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ABSTRACT

In this thesis, we calculate the entropy of four different types of black holes and
show that entropy and area of the considered black holes are equally likely
quantized. The quantization of entropy/area of the black holes are employed by
using the adiabatic invariance formulation of the famous Bohr-Sommerfeld theory.
Moreover, we consider the exactness conditions of the first order differential
equations to derive the integral solution of the adiabatic invariance. The black holes
that are going to be discussed are the Schwarzschild black hole, the Kerr black hole,
the Reissner-Nordstrom black hole and the Kerr-Newman black hole. In particular,
the detailed derivations of the adiabatic invariance’s integral solutions for the latter
three black holes, are given. At the end of each chapter, the quantization of the
entropy/area spectrum for the considered black hole is proven via the Bekenstein’s

area conjecture.

Keywords: Black hole, Black hole area, Black hole entropy, Adiabatic invariance,

Exact differential equations, Quantization of black hole entropy and area.
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Bu tezde, dort farkli tiir karadelik i¢in entropi hesapliyoruz ve ayrica entropi ve
alanin her ikisinin de benzer ve esit sekilde kuantize oldugunu gosteriyoruz. Alan ve
entropinin  kuantize olduklari, Bohr-Sommerfeld’in {inlii adyabatik sabitlik
formiilasyonu kullanilarak gosteriliyor. Ayrica, adyabatik sabit i¢in integral
hesaplamalarini yaparken kesin diferansiyel esitlik ¢oziimlerini de dikkate aliyoruz.
Ilgilendigimiz karadelikler sirasiyla Schwarzschild karadeligi, Kerr karadeligi,
Reissner-Nordstrom karadeligi ve Kerr-Newman karadeligidir. Ayrica, son {igliniin
adyabatik sabitlerinin ayrmtili integral hesaplamalar1 veriliyor. Her bolimiin
sonunda, Bekenstein’in alan varsayimi aracilidi ile, ele alinan kara delik i¢in alan ve

entropi tayfinin kuantize olduklar1 dogrulanmstir.

Hesaplanmis olan entropi ile alan kiyaslanarak orantili ve kuantize olduklari

gosterilmektedir.

Anahtar kelimeler: Karadelik, Karadelik alani, Karadelik entropisi, Adiyabatik

sabitlik, Kesin diferansiyel esitlik, Kuantize karadelik entropisi ve alani.
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Chapter 1

INTRODUCTION

A black hole is mostly known for its strong gravity which does not let any particles
or electromagnetic radiation out. According to the general theory of relativity
published by Albert Einstein in 1915 [1], if a mass is sufficiently compact, then it can
deform spacetime to form a black hole. In 1972, Jacob Bekenstein suggested that
black holes should have a well-defined entropy and stated out that a black hole's
entropy is proportional to its event horizon area [2-6]. This idea was also confirmed
by Stephen Hawking in 1974 when he proposed that particles are emitted from black
holes, which is also known as Bekenstein-Hawking radiation [7-10]. Because of the
particles that are emitted from or absorbed by a black hole, Bekenstein proposed that
the entropy and horizon are proportional for a black hole and they are quantized [2-6,
11-27]. Thus, the black hole must obey the laws of thermodynamics. In this thesis,
my aim is to study the quantization of the basic black holes in the literature, which
are Schwarzschild, Reissner-Nordstrom, Kerr, and Kerr-Newman black holes. To
this end | consider the study of Liu Cheng-Zhou [28] in which the quantization of the
entropy/area of the Schwarzschild black hole is achieved by Euclideanizing the
metric. Apart from [28], in my computations, the adiabatic invariance is computed
with the aid of the exact differential equations [29]. For the Reissner-Nordstrom and
the Kerr black holes I use the doublet exact differential equation solutions. However,
for the Kerr-Newman black hole the triplex exact differential equation solutions [29]

are used. Besides, | show that all the black holes under consideration satisfy the first



law of thermodynamics, which plays great role in deriving the adiabatic invariance.
In sequel, I demonstrate how the adiabatic invariant leads to the quantization of the

entropy/area for each considered black hole.

The thesis is organized as follows. Chapter 2 introduces the Schwarzschild black
hole. Analysis of quantization of the Reissner-Nordstrom black hole is given in
Chapter 3. Chapter 4 is devoted to quantization of the Kerr black hole. Chapter 5
shows the similar quantization computations for the more complicated black hole:

the Kerr-Newman black hole. The thesis ends with a conclusion at Chapter 6.



Chapter 2

QUANTIZATION OF SCHWARZSCHILD BLACK
HOLE

2.1 Properties of Schwarzschild Black Hole

A black hole is a region in space with a very strong gravitational attraction. Around
the black hole there exists a boundary called the event horizon and beyond this

boundary nothing can escape, not even light.

