the sum in square brackets equals 2/*! — 1 for every

value of j, so our solution reduces to

v(t) = ap+art+ Y (2 — 1)<t 4 <g(t) —2ag — 2ayt + 3ark * {1}). (4.38)
=1

The solution found by Luchko [21, §5] is constructed in a more indirect way, relying
on the partial fractions expansions of rational functions in an abstract field whose
denominators are the polynomial corresponding to the left-hand side of the fractional
differential equation. Here, the polynomial is S> — 35+ 2 and the partial fractions
expansion for its inverse is

I 1 I
$2-354+2 S-2 S—1’

so, in the notation of [21, Eq. (5.25)], we have [ =2 and p; = pp = 1 and

M =2,2 =1and cj; = 1,c21 = —1. Then, the function Gy, from [21, Eq. (5.26)] is
GK‘,n(t) = lK,Z(t) - lK,l(t)7
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where the function /., is the convolution series defined by (4.12). Continuing
with [21, Eq. (5.30)], the expressions P;(S) are Py(S) = —3+ S and P;(S) = 1, giving
the partial fractions expansions

S—3 21 1 J 1 1 I
= — an = —
$2-35+2 S—1 S-2 $2-35+2 S—-2 S—-1’

so, in the notation of [21, Eq. (5.31)], we have dyp; = —1 and dpp = 2 and
dyy = 1,d;; = —1. Finally, the solution function v(¢) found by Luchko [21, Eq.

(5.34)] can now be written as:
v(t) = (g% Gin) (1) +aoyo(t) +aryi (1)
= (g% le2)(t) — (g% lic1) (1) +ao(— Lic2(t) +2Li1 () +ark* (L2 — Li1) (2),

where the function L, , is the convolution series defined by (4.19). Using the

definitions of [, 3 and L, 5, we have:

v(t) = g* Z(Zj — 1)k —ag+2a0 4+ ap{1} * Z(—2j+2)K<j>
j=0 =1

+aykx {1}« Z(Zj — 1)K~/
=1

=g* Y (2 =)k tag+ag Y (2-2) )k« {1} +ayt

Jj=1 j=2
+alk*{1}* Z(zj _ 1)K<j>
=2
=ap+ait+ 2(21 AL P 2(21’_ D> 5 (1)
=1 =

+ar Y (27— 1)<«
=1

where we have used the Sonine condition to know that k *k* {1} =¢. Comparing this

with the solution (4.38) found by our approach, it remains only to prove that

Y (27— D)t <—2t+3k*{1}) — Y 27— 1)k .
=1

J=1

We can do this by using again the fact that K xk x {1} = ¢ to simplify the left-hand side
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as follows: i

LHS=-2Y (2= 1)k~ 5143 Y (27 — 1)k=/" #t
j=1 j=1
=Y 2-2)k 7+ Y (3(2) =3) k<7 1
j=2 j=1
=3+ Y (2(2)) = 1)k~ 1
j=2
=Y (27" —1)x</> xt =RHS.

Thus, finally, we have demonstrated the consistency between our result and that of

Luchko [21], for the particular initial value problem (4.37).

Remark 4.1: Given the complex and lengthy calculations required for even the
simple case considered above, with m =2 and ry(z) = 2 and r;(¢) = —3 for an easily
factorisable polynomial, the reader may understand why we did not try to extend this
verification of consistency to any further cases. The form given by Luchko [21] for
the solution function is not fully explicit in terms of the coefficients, depending rather
on some partial fractions expansions whose forms are not written explicitly in
general, so it would be extremely difficult to check consistency of our results with his
for the general m-fold multi-term FDE with constant coefficients. However, verifying
consistency in a single non-trivial case is enough to give some confirmation of the

correctness of our results.
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Chapter 5

CONCLUSION

5.1 Conclusion

This thesis has the results of two papers which are given in Chapter 3 and 4. In the
first work (Chapter 3), we have constructed a new convolution operator by combining
generalised fractional integrals with Laplace-type convolution. This extends the work
of Al-Kandari et al [35], who did the same thing in the particular case of Riemann—
Liouville integration, and our more general convolution is valid on any of the Cy, spaces
that were defined by Dimovski [38] and used for fractional Mikusinski operational

calculus.

