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ABSTRACT

ABSTRACT: Collocation method for solving problems of Generalized fractional
Bagley—Torvik equation is proposed: the boundary value problems of generalized
Bagley—Torvik equation with constant coefficients is studied. Further, the fractional
Cauchy-Euler equation which is a class of the initial value problem for the variable
coefficients of the Bagley—Torvik equation is also considered. By using
Mittag—Leffler (M-L) type function the existence and uniqueness of the solution of
the boundary value problem of generalized Bagley—Torvik (BgT) equation with
Caputo derivative of order 0 < o < 2 is proved. Further, a highly accurate numerical

method is given by using the collocation-shooting method (C — SM). The collocation

)

solution is constructed in the space S, | |

as piecewise polynomials of degree at most
m+1 and has continuous derivative on the considered domain. Furthermore, under
some smoothness conditions of the exact solution, global convergence analysis are
given. Numerical investigation is carried out on several examples and besides
showing the justification of theoretical results comparisons with existing numerical

methods are also given. Results indicate that C-SM gives highly accurate results and

is efficient both in computational time and storage.

In addition, we consider a model of the fractional Cauchy-Euler type equation, where
the fractional derivative operator is the Caputo with order O < o < 2 . The problem
also constitutes a class of examples of the Cauchy problem of the generalized
fractional Bagley-Torvik equation with variable coefficients. For proving the
existence and uniqueness of the solution of the proposed problem, the contraction
mapping principle is utilized. Furthermore, a numerical method and an algorithm are

developed for obtaining the approximate solution. Also, convergence analyses are

il



studied, and simulations on some test problems are given. It is numerically shown
that the proposed method and the algorithm are easy to implement on a computer and

computational complexity is given.

Keywords: Bagley—Torvik Equation, Caputo Fractional Derivative,
Collocation-shooting Method, Convergence Analysis, Cauchy-Euler Equation,

Existence and Uniqueness, Algorithm, Collocation Method.
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Genellestirilmis kesirsell Bagley-Torvik denkleminin problemlerinin ¢dziimii icin
kollokasyon yontemi Onerilir:  sabit katsayili genellestirilmis Bagley-Torvik
denkleminin sinir deger problemleri incelenir. Ayrica, degisken katsayili kesirsel
Bagley-Torvik denklemininin baglangi¢ deger problemlerinin bir sinifi olan kesirsel
Cauchy-Euler denklemi de dikkate alinir. Mittag—Leffler (M—L) tipi fonksiyon
kullanilarak, 0 < a < 2 mertebesinde Caputo tiirevi olan genellestirilmis
Bagley-Torvik (BgT) denkleminin sinir deger probleminin ¢oziimiiniin varligi ve
tekilligi kanmitlanir. Ayrica, kollokasyon-¢ekim yontemi (C-SM) kullanilarak yiiksek
mertebeden yakinsakligi olan bir sayisal yontem verilir. kollokasyon ¢6ziimii, S,(nll |
uzayinda, en fazla m+1 derecesinde parcali polinomlar ve tanim kiimesinde siirekli
tiireve sahip olarak olusturulur. Ayrica, kesin ¢oziimiin bazi piiriizsiizliik kosullar
altinda, global yakinsama analizi verilir. Sayisal inceleme birka¢ Ornek iizerinde
yiiriitiilir ve teorik sonuglarin saglandigini gostermenin yani sira mevcut sayisal
yontemlerle karsilagtirmalar da yapilir.  Sonucglar, C-SM’nin son derece dogru
sonuglar verdigini ve hem hesaplama siiresi hem de verileri depolama yoniinden
verimli oldugunu gostermektedir. Ek olarak, kesirli tiirev operatoriiniin 0 < o < 2
mertebesindeki Caputo oldugu fraksiyonel Cauchy-Euler tipi denklemin bir modeli
incelenir. ~ Problem ayni1 zamanda degisken katsayili genellestirilmis kesirsel
Bagley-Torvik denkleminin Cauchy probleminin bir 6rnek smifin1 olusturur. Onerilen
problemin ¢oziimiiniin varlifin1 ve tekligini kanitlamak icin biiziilme doniisiimleri
ilkesi kullanilir. Ayrica, yaklasik ¢oziimii elde etmek icin sayisal bir yontem ve bir
algoritma gelistirilir. Ilaveten, yakinsama analizleri calisilir ve baz1 test problemleri
iizerinde simiilasyonlar verilmektedir. ~ Onerilen yontemin ve algoritmamin bir

bilgisayarda uygulanmasinin kolay oldugu sayisal olarak gosterilmis ve hesaplama

A%



karmagiklig1 verilmistir.

Anahtar  Kelimeler: Bagley-Torvik  Denklemi, Caputo  Kesirli  Tiirev,
Kollokasyon-¢cekim Yontemi, Yakinsama Analizi, Cauchy-Euler Denklemi, Varlik ve

Teklik, Algoritma, Kollokasyon Yontemi.

vi



DEDICATION

Gt 0 My Late Donents Chin Aughir and Uite: Chiin fov e saorglocs

%%W%WW%

vii



ACKNOWLEDGMENTS

I thank almighty God for his mercies, protection and for given me good health, to

under take this PhD program, may only his name be praise.

Next to God is my supervisor Prof. Dr. Buranay Cival Suzan, who has been patient
with me in-spite of my shortcomings. I acknowledge the pains taken to read through
the manuscript and make useful corrections and suggestions which were central for
achieving the noble objectives, I like words to express my appreciations for what you
have done, may God grant you good health to continue this good work to many students
that may be working with you now and in the near further. Furthermore, I acknowledge
the efforts of my co-supervisor Prof. Dr Nazim Mahmudov for given us directions
of the thesis, support and pains taken in reading through the manuscript and making
corrections and useful suggestions which has helped in shaping this work to its present
state. My journey through the PhD program has come to a happy ending because of
your encouragement and support. your effects are highly appreciated, may God grant
you good health and long life to continue the good works to your supervisees now and

in the near further.

I acknowledge the chair department of Mathematics Eastern Mediterranean
University, Prof. Dr. Mahmudov Nazim for his assistance/support, wise counsel and
encouragement which made this PhD journey successful, without the research

assistant this PhD program would have been a mirage.

The vice chair department of Mathematics Asst Prof. Dr.Mehmet Ali Tut is here by

acknowledged for the various significant roles played in supporting, encouraging and

viii



advising which has helped me in attaining this great heights.

This acknowledgement will be incomplete if I fail to recognize all the dedicated,
brilliant, intelligent, wonderful and hard working teaching staff of department of

Mathematics Eastern Mediterranean university (Dogu Akdeniz Universitesi).

My friend , colleague and brother Pastor Sunday Simon Isah efforts toward the
success of the program is highly acknowledged. I can not thank you enough for your
financial assistance during my distress times and your encouragement both spiritually
and academically. Your advise has help me to attain this noble height. May God bless
your and your family reaching in Jesus Name. I also acknowledge the efforts of Mrs
Josephine Ohiemi, Mrs Martha Msoo Hile, Dr. Micheal Ali Awuya, Mr. Chundusu

Joshua Fon for the various roles played in making this PhD program a reality.

Furthermore, I thank my best friends in Cyprus Mr Hanifi Dinleyki and his wife
Hacer Dinleyici for uncommon show of love and support, materially and morally.
May almighty God reward you and your wife accordingly. I also thank Mr Ahmend
and his wife for their assistant given to me during my short stay at the EMU printing

press may grant you your heart desire.

The efforts of My Uncle Mr Oferga Uker and his Wife Hembadoo Uker is here by
acknowledged for their support and encouragement which made this PhD program a

dream come through. May God protect you and grant you good health.

Finally I thank my wife Mrs lember Joy Chin and my children Dowuese Favour,

Mfe-Uter Faith, Terhemba Joshua and Ordue Daniel for your prayers, patience,

iX



encouragements and support for this noble project. The sacrifices you have made can
not be quantify. I sincerely appreciate my wife for taking care of the children alone
for many years of this program. This herculean task you have accomplished is
immeasurable, may God prolong our days to leave and reap the benefits of this
program in Jesus name. To my mother in-law Ngi Deem and father in-law Deem
Orkar who pass away during my PhD program, may your souls rest in peace with the
lord, may you continue to rest with the lord till we meet again. I also appreciate my
step brother Abraham Chin and his family for various support and encouragement
during my PhD program. My siblings are not left out in this acknowledgment , the
efforts of Joseph Kwaghtser, Terfa Vector, Wilfred Aondoyila and my two sisters

Mbatimin vanen and Mne Gangela are highly acknowledged.



TABLE OF CONTENTS

AB ST R ACT . il
O v
DEDICATTION .. .o vii
ACKNOWLEDGMENTS ... viii
LIST OF TABLES. . ... e Xxiil
LIST OF FIGURES . ... XV
LIST OF SYMBOLS AND ABBREVIATIONS ... Xvii
I INTRODUCTION ...ttt 1
| LY 0] 511 5T )  H 1
1.2 Definition of Some Basic Terms................ooi 4
1.3 Literature ReVIEW ......oouuuiii it i 7
1.4 Achievement and Organization of the Study ......................il 16

2 A HIGHLY ACCURATE NUMERICAL METHOD FOR SOLVING BOUNDARY

VALUE PROBLEM OF GENERALIZED BAGLEY- TORVIK EQUATION ..... 20
2.1 Existence and Uniqueness Solution of the Boundary Value Problem ........ 20
2.2 The Collocation-Shooting Method ... 22

2.2.1 Derivation of the Collocation Equations ..................ooooiviiiiiitn. 25
2.3 Convergence ANAlYSiS .....uuuueeeee ettt 28

3 EXPERIMENTAL INVESTIGATION OF THE HIGHLY ACCURATE
NUMERICAL METHOD FOR SOLVING BOUNDARY VALUE PROBLEM OF
GENERALIZED BAGLEY TORVIK EQUATION .........ccoooiiiiiiiiiin... 35
4 ON THE EXISTENCE, UNIQUENESS AND A NUMERICAL APPROACH TO
THE SOLUTION OF FRACTIONAL CAUCHY-EULER EQUATION............ 63

4.1 Existence and Uniqueness of Solution .............coooviiiiiiiiiiiniiiinna., 63

xi



4.2 The Numerical Method and Algorithm ...t 66
4.3 Convergence ANALYSIS .. ...uueeeetttiiiee ettt e et iiiaae e 73
5 EXPERIMENTAL INVESTIGATION OF THE EXISTENCE, UNIQUENESS

AND A NUMERICAL APPROACH TO THE SOLUTION OF FRACTIONAL

CAUCHY-EULER EQUATION ...ttt 79
6 CONCLUSION AND FINAL REMARKS ... 102

6.1 Suggestion for Further Work .............. i 103
REFERENCES ... et 104

Xii



LIST OF TABLES

Table 3.1: Computational complexity of C-SM using LU decomposition method.

Table 3.2: The exact solution y(t) the approximate solution u, () and the absolute error
AE for Example 3.1, oo e 38
Table 3.3: Parameters vales for N = 5,7 and 10 obtained by C-SM, for Example
B e 41
Table 3.4: The Absolute error AE when N = 5,7 and 10 and the square L, norm error
obtained by C-SM, for Example 3.2 . ... 42
Table 3.5: The MAE), and Eé’ errors and their ratios when @ = 19 and m = 3,4 for
EXample 3.3, o e 47
Table 3.6: The MAE), and Eé‘ and their ratios when 6 = 1 and m = 3,4 for Example
G 70 T P 49
Table 3.7: The error comparisons for Example 3.4 using the collocation shooting
method with the methods from the literature............ccooceeviieiniiiiiiiniieiieenieeeee 52

Table 3.8: The computational efficiency of the given method for Example 3.4.

Table 3.9: The error comparisons of C-SM, SSM [1], CSM [2], NGLDM [3], QFEM
[4] and GM [5] for Example 3.5. ....oooiiiiiii e 55
Table 3.10: The error comparisons of C-SM, NGLDM [3], DCSWSGD [6] and QFEM
[4] for Example 3.6. . ....oooiiii 58
Table 3.11: The order of convergence of C-SM for Example 3.6 whenn =1, 0 =2
AN L = 0.0, L 59
Table 3.12: Exact and approximate solutions for Example 3.7 obtained by using the

C-MS and SSM methods. . ..ottt 61

Xiii



Table 5.1: The exact solution y(t), the approximate solution uy(t), absolute error AE},
and square L, norm error (EX), for Example 5.1. ........ccovviiiiiiiniiiiiinan. 81

Table 5.2: The absolute errors (AE}) and square L, norm error (Ef), for Example 5.2.

Table 5.4: The error norms, convergence orders, and d etA©) for Example 5.4 obtained
by using the M-CP. ... oo e 89

Table 5.5: The error norms, convergence orders, and detA0) for Example 5.4 obtained

Table 5.6: The error norms, convergence orders, and detA9 for Example 5.5 obtained
by using the M-CP. ... 94
Table 5.7: The error norms, convergence orders, and d etA©) for Example 5.5 obtained
USING G-LP. .o 95
Table 5.8: The approximate solution u;, obtained by using the G-LP when 0 < o < 1,
I <o <?2and N = 80,m =4, and the exact solution when o = 1 for Example 5.6. 98
Table 5.9: The approximate solution uy,, for h = %, 8—10, ﬁ obtained by using the G-LP
when @ = 1.0001, & = 0.9999 and N = 80,m = 4, and the exact solution when o = 1
for EXample 5.6. . ... 100
Table 5.10: The total computational time (CPU(s)) with respect to N obtained when

G-LP and M-CP are USEd. . . . ..o vttt ettt e e e e 101

X1V



LIST OF FIGURES

Figure 3.1: The exact solution y(t) and the approximate solution u,(¢) and the absolute
error AE when N = 5 obtained by C-SM, for Example 3.1. ..................... ... 39
Figure 3.2: The exact solution y(t) and the approximate solution u(¢) for N = 10 and
the absolute error AE when N = 5, 7, 10 obtained by C-SM, for Example (3.2). .. 43
Figure 3.3: The functions y(z), u(¢) for N = 10 and AE(t) for various N, obtained for
Example 3.3 whenm =4, @ =T7and O = 1. ...t 45
Figure 3.4: The order of convergence with respect to 8 when @ = 19 and m = 3,4 for
Example 3.3, .. 45
Figure 3.5: The order of convergence when 6 = 1, m = 3,4 with respect to @ for
EXample 3.3, e 46
Figure 3.6: The functions y(t), u,(¢) and AE(t) for N = 15,35,45 by C-SM for
EXample 3.4, .o e 53
Figure 3.7: The functions y(¢), u;(t) when N = 8 and the AE(¢) when N = 8,16,32
for Example 3.5 obtained by C-SM withm =3............ i 56
Figure 3.8: The function AE(¢) for N =16, 1 = 1, 8 =2 and m = 3 for Example 3.6
obtained by C-SM. ... 58
Figure 3.9: The function AE(t) for N =16, 1 =1, 6 = 2 and m = 4 for Example 3.6
obtained DY C-SM. oo e 59
Figure 3.10: The approximate solution for Example 3.7 when m = 4 and N = 10
obtained by C-SM. .o e 62
Figure 3.11: The AE for Example 3.7 when m = 4 and N = 10 obtained by C-SM. 62
Figure 4.1: The schematic diagram for the Algorithm 1 ............................. 72
Figure 5.1: The absolute error function, the exact solution and the approximate

solution when N = 10 for Example 5.1. ... 82

XV



Figure 5.2: The absolute error function for N = 4,8,16,32, for Example 5.2....... 85
Figure 5.3: The graph of the approximate solution u;, for Example 5.4 when
N =40,m = 3 with respect to @ usingthe M-CP. ..., 87
Figure 5.4: The graph of the AE}, for Example 5.4 when N = 40, m = 3 with respect to
Wusing the M-CP........oo e 90
Figure 5.5: The graph of approximate solution uj, for Example 5.4 when N =40,m =3
with respect to @ using the G-LP. ... 92
Figure 5.6: The graph of the AE), for Example 5.4 when N = 40, m = 3 depending on
Wusingthe G-LP. ... 92
Figure 5.7: The graph of the approximate solution u;, for N = 80,m = 3 with respect
to & using the M-CP for Example 5.5. ... o 97
Figure 5.8: The graph of the AE), for N = 80,m = 3 with respect to & using the M-CP
for EXample 5.5. ... 97
Figure 5.9: The graph of the approximate solution uj, for N = 80,m = 3 with respect
to « using the G-LP for Example 5.5. ... i 99
Figure 5.10: The graph of the AE;, with respect to o when N = 80,m = 3 using the
G-LP for Example 5.5. ... 99
Figure 5.11: The graph of the approximate solution u(¢) for N = 80,m =4 and 0 <

o < 2 for Example 5.6 using the G-LP for collocation. .............................. 101

Xvi



LIST OF SYMBOLS AND ABBREVIATIONS

11 Fox wright function

»¥ql2] Generalize Hypergeometric function

Eg 8 (x) Generalized Mittag-Leffler function

(n)k Pochhammer symbol

BCM Bessel collocation method [7]

BgT Bagley—Torvik

BVP Boundary Value problem

crt? Space of (m+2) times continuous differentiable function
up Approximate Solution

CSM Cubic spline method [2]

C-SM Collocation-shooting method

CPUs Central Processing Unit time in seconds

DCSWSGD Discrete cubic spline weighted shifted Grunwald-Letnikov

difference operator [6]

FrBVP Fractional boundary value problem

FrC-E Fractional Cauchy-Euler

FrDEs Fractional differential equation

GBPM Generalized Bessel polynomials method [8]
G-LP Gauss-Legendre Point

GM Galerkin method [5]

HWM Haar wavelet method [9]

Ivp Initial value problem

M-CP Mean-Chebyshev Points

Xvii



NGLDM Cubic spline based on nonstandard Grunwald Letnikov difference

method [3]
O(h™) m order of convergence
QFEM Quadratic finite element method [4]
SSM Spline Combine with Shooting method [1]

xXviii



Chapter 1

INTRODUCTION

1.1 Motivation

Numerical methods and its applications in various fields of social sciences, science
and engineering has been widely studies in recent years due to its strategic important
in various research area/fields . Complex mathematical problems which the analytic
solution may be difficult to obtain or may not exist can easily be solve using
numerical methods. This ease of solution via numerical methods motivated us to give
collocation method for solving problems of generalized fractional Bagley—Torvik
equation. Collocation methods are powerful numerical techniques used to solve
partial, fractional/ classical differential equations (initial or boundary value
problems). It involves approximating the solution of a given fractional/classical,
partial differential equation by constructing a system of equations (linear or non
linear) using set of chosen points, known as mesh or collocation points, within the
confined of the domain of interest. The collocation points are usually selected such
that they satisfy the given classical/fractional, partial differential equation or its
derivatives at those points [10], [11]. The main idea involves in collocation methods
is to find the best-fit solution that satisfies the given differential equation at the mesh
/collocation points. This is normally achieved by constructing system of algebraic
equations, where the unknowns are the values of the solution at the mesh/collocation
points. These equations are obtained by putting the approximate solution into the

original differential equation and evaluating it at the chosen mesh/collocation points.



