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ABSTRACT

Mikusiniski operational calculus is a powerful yet underappreciated theory, enabling
differential equations to be solved using abstract algebra. We realise the fractional
integrals and derivatives of Prabhakar type within Mikusinski’s theory, by defining
them on new function spaces and using their fundamental properties such as semigroup
and series formulae.This algebraic framework allows us to construct explicit solutions
for multi-term multi-order fractional differential equations, including the general linear

constant-coefficient fractional differential equation posed using Prabhakar operators.

Keywords: operational calculus, fractional differential equations, Mikusinski’s

operational calculus, Prabhakar fractional calculus
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Mikusinski operasyonel kalkiiliis, giiclii ama yeterince takdir edilmeyen bir teori
olarak, kesirli diferansiyel denklemlerin soyut cebir ile c¢oOziilmesini saglar.
Mikusinski teorisiyle, Prabhakar kesirli integral ve tiirevlerinin, tamimlanan yeni
fonksiyon alanlar1 ile yar1 grup ve seri formiilii gibi temel Ozellikleri kullanarak
coziimiinii gerceklestiriyoruz. Bu cebirsel cercerceve ile genel lineer sabit katsayili
diferansiyel denklemler de dahil Prabhakar operatorlerinin olusturdugu ¢ok terimli,

cok dereceli diferansiyel denklemlerin acik ¢coziimlerini elde ediyoruz.

Anahtar Kelimeler: operasyonel kalkiiliis, kesirli diferansiyel denklemler,

Mikusinski operasyonel kalkiiliis, Prabhakar kesirli kalkiiliis
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Chapter 1

INTRODUCTION

Fractional calculus is a field of study, like many in mathematics, which arises from a
type of generalisation starting from a basic concept: in this case, taking the concepts
of differentiation and integration, and generalising them by allowing the orders of
derivatives and integrals to take values outside of the set of integers. As well as this
purely mathematical motivation, the study of such generalised operators is also useful
for scientific applications. The theory of fractional calculus is introduced in textbooks
such as [31, 39,41, 47] while the applications are summarised in survey works such

as [29,52].

Differential equations are used in applied mathematics to model almost all systems
and processes in the real world, and their study has also formed an important part
of theoretical mathematics [13]. Both analytical and numerical methods have been
widely used: either to find exact solutions of differential equations, or to estimate their
solutions approximately, or to obtain qualitative results such as existence-uniqueness,

regularity, etc.

An important type of analytical method, applicable to both ordinary and partial
differential equations, is the family of transform methods. This includes the methods
of Laplace transforms, Fourier transforms, Mellin transforms, Radon transforms, and
hybrid techniques such as the Fokas method [11,23]. Of particular interest, for many
problems ranging from mathematics to engineering, is the Laplace transform [49, 56].
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This is based on an integral transform involving an exponential function, which
transforms a function of one variable to a different function of another variable. It is
important to note that not every function has a Laplace transform: a condition such as
exponential boundedness is usually imposed in order for the Laplace transform to be
well-defined. Therefore, the applicability of the Laplace transform is limited to those
problems where all functions concerned satisfy the appropriate conditions such as

exponential boundedness.

From the pure mathematical viewpoint, then, the Laplace transform is inferior to
another method, formally equivalent but more widely applicable to a broader class of
functions. The latter method is Mikusinski’s operational calculus, named after the
Polish mathematician Jan Mikusinski who first proposed it in the 1950s [38],
following earlier work on operational calculus starting from Heaviside [43], and a
good survey of developments up to the 1970s can be found in [6], while Flegg [22]
summarised the advantages of Mikusinski’s approach over the (formally equivalent
but less powerful) method of Laplace transforms, although it is less immediately
grasped for non-mathematicians as its formulation requires some knowledge of
algebra. There are also other types of operational calculus [4, 5, 55], but the
Mikusinski formalism has drawn particular attention, having been applied to partial
differential equations [26] and fractional differential equations [34], including those
of Riemann—Liouville type [28], Caputo type [35], Hilfer type [30], Erdélyi—Kober

type [36,57].

There are many different operators of fractional calculus, arising from different
understandings of how to interpolate between integer-order derivatives and integrals,

or from different ways of combining together the basic building blocks of fractional



calculus [3, 47]. Some of the definitions of fractional calculus, such as
Riemann-Liouville, Caputo, Riesz, Hadamard, Weyl, and Erdélyi—Kober, have been
known for decades or centuries [31, 39, 41, 47]. Other definitions, such as Hilfer,
tempered, Prabhakar, and many other lesser-known models, have become popular
only in the last twenty years. Some survey works [53] have attempted to list and
categorise all of these, but there are so many new definitions being created every year
that it is impossible to keep up with all of them. It has been proposed [3] that
fractional calculus is best understood in terms of general classes of operators,
classifying all the many definitions into some broad categories with shared

behaviours.

General classes that have been proposed include: fractional calculus with respect to
functions [2, 42]; weighted fractional calculus [1]; fractional operators with Sonine
kernels [33,37]; fractional calculus with analytic kernels [17]; and some others that we

will now focus on in more detail.

Prabhakar fractional calculus finds its genesis in a 1971 paper of Prabhakar [45],
although the integral operator that he defined was first called a fractional integral by
Kilbas et al. in 2004 [32]. The Prabhakar fractional derivatives were first defined by
Garra et al. in 2014 [24], and the mathematical theory of Prabhakar fractional
calculus has continued to be investigated in more recent papers [16,27,44] as well as
discovering applications in fields including dielectrics, viscoelasticity, and options
pricing [7, 25, 54]. It can be interpreted as a general class containing several other

named operators of fractional calculus, both singular and nonsingular [16].

The Hilfer fractional derivative was proposed [29] as a way of interpolating between



the well-established Riemann-Liouville and Caputo fractional derivatives. It has two
parameters, one of which can be seen as the fractional order while the other serves as
an interpolation parameter between Riemann—Liouville and Caputo. Hilfer versions
of more general operators have also been defined, such as the Hilfer derivative with
respect to a function [50] and the Hilfer—Prabhakar derivative [24]. Hilfer—Prabhakar
derivative is a very general operator as it includes Prabhakar derivatives of both
Riemann—Liouville and Caputo types, as well as all the special cases of Prabhakar
listed in [16]. Thus, results achieved in the setting of Hilfer—Prabhakar fractional

derivatives can be immediately applied in many useful special cases [48].

This current project is to adapt the formalism of Mikusiniski’s operational calculus
to the setting of Prabhakar fractional calculus: defining the Prabhakar operators in
such a way as to fit into a Mikusinski field, and using this notation to solve fractional
differential equations within the Prabhakar model. This work will lead ultimately to
an explicit solution for the general linear constant-coefficient fractional differential
equation with Prabhakar operators of all three types: Riemann-Liouville type, Caputo

type and the generalised Hilfer type.



Chapter 2

PRELIMINARIES

In this chapter we introduce the basic operators of fractional calculus,
Riemann—Liouville, Caputo and Hilfer derivatives and integrals, and then proceed to
define the main operators to be used in this project, namely the Prabhakar integrals

and derivatives. We also define some function spaces required for Mikusifiski method.

2.1 Fractional Calculus

We begin with key definitions and some important fundamental properties of
Riemann-Liouville and Caputo fractional calculus.

Definition 2.1 ( [9,31,39]): The Riemann—Liouville fractional integral operator RSI?

is defined as follows, for @ € C with positive real part:

o _ 1 * o—
(’%Ixf><x>—m/0<x—é> E)AE,  xe(0), 1)

where f is any function such that this integral converges (function spaces will be
considered in more detail later). The Riemann-Liouville and Caputo fractional
derivative operators, R%D)‘CX and %Dg‘ respectively, are defined as follows, where o € C

with non-negative real part and m — 1 <Re(a) <m € N:

(6D%F) (1) = L (61F) (),

o A"
(50er) ) =" s ) 0,
where f is any function such that these expressions are well-defined (again, appropriate

function spaces will be considered later).



Both of these two alternative definitions of the fractional derivative can be seen as
“natural” extensions of the Riemann-Liouville integral, in two different ways. The
Riemann—Liouville derivative is the wunique analytic continuation of the

Riemann—Liouville integral to negative orders, under the convention that
RLy—o _ RL
ol & ="6Dy 2.2)

for all o, allowing both of these expressions to be extended to all & € C without
restrictions. On the other hand, Riemann-Liouville fractional differential equations
require fractional initial conditions, and so many applications prefer the Caputo

derivative, which requires initial conditions of classical type only [9].

Lemma 2.1.1 (Composition relations [15,31,47]). Riemann-Liouville differintegrals
have natural composition properties both when the inner operator is a fractional

integral and when the outer operator is an ordinary repeated derivative:

RLj* oRLIB — RLjo+B o BeC, Ref >0; (2.3)
dl’l
i oftp¥ =KLpnta  peN, acC, (2.4)

where we follow the convention (2.2) so that the operator of order ¢ in each case may

be either a fractional integral or a fractional derivative, according to the sign of Re «.

There is also a modified composition property for fractional derivatives of fractional

derivatives, which includes a finite sum of initial value terms:

m—1 _—oa—k—1
RLpya ( RLB _ (RLpa+pB X RLyB—k—1
D ("0t 1) 0 = (4P 1) ()~ B gy (607 ) )
oDx ( “oDk f ) (x) oDy P f) (%) kg()r(_a_k) oD ) (%) o
(2.5)
where m = |Re 8| + 1 and where we assume f is in a suitable function space (function

spaces for fractional differintegrals will be discussed further below).

Definition 2.1.1 (Hilfer derivative [29, 30]). For any a € C with Rea > 0 and any



v € [0, 1], the Hilfer fractional derivative of order & and type V is defined, acting on a

suitable function f: (0,0) — C, as follows:

(50 ) (1) = B2 L (R ) () e (0.),

where again n = |[Rea| + 1 € N. Tt is important to note that the special case v =0
gives the Riemann—Liouville derivative while the case v = 1 gives the Caputo
derivative; thus, the Hilfer derivative can be seen as a continuous interpolation

between the Riemann—Liouville and Caputo derivatives.

a,B,y,6
Ialxﬁy

Definition 2.2: [45] The Prabhakar fractional integral operator is defined as

follows, for o, B € C with positive real part and 7,6 € C arbitrary:
(GrePror) () = /0 (= EPTEL (8= E)*) F(E)AE, x>0, (2.6)

. . . . ’y .
where f is any function such that this integral converges and £ ap 1 the 3-parameter

Mittag-Leffler function defined by:

[}

_ (Y)n <
ngﬁ(z)_ngo n! T(an+B)’

n

Re(a) > 0. 2.7)

We will sometimes use the notation 62;’8[3 for the modified Mittag-Leffler function

which is used here as a kernel:

oo n n+p—1
7,6 _ B-1pY oy _ (V)n6 ) x4t
ea,ﬁ (X) X Eaﬁ (6.X ) n;) n! F(Otn+[3) )

(2.8)

where (7), is the Pochhammer symbol.

Definition 2.1.2. [24, 54] For any a,f3,7,0 € C with Rea > 0 and Re3 > 0, the
Prabhakar fractional derivatives of Riemann—Liouville type, Caputo type, and Hilfer

type are defined respectively as follows, each acting on a suitable function f : (0,00) —

C:



& s
PEDEP 12 f(x) = —]n({;]g’ P mf) (x),
n—B—7s [ 4
P%Dg:ﬁ,775f(x) — g[}‘cx~ ﬁ7 Y~5 ( nf) (x)7
5 Vin—=p),— 76 dn s\LT n—p),— - 76
P%Dg,ﬁ7775,vf(x) :6’13"’( B),—vv ( _ (GI;X (1=v)(n—=B),—y(1-v) f)) (x),

where n = |[Re 8| + 1 € N in all three cases, and 0 < v < 1 in the last case.