A Schwarzschild black hole is a static black hole that has no charge and no angular
momentum. It has a perfectly symmetrical spherical shape and one event horizon. It
is named after the German physicist and astronomer Karl Schwarzschild who gave
the first exact solution [30] to Einstein’s field equations in 1916 which was recently

after Einstein first introduced the general theory of relativity [1].

Schwarzschild black hole satisfies the following first law of thermodynamics:
dSBH = - (21)

2.2 Invariance and Quantization of Schwarzschild Black Hole

The Schwarzschild black hole is described by the line-element

oM 2M\ 1
ds? = — (1 _ Tt> dt? + (1 — Tt> dr? + r2dn?. (2.2)



When we use the transformation of t—-it the metric (2.2) transforms from the

Minkowskian form to the Euclidean form as follows

2iM 2iM A\t
ds? = (1 _ lr ’) de? + (1 _ lr T) dr? + r2d02, (2.3)

The adiabatic invariant quantity is given by [31]

Dr
1=§mdw=§j dp," dr, (2.4)
0

in which the only dynamic degree of freedom is g, = r.

Since the Hamiltonian is described as the total energy, it can be considered as the
mass of the black hole. Thus, we can write

dr dH' _dM’

- = = _ 2.5
T w T ap T 29
In Eq. (2.4), instead of dr, one can use
d M d (2.6)
r= -dT. .
dpy
Thus, we obtain
M
I = %f dM'dt . (2.7)
0

We use the main feature of the Euclidean time [31-34] which results in the inverse of

the black hole temperature (the so-called Hawking temperature):

%M:E_i (2.8)

k Ty’

where k is the surface gravity [35] .



Thus the adiabatic invariant takes the following form
Mam'  Mam’
I=2T[f —,=f g (29)
o K o Tn
For the Schwarzschild black hole, the Hawking temperature is obtained as

TH = —, (210)

When we substitute this into the adiabatic invariant, it reads

MdM' M

I =j — = j 8nM dM, (2.11)
o Tu 0
I = 4nM? = nir, (2.12)

where ry = 2M.

To calculate the horizon area of the Schwarzschild black hole, we set dr = dt =0
in the Schwarzschild line element to obtain the “2-dimensional horizon” line element
atr =ry

do? = 1r4?(d6? + sin? 0 d¢?), (2.13)

which gives the metric tensor for the horizon as

2
_(TH 0 )
9= ( 0 7ry2sin?0) (2.14)

The area of the horizon is then calculated via

21 T
Ay = f d¢ f detg db, (2.15)
0 0

2”) (— cos @
0

"), (2.16)

0

2n b4
=f dd)f T4 sin @ d0=r§(¢
0 0




= 4mri. (2.17)

It can be seen that

[==2, (2.18)

According to the Bohr-Sommerfeld’s quantization rule [11, 36-37]
I = %pdq = nh = 2nnh, (2.19)
and using Eqg. (2.18)
I= 1—” = 2nnh, (2.20)

we get the area quantization for the Schwarzschild black hole as

Ay = 8mnh. n=1273..) (2.21)

So, the minimum change in area naturally becomes

AAy = (A)n — (Ap-1 = 8nth (n —n + 1) = 8mh. (2.22)

The above result supports the Bekenstein’s conjecture [2-6] which states that the area

spectrum for a black hole is equally spaced.

Moreover, since the black hole entropy is the quarter of the black hole area:

Ay
Sgy = o 21n, (2.23)

its minimum change that corresponds to the minimum information to be read on a

black hole’s surface is thus given by



One can deduce from the above result that the entropy is also equally quantized.



Chapter 3

QUANTIZATION OF REISSNER-NORDSTROM BLACK
HOLE

3.1 Properties of Reissner-Nordstrom Black Hole

Reissner-Nordstrom space-time is a spherically symmetric static black hole but
unlike the Schwarzschild black hole it has electric charge. The metric to this charged,
non-rotating and spherically symmetric black hole was discovered long time ago by

Hans Reissner and Gunnar Nordstrém [38, 39].