The Bagley Torvik equations (BgT) is an archetype of fractional differential equations
(FrDE) employed in the study of the theory of visco—elasticity. It was first given by
Bagley and Torvik and utilized to described the linearly damped fractional oscillator
with damping term. This was contained in their paper titled ”On the appearance of the
fractional derivative in the behavior of real materials” [12] as an application of
fractional calculus to the theory of visco—elasticity. The BgT equations has been
widely studied and used to model different phenomenon in science and Engineering.
For example BgT equation is used in modeling the visco—elastic behavior which
exhibit both visco—elastic and elastic characteristics, These are important variables
which aid scientist and engineers in understanding the deformation and recover of
materials under stress conditions. In the study of fluid dynamics, the characteristics of
complex fluid flow such as those inherent in Newtonian fluid are study via the BgT
equation. Also in studying fluid flow in porous media, the equations are used to help
understand the fluid flow in porous media which is essential in hydrogeology and
petroleum engineering. In signal processing BgT equations found applications in
modeling of frequency dependent damping which is crucial in signal processing
applications. Furthermore, the design and analysis of Micro-electro-mechanical
systems especially in instruments used in measuring viscosity in oil exploration
industries, this equations played a crucial role for the design development and the
analysis. In addition, in the modeling of electromagnetic phenomena , particularly in
complex media , where the classic (traditional differential equations) models many

not adequately be effective.

Cauchy-Euler equations refer to a class of initial value problems for ordinary
differential equations (ODEs) or partial differential equations (PDEs).  The

Cauchy-Euler problem, also known as the Euler-Cauchy problem, is named after the



mathematicians Leonhard Euler and Augustin-Louis Cauchy, who made significant
contributions to the field of differential equations. [13]. A Cauchy-type problem
typically involves finding a solution to a differential equation that satisfies both a
given equation and a set of initial conditions. The initial conditions specify the values
of the unknown function and its derivatives at a particular point or a set of points in
the domain [14]. Fractional Cauchy-type problems refer to initial value problems
involving fractional differential equations with initial conditions. These problems are
extensions of the classical Cauchy problems for ordinary or partial differential
equations, but with fractional derivatives and initial conditions. In a fractional
Cauchy-type problem, the differential equation contains fractional derivatives, which
are generalizations of integer-order derivatives. The initial conditions specify the
values of the unknown function and its fractional derivatives at a particular point or a

set of points in the domain, [15] and [16].

The fractional Cauchy-Euler problem which is an extension of the classical
Cauchy-Euler problem finds application in similar areas where the classical case is
applicable and beyond, to this end, fractional Cauchy-Euler problem is used in the
modeling of time-harmonic vibration of a tin elastic rod, it is also used in the
modeling of annual and solid disc and wave mechanics. Furthermore, in the design of
bridges, automobile and construction of buildings, these equations are employed for
the analysis. Further, fractional Cauchy-Euler problem can be employ in the study of
fluid dynamics to explain the dynamics of fluid, including motion of liquid and gases.
In the same vein FrC-E is used in the prediction of fluid behavior or phenomena such
as ocean currents, fluid flow in pipes and aerodynamics of aircraft. By providing
solution to this equation, Engineers and scientist are able to predict the behavior of

fluid, gives optimum design of vehicle/ automobile and pipe lines as well as getting a



better understanding of natural phenomena such as the weather patters and ocean

current circulation.

In the modeling of heat transfer, fractional Cauchy-Euler problem may be use to
described the distribution of temperature in materials gradient. The application of
these equations help scientist and engineers to have a better understanding of the heat
flow through materials such as gases, liquid, visco—elastic and solids which provides a
better framework for the design of heat exchanges, electronic cooling system and

thermal insulation.

In the same vein, the study of dynamics system in economic, the fractional
Cauchy-Euler problems are used in the modeling of economic growth, it is employ to
explain the relationship between economics variables such as investments, output and
accumulation of capital over a period of time.
1.2 Definition of Some Basic Terms

Under this section we defined some basic terms used in the thesis.

Definition 1.1: [15] Let @ = [a,b], (—e0 < a < b < o) be a finite interval on the real
axis R. The Riemann Liouville fractional derivative to order i of a function f(z) with
respect t, with a constant of differentiation c, is defined for a general u € C with

non—negative real part as: The left Riemann Liouville fraction derivative,
RL K (AN RLn
Mol )w=(5) (B674r) o

1 d\" [ x)dx
:r(n—u)@)/a(t_ﬂx)%v ni=|Re(u)]+1, Re(n)>0



and right Riemann Liouville fraction derivative is defined as:

(Botr )=~ ) (B r) o

1 d\" [ f(x)dx o
_m<_5>[m’ n:=|Re(n)|+1, t<b,

where |Re(u) | means the floor of the real part.
Definition 1.2: [17] The Riemann Liouville fractional integral to order u of a
function f with respect to t, with constant of integration c, is defined for a general

u € C with positive real part is defined as:

X

_ 1 f(t)dt
(Zfil,”f)(x) = r(u)/(x—z)lu’ (x> a,Re(it) > 0),

a

and the right Riemann Liouviller fractional integral is defined as:

b
(4t7) )= s [ i (< boRe(u) > ),

X

where I is the gamma function.

Definition 1.3: [15] Euler gamma function I'(x) is defined by the Euler integral of

the second kind:
I'(s)= /ySIeydy (Re(s) > 0),
0

where ysfl — pls—1)log(y).
Definition 1.4: [15] The gamma functions has both the upper and the lower
incomplete gamma function y(v,y), We first define the lower incomplete gamma

function: The lower incomplete gamma function y(v,y) is defined as:

y
Y(v,y) = /e_ssv_lds. Re(v) >0,
0



and the upper incomplete gamma function I'(v,y) is defined as
/essv lds,  Re(v)>0.
y

Definition 1.5: [15] The left and right Caputo fractional derivative ( LDV ) (t) and

( ,EDf f) () of order u € C, Re(u) > 0 on [a, b] are defined in relation to the

Riemann Liouville fractional derivatives by:

[ S TR )

i=0

(5ot ) @) = (B

and the right Caputo fractional derivative is defined as:

(seotr)o= (ot ]y ~F L))o,

=0 1

where n:= |Re(u)|+1 foru ¢ No:n=p for p € Np.

Definition 1.6: [18] Mellin transform of a function 7(x) of a real variable

x € RT = (0,0) is defined by

[}

!/

(Mn)(¢) =M(n)(x)(9) =1 (s) = /xs_ln(X)dx (s€C)
0
and the inverse mellin transfer is defined for r € R by
E+ioo
(M 'h) (1) =M~ (h(s))(t) == ﬁ t°h(s)ds, (€=Re(s)).

€—ioo

Definition 1.7: [19] Th Gauss hyper geometric function ,F(aj,az,as : z) is defined

as

k

i (a1)k(a2)x z

Fi(ay,ap,a3:7) =
2 ( sy U2, ) = (613)kk! )

where [z| < 1, ay,a; € C, a3 € C\Z, and (a )i is the pochhammer symbol



Definition 1.8: [20] The Bessel function of the first kind J,,(x) is defined as follows:

oo _1)k( )2k+1
,§0 KC(v4+k+1)

where x € C\(0,) and v € C.

Definition 1.9: [15], [21] The generalized Mittag-Liffler function is defined for a

complex x € C, @,¥,n,C and Re(@) > 0 by

where (1) is the pochhammer symbol, | ¥ defines the Fox wright function.

Definition 1.10: [22] The beta function 3(x,y) is defined as

1

B(x,y) = /sx_l(l —s)"lds, Re(x)>0, Re(y)>0.
0

Definition 1.11: [22] The incomplete beta function ;(x,y) is defined as

i (x,y) /sx s)’"'ds, Re(x)>0, Re(y)>0.

Definition 1.12: [23] The fresnel integrals for sine and cosine are defined as follow:

X

c(x) :/cos<%ﬂy2>dy,

0
X

s(x) :/sin<%ny2>dy,

0

where ¢(x) and s(x) are entire functions of x.

1.3 Literature Review

The modeling of numerous phenomena in diverse scientific fields leads us to consider
conventional or fractional time-dependent differential equations in the modeling

domain. In general, finding analytic solutions of these modeled problems is a difficult
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task, or even not possible. Hence, numerical methods are needed, such as the latest

approaches [24, 25].

In recent time research involving fractional calculus particularly fractional differential
equations (FrDEs), have been burgeoning due to its innumerable, inexplicable
applications in vast areas of science and engineering. Consequently, many researchers
have deployed their energy and quality time in developing analytic and numerical
methods for solving FrDEs. The famous Bagley—Torvik (BgT) equation is a core

mean of FrDEs given by Bagley and Torvik [12], [26] as:

MD*X (1) + 2A\/ﬁ<D?t/)2X(t)> +KX (1) =0. (1.1)

3/2
(t)

and Liouville fractional derivative of order 3/2. Further, p is the fluid density, u is the

Here, D? is the classical second order differentiation operator, D;/" is the Riemann
viscosity, M and A are the mass of the thin rigid plate immersed in the viscous fluid,
and the area of the rigid plate respectively, and K is the stiffness of the string and X
denotes the motion of the plate. In (1.1) the fractional derivative arise inherently and
describes the motion of a simple, physical system consisting of familiar mechanical

and fluid components.

To emphasize the challenge and the significance of solving variant problems of BgT
equation we give a brief survey of related research works. First we mention some
studies on the analytical methods. Adomian decomposition method was given in [27]
for solving the inhomogeneous case of BgT equation (1.1) under homogeneous initial
conditions. In [28] general solutions of BgT equation (1.1) with specific fractional
derivative orders @ = 1/2 or o« = 3/2 (both Caputo and Riemann and Liouville sense)
were proposed by converting the FrDE into a sequential FrDEs with constant

coefficients. Later, the Laplace transform methodology was employed to solve the
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inhomogeneous case of BgT equation (1.1) under Caputo derivative [29]. The
generalized three parameters M-L type functions were used and the solutions were
expressed in terms of Wiman’s functions and their derivatives. Further, in [30] the
authors  took only the forces, F, = —Ky(1), (K > 0), and
F, = —E0<%Df y(t))(Eo > 0) also, the external force f(r) acting on the mass M.

Then, the motion of the mass M along a straight line was defined by
MD?y(t) + Eo( SDPy(1)) + Ky(e) = £(1), 0< B < 1. (12)

Here, %Df3 is the Caputo derivative of order B. The problem (1.2) for the case
B € (0,2) was called the generalized BgT equation and appears in the mathematical
modeling of viscoelastic materials and fluid mechanical process. The existence and
uniqueness of the solution to the initial value problem (IVP) of generalized BgT
equation (1.2) was derived in [30]. Analytical solutions in terms of the Prabhakar
function and the Wiman function were also given. In the same year, the authors of
[31] proved the existence relying on an appropriate fixed point theorem in partially
ordered normed linear spaces and also provided approximations to the solution of the
IVP of (1.2) for 1 < B < 2. Additionally, [32] gave an integral transform method for
IVP of a family of non-homogeneous BgT equation with two Caputo fractional terms
of orders B, + 1 for 1 <8 <2,0< a < 1. The solution was expressed in terms of
generalized Green function. Recently, in [33] explicit analytical solutions were given
for some classes of generalized multidimensional BgT equations for both
homogeneous and non-homogeneous cases with permutable matrices and two

fractional order derivatives of orders o € (1,2],8 € (0,1] and o € (1,2], B € (1,2].

In general, finding analytical solutions of FrDEs is a complex task and

computationally very costly, even may not be possible. However, the benefits of



advanced computers as being capable of storing and accessing vast amounts of
information and saving time in processes and tasks have led to the widespread use of
numerical methods for approximating the solutions. On one hand in the literature
there exist many published papers on the numerical approaches for solving the IVP of
families of BgT equations. We refer to an early exhaustive paper on a discrete method
[34] that a reformulation of equation (1.1) for the non-homogeneous case under
Caputo derivative was given as a system of fractional differential equations of order
1/2. The authors used the Adams—Bashforth—Moulton algorithm and assuming that
the non-homogeneous term f € C2[0,T] they obtained local convergence of O (h/?)
with step size 4. We mention some recent methods such as in [35] solution of IVP of
BgT equation using numerical inverse Laplace transform algorithms was investigated
and a method based on Gaussian quadrature formulae for numerical integration of the
Bromwich’s integral was introduced. Also, a continuous method was given in [36]
based upon hybrid functions approximation with block-pulse functions and Bernoulli

polynomials. For more examples see the references therein.

On the other hand, in the last decade few numerical approaches are proposed for
solving the boundary value problem (BVP) of families of BgT equation. Moreover,
some of these methods were given for a fixed value of the fractional derivative. In the
literature collocation and spline methods were given suited for this purpose. Such as,
for solving generalized BgT equation (1.2) with the fixed fractional derivative order
3/2 a method using the collocation and shooting with spline analysis [37] and Bessel
collocation method [7] were given. For the generalized BgT equation (1.2)
Chebyshev collocation method [38], cubic spline methods [1], [2], discrete cubic
spline method [3], fractional order Fibonacci wavelet technique method [39] and

discrete cubic spline weighted shifted Griinwald-Letnikov difference operator method
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[6] were developed and used. An other approach is the generalized piecewise
Taylor-series expansion method given in [40] for the generalized BgT equation (1.2)
with variable coefficients and Riemann—Liouville type derivative of order (0,2).
Therein, a non-integer order integral boundary condition was used to analyze the
non-local behavior of the generalized BgT equation. Recently, Galarkin and finite
element methods were also applied for solving families of BgT equations. Such as for
solving generalized BgT equation (1.2) a fast multiscale Galerkin algorithm [41] was
given subject to zero boundary conditions and a quadratic finite element method was
studied in [4]. Further, in [5] semi-analytical solutions of quadratic Riccati and
Bagley-Torvik differential equations were obtained by applying the Galerkin method.
Recent studies on generalized BgT equation also include the modified reproducing
kernel Hilbert space treatment approach under Caputo—Fabrizio non-integer order
derivative [42], also the methods via fractional powers of Laguerre polynomials [43]
and generalized Bessel polynomials [8]. Besides above discussed methods, the
authors of [9] gave a scheme using the Haar wavelet operational matrix method for
solving linear two-point and multi-point boundary value problems of FrDEs including

BgT equation.

Bagley-Torvik (BgT) equation has been studied by many researchers using different
approaches \ methods such as those shown from the literature review, but none of the
existing method deals with the equation similar to our approach. Furthermore, there
is always a search for the best method for solving a particular problem, nevertheless,
there is still a growing need for highly accurate theoretical approaches, that give stable
and fast numerical algorithms for solving families of BgT equations. Motivated with

these we consider the following BVP of generalized BgT equation.
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ADYy(1)+B(GDM(1) ) +Cy(t) = (1), 0< 1 <T <, 0<a <2 (13)
y(0) = 1o,
y(T)=m,

where A # 0 and A, B,C, 1o, 11 are known constants.

Furthermore, in recent time , the fractional Bagley—Torvik equations with variable

coefficients using the Riemann-Liouville fractional operator
D (x) + p(x) D*@(x) +q(x)p(x) = g(x),0 < & <2, x € [a, b],
¢(a) =0, ¢'(a) =0,

where p(x), g(x) and g(x) are the given functions, were considered in [44]. The
uniqueness of the solution was investigated by converting the above equation to a
Volterra integral equation. To prove the uniqueness of the solution, a contraction
operator was used. Also, a piecewise Taylor series expansion method was employed
for the solution. Further, in [40] a variable coefficient generalized Bagley—Torvik
equation with a fractional integral boundary condition was studied. The
Riemann—Liouville fractional derivative operation was employed, and the Fredholm
integral equations of the second kind were derived. For the approximate solution, a

piecewise Taylor series expansion method was used.

Additionally, fractional calculus has been used in studies of transient electric circuit
analysis and electrical impedance spectroscopy to the resistor—capacitor (RC) circuit
as well as in many fields of sciences and engineering, including rheology, diffusive

transport, electromagnetic theory, probability, and so on; see [45, 46].

Recently, some studies were conducted on the existence and uniqueness of the

12



solutions to models of fractional Cauchy—Euler equations (FrC-E), also known as
Euler-type equations. Next, we mention some existing analytic methods for the
solutions of FrC-E type equations given in the literature. Euler-type fractional
differential equations were given in [47] with the left and right Liouville derivatives

of the fractional order as follows:

Y 4 (D) () = £(x) (> 0,00 > 0)
k=0

i kaa+k(pz+’<y) ()= f(x) (x>0,a>0),
k=0

with real constants Ai,B;y € R,k = 0,--- ,m. In their method, two linear
non-homogeneous ordinary differential equations were studied using the direct and
inverse Mellin integral transforms (see [18] for Mellin integral transform). They gave
a general approach to deduce the solution of Euler-type equations. The solution of
specific cases were given in terms of the Euler psi functions, Gauss hypergeometric

function, and of the generalized Wright functions.