Lemma 2.1.2 (Semigroup property [32,45]). The Prabhakar integral has a semigroup

property in its second and third parameters:

Pyra.Bi,n,0 - Pya.Br, 5,6 _ Pya,Bi+B2,71+7:,0
leﬁ1?’1 Oolxﬁzh _leﬁl Bmitn.8

where Rea > 0 and Re 8; > 0 and Re 3, > 0. As a consequence of this, we have

Pra,B,y,6  Pyo,B,y,0 Pya.,B,y,6 _ Pjo,nB.ny,o
leﬁ?’ ob1%BY o...oolxﬁi’z_olx"ﬁny ’

~
n times

where Reax > 0 and Reff > 0andn € N.

Lemma 2.1.3 (Series formulae [19]). The Prabhakar integral and Prabhakar
derivative of Riemann-Liouville type have the following locally uniformly

convergent series formulae:

(brepror) ) = 3 DU (gresp ) ), 29)
k=0 :
w [ k
(PhpeP 1o p) (1) = Y O (Rt g (), (2.10)
k=0 :

in both cases for suitable functions f : (0,.0) — C and for any a,f,7,0 € C with

Re o > 0 and either Re B > 0 in the first case or Re § > 0 in the second case.

2.2 Function Spaces
In the following definition, the space C comes from Dimovski [10], the space RQ%
from Hadid and Luchko [28], the space H Q% from Hilfer, Luchko and Tomovski [30],

and the space C,’? from Luchko and Gorenflo [35].



Definition 2.3: A function f(x),x > 0, is said to be in the space Cy, for a fixed number

n € R, if there exists a real number p, p > 1, such that
f(x) =xf1(x) 2.11)

with a function f; € C[0,). Note that any function f € Cy, for n > —1 is necessarily
integrable on any finite interval [0, X]: even if there is a singularity at x = 0, it must be

an integrable singularity.

Clearly, Cy, 1s a vector space, and the set of spaces Cy, is ordered by inclusion according

to
Cp CCy==1n2>p. (2.12)

Another important property of the Cj spaces is how they are mapped under
convolution: if f € Cy and g € Cy and N, > —1, then f* g € Cy 4y 41. This fact can

be written as follows:

Here we use the Laplace-type convolution, defined as follows to get from any pair of

functions f and g defined on the positive real axis to a new function f x g:
Fee) = [ fle-ngar, x>0
0

Note that the Riemann-Liouville fractional integral REIY f(x), defined in (2.1), is

!

precisely such a convolution of the function f(x) with the function ()

. Since u > 0,

the latter function is in C_1, so the operator Rﬁl ¥ maps the space Cy into itself for any

n > —11[28].

Definition 2.2.1. Within the vector space Cy for a given n > —1, we define the
following subspaces, according to the different types of differentiability conditions

that may be needed to define certain fractional derivative operators:

9



. RQ%, for given & > 0, is the set of all functions f € Cy such that the Riemann—
Liouville derivatives RéDE f exist as functions in Cy, for all 3 satisfying 0 < f§ <
.

o H Q%, for given a > 0, is the set of all functions f € Cy such that the Hilfer
derivatives HODE "V f exist as functions in C, for all B satisfying 0 < 8 < o and
all v e |0,1].

* Cy, for given m € N, is the set of all functions f € Cy such that the mth-order

repeated derivative f (m) exists as a function in Ch.

All of these are vector subspaces of C;. Again, we will be particularly interested in the

case n = —1.

Proposition 2.2.1 ( [35]). Letn > —1land m > 1.

« If f € C™, then the limit f%)(0%) is finite for all k =0,1,--- ,m — 1, and the
function f given by appending the value £(0) = f(0") to the function f(x) =
f(x), x>0, is in C" 1[0, 0).

o If f € C, then f € C™(0,00) NC™ 1[0, 0).

* A function f is in C,"f iff it can be written as

m—1 xk
fla) = (ofe) )+ Y %20, (2.14)
for some g € Cy, and some constants co,c1,*** ,Cip—1-

Proposition 2.2.2 ([35]). Letm>0inZ. If f € C", and g € C' | and f(0) = --- =

fm=1(0) = 0, then their convolution 1 = f* g is in C"{' and h(0) = --- = K™ (0) = 0.

Remark 2.1: It would also be possible to define spaces like % Q% and 7 Q% for complex

values of a, so we take this opportunity to explain why we are not doing so.

10



In fact, some of our other definitions and results in this chapter have assumed complex
parameters even where previous sources have assumed real parameters. But, in all of
these cases, things work in essentially the same way under complex assumptions as

under real assumptions, so the extension is basically trivial.

Here, taking o to be complex would potentially lead to a stronger assumption, as
requiring fractional derivatives to be in C; for all complex 8 satisfying 0 < Ref} <
Re o would also mean a stronger assumption even in the case where « is real. This is
undesirable as it would change the definitions of the RQ% and 7 Q%‘ spaces for real o
too. Our results in section 2.2 will prove some fairly strong restrictions on the RQ% and
H Q% spaces, and it is important to be aware that these restrictions apply even according

to the classical definitions of the spaces.

So, we keep the classical definitions of RQ% and Q%, with both 1 and o assumed to

be real parameters.

For the sake of simplicity, we will consider in our further investigation the case of
the space C_, the largest Cyy space where we can usefully utilise convolution. The
following theorem was established by the work of Luchko and others on Mikusirksi’s
operational calculus for fractional operators [28,34,35]; however, those papers referred
to it as a ring rather than a rng, so we also cite [14] which acknowledged the lack of

multiplicative identity.

Theorem 2.1 ([14,28]): The space C_; with the operations of the Laplace convolution
* and ordinary addition becomes a commutative rng (C,l, *, +) without divisors of

zero (and also without a multiplicative identity, hence rng rather than ring).

11



From this commutative rng without zero divisors, we follow the classical reasoning
of Mikusinski to construct the field of fractions M_1, defined as the quotient of the

product set C_; x (C_;\{0}) by the equivalence relation
(f,8) ~ (f1,81) <= (f*&1)(x) = (¢+ /1) (%), (2.15)

with the operations in M_; defined as usual by

foh_fraiteih

g &1 g8*481
foh_fxh
8 81 g8*481

This gives rise to a field M_;, with all the field axioms easily checkable based on the
rng axioms for C_;. Note that, even though C_ does not have a multiplicative identity,
M _ does, namely the field element given by I = % forany f € C_1\{0}. Both the ring

C_1 and the field C of complex numbers can be naturally embedded in M_;.

For the current work, we wish to consider in particular the following function, an

element of the ring C_; and therefore the field M_;:
Pogys = Ppy=x"""E] 5 (6x%). (2.16)

(This function depends on four parameters, but we will usually suppress the
a-dependence and §-dependence in the notation. The dependence on 8 and ¥ is more

important because of the semigroup property (3.4) in these parameters.)

,B,7,0

The Prabhakar integral operator ]81)? , acting on the function space C_1, is precisely

multiplication by the element P, g , 5 in the algebraic rng.

12



Chapter 3

PRABHAKAR FRACTIONAL CALCULUS OF

RIEMANN-LIOUVILLE TYPE

In this chapter, we establish how the Prabhakar fractional integral and derivative, as
introduced in chapter 2, act with respect to some of the function spaces defined in
section 2.2. We interpret the Prabhakar operator of Riemann—Liouville type from an
algebraic viewpoint, using Mikusifiski operational calculus, and utilise this algebraic

formalism to solve some fractional differential equations.

3.1 Action of Operators on Spaces
Theorem 3.1: Let o,3,7,6 € R with @ > 0 and B > 0. The Prabhakar fractional

I)(Cxaﬁv’ns

integral operator S is a linear map of the space Cy into itself for any given

n > —1, because
BIZPYS . cp - CpipCC 3.1)
0fx | n+p =%n- :
Proof. The Prabhakar fractional integral is clearly a linear operator. For the Cp

mapping, we write f(x) = x”fi(x), p > n, fi € C|0,0), and set t = x7T in Chapter 2
Definition (2.2):
PI&PY0 f(x) = /0 | (x—x)PUEY (8(x—x7)%) (x7)” fi (xT)xd7
— xPtP /0] (1= 0)P T EL 5 (8x%(1—1)%) filxT)dr,
— xp+l3f2(x)

where f, € C|0,0) because the last integral is uniformly convergent with respect to x in

13



every closed interval [0,X], X > 0, since p > 1 > —1 and B — 1 > —1 so both potential
singularities are integrable. Therefore, since p+ 8 > n + B, we have }51}?7[3 70 fe
Cy+p> which is contained in Cy, by (2.12). ]

It is important to note that the operator ’512‘7‘3 70 f has the following convolution

representation in the function space C,, n > —1:
glg’ﬁmﬁf(x) = (Poc,ﬁ,y,S * ) (x), Py pys = xﬁilEgﬁ (5xa>,f €Cy, (32

This convolution representation would have enabled a quick proof of Theorem 3.1,
simply by using (2.13), because the Mittag-Leffler function EZ: B is continuous and

therefore the modified version (2.7) is in C_j.

It is known [32,45] that this function has the following convolution relationship (i.e.

Riemann-Liouville fractional integral relationship):
hy*Pgy=Pgiyy  B,u>0,7€R, (3.3)

where hy denotes (following the notation of [28, 35]) the power function

hy(x) = % € C_; forany u > 0.

It is also known [32, Theorem 2] that the modified Mittag-Leffler function (2.7) has a

semigroup property in the parameters § and ¥, namely:

(xﬁ‘*lEg"ﬁl(ﬁx“D * (xﬁflEgﬁz(Sx“D = xPrth-1gY

a,ﬁ1+ﬁz(5xa>' (3.4)

This leads directly to the semigroup property in the parameters § and y of the
Prabhakar fractional integral operator, which was shown in [32, Theorem 8] for L

functions but which we now state in the Cy function space:

(1(;]}(357[317"}’175 oglg’ﬁ277275f) (x) = 16[)?7ﬁ1+ﬁ27}’1+}’275f(x)7 feCy,n>—1. (3.5)
In particular, taking the n times composition of a single Prabhakar integral operator

14



with itself is equivalent to multiplying the 8 and y parameters by n:
(I(;I;LB‘%S O-- O€Ig7BY76f> (x) = I(;I;Xvnﬁvn%af(x)’ f c Cn, T’ Z _1, ne N

Thus, we can think about defining “fractional powers” of the Prabhakar integral
operator, by multiplying the 8 and ¥ coefficients by an arbitrary real number, similar
to the technique used in [20]. We shall make this concept rigorous later when we have

an algebraic structure for these operators.