The Reissner-Nordstrom black hole is described by the following line-element

ds? = —fdt? + f~1dr? + r?dn?, (3.1)
where
r—r r—71_
P 3§ ) (3.2)

And the outer () and inner (r_) horizons are given by

re =M+ /M2 = Q2. (3.3)

The electromagnetic four-potential, which is a relativistic vector, is given by

4, = (—g, 0,0,0). (3.4)

Furthermore, the electromagnetic field tensor (Maxwell tensor) is given by

Eu = 3,4, — 0,4, (3.5)



so that the non-zero component of the Maxwell tensor can be found as

dr Q Q
Ftr=atAr—arAt=0—a—r(—?)= _r_z' (36)
which has its anti-symmetric partner:
Frp = =Fp. (3.7)

It is worth noting that, one can find the Lagrangian for the electromagnetic field of

the Reissner-Nordstrom black hole as

1
L= = FnF", (3.8)
1 tr rt
L= _Z (FtrF + FrtF ): (39)
1/-0 Q@ 1/Q -0 Q2
N P RO D (. ORI 2 I 3.10
L 4(r2xr2) 4(r2xr2) 2rt’ ( )

To convert the Reissner-Nordstrom metric to the Euclidean form, we make the

following transformation: t — —it.

Thus, the line element (3.1) becomes

ds? = fdt? + f~1dr? + r2dn>. (3.11)

We can also transform the energy vector and show that it is invariant under
coordinate transformation. We first transform the time component of the
electromagnetic four-potential:

Thus, we get



A= igdr, (3.13)

and the transformed vector potential becomes

A, = (19 0,0,0), (3.14)
r
from which one can read
A, = ig. (3.15)
T
By using the identity at Eg. (3.5)
0 /.Q . Q

Fop = 0dy = 0,4, = 0= — (1<) = -5, (3.16)

and recalling its anti-symmetry property

. Q
F.=—-F, LT‘_ZJ (3'17)
we calculate the Lagrangian as
1 uv 1 T 1 rT
L= _ZFIWF = ZF.”-F - ZFTTF ’
1 Q\ 1/ .0 .0
= —— l‘l"_ZXl‘l"_Z —Z —lr—zx—l—z,
1/Q . Q Q?
=3z x i) =5 (3.18)

From Eqg. (3.10) and Eq. (3.18), we see that the Lagrangian is invariant under the

coordinate transformation.

In the Euclidean spacetime, the Killing vector is given by [* = (—i,0,0,0) and the

electromagnetic potential is defined by

S

r=r4 r

= A"

r=ry4

)
r=rg

CDBH = Aulu

10



Dpy 22 ¢

Ty M + MZ_QZ'

(3.19)

Reissner-Nordstrom black hole satisfies the following first law of thermodynamics

dM dQ
dSBH = ﬁ - CDBH E, (320)
which can also be rewritten as
THdSBH = dM - CDBHdQ . (321)

To show that the first law is satisfied, we first calculate the Hawking temperature by

using

o=l | BT M- (3.22)
T An e, Amrr T 2mr} '

Then, we calculate Sgy by using the horizon area of the Reissner-Norstrom black
hole at » = r, which can be calculated from the line element similar to Eq. (2.13—

2.17) as Ay = 4nr?,

Spp= =mE=m (M +M7=0q7)?, (3.23)

so that we have

(3.24)

MdM — Qd
dSBH = 27TT+ <dM + ﬂ) .

JE-@

By using these findings, we can now check the 1% law of thermodynamics in the

following steps. We first multiply Eq. (3.22) by Eq. (3.24) and obtain

TydSy = V2~ Lo (an MM~ Q40
e = mz T\ Ao )

11



EEE (M+M)dM—QdQ

Ty JM? — Q2 ’
VM2 — (2 dM — Qd
- < <r+ < Q> . (3.25)
[ /MZ — QZ
After some simplification one can easily get
Q
+
and finally obtain
THdSBH = dM - CDBHdQ, (327)

which shows that the 1% law of thermodynamics is satisfied.

3.2 Invariance and Quantization of Reissner-Nordstrom Black Hole
Theorem of Exactness for a differential equation with doublet variable:

Assume that the two functions, H(x, y)dx = H and N(x,y)dy = N, are continuous
and they have a continuous first-order partial differential equation

Hdx + Ndy = 0. (3.28)

In this case, this differential equation is exact if

OH 0N

3 = ox’ (3.29)
and there exists a function F(x,y) = F such that
dF = Hdx + Ndy = 0, (3.30)
WhereH=Z—i anszg—i.

We can construct the function F by using H:

12



F = fde + g(y). (3.31)

Then, N can be obtained by

N=g—§=(%fde)+aga—§]y). (3.32)

By using Eg. (3.32), one can write

29 _ \ _ ij H dx. (3.33)

Because of the exactness condition, one can show that the right-hand side of Eg.