Later, [48] proposed an analytic method for solving the homogeneous fractional

differential equation of the Euler-type equation
52 DEF2y) () + (DY) () + A% ( DEy ) () =0,
for x > 0 and with the fractional derivatives Dg‘fky (k=10,1,2). The solution of the

homogeneous differential equation of the Euler type was found by applying the Mellin

integral transform under some conditions on the exact solution y.

In [49], the solution in closed form of the linear non-homogeneous differential

equations

13



512D 2y ) )+ e (D2 1y ) () +20% (D% ) ) = ),
(x> 0,Re(ax) = 0),

was given, with o > 0 and complex &, 1,4 € C on a positive half-axis Ry = (0, +o0).
One-dimensional direct and inverse Mellin integral transform .# and .# ~!' were used
with the residue theory to establish explicit solutions in terms of special cases of the
generalized wright function pW,[z], generalized hypergeometric function pF,[z], and

Euler psi function; see details in [S0]. An analytic solution of the Euler-type equation.

m
Y A (DI ) () =0, (x> 0.4, £0),
k=0

was given in [S51] with complex Ay € C,(k = 0,1,---,m) on the positive half axis
R = (0,+o0). Further, general solutions were investigated using the direct and inverse
Mellin transforms, the residue theory, and the properties of fractional derivatives and
the Euler psi function. In addition [52], proposed an analytic variable coefficient
fractional differential equations while [53], gave a numerical technique for variable
fractional functional boundary value problem and [54] developed a method for
approximating particular solutions for constant and variable order fractional diffusion
models. In our studies, in addition to collocation method for Bagely—Torvik equation
[55], we also give numerical method for the solution of the fractional Cauchy—Euler
(FrC-E)-type problem, which constitutes a class of examples of the Cauchy problem

of the Bagley—Torvik equation with variable coefficients as follows:
B2 DAy(1) + Bt (SDEY() ) + Bay(r) = £(1),
re (Cl,T),y(Cl) :B()ay/(a) :Bh (14)

where 0 < a < T < oo, Bo,ﬁ_l,Bl,Bz,Bg, are the given constants, and By # 0, (g:Df‘ 18

the Caputo fractional derivative defined as
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t

! / (t —x)" %Dy (x)dx, (1.5)

CDYy(t) = i)

a
also, 7= Joa] and ¢ € (0,2) and DYy = %

Further, f is a given continuous function. The proposed problem also extends the
classical Cauchy-Euler equation [13] to the Caputo fractional model problem.
Additionally, we prove the existence and uniqueness of the solution of the given
problem by using the contraction mapping principle. Some exhaustive studies on the
existence of solutions to boundary value problems include [56, 57, 58], and related
recent works on fractional model problems include [59, 60, 61]. In accordance with

applications of fractional Cauchy—Euler equation, some examples are as follows:

1. [15] Engineering: They are often used in structural engineering to model the
behavior of beams and columns under load, where the stiffness of the material
varies with position..

2. Physics: In quantum mechanics and wave propagation, Cauchy—Euler equations
can describe the behavior of systems with varying potentials or media properties.

3. Control systems: They are applied in control theory to design systems with
variable parameters, enhancing the stability and response of control systems.

4. Fluid dynamics: These equations can model fluid flow where the fluid properties
change with position, such as in varying temperature or pressure conditions.

5. Economics: In financial mathematics, they can be used to model economic

systems with time-varying interest rates or other dynamic parameters.

These applications demonstrate the versatility and importance of Cauchy—Euler
equations in modeling and solving complex, real-world problems across various
disciplines. The classical Cauchy—Euler problem may be solved by using variable
transformation that reduces the problem to linear differential equation with constant
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coefficients. However, variable transformation for (1.4) may lead to more
complicated equations because the Caputo fractional derivative does not certify the
classical Leibniz rule. Moreover, the computational cost of the analytic solution is
very high even if it is evaluated at a few discrete points. Therefore, numerical
approximations of (1.4) are inevitable, and this motivated us to established a
numerical method for the solution. It is well known that collocation methods are
continuous methods that produce approximations at discrete points, but many discrete
methods cannot be used to obtain continuous approximations such as extrapolation
and finite difference methods, and many Runge—Kutta methods. For this reason, they
are inefficient for problems requiring globally continuous differentiable functions as
approximations of the unknown solution; see [62]. Furthermore, in general,
collocation methods are simple and easy to code. Some of the recent studies on
collocation methods are [37], [63], [64], [65].

1.4 Achievement and Organization of the Study

In any research work, the ultimate goal is to identify a research gap and try to fill the
this gap. In our research work, the gap will sink to fill is the methodological gap.
Although there are some existing method for solving Bagely Torvik equation but there
is growing need for more efficient and accurate method for approximating numerically

the solution of constant and variable coefficient Bagely—Torvik equations.

In the study of natural phenomena or real life situations, scientist and engineers often
used partial, ordinary differential and integral equations for modeling of these
concepts.  The solution of the constructed models are needed for a better
understanding of the problem been described, however, finding the analytic solutions
of the constructed mathematics models in most cases proved to be challenging to

obtain. In order to overcome this problem, numerical methods becomes indispensable
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tool in the arsenal of scientist and engineers. Numerical methods are used to find the
approximate solution of the constructed models which help in providing insight of the
problem being studied. Having understood the importance of numerical methods, we
give collocation method for solving problems of generalized fractional Bagley—Torvik
equation. We split the thesis into two broad objectives:

1. We study BVP for generalized fractional Bagley—Torvik equation with constant
coefficients.

2. We also considered the fractional Cauchy-Euler differential equation which is also

a variable coefficient Bagley—Torvik equation.

For the boundary value problems for generalized fractional Bagley—Torvik equation
with constant coefficients, the existence and uniqueness of the solution of the BVP of
the generalized BgT equation (1.3) is sought using M-L type function. Also, a
numerical approach based on collocation method is developed and convergence
analysis are given. Moreover, the method is utilized to find the solution of several
constructed problems as well as some problems from the literature. The advantageous
of the method are as follows: a) The method is a continuous method with high order
accuracy O(h™) under the assumption that the exact solution y € C"*2[0, T]. Here h
is the step size and m is the number of collocation parameters. b) Ease of
implementation in computer. c¢) Efficiency in computational time and storage. These

theoretical and some numerical results are published in [55], [66].

Furthermore, for the Variable coefficient BTg equation , we present a collocation
method for fractional Cauchy-Euler (FrC-E) problem given in ( 1.4) the sense of the
Caputo fractional derivative of order 0 < & < 2. A collocation method for fractional

Cauchy-Euler (FrC-E) problem is derived and the convergence analysis of the method
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is proved. For the numerical simulation, we applied the derived method on several
constructed examples. The numerical results proved to be consistent with the

theoretical results and demonstrate the efficiency and applicability of the method.

The thesis is organized as follows: Chapter 2 is subdivided in Sections: Section 2.1,
Section 2.2 and Section 2.3. In Section 2.1 we give the existence and uniqueness of the
solution to the FrBVP of the generalized BgT equation (1.3). In Section 2.2, we derive
the collocation equations and develop the collocation-shooting method and in Section

2.3 we present the convergence analysis of the collocation shooting method.

Chapter 3 is devoted to experimental investigation of the highly accurate numerical
method for solving boundary value problems of generalized BgT equation (1.4). The
applications of the collocation shooting method derived in Chapter 2 and numerical
investigation of the method with the applications on problems from the literature and

on some constructed examples are given.

Further, in Chapter 4, we present the existence and uniqueness, also a numerical
approach to the solution of fractional Cauchy—Euler equation (1.4). This Chapter is
also subdivided into the following subsections. Section 4.1, deals with the existence
and uniqueness of the fractional Cauchy-Euler equations (FrC-E) (1.4) the derivation
of the collocation method for fractional Cauchy-Euler is given in Section 4.2 and the

convergence analysis of the collocation method for FrC-E is presented in Section 4.3

The experimental investigation of the collocation method for fractional Cauchy-Euler
equations is given in chapter 5. The theoretical and numerical results in Chapter 4 and

Chapter 5 are published in [55], [66].
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Finally, the conclusion of our investigations on a highly accurate numerical method for
solving boundary value problems of generalized Bagley Torvik equation and on the
existence, uniqueness and a numerical approach to the solution of fractional Cauchy—

Euler equation are presented in Chapter 6.
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Chapter 2

A HIGHLY ACCURATE NUMERICAL METHOD FOR
SOLVING BOUNDARY VALUE PROBLEM OF

GENERALIZED BAGLEY- TORVIK EQUATION

2.1 Existence and Uniqueness Solution of the Boundary Value

Problem

The following basic notations and results are important and will be used in this section
and the proceeding sections. The classical derivative is denoted as D¥y(t) = D*y(t) =
y(t), k € N, and for k = 1,2 we also use y’ and y” which represent the first and second

derivative respectively.

Definition 2.1: [33] For o, 3 > 0,y € R the M-L type function is defined by double

infinite binomial series as below:

_ > & (1+p Alup _
o E At uth) = glatpBty=1,
apy(AT" 1) [Z(«)Zb( p )F(loc+pﬁ+1’)

Further we consider the next IVP of the generalized BgT equation

ADY(1) +B(GDE¥()) +Co(t) = f(1), 0 <t < T <o, 0< 1 <2,
y(0) =0, ¥ (0) = yp. (2.1)

The analytical solution to the problem (2.1) was given in [33] using M-L type function

as in the next theorem:

Theorem 2.1: [33] The Cauchy problem (2.1) has a unique solution y € C2[0,7T] as
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follows:

C C B ,_ C B 5_
y(t) = (1_I2ZE2,2a,3(__t2»__t2 a))yo-i-lEz,za,z(—Zfz,——tz “)¥0

A A A
l 9 » B 2a
—I—/ (t—=$)Erp—qo(——(t—s5)",——(t—s)"%)f(s)ds, t>0. (2.2)
0 A A

Theorem 2.2: The unique solution of the problem (1.3) is,

Y () =5 (1) + 5, (1)

_ m=5(T)
5p(T)

Here 5, (1) is the solution of (2.1) with yo = 0, y;, = 1o, f(t) = 0 and 5, (¢) corresponds

to the solution of (2.1) when yp = 11, y; =0.

Proof. y(t) =c15,(¢)+ C28p (1), 2.3)

is the general solution where ¢ and ¢, are unknown constants. Theorem 2.1 says that
(2.3) is a solution of the differential equation in (1.3). Furthermore, the constants c;

and c; are taken so that the boundary conditions in (1.3) are satisfied as,

no =y (0) = ¢15;,(0) 4 25, (0) = c1 Mo,

m= y(T) =18 (T) +c25p (T) .

Therefore,
— 5, (T
=1, ey M) 2.4)
5p(T)
Inserting (2.4) into (2.3) we get the desired result. L]
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2.2 The Collocation-Shooting Method

The Caputo fractional derivative operator th“ in (1.3) withorder p—1 < a <p

where p = [a], (we consider 0 < o < 2) is given as [17]

t

agy L —o—
(C)Dz Y<t>—mo/(l—9)p ng (0)de,

By the collocation-shooting method, the unknown derivative value 1, at t = 0 i1s
assumed and then the BVP (1.3) is approximated as an initial value problem

satisfying the below initial conditions.
y(0) =10, Y (0) =7, (2.5)
where 79=10 as given in (1.3). Let
Iy=A{tx:tx=kh, h=T/N,k=0,1,...N},

and 6, = (ty,t,11], and G, = [ty,ty41],m = 0,1,--- ,N — 1. Also, let I denote the

identity operator and
L=aD*+B(§p¥) +CI. (2.6)

For obtaining the solution of BVP of generalized BgT equation (1.3) the following set

of initial value problems are considered.

Loy = f(t), t € (tuytut1), Oultn) = Tian, Oh(tn) = N2nt1, 2.7

forn=0,1,--- ,N —1, where 7, j =0,1,--- ,2N — 1 are the initial conditions on
each subinterval [t,,,t,41] for n =0,--- N —1 and 7)o = 19. The parameters 1];, j =

0,---,2N — 1 satisfy the following equations [37]
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@olt1, M) = @1]t1,M2, 73]
@olt1. M) = @1[t1, M2, M3]
@12, M2, T3] = @2[t2, M4, 5]

@112, M2, 3] = @512, T4, 5]

On_altn—1,Ton—-4,Ton—3] = Oy [tn—1, Tlan—2, Tlan—1]

ON—1[tN, Ton—2, TIan—1] = M1 = ¥(T). (2.8)

Let u;, be the numerical solution of (1.3) satisfying (2.5) and

wp € S'V) (1), where S | (1) = {P € C(I) : P|5, € Tup1}.

Here, the space of all real polynomials of degree at most m + 1 is denoted by II,,. .

Further, let Xj, be given by
Xp={t=th+ch:0<c1<....<cp<1,n=0,1,...N—1}. (2.9)

For a given mesh I, the parameters {c¢;},i = 1,2,--- ,m completely determines X}, and
are called collocation parameters. We require that the collocation solution u;, satisfies

the collocation problem:

ADwy (1) + B (§Dfun(t)) + Cup(t) = £ (1), 1 € X (2.10)
uy (0) =g, uy (0) =1, (2.11)

where 7, satisfies (2.8). Lett =t,+vh € G,,, v € [0, 1] then on each subinterval G,

the uy, € SISBA (1) satisfying (2.10), (2.11) is given by:

up (t) =y (t, +vh) = Zaq vq—f—Zb vilvelo,1]. (2.12)
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’k+1
. < (t—e)P*“*IDguh(e)de
t=t,+vh

|:CDauh

—0)P* ' Dbw, (0)d6

t=t,+vh

+ [thauh(z‘)L:t ” (2.13)

- i I >]

=0 t=t,+vh

Further, fort =t,+ vh and 6 = t;, + sh, for v,s € [0,1], n =0, 1,...,N — 1 we have,

n—1 1 n—1 iy 1
J¢ = ——— t—0)P"* 'DPu,(0)d6
kZO [lk tk+l ( )i| t=t,1+vh (p a) ZO/ ( ) euh( )
Tk t=ty+vh

1
i/ h=PTIDPu, (1 + sh) p
S
=) (ta+vh—1—sh)*TP

0
— pop Z [uh tk—l—sh} (2.14)

Similarly

1
1 Dbuy, (6)
CDa — / 0
|:tn t Mh(f)L:thrvh T'(p—a) (r— 6)oc—H_p do

In

14
1 /h—P“Dg’uh (ty + sh)
I(p—a) J (vh— sh)* 1P

t=t,+vh

v
p—otp—lp—p+l /Dfuh (tn+sh)
I'(p—a) (v—s)*Ti=P

— @ (%Dg‘ [uh(tn n .h)} (v)). (2.15)

Using (2.14) and (2.15) the equation (2.13) can be rewritten as,

n—1
— pPt JO‘[ t h]
t=ty,+vh kZE)O ! Mh(k+s )

[(C)Df‘ up(t )]

T he (%DS‘ [uh(tn + .h)} (v)). (2.16)
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2.2.1 Derivation of the Collocation Equations

The collocation-shooting method was also studied in [37], [67] and [68]. First we
give the analogue of the collocation-shooting method by deriving the application of
the operator (2.16) on the local representation of the solution u;, (2.12) on G, when

p—l<a<p,(p=1,2). We denote

o] = [0 Py 1)

t=t,+vh ’

OJ? [uh(tk —I—Sh)} = OJ[1>—1<a<p [uh (1 —i—Sh)}

t=t,+vh

G0 a4 | () 1= DR 1< [y (14 1) | ).

The following are crucial for 0 < @ < 1 when p is nonnegative integer.

1
! / Dy(s") ds (2.17)

T(1—a) ) (tatvh—rt;—sh)®
0
h=¢ —k)¢ 1
_ (n+v—k) 2cp?<“<1 <Oc,p,—>
I'l—o) n—k+v
where
0 if p=0,
27N (a,p,2) = (2.18)
2Fl [avpvp_l—lﬂz] lfpz 1
and
\% .
1 D.(s? 0 if p=0,
e | e 1)
5 PIp)__yp-aif ) > 1.

