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ABSTRACT

This thesis consists of five chapters. The first Chapter gives general information
about the thesis. In the second Chapter, some preliminaries and auxilary results that are

used throughout the thesis are given.

The original parts of the thesis are Chapters 3, 4 and 5 which are established from
[35], [46] and [48]. In Chapter three, extended 2D Bernoulli and 2D Euler polynomials
are introduced. Moreover, some recurrence relations are given. Differential, integro-
differential and partial differential equations of the extended 2D Bernoulli and the ex-
tended 2D Euler polynomials are obtained by using the factorization method. The spe-
cial cases reduces to differential equation of the usual Bernoulli and Euler polynomials.

Note that the results for the usual 2D Euler polynomials are new.

In Chapter four, we consider Hermite-based Appell polynomials and give partial
differential equations of them. In the special cases, we present the recurrence relation,
differential, integro-differential and partial differential equations of the Hermite-based

Bernoulli and Hermite-based Euler polynomials.

In Chapter five, introducing k-times shift operators, factorization method is general-
ized. The differential equations of the Appell polynomials are obtained. For the special

case k = 2, differential equation of Bernoulli and Hermite polynomials are exhibited.

Keywords: 2D Bernoulli polynomial, 2D Euler polynomial, extended 2D Bernoulli
polynomial, extended 2D Euler polynomial, Hermite-based Appell polynomials, factor-

ization method
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0z

Bu tez bes boliimden olusmustur. Birinci boliimde, tez ile ilgili genel bilgiler ver-
ilmistir. Ikinci boliimde, tezde kullanilan tanim ve kavramlar hakkinda temel bilgiler ve

sonuglar verilmistir.

Bu tezin orijinal kisimlar1 [35], [46] ve [48] nolu referanslardan ortaya c¢ikan tigiincii,
dordiincii ve besinci boliimlerdir. Ugiincii boliimde, iki degiskenli genisletilmis Bernoulli
ve Euler polinomlar1 tanimlanmugtir. Buna ek olarak, iki degiskenli genisletilmis Bernoulli
ve Euler polinomlarinin sagladigi rekiirans bagintilart verilmistir. Faktorizasyon metodu
kullanilarak, bu polinom ailelerinin sagladigi diferensiyel, integro-diferensiyel ve kismi
diferensiyel denklemler bulunmustur. Ozel durumlar, Bernoulli ve Euler polinomlarinin
diferensiyel denklemlerine diiser. Belirtelim ki, sonuglar iki degiskenli Euler polinom-

lar1 icin yenidir.

Dordiincii boliimde, Hermite tabanli Appell polinomlari gbz 6niine alinmis ve bu
polinomlarin sagladig1 kismi diferensiyel denklemler bulunmustur. Ozel durumlar olarak,
Hermite-tabanli Bernoulli ve Hermite-tabanli Euler polinomlarinin diferensiyel, integro-

diferensiyel ve kismi diferensiyel denklemleri verilmistir.

Besinci boliimde, k-defa artiran ve k-defa azaltan operatorler kullanilarak, faktoriza-
syon metodu genisletilmis ve bdylece Appell polinomlarinin diferensiyel denklemleri
bulunmustur. Ozel olarak, k = 2 i¢in Bernoulli ve Hermite polinomlarinin diferensiyel

denklemleri verilmistir.

Anahtar Kelimeler: Iki degiskenli Bernoulli polinomu, iki degiskenli Euler poli-

v



nomu, genisletilmis iki degiskenli Bernoulli polinomu, genisletilmis iki degiskenli Euler

polinomu, Hermite-tabanli Appell polinomlari, faktorizasyon metodu
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NOTATIONS and SYMBOLS

R (X) Appell  Polynomial,
B, (x) Bernoulli  Polynomial,
E, (x) Euler Polynomial,
H, (x) Hermite Polynomial,
B,(X,Y) 2D Bernoulli Polynomial,
E.(X,Y) 2D Euler Polynomial,
BV (x,y) Generalized 2D Bernoulli Polynomial,
E“D(x,y) Generalized 2D Euler Polynomial,
L, Derivative Operator,
L, Multiplicative Operator,

BV (x,y,c) Extended 2D Bernoulli Polynomial,

@] Extended 2D Euler Polynomial,
EV(x,y,0)

AH n(X, Y, Z) Hermite-Based Appell Polynomials,
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Hn’(k)

9;(‘0

HP (%, y)
H-K.F
P19 (x,)
1By (XY, 2)
HEa (XY, 2)
D

X

Dfl

k-times Derivative Operator,

k-times Multiplicative Operator,

Gould-Hopper Polynomial,

Hermite-Kampé de Fériet Polynomial,

Extended Gould-Hopper Polynomial,

Hermite-based Bernoulli Polynomial,

Hermite-based Euler Polynomial,

Derivative with respect to x,

Integral.
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Chapter 1

INTRODUCTION

(o)

A polynomial set {P,(x)} ", is quasi-monomial under the action of the operators

®; and @;,, independent of n, possess the following representation
©,, (Pn(x)) = Pys1(x) and @ (Py(x)) = nPy—1(x)

and if ® and @;, are differential realizations then they satisfy the following differential

equation
0,110 (Pu(x)) = Pu(x)
where
Po(x):=1and P_i(x):=0.

The operators ®, and ®; are called derivative and multiplicative operators, respec-

tively. The following commutation relation is satisfied by the operators ®, and O
©,.07|=1

where [ is the identity operator and [,] denotes Lie paranthesis. It was Y.Ben Cheikh who

proved that "Every polynomial set is quasi-monomial" [9]. With the aid of monomiality



principle new consequences were found for Hermite, Laguerre, Legendre and Appell

polynomials in [8], [13], [15], [20], [38].

Throughout the thesis, we take into consideration of the Appell polynomials and
their differential equations. First, we introduce some facts about Appell polynomials.

The well known Appell polynomials are generated by
[ee] l‘n
Alt)e™ = Z Ra(x)—
n=0
where A(?) is given via

A = i ant"
n=0

which is an analytic function at # = 0. Considering

(&)

A o
AG) ;O“”H’

it is directly seen that for any A(¢), the derivatives of R,(x) satisfy
R)(x) = nRy—1 (x).

Thus, {R,(x)};7, are called an Appell polynomial set. The special choices of A(?) give

many well known polynomial sets. For instance,

e Taking A(r) = 1, we get the monomials R,(x) = x".

t2
o If A(t) = e 7, then R,(x) = He,(x), the Hermite polynomial (see [12]).



Choosing A(?) =

4
i (1l <27 when A= 1; | < [log 4| when 1 # 1), then Ry(x) =
e —

B,(x), the Apostol-Bernoulli polynomial (see [2], [28], [40]). Note that when

A =1, we have the Bernoulli polynomial (see [45]).

Letting A(f) = (1 - )™ (|f| < 1), then R,(x) = n!L'“ ™ (x), the modified Laguerre

polynomial (see [18]).

By taking A(t) = eM" | then R,(x) = gni(x,h) the Gould-Hopper polynomial (see

[19D).

Choosing A(f) = (fl < = when A = 1| < [log(-2)| when A # 1), then

Adef+1
R, (x) = &E,(x), the Apostol-Euler polynomial (see [24], [29], [36], [42]). Note

that when A = 1, we have the Euler polynomial (see [45]).

2t
let+1

polynomial (see [26], [27], [30], [36], [42]). The case A =1 gives the Genocchi

Putting A(¢) =

(7] < |log (—A))), then R, (x) = Gn(x), the Apostol-Genocchi

polynomial.

Letting A(¢) = [] acfl 1(Iozitl < 2m), then R,(x) is the Bernoulli polynomial of
=1 €% —

oder m (see [5]). Note that, when @; =1 (i = 1,---,m) then these polynomials are
called Barnes polynomials.

m
Taking A(t) = []

2
1 TH(la,ﬂ < m), then R,(x) is the Euler polynomial of order m

e

(see [5)).
d+1

> &t
Choosing A(t) = e=0  (£,;,1 # 0), then R,(x) is the generalized Gould-Hopper
polynomial (see [13]). This polynomial include the Hermite polynomial when

d =1 and d—orthogonal polynomials for each positive integer d.