(3.33) is a function of only y:

(- ) 2 (2 f
dx dy *) T ox  ox dy )
_ON a(afHd)
~ dx 0y \ox )

_ON 0H _

=% "3y = ° (3.34)

So, one can see that g(y) can be obtained by integrating the above function such that

g =f(N—%fde)dy, (3.35)

which enables us to obtain F as

F=fde+f(N—%fde)dy. (3.36)

As the entropy can be considered as an adiabatic invariant of the black hole, one can

write the adiabatic invariant I of a charged static black hole by using Eqg. (3.20) as

13



dM dQ
dl = — — gy —= = 0. (3.37)

Ty BH T,

It can be easily seen that since the differentiation of I is zero, we deduce that the
parameter [ is constant or invariant, which is the so-called “the adiabatic invariant”.

The similarities between Eq. (3.30) and Eq. (3.37) are as follows:

I - F(ny); M - x'
M - x, -y,
1 b
— > H(x,y), __BH N(x,y). (3.38)
Ty Ty

Also, one can check and verify the condition for exactness given at Eq. (3.29) by

writing

i(l) _ i(_ %)_ (3.39)

One can see that this holds by writing Ty, in the following form

= Y- (3.40)
2 (M + /M7= 2)?

and use ®5, from Eqg. (3.19) to calculate both sides of Eq. (3.43). We first calculate

0 (1)_ o | 2m(M+MT=q2)-0?

2n 2 2MZ_QZ+2Ml 3.42
=2 — | —= , .
Q| /M2 — @2 (3.42)
B -2Q Q(2M? - Qz)l
= znl TR + o)’ (3.43)

14



and find it as

— 2 _ N2 2 _ N3 3
=2”I 20M Q)+23QM lean—f" (3.44)
(M2 —Q2)/2 (M2 —Q2)/2
We then calculate
0 Qpy\ 0 Q Anr?
(- T,,)—a—M<‘er+_r_>' (349)
— M + /M2 — @2
= a%( T4TQ:+) = —2naiM<Q ( i )> , (3.46)
=T M2 — Q2
_ Q QM?
= —27'[( ,——1\42 — QZ - (MZ _ Q2)3/2> ) (347)
L QM? - Q) — QMm?
=27 7 — Q2)3/2 (3.48)
and then we obtain
d Dpy _ Q®
(T = ok (3.49)

As Eq. (3.44) and Eq. (3.49) are equal, Eq. (3.39) holds. So, we can use exact
differential equation solution given at (3.36) to calculate the adiabatic invariant
quantity I. One can easily use the similarities at Eq. (3.38) to re-write Eq. (3.36) in
this form:

dpy 0 (1

1=f%dM+f(———— —dM)dQ. (3.50)

One can easily check that the first integral in the above equation yields

15



1 2 2
fT—HdM=27rM(M+ MZ—Q ) (3.51)

Then, we find

f __2nMQ (3.52)
oQ N7

and calculate the second integral in Eq. (3.50) as

[ (-5 [ - am)ae

‘f B Q(m+ MZ—Q) anQ

= —Zﬂj QdQ = —mQ?. (3.53)

Thus, we finally obtain the adiabatic invariant as follows
I=21M (M +/MZ= Q) - nQ?,

=n(2Mr, — Q%) = nri. (3.54)

As the horizon area is
Ay = 4nr?, (3.55)

we see that the adiabatic invariant is nothing but the quarter of the horizon area.

According to the Bohr-Sommerfeld quantization rule [11, 35-36]
| = nh = 2nnh, (3.56)
and according to Eqg. (3.55) we have

Ay = 8mnh. n=1,23,...) (3.57)

16



We can also get the change in entropy as

4h

The above results are fully in agreement with the previous results in the literature.

17



Chapter 4

QUANTIZATION OF KERR BLACK HOLE

4.1 Properties of Kerr Black Hole

It is the first rotating black hole solution to the Einstein’s field equations. This black
hole solution was derived in 1963 [40] by the mathematician Roy Patrick Kerr from
New Zealand while he was working at the University of Texas. In astrophysics, it is
believed that the Kerr black hole is formed in the gravitational collapse of a spinning
massive star. In the metric given below, if the angular momentum vanishes, the
metric reduces to the Schwarzschild black hole. On the other hand, unlike the

Schwarzschild black hole it does not have spherical symmetry since it is oblate.

The Kerr black hole is described by the following line-element:

dz_pzzpzz 2002 L 2 o2 2 41
S __Edt +Kdr + p?do +?sm 0(d¢p — wdt)?, 4.2)

with the following identities given as

2Mar
w=— 4.2)
2 = (r? 4+ a?)? — Aa’sin?0, (4.3)
p? =12+ a*cos?0, (4.4)
A=r?—-2Mr+a?> =0 —-r)r—1), (4.5)

where the outer and inner radii are given by

18



ry =M M2 — a2 (4.6)

The angular momentum of the Kerr black hole, expressed in terms of mass (M) and
the rotation parameter (a), is given by [35]

] = Ma. 4.7)

Some of the properties of the Kerr metric can be deduced from its line element. It is
not static as it is not invariant under time reversal. It is stationary since it does not
depend explicitly on time. As it does not depend explicitly on ¢, we understand that
it is axisymmetric. Finally, since it is invariant under the inversion of t and ¢
simultaneously, the Kerr black hole rotates in the opposite direction when the time is

reversed.