I(1-a+p)

Here, F] is the Gauss Hypergeometric function. Substituting (2.17) and (2.19) into

(2.16) gives

n—1 -
Cno<a<l _ -« (k) (n+v—k) 0<a<1< ;)
[ODt uh(t)]t:tn+vh_h Ig’o(al I'l—a) 2] a’l’n—k+v
() (ntv—k)® 0<a<1( 1 >
+r;b’ I'(l—a) 21 T
l—a m r+1—o
o ) v m ((r+ )T (r+1)v
+h (al —F(z_a)+r221b, ( T2 aiy) : (2.20)
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Also,
D? [uh(t)] — h2p? [uh (tn + vh)} e i (1 +n) =1 @21
r=1

Evaluating (2.12), (2.20) and (2.21) at #, ; = t, + ¢;h and substituting into (2.10)

§ (ib@ (1+7) r(6i>r1)

S (k) o m0<a<l 1
B[Y -2 k)Y D |,
* <k§)1“(l—a) (al (n+ci=k) =2y <oc, ’n—k—l—c,-)

1
0 1
+Zb (n-+ i —k) % 2@ (‘““’m))

- m r+1 o
—of ) ¢ ) ((r+ 1) (r+1)c
e (“1 F(2—a)+2b’ ( rT(2— a+r) )))

r=1
+Ch? (Z ag’cl+ Zb r“)
q= r=
= 12 f (tn) - (2.22)

The matrix representation of equation (2.22) can be written as
Vb = Uya 4+ ), (2.23)

where V € R™" U} € R™*? and Fl(") € R™ with entries given as

(r+ )T (r+ 1)t

V)i, =A(1+7)r(c) " +Br*® ( ) +CR2 T (2.24)

r2- a+)
11—«
_ C:
(U1);, =—Ch*, (Uy);, = —Bi? “m—cﬁq, (2.25)

<Fl(n)>l- =h2f (tn,i)

_hz—_aB nil <Cl(k) (n_f_c._k)*a 2(I)O<a<l (a 1 ;)
I(l-a) \&\"! ’ : " n—k+c

1
+ Zb ﬂ+C, ) o 2(1)(1)<OC<1 <a’r+l7m>>>, (226)

fori=1,...,mand r = 1,...,m. Further, when 1 < o < 2 (p = 2) analogously we use

the local representation of u;, given in (2.12) on G, and the following results,

26



1

D2 sP)
/ ds
(th +vh —ty — sh)*~

0
P % (ntv—k)'® 1<a<2( 1 )
— TGa) Y 1+a, 1+p,n_k+v (2.27)
0ifg=—1,0,
2®1%%(x,q,2) =
2Fi[x,q,q+ 1,7 ifg > 1,
DY( 0if p=0,1,
/ —ds = (2.28)
p(p—DI'(p—1)
0 ety VP22,

where p, g are integers and p > 0 and ¢ > —1. Substituting (2.21), (2.27), (2.28) into

(2.16) and evaluating the result at #, ; = 1, + ¢;h that is taking v = ¢; gives

=

t
" ()]t =ty,+cih
k)~

oy 0 (Pt (ntci— 1<oc<2< 1 )
= r N —1+a,n——/——-:
;; r2—a) 2 +arn—k+6i

k=0
m r+l o
(Z y(r+ 1) (r+1)¢; ) ‘ (2.29)

re- OH—r)

Subsequently, evaluating (2.12) and (2.21), at #,; = 1, + ¢;h, then inserting these

equations with (2.29) into (2.10) we get

A (f: (1+r)r(c,~)r—1b£">>

r=1

L& + 1) (n+ci—k)'
B h2 o ( I" ! CI)1<OC<2 < 1 >
+ ];Z r (2 OC) 29 + o, I’—_k+ct
+he f‘,b(n) r+ )T (r+ 1)t
r=1 ’ F(z o+ )
1 m
+ Ch? Z aén)c? + Z bﬁ”)c{“
q=0 r=1
=W f (tni+cih), i=1,2,--,m. (2.30)
Analogously equation (2.30) has the form
Vb = Upa™ 4+ ", 2.31)
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where V is the same matrix as given in

(2.24) and U, € R™*? and Fz(") € R™. The entries of U, and FZ(") are as follows:

(U2)j 541 = —Chcf, s=0,1, (2.32)
hz—a n—1 m _
(B"), = (ta+cih) — o ——B (Z Yo ) (e k)
i r2-oa) \&5
1
@l<a<2 (—1 —>> i=1,...,m. 2.
X2 1 +a7r7n_k+ci , 1 ) ,m ( 33)

Here, for the first interval a(© is as given below

¥(0) To
a0 — =
hy'(0) hi
Also, a™ and b are
T T
=[] o= [, e, ] e

For n > 1, the smoothness condition on [f,,,7,+1] gives the relationship between am

b and the unknown vector a1 as
a1 = G1a™ 4+ G,p™, (2.35)

where G is the 2 x 2 upper triangular matrix and G is the 2 X m matrix with entries

Il 1 +k
G = ; (GZ)j_Fl’k:( ‘ ),ij,l,k:1,~-,m.
01 J

See [69],[701,[71], [72], [73], [74] and the references therein for details.
2.3 Convergence Analysis

Theorem 2.3: Let ¢; = % where x; = 1 —cos (&), i = 1,...,m be m distinct

collocation parameters. Then for sufficiently small number 4 > 0 the linear algebraic

systems (2.23) and (2.31) for n = 0,1,...,N — 1 have unique solution for

h=% € (0,h). Thus, the unique collocation approximation u), € st

m1 (In) exist for

the local representation (2.12).
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Proof. For any fixed m, with collocation parameters {c;}, i = 1,...,m as ¢; = ngxi,

where x; = 1 — cos (%) the entries of the matrix V in (2.24) are bounded. Further, for

j=1,2,...,mlet

v =A(1+4))J,

_pp2-a (j+1)F(j+1)>
0; = Bh (F(Z—a+j) ’
n=Ch,

then the matrix V can be put in the form

N+H6HE 4N o Yl ST T !
v Y+ 5lc%_a +nes ... }/mcg'_l + 5mc'2”+1_a + ncg’H
Nt Sics ek o Ywcin o St et

It is obvious that for sufficiently small 4 € (0,4) the rows of V are linearly independent
hence rank (V) = m. Therefore, the matrix V possesses a bounded inverse. ]
Theorem 2.4: Assume that

(@) {ci}, i=1,...,m are m distinct collocation parameters chosen as ¢; = %, where
x;=1—cos (%) satisfying 0 < c; < cp... < ¢y = 1.

(b) The exact solution y of (2.1) belongs to the space C"*+2(I).

(¢) The approximation u;, € stV (I) defined by (2.12) for the BVP (1.3), and the

m+1

IVP (2.1) are obtained by solving (2.10) and (2.11).
(d) h > 0 is such that the linear systems (2.23), (2.31) have unique solutions for any

mesh step & € (0,4). Then the estimate
Iy — upllo, == r?ealx|y(t)—uh (1)] < Coh™, (2.36)

holds for i € (0,4). The constant Cy depends on the parameters c;, i = 1,2,...,m and
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on D2y (t) but is independent of .

Proof. From assumption (b) we have y € C"*2(I) and hence y' € C"™*!(I), and

y" € C™(I). Using Peano’s Theorem [62] for y on G,
V' (0)= Y Ly () Zuj+ KR, (v) veE [0,1], (2.37)
j=1

with Z, j =" (tn,j) =" (ta + c;h) and the functions

"oy —c¢ .
Li(v) ::HC‘_C’ (j=1,2,..m), (2.38)
1#j 1l

are the Lagrange polynomials with abscissas c¢;,i = 1,2,....m. Also, the Peano

remainder term is

1
Bitkas ) = [ K (02" 10 2h) (239)
0
and

_ 1 m—1 - ) L m—1

Km(tvs)_(m_l)!{(t S)+ ;L](t) (CJ S)+ }7
0ifr <s,

(t—s) =

(t—s)P ift >s.
Then the local Lagrange representation of y' () on G, is,
m
Y (tatvh) =Y (ta) +1 Y, Brj (V) Znj+ K" R0 (v), (2.40)
=1

where

Integrating once more both sides of (2.40) from O to v yields

Y (ta+vh) =y (ta) +hvy (ta) + 8 Y Boj (V) Zuj+ " PRy (v) (2.41)
j=1

and
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Ryion(v) = / Risan(s)ds.
0

The collocation solution uy, (t) = uy, (1, + vh) satisfies the collocation equation (2.10)

and (2.11) and the local form of uy, (t) = u, (t, +vh) is

up (1) = up, (tn +vh) = uy, (t,) + hvid), (t,) + Z Bo.j (v) Y, (2.42)
Jj=

where Y, j = u)) (tn +c J-h). Since uy, € S,(;J)r] (1), the local function (2.42) can be also

presented as (2.12). Subtracting (2.42) from (2.41) gives

m . ~
+ Y (HBo,j (V) Zuj — 0w ) + 2Ry (v),
j=1

= ¢y, (t,) + hve), (t,) + h? ZﬁO, V)& i+ R R0 (v),  (2.43)
\17

forv € [0,1] where &, j = Z, ; — Y, ;. Also from (2.16) and (2.43) when | < o < 2 we

have

[OCD[l<oc<zeh (t)], = h! (hz Z Z < J1<oc<2 gijOJ( )D

2 Y R § SDL2 g, ()] ) )

e R =
R R 20 (V). (2.44)
We define the following
Rus2n (v) = (D12 [Riny2n (5)] ) (),
) = (172 [, (]
Rk (v) = (071 =% [Ru 24 9)] )
Boj (v) = (§DY=*2 [Bo,; ()] ) (v)

From (2.44) and differentiating (2.43) with respect to ¢ gives
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—1

_hZZﬁo, )&+ h"! ZRm+2k()

(o 1<oc<2
t=t,+vh

+h “Zﬁoj (V) &n+ "2 Ryinn(v)  (2.45)

e}, (ty +Vvh) = €, (t, +h2ﬁ1, V) &nj W R0 (v), (2.46)
j=1
- (1)
ety +vh) = Z V) €nj+h"Ry 1y, (V). (2.47)

At the mesh points (v = 1) and using recursion
m
en(tn) =€), (ta1) +1 Y, Brj (1) &1+ " Rypion 1 (1),
j=1

eh(tn):eh<tn—l)+he;z(tn—l)+h2ZﬁOJ( ) €n— 1J+h m+2n(1)
=1

and that e;,(0) = y (0) — u;, (0) = 0 and assuming ¢}, (0) =y’ (0) — uj, (0) = 0 gives
n—1 m

n—1
D=hY Y Bi(De,+1"" Y Rupa(1), (2.48)
=0 j=1

k=0

n—1 m

n—1
=1’ Y Y Bii(Me + R Y Ruiax(1)
k=0 j=1 k=0
) n—1 m 5 n—1 _
+h2 Y Y Boj(1) & +H"2 Y Ruray(1). (2.49)
=0 j=1 k=0
Next since e;, = y — uy, satisfies the following equation
Aej (1) + B (D! = %en) (1) + Cen (tni) = 0, i=1,2,...,m, (2.50)
with 1, ; = 1, + c;h. Then evaluating (2.47) at v = ¢; gives

Eni = eZ(tn,z) hmR,(niz n ( ) (2.51)

Using (2.48)-(2.51) and evaluating (2.43) at v = ¢; one gets system of algebraic

equations for i = 1,2,...,m that can be presented in the matrix form
n—1
QF, = Y. h0, (Ey + pa, (2:52)
k=0

T T . .
where E, = [€,.1,€12,..,€n,m]" and Py, = [Pp.1,Pn2, -, Pnm|  With the entries
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n—1 n—1
Pni= ma_‘—1 Z Rm+2,k (Ci) +ma+2_aRm+27n (Cl') +C]’lm+2 Z Rm+2,k (1)
k=0 k=0

n—1 n—1
+CH" Y Ruyax (1) +Ceilt™? Y Rya 1 (1) +CR" Ry n (ci)
k=0 k=0

FARRY), ()i =1,2,.m. (2.53)

Since the functions I_€m+27k,Rm+27k,§m+27k and Em+27k, k=0,1,...,n are bounded there
exist a constant & such that ||p,||; < 8h™. Further, for sufficiently small h € (0,h) the

linear system (2.52) has unique solution. Next, we take ky = 1r<r1a<x H Bo. j”oo and
<j<m

M. = max ‘§m+2,n (v)

m
7 , M = max {1} and ||E,|, = ¥ |&. |- Also let
ve([0,1] j=1

0<k<n

K| = 11;1/;2;”[31’/-”00, and Ay, := Vren[g?%] ‘Rm+27n (v)‘, A = org?%‘n{lz’k}' Then from

(2.48),

¢, (tn)| can be estimated as

n—1 m n—1
()| <h Y. Y 1B (D] |ee] +H™ Y [Rugax (1)]
k=0 j=1 k=0
n—1

< hiy Y |[Exll, +H"T Az (2.54)
k=0

Further using (2.43), (2.49) and (2.54) we get

n—l n—1
max len(ta +vh)| < ki Yl + A" T2+ koh® Y | El +H"H T A
ve|0, =0 far

n—1
+T (hiq Y IE +h’"T/12> + 1250 || Bl + A" A1 (2.55)
k=0
Then when & € (0, 1) there exists a constant Dy < oo, so that,
HQ‘1H1§D0<00, (2.56)

holds. Also the entries of the matrix ©,; are bounded therefore

1271, [|©nkl||; < D§ < oo. Then from (2.52) and using ||pa|; < 8h™ we get

n—1
IE,ll, <D§ Y hl[Ek|l, +DoSh™, n=0,1,....,N—1. (2.57)

k=0
The inequality (2.57) is called discrete Gronwall inequality. There exist a positive

number p such that

33



|E,||; < uh™ forn=0,1,....N —1. (2.58)
Subsequently, from (2.55) and using (2.58) follows

n—l n—1
ma len(tn+vh)| < kih* Y |[Eelly + W T 20 + kol Y [Ely + 17 T4
ve|0,1 =0 =

n—1
+T (hiq Y Bl +hmmz> + 1Ko | Eally + "2
k=0

<k Tph™ £ BT Do+ k0T uh™ ™ + W T + k0 T2 ™
+ TthA2 + hm+2‘u Ko + hm—0—2&1

< Coh™.

Hence, the inequality (2.36) is obtained. Note also, we assumed e;l(O) =0 and
symbolically solve the equation (2.8) for u,. Equation (2.54) shows that ¢ (0) = 0 =
O(K™). Further, for 0 < o < 1 the proof is analogous. For o = 1 the generalized BgT
equation (1.3) becomes the second order ordinary differential equation and the
obtained results are valid, see [62]. ]
Remark 2.1: In Theorem 2.4 we assumed that y € C"*2(I). This is a condition
stated in terms of the unknown function y. For the general initial value problem of
linear differential equation with coefficients A; € R,i = 1,...,n and the Caputo

derivatives

% (§D1"y) (1) =f (1), for 1 >0,

-

(Spy) (1) -
1

1

Y8 (0)=c,eR, k=0,1,...m—1<pu<m.
where L >y > ... > W, >0, and m; — 1 < y; < m;, m; € No = N U{0} the sufficient
conditions on the data f, for the differentiability properties of y were given in Theorem
4.1 of [75]. Furthermore, based on this theorem, later it was stated in [34] that if
f € C?(I) then the IVP of BgT equation (1.2) with Caputo derivative of order a = 3/2

has a unique solution y € C? ().
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Chapter 3

EXPERIMENTAL INVESTIGATION OF THE HIGHLY
ACCURATE NUMERICAL METHOD FOR SOLVING
BOUNDARY VALUE PROBLEM OF GENERALIZED

BAGLEY TORVIK EQUATION

In this section of the thesis, we consider the implementation of the highly accurate
numerical method for solving the boundary value problem of generalized
Bagley-Torvik equation.  For demonstrating the efficiency of the method in
computation and accuracy we present some test problems. The realization of the
method for the conducted examples is given by using Matlab in double precision on
an HP Laptop with properties 8GB RAM INTEL 17 & 1255U 3.5GHZ and 512 GB

NVME M.2SSD.

For computational efficiency in storage and time we have taken m = 3 or m = 4. This
provides solving system of linear equations with same coefficient matrix of size
(3 x 3) or (4 x 4) respectively, for each subinterval n =0,1,..., N — 1. For a fixed m
and h = T /N the coefficient matrix is same on each subinterval n = 0,1,....N — 1.
Therefore, the solution of each of the algebraic linear system of equations having
same coefficient matrix with different right sides is obtained by applying LU
decomposition (LU decom.) to the coefficient matrix followed by forward and
backward substitutions (F B subst.). Table 3.1 shows the computational complexity in

multiplications and one can view that as N — oo the ratio of total computational
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cost(Rrcc) approaches to 2 showing that halving s will increase the total
computational cost (TCC) two times. Therefore, the operational cost increases
linearly with respect to N. We defined the the absolute error, Maximum absolute error
and local and global error as follows:
AE(t) = |y(t) —up(t)| , t €1=]0,T] is the absolute error.
El= fT\ (v(t) — up,(t))|?dt, denotes the square Ly norm error.

0
MAE), = max|y(t) — uy(t)|. Also, we define the local and global order of convergence

h

by

*

_ MAE, E}
hs ~ MAE,’ 5
2

R,y =—1.
E2

Table 3.1: Computational complexity of C-SM using LU decomposition method.

Operation h h/2
LU decom. [76] tm(m—1)(4m+1) tm(m—1)(4m+1)
FB subst. [76] Nm(2m—1) 2Nm(2m—1)
Evaluating (2.35) (N—1)(2m+3) 2(N—1)(2m+3)
2Nm? +mN +3N —3 4Nm? +2mN + 6N — 6
rce
T It (T

TCC(h/2) 2Nm2+mN-+3N—=3
R = 1
ree TCC(h) + 23— L2 — Bt 2Nm2+mN+3N-3

Example 3.1: Consider the fractional Bagley—Torvik equation

0+ (§0h0)) +30 = 0), 10.5)

subject to the boundary conditions, y(0) =0, y(5) = 125.

where




and the exact solution is y(¢) = £°.

In other to apply the multiple shooting method, we divide the domain [0,5] into five
sub-intervals, and take o = %, and m = 4.
O=fn<ti=1<tnh=2<t3=3<t4=4<t;=>5. Consequently we split the

problem into the following initial values problems.

I
=
S
—~~

=
N

Il

=

Lig)=g(t), 0<r<1, ¢i(0:)
Ligo] =g(t), 1<1<2, @(l:)=m1, @(l:)=m;
Lips|=g(t), 2<t<3, ¢3(2:)=m, ¢3(2:)=1s
Ll =g(t), 3<t<4, @(3:)=1 @03:)=1

Ligs| =g(1), 4<t<5 @s(4:)=15, @5(4:)=1mo

where

Ho) = 0%+ (50 00)) + 0100

The parameter values 1; are determined by solving the system of algebraic equations

as follows.

oi[l,m] = @i[L 1), @y[1, 0] = @[, 12, 1T
Q22,1 1] = @32, 115, @[2, 772, 1T3] = 33,77, 75
03[3, 70, 715) = a3, 106, 1), @3[3,104,7T5] = @u4[4, 776, 7]
Qal4, 16, T17] = @5[4,75, 1], 4[4, 5, 0] = 5[5, 775, 1h0]

@s[5,M8,Mo] = 125.

We present the unknown parameters values as follows: 1771 =0.000000000000000 , 1,

0.99999999998554634, 1n3= 3.0000000000359499 n4= 8.0000000000032809, n5=
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11.999999999997389, mNe= 26.999999999998408, 1n7= 26.999999999998884, ns=
63.999999999999730, 19= 48.000000000001016.

Further, we show the results in Table 3.2.