The ideas of Sonine kernels and Mikusifiski operational calculus have previously
been combined in a different way: namely, by using the standard Mikusinski
algebraic structure to solve fractional differential equations involving operators with
Sonine kernels [21,47]. Our work is different, because we used Sonine kernels to
construct a new type of Mikusifiski algebraic structure. There are at least two
viewpoints from which to understand this work: looking at the purely algebraic
structure of the new convolution rng, and investigating how it can be used to solve

problems from analysis such as fractional differential equations.

From the algebraic viewpoint, we have examined the structure of the set Cy under the
different convolution operations, and of the associated fields of fractions. We

constructed embeddings of rngs and isomorphisms of fields which allow the recently
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discovered [39] algebraic properties of Cy, to be extended to the new setting,

essentially showing that the new algebraic structures are similar to the classical ones.

From the fractional calculus viewpoint, we have considered how the GFI and GFD
can be interpreted in terms of the new convolution, and how new types of convolution
series can be constructed using it. These results are new, but our investigations
showed that they are not particularly useful in solving differential equations: we
verified that solutions obtained using our new convolution are consistent with those
previously obtained by Luchko [21], but using the new convolution did not enable us

to solve any new problems in the area of fractional differential equations.

The advantage of this work has been to showcase the fusion of abstract algebra and
fractional calculus together, following in the same line as previous work combining
these two areas. Our work has generalised the previously published work of
Al-Kandari et al [35], and constructed new embeddings and isomorphisms which
demonstrate the limitations of this approach. We constructed an integral transform
corresponding to the new convolution, but it is essentially a trivial variation of the

Laplace transform, and therefore also of limited usefulness.

In the second work (Chapter 4), we have solved several types of linear ordinary
differential equations with continuous variable coefficients, where the derivative
operators are general fractional derivatives with Sonine kernels. This represents a
significant step forwards in the theory of fractional calculus with Sonine kernels and
the associated differential equations, following in the footsteps of Luchko and others

who have worked on these operators and equations.
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This work also represents a step forward in the theory of fractional differential
equations with variable coefficients. Most of the previous works in this area have
proved uniqueness of solutions only in spaces of continuous functions, but here we
have proved the stronger result of uniqueness in a larger function space, by allowing
integrable power-function-type singularities at the initial point of the domain. This
was one of the major challenges of this work, since establishing a contraction
mapping (in order to use the Banach fixed point theorem) was significantly harder
than in previous works on this topic, due to the necessity of bounding an integral
where the integrand is unbounded at both ends of the interval. This work, found in
Part 2 of our Theorem (4.1) above, will be a useful contribution to the study of
fractional differential equations with variable coefficients, more generally,

representing a new technique that can be used in other papers in this area.

We have verified our results by comparison with previous work in the literature on
constant-coefficient differential equations with Sonine kernel derivative operators [11,
21]. This ensures that our work is consistent with previous results of Luchko, at least
in this particular case. As well as the standard GFDs using Sonine kernels £ and Kk,
our work in Chapter 4 also covers the m-fold GFDs using convolutional powers of the

same Sonine kernels k and x.

A future direction of investigation would be to extend our results to the so-called
Sonine kernels of arbitrary order, satisfying a modified (generalised) version of the
Sonine condition [9], but this will be more challenging to manage for multi-term
FDEs due to the lack of a semigroup property for such operators, unless we work
under a restricting assumption of some relation between all the different Sonine

kernels involved (i.e. assuming a sort of commensurate FDE). Another direction
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would be to consider other families of general kernels, of which there are many,
unrelated to the particular family named after Sonine, as surveyed for example in [6].
Thus, it seems that research on fractional differential equations with variable
coefficients will continue into the future, with yet more general fractional derivative

operators being involved.
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