Theorem 3.2: Let o,3,7,6 € R with @ > 0 and 8 > 0. The Prabhakar fractional

a7 9 >8
PISDx B.y

derivative operator is a left inverse of the Prabhakar fractional integral

181,?"[3 7% on the function space Cp.n>-—1.
Proof. Let f € Cy , 1 > —1. Making use of the semigroup property, and the fact that
the Prabhakar fractional integral reduces to the Riemann-Liouville fractional integral

of order § when y =0, we get

(PRDocBy,EPIocﬁy,Sf ) PIocn B, y,SPIocﬁ y,Sf)( )

) (4027) 0

§“|CL EflCL

=
(

where n = | 3| + 1 is a positive integer, and in the last step we used the fundamental

theorem of calculus. ]

Theorem 3.3: Let o,f3,7,6,n € R with @ >0and f > 0 and > —1. The Prabhakar

fractional derivative operator © ISD)?’[3 ¥ maps the function space RQ% into Cy:

(PRDEP13 £) (x) € Cy. (3.6)

Proof. We consider the series formula (2.10) and split it into two sub-series according

to the sign of na — . Let N := | /| denote the cutoff point, and we have:
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PRnya,B,y,0 572 <_7)n5n RLB—na ~ (_7)n5n RLno—p
DYFPTef) =), "Dy )+ ), NP ().
=0 n=pja)+1
Since f € Cy, all fractional integrals of f are also in Cy, so the second sub-series is a
locally uniformly convergent sum of functions in Cy, and therefore in Cy, itself. Since
fe RQg, all fractional derivatives of f up to order at most 3 are in Cy, so the first

sub-series is a finite sum of functions in Cy, and therefore in Gy itself. Since Gy is a

vector space, the proof is complete. [

Remark 3.1: Let g € Cpy and
Fx) = 1P 10 ().
Making use of Theorem 3.2, we get the inclusion f € Q# and the formula
(e 72 oPEDEp s ) (x) = (HreP 10 o PEDEF 13 o freb 10g) ()

= H1EPH3g(x) = £(x).

19?7[37’)/76

This means that the Prabhakar fractional integral operator 16 is a left inverse,

therefore a two-sided inverse, of the Prabhakar fractional derivative operator
a,B,y,6
P1(e) D’ B,y

on some subspace of RQ% which contains in particular the functions

f= Slfcx’ﬁ ’y’sg that can be written as Prabhakar derivatives of functions in Cy,.

For a more general understanding of what happens when we apply a Prabhakar integral
to a Prabhakar derivative, not just in a subspace but for any function in the space RQQ ,

we have the following theorem.

Theorem 3.4: Let f €RQP 0 < <1, > —1. Then, forany a,,8 € R with & >0,

(Ff) ) = (f =L P O PEDEP 12 ) () = P EY £ (8x%) (1P 772 £)(0),

(3.7

16



where F .= F — Slfcx’ﬁ VO 151),‘3"’3 7 (E being the identity operator on the space RQE])
is called the projection of the Prabhakar fractional operator, following the terminology
of [28], and where (GIg’ﬁ’y’gf) (0) means lim (PIZPY2 £) (x).

Proof. Let
(p — I(;I;xﬁv%s P§Dg7ﬁ7%5f (3.8)

By Theorem 3.3, this is well-defined for f € Qﬁ , and by Remark 3.1, we have

0 €CipnQh. (3.9)
Applying the Prabhakar fractional derivative © ISDfﬁ % o the function ¢ (x) and using

Theorem 3.2, we readily obtain
which implies that

f— ¢ € ker (PRD®P-1:9), (3.11)

Writing ¢ = f — ¢ and using the definition of the Prabhakar fractional derivative, we

have

d" _B_
PEDEPOg(x) = 0 = = (h" P g(x)) =0

an—p,— 76
glx B.—v.

By standard properties of classical derivatives, this means g(x) must be a

polynomial of degree less than n:
P s ©
Olgvnfﬁvf% g(x) — Z akx ,
k=0
where the ay, are constants. This means

n—1
g(x) — Z ak ,ISD)(Cxan*Bv*%S (.Xk).
k=0
Since we assumed 0 < 8 < 1, this means n = 1 and the kernel is generated by the

function
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PRpaB.8 (1) — i F(5+m SO M) RLpam+f-1

m=0 F
B i F(’y—i—m) ocm—i—ﬁ—l
- = T(8)m! T(oam+p)

= xﬁ_lEz’B(Sxa)
By the definition of g = f — ¢, we get
F0) = 9(x) +axP'EL 5(8x%), (3.12)
for some constant a. It follows from this last formula that
BIGA=B18 () = B8P 184 (o) 4 af =P8 (BIET (8x%)). (3.13)

Now, the last term simplifies as follows:

(oo}

bt Prd (1Y (5:9)) = ¥ O e 1p (17 (50)

= n!
v (V08" ke ans1-B (B-1 (Y)m0"x*™
_r;) n! olx Zom'F(am+ﬁ)
,},>n6n ©0 (_,},)m5m meH—nOt

I
Mg

n! mZ:'o m!  T'((m+n)o+1)

( ) ( ) 5n+mxna+m06
n'm'F((n+m)a+1)

3
Il
o

I
s
Ms

n=0m=0

oo o )m Sky2k
:,;z) n+§’0 n'm' [ka+1)
-y {( Y+ } &

= (ko +1)

where in the last step we used the Chu—Vandermonde identity to simplify the finite

sum of double Pochhammer symbols. Using this in equation (3.13), we get
(DI P12 ) () = (§1 P 7709) (x) +a. (3.14)

The inclusion (3.9), Theorem 3.1, and the condition 11 > —1 together lead to the fact

P1a71—ﬁ,—'}’76

that the function ([, ¢ is in Cp and therefore continuous on the interval

18



[0,00). Then, due to relation 3.14, the function ’513’1"3 =79 f 1is also continuous on the
interval [0,00). Using the definition of ¢ and some well-known properties of

Prabhakar operators, we have
BB (x) = et P frab o PEpaB s p(x)
= gl -PH T PR S 5(3)
= G110 PEDEPO ()

d _B._
R R T)

= (BI&1 P10 £) (x) — (B1%17F72 £) 0), (3.15)

where the last step comes simply from the fundamental theorem of calculus.

Comparing (3.15) with (3.14), we obtain the value of a as:
a= (HI&1=P=1£)(0). (3.16)

Using equation (3.16) in equation (3.14) leads us to the relation (3.7). ]
3.2 Algebraic Structure

Definition 3.1: The algebraic inverse of the Prabhakar fractional integral operator

’513’5’7’5 is said to be the element Sy, g , 5 = Sp ,, of the field M_; which is reciprocal

to the element PgyeCy — M. That is,

I P P
Spy=——=—tL = BV (3.17)
Foy Ppy*Fgy  Papoy

Ppy

where [ = Pyt

denotes the multiplicative identity element of the field M_;, and where

we have used the semigroup property (3.4) of the Mittag-Leffler function.

From the semigroup property (3.4), we can easily define positive integer powers of the

function Pg , in the ring C_:

5 (%) = (Pgy - % Pg ) = Pup ny () (3.18)
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It is natural to extend this relation to arbitrary positive real powers of Py ,, using the

multiplication by the exponent as in [20]:
P, =Pigay(x),  A>0. (3.19)

Making use of the algebraic inverse as well, we obtain fractional powers to any real

order of the element S By

(
PB_)% (x), A<0
Sk =11, A=0. (3.20)
L A >0.
7%y

These satisfy the following semigroup property:
A V. _ QA+V
Sﬁ77'SB77_Sﬁ,y , A,vecC. (3.21)

Therefore, the set of all Pﬁ,}' and S B,y for fixed parameters o > 0 and 6 € R, forms a

multiplicative group, isomorphic to (R?,4), within the field M_.

We know that the Prabhakar fractional integral can be identified with the element P ,,
of the field M_;, but what about the Prabhakar fractional derivative? Intuitively, the
derivative is expected to be the inverse of an integral, so we expect to find a close

relationship between the Prabhakar derivative ” ISDf’ﬁ ¥

and the algebraic inverse Sg
of the Prabhakar integral. This will be important for applications, if we can express

Prabhakar derivatives in terms of algebraic operations.

Theorem 3.5: The Prabhakar fractional differential operator ng’ﬁ 70 may be
represented in the field M_; in the form
PRDOBYS f— g . f— 8. F of 3.22
0~x —ﬁ,yf B,y /s fe —1 (3.22)

where F == F — glfcx’ﬁ V0P SD)??B 7% is the projection of the Prabhakar integral, which

20



according to Theorem 3.4 is given by a constant (depending on f) times Pg ,.

Proof. Let f € RQIE 1» and write it in the following form using the definition of F:
f00) = (Ff) @) + (GIEP T2 PEDEP YO f) (),
which can be rewritten algebraically (in the ring C_1) as
f=Ff+Pgyx ("DFPTOF)

Upon multiplying both sides by Sg ;. and using the algebraic inverse relation, we get

the required result (3.22). ]

Another important step in application of an operational calculus is to represent
solutions of some equations in the field M_; by elements of the initial ring of
functions C_j. This is required because weak solutions using the algebraic abstraction
of the field (whose elements in general are not necessarily realisable as functions) are
less useful than explicit solutions as functions. We can obtain a useful class of such

functions for our operational calculus using the following result.

Theorem 3.6: Consider a multiple power series as a function of several complex

variables z1, - , Z:

[ee]

Z ckl,m,kmzlfl X oo X zﬁ;”, Cky,.. ki € C fixed coefficient, (3.23)

KL eeokin =0

and assume it is convergent at a given point zo = (210, ---,Zmo) € C™.

Then, for any given k,A;,---,A,, > 0and 7,0 € R, a, B > 0, the field element

(o)

S35 Yl (S X x (S5 (3.24)
ki,....km=0

represents a function in the ring C_.
Proof. Given the semigroup property of the Sg , elements and the fact that negative

powers of Sg ,, are Mittag-Leffler functions in the ring, we have

21



= Y Chkn Pk ot Ak 1) (By) ()

Expanding the Mittag-Leffler function summand as an infinite series itself, we can

write this expression as a multiple series of power functions:

(o)

xKﬁ—l Z Chy o Jom (xﬁll)kl (xﬁkm)km (Xa)k

y ST (yAiky + -+ + YAk + k4 KY)
C(yAky + -« + YAk + KY)T(k+ DD(BAky + -+ + B Ak + @k +KB)

Since k3 — 1 > —1, it will be sufficient to show that the multiple sum here is convergent

for x € [0,0).

In the case y > 0, we use the fact that

C(yAiki+ -+ YAk + xy)T(k+1) —

for all but finitely many values of the indices ki, - - - , k;;, k, and then proceed as in the
proof of [28, Theorem 6] to bound the other parts of the series summand and obtain

convergence as desired.

In the case y < 0, we use the well-known identity

v T(1—p)

['(p+k)
r(1—p—k)’

L(p)

to replace the quotient of two gamma functions of negative arguments by a quotient of

—(~1) keN,peC,

two gamma functions of positive arguments, and repeat the same procedure as above.

In the case y = 0, the Mittag-Leffler function reduces to a power function, and our
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result reduces to exactly [28, Theorem 6]. O

Applying Theorem 3.6 enables us to consider various functions of Sg , in the field M_;

and express them as functions in the ring C_;. We consider some examples as follows.

Example 3.1: For any constants « € R and m € N, as well as «,f,7,0 € R with

o, B > 0, we consider the field element ( L

5, al" and rewrite it as a sum of negative
Y

powers of Sg , in order to express it as a function in C_;:

1 1

(Sgy—al)" =%, Y(l asg ) YZ @Sp,
z 4 - (m)l i (m+i 1 - (m+i)y
—Z Pm+z [)’y)( )_g(,) il L ARy O (m_H)ﬁ(SX )
o (M) myip—1 v ((M+10)Y); §/x%
=Y ad—"x - : . ;
iZ() i! jzb J! INoj+ (m+1i)B)

v i(m)i_((m—i—i)y)j' §Jxit+(m+i)p—1
“LET j' T(ej+(m+i)B)

(3.25)

This double series is of the general category investigated by Srivastava and Daoust [51]

and has a similar form to some recently defined bivariate Mittag-Leffler functions [21].