The differential equations of Bernoulli and Euler polynomials were found by He and

Ricci (see [20]).

Two dimensional Appell polynomials

) e M
A(t)exzﬂ)ﬂ = ZRn(x’y);
n=0 )

were defined by Bretti and Ricci (see [5]). Besides, recurrence relation and correspond-
ing equations of 2D Appell polynomials were presented in [5]. Also, for the special
case j=2, they obtained the corresponding recurrence and differential equations for 2D

Bernoulli polynomials.

Afterward, the Hermite-Based Appell polynomials (H-B Appell) defined by Khan

et al. (see [23]) via

(o)
2.3 "
A()e™HrHE = ZRn(X,)’,Z)—,~
n=0 n:

Moreover, H-B Apostol Bernoulli, Euler and Genocchi polynomials were introduced

and investigated by Ozarslan (see [34]).

In this thesis, we study how to obtain the differential equation, integro-differential

equation and partial differential equation of the following Appell polynomial families:

e Extended 2D Bernoulli polynomial (E2DBP),

e Extended 2D Euler polynomial (E2DEP),



e Hermite-based Bernoulli polynomial (H-BBP),

e Hermite-based Euler polynomial (H-BEP).

To obtain differential equations of them, we present factorization method. The main
idea of the factorization method is to find the derivative operator L, and the multiplica-

tive operator L, such that

L,/_H_lL; (Ai’l(xay’z)) = An(X,y,Z)-

In order to generalize the factorization method, for each fixed k € Ny, we introduce

k—times derivative operator by ©,, ®
0, (Pa(x)) = Pyor(0)
and k—times multiplicative operator by ©;®
0, (P(x)) = Pria().
With the help of these operators, we introduce generalized factorization method by

(0, %07 0) (Pa(x)) = Pu(x).

n+k

This thesis is organized as follows:

In Chapter 2,



e some basic definitions and properties related with Appell polynomials,

e main definitions, some elementary properties of Bernoulli and Euler polynomials

are studied.

The original parts of the thesis are Chapters 3, 4 and 5 which are established from

the papers [35], [46] and [48].

In Chapter 3, the E2DBP [48] is introduced by

! xt+ytj _ S (@.)) ﬁ
() _;)Bn (3 0) e > 1

and the E2DEP [48] is introduced via

o0
@ j ; tn
—) it — ZESZQ’J)(x,y,c)—, c> 1.
el +1 ~— n!

(

Notice that in the case ¢ = e and «a = 1, these polynomials coincide with the usual
2DBP and 2DEP, respectively [5]. The corresponding results for the usual 2D Bernoulli
polynomial were presented in [S]. However, the results for the usual 2D Euler polyno-
mial are new. In obtaining differential equation of the E2DBP and E2DEP, we use the

factorization method.

In Chapter 4, we consider H-B Appell polynomials which are defined by

n

2,3 t
A(t)ext-l-)’l +zrm AHn(X,y5Z)E7

s

Il
o

n



where

s k
t
A(f) = E a’kﬁ.
k=0 )

t 2
For the special case A(r) = 7 and A(f) = T we have H-BBP and H-BEP, respec-
— e

et

tively. Furthermore,

e recurrence relation,

o differential, integro-differential and partial differential equation of H-B Appell

polynomials

are obtained.

For the special case A(f) = and A(?) = , the corresponding equations are

el—1 er+1

presented for H-BBP and H-BEP.

In Chapter 5, for a given Appell polynomial family we introduce the generalized fac-
torization method via introducing the k—times shift operators @;(k) and @Z(k) (ke N) (see

[35]). Foreach k e N,

e recurrence relations,

o differential equations of Appell polynomials

are obtained.



For the special case k = 2, the differential equation of Bernoulli and Hermite polyno-

mials are shown.



Chapter 2

PRELIMINARY AND AUXILIARY RESULTS

In this Chapter, some definitions and properties which are used throughout the thesis

are presented.

2.1 Appell Polynomials and Gould-Hopper (or Hermite-Kampé de Fériet)

Polynomials

In this section, we give some definitions and properties of the polynomial families
which are crucial in the rest of the thesis. First, we present the Hermite—Kampé de Fériet

polynomial (H-K.F), which is known as Gould-Hopper polynomial.

Definition 2.1.1 /5] For j € N, the Hermite—Kampé de Fériet (H-K.F) polynomial is

defined by
. s . A
ext+ytf — ZHr(lJ)(xvy)_' (2.1.1)
por n!

The explicit form of the H-K.F polynomial is given by

n
[J] n—js,,s

HP @y =n ) ——— jeN 2.1.2)
" (n—js)!s!
s=0

and it is the solution of the heat equation



& 9
@Q(x,y) 3y G(x,y), (2.1.3)

G(x,0) X

Definition 2.1.2 [48] Extended H-K.F polynomial is defined by

—JjSy,S

41
PEOy) =nt ) == (ne)'™ ", o> 1 (2.1.4)
" — (n—js)!s!

where j>?2 is an integer.

Taking ¢ = e, yields Pﬁ,j’c)(x, y) = H,Sj)(x, y) where H,(lj)(x, y) is H-K.F polynomial.

The generating function of the extended H-K.F polynomial [48] is given by

(o)

. . 1t
Cxt+yt/ — ZP,(/lJ’C)(x,y)E P C> 1. (2.1.5)
n=0 )

Furthermore, generalization of the extended H-K.F polynomial can be defined via

(o]
2 r ln
X\ X7+ Xt (c,r)
crT o= E P, (xl,x2,...,x,)m.
n=0 ’

It is important to state that the generalized heat equation can be obtained in terms of

the polynomial Pff ’C)(x,y) =G(x,y,c):

Y 0
(1nc)1—f£g(x, y,¢) = % G(x,y,¢) (2.1.6)

G(x,0,¢) = X*(Inc)" .

10



Definition 2.1.3 /5] Generalized 2D Bernoulli polynomial(G2DB) is given by

(e = 3 B ey 2.1.7)
n=0 )

Definition 2.1.4 /5] Generalized 2D Euler polynomial(G2DE) is given by

2 I N N
(e = ) B ey (2.1.8)
el+1 o n!

Definition 2.1.5 [48] The E2DBP is defined by

(o)

t @ j ; l’n
() ™= ) B y.e) o> 1. (2.1.9)
n=0 )

Definition 2.1.6 [48] The E2DEP is defined by

2&’

G = LB e e 1 (2.1.10)

n=0

Definition 2.1.7 [23] H-B Appell polynomials are defined by

n

t
AHn(x7y5Z)Ey (2.1.11)

s

A(t)ext+y12+zt3 —

Il
o

n

where

A(r) = Z @y
k=0 ’

11



t 2
Taking A(r) = - and A(?) = T we get H-BBP and H-BEP which are given
el — e

1
by
t
1 xt+yt2+zt3 _ Z HB (X y,Z) (2112)
B n=0
2 xt+yt2+zt3 1"
E , 2.1.13
e zéﬂ S0, (2.1.13)

respectively. Besides this, Ozarslan [34] defined the unification of H-B Appell polyno-
mials via the generating relation
21 kl‘k

,Bbel _ ab

(k € No; a,beR\{0}; a,€C)

Japtk,8) (———)%e" ZP (x;k,a,b);—r;. (2.1.14)

2.2 Some Properties of Bernoulli Polynomial

Bernoulli polynomial, first studied by Euler (see [3]), play an important role in the
integral representation of differentiable periodic functions and in the approximation of
such functions by means of polynomials (see [5]). Bernoulli polynomial, which is a

special kind of Appell polynomials is given by

(o) tn
G(x,1) = = Z By(x)— il <2m. (2.2.1)
n=0 ’

12



First few Bernoulli polynomials are

1 1
Bd@zl,BN@:x—E,Bx@:xz—x+6, (2.2.2)

3 1
B3(x) = X - Exz + Ex.