Table 3.2: The exact solution y(t) the approximate solution uy(¢) and the absolute error
AE for Example 3.1.

t y(©) up(t) AE

0 0.000000000000000  0.0000000000000000  0.0000000000000000
1 1.000000000000000  0.9999999999855463 1.4453660490687525E-11
2 8.000000000000000  8.0000000000032809 3.2809310823722626E-12
3 27.00000000000000  26.999999999998408 1.5916157281026244E-12
4 64.000000000000000  63.999999999999730 2.7000623958883807E-13
5 125.000000000000000  125.00000000000000  0.0000000000000000

Eé’ 4.699191911029271E-22
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Figure 3.1: The exact solution y(t) and the approximate solution u(¢) and the
absolute error AE when N = 5 obtained by C-SM, for Example 3.1.
In Table 3.2, the exact solution is given att = i,i = 0,1,2,--- ;5 are on column 2, the
approximate solution on column 3 and the absolute errors att =i,i =0,1,2,---,5 are

shown on column 4. Also the Eél norm error is given on the last row of the Table
3.2. We view from Table 3.2 that, the C-SM gives a good approximation of the exact
solution. Furthermore, Figure 3.1 shows the graph of the absolute error (AE), the exact
and approximate solutions. We also see from the graph of Figure 3.1 that, the method
approximates the exact solution almost exact with minimal errors.

Example 3.2: Consider the fractional Bagley-Torvik equation [77]

DA(0)+ (§01*5(0)) +3() = (1), 1€ (0,1),

subject to
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y(0) =0, y(1)=1+sin(1),
where the exact solution is

y(t) =22 +sin(t),

and
1500 8VE o sp, 1 4 5, 1113 40
=— Al S — F(= —. 2
f@) 1 +3F(%) +1 +3F(1/4)t cos (1) 1<2, 23 >
74 t l) (LJ) (Z 315 1/2>L
T 51n(2t)F<7r+2 Nz 20525 ) tan

We take h=1/N and N =5,7 , 10. Also we take collocation points ¢; = X"TH, X =

1—cos<’2‘—;’1), k=1,--- ,m. Table 3.3 presents the 7}, j =0,---,2N — 1 and
the Table 3.4 shows the absolute error at the mesh points when m = 3. Furthermore,

Figure 3.2 shows the exact solution y(¢) and the approximate solution uy(t) for N = 10

and the absolute error (AE) function for N = 5,7, 10 on [0, 1], when m = 3.

40



Table 3.3: Parameters vales for N = 5,7 and 10 obtained by C-SM, for Example 3.2.

N =35 Parameters(7);)

N =7 Parameters (j;)

N =10 Parameters();)

flo = 0.00000000
M1 = 0990619713
M2 = 0216256215
73 = 1.203179869
fla = 0.490314607
fls = 1.553678551
fls = 0.843271983
7 = 1987656445
fls = 1.289669125

Mo = 2.486118468

flo = 0.00000000
i1 = 0.99430566
2 = 0.14994741
M3 = 1.12442924
fla = 032532791
fls = 1.34124808
fls = 0.53567753
fl7 = 1.61109705
flg = 0.78755662
flo = 1.92122674
Mo = 1.08620076
1 =2.26501157
M2 = 1.43612947

fl13 = 2.63877256

flo = 0.00000000
1 = 0.99664976
2 = 0.10293691
13 = 107381452
fla = 0.21649064
fls = 120362147
flo = 0.34474814
7 = 1.36614474
fls = 0.49054852
flo = 1.55357045
Mo = 0.65614667
i1 = 1.76154490
12 = 0.84345081

i3 = 1.987327151

M4 = 1.054145152

flis = 2.229106256

M6 = 1.289765041

fl17 = 2.485678364

flig = 1.551748027

N9 =2.756269183
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Table 3.4: The Absolute error AE when N = 5,7 and 10 and the square L, norm error
obtained by C-SM, for Example 3.2 .

, N =35, AE t N=1, AE t N =10, AE
0 0.0000 0 0.0000 0 0.00000
1/5 3.0166E-04 1/7 1.3788E-04 1/10 1.1954E-05
2/5 2.9662E-04 2/7 1.4943E-04 2/10 1.4391E-05
3/5 2.2529E-04 3/7 1.3683E-04 3/10 1.4689E-05
4/5 1.2036E-04 477 1.1153E-04 4/10 1.3909E-05
1 0.0000 5/7 7.8288E-05 5/10 1.2433E-05
6/7 4.0255E-05 6/10 1.0464E-05
1 0.0000 7/10 8.1359E-06

8/10 5.5560E-06

9/10 2.8163E-06

1 0.0000

Eé‘ 5.1389E-08 1.18035E-08 2.4099E-09

42



351
N=
N

— x—-uy)
1.8} !

y(t) /’
/

257

i
o
T

—_
I
o

- o
.
AE
e
-—/

1.5

y(t) & u, (1)

—
(& =]
e

o
@
T
o

0.5
\

=1
I
T

0.2} 1
U ; -~
0.5 1 0
t t
Figure 3.2: The exact solution y(t) and the approximate solution u,(¢) for N = 10 and
the absolute error AE when N = 5, 7, 10 obtained by C-SM, for Example (3.2).

We see from the graph of the Figure 3.2 that, the collocation— shooting method gives a
good approximation of the exact solution. Also the graph shows that the absolute error

decreases as N increases, this result is consistent with the the theoretical results given

in Chapter 2
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Example 3.3: Let ® > 6 be an integer and 6 > 0 be real number that we name them
as the regularity parameter and the stress factor for the following BVP of generalized

BgT equation
D%y(0)+0 (§010) ) +90) =/(0), 1€ 0.1
10) =0, (1) =2,

where the in-homogeneous term and exact solution are

22 r(1+% 96011
(1) == (——1>t?‘2+6t+z‘§’+t3+9<r(—3))>t—1+§'+ i

3 \3 (-3+% 5T (3)
y(t) =t3 +1.

This example is constructed to show and analyze the behavior of the method under
variations in the regularity of the solution and under variations in the stress constant. In
Figure 3.3 for Example 3.3 when m = 4 by fixing the regularity parameter @ = 7, and
the stress factor 8 = 1 the exact and approximate solutions are drawn for N = 10 and
the absolute error function is illustrated for N = 10,20,40,80. Figure 3.4 illustrates
the order of convergence with respect to change in the variable 6 when regularity
parameter is taken large as @ = 19 and m = 3,4 for Example 3.3. Further, Figure 3.5
illustrates the order of convergence with respect to change in the regularity parameter
® when stress factor is taken as & = 1 and m = 3,4 for Example 3.3. We remark that
when the exact solution is a polynomial of degree not exceeding 4 we get almost exact
solution(MAE), = E — 16) for both m = 3 and m = 4, also when @ /3 = 5 (5-th degree
polynomial) the approximate solution is almost exact for m = 4. Therefore, in that case
increasing the value of N does not improve the error much unless the precision is also

increased.
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Figure 3.3: The functions y(t), u;(t) for N = 10 and AE(t) for various N, obtained for
Example 3.3 whenm =4, @ =7 and 6 = 1.
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Table 3.5: The MAE;, and Eél errors and their ratios when @ = 19 and m = 3,4 for
Example 3.3.

® N MAE, R El R,

h
h./z

MAE, R*, El R

1000 10 2.57E-04 3.35E-08 5.60E-06 1.63E-11

20 2.60E-05 9.87 3.47E-10 96.60 2.93E-07 19.10 4.55E-14 359.29

40 2.69E-06 9.67 3.70E-12 93.79 1.53E-08 19.05 1.25E-16 361.62

80 2.80E-07 9.60 4.02E-14 92.19 8.09E-10 19.03 3.49E-19 360.71

10 10 3.18E-04 5.14E-08 7.28E-06 2.76E-11

20 3.38E-05 9.39 5.87E-10 87.67 4.02E-07 18.09 8.56E-14 323.08

40 3.69E-06 9.14 7.01E-12 83.74 2.24E-08 1791 2.67E-16 319.71

80 4.11E-07 8.99 8.65E-14 81.02 1.26E-09 17.74 8.53E-19 313.77

0.1 10 9.01E-04 4.14E-07 2.56E-05 3.46E-10

20 1.06E-04 8.44 5.81E-09 71.22 1.57E-06 16.31 1.30E-12 264.70

40 1.29E-05 8.23 8.57E-11 67.84 9.76E-08 16.13 5.00E-15 261.36

80 1.59E-06 8.11 1.29E-12 66.10 6.06E-09 16.09 1.93E-17 258.60

0.001 10 9.61E-04 4.71E-07 2.7T7E-05 4.04E-10

20 1.13E-04 8.43 6.64E-09 70.98 1.70E-06 16.28 1.53E-12 264.15

40 1.38E-05 8.21 9.82E-11 67.60 1.05E-07 16.10 5.86E-15 260.68

80 1.71E-06 8.10 1.49E-12 65.88 6.57E-09 16.07 2.27E-17 257.95

Table 3.5 presents the MAE),, Eé’ errors and their ratios when m = 3,4 and @ = 19 for
various values of 6, obtained by C-SM for Example 3.3. Subsequently, we see from
Table 3.5 and Figure 3.4 that convergence order is not affected negatively for large
values of stress factor 6 that scales the fractional term in the differential equation. In

addition, Table 3.6 shows the MAE;, and Eé’ errors and their ratios when 6 = 1 and
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m = 3,4 for various values of the regularity parameter @ achieved for Example 3.3.
Furthermore, columns 4,6 and columns 8,10 of Table 3.5 and Table 3.6 demonstrate
the local convergence order R;'; ! and the global convergence order R nl form =3 and
m = 4, respectively. These data justify the theoretical results given in Theorem 4.2 that
when y € C"*+2(I), the method gives Rh% ~ 23 showing O(h?*) accuracy for m = 3 and

R, ; =~ 2% presenting O(h*) for m = 4. Furthermore, numerical results show that for

h

ST

weak regularity @ = 7, the order of convergence behaves at least linearly.
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Table 3.6: The MAE), and Eg and their ratios when 6 = 1 and m = 3,4 for Example
3.3.

@ N MAE, R* El R

h
h7§

MAE, R* El R

I
h,5 h,4

m=73 m=73 m=4 m=4

7 10 9.69E-05 4.88E-09 7.13E-05 2.67E-09

20 4.51E-05 2.15 1.07E-09 4.56 3.00E-05 2.38 4.88E-10 5.47

40 191E-05 236 1.95E-10 549 1.21E-05 248 791E-11 6.17

80 7.75E-06 2.46 2.89E-11 6.72 4.779E-06 2.52 1.25E-11 6.30

10 10 3.86E-06 3.27E-12 2.98E-06 5.93E-12

20 8.31E-07 4.64 3.24E-13 10.09 7.08E-07 4.22 2.66E-13 22.43

40 2.79E-07 2.97 3.88E-14 8.34 1.52E-07 4.65 1.23E-14 21.51

80 7.31E-08 3.82 2.78E-15 13.98 3.12E-08 4.87 5.26E-16 23.42

13 10 2.19E-05 2.56E-10 1.88E-07 7.74E-15

20 2.776E-06 7.93 4.11E-12 6230 1.96E-08 9.58 1.77E-16 43.83

40 3.42E-07 8.08 6.33E-14 6495 3.41E-09 5.77 5.73E-18 30.79

80 4.19E-08 8.14 9.59E-16 65.90 4.54E-10 7.52 1.06E-19 54.03

16 10 2.05E-04 2.19E-08 1.43E-06 1.09E-12

20 2.47E-05 8.31 3.06E-10 71.49 9.14E-08 15.6 4.49E-15 243.73

40 2.99E-06 8.23 4.74E-12 64.59 5.69E-09 16.04 1.75E-17 256.17

80 3.66E-07 8.17 7.09E-14 66.76 3.51E-10 16.22 6.72E-20 261.06

19 10 6.13E-04 1.92E-07 1.61E-05 1.36E-10

20 7.11E-05 8.61 2.59E-09 73.95 9.75E-07 16.57 5.02E-13 272.75

40 8.49E-06 8.38 3.69E-11 70.36 5.94E-08 16.41 1.86E-15 269.28

80 1.02E-06 8.25 5.41E-13 68.30 3.63E-09 16.33 7.02E-18 265.63
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Example 3.4: Let us consider the following BVP of generalized BgT equation
considered in [7], [6], [4], [8], [9]

13 =

Du(t) + = (§Dku(r)) + 570 = G530 77

17 4811(t) +7V1fa(t)), t € (0,1)

u(0) =u(1) =0,
where

fi(t) = 16000¢* — 324801 + 212801 — 4746t + 189,

fo(r) = 32501° — 94251* + 2648801 — 4481071 + 2332621 — 34578,

294 765 339, 27

5 =
ult) =0 =15t + 35" ~ 250" T 125"

Table 3.7 shows the absolute errors at grid points #; = i/10,i = 1,2,...,9 and the Eél
errors when u = 1.5 and m = 3,4 for Example 3.4 obtained by C-SM. This table also
compares the absolute errors when p = 1.5 with the methods BCM [7], DCSWSGD
[6], QFEM [4], GBPM [8] and HWM [9]. The errors presented by BCM was obtained
by using truncated Bessel series with 8 functions. Also, DCSWSGD were given for
10 grid points and the errors by HWM were obtained by using m* = 8, where m*
is the number of Haar Wavelets. From Table 3.7 we conclude that our results for
m = 3 are at least as good as the results obtained by BCM [7], DCSWSGD [6], QFEM
[4], and HWM [9]. Moreover, columns 3,4 of Table 3.7 show that when m = 4 the
proposed method gives almost exact solution in double precision. Since the 6 —th
order derivative of the exact solution vanishes this conclusion is not surprising and is
verified by the Theorem 4.2. Furthermore, when m = 4 the obtained errors behave like

those given by GBPM [8].

However, the advantage of the given method is that the coefficient matrix on each
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subinterval is same and size does not depend on N. We present the computational
efficiency in Table 3.8 by displaying the CPUs, the determinant of the coefficient
matrix (det(V)) and the Euclidean norm of the matrix HV*IUZH2 given in (2.31). It
can be viewed from this table that computational cost increases linearly. Finally,
Figure 3.6 illustrates the functions y(¢), uy(¢) for N = 20 and AE(¢) for N = 15,35,45

when m = 4.
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Figure 3.6: The functions y(¢), u;(¢) and AE(t) for N = 15,35,45 by C-SM for
Example 3.4.

Table 3.8: The computational efficiency of the given method for Example 3.4.
CPUs  CPUs  det(V) det(V) ||[V7'Uo, ||V '],

N

m=23 m=4 m=3 m=4 m=3 m=4
10 1.015 1.654 2.8559 0.4285 0.0051 0.0051
20 1.914 3.199 2.8538 0.4283 0.0013 0.0013

40  3.959 6.366 2.8532 0.4282 3.422E-4 3.416E-4

80  7.873 12.659 2.8529 0.4282 9.226E-5 9.439E-5

Example 3.5: Consider the BVP of the generalized BgT equation in [1], [2], [3], [4],

[5]
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where the non-homogeneous term and the exact solution are

(a—1)! ( ot

_1>t(xu1+ ailt—l,
Floo—p) \a—p ple=h)

ft)=(x—1)(at — o 4+2)t*3+6

u(t) = 1%t 1),

Table 3.9 shows the AE and Eé‘ achieved by C-SM for m = 3,4 and the AE obtained
by SSM [1], CSM [2], NGLDM [3], QFEM [4], and GM [5] when (u,0,7,a) =
(0.3,0.5,1,5), respectively for Example 3.5. The results presented in column 3 and
column 4 of Table 3.9 demonstrate that for m = 4 the proposed method gives more
accurate results then the methods SSM [1], CSM [2], NGLDM [3], and QFEM [4].
Moreover, the obtained errors for m = 4,N = 8 behave like those given by GM [5]
which is a semi-analytic method. Additionally, Figure 3.7 illustrates the exact solution
y(t) and the approximate solution uy(¢) for N = 8 and AE(t) when N = 8,16,32 for

Example 3.5 obtained by C-SM with m = 3.
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Figure 3.7: The functions y(¢), u;(t) when N = 8 and the AE(¢) when N = 8, 16,32
for Example 3.5 obtained by C-SM with m = 3.

Example 3.6: Let 0 < <1 and 6 > 0, n > 0 be real numbers. We setup the

following BVP of generalized BgT equation.

D2u(t)+ 8 (§DFu(t)) = fi() + 66 # (1) + (1), 1 € (0,1),
1(0) =0, u(1) =nsin(1),

where

174 456 33
filr) =208 — —2 + —1— 0

25 125
120 348 3 456 , 339 27
fz(l)—r(6_u)’ 51“(5_,,1)[ +25r(4—u)t 125F(3—u)t+1251"(2—u)’
n

22 2J 4

neé:'~H,F, [{1}={1_ ;-5 IZ} :
- @i e

f3(t)

and the HypergeometricPFQ[{al,az, ...,ap} , {bl,bz, ...,bq} ,z] is the generalized

hypergeometric function ,F, (a;b;z) and the exact solution is
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u(t) =1> — %t“ + %ﬁ — %tz + 12775; + nsin(r).
For 1 = 0O the resulting problem was considered in [3], [6], [4]. Hence, for validating
and comparing the given method, we take the set of values (N, u,0,m) = (10,0.5,1,0)
and present the AE, Eé’ obtained by C-SM and the AE by the methods NGLDM [3],
DCSWSGD [6], and QFEM][4] in Table 3.10. We conclude from Table 3.10 that C-
SM with m = 4 provides almost exact solution giving higher accuracy when compared
with NGLDM [3], DCSWSGD [6], and QFEM [4]. Furthermore, for Example 3.6 we
analyze the behavior of the given method in Figure 3.8 and Figure 3.9 by demonstrating
the AE(¢) when m = 3 and m = 4, respectively for fixed N =16and n =1, 6 =2 and
for various values of u taken as g = 0.1,0.3,0.5,0.8. Finally Table 3.11 shows the

order of convergence of the given method for Example 3.6 when 1 =1, 6 = 2 and

u=0.9.
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Figure 3.8: The function AE(¢) for N =16, 1 =1, 6 = 2 and m = 3 for Example 3.6
obtained by C-SM.