Example 3.2: Let 0 < f; < B < ... <Bpand o > 0,7, -+, %, 0 be real numbers.

1
We consider the general element S in the field M_; and manipulate it as
i=1 i Bhyi
follows:
1g-1
I g A’ Bmﬁ/m
ZASM - Z = “hig, s 1
o m—1 _2{
- Z A_Sﬁifﬁmvﬁf'ym
i=1 /‘m
S N m—1 A‘ k
_ _ﬁm7—'}’m —A
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We then use the multinomial identity for powers of a finite sum:

m—1 k
"y
( ; msﬂi_ﬁmv%_7m>

K (A) ()
Yooty =k e 1!\ Am "

n Nin—1
X SB;—Bmm—Ym"’Sﬁi—ﬁm,%—ym' (3.27)

Using equation (3.27) in (3.26), we get:
1

m (3.28)
; 2/lSﬁH’)/l

— S_ﬁnh_')/m - k’ (_ll)nl (_lm_l)nm_l
A{m k;() <n1+“‘+2nm_1=kn]!'”nm—1! )Lm )Lm

n] DY nm71
X Sﬁi_ﬁmv}’i_%n Sﬁi‘ﬁmﬁ’i‘%ﬂ)

R T ) L TR R

m 01y i1 =0 n'-np—q! Am Ao
XSy (B1— )+ 1 Bort—Bon) 1 (1~ Fo) -+t (1~ o)
- nA4Fn,—1)! =2\ Y TN
= Z ( 1 ' m'l) < 1) < m 1) (3.29)
npey =0 T m—1 Am A

X Sy, (B1—=Bum)+ =+ 1(Bn—1—Bm) =Bt (Y1 —Yim) ++ 11 (V1= Yon) = Yim

Now, using the fact that the field element Sg ,, is a modified Mittag-Leffler function for

any negative value of 3, we find that equation (3.29) becomes

I )

s Z (I’l]—f—«.-—f—nm_])! <_)Ll)nl_”<—lm_1)nm_l
m B nl!"'nm—1! )Lm )Lm
ZliSBi»'Yi nl?"'vnmfl—o

i=1

BBt (=B B g T 10t 1 otV (5) - (3.30)

3.3 Fractional Differential Equations

In this section, we demonstrate with a simple model example to begin with, followed
by a much more general Prabhakar differential equation, linear and with constant
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coefficients, but with an arbitrary number of terms.

Example 3.3: We consider the following initial value problem:
PEDLP12y(x0) = Ay(x) = f(x), x> 0;

(D1 P 772)3(0) = a,

where «, 3,7, 8,a are fixed constants with 0 < 8 < 1.

Making use of Theorem 3.5 and Theorem 3.4, we can rewrite this problem in the form
of an algebraic equation in the field M_:

Spyy—Ay=[f+Spy Yo,
where

yo = xPTEL 5 (8x%) x Q1L P10 £(0) = aPp .

Clearly, this algebraic equation has the following unique solution in the field M_;:

1 SBY
.f_|_
Sﬁm_)‘ Sﬁ?’

y= 2 Yo

I
ft Sp. .aPs.,

T Spy— A Sp.y— A
1 al
= . . . 1
S5, 2 Ts, 2 (3.3

Using the above-proved relation (3.25) in the case m = 1, we find
§Jxoj+i+1)p—1

l J
Z)L F(ozj+(1+i)[3)’

i=0j=0

Sﬁy—l

which means that (3.31) becomes
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X o0 oo DY) (x — )i+ (i+1)B—1
y(x) :A Z le((lJr )Y)J . 51( ‘t) " + f(t)dl

Lot F(a1+(1+1)ﬁ)
i)y); &ixeit(i+np-1
+a A{l : . . 9
XZ’)JZ [oej+(1+)B)

which is the solution function for the given Prabhakar differential equation.

Remark 3.2: The above argument improves slightly on the method of [28, Example
1] for solving a similar problem, by our more efficient way of dealing with the initial
value term, noting that Sg , precisely cancels the Pg , which is part of the formula

for yo. Following the methodology of [28, Example 1] would lead us instead to the

following:
] X o o + . 6-i(x—t>aj+(i+1)ﬁil
— DY) : : r)dt;
b ey Al I N Foj+(1+0p) "
Sp.y )
= Yo =Yo+ Yo
Spy—A Spy—A
= xﬁ*IEZ,g(5xo‘)’81§3"1*’3”7’5f(0) + Spy—A 'xﬁflEZ,ﬁ(5X“)’81§?"1*ﬁ”7’5f(0)
7’}/
=axPE! 5(8x%) (3.32)
Syt 1)1
i J B—-1x7Y a
M(EUU "T(aj+(1+)B) (o ELp(6%).

(3.33)

Since convolution of power function works by
~1 Ko+p—1
[(c) T(p) T(o+p)

we can simplify (3.33) to:
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o oo oo . . Jtko(j+k)+(i+2)p—1
yy = axﬁflEg’ﬁ(Sxoq +a2 Z Z ll+1 ((1 +Z)Y)J(Y)k 0 X

i=0 j=0k=0 J'k! T(o(j+k)+(i+2)B)
o o N 0 al+(i+2)B—1
— P 1EY a ((1+l)y>j(Y)k it+1 0x
=ax’'E! ,(0x%)+a AL VAL LY by | .
(37 i—ZOE;O j;sz Jk! Lo+ (i+2)B)
o o : 0l (i+2)p—1
—aBEY (5% (2+)7)e iy 6'x |
ax ’/3( X >+a,;)g§6—£! Nl (25

Replacing i +2 by i+ 1 to get a double sum over 1 <i < oo and 0 < £ < oo, and then
folding in the first term as an extra sum over 0 < ¢ < oo in the case i = 0, we obtain the

same result as above.

Example 3.4: Let us now consider the following more general initial value problem:

Y A(EDEBISN) () = f(x), x>0,
i=1 (3.34)

(zélg,lfﬁrmy) 0) = a;, 1<i<m,
where 0 < By <--- < B, <1land a > 0and %,4;,8,a; € R are constants (1 <i < m)

and f € C_1, the problem to be solved for y in the space Qg”i.

Since y € RQ[i”i and therefore y € RQIE "1 for all 7, the Cauchy problem (3.34) can be
reduced, by Theorem 3.5 and Theorem 3.4, to the following algebraic equation in the

field M_y:
ixi(sm -y —Sp. - vio) = f(x), (3.35)
where foreachi=1,--- ,m
vio = xPVEL 3 (8x%) (B13 7P 10y) (0) = (G181 7P%2) (0) - Py,

By the initial conditions given in (3.34), we know that y;o = a;Pg, ,, for 1 <i <m.

Therefore, the algebraic equation (3.35) simplifies to:
m m m
Y AiSp gy =+ Y AiSp oy vio=f+ | Y aiki |1, (3.36)
i=1 i=1 i=1
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using the definition of Sg , as the algebraic inverse of Pg . Now it is clear that

equation (3.36) has a unique solution in the field M_; , which is given by:

<i a,-7L,~> 1
I i=1
. . (3.37)

;)’isﬁia')/i ;)“iSBiJ’i

y:

By using the representation (3.30) of the field element as a function, we

1
get:

X oo n+---+ Ny ! _A ny _Ami Nm—1
o[ § e (chy" (o)

l... |
0 nyyiy =0 -1

¢ {1 (Bn—=Br) -1 (ﬁm—ﬁmfl)"‘ﬁm—lE(’;l}(iZ’fEt[;?’li)E;')'j‘L‘f’?i}—il (j’zn(g%ri—é):?;iﬁ (3ta)f(x —1)dr

m 00 (n1_|_..._|_nm_1)! B ny A1 -1
f(Be), £ G ()

Ny, Mp—1 =0

B B BB B B i DY (825, (3,39

RQB

and this function is the final solution in "Q" |

to the initial value problem (3.34).
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Chapter 4

PRABHAKAR FRACTIONAL CALCULUS OF CAPUTO

TYPE

In this chapter, we shall construct the theory of the Caputo-type Prabhakar derivative

operator ” (C)Dg’ﬁ ’Y’S:

defining function spaces for this operator, checking its
relationships with the corresponding integral operator and Riemann—Liouville-type

derivative operator, and finally embedding it as an element of the abstract algebraic

field M_;.

4.1 Action of Operators on Spaces
Theorem 4.1.1. For fixed m € N, the Caputo-type Prabhakar fractional derivative
P%fo’ﬁ’y’éf is well-defined for any f € C™, and ¢ € R", B € [0,m), 7,6 € R, and we

have the following inclusion:
5 PCRaBYdf e, 4.1)

Proof. Let f € C™; then by Definition (2.3) in Chapter 2 we have f (m) ¢ C_; and
therefore f(k) € C_y forall k=0,1,--- ,m. By Theorem 3.1 in Chapter 3 and the

definition of the Prabhakar—Caputo derivative, we have that

P%ngﬁ/Y76f — I(;I)?J{_B_%Sf(k) c C717
where k= |B|+1 <m. O

Theorem 4.1.2. Let &, € R" and y,6 € Rand m = [B]| +1 € N. For any f € C}}
(where n > —1), its Prabhakar fractional derivatives of Riemann—Liouville and Caputo

type are connected by the following relation:
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P%Dg:ﬁv%af(X) = PRE)D;X’B’Y’ Z .xk ﬁE; k— ﬁ ('x)a)f(k) (0) (42)

Proof. We use the definitions of the Prabhakar—Caputo derivative and the Prabhakar
integral, the semigroup property for the Riemann—Liouville differintegral of an
integral, and then the classical formula for the mth integral of the mth derivative of a

function:

PEDEBID f(x) = hrgmPvd Z DOk e ) )

I
gk

V0" a—p [ozzﬂf<m> <x>]

n=0 n!
e DS kg | S
_n;) i ol [fU gor(kﬂ)fk(o)

70" RL o
VO R e

n!

I
s

3
Il
=

R O S L A
n;) n! k;)l—‘(na—ﬁ—i—k—l—l)f (0)

m—1 n a—B+k
_ PRpyo,B.y,8 (V)n6 x"
0Dy TS Zf Z’ n! T'ha—B+k+1)

PRDOC B, y,5f Z = ﬁEZ‘ “ [3 (x)a) f(k)(o)

The swapping of summations is justified since all of the infinite sums involved are
locally uniformly convergent: the series formula (analogous to (2.9)) for the
Prabhakar fractional derivative of Riemann-Liouville type, and the power series for
the three-parameter Mittag-Leffler function. We have also used standard results on the

Riemann—Liouville differintegrals of a power function. 0

Theorem 4.1.3. Let &, € R" and y,6 € Rand m = [B]| +1 € N. For any f € C}}
(where n > —1), its Prabhakar fractional derivative of Caputo type has the following

inversion relation with the corresponding Prabhakar fractional integral:

(g,g,ﬁy,SP%Dg,B,y,sf) Z f® k,, x> 0.
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Proof. By using the definition of the Prabhakar—Caputo derivative and the semigroup

property (3.5) of Prabhakar integrals, we get:
(gl}?7ﬁ7’}/75 P%Dg,577«5f> (x> — }(;I)(vaﬁ‘%a [g[g‘m_ﬁv_%af(m) (x)

=R Fm (x)

m—1 xk
=flx)— Y, f(k)(0+)y-
k=0 :

where we have used the fact (clear from the series formula (2.1.3)) that the Prabhakar

’51}}”3 7% in the case Y = 0 is just the Riemann—Liouville integral Rﬁl E . [

integral
4.2 Algebraic Structure
Theorem 4.2.1. Let o, € R and y,6 € R and m = || + 1 € N. The Prabhakar

a,B,y,6
P%'Dx B,y

fractional derivative operator may be represented in the field M_ in the

form
PCDOPYSf =55 f—S5., Ff,  feC™, (4.3)

where the element F f is given by initial values of f as

m—1 Xk

Ff=1Y% f(k)(0+)'g~
k=0 :

Proof. Let f € C™,, and use the result of Theorem 4.1.3 with the notation of F f:
£0) = (FF) )+ (G172 PGDeP 18 ) (0).
Algebraically, in the ring C_1, this is the same as
f=Ff+Bgyx(PGDEPHOF).