Kerr black hole satisfies the following first law of thermodynamics:

THdSBH = dM - 'QBHd]' (48)

The angular velocity of the Kerr black hole is

gt
Qpy = ~2 . 4.9
g¢¢ r=r4

The line-element can be re-organized in the following way to determine the

coefficients of g, and ggq:

2 P P a2
ds __Edt +Kdr + p“df

X
+p—sinze(d¢2 + w?dt? — 2wdtdg). (4.10)

2

19



From Eq. (4.10) one can easily see that

r o
Iep = —Fwsmze, (4.11)
and
J
9pp = Fsmze. (4.12)

So, the angular velocity can be calculated as

— %wsinze
Qpy = ————— = Wlr=ry
— sin?6
p r=r4
_ 2Mar
2 T=T+,
_ 2Mar, 413
(12 +a?)?’ (4.13)
and can further be simplified by using 7?2 = 2Mr, — a? to obtain
2Mar, a a
(4.14)

_Q = = = .
B (2Mr,)? ™ 2Mr, ~ 1% +a?

Also, 25 can be obtained in terms of M and J by using Eq. (4.7)

J
oM (M2+JM4——]2)' (4.15)

Npy =

We can obtain the Hawking temperature from

T'+ —71_

Ty=—0>t =
B 4n(r?2 + 1)

(4.16)

Using the identity r.7_ = a?, we can re-arrange Eq. (4.16) as

20



2VM? — g2 VM? — g2

Ty = = .
T amaMr, T anM(M +VMZ = @2)

At this point, we can again use the identity at Eq. (4.7) and obtain

T, =

 4nM (M2 +[M* —]2)'

(4.17)

(4.18)

To calculate the horizon area of the Kerr black hole, we first obtain the line element

of 2-dimensional horizon of the Kerr black hole, again by setting dt =dr =0 at

r=7

rZ + a?)?

do? = p3do? +#sin29d¢2,
P+
2Mr,)?
= p2dh? + #sin@dcpz,
P+

where

p2 = 1?2 + a’cos?0.

From Eqg. (4.20) one can read the metric tensor for the Kerr horizon, that is

Jok 0
= 2Mr.\? .
g 0 ( +> sin?6

P+

By using Eq. (2.15) we calculate the horizon area of the Kerr black hole as

2n s
Ay = 2Mr+f dgbf sin6 do,
0 0

[
)
0

= 4nMr, (— cos @

= 8nMr,,

21

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)



which can also be re-organized in this way:
Ay =87M (M +M? —a?),

= 8 (M? + M* = J2). (4.26)

Now, one can obtain the entropy as

A
Spy = TH — o (Mz + /M _]2)_ (4.27)

To show that Eq. (4.8) holds, we calculate dSg, = a;%dM + a;’j" dj:
AM3dM — 2Jd]
2/M* =2
anM (M? + M7= ]2) 2m]
- dM — ———dJ. (4.28)
/M‘l- _]2 M4 _]2
We obtain TydSgy as
TydSgy = M=)
T v (M2 4+ M)

anM (M? + M7= ]2) 2m]

X e dM — \/ﬁd] . (4.29)
which can further be simplified as
TydSgy = dM — J dj,
2M (M2 + [M* = 7)
= dM — Qgyd]. (4.30)



As Eq. (4.8) holds we verify that the Kerr black hole metric satisfies the 1% law of

thermodynamics.
4.2 Invariance and Quantization of Kerr Black Hole

For a rotating uncharged black hole the adiabatic invariant is calculated via

dI—ldM ﬂBHd—O 431
=T T ] = 0. (4.31)

By using the similarities seen in Eq. (3.30), one can prove that Eq. (4.31) is an exact

differential equation. Namely, we have the condition of
d /1 0 n
g (_) -2 (_ _BH)_ (4.32)
aj\1,) oM\ T,

Left hand side of the above equation can be computed by using

-1

1 N

Tu  \anm (M2 + M+ = %))

=4-T[M<

MZ
g + 1>, (4.33)

and then differentiating it with respect to J, we have

0 ( 1 ) _ : AmTM3] (4.3

E)_] ﬁ M* —]2)3/2 .