Table 3.10: The error comparisons of C-SM, NGLDM [3], DCSWSGD [6] and QFEM
[4] for Example 3.6.

C-SM C-SM  NGLDM[3] DCSWSGD[6] QFEM [4]

m=73 m=4 Table 4 Table 4.5 Table 3
0.1 7.21E-04 0 2.00E-03 1.05E-05 1.40E-04
0.2 7.23E-04 9.99E-16 1.74E-03 3.21E-05 2.33E-05
0.3 6.33E-04 1.00E-15 1.53E-03 6.79E-05 1.60E-04
0.4 5.08E-04 1.19E-15 1.32E-03 7.17E-05 2.71E-04
0.5 391E-04 1.99E-15 1.11E-03 6.19E-05 2.80E-04
0.6 293E-04 1.57E-15 8.92E-04 4.75E-05 2.25E-04
0.7 2.10E-04 1.90E-15 6.53E-04 3.21E-05 1.62E-04
0.8 1.31E-04 8.99E-16 4.19E-04 1.81E-05 1.20E-04
0.9 5.71E-05 4.82E-16 2.02E-04 7.01E-06 7.75E-05

EF  137E-08 5.32E-31
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Figure 3.9: The function AE(t) for N = 16, 1 = 1, 6 =2 and m = 4 for Example 3.6
obtained by C-SM.

Table 3.11: The order of convergence of C-SM for Example 3.6 when n =1, 0 =2
and 4 =0.9.

MAE, . El MAE, El

N Ry Ry R,y Ry
m=73 m=23 m=4 m=4

4 2.85E-03 4.76E-06 4.60E-07 1.07E-13

8 3.72E-04 7.65 7.55E-08 63.09 2.71E-08 16.96 3.84E-16 277.3

16 4.78E-05 7.78 1.19E-09 63.29 1.64E-09 16.58 1.44E-18 277.0

32 6.01E-06 794 1.88E-11 6332 1.00E-10 16.35 5.28E-21 2724
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Example 3.7: Consider the mathematical model of a Micro Electro Mechanical

System (MEMS) instrument in [1] and [78]

D?u(t) + GﬁD%u(I) +u(t)=0,r>0

and the exact solution is

0 oo 9\/—) ( )!t2+2r+j/2

y=1-—
jz‘;)rzf ir!( 2+2r+]/2) (2+2r+j/2)

The problem is an IVP of a real life application of (1.1) to oil industry. The analytic
solution of the problem was given by [78] and a numerical solution using spline
combine with shooting method (SSM) was provided in [1]. The authors of [78] state
that “two extreme situations occur for the value of 8 = 0.005 (where the oscillations
decrease so slowly in magnitude and the decade would be hard to measure) and 6 = 1
(where the decay is so rapid that not enough data would be collected)”. We take

€ [0,1] and Table 3.12 shows the analytic and approximate solutions for
0 =1,0 =0.2 and 6 = 0.005 obtained by using C-SM when N = 8, m = 4 and by
SSM [1]. Further, the approximate solution by C-SM is presented in Figure 3.10
while the absolute error AE function is illustrated in Figure 3.11 both as a surface plot
in two parameters ¢ and the decay coefficient 6 when m =4 and N = 10. In
conclusion, Table 3.12 presents that C-SM gives better approximation to the problem

when compared with the results obtained by SSM.
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Figure 3.10: The approximate solution for Example 3.7 when m =4 and N = 10
obtained by C-SM.

t ' 4 O

Figure 3.11: The AE for Example 3.7 when m = 4 and N = 10 obtained by C-SM.
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Chapter 4

ON THE EXISTENCE, UNIQUENESS AND A
NUMERICAL APPROACH TO THE SOLUTION OF

FRACTIONAL CAUCHY-EULER EQUATION

The theoretical results given in this Chapter are published in [66].

4.1 Existence and Uniqueness of Solution

In order to investigate the existence and uniqueness of solution of Equation (1.4), we
define a max metric ds containing y%, and prove that any two solutions of Equation
(1.4) are equivalent in the metric space (C*[a,T],ds). Further, we show that a
solution sequence {yj};o:] of Equation (1.4) is a Cauchy sequence in the metric

space. Setting B; = By = B3 = 1, we rewrite Equation (1.4) in the form

V' (6) = 72 £(0) — 192 EDIy(1) — 1 2(e) = h (1,3(0), SDP(r)), O<a<2,
y(a) = Po, ' (@) =B, (4.1)
where {D%y(t) exists and is continuous, and f(¢) is continuous in the interval [a, T).

Here, By and B; are real numbers. For the same value of a, the following equations
are equivalent to Equation (1.4).

Lemma 4.1: [66] Let h(t,y(t), SD¥y(r)) =172 f(t) — 1% SD¥y(r) — t2y(t), then
the initial value problem (1.4) is equivalent to the following equations, provided that

CD%y(t) exists and is continuous, and f(¢) is continuous in the interval [a, T].
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(a)
y(t) = / (= (5.3(5), SDIV(S)) s+ B (1—a) + s 1 €0, T], (42)

(b) Moreover, for0 < a < 1,

1

DY) = iy [ =90 (s2306), EDE5)) s
+ —F(Zﬁ—l ) (t—a)™% 1t €a,T].

Proof. (a) Integrating twice Equation (4.1), the result follows as in (4.2).

(b) To prove part (b), we first differentiate both sides of Equation (4.2):

V(0= 4 [ =9 (523060, DI ds+

t
= [ #(s5(6). $DE5(5)) ds + i
a
For 0 < oo < 1 and t € [a,T], by applying the Caputo derivative, we obtain

Y0 =1y ) =@ ( [

a

t

H(s.3(5), $DEY(s)) ds + B

i [ =97 ( [ n(natm. Sotsm)an+5: ) as

90 =gy | 4 (1) S an [ sy

+ﬁ/c; (I—S)_aﬁ_lds.

We change the order of integration in the iterative integral to obtain

! f-m) o 1 (—s)e|
tia |, e ot an - o e B
et [ e (). 0y an + s -
:—r(zl_a)/ (t=m)"" % (n,5(n), SW‘y(n))dH%(z—@la.
The proof is complete. 0

Let Y := C?[a,T] be a set of twice continuously differentiable functions on [a, T]. We
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consider the metric space (Y,ds) coupled with the max metric

. max x(6) —y(@)|
8 tea,T] E«(8t7)

max
t€la,T|

1 () ) (1))
E.(617)

,Vx,yevY.

Theorem 4.1: [66] Assume that 0 < o < 2. Equation (4.1) has only one solution

y=y(t) in (C*[a,T],ds) defined on the interval [a, T].

Proof. 1tis clear that

(2, wi,u1) — h(t,wy,ua)| <72 |wy —wa| +1%2|uy — up|

(T—a)?

1
§—2|W1—W2|+ |u1—u2|.
a

azfoc

(T—a)>®

HE

Define A :=max { alz, azl,a +

r(i-a) ] and choose T such that A < 1. Define

an operator Ey : (Y,ds) — (Y,ds) as follows:

Ey(?)

1

and

/t(t —s)h <s,y(s), SD?‘y(s)) ds+ By (t —a) + Bo.

(= s)|h(s,

4.3)

x(s),x% (s)) = h(s,y(s),y* (s)) |ds

(15) | 23 be(s) = ¥(6) g K (s) ¥ 9) s,
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Similarly,

.)h 5,x(s), aCD,O‘x(s)) —h(s,y(s), SD,“y(s))‘ds
' . 1
“rema L e

1 1 1 t o
= rz—a) ™ {;’—aZ—a} da(x,y)/a (t—s)'"%ds

1 (t—a)“ 11
= max {_Z;az_a} d5(x7y)

[Mx(s) = y(5)|+ N[ (s) =y @ (s)[| ds

r2—a) 2-a a
_(t—a)* 11
= mmax {;, az—_a} dg(x,y) (45)

Taking the supremum with respect to ¢ in (4.4) and (4.5) and adding them, we obtain

1 } [(T—a)2 N (T —a)*“

a2 a>¢ 2 I(l—a)

ds(Ex,Zy) < max {

] ds(x,y).
For small T — a, we have

I 1
max i

2 2—o
Thus, there exist 77 > 0 such that max a%, azl_a [(T‘ ;a) + (TFI(_IZ)(X) } < 1, and the

(T—a) (T—a)*
> T T(i—a)

< 1.

operator X is a construction. By the Banach fixed-point theorem, = has a unique fixed
point in ¥ and consequently the Equation (4.1) has a unique solution on [a,T;]. By
repeating this process multiple times, we arrive at a unique solution on [a, T]. [
4.2 The Numerical Method and Algorithm

Let L, = {tj ‘ti=a+ jhh= %,j =0,1,--- ,N} be a given uniform mesh on
L =[a,T] and set 8, = (ty,t,1] and 8, = [tp,ty41], for n =0,1,--- N — 1. The
solution y of the problem (1.4) will be approximated by an element u;, € S,(nll | (Ln),

where S(l)

o (L) =={PeC(L): Pls €ILy+1}. Also, I1, presents the space of all

real polynomials of a degree not exceeding m+- 1. Let
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Xp={t=t,+vih:0<v <---<v, <1l,n=0,1,--- ,N—1}, (4.6)

and v;,i = 1,2,--- ,m being the collocation parameters, the collocation solution uy,

satisfies the following collocation problem:

Bi2Duy(r) + By ® (SDfun(r)) + Bauwn() = £(1), 1€ %, @.7)
up(a) = Bo, uy(a) = Bi. (4.8)
Lett=1t,+whe 3n7w € [0,1], then on each subinterval 3,1, the collocation solution

up € S,(w)rl (Ly) satisfying (4.7) and (4.8) is given by

wp (1) = up, (tp +wh) = Zag"wuxb Wit w e [0,1]. (4.9)

We present ¢ D*uy, as follows:

tp+1
1 n—1
Cno _ o \T—o—=1
Soru®], = | Foma p / (1 — )" Dy (x) dix
p t=t,+wh
t
1 1
+ F(‘L’—a)/(t x) % DYuy, (x) dx
In t=ty+wh
n—1 c
_ o o
- 0], DR ®] o 410)
p:
Also,
Ip+1
v 1 £ T—o—1 7
J® t = - t—x) D d
1;0 [lp l”“uh( )L:l‘n—l—wh F(T—Oc)pzb/ =) b (x) dx
p t=ty+wh

1
i / h="tD%uy, (t,+ sh) p
S
=07 tn+wh—tp—sh)a+lff

= p Z o ¥ [ (t, + sh)] . (4.11)
p=
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In a similar way, we have

t
1 Diuy (x)
Cnro _ xUh
[’nDl Mh(t)]t:ln—i-wh_ (7— Ot)/(t x) %t =

In t=t,+wh
w

/h D%y, (t, + sh)

ds
Sh a+l—1

0

w
—o+T— lh T—H/ Mh tn+Sh
o oc+1 1,'

0

= 1= (GD2 [up(ta + 1)) (w)). (4.12)

By Equations (4.11) and (4.12), we write Equation (4.10) as follows:

n—1
— Tl Z oJT [uh(tp +sh)}
p=0

Y (ng [uh(tn v .h)} (w)>. (4.13)

[tha”h(O}

t=t,+wh

We mention that the papers [37], [79] , [80], [81], [82], [83], [84], [85], [86], [87]
studied the different applications of collocation methods. First, we give the analogue
of the collocation method for the numerical solution of the proposed model of the
fractional Cauchy—Euler (FrC-E) problem by applying the operator (4.13) on the

collocation function uy of (4.9) for ¢t € 5,, when 0 < a < 1, for which we obtain

Cnl<a<l
[aDt up (t)]
t=t,+wh
o

n+w P {
=h“ ——— 2F 1,2
Z( —(X) 20 (&, 1, 2,

& (p)(n+w—p)” “
L i

n—p+w}

1
2F {a,k+ 1,k+2,—}>
n—p+w

11— m k+1—o
_ k+ DT (k+1)w
Pl P b(")( 4.14
+ (al r(z—oc)Jrk;1 k T2—a+k) (414)
Here, 7 F7 is the Gauss Hypergeometric function. Also,
m
(1) =h- (Dzuh (tn +wh) ) Z (1+k)kb" we0,1.  (@4.15)
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Evaluating (4.9), (4.14) and (4.15) at ,,; = t,, + v;h and substituting into (4.7) gives

1(tn) <i,ﬁ (1+k)k(v;)*~ 1)

(p) —a { 1 ]
S ;— Flal12,——
ri-a) <a1 (n+vi—p) " 2F1 0,1, JF——

1
p'P) ) F[ak 1.k 2—}
+Z k (l’l+Vl P) 217 K+ 1, k+ 7n_p+vi

I ) (kDT (k+ 1w
h2—a (n) Vl i
* (“1 r2—a) Zb T2 atk)

= 12 f (tn,) - (4.16)

Next, we rewrite Equation (4.16) in matrix representation as
AWpm) = gl 4 7 =01, N1, (4.17)

where

Al ¢ Rmxm,C](n) € R"™? and Fl(") € R™ with entries given as

(A®) = Bi(ta)* (14+H)k ()<
(k4 1)L (k+ 1)V

+ By (tn) “h* ( ) + B3V k=1, m,

re- OC+k)
(4.18)
CM) By () = By Rt B, 4.19
( 1 >i,1_ 3n, ( 1 )i,2_ Z(IH,I) F(2—OC) 3nvi, (4.19)
2—o
Y _ 2 __h o
(Fl )i_h f(tn,l) F(l—OC)BZ(tn’l)
n—1
(p) — _O‘F{ 12—}
X I;()((ll (n+vl P) 2 | O 7n_p+vi

i 1
b —p)° F[ k+1,k 2—} 4.20
_I_Z k (I’l+V, P) 201 | A, + ) + 7n_p+vi ) ( )

fori=1,---,m. We remark from the above that at n = 0, the vector a® is known

from the initial conditions and is given as follows:
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T
40 _

= [ Bo, hpi }T. (4.21)

(@), hy(a)
Similarly, vectors a™ and b are defined in (2.34)

For n > 1, the continuity condition on [t,,,], which gives the relationship between
the known vectors ¢, b and the unknown vector a1 is given by (2.35) See
[37, 73, 77, 88] for details and the references therein. Analogously, when 1 < o < 2,

the following system is obtained from Equation (4.7) when evaluated at ¢, ; = t,, + v;h,

B (tn)? (i (1+k)k (v;)*! b,§”>)

& (p )(k+1)(n+v,~—p)17‘x
) 5

2 {—1—}—06,/(,](—1—1,

p=0k=1 r2-oa) n—p—+v;
m k k=41 k+1-a
+h2a<zbl(<")(+ )T (k+1)v, ))
= r2—o+ k)
1 B m
+B [ Y a4 Y b =R f (1), i= 1,2, ,m. (4.22)
g=0 k=1
Writing Equation (4.22) in matrix form, we have
AP = Cra™ + " n=0,1,--- \N—1, (4.23)

where A" is the same matrix as given in (4.18) and C; € R™*2 and Fz(n) € R™. The

(n)

entries of C; and F, are as follows:

(C2)j 1 = —B3h™v}, 5 =0,1, (4.24)
M\ .2 W2 n—1 m o
(FZ )-_hf(tn,i)_— tnl Zzb k+1 n+v,~—p)
i T2—a =
p=0k=
1
X 2F1 [_1+a7k7k+17—:| >7 (425)
n—p-+v;

Algorithm 1 gives the described method in the Chapter 4 for solving equation (1.4).

The Algorithm considers boththe case 0 < ¢ < land 1 < o <2
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Algorithm 1
Let G-LP be the Gauss points which are the zeros of the (shifted) Legendre

polynomial P,(2s — 1) and also, let M-CP be the mean Chebyshev-type points,

vi=(xi+1)/2and x; =1 —cos(%) fori=1,2,--- ,m.

Case 0 < a < 1 : We choose the collocation parameters v;,i = 1,2,--- ,m either as

G-LP or M-CP.

Step 1: Forn =0

) a is computed using the initial conditions in Equation (4.21).

(i1)) We compute FI(O) using Equation (4.20).

(iii)) Using Equations (4.17)—(4.20) and the result in (i) and (ii) in conjunction with
the LU decomposition method, we compute b0,

Step 2: Substituting the results from Step 1 into Equation (4.9), we find the solution

of the initial value problem on the interval [f,7;].

Step 3: Forn =1

1) al is computed using Equation (2.34) and the result in Step 1 (i) and (iii).

(i) Using Equations (4.17)—(4.20) and the results obtained in Step 1, we compute
the vector Fl(l). Repeating Step 1 (ii1) for n = 1, we find the value of bW,

(iii) Substituting the results from Step 3 (i) and (ii) into Equation (4.9) again, we
find the collocated solution which presents the local solution of the initial
problem on the interval [t;,2].

Step 4: Step 3 is repeated for n = 2,3,--- ,N — 1, resulting in systems of algebraic

linear equations which give the solution of the initial value problem on [t;,#3],

[t3,14] -+, [tN—1,tn], respectively. Case 1 < o < 2 : We choose the collocation

parameters v;,i = 1,2,--- m either as G-LP or M-CP. The algorithm is analogous

but in Step 1 part (ii), we compute FZ(O) using Equation (4.25), and in Step 1 part

(ii1) and Step 3 part (ii), instead of Equations (4.17)—(4.20), we use (4.22)—(4.25).