Multiplying both sides by the algebraic inverse Sg , in the field M_, we find exactly

the required result (4.3). ]

We mention the following two examples of expressions in M_; which are defined in
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terms of the abstract field elements § B,y but which can be written as functions in the
ring C_;. Both of these are taken from Chapter 3 where they are consequences of

Theorem 3.6.

e Ifa,B €R"and 7,6 € Rand a € R and m € N, then the field element (S,3+a1)m
¥
is expressed as the following function in C_:
1 R : Ny): iyt (mt+i)B—1
—m:ZZa’(@’ Amiin; o . (44)
(Spy—am Sz J! C(aj+(m+i)B)

elfacR " and B, > Br_1>-->Pr>P1 >0and y1,---,¥n, 0 € R, then the

field element is expressed as the following function in C_i:

1
1 B i (n1+..-+nm_1)! (_;Ll)m (_;Lm_1>nm1
i=1 "

e (54

x XM

4.5)
4.3 Fractional Differential Equations

We now reach the main purpose of this chapter, to solve fractional differential
equations with Prabhakar derivatives of Caputo type. Some such equations have
already been studied in the literature [12,46], but, by making use of the Mikusinski’s
operational calculus framework, we will be able to solve a wider class of equations,
including a general linear constant-coefficient (incommensurate, multi-term)

fractional differential equation of Prabhakar—Caputo type.

Example 4.1: As a model problem to begin with, let us consider the following

fractional initial value problem:
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PEDEPIBy (0 — Ay(x) = f(x), x> 0; o

y9(0) = , k=0,1,2,---,m—1,
where @, 8 € R™ and ¥,0,a9,a1, - ,an—1 € R are fixed constants with m = || + 1

sothatm—1<p <m.

Using the results of Theorem (4.2.1), the initial value problem (4.6) can be written as

the following algebraic equation in M_:
Spy'y—Ay=1+58py Fy,

where m=1 o m-l
Fy= k;)y(k) (Oﬂﬁ = ];)y(k)(0+)hk+1,

using the same notation Ay as at (3.3). Now it is clear that the unique solution in the

field M_; has the form

1 Sﬁ y
y= f+ - Fy. 4.7)
SBJ,—?L Sﬁ’y—l
Using (4.4) with m = 1, we have
1 _ oo o0 ((1 —i—i)’}/)j /'Li5jxocj+(i+l)[3—1
Spy—A S= T C(aj+(1+i)B)’

and therefore y is given as a function in C_; by the sum of the following functions y;

and y, coming from the two terms in (4.7):
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I X oo o0 7Li5j(x—t)o‘j+(i+l)ﬁ_1
- . , t)dt
SR IZOJZO Coj++0p) "
_ Z Z?L’Sj((l—'—_:)y J 'Rﬁlgjﬂiﬂ)ﬁf(x);
i=0j=0 J:
_ Spy _
yZ_Sﬁy—/l 'FY—FY‘F%—_}L Fy
1 1+ m—1
——Zy 0+H+A<Z§3a& )7); wﬂﬁm) (Zywmﬂmﬂ>
i=0j=0 k=0
RS
=) y(k)<0+)g+z I +161T1y(k)(0+)'haj+(i+1)13+k+1
k=0 i=0j=0 k=0
_mfl )t x_k o oo m—1 ((1+i)')/)j ) /ot AL ST o+ (i+1)B+k
=Y WY Y ¥ I Wy A0
k=0 ©i=0j=0k=0 J (aj+(i+1)B+k+1)

Thus, we obtain the following explicit formula for the unique solution to the initial

value problem

L i] akxk+iimzl v QA+ 5yt
=0 i=0 j=0 k= T(oj+(i+1)B+k+1)

+ZZ)L£5] 1+ ’}/)j RLIOCH-H-] ﬁf( ), (48)

i=0j=0

or more explicitly (without using Riemann-Liouville integrals in the solution)

y= Z akxk

j A 8+ (i+1)B+k

m 1
k=

+l§6,§62

= F(aj+(i+1)[3+k+1)
X o oo le lisj(x_t)aj—i—(i—i—l)ﬁ—l . A
. (4.9
O,ZO,ZO Majraop) /0% @

Example 4.2: We now study a more general initial value problem, a multi-term

fractional differential equation using Prabhakar—Caputo derivatives, as follows:

(

(4.10)
y®(0) =, et
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where o € R* and B; > - > B,, >0 and ¥, 5, A;,a; € R are constants for 1 <i<m

and f € C_1 is a fixed forcing function.

By Theorem 4.2.1, the fractional differential equation from (4.10) becomes an

algebraic equation in M_ as follows:

)“i(Sﬁth Y =SBy Fly) =/ (4.11)

n
i=1

where fori = 1,--- ,n we write m; = | B;] + 1, so that m; — 1 < B < m;, and define the

expression F;y by
mi—1 " k m;—1
Fy= Y )(0+)F =Y chis
k=0 k=0

The algebraic equation (4.11) can be rearranged to solve for y as follows:

n n n mi—1
i=1 i=1 i=1 k=0
n mi—1
then , liSBim . Z il
y="3 e — (4.13)
1= 1=

The first term of (4.13) can be immediately written as a function in C_; by using (4.5)
from above. The second term requires some further manipulation, transforming the

Sg, 5, terms in the numerator in order to obtain overall a function in C_1:
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n m;—1 n m;—1
Z;Lisﬁiy%' Z Ckhiy 1 Z;L"Sﬁi—ﬁh%—ﬂ ’ Z kit 1
i=1 k=0 i=1 k=0

n - n
'Zi AiSBiin ZT ’IiSﬁi—Bm—%
i= i=

m;—1

n
Z ;LiPﬁl_ﬁth_Yi ’ Z Cilticy 1
i=1 k=0

n
A+ zélipﬁl —Bin—
=
mi—1
k

Z CkAiF, B k10—
=0

n
)3
i=1

A+ ;lipﬁl_ﬁiﬂl_?’i

my—1 4

Z chlipﬁl—ﬁi-i-k-i-lm—%
= =00 (4.14)

A+ ;lipﬁl —Bin—v

where the index ¢ foreach k =0,1,--- ,m; — 1 is defined so that k <m; — 1 & i < (.

In other words, since k < m; —1 =k <m;— 1 whenever j <1i, we define
bGo=max{i<n:k<m—1}

forallk=0,1,--- ,m; — 1.

1

Using an argument similar to that used in Chapter 3 to express Y ASa as a
i=1 i Bh%

function in C_ via (4.5), we get:
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I ale a '
:ll IZ (Z_Tlpﬁlﬁi771%>

n
—0 \i=2
A+ Z‘E)’ipﬁrﬁn%*% " l
=

Yy ot (RN (A
_)Ll Z Z rz!---rn!< 11) ( 7L1

r=0ry -+t r=r
Iy n
XPﬁl_ﬁ2771—72Pﬁl_ﬁn771 Yn
b= ntent U4 A

X Prz(ﬁl —Bo)+ A (B1—Bn) 2 (N —1)+ -+ —")

:A—l i (r2_|_+rn)Y Azrzlrfn
N T B e W T

AL S M ()

and so the field element (4.14) becomes a function as follows:
mi—1
Z’lsﬁz% Z it mi—1 4

A Z chlipﬁl*ﬁi+k+1771*7i
iSg.
i:zl Bi.v:

k=0 i=0

. i (r2++rn)' A{zrzlrfn
—0 rz' .. .rn! (_ll)r2+“'+rn

X Bry(By—Ba)+++1u(Bi—Bu)ra (1 —a)++ (1 —Yn))

my—1 £ (7”2+"'+1’n)! A‘ Arn
rz!...rn! ( ll)rZ‘f’ +ry Ck

X P (By—Ba)+++1a (Bi—B)+(B1—Bi) 2 (i =)+ (i — 1) +(1i =)
oo mp—1 ék r2+ +rn) lrz Z/Vn

- Z Z Z ( )Ll)rz-i- +ry Ck

7, =0 k=0 i=

K 2(Bi=Ba)+Ara(Br—=Pa)+(Bi—Bi) -1

nm=r)+-+mMm—"1n)+n—x)
Ea,rz(ﬁlfﬁ2)+”'+rn(ﬁl —Bu)+(Br1— m(Sx )

Combining this with (4.5) and using them in (4.13), we get the following explicit
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solution function for the initial value problem (4.10):

x o | 2. Q7
y(x)Z/O ) S mns AN ek

r2|rnY ) (_ll)r2+"'+rn

ry, =0

B BB B )

o mi—1 & r + +rn) er...)L;n
* Z g’ ; : ‘(—il)r2+'“+rnck

1o, =0 k Tn!

"2 Bi=Ba)++r(Bi—Ba) +(Bi—Bi)—1 ng(,f‘([}lyi),;;f,f’fff‘@f")ﬁ()” (m) ﬁ)((sx ). (4.15)
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Chapter 5

PRABHAKAR FRACTIONAL CALCULUS OF HILFER

TYPE

In this chapter, we investigate the general Hilfer—Prabhakar fractional derivative
operator using the algebraic machinery of Mikusinski’s operational calculus. We also
provide some important characterisations in terms of initial conditions for the
function spaces used in the fractional Mikusifiski method. Armed with an algebraic
interpretation of the Hilfer—Prabhakar derivative, we solve a variety of fractional
differential equations involving this operator, including multi-order and multi-term

ones.

5.1 Characterising Function Spaces
We begin with some important results concerning the RQﬁ and 7 fo spaces, which
help us to understand the nature of these spaces more clearly than what can be seen in

the existing literature.
Theorem 5.1.1. Let & > 0, u > —1 be fixed and let n = [ ¢ | 4+ 1. Then we have
R HAo Roa
QZ CHQ, CrQy.

Proof. The second inclusion is clear from the definition: if all Hilfer derivatives exist
in Cy, then so do the corresponding Riemann-Liouville derivatives (by putting v = 0).
It remains to prove the first inclusion, i.e. to find a sufficient condition, in terms of

Riemann—Liouville derivatives, for a function to be in 7 ij.
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Letus fix v,f with0<v <1and0<f <, and definem = ||+ 1sothatm—1 <

B < m. Then, by definition of the Hilfer derivative,

(155) () = Rtk P (R0 ) ),

SO

HDBYVf ey = LBl e e ¢, (5.1)

dxm “olx

where the latter function is a fractional differintegral of f, which can be rewritten as

follows using (2.4):
d™ (R, (1-v)(n—B) _ (RLyyn—(1-v)(m—P)
— (B Pr) () = (R f) @

<R6DE+(m—ﬁ)vf) (x) = i&( LN~ mt(1-v)(n ﬁ)f> (x),

where N := [+ (m—B)v] +1.