Then we use Eq. (4.15) together with Eq. (4.33) to obtain

Qi J (MZ + /M4_]2)

- = - 4ntM

Tu oM (M2 +/M*=]2) JM* =2

23



_ J
= _ZﬂM“——]Z' (4.35)

One can easily calculate the right-hand side of Eq. (4.32) as

0 [ Dpp\  4ATMY
(- = )= T (4.36)

One can immediately observe that Eq. (4.34) and Eq. (4.36) are equal: the proof of

the exactness condition (4.32).

As the exactness condition is satisfied, one can amalgamate Eq. (3.36) with Eq.

(4.31) to obtain the adiabatic invariant for the Kerr black hole as the following

I=j%dM+j(—%—aa—] %dM)d]. (4.37)

Using Eq. (4.33), the first integral of Eq. (4.37) can be easily evaluated:
fldM f4 M< M +1>dM
JR— — T —_—
TH /M‘l- _]2
dM+fMdMl. (4.38)

o] ()

Let u = M* — J2, then du = 4M3dM. By using this substitution, this integral can be

easily solved:

1 MT—J2 M2
f—dM = 47 (—] + —) = Zn(MZ + /M* —]2). (4.39)
T, 2 2
Then, we find
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ifidM__2;
o] ) T, T T e

and by using Eqg. (4.35) one can see that the second integral yields

Then the adiabatic invariant becomes a simple integral:

I=f%dM=2n(M2+ M*=J?).

We can write this in the following way

I'=21M (M +/M? = a?) = 2nMr,.

(4.40)

(4.41)

(4.42)

(4.43)

Recalling the area, A = 8mMr,, we deduce from Eq. (4.43) that I = % = 2nnh.

Therefore, the area (and hence the entropy) is equally likely quantized, A = 8nnh:

Bekenstein's conjecture is also valid for the Kerr black hole.
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Chapter 5

QUANTIZATION OF KERR-NEWMAN BLACK HOLE

5.1 Properties of Kerr-Newman Black Hole

The Kerr-Newman black hole is characterized by three physical parameters which
are mass, angular momentum and electric charge. Its metric is the most generic
stationary black hole solution [41-42] to the Einstein-Maxwell equations. When both
the angular momentum and the electric charge are taken to be zero, one gets back the
Schwarzschild metric. When only the electric charge vanishes, the metric
corresponds to the metric of a spinning black hole, which is nothing but the Kerr
metric. Similarly, in a case that the angular momentum vanishes but there exists an

electric charge, the metric reduces to the Reissner-Nordstrom metric.

The Kerr-Newman black hole is described by the following line-element

2Mr — Q? asin? 6
ds? = (1 - p—2Q> dt? + 2dt dr + 2 e (2Mr — Q?)dt d¢
—2asin? 0 dr d¢ — p?d6?
sin? 6
pE [Aa? sin? 6 — (a? + r2)?]d¢?, (5.1)
where
p? =712+ a%cos?0, :
2 2 2 c0s2 0 (5.2)
A=1?+a?—-2Mr+ Q?, (5.3)
=@ -r)r—-r), (5.4)
in which
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ry =M+ /M2 —a? - Q2 (5.5)

The Hawking temperature, angular momentum, electromagnetic potential, and

angular velocity, respectively, are given as

_ 1\/M2—a2—Q2

= 5.6
H72m  r24a2 8)
J] = Ma, (5.7)
Qry
Opy = —5—— .
BH T_E + azl (5 8)
a
Dy = —5——.
BH r—E + az (59)

To obtain the line element of 2-dimensional horizon of the Kerr-Newman black hole,

we againset dt =dr =0 at r =r,:

sin?6
do? = —p2d0? — ——(r? + a®)?d¢?, (5.10)
P+
where
p2 =12 + a’cos?6. (5.11)

From Eqg. (5.10) one can read the metric tensor for the Kerr-Newman horizon, that is

—pi 0
= sin?0 ) 5.12
g 0 ————@f+a*? (5.12)
+

By using Eq. (2.15) we calculate the horizon area of the Kerr-Newman black hole as

2n T
Ay = (¢ + az)f dgbf sinf do, (5.13)
0 0
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= 2n(r? + a?) (— cos 6

A
)
0

= 4n(r? + a?),

= 4n(2Mr, — Q?).

From this, the black hole entropy reads

SBH = 2T[MT'+ — T[QZ

= 2nM (M +/MZ —a% = Q?) - nQ*.

The Kerr black hole satisfies the following first law of thermodynamics

THdSBH = dM - ‘QBHd] - CDBHdQ'

To prove this, we start by writing

_ 0Spy 0SgH 0SpH
dSpy = ET; dM + 3 dj + 30

do.

It is obvious that

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

In the following part, we calculate them one by one in order to check the validity of

the 1% law of thermodynamics.