71



The schematic diagrammatic representation of the Algorithm 1 is shown in Figure 4.1

o)~ [0 -(0) 0 U©®
\“1( = [ao ! ] Start \V
— _ p0) _ 50
n=0 ( glo) h FO) FO = Py =0Qq

yy®

Y

0= R o)

L0V po @

Tty

n=2 @ \\/
iT \

FO @ = p®_ ¥

I [ @
' S~ \ pin  pln-1) V(")U(n)g(") ...anl)
a(n' ) b(n—l) Y <. N /
' e by
n=n+1 ka(n) \\ b(n) / Fin) F(n) - Pb(”) _ Q((ln)

(Et=ltytrsa]

Figure 4.1: The schematic diagram for the Algorithm 1

Parameters of the schematic diagram are as follow Plgn) and QE,”) are vectors obtained
from equations (4.20 ) and (4.25 ) and a™ are the initial conditions as defined in

equation (2.34), F (") is the vector obtained from (4.20) and (4.25). Also, uy(t) presents

the approximate solution.
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4.3 Convergence Analysis

Lemma 4.2: [66] Consider a uniform sequence of meshes for L = [a,T] and let 1 <

0<v;<1,j=1,2,--,m

1 1-a a—1 -
—_ — d . 4.26
/0< ; s slds < o (4.26)

Proof. For p =n—1 we have

1 —a 1 g 1 2(171
(14vj—s) “slds< [ (1—s5) %ds=-—=<
0 0

2—0o 2—0o

and the estimation (4.26) holds. For p <n—2 and from v; € [0, 1], we obtain

1 - 1 1—o
- t,i—1 t,—1t
In7p(a):/ (M—s> squg/ <n p—s) ds
0 h 0 h
2—a h h
22—
— _P 1—(1—-(—* . 4.27
2—oc< h h ( )

Application of the Mean Value Theorem gives

<1— (%)‘lya (- (%)_1 <1_Gn7p (tn;tp)“y“,

(4.28)

and 0 < 6, , < 1. Using (4.27) and (4.28), the following is obtained

Iy (@) < (”‘%)l_a (1_0—"# (’n;’p)J)l_a- (4.29)

Further, since p < n—2 and based on the uniform grid, we have

(4.30)

-1
t,—t _ 1
1—Gn7p<nhp> :1—Gn7p(n—p) IZE

Using (4.30) in (4.29), given that 1 < o < 2, gives

o—1
2 I—a

hp() <2%7 (n—p)"* < S— (n—p)
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This complete the proof. ]
Lemma 4.3: [66] Let the assumptions of Lemma 4.2 hold, then

n—1 prl -« 2—a
1, i—t T —
Y () e U osnsnot

IN

Proof.
n—1 pl tyi—t 1-a n—1 pl t,—t l-o
y [t ) as<y [ (M) s
p=0-0 h p=0-0 h

_ 1 n_th—Oc (tn _tp>2(x B (tn _tp+1 )20{
2—a = h h

P
1 n—1 o o
:m Z {(tn_tp) —(tn—tp+1) }
0
B (tn . a)Z*O( (T . a)Z*OC
 2—a T 2-u
]
Theorem 4.2: [66] Assume that

(@ {vi},i=1,---,m are m > 1 distinct collocation parameters (which may be

chosen as M-CP or G-LP as given in Algorithm 1) satisfying
O<vi<m<---<y, <1

(b) The exact solution y of (1.4) satisfies y € C"2(L).

(¢) The collocation solution u;, € S,(;J)r] (Ly) for the FrC-E problem (1.4)
corresponding to the collocation points X}, is defined by (4.9).

(d) i > 0is such that, for any & € (0,4), each of the linear systems (4.17) and (4.23)

has a unique solution. Then, the estimate
Iy = unloo = max|y () —uy (r)] < Coh™, (4.31)

holds true for 4 € (0,4). The constant Co depends on the collocation parameters

v; and on D2y (1) but are independent of .

Proof. From assumption (b), we have y € C"™"2(L) and hence D}y (t) € C" (L), and
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D?y(t) € C™(L). For simplicity, we will use the notation D!y(¢) = y'(¢) and

D2y (1) =y" (t). Thus, we have, using Peano’s Theorem [62] for y on &,

Z (W) Zuj +H"R), (W), we [0,1], 4.32)

with Z, ; = y" (tn,j) =" (ta +v;h), and the polynomials

Tw—y

Liw)=]]-—> (=12, ,m), (4.33)
1#j

denote the Lagrange fundamental polynomials with respect to the (distinct)

collocation parameters v;, j = 1,2,--- ,m. Also, the Peano remainder term is
1
m Hn / K (w,2)y™ 2 (1, + zh) dz, (4.34)
0
and

1 m 1
Km(t,s):m{t—s ZL }

Here, (t —s)? :=0ifr < sand (r —s)¥ := (1 —s)” fort > s. Then, the local Lagrange

representation of y' (t) on &, is

Y (ty +wh) =y (t, +hZ/31] W) Zp i+ " Rypian (W), (4.35)
where
w 1—r
ﬁr,(w):/(w_s) L;(s)ds, r=0,1,
’ (1—=r)!
0
and

Integrating once more both sides of (4.35) from O to w yields

Y (ta +wh) =y (ta) + hwy' (t,) + h* Zﬁo] W) Zy i+ W 2R 0 (W), (4.36)
‘If

and
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w
m+2 n / m—+2, n
0

The collocation solution uy, (t) = uy, (t, + wh) satisfies the collocation Equations (4.7)

and (4.8), and the local representation of uy, () = uy, (t, + wh) is

uh(t)—uh(tn+wh)—uh(tn)+hwuh(tn +h Zﬁo] Yo i
Jj=

(4.37)

where Y, ; = uZ (t,l +v jh). The local function (4.37) can also be presented as (4.9).

Let the collocation error be e, :=y — uj, on S, Subtracting (4.37) from (4.36) gives

=

= ey, (ty) +hwe,, (t,) )+ h? Z Bo,j (w)&n; +h’"+2§m+27n (w),

j=1
for w € [0, 1] where &, j = Z, ; — Y, ;. Further,

—1

[aCDfKadeh( L —ttwh ZZBOJ ) €p,j+H" ! ZRm+2p( )

p=0j= p=

+h2 aZﬁOJ gnj+hrn+2 aRm+2n( )

e}, (ty +wh) = €, (t, +hZ[31] W) & i+ " Ryyan (W),
j=1

et +wh) = Y Lj(w)en;+ "R, (w).

where

(605
(
Bojw) = (071~ [Boj (5)]), j = 1,2, .m,
Boj (w) = (

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

Using that e;,(0) =y (0) —u; (0) =0 and ¢, (0) = y' (0) —u}, (0) = 0 and that ey, e}, are

continuous applying recursion and evaluating at w = 1 gives
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n—1

=h Z Z Brj(1)ep,; + Z Ripi2p (1) (4.43)

p=0j= p=0
n—1 m

n—1
=1 Z Z ﬁ171(1)8p7j+hm+2 Z Ry (1)

p=0j=1 p=
2n—l m zn_l _
+h° ) Y Boj(1)&pj+h"2 Y, Rz p (1) (4.44)
p=0j=1 p=0

Next, e, := y — uy, satisfies the following equation att =1, ; = 1, +v;h

Bit2 ) (tn) + Bot%; (SD} =% %ey) (1) + Baey (ta) =0, i= 1,2, ,m.  (4.45)

Then, evaluating (4.41) at w = v; gives

Eni = eZ(tn’,) hmRﬁn_)ﬂ n ( )

(4.46)

Further, evaluating (4.38) and (4.39) at w = v; and using (4.43)—(4.46), we obtain the

following algebraic system of equations fori =1,2,---

7R

m m
—Bity j€ni—Bat8H* ™Y Bo.j (vi) €nj — B3k Y. Po.j (vi) €

=1 j=1

n—1 m

POJ

+ B3 (h2 i Y Bij(1)e,+h" i Rint2,p (1)

p=0j=1 p=0

2n—l m zn_1~
+RY Y Boj (1) +H"2 Y Ruiap (1)

hm+2 aRm—|—2 n (W))

p=0j=1 p=0
2n 1 m 2nfl
ny Z Bij(1)epj+h""* Y Ruiop(1)

p=0j= p=0

4 2Ry 0 (1) > +BuZ "R, (v1). (4.47)
The system of Equation (4.47) can be presented in the matrix form
n—1

Q)+ 1 Q2+ QY| B, = Y 1, B, +py (4.48)

p=0

where Q}, Q2 Q3 ¥, » € R™™ and Q is an invertible diagonal matrix, and Q203

have bounded entries and E, = [€,1,&,2,- - ,8n7m]T and p, = [Pn.1,Pn2, " ,pmm]T

with
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the entries

n—1
(pn)l - BZZr(szihm+1 Z Rm+2,p (tn,i) +B2tr?fihm+2_aRm+27n (Vi)

p=0
5 n—1 ) n-1__
+B3l‘,ffihm+ Z Rm+2,p (1) +B3hm+ Z Rm+27P (1)
p=0 p=0

n—1
+ B3vih™ 2 Y Ruiop (1) + B3h" 2Ry i2.0 (Vi)
p=0

+ B RO, (v),i= 1,2, m. (4.49)

Since t,; € L, n =0,1,--- N — 1, and using (4.42) and Lemmas 4.2 and 4.3, there
exists a constant C such that ||p,||; < Ch™. Further, for sufficiently small h € (0,%),

m
the linear system (4.48) has a unique solution. Furthermore, we take [|[E,||; = ¥ |-
j=1
Then, whenever h € (O,E), for some & > 0, there exists a constant C; < oo so that the

uniform bound

71 _
H Q)+ Q2+ 12QY] || <Cp <o, (4.50)

1

holds. Also, from Lemma 4.3 there exist a positive constant C, that
n—1 _ _
Y ||h‘{’n7pH1 < C;. Then, from (4.48) and using ||p,||; < Ch™, we obtain
p=0
Eally <Ci Y [|1¥npl, Byl +C1CH", n=0,1,--- N—1. (4.51)
p=0
and it follows that
|E,||; = O") forn=0,1,--- ,N—1. (4.52)
Subsequently, using (4.38), (4.43), (4.44) and (4.52) yields
max |ey,(t, +wh)| < Coh™.
wel0,1]
Hence, the inequality (4.31) is obtained. Further, for 0 < o < 1, the proof is analogous.

]
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Chapter 5

EXPERIMENTAL INVESTIGATION OF THE
EXISTENCE, UNIQUENESS AND A NUMERICAL
APPROACH TO THE SOLUTION OF FRACTIONAL

CAUCHY-EULER EQUATION

In this section we constructed examples of fractional Cauchy-Euler (FrC-E) problem to
demonstrate efficiency and accuracy of the method presented in the previous sections.
All the computations are carried out in Wolfram Mathematica and Matlab using double
precision and are presented in tables and figures. Some of these results are published

in [66]

All the computations in this section are carried out on an HP Laptop (notebook) with
properties 8GB RAM INTEL 17 & 1255U 3.5GHZ and 512 GB NVME M.2SSD and
using Wolfram Mathematica and Matlab in double precision. For the ease of
implementation we have taken the number of collocation parameters m = 3,4. The

following notations are used in tables and figures:

The Gauss hypergeometric function ,F| [p,r,s,z] is defined in the unit disk as the sum

of the hypergeometric series [15]

l
Filprsd =Y 2
i=0 Si

where |z| < 1; p,r € C; s € C\Z; and (p); is the pochhammer symbol. The Error
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function is defined as [23]

4

2 2
E =— [ e "dx.
rfz] p- / e " dx
0
G-LP denotes the Gauss-Legendre points, defined to be the roots of the shifted

Legendre polynomials, where P, (2s — 1)
12w (2m—2k
Pu(x) = — —1 X2k,
w0 =5 L O (F) (7,

M-CP denotes the Mean-Chebyshev type points, v; = (x;+1)/2 and

x,-:l—cos(é—%) fori=1,2,---,m.
AE, (1) = |y (t) —up ()], t € L=a,T],

where y is the exact solution and uy, is the approximate solution defines the absolute
T

E} = / (AE, (1)) dr, MAE), = maxAE, (1),
tely

error function.

a

are the square L, norm error and the absolute maximum error, respectively. Also, the

local and global order of convergence are defined by

. MAE, El
nh = ) Rh b= "
2 MAE]l 2 E2

2 2

Example 5.1: The fractional Cauchy-Euler (FrC-E) problem is such that:

2Dy 413 (L S0 ) £y =), 1 <i<1,

where the non-homogeneous term and the exact solution are:
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f(t)

Table 5.1: The exact solution y(t), the approximate solution u(t), absolute error AE},

- é\/gt@\/’(_l +21) 48/ (=1 +20) +32\/M) + 134,

and square Ly norm error (E}), for Example 5.1.

y(t)=1".

4

t y(t) up(t) AE),

0.50  0.0625000000000000  0.0625000000000000 0

0.55  0.0915062500000000  0.0915062500000001  9.7145E-17
0.60  0.1296000000000000  0.1296000000000002  1.9429E-16
0.65  0.1785062500000000  0.1785062500000004  3.8858E-16
0.70  0.2400999999999999  0.2401000000000006  6.9389E-16
0.75  0.3164062500000000  0.3164062500000008  7.7716E-16
0.80  0.4096000000000001  0.4096000000000010  9.4369E-16
0.85  0.5220062499999999  0.5220062500000013  1.4433E-15
0.90  0.6561000000000001  0.6561000000000017  1.5543E-15
0.95  0.8145062499999999  0.8145062500000021  2.2204E-15
1.00  1.0000000000000000  1.0000000000000027  2.6645E-15
El 2.1234E —22

In Table 5.1, we used the M-CP and take m = 4. Table 5.1 shows the exact solution on
column 2, the approximate solution on column 3, the absolute errors on column 4 and

the square L, norm errors.

The results of Example 5.1 presented in Table 5.1 indicated that, the collocation

method for FrC-E equation gives a good approximation to the exact solution. This
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result is consistent with the Theorem 4.2

Furthermore, we present the graph of the absolute errors at mesh points, the exact
solution and approximate solution in Figure 5.1. The graph of the absolute errors
shows a graduate increase of the absolute error, this is because of the propagation of
the errors within the sub-intervals form the initial conditions, however the over all

performance of the developed method is good in approximating the exact solution of

FrC-E.
3 2 1[}- I 5 T T T T T T T T T
AE,
2 L -
m:
<
1 - -
D — 1 .| 4 1 1 1 1 1 1 1
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
t
1 T T T T T T T /
—5—u P
= meyl) /./Qf’
2 05} e i
= & R
> g
-6_-‘“—.‘_-'-@’;
RN
D ?-_p__—? 1 1 i 1 1 i i i

05 055 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
t

Figure 5.1: The absolute error function, the exact solution and the approximate
solution when N = 10 for Example 5.1.

Example 5.2: Consider the fractional Cauchy-Euler (FrC-E) problem [88]:
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1 1 1
2D?y(t) +12 (1/§ny(t)> +y() =f0), 5 <1<l

(3) =gi +sin(5) +eos(3)
Y\5 ) =gg tsinl5) teos(5);
(3) =t +eos3) -sn(3)
— | =—+cos| =) —sin| =
Y\2/ 716 2 2)’

where the exact solution and non-homogeneous term are

y(t) = 1% +sin <t> + cos (t),
£

F(6) = 12 (3014 ~ sin(r) —l—cos(t)) Y2 [F(l) ((514@ C1/2))/241(1 —1/2)3
2

=122 (52— 1/2)2) 2+ (1063 (1 — 1/2)32) /3 4851 — 1/2)1/2)

*%)Wﬂ‘/"‘fresnelc<<2”2<r—1/2>‘/2>/n'/2>cos<z>/z

—|—(2l/znl/zfresnelS((Zl/z(t - 1/2)(1/2))/7r1/2)sin(t))/2>
+% ((21/2ﬂ1/2fresnelc((21/2(t — 1/2)1/2)/7T1/25i”(f))/2
2
— (2272 fresnels((22 (¢ — 1/2)1/2)/ﬂ1/2)cos(,))/2>] +1° 4 sin(t) + cos(t)

Z
respectively, and the fresnel integrals are fresnels(z) = s(z) = [ sin(3mt*)dt and
0

fresnelc(z) =c(z) = fzcos(%mz)dt, [23].
0
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Table 5.2: The absolute errors (AE}) and square L, norm error (Eé‘), for Example 5.2.

t AE), AE), AE,

N=38 N =16 N =32

0.5000 0.000000 0.00000 0.0000
0.5625 3.9726E-06 3.8805E-07 4.1880E-08
0.6250 1.2859E-05 1.3814E-06 1.5882E-07
0.6875 2.6922E-05 3.0150E-06 3.5532E-07
0.7500 4.6406E-05 5.3206E-06 6.3544E-07
0.8125 7.1557E-05 8.3294E-06 1.0031E-06
0.8750 1.0263E-04 1.2073E-05 1.4624E-06
0.9375 1.3988E-04 1.6586E-05 2.0174E-06
1.0000 1.8358E-04 2.1901E-05 2.6724E-06
Eé’ 1.9529E-09 2.8739E-11 3.9843E-13

In Example 5.2 we consider the M-CP and take m = 3. Table 5.2 presents the absolute
errors at some mesh points and the square L, norm errors Eé’ Table 5.3 shows the
ratios of the maximum absolute errors and the ratios of square of L, norm errors. We
see from Table 5.3 that the order of convergence is at least third order given in column 3
and in column 5. Also, the determinant of the matrix A(®) with respect to 4 is shown in
column 6 of Table 5.3. Further, the total computational time in seconds (CPUs) is given

in the last column. Figure5.2 illustrates the absolute error function for N =4,8,16,32.
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Table 5.3: The order of convergence and computational efficiency, for Example 5.2.