Because 0 < (m— 3)v < 1, there are only two possible values for N: either N = m or
N =m+ 1. The only case when N can equal m+ 1 is if we have f + (m— B)v > m,
which is equivalent to m — B < (m — 3)v, which can only happen if v = 1. So there

are two cases:

« either v =1 and %Dﬁ’vf —Cpbs,

e or V<1 and N = m, meaning that the right-hand function in (5.1) is just an
Riemann-Liouville  fractional derivative of f, and we have
%DE V= Rglz(mfﬁ ) (Rng Hm=p)v f), where the inner fractional order

satisfies B+ (m—B)v<B+(m—B)=m<n.

Now we can find sufficient conditions for a function to be in the space 7 fo, as follows:
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felos — (%fof €C, and FEDYfeC, forall Be(0,a]andye [0,n)>
— (R(L)D}C'f €Cy forallye [0,n]>
Ron
— ferQ.
This completes the proof. 0

Theorem 5.1.2. Let o > 1 be a fixed non-integer with n = |o] +1 € N\{1}. If a
function f is in 7 Q%,, then it has zero initial conditions (RI(;fo f ) (0) =0 for all u

withO < u <n-—2.

Proof. We recall from [35, Corollary 2.1] that, for a function f € C"; (the natural
space to ensure that all Caputo derivatives of f up to order n are in C_), its Riemann—
Liouville derivative RSD)‘CX f is generally not in C_1, except in some special cases. These
special cases are enumerated as follows: either when & € N, or when 0 < o < 1 (here
we have excluded both of these cases), or when £(0) = f/(0) = --- = f*=1(0) = 0.
To understand why the latter case is needed here, we recall [9] the following relation

between Riemann-Liouville and Caputo derivatives:

o ESE A
(5D2F) () = (R6DEF) (x) LrG—ar i)

Therefore, if both ng f and RﬁDﬁ‘ f are in C_p, then (since C_; is a vector space) we

thave © YO0 ¢ o fork =0,1,2 1. Since th tk— a is not
must have Fp=o—py € C-y for k=0,1,2,---,n— 1. Since the exponent k — o is no
greater than —1 fork=0,1,2,---,n—2, and the gamma function reciprocal is not zero
as a ¢ N, this means f(0) = f'(0) = --- = f*=2)(0) = 0.

So far, we have only used the Riemann—Liouville and Caputo derivatives, i.e. the cases
v =0 and v = 1. Let us now consider the general Hilfer derivative, with 0 < v <1
and 0 < B < «, and with £ = |B| 4+ 1 < n. Using the composition relations (2.4) and

(2.5), we have:
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<}6D)/?,vf> (x) = R%D;V(f*ﬁ) (RsDﬁf(lfV)(f*B)f) (x)

_ gD;V(E*ﬁ) (R16D)I§+V(£*ﬁ)f> (x)

m—1 xv((—ﬁ)—k—l

_ (RLpa X) —
=N X m—p—p

(5B )

wherem= |B+v({—B)]+1.

This means, for every v € [0, 1] and 8 € [0, o] and for every k such that v({ — ) —kis a
negative non-integer, we must have <R(L)D§C17V) privk-l f) (0) = 0. Ignoring the case
of integer-order derivatives which has already been covered above, requiring v (¢ —
B) — k to be a negative non-integer means we are interested inevery k=1,2,--- ;m—1,
since the number v (¢ — ) is in [0, 1]. It remains to prove that the numbers (1 —v)f +

v —k —1 cover all non-integer values between 0 and n — 2, for which we use the

following elementary lemma. 0

Lemma 5.1.1. Let o > 1 be a fixed non-integer with n = | o] + 1 € N\{1}. For any
non-integer 1 € [0,n — 2], there exist B € (n—1,a] and v € [0, 1] and k € N such that

k<|(l1=v)B+nv]+land B+ (n—B)v—k—1=p.

Proof. We split into two cases.

If the fractional part of u is less than or equal to the fractional part of ¢, then there
exists B € (n— 1, a] such that the fractional parts of B and u are equal, and we can
choose v =0to get 4 = B —k— 1 for some k < | ] + 1. Note that k must be positive

sincef >n—land u <n-—2.

If the fractional part of u is greater than the fractional part of , then we let f = o and

note that f + (n — )V varies between @ and n, so we can find v € [0, 1] such that the
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fractional parts of u and B+ (n — B)v are equal. Then k is chosen in the same way as

above. O]

Corollary 5.1.1. If & > 2 and f € *Q% , then (§DX f) (0) = 0 for all u with0 < u <

la] —2.
Proof. By Theorem 5.1.1, we have
Rle C RQL_OiJ C HQL_OiJ*I/z’

—1/2
sofGHQL_OiJ /

. By Theorem 5.1.2 with n = | |, the result follows. O
We have now demonstrated that, while C_ is a very large function space compared to
many that are used for strong solutions of differential equations, the Q spaces (of both
Riemann—Liouville and Caputo types) imply rather strong assumptions on the initial
values, both classical and fractional, of any function contained in them. These facts
may have significant repercussions in the study of fractional differential equations set
in these function spaces.

5.2 Action of Operators on Spaces

Theorem 5.2.1. Leta >0, 3 >0 withn=[B]+1€N,and y,6 € C, with v € [0,1].
Hop

The Hilfer—Prabhakar fractional derivative maps the function space 7 Q" , into C_y:

PHpBy8v HoP ¢ ). (5.2)

Moreover, it can be related to the Prabhakar derivative of Riemann—Liouville type by

the following relation:

(P%Dg,ﬁ,?’v‘s;vf) (x) = (PRE)D?”ﬁ’Mf) (x)

N Mj 1(_ o ) )
Y =V))s; —ajt+(1-v)B+nv—k—1 v
_j;) ]Z‘z) F I§i. (RﬁDx oj+(1-v)B+nv f) (0) 'ea?:/v(nfﬁ)fk(x)a (5.3)

for any function f € Hle, where N = LMJ and M; = |—aj+(1—-v)B+

(04
nv|+1€Z" foreach j=0,1,---,N, and we recall the notation eg’% (x) from (2.8).
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Proof. Let fet Q%,, therefore f € RQQI by Theorem 5.1.1. Using the series formula

(Lemma 2.1.3) and the convention (2.2), we have:

(P13 p) () = v ( d i f>> )

dxn
v Wi girpaitvin-p) [ @ o (CYA V)i o (RLjei+(1-v)(—B)
S Ve T M (R f) )

!
=0

J
i (—7(1'— V))j5j. <R613j+(1—v)(n—ﬁ)_nf> (x)>

_ i (_W)iaiRglgci—i—v(n—ﬁ)
=

— (— igf —ai—v(n— —Y(1—=V))j i —aj — n
_ Z( Wi rpaivop) (3 ( Y(j' )isi. <R6Dx oj+(1-v)B+ vf> (X))
i—0 b =0 '

where the outer operator R(L)D;O”*v(nfﬁ ) is a fractional integral for all values of i and

the inner operator I%D_aj +(1=v)B+nv i a fractional derivative if j is small enough that
—oj+ (1 —=v)B+nv >0 or a fractional integral for all j large enough that —otj +
(I —v)B+nv < 0. This distinction is important because of the composition relations

(2.3)-(2.5): we have
R(L)D;ai—\'(n—ﬁ) (RGDX—OCH(I—V)IHHVJC) (x) = (RléD;ai—aj-i-ﬁf) (x)

if —aj+ (1—v)B+nv <0, but the same left-hand side equals

Mj—1 —(—ai-v(n—P))—k-1

(") o= X T(—(—ai—v(n—B)) —K)

k=0
) (R%)Dx—aj—i-(l—v)ﬁnan—k—lf) (0)

if —aj+(1—v)B+nv>0,where M;=|—aj+(1—Vv)B+nv|+1e€Z".

Splitting the inner series in the above double sum according to the sign of —otj+ (1 —

v)B +nv, and letting N denote the cutoff point, we have:
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. > N (—yv)i (—y(1=V)); i i
(P%Dg,[},y,é,vf> (x) = lz(’)jzz)( ;}:V) _ (—( . V), Si+i [ <R6Dx a ocj+ﬁf) (x)
Mi—1 aitv(n—P)—k-1

= T(ait+v(n—PB)—k)

+i i (=7)i (—=y(d=v)); Siti. (R%D;aifaj+ﬁf) (x)

(Rng—aﬂ—(l—v)ﬁ—i—nv—k—lf) (O)}

=0 J!
— v (—YV)i (—=Y(1=V))j <ii o i—
:ZZ( ?:)‘( ¥ - ))]5+]_<R6];X+OCJ Bf>(x)
i=0j=0 L J:
5 i”fz—‘ (=) (CYL=V))j sivs
i=0j=0 i=0 ! J!

RL~—Qj+(1-v)B+nv—k—1
e B (P 7))

The first (double) sum here can be rewritten as follows, using the Chu—Vandermonde

identity:

S = i i (—?/v),- (=r(1—v)); St (R%I)(Cxﬂr(xjfﬁf) )

i—0j=0 J!
_ i ( i (‘W)z(—'?"(l — V))j) 5 (Rgl;xr—ﬁf> (x)
r=0 \i+j=r BJ

=y % (Kb )

Since f € H Qfl C Rle, this Prabhakar derivative is in the space C_;. Meanwhile,
the second (triple) sum can be rewritten by moving the infinite summation over i to the

inside and noting that it is simply a Mittag-Leffler power series:
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o N Mj—1 (=pv)i (—=y(1=V));
. W)l ( Y(l v))] i+j
i=0j=0 k=0 : :
xai—i—v(n—ﬁ)—k—l

“T(aitvin—B)—k)

) (R(L)D;ajnt(lfv)ﬁJrnvfkflf) (0)

(—y(1—v)); 5V (n—B) k-1 (RLDfaj+(lfv)B+nvfk71f> (0)
j=0 k=0 J! 0™

=

(=7v)i o o
Xl.;) i O Taitvin—B) =K

J DB —k—1 yom —y(1—=Vv))i..
Z XV (n=B)—k 1Ea’7;‘znﬁ)k(5xa)((j—!))151

) (RgD;ajJr(lfv)Bﬂwfkflf) (0).

To show that this function is in the space C_1, we need that, for every value of k such
that v(n — B) — k < 0, the initial condition (RI(,D; A f> (0) should be

Z€10.

The condition j < N guarantees that —oj+ (1 — v)B +nv > 0. The condition k <
M; — 1 guarantees that —aj+ (1 —v)B +nv —k—1> 0. Ignoring the trivial case
v = 0 (in which case Hilfer is Riemann—Liouville and the result of this theorem is
trivial), we have v(n— ) € (0,1], and therefore v(n— ) —k < 0 is equivalent to
k > 1. Given also that j > 0, the maximum possible value (as j and k vary) of the
fractional order —aj+ (1 —v)B+nv—k—1lis(1—-v)B+nv—-2=B-24+v(n—p),
whose maximum possible value (as v varies) is n — 2. Thus, by Theorem 5.1.2, we

have the required inclusion in C_j. [

Theorem 5.2.2. Let « >0, > 0Owithn=[B|+1€N,and y,6 € C, with v € [0, 1].
We introduce the notation 8’ = B+ v(n— ). For any f € Qlj |» the Hilfer-Prabhakar

fractional derivative has the following inversion relation:
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M—1 Ny j
. s, M (y(1=v))8
6’];17[37%5 (PI{)D)(?’[}’%(S"/]C) (x) _ f(x) . ez;(ﬁ/l’])( (x) Z i J
k=0 j=0 :

(11 5) 0,
where the upper bounds M and Nj, of the two finite sums are defined as follows:
n ifv<l,

=[B+v(n—B)|+1=
n+l ifv=l1,

N = V%—knLv(n—B)J’ (5.4)

(04

and we recall the notation e [3( x) from (2.8).