Bernoulli numbers are defined by B, := B,(0) and given by the following generating

relation

(o]

= ) B,—. (2.2.3)

First few Bernoulli numbers are

1 -1

-1
B()Zl, 31:7, Bzzg, B3:0, B4:E (224)

and Byy1 =0 for (k=1,2,...). The following properties characterizes the Bernoulli

polynomials:

Bu(x) = Z(“)ka"—k, (2.2.5)
k=0 k
By(1-x) = (=1)'By(x), n>0,

B(x) = nBu_i(x),

By(x+ 1) = By(x) nx L,

Bernoulli numbers appeared in several areas of mathematics. For example,

13



e MacLaurin expansion of the trigonometric and hyperbolic tangent and cotangent

functions

e the sums of consecutive integer powers of natural numbers

= BBy
r+1

2

e the residual term of the Euler-Maclaurin quadrature formula (see [47]).

2.3 Euler Polynomial

Euler polynomial is given by

2 v x "
ot —Z()En(x)a. 2.3.1)
n=

The generating function of the Euler numbers E,, are given via:

2 o1
etet ZE”E
n=0

In the following formulas, the special value of Euler numbers and the relation between

Euler numbers and e, are presented
E,( 1) =2""E
n 2 - n
(see [6], [20]) and

1, (k
€k=(—§)k ()Ek—h» (2.3.2)

14



respectively.

It is important to mention that some extensions of these polynomials and related

polynomials were given in [16], [17], [25], [32], [33] and [44].
2.4 Generalized 2D Bernoulli Polynomial (G2DBP)

In 2004, Bretti and Ricci defined the G2DBP via [5],

(o]

t j ; "
(e = ) B (24.1)
n=0 '
where
AR o L (2.4.2)
el —1 ‘Z ol o
n=0

In the following theorem, the relationship between the G2DBP and H-K.F polynomials

is given:

Theorem 2.4.1 [5] The explicit form of Bfla’j )(x,y) is

n
a,j n i
By (x,y) = Z(k)Hl(cj)(x,y)B;‘;_k : (2.4.3)
k=0

It was Bretti and Ricci, who found the recurrence relation and differential equations

of 2D Bernoulli polynomial (see [5]) .

Theorem 2.4.2 [5] For n € N, we have the following recurrence for 2D Bernoulli poly-

15



nomial

ng)(x,y) = 1,

-1 Gfn+l :
B(J)I(X y) = e ( X )Bn—k-rlB]((])(xay)
k=0
L s , )
+(x_§)Bn (X,y)+1ym 41
Shift operators are given by
_ 1
Ln = ZDX’
NS 1
L+ — S n—Kk+ Dn—k D]
- 1 -G-1
‘Ln ZDx / Dy’
v L o G0 1
L, :(x—§)+]ny Dy
n—1

By_k+1 D—(; 1)(n—k) D”"‘
(n k+1)!

Corresponding equations are

B B 1 1
[n—fDZé+...+(J “1)‘ D (——Jy)Df

B,
L pity +(——x)D 41| BY(x,y) = 0

T

1 G121 (=12 )
[(X_E)Dy‘l']Dx(] )D§ + jyDY )D§

n—1

Bpit1 p-U-D- k)Dn 1 _ (g4 1D
— (n—k+1)!

16

(2.4.4)

(X, y).

(2.4.5)

(2.4.6)

2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)

BY(x,y) =0,



1 (-Dn-1 : i—1)(n-1)-1 - =D=)) -1 /
[(x—g)DEX DDy + (= (- DYV D+ DV (D) ! + D))

(2.4.11)

1
< _Bpir1 pU—DE=D)

) —0- ;

DI — (n+ DY

kl(

respectively where

Dyl = f ).
0

Note that, the case j=2 is also presented by Gabriella Bretti and Paolo E. Ricci.

17



Chapter 3

DIFFERENTIAL EQUATION OF THE EXTENDED 2D
BERNOULLI AND THE EXTENDED 2D EULER

POLYNOMIALS

In this Chapter, we present some results of our study [48].
3.1 Construction of the E2DB and E2DE Polynomials

The differential equation, recurrence relation, shift operators of the G2DBP and the
G2DEP have not been found before. In this Chapter, first we extend the G2ZDBP and
G2DEP and then, we find the differential equation, recurrence relation, shift operators
for the E2ZDBP and E2DEP. In the special cases, we exhibit the results for the G2ZDBP

and G2DEP.
3.2 The Extended 2D Bernoulli Polynomial(E2DBP)

We define the E2DBP via [48]

. 0 . "
CxH_yt.l — ZB’(/las])(x,y’c);, Cc > l (32.1)
n=0 ’

ta/

(e = 1)

The following theorem states the relation between the E2DBP and the extended H-K.F

polynomials:

18



Theorem 3.2.1 [48] The explicit form of B,(f”f )(x,y, c)is

k=0

Proof. Using (2.1.5) and (2.4.2) in the generating function of the E2DBP,

O (@) " 1 e
E B, (x,y,c)— = ————— """,
o n!  (ef—=1)“

the theorem is proved applying the Cauchy product of the series. =

Note that, taking ¢ = e and j = 2, we get the explicit representation of generalized

Bernoulli polynomials obtained in [5].

The following theorem includes the recurrence relation and corresponding operators

and equations of the E2DBP:

Theorem 3.2.2 [48] Forn € N the E2DBP satisfies the following recurrence relation

By (x,y,0) =1, B4 (x,y,0):=0

(@.)) _ @, a)) - - (@.))
B 1 (x,y,c) = (xInc- E)Bn (x,y,¢) +yj(n Y (Inc)B, *, 1 (x.y,¢)
(0 ! n+l1 )
_ (@,
—1 ];:O ( L )Bk (%,Y,€)Bns1-k (3.2.3)

where By, is given by (2.2.3).

19



Corresponding operators are

1

L, : =—D, (3.2.4)
nlnc

L :xlnc—%+yj(1nc)<2—f>1)§{‘“ (3.2.5)

1 =2

L, ¢ = (nc) D,”’'D,, (3.2.6)
n

L5 = (xIne- %) +yj(Ine)i-DU-2+1 p =17 -t 3.2.7)

n—1

Bk (n=k)(j-2) 3=(i=D(=k) yn—
—a R (ne)nhG-2 p~U D" k’
;‘)( -k ne) * y

where n > 1, j > 2 is an integer and c > 1.

The corresponding equations for the E2DBP are

a . e
[(x—m)Dx+y](lnc)l ipi (3.2.8)
n—1 B )
_a,Z %(IHC)IC n— an+l -k _ Bgla,])(x,y, C) =0,
o (n+ )
[(xlnc _ %)Dy + jne)U=DU-D+1 p G- -t (3.2.9)
n—1
| 1-k i—2)(n— —(j—D(n=k) y~n—
+y](lnc)(J D(j- 2)+1D G- )DJ Zﬁ( C)(J 2)( k)Dx(J )n )Dy k+1

—(n+1)(nc)? ' DIB (x,y,¢0) =

20



[(xlnc— %)DSJ‘”(”‘”Dy +(j-D)(n-1)pY VD Ip, (3.2.10)
+j(Inc)U-DU=2+ pl=De=Dpiml g 4 yp, )

Byii-k (j=2)(n=k) 3G~ D(k=1) yn—k+1 2-j yr(-1)
_azm(lnc)/ DY D™ —(n+ 1)(Inc)~ /D

xBY(x,y,¢) = 0.

It is important to note that (3.2.10) does not contain anti-derivatives for n > j.

Proof. Taking derivative with respect to tin (3.2.1)

(o]

. . M
=N B (xy 0~
n!

n=0

t(Z

(e'=1)¢
then applying series manipulations and (2.2.4), we get the recurrence relation

(@, )) _ @, n@.)) : :
B, i (x,y,c)=(xlnc- E)Bn (x,y,0) +y]m

n—1
(0% (n+ 1) (@.))
E B " (x,y,¢)Bpy1—k.
k
n+1 Py k

(In c)B;Oi’jll (x,y,¢)

Differentiating generating relation (3.2.1) with respect to x and comparing coefficients

of 1" yields

DxB,(f’j )(x, y,c¢) =nln cB,(;i’{)(x, y,C).
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1
Thus, the following relation holds for L, := l—Dx :
nlnc

Ly (B (x.y.¢) = B (x.y.0).
Obviously

B (x,y.0) = Ly Liyae Ly | B (x.3.0) (3.2.11)

k! j
= (o) " DB ay. o),

B(a/y]) ](x,y’ C) — [L},_l_j+2 -

n—j+ n—j+3

L, | By (x.y.0) (3.2.12)

(= j+ 1)

(o) DI B (xy.c).