In the first part we substitute the identity ] = Ma into Eq. (5.17) to get
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2
Sy = 2TM <M + \/MZ - % - 2) — Q?, (5.23)

and then calculate

[ / 2 \]

0Spy _| J? M+ 2y \I

oM —|27T<M+\/M2_W_ 2>+2TL'M\1+ 7 |,
l 2wz - |

| M mz - L 2+M2+]2 ]
| J? Mz~ Y M? ||
=2T[| M + MZ_W_ 21+ |
l \[MZ—]——QZ J
2 2 2 2
<M\[M2—]2 Q% + M? #—Q2+M\[M2—]— QZ+MZ+#>
=27 = ,
\[MZ_M__QZ
2
<2M\[M2 —#— Q2 +2M? — Q2>
=2n ,
\/MZ__Z_QZ
M
2Mr, — Q2
=27 = ) (5.24)
\/MZ_M—_QZ
which corresponds to
dSgy r¢ +a? (5.25)
=2r
oM \/MZ—aZ—QZ’

and multiply it with Eq. (5.6) to verify Eq. (5.20)

2 _ 2 _ ()2 2 2
r, B (LM Z@ Q%) () _rmAa )y (s26)
oM 2 1+ a? JMZ=aZ = (?

We use Eq. (5.23) to calculate
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as 1 2J
a;H 2nM - (— 2) : (5.27)
e Jn
_ J
= —2m — 7 : . (5.28)
M M2 =307 Q
Then, we calculate and simplify
aSBH 1 \/MZ—aZ—QZ / ] \
TH = | — > —21 )
aJ 2n ri+a? NE ]
M M2 =37 = Q
_ J
EICEY N (5.29)
By substituting /] = Ma into Eq. (5.29) one can easily verify Eg. (5.21) as
0Sgy a
Ty ] —r+2 nprhe —0py - (5.30)

Since this is verified, we move on to the third part and therefore the last condition of
the exactness (5.22):

OSpy —20Q

0 ZnMZ\/MZ_aZ_QZ—ZnQ,
oM AIMI—et et T (5.31)
= —-27n = 27 . .
\/MZ—aZ—QZ \/Mz—aZ—QZ

By using Eq. (5.6) and Eq. (5.31), we calculate
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0Spy 1 M2 —a? - Q2 r
Ty a0 <E 2 + a? ) <—27TQ \/MZ — Q2>. (5.32)

Simplifying the above equation, we verify Eq. (5.22):

aSBH=_ Qry -
190 rZ + a? BH:

(5.33)

As all the three conditions, Eq. (5.20 - 5.22), are satisfied, one can conclude that the
1% law of thermodynamics for the Kerr-Newman black hole is satisfied.

5.2 Invariance and Quantization of Kerr-Newman Black Hole

One can easily obtain the adiabatic invariant by writing Eg. (5.18) in the following

form

1 Qpy Dpy _
dl = 7-dM ——=d] —="2dQ = 0. (5.34)

As we have triplet first order differential equation, the following three exactness

conditions [29] must be satisfied simultaneously

)2
) -

To see whether the above conditions hold or not, we first start to compute

2 4 __ 12 __ 2 2 __ 2
1 _ 2 (2m? + 2/M* =2 = Q?M% - q ) 5.38)
Ty \/M4—]2—Q2M2
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-1
‘QBH a 1\/M2_a2_Q2

_ " = — x| —
Ty r? + a? 2t r?+a?

_ —2m]
= NS (5.39)
and
Opy  2mQ (M?+ M =JZ—Q7M?) 1o
_TH=_ \/M4—]2—Q2M2 | ( )
The left-hand side of Eq. (5.35) is
0 (1\ 0 (2zM(2M? — Q?) + 4nM\/M* — ]2 — Q2 M?
F](E)‘F] \/M“—]Z—QZMZ ’
3 _ 2
_9 ((47TM 2mQ*M) N 4HM>’
aJ \/M4—]2—Q2M2
_ (aM® —2Q*M)m)
= or—p—om (5.41)
The right-hand side of Eq. (5.35) is
0 ( g\ (4M° —2Q°M)nj
W<_ T ) M-z -2md)e 42

So, one can see that Eq. (5.35) is verified.