Proof. First of all, we use the definitions of the Prabhakar integral and
Hilfer—Prabhakar derivative, and then various composition relations between
Prabhakar operators, namely the semigroup property of Lemma 2.1.2 and the
differentiation property [24, Equation (17)] that follows immediately from Lemma

2.1.3.

}(;I)(vaﬁ‘%a (PHODg7ﬁ%8’vf> (x)

_ PraBys [ Pyavin-p)—yvs (4" (1=v)(n=B),~

ol (01x (dx”< Iy f)))( )
_ pyapvin—p)y-y,s [ 4" (1=v)(n—B),~y(1-V).
= olx (dx ( I f>)

= gpgvﬁw(n—ﬁ)#—wﬁ (P]éDg,n—(l—v)(n—ﬁ),y(l—v),sf) (x)

_ PyaB+vin=p)y(1-v),8 (Pz(e)DgWV("—ﬁW(l‘V)ﬁf) (x). (5.5

Now it only remains to prove an inversion result for the Prabhakar integral of an
Riemann-Liouville type Prabhakar derivative, a generalisation of the result in Chapter

3, Theorem 3.4. We do this using the series formulae of Lemma 2.1.3, as follows:
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Profys (P}SDg,ﬁ,y,éf) (x) = i ('Y).iéi RLpai+p (i (_7;# <R(L)Iotj*ﬁf) (x))
. j— N
_y y DY i (%p=ei*8 £) (x).

!
i=0j=0 BJ

Now we split the inner sum into two parts according to whether —aj + 3 is
non-negative or negative, with j = N being the cutoff point, and use the composition

relations (2.3)—(2.5):

i+iMi—1 i+B—k—
_y y DT X (®p-ess-14) (o
Ee ) & Tt pok) !

where M; = |[—aj+ B] + 1. The first (double) sum simplifies by the

Chu—Vandermonde identity to f(x), so we have:

o N M;j—1 (y)i(_y)j6i+j KO —k—1

:f(x)_izoj;) k;) il T(ai+B—k) <R6D7aj+ﬁfk71f) (0)

- . : .
B N M; (_y)]ﬁ] Cojt Bk 00 (’}/)151 xitB—k—1
==Y X f'(RgD o lf) © Lza i! 'F(ai+ﬁ—k)]

J .
) (RSD—OU—#-[? —k—1f> (0) Bk-1gY

o,f—k (5xoz> :

To rearrange this double sum, we note that

—k —k
k<Mj—l<=k<—-0aj+p<+=j< O—:B — j< VgTJ’

so the result becomes:

(6x%)

18]
Grebr® (PRpErof) (x) = f(x) — Y PHEL
k=0

B2 oy s
Z ( ’};)'Jéj ) <R6D_aj+ﬁ_k_1f> (0) ’ (56)
J=0 ’

where the expression in square brackets is a constant.
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Substituting (5.6) back into (5.5), we obtain the desired result of the theorem. ]

Remark 5.1: Let us verify that the n = 1 case of our result (5.6) above is consistent
with that found in Chapter 3, Theorem 3.4 for 0 < 8 < 1. Setting n = 1 reduces the

summation over k to simply k = O:

p1eprd (PRDEBIS 7Y (1) = () — P EL , (61%)

N ()87

Y L% (fpyeroly) <o>] .

j=0 J!

This is now the same as the result in Chapter 3, Theorem 3.4 except for the value of
the constant: for full consistency, the summation over j should also reduce to simply

Jj = 0. This happens for the following reason.

Since —aj+ B — 1 < 0 for all values of j, all of these differintegral operators are
actually fractional integrals rather than fractional derivatives. If a fractional integral to
order k is bounded at the initial value 0, then the higher-order fractional integrals (order
greater than x) must be zero at the initial value 0. So, given that (Rf)l ¢ =P+l f > (0) is
defined when j = 0, it must be zero for all higher values of j. Thus, the summation
over j reduces to just j = 0, and our result yields Chapter 3, Theorem 3.4 as a special

case.

For the same reason, when 0 < 8 < 1 we have

Grebrd (PRDEP I p) (x) = flox) 2P L) (62%)

P (r(1 = v));8

(%501 r) 0)

= fl) — PN (529 (’51};!3’ f) 0), .7
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as the n = 1 case of our Theorem 5.2.2.

5.3 Algebraic Interpretation

Now we are ready to discover the algebraic interpretation, in the field of fractions M_
generated from the function space C_, of the Hilfer—Prabhakar derivative. Recall
the notation Sy, g 5 5 = Sp,y for the algebraic inverse in M_; of the element Py g , 5 =

Pgy= xP _1E; B (6x%*) which can be associated with the Prabhakar integral operator

a7 ) 76
glx By )

Theorem 5.3.1. Leta >0, 3 >0withn= ||+ 1€ N,and 7,6 € C, with v € [0,1].

a> b 75;‘/
PHODX B,y

The Hilfer—Prabhakar fractional differential operator may be represented

in the field M_1 in the following form, for f € H Q[j I

M—-1

PRDEP PO f = 5p x f — L craSpa* Brvii-p-sr-m: (5.8)
where the constant ¢y is defined by
Crp= % (—r( —"V))Jﬁj ‘ <RI6D;aj+/3+V(n7B)fk71f) (0), (5.9)
j=0 J:
or equivalently by
Cri= (Pngaﬁ‘f‘V("—ﬁ)—k—l7"}’(1—V)75f> (0), (5.10)

for each k =0,1,--- ;M — 1 with M and N defined as in Theorem 5.2.2. For v # 1
(ignoring the Caputo case which is already covered in Chapter 4), we have M = n and

so the formula (5.8) can be rewritten as follows:

n—1

PI—(I)D)(CX.ﬁ,)/,S;Vf = Sﬁ,y*f_ Cf,OPv(l—ﬁ),—yv — Z Cf.,kSk—v(l—ﬁ),yv- (511)
k=1

Proof. Let fefl QE 1- By Theorem 5.2.2, we have the following algebraic relation in

the field M_;:
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—1 | N ¢ . S
Pﬁ,y* (PHOD)?,B,y,S;vf) :f_MZ [Z ( 7(1 "V))J(S] ‘ (RﬁD;ajﬂng—lf) (0)]

Py yiiv)s (5.12)

where we have again used the notation ' =  + v(n— ). Upon multiplying both

sides by the algebraic inverse Sg , of the function Pg ,, we get:

M—1| N j

_ —y(1—v));0/ it B —k—

P%Dg’B’Y’S’VfZSﬁ,y*f— Z [Z (=1 j‘ ), '(RﬁDx oj+p'—k lf) (0)] Sy
k=0 | j=0 ‘

* PﬁJrv(l,ﬁ),k’y,W. (5 13)

This is already in the form (5.8), and it yields (5.11) after using the semigroup relation
of the P and S elements of M_, noting that the first parameter () in Pg , and Sg 5

should be positive for clarity of the notation.

It remains to prove the equivalence of the two expressions for ¢y, namely to show
that each given finite sum of Riemann—Liouville initial values is identical to a single

Prabhakar initial value. From the series formula in Lemma 2.1.3, we have

(o] _ _ . j
(png,ﬁw(n—ﬁ)—k—l,y(l_v>,5f> 0=Y (v ij))]S
j=0 -

(R%)D;Ocj—i-ﬁ—i-v(n—ﬁ)—k—lf) (0), (5.14)
so it will suffice to show that
j 2 Ne= (R PP ) () =0,

This can be done by using the definition of Ny and the convolution properties of the Cy,

spaces. Since
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—k+v —
i> Vﬂ +v(n B)J 1
(04
—k+v —
:>j>B +a(n 'B):>—0£j+ﬁ+\/(n—ﬁ)—k<0,
we have in this case that the operator *5D, aj+Pvin=P)=k=1 ¢ 21 Riemann—Liouville

integral of order greater than 1. Since it is known [28] that an Riemann-Liouville
integral of order greater than p is equivalent to convolution with an element of Cy,
and f € C_; by assumption, we have here that the function RﬁD;aj Fhvin=p)—k-1 fis
a convolution between an element of Cy; for some positive 4 and an element of C_.
Another fundamental fact about the Cy; spaces [10, 28] is that Cyy xCy C Cyyy 11, SO

R6 Dx—aﬁﬁw(n—ﬁ

now we have the inclusion )=k=1 f €Cy for some pu > 0, which means

(%D}aﬁﬁw(n*ﬁ)*k*lf) (0) = 0 as required. O

Corollary 5.3.1. Let > 0,0 < 8 < 1, and 7,0 € C, with v € [0,1]. The Hilfer—

Prabhakar fractional differential operator

P %Dﬁ"ﬁ %% may be represented in the field

M_; in the following form, for f € # Qli [
PRDEP IV =8548 — Py (N1 P TP) 0 s19)

Proof. Similar to the previous proof, but starting from (5.7), whose algebraic form is:
Pg <P%Df Brdv g ) = f = P3iv(n—B)y(1—v)" (Rﬁl}fﬁ tvin=p )f) (0),

we obtain after multiplication
PHDOPYOV f = g5 % (f—P5+v(n—/3),y—yv‘ (Rﬁljlcimv(niﬁ)f) (0)) ,

which is the desired result. ]
5.4 Fractional Differential Equations

In this section, we shall illustrate some applications of the results proved above. This
will be done by solving some fractional differential equations and integral equations

involving Hilfer—Prabhakar derivatives, by using the algebraic Mikusiriski method.
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Example 5.1: Let us consider the following simple initial value problem involving a

single Hilfer—Prabhakar derivative:
(PADEPIENY) () = Ay() = f(x), x>0 (5.16)

(RgD;“"+"+V("‘ﬁ)"“1y) (0)=aji,  j.k€Z$ suchthat oj+k<B (5.17)

where &, 3,7,68,V, and all the a; ; are fixed constants with 0 < v < 1.

We firstly rewrite the problem in an algebraic form, using (5.11) from Theorem 5.3.1:

n—1

Sgy*y—coPy1-g),—yv — Z ckSk—v(1—g)yv —AY = f,
k=1

where each constant ¢, = ¢y is given in terms of the known initial values a; .