Taking into account (3.2.11) and (3.2.12) in (3.2.3), we get the multiplicative operator

L} by

n—1

._ @ . 2= ) (-1 Bi1-k k) ik
L .—xlnc—§+y](lnc)( NpY —akzomfl—_k)!(lnc)( mpik,

By applying the factorization method (see [22], [21]),

L., LB (x,y,0) = B (x,y,¢)

n+1

we get

[(x——“ )D, +yj(ne) /D]
2Ilnc
n—1

Byi1-k k—n—1 yn+1-k (a.)) B
_a; m(lnc) D =n| B, (x,y,¢) = 0.
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To obtain (3.2.9), first we take derivative with respect to y in (3.2.1). Thus, we have

OB (x,y,¢)

(a.)) ; _
(lnc)Bna_§. (x,y,oon(n—=1)..(n—j+1)= PN

Consequently, we have:

_ (In¢)/™?

o
—Dx 'D.

L, :
By using the above derivative operator in (3.2.3), we have

@ : —1)(j=2)+1 y=(—=1)? -1
:(xlnc——)+y](1nc)(1 )(J-2)+ Dx(J )D§

_ Z ( Bui1-k (ln C)(n—k)( j=2) D;(j—l)(n—k) D;z—k.
Using the factorization relation
£, LBy (xy.0) = B (xy.0),

we get (3.2.9). Differentiating each sides of (3.2.9) with respect to x, (j—1)(n—1) times,

we obtain

[(xlnc— %)D;j_l)("_l)Dy +(j—-Dn- 1)D§cj_l)(n_l)_lDy
. j— — i—1 —7 i—1
+j(Inc)U~DU 2)+1D§cj )(n j)D§ (1+yDy)

By1-k (j=2)(n=k) 3G~ Dk=1) yn—k+1 2 j y-1)
_azm(lnc) D'; Dy —(n+ 1)(Ine)* /Dy

xB“(x,y,¢) = 0.
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In the following Corollary, the important case ¢ = e is mentioned for the generalized

2D Bernoulli polynomials.

Corollary 3.2.3 [48] The recurrence relation of the G2ZDBP is as follows:

(@.)) _ (@.)) nt g
B 1 (xy) =(x— 2)B (o, y) + yjm nej+1 ()

1
n+1 ;
(e

Corresponding operators are

B 1
Ln : :ZDx,
n—1
a .~G=1) Bui1-k n—k
Lt : =x—=+yjDYV_ _Tnrlok ek
n AT IR n+1—k)!
k=0
_ 1
L, : =-D; Dy,
a ca—(—1? 1 j-1
L o ==5)+yip D]
_ Z Bue1-k _ p-G-1)0-k) pyn-k
(n+1—k)! D y o

The corresponding equations are

1o L
kx——oDx+nyi

1-k - N
- §§(n£7 Dl B ) = 0

a == ~j—1 cn=G=1D?% ]
(r=5)Dy+ DYV DI +yjD " D)

B)(x,y) =0,

n+1—k p-U- D(n—k) yn—k+1 j—1
_ D +1)Dy
Z(n+1—k)‘ ~(t1)
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@, (j-Dn-1 ; i—1)(n—1)-1
|- 50U 0D, 4 (= 1= DDV,
+;D¢" VDI~ (1 +yDy)

-1

Bpi1-k pU=DE=D pn—k+1 _ n(j—1 | p(a.j) A )
kZ: n+1-— k)’ X Dy (l’l+1)Dx Bn (x,y)—O,nZJ.

3.3 The Extended 2D Euler Polynomial(E2DEP)

In this section, we define the E2DEP and find the differential equations of the

E2DEP. The E2DEP is given by [48]

( [ l)a/ xt+yt/ ZE(Q’J)(X y,c)— c>1. (3.3.1)
e + =0

The next theorem states the recurrence relation, shift operators, differential, integro-
differential and partial differential equations of the E2DEP. Since the proof is similar

with the E2DBP, we only present the theorem.

Theorem 3.3.1 [48] The recurrence formula of the E2DEP is given by:

n!
B (3.0 = (xlne = DB 00,0+ B (6. e (ne) - (332)

i
L

+
N R

" .
( k)en-kE,(f’” '(x,y,0).

=
Il

0
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Corresponding operators are given by:

_ 1
L, @ =——D, (3.3.3)
Lt - :xlnc—%+yj(1nc)2—f1){;‘1 (3.3.4)
n—1
@ Cn—k k—n ryn—k
+— (Inc)F"pi*,
2 L (n—k)!
lnc)~2 .
£+ =09 pip, (3.3.5)
, . . 2 .
Lo :(xlnc—%)+yj(lnc)(J_l)(]_z)“D;(j_l) D! (3.3.6)
n—1
“ €n—k ok )(n k)(j-2) D—(n k(=1 Dn k.
2 = (n=k)!
Corresponding equations are:
a . i
[(X—Tnc)Dx+y](lnc)l ipi (3.3.7)

-1
a -
+s E o k)‘(lnc)k =L pnk | ES ) (,y,0) = 0,
k:

a i—1)(j=2)+1 : y=G=D* -1
[(xlnc—E)Dy+(lnc)(J -2+ iy =17 p (3.3.8)

n 1

+y](lnc)(] DG= 2)HD -1 D; 2 ( €n ]i‘)'(lnc)(j 2)(n— k)D (j-D(n- k)Dn k+1

—(+ 1D)(ne? I DIES (x,y,¢) =
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[(xlnc— %)Dgf"”(”“)z)y +(j-)(n-1)pY VD 1p, (3.3.9)

+(lnc)(J D(j- 2)+IJD(J D(n— J)(DJ 1+yD)

n—1
a

2 ( k)'(l C)(] 2)(n— k)D(l (k- I)Dl’l+1 -k (n+1)(lnc)2 jD(] Dn

XES (x,y,¢) = 0.

Similarly, as in (3.2.10), we should take n > j in (3.3.9).

Since the case ¢ = e reduces to the G2DEP, we thus have the following corollary:

Corollary 3.3.2 [48] For the G2DEP, we have the following recurrence:

(@.)) _ (@.)) (@, n!
E Ty = (x— 2)E (x.y)+yjE,* ,+1( ,y)( — i+ 1)
1
a -
EZ( )en—kE,(f’J)(x,y)
k=0
Shift operators:
_ 1
Ln L= ZDX’
a ; a=h e k
L' @ =x——+yjDl 4= E pnok,
" TR Ty L
k=0
_ 1 -
L, =D Dy,
—(j-1)? nl Cn—k (n=k)(j-1)
+ _ J-1D" ~j— 1 _Cn—k  -(n=K)(j-1) pn—k
Ly @ =0 )+ij Dy 2 G Dy~
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The corresponding equations are :

a . 7
[(x ~ 2D+ yiD!

n—1
@ Cnk _ pyn—k+l _

(a,))
+— e E,""(x,y)=0,
2 e (n—k)!

n

a cn=(=1)?% ~j—1 (=12
[(X_E)Dy'i']Dx(] )D§ +yjDY )D§

an—l e '
n—k D—(J—l)(n—k)

(a.))
+5 x E, 7 (xy) =0,
2 & (n-k)!

D —(m+ 1D

L (-Din-1 : ~D)(n—1)-1 G=D(n=j) i1
[(x—Q)DSZ DDy + (= D= DDV Dy 4 DIV DI (14 yDy)

n—1
a €n—k D(j—l)(k—l)

(e.j) .
+— y E, 7 (x,y)=0; (n 2 )).
24 (n—k)!

DI —(n+ DY
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Chapter 4

HERMITE-BASED APPELL POLYNOMIALS

This Chapter consists of results of our recent study [46].