We now calculate the second exactness condition given by equation Eq. (5.36). The

left-hand side is calculated as
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3% (7) =55

\/M4—]2 _ Q2M2

0 [ 4nM3 — 2mQ*M
+ 4nM |,

=% \/M“—]Z—QZMZ
—47TMQ B (4nM3 - 2mQ*M) x (—2QM?)
_\/M4—]2—Q2M2 2(M4_]2_QZM2)3/2

_ —4nMQM* — J? — Q2M?) + 4mQMS — 21Q3 M3
) (M4~ J2 — @2M?)*f2

0 (1 4MJ?% + 2Q*M3
( ) & (M4_]2_Q2M2)3/2'

The right-hand side of Eq. (5.36) becomes

0 [ gy 0 2mQM?
W(_T>_W<_\/M4_]2_Q2MZ_ZHQ>’

—4mQM .\ TQM?(4M3 — 2Q%M)

2nM (ZM2 + 2\/M4 —J2 — Q2M? — QZ)]

\/M4 —J2—Q2M?2 (M*—J2— Q2M2)3/2 ’

i(_%> N 4MJ? + 2Q2M3
(M* ~J2 — Q2M?)2

Eq. (5.47) and Eq. (5.50) are equal, thus Eq. (5.36) is verified.

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

We can now move on to the third and final condition for exactness which is given at

Eq. (5.37). The left-hand side gives
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i(_@)_i< 2 )
aQ Ty ~ 90 \/M‘L—]Z—QZMZ’

2mJQM?

B o oD
and the right-hand side is calculated as
9/ Dpy\ 0 2rnQM?
75 =5 -an0).
d] Ty aJ \/M‘* — ]2 — QZM?
1 2]
- -aron () .
and finally we apply simplification to Eq. (5.52) to get
0 o) 2 M?
9 <_ BH) - il —. (5.53)
6] TH (M4 _]2 - QZMZ) /2

From above, one can verify that Eq. (5.37) also holds.

The adiabatic invariant quantity for a rotating and charged black hole is given by

ol ol ol
dl aMdM+a]d]+anQ 0

As it can be seen from above, the structure of the differential equation is in the form
of triplet exact differential equation. Since the exactness conditions (Eg. 5.35 — Eq.
5.37) are all verified, we can now solve the adiabatic invariant differential equation

Eq. (5.34) as

ol dM
1= [ GdM +90,0) = [ T+90.0). (555)

Also,
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ol Oy fdM alp
] TH )]

from which one can write

W gy 0 [dM

9 Ty ) Ty’

and by taking the integral, 1 can be obtained as

v=-[ (2 [T+ o@.

So, we obtain the adiabatic invariant as

/= i—’j—j(”‘”’ a]jTH dj + g(Q).

Let

dM j‘(QBH_I_aJ‘dM)d _y
T, I\, "ol T, )Y T

then, we can write

_a
and obtain 2< as
aQ

From this, we can obtain g in the following way

9= [ (F2+55) e

and by using Eq. (5.60) we insert g into Eq. (5.59) to get
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(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)



I=X, - f (q;ZH + %—);1) dg. (5.64)

This is the main equation that we use for calculating the adiabatic invariant. We
begin the calculation with the following integration

dT—M = 2n (M? +/M* =2 = Q?M?), (5.65)

H

and taking its derivative with respect to J

d [dM 2mJ 5 66
a] )] Ty \/M4—]2—Q2M2. (5.66)
In sequel, we see that
j(QB”+ade)d—o 5.67
When we substitute this into Eq. (5.60) we get X, as
X, =2 (M? + [M* = ]2 = QZMZ), (5.68)
Then we proceed with a differentiation:
X 2mQM?
L = ¢ : (5.69)
aq \/M4—]2—Q2M2
and use it in Eq. (5.64) to get the adiabatic invariant as
o X
I=X, — f (ﬂ+—1) dQ = 2nM? + 2m/M* — JZ — Q2M? — 1Q?,
Ty  0Q
= (2m? + 2M/M? = aZ = Q2 - @?),
= n(rf + a?). (5.70)
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Since
Ay = 4n(r? + a?), (5.71)

Eq. (5.70) yields

A
I = TH =2nnh - Ay = 8mnh. (5.72)

We see that the area of the Kerr-Newman black hole is also equidistant. Namely, our

computations support the Bekenstein’s conjecture.
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Chapter 6

CONCLUSION

I have thoroughly studied the entropy and area of four different types of
asymptotically flat black holes. After showing that each black hole verifies the first
law of thermodynamics, | have derived the integral solution for the adiabatic
invariance. In particular, I have used the exact differential equation solutions with
their appropriate exactness conditions to obtain the adiabatic invariants of the
considered black holes. Furthermore, by employing the Bohr-Sommerfeld’s
quantization rule for the adiabatic invariance obtained, I have showed that the area
and correspondingly the entropy (since it is equal to the quarter of the black hole
area) of the black holes are equally likely quantized. My results are in full agreement

with the original Bekenstein’s conjecture.

| plan to extend my studies to the other type of black hole solutions like the higher
dimensional black holes, asymptotically non-flat black holes, black holes belonging

to the other gravity models (massive gravity, f(R), Chern-Simons...) etc.
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