Rearranging the algebraic equation gives
n—1
(Sﬁ,y— “) 43 = f 4 COPy(1-B).—pv + 2 ASk—v(1-B).yv:
k=1

where I denotes the multiplicative identity in the field M_;. Thus, we have

_ fHeoPya-p) | S kSk—v-p) v
- Sgy—Al Sgy—Al

y
k=1

_ frBgytcoPyap)w* Py +”Zl CkSk—v(1-p).v * Fp.y

I— lPﬁ,}, —_ 11— )LPIM/
_ SHBy  coPgeva-pry-p N kPBkiv(-p)r-p
1—2APs, I-APs, &= 1-APs,
n—1

—1 —1
=[x Pp oy (1 —“ﬁw) + ) kPsterv(1-p) -y * (1 - “’m) :
k=0
Now everything can be written in terms of functions in C_1, since we know as in

Chapter 3 Example 3.3 that

<I_ ’lpﬁﬂ) e ;liﬂﬁ,m

SO
Y=Y A *Panp iyt Y Y, AP kiv(1-B) By yv-tiv-
i=0 i=0k=0

This can be written explicitly as a function in the following way:
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w0 = LA [ e BT (5 £)7) (8

i=0
o n—1
+ZOkZ /'ch B —kv(I=p)+ip— lEg BW/:K/( By (6)6 )

or in terms of the Prabhakar integral operator and the modified Mittag-Leffler function

eg’% as follows:

oo o n—1

y(x) = ;);Li (18]3,(i+1)ﬁ (i+1)7,8 ) 1 Z(.)kz Meg-el Byv:jryv,( g ()

Now we have found a strong solution, unique in the space 7 Qlj |» to the initial value

problem that we started with. Note that the constant ¢y is defined in this case by

Ne (—y(]1 — Sla:
o=y, VO (5.18)

j=0 J!

in terms of the given initial values a;x, following the formula (5.9) from above and

recalling from (5.4) the definition of Ny.

Remark 5.2: The initial conditions (5.17) may seem strange to the reader. They are
a finite collection of initial values, as would be expected for such a problem, but they

are enumerated by two separate indices j and k.

In fact, this collection of initial conditions on the Riemann—Liouville derivatives of y
can be replaced by a smaller collection of initial conditions on the Riemann—Liouville-
type Prabhakar derivatives of y. From the equivalence between (5.9) and (5.10) that
we showed above, it follows that the constants ¢, used in Example 5.1 could also be

expressed from (5.18) as
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N (—y(1=v));87 i e Bk
cp = .Z()( 14 ; ) _<R16Dx aj+B+v(n—B)—k 1y> (0)
j:

_ (Pngvﬁ"'v(”_ﬁ)_k_l?Y(l_v)76f> (O)’

fork=0,1,---,n—1.

Thus, we could replace the initial conditions (5.17) by the following alternative

(Prabhakar-type) initial conditions:

(PpEPH DI (0) ¢, k=01, n—1, (5.19)

and the solution to the initial value problem given by (5.16) and (5.19), unique in
H QE 1» would be exactly the same as before, with the constants ¢, defined directly from

the initial conditions (5.19) rather than indirectly from the initial conditions (5.17) via

the relation (5.18).

Example 5.2: Let us consider a Prabhakar version of the free electron laser integro-
differential equation [8], namely the following fractional integro-differential equation

involving both a Prabhakar integral and a single Hilfer—Prabhakar derivative:
(MapeBravy) (1) = 2 (JEF 00y () = £(x), x>0 (5.20)

(RgD;“f+B+V(”‘B)"“1y> (0)=a;y,  j.k€Z] suchthat otj+k < B

(5.21)
where a, 8, B’,7,7,8, v, and all the a; ; are fixed constants with 0 < v < 1.

We firstly rewrite the problem in an algebraic form, using (5.11) from Theorem 5.3.1

with the same notation ¢, = ¢y as in Example 5.1:
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n—1
Sﬁv}/*y - COPV(]—ﬁ),—’}/V - Z CkSk—v(l—ﬁ);}/v - A’Pﬁ/ﬁ/ *y = f,
k=1

where each constant ¢y is given in terms of the known initial values a; . Rearranging

the algebraic equation gives

fAcoPu1-p),—yv + Ti=1 CkSk—v(1-p) v
Spy—APgiy ’

y=

which we rearrange in terms of P elements to give a function as follows:

 F PRy COPy1-B)—v * Py + Xi— | chSk—v(1-p). v * Py
- I—APg % Pg

_ [Py coPav(1-p)y—yv + X3 kP kv(i-p)y—v
I=2APpip yry

n—1

—1 -1
— f*PﬁA/* (1— lPﬁ_._ﬁ/n,_H/) +k_ZOCkPﬁ_k+V(l_ﬁ)’y_w * <I— AP[;_._B/#_H,/) .

Using the same power series approach to <I — APgipy H/) as in the previous

Example above, we have

o n—1
y= 2/1 I Py Bsi (i Dyriy + 3 Z AP 1) v (1—B)+iB—k, (i+1—v)y+iy
i=0k=

This can be written explicitly as a function in the following way:

- i * i iB'— i+1 14
:E);L/O(x_ )i+ DB+ IE(J{,ﬁ)ﬁ;iﬁf(&x—é)a)f(é)dﬁ

o n—1
i (i+1) iB'—k—1 - (i+1=v)y+iy
+X;4)I; AiegxliT )B+v(1-B)+iB’ E! SO =Bk (axa)7

or in terms of the Prabhakar integral operator and the modified Mittag-Leffler function

eg’% as follows:
[ oo n—1
_ i(P a,(i+1)[i+iﬁ’,(i+1)y+i)/5 i (i+1—-v)y+iy,6
= ;)l <01x ) +ZOkZ Alcy-e a,(i+1) /3+v(1 B)+iB'—k £ (%)

Now we have found a strong solution, unique in the space 7 Qli |» to the initial value

problem that we started with. Note that the constant ¢y, is defined in terms of the given
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initial values a;  in exactly the same way (5.18) as in Example 5.1.

Remark 5.3: A problem almost the same as in Example 5.2, but specifically with
n=1and B = B/, was considered in [24, Section 5.2]. The initial conditions used

there were of Prabhakar form, like (5.19) which we saw above is equivalent to (5.21).

Our solution obtained here using Mikusinski’s method is identical, after setting n = 1
and = B’ and modifying notation appropriately, to the solution found in [24, Theorem

5.3] using Laplace transforms. This verifies the correctness of our result.

Remark 5.4: The relationship between the a; and ¢, given by (5.18), i.e. between
initial conditions of Riemann-Liouville type and of Prabhakar type, is worth
exploring in a little more detail, as the form of the sum in (5.18) may inspire thoughts

of combinatorial sum identities. We note a few interesting cases:

1. If aj, = O for all j,k, then ¢, = O for all k. This is the case of homogeneous
initial conditions, where the solution to a problem like (5.16) will be simply a
convolution of f with an appropriate kernel function.

2. Ifaj, = 1forall j,kand 6 = 1, then using the notations 6 = —y(1 —v) € C and

p= {MJ EZ(J{,Weﬁnd

o
oY 0+p
k — 0 .

This can be proved using the following combinatorial identity [40, Chapter 3,

()0

3. Ifaj, = (—1)/ (5’) for all j, k, using the same notations p and 6 as above, and

Example 3.52] in (5.18):
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0 = 1, then we find

(")

This can be proved using the following combinatorial identity [40, Chapter 6,

Example 3.5] in (5.18):
2 (O0+i—1\(p\ _ 0—1
Lo () () e (6 0)

Example 5.3: The above two Examples have been devoted to solving
integro-differential equations involving only one Hilfer Prabhakar derivative each.
Such equations have also been solved by other methods in the literature [24, 55], so
we now consider a more general multi-term fractional differential equation involving
multiple Hilfer Prabhakar derivatives with independent parameters. Namely, the

following problem:

on

3 (DB (1) = f(x), x> 0; (5-22)
1

1

<P§Dg,ﬁi+vi(ni*ﬁi)*k*17%(1*\’1')75))) (0) = Cl(ci)7 (5.23)

k=01, ,m—1, i=1.2,--,m,

where a, B3;,7;, 0, Vi, and all the c,(:) are fixed constants with 0 < v; < 1 and n; := | 3]
fori=1,2,---,m, and where we assume without loss of generality that 3, is the largest

of all the S;.

We firstly rewrite the problem in an algebraic form, using (5.11) from Theorem 5.3.1:

I’l,’*l

Ai S[i,-,y,- *y— C(()i)Pv,»(l—ﬁ,-),fy,-v,- - Z c/(:)Skfv,'(lfﬁ,-),y,-v,- =1,
k=1

T

where each constant c,(f) plays a role according to (5.10). Rearranging the algebraic

equation gives
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f+2 lco Vi(1—B),—pvi + L 1Zn'_1/lck Sk—vi(1-B;).%vi
}LlSﬁhYl +-- +)Lmsﬁmﬂm .

(5.24)

We will simplify this by using the following relation from Chapter3, Example 3.1:

1
MSp,y -+ AnSB,, 3,

e i i (.]1+ +_]m 1) ll _}Lm—l jm—l
' ] Jitee jm—1! A A

J1=0 Jm—1=0

X BBt 1 (Bu—B1)++ i1 Bu—Br—1) Fontj1 =10+t Gn—r)> (3-23)

which can be written as an explicit function in two ways: either, following Chapter 3,
Example 3.2 , as a multiple (m — 1 times) sum of univariate Mittag-Leffler functions

of Prabhakar type,

Z Z ]1+ 4 jm—1)! ( ll) .“<—7Lm1>j'"—'
=0 jp_1=0 “Jm—1! A Am

ﬁm+ (ﬁm ﬁ)+ +m (ﬁm Bm 1 Ym_’_Jl('}/m YI)"‘ +]m I(Ym Ym 1) o
X oI R i BBty (BB ) (9X%)

or, following [18], as a single sum of multivariate Mittag-Leffler functions of

Gorenflo-Luchko type [35],

i (T + 51 (=) 4+ Jm1 (Y= Ym-1)) 6"
) r!

X erC+[)’m71Eﬁ

_11 . _lm—l B
7ﬁ17"'7ﬁm7ﬁmfl;r(x+ﬁm (ﬂxﬁm Bl RN xﬁ ﬁm ]) .

m

(Convergence of the multiple series is guaranteed by [28, Theorem 6].)

Substituting (5.25) into (5.24), we find
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v . J1+ A Jm=1)! (M A1\
DR SORG

|
J1=0  jm_1=0 v Jm-1!

x Pﬁm+j1 Bu—B1)++ jm—1 (Bn—Bun1) Y51 =11 )+ it (hn—Y—1) ¥ S

R AR

|
i=1 k= j1=0 Jm—1=0 ! “Im—1:

X Pﬁm*k+vi(1*ﬁi)+jl (ﬁm*Bl )+'“+].m—l (Bm*Bm—l )77m*7ivi+jl (Vm*')/l )+'+jm—l (Ym*')/m—l ) :

This is the solution to the fractional differential equation that we started with. The two
possible formulations of (5.25) as a function, seen above, lead to two possible ways of
writing this solution function y(x) explicitly as a function. We choose here the second

way, in order to use only single sums rather than multiple sums:

o In 1 hn — 'm— o — Vn— 6’ X
yw) = ¥ (Y + 31 (Y —11) + :] 1 (Y= Y1), [/ ractet
r=0 : 0
_)“m— _
X Ef, By e BB 170 (—5B'” P el Bml)f(x—@dé}
m ol < e (g — Vit i = 11) -+ et (B — V1)), 8"
+Y Yy —

!
i=1 k=0 r=0 r

% xra+ﬁm—k+v,~(l—[3,~)—1

—M — —An—1 —
X Eﬁm_ﬁlv'“»ﬁm_ﬁmflQra+ﬁm_k+vi(l_ﬁi) <mxﬁm b PR me ﬁm1> .

m

This is a strong solution, unique in the space 7 Qﬁ ", to the initial value problem (5.22)—

(5.23) that we started with.
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