4.1 Construction and Auxilary Results

It was Khan et al. [23] who defined the H-B Appell polynomials by

(o] tn
G(x,y,z:1) = AWexput) = ) | nAn(x.y, 9=, (4.1.1)
=0 n.
where
d &
=x+2y—+3z— 4.1.2
Ty o T 702 ( )

denotes the multiplicative operator of the 3-variable Hermite polynomials which are

given by
oo tn
exp()ct+yt2 +78%) = ZHflz’)(x,y,z)— (4.1.3)
n!
n=0
and
A(t) = Z ant", ag # 0. (4.1.4)
n=0
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Using Berry decoupling identity
B = o2 (F) VB, [A,B] =mA2,

they introduced H-B Appell polynomials gA,(x,y,z) as

n

G(x,y,z:1) = A exp(xt +y2 +267) = Y An(x,,2)

t
-
o n:

(4.1.5)

(4.1.6)

In this Chapter, we consider the H-BBP B, (x,y,z), H-BEP yE,(x,y,z) and the H-BGP

1HGn(x,y,7) via the following generating functions (see [23]):

(o)
t "
exp(xt+yt> +z°) = § B (x,y,2)—, |t| < 2x,
el —1 n!
n=0
© n
2,.3 !
exp(xt+yt“+zt°) = E vEW(x,y,2)—, ltl<m,
er+1 n!
n=0
and
& n
t s a3 f
exp(xt+yt~+zt°) = § HGn(x,y,2)—, |t| <m,
e+ 1 n!
n=0
respectively.

4.1.7)

(4.1.8)

4.1.9)

In the special case z = 0, these generating functions reduce to the generating functions

of 2DBP, 2DEP and 2DGP. The special cases of (4.1.7) and (4.1.8) were investigated by

Bretti and Ricci, which is given in [5]. In the case y = z = 0, we have the usual Bernoulli,

Euler and Genocchi polynomials, respectively.
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4.2 Recurrence Relation and Shift Operators for Hermite-Based Appell

Polynomials

The following theorem gives the recurrence relation and shift operators for Hermite-

based Appell polynomials:

Theorem 4.2.1 [46] The recurrence relation of H-B Appell polynomials is:

HAZ1(x,y,2) =0, gA_2(x,y,2) :=0;

n
n
HAn+1(X,y,Z) = (x+ Q'O) HAn(X,y, Z) + Z (k)a/k HAn—k(x9y’Z) (421)
k=1

+2ny HAn—l(-x’ y’ Z) + 3Zn(l’l - 1) HAn—Z(-xaya Z)

where ai (k=0,1,2,...) are given by the expansion

A'(t) i 1
=) a—. 4.2.2)
!
A~ ET !
Shift operators are as follows:
. 1
)C'En L= ]Tle’ (4.2.3)
_ |
vLy ¢+ =-Di'Dy, (42.4)
_ | .
Ly =-DD;, 4.2.5)
n
L :x+a0+Z%D§+2ny+3zD§, (4.2.6)
k=1 "
& a
WL :x+a0+zk—’:D;kD’y‘+2yD;1Dy+3zD;2D§, 4.2.7)
k=1 "
L :x+a0+Z%D;2kD’Z‘ +2yD72D, +3:D7* D2, (4.2.8)
k=1 "
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where

8 X
Dy:=—, Dy:= a—y,...,D;l = ff(g)dg.
0

Proof. Taking derivative with respect to t on both sides of (4.1.6), we have

A'(D)
A(1)

(%Q(x,y,z; n=Gx,y,z1) ( + X+ 2yt + 3zt2) . 4.2.9)

/

A1)

Inserting the corresponding series forms for G(x,y,z;t) from (4.1.6) and for from
(4.2.2) and equating the coefficients of t" in the equation resulting from (4.2.9), we
obtain (4.2.1). Next, we take into account (4.2.1) to find the multiplicative operators
Ly, v Ly and (L} with respect to x, y and z. First of all, in order to obtain the derivative
operator L, , we differentiate both sides of the generating relation (4.1.6) with respect
to x and equate the coefficients of 1", so that we have

0
a {HAn(x,y,Z)} =n HAl’l—l(x’y7Z)'
X

Thus, clearly, the operator given by (4.2.3) satisfies the following relation:
X-Er_l HAn(xay’ Z) = HAn—l (X,y, Z)'
Differentiating the generating relation (4.1.6) with respect to y, we have

0 0
—{HANX,y,2)} = n(n—1) gAn-2(x,y,2) = n—{HAn-1(x,5,2)},
ay 0x
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so that
D;'Dy gA(x,,2) = n gAn-1(x,9,2), (4.2.10)

1
and therefore, we get L = —D;lDy.
n

Upon differentiating both sides of the generating relation (4.1.6) with respect to z,

we have
0 62
%z { HAR(x,y,2)} = n(n—1)(n—-2) gA,-3(x,y,2) = n3 { HA-1(x,y,2)},
so that
DD, pAn(x,3.2) = n gAn-1(x,y,2), 4.2.11)

1
which yields to L, = —D3?D,.
n

Next, in order to obtain the multiplicative operator L, we use the following rela-

tions:

HAn-k(x,y,2) = (xL;—k-t-l X‘E;;—k+2”' X‘[’r_z—l x-£;) HAR(X,Y,2)
—-k)!
N Ul D yAN(x,y,2), (4.2.12)
HA}’l—l(-x’y’Z) = X-L:r_l HA}’l(xay7Z) (4213)

1
;D)C HAn(X,y’Z)
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and

HA2 (632 = (+Lyy vLy) An(x.,2) (4.2.14)

1 2
= D; HA .
n(n—]) X H n(X,y,Z)

By substituting (4.2.12), (4.2.13) and (4.2.14) into the recurrence relation (4.2.1), we

have
n ak
AR (7.9) =[x+ a0+ ) DA+ 29D+ 32D3 | pA(x3.2)
k=1 """

which yields the multiplicative operator L.

To obtain the multiplicative operator L, we use the following relations:

A Y.2) = (3Lt v Lot v Lot vLr) 1y An(.,2) 4.2.15)
n—k)! _
- DDy pAL(x,,2),
ni
HAn-1(x,y,2) = y-LZ HAR(X,Y,2) 4.2.16)
1 -1
= ;le Dy HAn(x,y,Z)
and
HA2 (69,2 = (Lo v Ly)  An(x,,2) 4.2.17)
1 -2112
= D2D? pAu(x,y,2).
n(n_ 1) X y H (x y Z)
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Inserting (4.2.15), (4.2.16) and (4.2.17) into the recurrence relation (4.2.1), we get

n
a _ _ _
HA (),2) = x+a0+zk—’:kaDly‘+2nylDy+3sz2D§
k=1 """

XHAn(x,Y,2) (4.2.18)

which leads us to the multiplicative operator L.

The derivation of the multiplicative operator L} would similarly make use of the

following relations:

HAn-1(x,y,2) = (z-[:,;_kﬂ Z-LZ_kJrz"' z-[:r_,_1 Z‘E}'—Z) HAR(X,y,2)

_ =Rt

l’l' ;ZkD]Z( HAn(X,yaZ),

HAn—l(X,y,Z) = ZL}; HAn(-x9y’Z)

1
:;DXZDZ AR (x,y,2)

and

HA2(6,9,2) = (2L, 2Ly) HAW(X,Y,2)

1 -
= D DY (),
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which, in conjunction with the recurrence relation (4.2.1), yields

HAn+1(x,y,2) (4.2.19)

n

(04 _ _ —

=|x+ap+ k—"‘sz"D’; +2yD2D, +3zD7*D? | yAN(x,y.2)
k=1 "

and consequently, the multiplicative operator . L. ®

Taking A(?) =

t
1 in above Theorem , we get the following Corollary for Hermite-
ol —

based Bernoulli polynomial:

Corollary 4.2.2 [46] The recurrence formula of the H-BBP is given by:

HBVH—l(-x’yaZ)
= (.X— %) HBn(x9y9Z) +2n}’ HB}’l—l(-x’y’Z)
n+l
+3zn(n—1) gBy-2(x,y,2) — -7 Z ("Zl) HBn—k+1(x,y,2) Bk
k=2

where By denotes the Bernoulli numbers and

uB_(x,y,2):=0, neN.
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Corresponding operators are:

1

xL’; . = ZDx,
_ I
vy +0= ’;Dx Dy,
. 1,
L, = r_le D,
1 n+1 B
NAGE :x—§+2ny+3zD§—Zk—fD’;—1,
k=2
1 n+1 B,
. -1 -2712 1-k k-1
yLi = xm 5 +2yD Dy 32D Dy—;ﬁz)x Dk,
1 n+l B
LY = x4 2DD+ 3D Dl - k—fDi‘z"D’;‘l.
k=2 "

Taking A(t) = 7 in above Theorem, we get the following Corollary for Hermite-

el +

based Euler polynomial:

Corollary 4.2.3 [46] The recurrence relation of the H-BEP is:

n
HEn1(6,y,2) = (8 = 3) nEn(x,y,0)+3 > (Ve nEns(x.5,2)
k=1

+2ny HEn—l(xaya Z) + 3Zn(n - 1) HEn—Z(-xaya Z)'
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Shift operators are:

_ 1
an . :;Dx,
_ I
vy ©0 = ;Dx Dy,
_ |
Ly 1= ;Dx Dy,
N 1 , ek o
xL,  =x—=+2yDy+3zDi+= ) —D],
2 2 £ k!
k=1
© s o pp a2 LY S oty
}’Ln . _x_§+ YD Dy + 520, y+§ F x My
k=1
+ 1 -2 —421ne/<—2kk
L,  =x—z+2yD"D,+3zD."D; + = » —D. "D,
2 2k_0 k!

where ey are the numerical coefficients that are given by (2.3.2).

4.3 Differential, Integro-differential and Partial Differential Equations of

Hermite-Based Appell Polynomials

In this section, we obtain differential, integro-differential and partial differential equa-
tions for the H-B Appell polynomials via factorization method. Furthermore, we arrange

the corresponding equations for H-B Bernoulli and H-B Euler polynomials.

Theorem 4.3.1 [46] H-B Appell polynomials satisfy the following differential equation:

n
(x+ag)Dy+ %D’;“ +2yD% +3zD% —n| pAn(x,y,2) =0 4.3.1)
k=1 """

where

Al <+
A0 - 2
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Proof. Using factorization relation

x£}’_l+1 )CL:[— HAn(x’y, Z) :H An(X,y,Z)

and shift operators (4.2.3) and (4.2.6), we get the desired result. m

Theorem 4.3.2 [46] H-B Appell polynomials satify the following integro-differential

equations:

n
(x+ao)Dy+ Y %D;kD’y‘” +2D;'D, (4.3.2)
k=1 "

+2yD;' D} +32D7 D} = (n+ DDy | pAn(x.,2) =0,

n
(x+ag)D+ Y %D;ka’;“ +2yD2D? (43.3)
k=1 "

3D7*D2 +3:D7* D3 — (n+ D] yAn(x.y.2) =0,

n
(x+ao)Dy+ Y %D;sz’;Dy +2D72D. (4.3.4)
k=1

+2yD72D.Dy +3zD*D2Dy — (n+ 1)Dy| gAn(x..2) =0,

n
(x+ag)D+ Y. %DZD;"D'; +2yD;'DyD, (4.3.5)
k=1 """

+3D,?D} +3zD;*D}D. — (n+ 1)D3| pA(x.y.2) = 0.
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Proof. Using factorization relation
L,_H.]'L; HAn(X,y,Z) :H An(X,y,Z)

with the derivative operators (4.2.4)

S S
vLy = ZDX Dy,

and the multiplicative operator (4.2.7)

n
. Xk —k ryk -1 2192
yLy = x+ap+ § o Dx Dy +2yD; " Dy +3zD; "Dy,
k=1 """

we get the following integro-differential equation
=
(x+ag)Dy+ k—"‘D;kD’y‘” +2D;'D,
k=1 """

+2yD;' D} +3zD°D} - (n+ 1)Dy| gAn(x.y.2) =0.

Considering the shift operators (4.2.5)

I S
Z‘En = ;szDZ’

and (4.2.8)

n
Z£; =x+aop+ Z %D;Zkl)lzc + ZyD;ZDZ + 3ZD;4D§
k=1 """
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we get corresponding equation

n
Al . _ _
(x+ag)D:+ ) T DI +2yD 2D
k=1 """

3D D2 +3zD7* D3 — (n+ 1)D?| pAn(x.y.2) = 0.

Again using above factorization relation with shift operators (4.2.4) and (4.2.8), (4.2.5)

and (4.2.7), we get the corresponding equations (4.3.4) and (4.3.5). =

Theorem 4.3.3 [46] H-B Appell polynomials satisfy the following partial differential

equations:

n
(x+ao)D"D; +2nD¥"'D_+ Y %Dﬁ”-ZkD’;“ +2yD2 22 4.3.6)
k=1 """

+3D24D? +3:DY D} — (n+ )DI?| pAu(x.y.2) =0,

n
04
[(x+ ao)DiDy + 1D Dy + k—’:D’;_kD’y‘“ (4.3.7)
k=1 """
+2D" ' Dy +2yD" D2 432D 2D —(n+ 1)D'!| pA =0
X y y X y < X y (n+ ) X ] H n(X,y,Z)— )
n

(x+a0)D¥"Dy +2nD* "1 Dy + Z—"‘DyDﬁ"-sz’; (43.8)
k=1 "

+2D¥"2 D +2yDY" 2D Dy + 32D D2Dy — (n+ DI | yA,(x,y,2) =0,
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n
(x+ao)D!D; +nD D+ Y %DZDZ_"D’; +2yD"' DD, (4.3.9)
k=1

+3D272D} + 3208 DID; — (n+ DD | yAu(x.y.2) = 0.

Proof. Taking derivative with respect to x, 2n—times in the integro-differential equation

(4.3.3)

n
(073 _
(x+ao)D, + Z FDXZkD’Z‘” +2yD;2D?
k=1 """

3D7*D? +32D7* D3 — (n+ D3| 5Au(x.9,2) =0,

we get the partial differential equation (4.3.6)

n
(x+,)D>"D. +2nD>"'D, + Z % D2RpRH! 4 2y 222
k=1

+3D24D? +3zDY4D} — (n+ )DI?| yAn(x.y.2) = 0.

Taking derivative with respect to x, n— times in the integro-differential equation (4.3.2), we
get the partial differential equation (4.3.7). To obtain (4.3.8), we take derivatives with
respect to x,2n—times in the corresponding equation (4.3.4). To obtain (4.3.9), we take

derivatives with respect to x,n—times in (4.3.5). m

Repeating the methods and shift operators that are used in previous theorems, we
obtain the following corollaries for Hermite-based Bernoulli and Hermite-based Euler

polynomials:
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Corollary 4.3.4 [46] H-BBP satisfies the following differential equation:

n+l

1 By
(x—i)Dx+2yD§+3zD§;— FD" n| yBu(x,y,2)=0
k=2

where By denotes the Bernoulli numbers.

Corollary 4.3.5 [46] H-BBP satisfies the following integro-differential equations:

1 -1 -1n2
[(X_E)Dy+2Dx Dy+2yD, Dy

n+l B
+3:D7D) -y

k=2

D1 ka (n+1)Dy| pBu(x, y,Z)

1
[(x - )D:+ 2yD;*D? +3D;*D? +3zD,* D}

n+l

—Z T DVHDE~(n+ )DY| iBu(x.y.2) =0,

1
[(x - E)Dy +2D;*D,+2yD;*D.D,

n+l

B
+3:D7*DIDy - > k—fDi‘z"D’;‘lDy —(n+1)Dy| gBu(x,y,2) =0,
=2 :

1
[(x - D+ 2yD;'D,D.+3D;*D; +3zD;*D}D.

n+1

_Z Dl “Di7'D.— (n+ 1)D3| uBu(x,y,2) =0,

where By denotes Bernoulli numbers.
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Corollary 4.3.6 [46] H-BBP satisfies the following partial differential equations:

1
[(x = DY Dz + 20D D+ 2yDY 2D + 3D DY + 32D D]

n+1

_ Z D2n 2k+2Dk (n + 1)D2n+2 HBn(-x y’ Z)

1
[(x = 3)DDy + nD}"'Dy+2D}'Dy+2yD} ' D}

n+l
B
n—2 3 k
+3zD "Dy — T
k=2

—=p- k”Dk (n+ D)D" | yB,(x,y,2) =

1
[(x -3) D¥' Dy +2nD*"' Dy +2D2" 2D, + 2yD>" 2D, Dy + 3:D>"*D?D,

n+1

Z Dzn 22pk=Ip ) — (n+ 1)D¥™*| pB(x,y,2) = 0,

1
[(x = DD:+ nD}"'D.+2yD} "' DyD, + 3D D} + 32D 2D D,

n+1

Z Dn “IpID. —(n+ DD | yBu(x,y,2) = 0,

where By denotes Bernoulli numbers.