N MAE;, R* det(A9))  CPUs

h
h,5

El R

h,4

4 1.6033E-03 1.7657E-07 0.1312 0.2887

8 1.8358E-04  8.7335 1.9530E-09  90.4098 0.0780 0.4599

16 2.1901E-05 8.3824 2.8739E-11 67.9562 0.0593 0.8553

32 2.6724E-06 8.1951 3.9843E-13 72.1305 0.0514 1.6493

" 1073 5 x10™
——+—N=4 ——n~=8]
1.5 ‘ 1.5
Wi Wi
~ g
0.5 0.5 ;
**”#
0 OR—+—
0 0.5 1 0 0.5 1
t t
=107 3 w1[}'6
:
1.5 9
wi- wi-
< 1 <
1
0.5
Ot 0 inecte :
0 05 1 0 0.5 1

t t
Figure 5.2: The absolute error function for N = 4,8, 16,32, for Example 5.2.
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Example 5.3: [66] An Example which the regularity parameter @ > 2, being a

fractional number is not fixed. We consider:

tzDzy(t)—}—t% <§Déy(t)) +y(t)=f(t), te€ (%,1)

() -ctiy o(2)-ais!
N1) "¢ "5 Y\a) " 16

with the exact solution and non-homogeneous term as given below

1 [0}
y(t) = (f‘z> +e +1,

f(t):e2’+<z—i>w+t4+t2<4e2’+12t2+<t—%> (w—l)w)
+\/E<\/7—1—|—4t(5+52t0(\3/;16t(1+8f)))+\/§e2zErf< /—§+2z>
21-20 g5 (41 — 1)w%r(a7))
I'(i+m) '

o2

Figure 5.3 shows the approximate solution uy,, and Figure 5.4 illustrates the absolute
error function AE), for Example 5.4 when N = 40,m = 3 with respect to @ using the

M-CP as collocation parameters.
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Figure 5.3: The graph of the approximate solution u;, for Example 5.4 when
N = 40,m = 3 with respect to @ using the M-CP.

Example 5.4: [66] This is an example where the regularity parameter @ > 2, being a

fractional number, is not fixed. We consider

2D )+ SDh ) 4y () = 1), re (1),

(o o(0) s}
Ng) =N Tse Y\5) =1 T 16

with the exact solution and non-homogeneous term as given below:

1 [0)
vy =(—5) +ne st

f(1)=ne + (t - i)w +1* 412 <4ne2f +1212+ (t - i)wz (@ — 1)05)
+Vi ( AR t.ito(j; 1661 80)) ooy (\/ —% +2r>
21205 (41 — 1)“’5F(a5)>
[(;+@) '

In this problem, for the application of the given Algorithm 1, we take n =0,m =3
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and the regularity parameter @ = 5/2,7/2,9/2, 11/2,13/2, 15/2. Table 5.4 shows
the maximum absolute error (MAE},) and square L, norm error (Eé’) and the order of
convergence R; ; and Rh% by using the mean Chebyshev points (M-CP) for Example
5.4 with respect to several values of N. Additionally, Table 5.5 presents the analogous
quantities for the same values of the parameters N, m, @ obtained by using the Gauss—
Legendre points (G-LP). Furthermore, the last columns of both Tables 5.4 and 5.5 show
the determinant of the matrix A(?). These tables justify that the local and global orders

of convergence are at least O(h?) when the exact solution y € C3 [%, 1] .
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Table 5.4: The error norms, convergence orders, and detA©) for Example 5.4 obtained

by using the M-CP.

@ N MAE), R, E} R,y deAl
5/2 10 6.4830x 1074 1.7791 x 1077 0.00250
20 22697 x107% 2.8563 2.2636x10°%  7.8595  0.00140

40 7.9439x 107> 2.8572 2.8375x107°  7.9776  0.00098

80 2.7878 x 107> 2.8495 3.5424x 107!  8.0101  0.00083

7/2 10 7.2600 x 107> 1.8369 x 10~° 0.00250
20 1.3398x 107> 54187 6.6275x 10~ 277158  0.00140

40 24216x107° 55327 22789 x 1072 29.0824  0.00098

80 4.3270x 1077 55965 7.5928 x 10~'*  30.0135  0.00083

9/2 10 7.1755x 107 1.1338 x 10~° 0.00250
20 9.3254x 107  7.6946 1.9186x 107! 59.0941 0.00140

40  1.1977x107% 7.7861 3.1837x 10713 60.2626  0.00098

80 1.5260x 1077  7.8486 5.2023 x 107>  61.1989  0.00083

11/2 10 1.9365x10~* 5.1845 x 107 0.00250
20 2.3288x 107>  8.3154 7.3108x10~!'  70.9154  0.00140

40 2.8515x107°% 8.1669 1.0826x 1072 67.5310  0.00098

80 3.5266x 1077  8.0857 1.6457 x10~'*  65.7822  0.00083

13/2 10 3.1570x10°* 1.0053 x 1078 0.00250
20 3.6854x 107> 85662 1.3324x 1070 754497  0.00140

40 4.4454x107° 82904 1.9140x 1072  69.6133  0.00098

80 5.4566x 1077  8.1468 2.8661 x 1074  66.7796  0.00083

15/2 10 4.3498 x 1074 1.5195x 103 0.00250
20 4.9527x 107>  8.7827 1.9079 x 10719 79.6447  0.00140

40 58977x107% 83977 2.6686x 1072 71.4950  0.00098

80 7.1922x 1077 82001 3.9435x10°'*  67.6704  0.00083
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Figure 5.4: The graph of the AE), for Example 5.4 when N = 40, m = 3 with respect to
@ using the M-CP.
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Table 5.5: The error norms, convergence orders, and detAO for Example 5.4 obtained

by using the G-LP.

0} N  MAE, R, El Ry detA©)
5/2 10 5.3795x 107> 1.3718 x 107° 0.0095
20 1.9239x 107>  2.7961 1.7319 x 10719 7.9205 0.0063
40 6.8404x107% 28126  2.1751x 107" 7.9624 0.0051
80 2.4252x107% 28206  2.7252x 1072 7.9815 0.0046
7/2 10 6.7614x 1077 2.2650 x 1013 0.0095
20 1.2348x 1077  5.4757 7.3007 x 10715 31.0244 0.0063
40 221691078 55699  2.3119x107'®  31.5788 0.0051
80 3.9491x107° 56137  7.2699x10°'®  31.8001 0.0046
9/2 10 1.8556x 1078 2.2893 x 10716 0.0095
20 1.7731x107°  10.4653  1.6024x107'®  142.8669  0.0063
40  1.6030x 10710 11.0611  1.2336x1072°  129.8962  0.0051
80 1.4286x 107" 11.2208 9.5980x 10723 128.5268  0.0046
11/2 10 2.6778x107° 4.1769 x 1016 0.0095
20 1.0480x 10719 255515 4.0885x 107"  1021.6216  0.0063
40  4.1229x 10712 254190 4.0042x 1072 1021.0529  0.0051
80 1.6698 x 10713 24.6910  3.9265x 1072  1019.7886  0.0046
13/2 10 5.1669 x 10~° 2.1949 x 101 0.0095
20 1.9575x 10710 263954  2.1545x 107" 1018.7515  0.0063
40  7.9070 x 10712 247565 2.1110x 102" 1020.6281  0.0051
80 3.3107x 10713 23.8832  2.0694x 10~2*  1020.0808  0.0046
15/2 10 7.6511x107° 7.3628 x 1071 0.0095
20 25028 x 10710 30.5702  7.1430x 107" 1030.7724  0.0063
40  9.4049x 1072 26.6117  7.1077x 1072'  1004.9599  0.0051
80 3.8303x 10713 24,5540 6.9541 x 1072 1022.0890  0.0046
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Figure 5.5 gives the graph of the approximate solution u;, depending on @, while
Figure 5.6 presents the graph of AE;, with respect to @, both by using the G-LP and
N = 40,m = 3 for Example 5.4. We see from Figures 5.4 and 5.6 that the AE} is

higher when the regularity parameter is taken as 5/2 and 7/2.

Figure 5.5: The graph of approximate solution uj, for Example 5.4 when
N =40, m = 3 with respect to @ using the G-LP.

Figure 5.6: The graph of the AE}, for Example 5.4 when N = 40,m = 3 depending on
@ using the G-LP.
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Example 5.5: [66] This is an example where the fractional order « is not fixed, i.e.,

1 < o < 2, and the exact solution y is smooth:
t2D2y (1) + 1% <§Dtay(t)> +y(t)=f(t), t€ (_ 1> ,

is subject to

1 1, 65 (1 13 37
2 :_+_’ <_> - +_’
y(2> SR ERN) Y\2 2(2%) 16

where the exact solution and the non-homogeneous term are

V) =t7 +542+1,

1
£(6) = 31° (80+ 14363) 407 41542 11

1 . 1
Rt —a) ((—5 o) (—4+a)(3+a) (—2+a)

x5(2%T%) (21 — 1)>7 (24 — 260 — o — 60t (54 4t)

+02(9+61) + 12¢(3+4e(1 +’)>>

13
_ 10395\/wt2I'(2— & 11 13 1
+13t o \/:_5_ ( )_\/EtzF] {77—1—1—06,7,2—] .
(3 -a) J

In this example, the proposed Algorithm 1 is also applied for m = 3. Table 5.6 gives
the MAE), Eé’, and the ratios RZ’ P Rh,g and the determinant of matrix A(®) for various
values of N and o when M-CP is used. A close look at the ratios indicates that the
numerical method gives third-order convergence O(h?), remarking that RZ} ; ~ 2% and

R, L~ (23)2. The analogous quantities are presented in Table 5.7 for G-LP.
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Table 5.6: The error norms, convergence orders, and detA©) for Example 5.5 obtained

by using the M-CP.

o

N MAE,

R* h
h7§

2

=
ST

detA0)

1.5

1.3

1.2

1.1

1.001

10

20

40

80

10

20

40

80

10

20

40

80

10

20

40

80

10

20

40

80

1.2612 x 1074
1.5152x 1073
1.8573 x 1076
2.3000 x 107
1.3570 x 10~*
1.6443 x 1073
2.0252 % 107°
2.5143 x 1077
1.4165 x 1074
1.7164 x 107
2.1129 x 107°
2.6218 x 1077
1.4759 x 1074
1.7860 x 107>
2.1963 x 107°
2.7231 x 1077
1.5317 x 1074
1.8503 x 107
2.2727 x 1076

2.8158 x 10~/

8.3237

8.1581

8.0752

8.2528

8.1192

8.0547

8.2527

8.1234

8.0590

8.2637

8.1319

8.0654

8.2781

8.1414

8.0712

1.5442 x 107°
2.1882 x 10711
3.2595 x 10713
4.9500 x 10~
1.7942 x 107°
2.5876 x 107!
3.8923 x 10713
5.9420 x 10~ 1
1.9556 x 10~
2.8206 x 10711
4.2386 x 10713
6.4633 x 1071
2.1221 x 107°
3.0525 x 10711
4.5767 x 10713
6.9675 x 10~ 13
2.2826 x 1077
3.2713 x 10711
4.8929 x 10~ 13

7.4374 x 10715

70.5694

67.1330

65.8485

69.3384

66.4800

65.5049

69.3328

66.5456

65.5795

69.5201

66.6965

65.6864

69.7765

66.8581

65.7878

0.118010

0.082311

0.066086

0.057684

0.089907

0.065772

0.055313

0.050279

0.082713

0.061921

0.053035

0.048861

0.078016

0.059551

0.051716

0.048091

0.074978

0.058109

0.050963

0.047679

94



Table 5.7: The error norms, convergence orders, and detAO for Example 5.5 obtained

using G-LP.

a N MAE, R, El Ry det(A)

1.5 10 1.5523 x 1077 2.8048 x 10~ 13 0.520922
20 1.3358x107%  11.6208 1.8408 x 10717 1523685  0.405034
40 1.1620x107°  11.4957 1.3516x1071° 136.1941  0.347087
80 1.0184x 10719 11.4101 1.0229x1072' 132.1341  0.315164

1.3 10 4.5573x 1078 4.0353 x 10710 0.417067
20 3.3904x107° 13.4418 1.3828x 10718 291.8209  0.338744
40 2.5551x10710 13.2691 6.8916x 10721 200.6501  0.301922
80 1.9437x 107! 13.1455 3.8457x 10723 179.2027  0.283354

1.2 10 2.0151x1078 2.0179 x 10716 0.392175
20 1.3926x107°  14.4701 3.6027 x 107  560.1077  0.324243
40 9.7632x 10711 14.2638 1.1446 x 10721 3147562  0.292946
80 6.9171x107!2 14.1146 5.0524 x 1072* 226.5458  0.277638

1.1 10 6.5025 x 107° 1.5170 x 10716 0.376448
20 4.1659x 10710 15.6089 1.6210x 107" 935.8421  0.315603
40 2.7153x107'1 153423 2.1777 x 10722 744.3633  0.287919
80 1.7906 x 10712 15.1642 4.6867 x 1072°  464.6553  0.274636

1.001 10 7.7479 x 10~ 1.4279 x 10716 0.366557
20 3.0056x 10712 25.7782 1.3932x 107! 1024.9067 0.310488
40 1.5632x 10713 19.2272 1.3602x 10722 1024.2611 0.285126
80 8.8818x 1071 17.6000 1.3247x 1072 1026.7985 0.273074
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Figure 5.7 shows the graph of the approximate solution u;,, and Figure 5.8 demonstrates
the absolute error AE;, both with respect to o for Example 5.5 when N = 80,m = 3
using the M-CP. Further, the functions u;, and AEj, with respect to o for the same
parameters are shown in Figures 5.9 and 5.10, respectively, using the G-LP. We view
from Figures 5.8 and 5.10 that the absolute error is higher near the corner (¢t,a) =
(1,2). These figures justify a good approximation of the exact solution.

Example 5.6: This is an example in which the exact solution is unknown. Consider

the following problem:

27
(1)_ L 65 ,(1)_ 13 37
2) 728732 T\ el e

where 0 < a < 2, and the exact solution y is unknown, and

2oy (@) 414 (§D00)) +3 (1) = @), 1€ (3.1),

173

260" — = 17 e, if0<a<l
5 13 / 1 .

26t —Tﬂ —l—t<4—y (§)>+1, ifl<a<?2.

The problem in Example 5.6 reduces to the classical Cauchy—Euler problem for o = 1
with the exact solution y(f) = t'3/2 41> 4+ 2r + 1. Table 5.8 shows the approximate
solution uy, of the problem in Example 5.6 at some mesh points obtained by using the
G-LP when N =80,m =4, for 0 < aa < 1 and 1 < o < 2. Table 5.8 also presents
the exact solution when o = 1. Further, Table 5.9 gives the approximate solution u;,,
for h = %, %, 1%0 and the convergence order when o = 1.0001 and o = 0.9999 for
Example 5.6 for m = 4 by using G-LP for collocation. In Table 5.9, na means the order
is not available at that point since the error is 0. Additionally, Table 5.10 presents the

total computational time required for applying the algorithm for Example 5.6 when G-

LP and M-CP points are used as collocation parameters. It can be concluded from this
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table that the total computational time varies linearly with respect to N. Finally, Figure

5.11 illustrates the graph of the approximate solution u;, for N =80,m=4,0< o <2

t
Figure 5.7: The graph of the approximate solution u;, for N = 80,m = 3 with respect

to a using the M-CP for Example 5.5.

0.5

t
Figure 5.8: The graph of the AE}, for N = 80,m = 3 with respect to & using the M-CP

for Example 5.5.
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Figure 5.9: The graph of the approximate solution u;, for N = 80,m = 3 with respect
to o using the G-LP for Example 5.5.

a 1 0.6
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Figure 5.10: The graph of the AE}, with respect to & when N = 80, m = 3 using the
G-LP for Example 5.5.
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Figure 5.11: The graph of the approximate solution uy,(¢) for N = 80,m = 4 and
0 < o < 2 for Example 5.6 using the G-LP for collocation.

Table 5.10: The total computational time (CPU(s)) with respect to N obtained when
G-LP and M-CP are used.

N 10 20 40 80 160 320
G-LP 1.19 2.12 3.17 6.25 13.33 27.63
M-CP 1.06 2.03 3.94 7.96 13.50 28.21
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Chapter 6

CONCLUSION AND FINAL REMARKS

Under this section we present the summary of our findings and drawn conclusion based
on the results of our findings. The unique analytic solution of BVP of generalized
BgT equation (1.3) is proved using M-L type function. A highly accurate numerical
method using collocation-shooting method is given. The local and global convergence
analysis of the proposed method is proved and several applications from constructed
and existing works from the literature are provided justifying the theoretical results.
The comparison shows that, the collocation shooting method perform extremely well,
under some smoothness conditions of the exact solution. Numerical results verified
the applicability, stability and the efficiency of the method when compared with the

existing other methods.

Further, a fractional Cauchy—Euler problem in the Caputo sense is studied. The
existence and uniqueness of the solution are investigated using the contracting
mapping principle. Further, a collocation method and an algorithm is given for the
numerical solution.  Additionally, convergence analyses are provided, and the
developed method is applied on some constructed fractional Cauchy—Euler (FrC-E)
problems. The simulations justify the theoretical results. Additionally,in Example 5.6,
the numerical results given in Table 5.9 show that if @ — 1, the solution approaches

the exact solution of the classical differential equation (@ = 1)

In future research, the authors may consider discussing the potential extension of their
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method, specifically the application of the proposed numerical approach to higher-
dimensional Caputo fractional Cauchy—Euler problems. This could be advantageous
for addressing more complex systems. The authors can also conduct an error analysis
to pinpoint possible sources of numerical inaccuracies and enhance the algorithm for

improved precision and stability.

Moreover, they will consider the effectiveness of their method using different types of
fractional derivatives  operators, such as the Riemanns—Liouville or

Grunwald—Letnikov derivatives.

Remark 6.1: When the solution of BVP of generalized BgT equation (1.3) has weak
regularity e.g y € C3(0,T] as in the case of Example 3.3 for the value of the regularity
parameter ® = 7, a numerical investigation of the method may be given by using
graded meshes. Also the method can be used for solving various families of

generalized BgT equation with variable coefficients.

Remark 6.2: When the solution of fractional Cauchy-Euler (FrC-E) problem (1.4)
has weak regularity e.g y € C3(0,T] as in the case of Example 5.4 for the value of the
regularity parameter @ > 2, a numerical treatment of the given method may be given
by using graded meshes.

6.1 Suggestion for Further Work

A collocation method for nonlinear fractional differential equation in the sense of
Reiman Louville Hadmand fractional operator with integral boundary condition with
graded mesh may be considered and higher order Bagley—Torvik equation with
integral boundary condition using graded mesh is another area where possible further

research work may conducted.
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