Corollary 4.3.7 [46] The differential equation that is satisfied by H-BEP is given by:

n

1
(x——)D +2yD?+3zD3 + 2 kak+1 n| gE.(x,y,2) =0
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where

1 <a (k
ek =(—§) hz_o(h)Ek—h-

Corollary 4.3.8 [46] H-BEP satisfies the following integro-differential equations:

1 -1 —-192 -2n3
[(x—E)Dy+2Dx Dy +2yD;'D? +3zD;*D]

1 n
% pFDk — (n+ 1D,

+§k 1 k‘ HEn(X,y,Z):O,

1
[(x - D+ 2yD;*D? +3D*D? +3:D;* D

e, -
+3 2, DD (4 DD En(xy.2) =0,
k=1 """

1 -2 -2 42
[(x - E)Dy +2D,"D.+2yD . "D.Dy +3zD,"D;Dy

1 O e

+5 k'D;szIZ{Dy—(n+ 1D,
k=1"

uEn(x,y,2) =0,

1
[(x - 3)D:+ 2yD;'DyD.+3D;*D; +3zD;*D}D,

1 n
+= Y EpkDED, ~ (n+ 1D

- HEn(xayaZ) = 05
2k=] k!

where
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Corollary 4.3.9 [46] H-BEP satisfies the following partial differential equations:

1
[(x = 3)DDy + nD}"'Dy+2D}'Dy+2yD} ' D}

1 n
+3:0m2p3 4 - S &

y 2 k:1 k! HE}’l(x’y’Z) = 0’

DD —(n+ DD}

1
[(x -5 )D¥'D, +2nD2""'D, +2yD¥" 2 D2 + 3D2"* D?

n

1
13D iy =

2 k' D)2(n—2kDIZ€+l _ (n + 1)D)25n+2
k=1"

HEn(X,YaZ) = 0’

1
[(x - E)D)%"Dy +2nD>""'Dy +2D*" 2D, +2yD*'""*D.D,

1 n
+3:DY*DIDy + > %Din—z"D’;Dy —(n+ DD HEu(x.y.2) =0,
k=1 """

1
[(x —5)DiD: + nD}"'D,+2yD}" ' DyD, + 3D 7* D}

_ I<hep
+3zD072DID. + = Y — DV DD, — (n+ 1D}

HE(x,y,2)=0
2 e k!

where
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Chapter S

GENERALIZED FACTORIZATION METHOD FOR APPELL

POLYNOMIALS

This Chapter is devoted to exhibition of results of our work [35].
5.1 Construction and Auxilary Results

o0

A polynomial set {P,(x)}

is called quasi-monomial if and only if there exists a

derivative operator ®; and a multiplicative operator ®; such that

®;, (Pu(x)) = Pp_1(x), @ (Pu(x)) = Ppy1(x). (5.1.1)

It was Youssef Ben Cheikh who proved that for a given polynomial sequence {P(x)};",
there exists derivative and multiplicative operators ®, and ®; .Therefore, he gave an
affirmative answer to the Dattoli’s question “May all polynomial families be viewed
as quasi-monomial” [13]. More precisely, he has shown that "every polynomial set is
quasi-monomial" [9]. Using the monomiality principle, several results were obtained
for Laguerre, Laguerre—Konhauser, Legendre, Bernoulli and Appell polynomials (see
[11, [2], [5], [8], [12], [14], [41]). On the other hand, orthogonality of some polynomial

sets via quasi-monomiality was given in [41]. Obtaining the derivative and multiplicative
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operator of a given family of polynomials give rises some useful properties such as

(€510} (Pa(x)) = Pu(), (5.1.2)

(®Z—1 e ®;®f®8) (Po(x)) = Py(x).

Note that, if ®;, and ©; are differential realizations, then (5.1.2) gives the differential
equation satisfied by P, (x). The technique in obtaining differential equations via (5.1.2),

is known as the factorization method.

In 1935, Sheffer [37] found the infinite order differential equations for the Appell
polynomials and he showed that a necessary and sufficient condition that an Appell set
{P,} with generating function A(f) satisfy a finite order equation is that A(¢) should be
exponential type. Then, in 2002 He and Ricci [20] found the finite order differential
equations of the one variable Appell polynomials. Finally, in 2013, we found all finite
order differential equations for Appell polynomials [35]. In this chapter, for each k € N

we focus on constructing two operators @;(k) and ®;(k) which satisfies the following
0, [Pa(0)] = Ppi(x) (5.13)
and
Oy Pa(0] = Ppai(), (5.14)

where we call them the k—times derivative and k—times multiplicative operators, re-
spectively. Obtaining these operators for a given polynomial set will provide us several

advantageous relations for that polynomial set. For instance, when ®;(k) and @;(k) are
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differential operators then, for each k € N, the relation

(€400 ®) (Patx)) = Pu() (5.1.5)

n+k

gives us differential equations for this polynomial set. In this case we call such a method
which is stated by (5.1.5) as generalized factorization method. This method leads us
to obtain a set of differential equations for P,(x), because for each kK € N we have one
differential equation for this polynomial. On the other hand, if n =mk+r, then by using

few number of operators, the second relation in (5.1.2) can be given as

k k k
(©F_ 05,002, -+ 0,005 1) (Po(x)) = P().

5.2 A set of finite order differential equations for the Appell polynomials via

generalized factorization method

In this section by obtaining a recurrence relation for the Appell polynomials, we de-
termine the operators @,_,(k) and @;(k) for each k € N. Then using generalized factorization
method, we give a set of finite order differential equations for the Appell polynomials.
We exhibit the special cases of our results for k = 1 (the known results) and k = 2. We

start with the following theorem:

Theorem 5.2.1 [35] Let

A(m)(t) _ - (m) "

A0 =2 @, (5.2.1)
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Then, the recurrence is as follows

._.

n—

Ryi(x) = Rn(x)Z( ) (m) Je=m +Z( )km

m=0

(”) " Ry(x). (5.2.2)

l

I
o

Furthermore, the corresponding k—times operators are

n
1 —k)!
o= [ ai= [] L=l
m n!

m=n—k+1 m=n—k+1
and
. k k n—1
031 = D e S et 529
m=0 m=1
Proof. Let
G(x,1) := A(1)e™ = ZRl(x)l—'. (5.2.4)
=0 ’

Differentiating both sides of (5.2.4) k—times with respect to x, we get

*G
ﬁ =t G()C, l).

Using series expansion from (5.2.4) in the above relation and equating the coefficients

n
of —, we get
n!

|

(n—k)!

R®(x) = Ry_i(x). (5.2.5)
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Introducing the familiar derivative operator by

we see from (5.2.5) that

O, VR0 := [ OnlRa(0)] = Ryk().

m=n—k+1

Then differentiating both sides of (5.2.4) k—times with respect to t, we get

k
ot L\m
=e g =G ) a0 2.
m=0 m=0
Upon using (5.2.1) and (5.2.4) in (5.2.6), we get
N " SILAWIRSITIRS t
D Run— = Y| ) el = ) R
n=0 n: m=o "t n=0 99 ’
k o n
_ K\ kem n gL
- Z(m)x ZZ( l)an_lRl(x)a. (5.2.7)
m=0 n=0 /=0
Comparing coefficients of t—' on both sides of (5.2.7), we get
n!
: k —m C n\ (m)
Ruvk)= 3 14 37 o R
m=0 mn =0
or equivalently
k k - k k n—1 n\ o
— k—-m _(m -m m
Rusi(x) —Rn(x)”;)(m)x al +n§(m)x’f ;( l)a/n_lRl(x). (5.2.8)
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Since

1, n=0
¥ =6,0: (5.2.9)

0, otherwise

we get

k n—1
Ryai(x) = Rn(x)Z( )x" a<’”>+2( )k " (”) R,
which is (5.2.2).

On the other hand, since

n

I
R = | | @5 [R01 = D R0 (5.2.10)

m=Il+1

we get from (5.2.2) that

m=0

k k k
T

Hence, the k—times multiplicative operator is given by (5.2.3). m
The next Theorem gives a set of differential equations for Appell polynomials.

Theorem 5.2.2 [35] For each k € N and for all n € N, the Appell polynomials R,(x)

satisfy the following set of differential equations:

(n+k)!
n!

L(x) (Ry(x)) = ( —k!)Rn(x), (5.2.11)
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where the differential operator {Lglx,z}fl":o is given by

@ S (KK
L =y 7P (5.2.12)
=1
k k
T O o D ol T N
\m) 0 L\ (-m)!
k -1 k
+z(k)n 1 Cl(m) ( )(k m)! o j=m = l+]‘
ot Vo (=D lJ (J=m)! )

Proof. Taking into account the corresponding k—times shift operators from Theorem

5.2.1 and applying the generalized factorization method given by (5.1.5) to R,(x), we

get
S (m) : = N
! m k my —m m nl
(””‘)'D [Zo( ) Zi( ) Z(n IR
£ (k il
- (n+k)¥ Zo(m) Zm( )Dx (xk )D{C(Rn(x))
IR\ .
( )Z(n 1)1 (m) ()Di_'](xk_m)DZ_H'](Rn(X))
=0
= & Z kRn(x)+Z() ) DR,
k
o) ('")Z() DA (47) D] Ry (1)
m=1
k
Z() — 2’"’12() YD (R0 (5.213)
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Thus, we have

o k),(k'Rn(x)+Z( )]—foi(Rn(x))

+Z( ) (m)Z( )Elj_m)' T DI(R,(x)
Z( )Z (m)Z( )(k D R ()
(=l Gt

= n(x)

This gives the desired result. m

The cases k = 1 and k = 2 are presented in the following Corollaries:

Corollary 5.2.3 [20] Letting k = 1 in Theorems 5.2.1 and 5.2.2, then taking

AN = " e I, n=0

0, otherwise

we get the recurrence relation

—

n—

Ru41(x) = (x + ap)Ru(x) + (’;)a'n—lRl(x)-

T
o

On the other hand, 1—times shift operators (or simply the shift operators) are given by
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and
O :=(x+a )+Z—1 @, D"
nom TR0 (- "
Finally, for A,,1 = n, the differential equation is given by
LY} (Ry(x)) = nRy(x),

where the differential operator is given by

n—1

1
x) ._ n—I+1
Ln,l = (X+(ZO)DX+ZmCYn_[DX .
=0
Note that these results are same with the results obtained in [20].

Corollary 5.2.4 [35] Letting k =2 in Theorems 5.2.1 and 5.2.2, by setting

AW _ ot A (2>f
A0 4" " A Z

the recurrence is as follows

n—1
Ry0o(x) = (x +2a(1)x+a(2)) n(x)+2(n) 2xa(l) al(f_)l)Rl(x).
=0

2—times shift operators are
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and

n—1
®+(2) (x +20z(1)x+a/(2) + (n) 2xa/(1) +a(2))D” L
=0

Finally, for 1,5 = n® +3n, the differential equation is given by
L) (Ru(x)) = (n* +3n) Ru(0),
where

LY . = [(4xD +x2D2)+4a(1)D +2a(1)xD2+a(2)D)2€

n— 12(1’(1) (2Dn 1+1 +an l+2)+a,(2) Dn 1+2

+Z =)

5.3 Applications of Main Theorems

In this section, we apply the results of Section 5.2 to the two famous representatives
of the Appell polynomials: the Hermite and the Bernoulli polynomials. Since the case

k =1 gives the usual results for these polynomial sets, we exhibit the case k = 2.

5.3.1 Hermite Polynomial

Hermite polynomial is generated by the following relation

2 > "
2T = ZHen(x)—. (5.3.1)

n!

n=0
l2
Taking A(f) = e~ 2 we get

<1>l
532
A(;) Z (5.3.2)
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and hence

\V=-1; of’=0a"=0"=..=0. (5.3.3)
On the other hand
‘% =1+ = ga;”;—’:, (5.3.4)
SO
P =-1,a0 =20 =0 = = ... =0. (5.3.5)

Corollary 5.3.1 [35] Using the above results for k = 2 in Theorems 5.2.1 and 5.2.2, we

get

Hepyo(x) = (x* = 1) Hey(x) = 2nxHe, -1 (x) + n(n — 1) He, 2(x), (5.3.6)
the shift operators are
o 1 5
e,% = mDi, 0, := (x* = 1) = 2nxD; + n(n - 1)D? (5.3.7)

and the fourth order differential equation is given by

D2(x* =1 -2xD, + D*)He,(x) = (n+2)(n+ 1)He,(x). (5.3.8)
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5.3.2 Bernoulli Polynomial

With the aid of the generalized factorization method, which is mentioned in Section
5, we apply the procedure for the case k = 2 to obtain the differential operator L’(?f)z such

that
LY, (Bu(x)) = (m” +3m) Byu(x). (5.3.9)

Here B,,(x) denotes the Bernoulli polynomial which has the generating function

(]
t m
e = ZBm(x)—.
el—1 m!
m=0

Taking derivatives with respect to ¢ in the above generating function, we get

3*G(x,1) A”(t) 2xA'(H)
— =G(x,t + + 5.3.10
o2 @O A T A T (5-3.10)
t
where A(r) = e Therefore we obtain
e —
G(x,1)
or?
el 2el(e'—1-te) el —1—te )
= G(x,0H)(- — 2x(————
O™ ey TP ey )
l-e'=1 & 1 te' 1 e’
= G(x,t)(—————— —2— - 2x(= - 2
R A s By 1o e PR D)
_ et
I R e -1
L S S| P (5.3.11)
—_— — —4LX— X X,1). .
tel—1)e'—1 t tel—1
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Substituting the series relations, we obtain

mZ:OBM(x)%
o] g
- Z_Bm(x%[(—;ZBkk, —1——22( )

n=0k=0

DMK

nOkO n=0k=0 [=0

(—+ )——ZZ() } (5.3.12)

n=0k=0

"
Using (2.2.2) and (2.2.4) and comparing the coefficients of —, we have the following
m!

recurrence:

2 2

B 2
m+2(X) = ()C X m+2 m+l

7
E)Bm(x)

m—1 '
m:

—Z Yy 1)!(k+2)!Bm—k—1(x)Bk+2

o (’””)(””)Bk-;k;(”‘i N

m—1n+2
B ) o x)zz(m+1)(”+2)M_ (5.3.13)

(m+1)(m+2) = n+2 m+1

Since

Bnpo1(x) = (’"MADk“Bm( ) (53.14)
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and

(m—-n-1)!
Bun_1(x) = TD;:“Bm(x) (5.3.15)
the multiplicative operator can be written as
-1
5 2 2 7 ' B
@;"ﬂ()_x2_x____ L + 1;+1

2’”‘“”3 By 8 (n+3\(k\ (m—n—1)! R
20,2, (n+3—k)!k!_z( k )(Z)(m+2—k)!k! O
n=0k=0 =0
m—1n+2 Bk
n+1

On the other hand, using the fact that the 2- times derivative operators for all Appell

polynomials is

1
0P=-___p? 5.3.17
" (n—-Dn * ( )

and by using the generalized factorization method with k =2

0 20 B, (x) = Bu(x). (5.3.18)

m+2

After some manipulations we obtain that the differential equation for the Bernoulli poly-

nomial for the case k =2 as

LY, (B(x)) = (m® +3m) By(x), (5.3.19)
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where

LD = 2D 424D xD2 42— D24 L 2\ Bun py
m2 - x o . m+2 * 6 k:O(k+2)! x
m—1n+3 k
By, n+3\(k\ (im—n-1)!

_2 —Dl’l+3_ —BB_DII+3
ZZ((n+3—k)!k! * Z( k )(l)(m+2—k)!k! Pk
n=0 k=0 =0

m—1n+2 Bk
n+3
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